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1. Introduction

1.1. General background

The starting point of this work is the paper [1] by Bojowald, Kotov, and Strobl. The authors prove that for the Poisson
sigma model (PSM), a bundle map is a solution of the field equations if and only if it is a map of Lie algebroids, i.e. a morphism
of Q-manifolds, or, as well, of differential graded algebras (DGA). Moreover, gauge equivalent solutions are homotopic maps
of Lie algebroids or homotopic morphisms of Q-manifolds; see also [2,3].

In case of the AKSZ sigma model, the target space is a symplectic Lie n-algebroid [4]; see also [5]. The concept of Lie
n-algebroid or, more generally, of Lie infinity algebroid can be discussed in the cohesive (0o, 1)-topos of synthetic differential
oo-groupoids; see also [6]. Presentations by DGA-s and simplicial presheaves can be given. However, in contrast with Lie
algebroids, no interpretation in terms of brackets seems to exist—the approach is essentially algebraic.

Lie infinity algebroids are not only homotopifications of Lie algebroids, but also horizontal categorifications of Lie infinity
algebras. Truncated Lie infinity algebras are themselves tightly connected with vertical categorifications of Lie algebras
[7,8]. Beyond this categorical approach to Lie infinity algebras, there exists a well-known operadic definition that has the
advantage to be valid also for other types of algebras: if P denotes a quadratic Koszul operad, the P,,-operad is defined
as the cobar construction 2P of the Koszul-dual cooperad P ' of P. A P,-structure on a graded vector space V is then a
representation on V of the differential graded operad P... On the other hand, a celebrated result by Ginzburg and Kapranov
states that Po.-structures on V are 1:1 (in the finite-dimensional context) with differentials

d € Der!(P'(sV*)) or d e Der '(P'(s"'V¥)),

* Corresponding author. Tel.: +352 4666445761.
E-mail addresses: giuseppe.bonavolonta@uni.lu, peppebona83@libero.it (G. Bonavolonta), norbert.poncin@uni.lu (N. Poncin).

0393-0440/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.geomphys.2013.05.004


http://dx.doi.org/10.1016/j.geomphys.2013.05.004
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.geomphys.2013.05.004&domain=pdf
mailto:giuseppe.bonavolonta@uni.lu
mailto:peppebona83@libero.it
mailto:norbert.poncin@uni.lu
http://dx.doi.org/10.1016/j.geomphys.2013.05.004

G. Bonavolonta, N. Poncin / Journal of Geometry and Physics 73 (2013) 70-90 71

or, also, 1:1 with codifferentials
D € CoDer!(Pi(s72V)) or D € CoDer '(P (V).

Here Der! (P'(sV*)) (resp., CoDer! (P i(s72V))), for instance, denotes the space of endomorphisms of the free graded algebra
over the Koszul dual operad P' of P on the suspended linear dual sV* of V, which have degree 1 and are derivations with
respect to each binary operation in P' (resp., the space of endomorphisms of the free graded coalgebra on the desuspended
space s~ !V that are coderivations) (by differential and codifferential we mean of course a derivation or coderivation that
squares to 0). In case P is the Lie operad, this implies that we have a 1:1 correspondence between Lie infinity structures on
V and degree 1 differentials D € Der!(®(sV*)) of the free graded symmetric algebra over sV* or degree 1 codifferentials
D € CoDer!(®°(s~'V)) of the free graded symmetric coalgebra over s~'V. The latter description can also be formulated in
terms of formal supergeometry (which goes back to Kontsevich’s work on Deformation Quantization of Poisson Manifolds):
a Lie infinity structure on V is the same concept as a homological vector field on the formal supermanifold s~'V.

Each one of the preceding approaches to Lie infinity algebras has its advantages: a number of notions are God-given in
the categorical setting, operadic techniques favor conceptual and ‘universal’ ideas, morphisms tend to live in the algebraic or
supergeometric world.... However: Lie infinity algebras were originally defined by Lada and Stasheff [9] in terms of infinitely
many brackets. The same holds true for Lie algebroids: although they are exactly Q-manifolds, i.e. homological vector fields
Q € Der! (I'(AE®)) of a split supermanifold E[1], where E is a vector bundle, their original nature is geometric: they are
vector bundles with an anchor map and a Lie bracket on sections that verifies the Leibniz rule with respect to the module
structure of the space of sections. Moreover, in case of the PSM, Physics is formulated in this geometric setting [2].

1.2. Main results and structure

In this work, we describe Lie infinity algebroids and their morphisms in terms of anchors and brackets, thus providing a
geometric meaning of concepts usually dealt with exclusively in the algebraic or supergeometric frameworks.

Section 2 begins with some information on graded symmetric and graded antisymmetric tensor algebras of Z-graded
modules over Z-graded rings. Further, we prove that any N-manifold is noncanonically split, Theorem 1, and give examples
of canonically split N-manifolds.

In Section 3, we study the standard and the homological gradings of the structure sheaf and the sheaf of vector fields
of split N-manifolds, as well as the corresponding Euler fields. We also review graded symmetric tensor coalgebras, their
coderivations and cohomomorphisms. We apply the higher derived brackets method to obtain from an NQ-manifold the
geometric anchor-bracket description of a Lie n-algebroid, see Definition 4. We thus recover and justify a definition given
in [10]. There is a 1:1 correspondence between ‘geometric’ Lie n-algebroids and NQ-manifolds, see Theorem 2. The proof
leads to the explicit form of the Chevalley-Eilenberg differential of a Lie n-algebroid, see Definition 5. It reduces, forn = 1,
to the Lie algebroid de Rham cohomology operator, see Remark 8. Moreover, it is shown that any Lie n-algebroid is induced
by derived brackets. Some of these results may be considered as natural. However, their proofs are highly complex. Even
the concept of ‘geometric’ Lie n-algebroid was not known before 2011.

The last section contains the definitions of morphisms of ‘geometric’ Lie n-algebroids over different and over isomorphic
bases, see Definitions 6, 7 and Remarks 9, 10. For n = 1, they reduce to Lie algebroid morphisms [11] and, over a point, we
recover Lie infinity algebra morphisms [12]. To justify these definitions, we prove that split Lie n-algebroid morphisms are
exactly morphisms of NQ-manifolds between split NQ-manifolds, see Theorem 3.

2. N-manifolds
2.1. Z-graded symmetric tensor algebras

The goal of this subsection is to increase readability of our text. The informed reader may skip it. For the Z,-graded case,
see [13].

In the following, we denote by V (resp., A, ®, &) the symmetric (resp., antisymmetric, graded symmetric, graded
antisymmetric) tensor product. More precisely, let M = @; M; be a Z-graded module over a Z-graded commutative unital
ring R. Graded symmetric (resp., graded antisymmetric) tensors on M are defined, exactly as in the nongraded case, as the
quotient of the tensor algebra TM = @&, M®” by the ideal

I=(m®n—(=1)™n®m) (resp,I=mn+ (=1)™nQm)),

where m,n € M are homogeneous of degree denoted by m, n as well. The tensor module TM admits the following
decomposition:

m=P P m..,=p P (@ M(,i1®...®M%>,

peN ij<--<ip peN ij<--<ip \oe€Perm

where Perm denotes the set of all permutations (with repetitions) of the elements iy < --. < i,. For instance, if M =
Mo @ M; @ M, the module M®3 is given by

M® =My @My ®@Mo® (Mo @ Mo @M; BMy @M1 QMo DM QMg Q@Mo) & ...
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The ideal I is homogeneous, i.e.

I'= @ @ (M., N1),

peN iy <-<ip

which actually means that the components of the decomposition of any element of | C TM are elements of I as well. To
check homogeneity, it suffices to note that an element of I, e.g.

(my ® my —my ® mg) ® (mg + m),
where the subscripts denote the degrees, has components
(my @ my ® my — my @ Mo ® my) + (M ® My @ My —my ® My @ m)

in I, since we accept permutations inside the components. It follows that the graded symmetric tensor algebra ©M = TM/I
reads

OM = @ @ My ©---©OM;,, whereM; ©-- O M, =M_i, /(M. NI).
peEN iy =<---<ip
The ‘same’ result holds true in the graded antisymmetric situation.
Note that, if R is a Q-algebra, the module My ® M; is isomorphic to My ® M, via
[(1/2)(me ® M1 + M1 @ mg)] > My & M.

As the tensors my ® m; and %(mo ® my; + m; ® mg) differ by %(mo ® m; — mq @ my) and thus coincide in the quotient
My ® My, the identification My © M; >~ My ® M; corresponds to the choice of a specific representative. Moreover, we have
module isomorphisms of the type

Mo ® Mo ® Mo = V3My, MoOMoOM; =~V Mo ®M;, My ®M; ©M; =My ® A*M;.
Similarly,

MoDM()EMO:/\3M0, M()DM()E]M]Z/\ZM()@M], MOEM15M12M0®V2M1.

2.2. Batchelor’s theorem for N-manifolds

The results of this section are well-known. We consider their proofs as a warm-up exercise (although we did not find
them in the literature).

Definition 1. An N-manifold or N-graded manifold of degree n (and dimension p|q1]| ... |q,) is a smooth Hausdorff second-
countable (hence paracompact) manifold M endowed with a sheaf 7 of N-graded commutative associative unital
R-algebras, whose degree 0 term is «#/° = Cyy and which is locally freely generated, over the corresponding sections of

Cyr (i.e. over functions of p variables ¥ of degree 0), by q1, ..., g, graded commutative generators Sj L 5{;” of degree
1, ..., n, respectively.

If necessary, we assume - for simplicity - that M is connected. Moreover, it is clear that coordinate transformations are
required to preserve the N-degree. An alternative definition of N-manifolds by coordinate charts and transition maps can
be given.

Example 1. Just as a vector bundle with shifted parity in the fibers is a (split) supermanifold, a graded vector bundle
with shifted degrees is a (split) N-manifold. More precisely, let E_1, E_», ..., E_, be smooth vector bundles of finite rank
q1, - - -, gn over a same smooth (Hausdorff, second countable) manifold M. If we assign the degree i to the fiber coordinates
of E_;, we get an N-manifold E_;[i]. The direct sum E = @, E_; (resp., E[-] = @}, E_[i]) is a graded vector bundle
concentrated in degrees —1 to —n, with local coordinates of degree 0 (resp., with local fiber coordinates of degrees 1, . . ., n).
We denote the graded symmetric tensor algebra of the dual bundle E* = @], E*;, where the vectors of E*; have degree i,
by ©E*. Consider first the case n = 2. We have

OF = O(E* | ®E*,)) = OE*, ® OF*, = AE*, ® VE*,.
Hence,

o = I'(QFE*) = I'(AE*; ® VE*,) = ®nen Bryarmn I'(NE* | ® VIE*,).
In particular,

A =Cr, '=IE), dP=TNE OE,,....
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Note that, if we work over a common local trivialization domain U C M of E_; and E_», and denote the base coordinates
by x and the fiber coordinates of E_; and E_, by & and 5, respectively (£ and n are then also the base vectors of the fibers of
E*, and E*,), a function f in *(U) reads

Fo&m) =Y [EE + ) fuon®.
i<j a

Similar results hold of course for any n. Eventually, the sheaf (M, «7) is an N-manifold of degree n. It is clear that this manifold
should be denoted by E[-] = @[ E_i[il.
Definition 2. A N-manifold E[-] = @}_; E_;[i] induced by a graded vector bundle is called a split N-manifold.

Batchelor’s theorem [ 14] states that in the smooth category any supermanifold is noncanonically diffeomorphic to a split
supermanifold. A similar result is known to hold true for N-manifolds.
Theorem 1. Any N-manifold (M, <) of degree n is noncanonically diffeomorphic to a split N-manifold E[-], where E = @, E_;

is a graded vector bundle over M concentrated in degrees —1, ..., —n.

Sketch of Proof. Consider first an N-manifold (M, <) of degree n = 2. Since «° = Cyy and %@ C &, the sheaf &' is a
locally free sheaf of Cyy’-modules and

o'~ I'(E*)),
for some vector bundle E_; — M. Let now .; be the subalgebra of 7 generated by «7° @ <. Clearly,

=D ® (7" ® ...~ '(AEF)) (1)
and ¢ N 7% = («#1)? is a proper «°-submodule of 2. Since the quotient 7%/ (=71)? is a locally free sheaf of C;’-modules
(since locally <2 is a direct sum), we have

* (") ~ [(E*,),
where E_, is a vector bundle over M. The short exact sequence

0— (&) - &* — ['(E*,) -0 (2)

of «7°-modules is non canonically split. Indeed, the Serre-Swan theorem states that, if N is a smooth (Hausdorff, second-
countable) manifold, a C*°(N)-module is finitely generated and projective if and only if it is the module of smooth sections
of a smooth vector bundle over N, see e.g. [15, Theorem 11.32] [16]. The aforementioned splitting of the sequence (2) is a
direct consequence of the fact that I"(E*,) is projective. Let us fix a splitting and identify I"(E*,) with a submodule of o

* = (") ® (E*,) = [(AN°E* | @ E*)).
It follows that the subalgebra %, which is generated by /° @ /! @ «/?, reads
oy = T'(AE*; ® VE*,).

In the case n = 2, the algebra .« is of course the whole function algebra «z. For higher n, we iterate the preceding approach
and obtain finally, modulo choices of splittings, that

o =T'(AE*; @ VE*, Q AEX; ® - -) = I'(OE™).
Hence, the considered N-manifold is diffeomorphic, modulo the chosen splittings, to the split N-manifold E[-] = &},
E_[i]. O

Remarks 1. e The preceding theorem means that N-manifolds of degree n together with a choice of splittings are 1:1 with
graded vector bundles concentrated in degrees —1, ..., —n.
e Inview of Eq. (1), an N-manifold of degree 1 is canonically diffeomorphic to a split N-manifold of degree 1.
e Without a choice of splittings, an N-manifold M = (M, «7) of degree n gives rise to a filtration

JZVOC%CQVZC"'CJMY‘!:Jyv
which implements a tower of fibrations
My < My < My < ... < M, =M,

see [17]. Here, My = E_q[1], where E_; — My is a smooth vector bundle, whereas M; — M;_q, i > 1, is only a fibration.
Each M; is an N-manifold of degree i.
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Example 2. In case of the N-manifold M = T*[2]T[1]M, associated to the standard Courant algebroid, we have the tower
My < T[1]Mp < T*[2]T[1]Mp.

Clearly, the N-manifold M = M, is not canonically of the type E_1[1] & E_,[2]: it is only noncanonically split. On the other
hand, it is even diffeomorphic, as NQ-manifold, to a split NQ-manifold, see [10, Theorem 3.4].

2.3. Examples of canonically split N-manifolds

Split N-manifolds appear naturally in connection with the integration problem of exact Courant algebroids.

Let us be more precise. A representation of a Lie algebroid (A, £,, p) on a vector bundle E over the same base, say M,
is defined very naturally as a Lie algebroid morphism § : A — & (E), where «/(E) is the Atiyah algebroid associated to
E [18]. In other words, § is a C°°(M)-linear map from I'(A) — I'(«/(E)) =~ Der(I"(E)) (where the latter module is the
module of derivative endomorphisms of I" (E)), which respects the anchors and the Lie brackets. When viewing § as a map
6 : I'(A) x I'(E) — TI'(E), we can interpret it as an A-connection on E with vanishing curvature (the anchor condition
is automatically verified). It is well-known that a TM-connection on E allows to extend the de Rham operator to E-valued
differential forms I'(AT*M ® E). This generalization verifies the Leibniz rule with respect to the tensor product and it
squares to 0 if and only if the connection is flat. Similarly, the flat A-connection § on E, i.e. the representation § on E of the
Lie algebroid A, can be seen as a degree 1 operator d® on E-valued bundle forms

I'(AA* QE),

which is a derivation and squares to 0, i.e. as a kind of homological vector field.

Many concepts — even involved ones — are very natural in this supergeometric setting. For instance, to obtain the
notion of representation up to homotopy of a Lie algebroid, it suffices to replace in the latter algebraic definition of an
ordinary Lie algebroid representation, the vector bundle E by a graded vector bundle E and to ask that the square zero
derivation, say D, be of total degree 1. Representations up to homotopy, we denote them by (E, D), provide the appropriate
framework for the definition of the adjoint representation of a Lie algebroid and the interpretation of the Lie algebroid
deformation cohomology [18] as a cohomology associated to a representation. For more details we refer the reader to [19].
When retranslated into the original geometric context (explicit transfers of this type can be found below), the preceding
supergeometric definition means roughly that a representation up to homotopy of a Lie algebroid 4, is a complex (E, 9) of
vector bundles endowed with an A-connection § that is flat only up to homotopy: R> = —dw,, the homotopy w, verifies a
coherence law d*w, = —dws up to homotopy ws, and so on.

To integrate an exact Courant algebroid [10], Sheng and Zhu view this algebroid as an extension of the tangent bundle
by its coadjoint representation up to homotopy and integrate that extension. The extensions of Lie algebroids A by
representations up to homotopy (E, D), they consider, are twisted semidirect products of A by (E, D). More precisely, they
are twists by cocycles of the representation up to homotopy induced by D on ©sE*, where s is the suspension operator and
E a graded vector bundle. Both, semidirect products and extensions, are canonically split N- and even NQ-manifolds. For
instance, a semidirect product is a representation on OsE*, i.e. a degree 1 square 0 derivation on

I'(AA* @ OSE®) = I'(OsA* @ OSE*) = I'(O(s™(A® E))*).
and therefore a split NQ-manifold.

3. Geometry of Lie n-algebroids

3.1. Standard and homological gradings of split N-manifolds

Let .# = (M, &) be an N-manifold of degree n, consider local coordinates in an open subset U C M, and denote by
u= u*) = ( f, ..., &M the coordinates of nonzero degree. The weighted Euler vector field

&y = Z o (U)u*dye,

where @ (u*) denotes the degree of u“, is well-defined globally: ey = ¢|y, where ¢ is the degree-derivation of the graded
algebra &* = @, &%, i.e.forany f € &%, ef = kf € «*. Denote now by Der* the sheaf of graded derivations of <, which
is in particular a sheaf of graded Lie algebras — we denote their brackets by [—, —]. It is well-known that the grading of these
vector fields is captured by the degree zero interior derivation [&, —] of Der*«: if X € Derf«, then [, X] = kX € Der*w.
The gradings of other geometric objects are encrypted similarly, see [17]. On the other hand, it is clear that the standard
Euler vector field &y = ), u®d,e, which encodes the local grading by the number of generators, is not global.

Example 3. Consider for instance .~ = T*[2]T[1]M, with coordinates ¢/, &, p;, 6;, where &’ is thought of as d¢, p; as
04, and 6; as dgj, so that they are of degree 0, 1, 2, 1, respectively. A simple example, e.g. the coordinate transformation
q=0Q,&=0Q5 +e%O,p=QEO +P,0 = Q25, fordimM = 1, allows to check the preceding claim by direct
computation.
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The situation is different for a split N-manifold E[-] = @[_; E_;[i] over M. Its structure sheaf
o = I'(OE")
=Gy @ T E )@ (A TEL @ T(E)) © (Al TEL) ® TES) ®cy TE) @ TE)) @ ...
clearly carries two gradings, the standard grading induced by E (encoded by ¢) and the grading by the number of generators
(encoded by &). We refer to the first (resp., second) degree as the standard (resp., homological) degree and write
o =@ " (resp.’ o = O ).
Both Euler fields, ¢ and &, are now global: € is the degree-derivation of the graded algebra *« = @] «, i.e. its eigenvectors

with eigenvalue r are the elements of "oz

Remark 2. Split supermanifolds are not a full subcategory of supermanifolds: their morphisms respect the additional
grading in the structure sheaf. For N-manifolds the situation is similar. N-manifolds are nonlinear generalizations of vector
bundles [20], in the sense that a coordinate transformation may contain nonlinear terms. If we denote, e.g. in degree n = 2,
the transformation by (¥, £9, n%) < (¥, 99, t%), this means that the general form of t° is

= 7 WEE + "
In the case of split N-manifolds, morphisms respect not only the standard degree, but also the homological one:
Y=y, 6" =6 =10
and
X=xy), &=, 1" =nuy. (3)
Invariance of ey and &y is now also easily checked by direct computation.

Due to the additional grading in the structure sheaf .=, vector fields of a split N-manifold (M, .#), i.e. sections of the sheaf
Der*« of graded derivations of 7, acquire a homological degree as well: we say that X € Der’ has homological degree
s and we write X €° Der’«, if X("«#) C"** «. This condition is equivalent to the requirement that [§,X] = sX. Indeed,
& € Der’« and if f €” 7, then

[2, X1f = eXf — X&f = eXf — rXf.

Hence, the announced equivalence.

Proposition 1. The sheaf of vector fields of a split N-manifold (M, <) of degree n is bigraded, i.e.
Der*s/ = @>_nDer's and Der's = @°._, Der‘w.

s>—1

Proof. The first part of the claim is obvious. Let now X € Der‘«, consider - to simplify notations - the case n = 2, and
denote, as above, local coordinatesinU € Mbyv = (x,&,n)andinV C M by w = (y, 6, t), where superscripts are
understood. The vector field X locally reads

Xy = Z [fs(0) 0 + 8511(0) 3¢ + hsy1 (v) 0y ] (4)
and

Xl = 37 [Fo)d, + Gour )y + Hyp (), ] (%)

S

where the sum over s refers to the homological grading &/ = @] & and where the degree of d, (resp., 9z, 9,) is O (resp.,
—1, —1) with respect to the homological degree (and similarly for 9y, 9y, d-). In view of (3), we get

Ox = 8xy|x=x(y)ay + ax‘9|x=x(y)€(.)’)989 + axT|x=x(y)77(y)Tar = A(y)ay +B(y)0dy + C(y)T 0,
0 = D(y)dp and 0, = E(y)0;.
Hence,onU NV,
Xy = Z [fs(w)AW)Dy + (fs(w)BY)O + g1 (w)DY)) Iy + (fs(w)CH)T + hey1(W)EY)) 0, ] - (6)

It follows that the coefficients of 9, dy, 9, and therefore the brackets in (5) and (6) coincide on U N V. This means that

the brackets in (4) and (5), which are elements of *Der’«/(U) and *Der’.«(V), respectively, are the restrictions of a global
vector field X° €* Der‘.«. Eventually, X = > X® and this decomposition is obviously unique. O
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3.2. Z-graded symmetric tensor coalgebras

This section provides information that will be needed later on. We begin with some results on the graded symmetric
tensor coalgebra.

If V is a graded vector space, we denote by OV = @,>1 @'V the reduced graded symmetric tensor algebra over
V. If W denotes a graded vector space as well, any linear map f € Hom(®V, ®W) is defined by its ‘restrictions’ f;; €
Hom(®"V, ®* W), r,s > 1. The graded symmetric product

fT']S] @ gr252 € Hom(®r1+r2 V7 QS]+32 W)
is defined, for a homogeneous g, — of degree g with respect to the standard grading -, by
(ﬁ’]S] @ gTzSz)(Uls ) vT1+T2) = Z (_l)g(val +“'+Un',—] )5(0) fr151 (va] ey Uarl)
oeSh(ry,rp)

@ grzSz (U(Yr]+1 LA Uﬂr1+r2)7 (7)
where the vy, are homogeneous elements of V of degree denoted by vy as well, and where (o) is the Koszul sign. If f, g are
homogeneous, we have of course

gof =Dt os.
The graded symmetric tensor product of linear maps is needed to construct coderivations and cohomomorphisms of

graded symmetric tensor coalgebras from their corestrictions. The reduced graded symmetric coalgebra on a graded vector
space V is made up by the tensor space OV = @,>; ©@" V endowed with the coproduct

r—1

AW O 0V =Y Y &0) (g O OV) ® (U, O+ O vg),
k=1 o eSh(k,r—k)

with self-explaining notations. We denote the symmetric coalgebra on V by v.
A coderivation § : OV — OV (resp., a cohomomorphism ¢ : OV — O°W)is completely defined by its corestrictions
8 : OV = V(resp.,¢, : "V — W), r > 1:

.
81O 0v) =) (B Oid -1 OO, 8)
k=1
(resp.,
.
1
PO O =) o ) ;,_r(d’” © 0O Ov)) 9)
s=1 1 ri#Os_
These results are just a matter of computation.
The next facts about the tensor power of the suspension operator will be useful. If E = @®}_; E_; is as usually a graded

vector bundle and if s : I"'(E_;) — I'((SE)_k+1) denotes the shift operator, the assignment
F(E-)** 2 (X1, X) = (= 1)"15X1 15X € Clgew IM((SE)—ps1)

is graded symmetric and Cy-bilinear, and thus defines a ;7 -linear map on @%m I’ (E_y). More generally, fora; < --- < g,
M

set

Si : F(E,al) @(CI\C;'O) PN @(C&O) F(E,ai) 3X10--0X;

T i-pX
= (—1) J sX10...0sX; € F((SE),aﬁq) D(CI\C;IO) . D(CI\O/IO) r((SE),ahL]),

where the tensor products in the source and target spaces are taken, either over CS°, or over R. The inverse of s' is given by

(Si)—l — (_ ])i(i—l)/z (S_l)i,
where s~! is the desuspension operator.

Just as for Lie infinity algebras, we will find two variants of the definition of Lie infinity algebroids. It is important to first

fully understand the purely algebraic situation. Let ¢’ € Codiff' (O°V) be a degree 1 codifferential of the reduced graded

symmetric tensor coalgebra of a desuspended graded vector space V = s~!W. The condition ¢’ 2 = 0 is satisfied if and only
if the projection pr; onto V of the restriction to ®" V of £’ 2 vanishes for all r > 1, i.e. if, see (8),

roor—i+1
priYy > (G Oid i) Oid) = Y £ Oidy) =0, forallr =1,
i=1 j=1 i+j=r+1

where £; : O'V — V is the i-th corestriction of ¢’ (it is of course of degree 1). This structure was discovered by Voronov [21]
via derived brackets under the name of L,,-antialgebra.
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Definition 3. An L., -antialgebra structure on a graded vector space V is made up by graded symmetric multilinear maps
¢ : V' — V,i> 1, of degree 1, which verify the conditions

Yo Y e@t(ey - V) Vo s Vo) =0, (10)

i+j=r+10eSh(ij—1)
for all homogeneous v, € V and allr > 1.

The definition of an L. -algebra is similar, except that the multilinear maps are of degree 2 —i and graded antisymmetric,
and that the sign (o) in (10) is replaced by (—1)/0~Vsign (o )e(c), where sign (o) denotes the signature. See [9] and
Definition 4, Eq. (14) of the present text.

Proposition 2. An L-antialgebra structure £;,i > 1,onV = s~'W induces an Ly, -algebra structure £; := s ¢ s Hionw,
and, vice versa, an L« -algebra structure ¢;,i > 1,on W implements an L.,-antialgebra structure ¢} := (—1)'0~D/2s71 ¢; sion V.

The result is just a reformulation of the construction of a Lie infinity algebra from a codifferential. Let us nevertheless
emphasize that the sign in the preceding correspondence is important (and can for instance not be transferred from the
definition of ¢; to that of £;).

3.3. Higher derived brackets construction of Lie n-algebroids

We already mentioned that Lie algebroids are 1:1 with Q-manifolds. In this section we extend this correspondence
to Lie n-algebroids and NQ-manifolds of degree n. Many authors consider Lie n-algebroids, but actually just mean NQ-
manifolds [5]: it is only in 2011 that Sheng and Zhu defined split Lie n-algebroids by means of anchors and brackets [10].
They mention the bijection with split NQ-manifolds, but give no proof. It turned out that the latter is highly technical.
Below, we provide two possible approaches to this correspondence. In particular, we prove that the orders of the brackets
(as differential operators) of a Lie n-algebroid suggested in [10] are the only possible ones. For algebroids with generalized
anchors, see [22].

Remark 3. Many concepts of Lie n-algebras appear in the literature. Lie n-algebras are in principle specific linear (n — 1)-
categories. But the term ‘Lie n-algebras’ often also refers to n-ary Lie algebras and to n-term Lie infinity algebras. However,
whereas Lie 2-algebras in the categorical sense and 2-term Lie infinity algebras are the objects of two 2-equivalent
2-categories [7], ‘categorical’ Lie 3-algebras are (in 1:1 correspondence with) quite particular 3-term Lie infinity algebras
(their bilinear and trilinear maps have to vanish in degree (1, 1) and in total degree 1, respectively). The main reason for
these complications is that the map

K:LxL +— LKL,

where X denotes the monoidal structure of the category Vect n-Cat of linear n-categories, is not a bilinear n-functor [8].
Nevertheless, when speaking about a Lie n-algebra (resp., algebroid), we mean in this text an n-term Lie infinity algebra
(resp., algebroid).

One of the possible approaches to split Lie n-algebroids is Voronov’s higher derived brackets construction [21], which we
now briefly recall. Let L be a Lie superalgebra with bracket [—, —] and let P € EndL be a projector, such that V = P(L) be an
abelian Lie subalgebra and

P[¢, '] = P[P¢, £'] + P[¢, PL'],
for any ¢, ¢’ € L. The latter condition is just a convenient way to say that KerP is a Lie subalgebra as well. Let us mention
that this setup implies that L = V @ K, K = KerP. Consider now an odd derivation D € DerL that respects K, i.e. DK C K,
and construct higher derived brackets on V:

{vi, ..., w}p == P[...[[Dvy, va], v3], ..., vil.
If D?(V) = 0, this sequence of k-ary brackets, k > 1, defines a Lie infinity antialgebra structure on V and induces a Lie
infinity algebra structure on sV.

Next we consider a split N-manifold E[-] = @}, E_;[i] of degree n over a base manifold M. The interior product of
an element of & = I'(OE*) = Ocoomy I'(E*) by X; € I'(E_;) is defined by 0 on f € C°(M), on the other generators
wy € I'(EX)) by

i = (=1 (X)) € o7,
where §j is Kronecker’s symbol, and it is extended to the whole graded symmetric algebra «7* as a derivation of degree —j,
i.e. by

ix (SO T) = (ixS) O T + (=1Y*S O (ix 1),

where S € #* and T € . Itis clear that we thus assign to any X € I"(E) a unique iy = Zj ixj e~ Der«. As usual:

Lemma 1. The sections in I (E) are exactly the derivations in ~'Der..
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Proof. Let § e ! Derw. Locally, in coordinates v = (x, u) = (x', u*) over U C M, where the x' are the base coordinates and
the u“ the shifted fiber coordinates, this derivation reads

Sly =) f*(X)3u €' Derer (U).

The coordinates u® of the fibers of the E_; can be interpreted as frames of the E*; over U. Let now u, be the dual frames of
the E_; over U, u, (uf) = 8f, and consider

Xy =) f*®)u, € ['(UE) and ix, €' Der(U).

Since the actions of the derivations dy« and iy, on the generators of «/(U) coincide, we have §|y = ix,. It follows that the
local sections Xy € I'(U, E) defined over different chart domains U coincide in U N V and thus define a global section
X € I'(E), such that X|y = Xy. Finally, we obtain§ = ix. O

It is now quite easy to see which algebroid structure is encoded in the data of a split NQ-manifold. Let E[-] = &; E_;[i]
be a split N-manifold of degree n > 1 and let Q € Der'« be a homological vector field, Q% = %[Q, Q] = 0. For instance, in

the case n = 2 and in local coordinates (x', £%, n*), such a derivation is of the type

Q=) flE D+ Y (g MEE + RN )da + Y (K (EEPE + £5,(X)E ") e (11)
it contains terms of homological degrees 0, 1, 2. The considered NQ-manifold induces all the data required by the setup of
the higher derived brackets method. Indeed, let

L =Der's/ = >y Der' o/ = ®p>_, ®}._, Der'
be the graded Lie algebra of derivations of «#* = @ < with bracket denoted by [—, —]. Observe that here we consider

the standard grading, but that, see Proposition 1, that the space L is also graded by the homological degree. The graded
commutator [—, —] respects this homological degree as well. In fact, for § €" Der.«z and &’ €° Der.«, we have

(2, 18,8 = [[&, 81,81+ 8, [&, 8 = (r +9)[8, &1,

where & € Der’« is the Euler field that encodes the homological degree of ‘functions’ and ‘vector fields’, see Section 3.1.
Denote now by P : L — L the projector onto ~'Der.«. Hence, V := P(L) = ~'Der« ~ I'(E), see Lemma 1, is an abelian Lie
subalgebra of L. Moreover, if§ = . ;"6 € Land§’ = Y ,°§' € L, we have

s>—1
P[8,81=1"18,%"1+ %, ~'8'1 = P[PS, §'] + P[5, PS'].

Let now D := [Q, —] be the interior degree 1 derivation of L induced by Q. It respects the kernel K := KerP = @, "Der«.
Indeed, Q € Der's’ = @._1 Der's reads Q = ) { (°Q, see e.g. Eq. (11), and, if « = ), _ "k € K, we get
Dk =Y, Y [*Q. k] € K.AsD* = [Q, [Q, —]] = 0, the higher derived brackets

X1, X) =P [1Q, X1, Xal, - .., Xi]
provide a Ly,-antialgebra structure on V = I' (E). These k-ary brackets are actually given by

X, X)) =P Y L PQ XL Xl o X = [ [171Q, XL Xal L X, (12)
s=0

for 1 < k < n+ 1, and they vanish otherwise. In view of Proposition 2, the brackets £; := s ¢, (s~ ¥ endow I'(sE) with a
Lie infinity structure.

To discover the algebroid structure encrypted in the homological vector field of an N-manifold, it remains to extract the
information contained in the action of Q on the generators of degree 0, i.e. on &#° =% & = C>°(M). Since, °Q : C*(M) —
I'(E*,) M’ 7, the derivation *Q vanishes on functions, if s # 1, whereas

1Q : C®(M) — I'(E*)).
Forany X € I'(E_1) and any f € C*°(M), we set

p'Of =1'Q,XIf =ix'Qf = =('QH(X) € C¥(M). (13)

As ['Q, X] € °Der« restricts to a derivation ['Q, X] € Der«?, p’ is a C®*(M)-linear map p’ : I'(E_;) — I'(TM) and can
thus be viewed as a bundle map p" : E_; — TM. Moreover, if X; € I'(E) and f € C*(M), the bracket

Xy oo Py X)) = Lo L QX0 X X

can be computed as follows. It is easily seen that

L' Xl Xl = (- ' X0l - X ) Oy +fL - 17 X4, L X
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and

L..0'Q. X)Xl = iy, 0O
If k =2 andj = 2 (forj = 1 it suffices to use the symmetry of the bracket), we thus find

X1, X)) = (ix, Q) X2 + fE5 (X1, Xa).
The first term is nonzero only if X; € I"(E_1), in which case it reads (o’ (X1)f)X. If k # 2, we get

ZL(X17"'af>(ja"'7Xk) :fg;((xlv"'v)(ja"'vxk)a

as Xp, = ix, is C°*°(M)-linear. If we set now p = p’s™!, we obtain a bundle map p : (SE)o — TM, such that the brackets

L = s (s™hHi, i £ 2, are C*°(M)-multilinear, whereas £, is C°° (M)-bilinear if both arguments are elements of I"((sE)_;),
i # 0, and verifies

L2 (X0, fx) = fLa(x0, X) + (p(X0)f)x,
forany xg € I'((sE)o), x € I'(sE), and f € C*(M).

Remark 4. We thus recover the concept of split Lie n-algebroid introduced by Sheng and Zhu in [ 10]. In fact, we proved that
to any split NQ-manifold of degree n is associated a split Lie n-algebroid.

Definition 4. A split Lie n-algebroid,n > 1, is a graded vector bundle L = EB?;O] L_; over a smooth manifold M, together with
abundle map p : Ly — TM and graded antisymmetric i-linear brackets ¢; : I'(L)*! — I'(L),i € {1,...,n+ 1}, of degree
2 — i, such that

e foranyr > 1,

Y Y RO Uiy Ka) Koy Xey) =0, (14)
i+j=r+10eSh(i,j—1)
where X1, ..., x, € I'(L), where Sh(i, j — 1) denotes the set of (i, j — 1)-shuffles, and where x (o) = sign (0)e (o) is the
signature multiplied by the Koszul sign with respect to the grading of I" (L),
o fori # 2, ¢; is C°°(M)-multilinear, whereas ¢, is C°°(M)-bilinear if both arguments belong to I"(L_;), i # 0, and verifies

£(x0, fx) = fla(X0, X) + (p(x0)f) X,
forany xg € I'(Ly),x € I'(L),and f € C*(M).

Observe that, since the graded vector bundle underlying a split Lie n-algebroid is concentrated in degrees 0, ..., —n+1,
the Lie infinity algebra conditions (14) are nontrivial only for 1 < r < n+2.Indeed, ifr > n+ 3, the degree of the LHS-terms
isatmost2 —i+ 2 —j =3 —r < —n, so that all the terms vanish.

Examples 4. A Lie 1-algebroid is a Lie algebroid in the usual sense. Indeed, ¢, vanishes, as it is of degree 1, and the Lie
infinity algebra conditions reduce to the Jacobi identity. Further, a Lie n-algebroid over a point is exactly a Lie n-algebra,
i.e. an n-term Lie infinity algebra.

Remark 5. As in the case of Lie infinity algebras, there exists a notion of Lie n-antialgebroid. Such an antialgebroid is made
up by a graded vector bundle K = @, K_; over a manifold M, a bundle map p’ : K-y — TM, and a Ly -antialgebra
structure £;, 1 < 1 < n+ 1, on I'(K), such that the £; are C°°(M)-multilinear for i # 2, whereas £} is C*°(M)-bilinear if
both arguments belong to I"(K_;), i # 1, and verifies

£ (xa, fx) = f€5(xa, %) + (0" (x1)f)x,

forallx; € I'(K_1),x € I'(K),and f € C*°(M).To any Lie n-antialgebroid structure £}, o’ on K corresponds a Lie n-algebroid
structure ¢; = s ¢} (s71)!, p = p’s~! onsK, and vice versa.

Remark 6. The orders of the brackets ¢;, viewed as differential operators, are comprehensible from the above construction
of a Lie n-algebroid by means of derived brackets. Only the binary bracket ¢, has an anchor, since *Q that implements £, 4
vanishes on functions for s 1. The reader might prefer an explanation in local coordinates. Consider first the casen = 1
of Lie algebroids. When dualizing the Lie bracket and the anchor in a local trivialization over a chart domain, we get the
homological vector field

Q = py(X)E Dy + Co (X)E"E  Oga,

where ! (resp., £%) are the base coordinates (resp., the fiber coordinates), and where ,of] (x) (resp., C.(x)) are the components
(resp., the structure functions) of the anchor (resp., of the bracket). Note that the anchor is thus encrypted in the terms in
the 9d,:. If we pass to n = 2 and choose local coordinates (x', £, ), a homological vector field is, as mentioned above, of the

type
Q=) FXED+ Y (g EE + RN + (ks (EE E + €3, (X)E D)o,

so that only 'Q that defines ¢, contains such terms.
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3.4. Categories of Lie n-algebroids and NQ-manifolds: comparison of objects

Theorem 2. Thereisa 1:1 correspondence between split NQ-manifolds (E, Q) of degree n and split Lie n-algebroids (SE, (£;);, p).

Proof. Let us first mention that the proof uses the characterization of tensor fields as function-valued function-multilinear
maps.

Let now {1, ..., £,41, p be a Lie n-algebroid structure on a graded vector bundle sE = (SE)q @ - - - @ (SE)_p+1 Over a
manifold M. We will define on the degree n split N-manifold E[-] = @}, E_;[i] a derivation Q € Der' o7 (or, better, a global
section of the sheaf of degree 1 derivations) that squares to 0. Remember that <7 (here, the algebra of global sections of the
function sheaf) is given by

o = I'(OE*)
=C*M) @ I'E ) ® (FNO*E* ) @ T'(E))® (MO EX) @ ME OF ) @ I'(EXy)) @ -

We first define the derivation Q on the generators w, € I'(E*)),k € {1,...,n},and wy € C*(M). We decompose
Quy € «**! with respect to the homological grading «**! = @!"x**! given by the number of generators. The
component in "«7**! will be denoted by Q**'" w,. For instance,

Q*?w; € I'(E*, O E*,) & I' (O’ EX,).
Hence, we have to define, for X; € I'(E_1) and X, € I'(E_3) or X1, X5 € I'(E_>),
Q"2 w3) (X1, X) € CX(M),

in a way that this function depend C*° (M)-bilinearly and graded symmetrically on its arguments. More generally, we define
Q" w )Xy, ..., X)) € C®(M), for allX; € F(E_aj) such that Zj a; =k + 1. We set

pl=ps, b= (=" (15)
so that £, p’ provide a Lie n-antialgebroid structure on E. We now define

Q" wo)(X1) = —p'(X1)wo € C*(M) (16)
and, fork € {1, ...,n},

Qo) X1, ... X)) = (= Df ol (X1, ..., X)) € C¥(M), (17)
ifre{1,3,...,k+ 1},and

QM@ (X1, X2) = (= D*o(t' (X1, X2)) — (0" © i) (X1, X2) € CX (M), (18)
if r = 2. The tensor product in the last equation is given by

(0 © W) X1, Xz) = (=D p' XDk (X2) + (=12 (X)) (X1) € C®(M).

Here (and in the following) we implicitly extend the anchor p’ : I'(E_1) — I'(TM) and wy, : I' (E_;) — C*°(M) by 0 to the
whole module ' (E).
Graded symmetry is obvious and C*°(M)-multilinearity is nontrivial only for r = 2. Since

LX) =FEXY) 4+ (0'CONY  and 65X, Y) = fEX,Y) + (=D (0 (NN)X,

forall X, Y € I'(E), the function (Q*t"2w;) (X, X2) is actually C>(M)-bilinear.
To define Q on an arbitrary element w = Zk’s wys € N'(OE*) = o7 = @ /%, we define the projections Qk“*rwk,s of

W € %IH“] — @kil F%]GF] onto rdk+1'
5 r=1

Definition 5. Let ¢;, p be a Lie n-algebroid structure on sE and let £, = (—1)("D/2s71¢;s', p’ = p's be the associated Lie
n-antialgebroid data on E. The derivation Q € Der! I"(QE*), which is defined by

QM wps = (=D wrs o (6, Oids_1) — p' © wrs, (19)
where id;_1(X1, ..., Xs_1) = X1 © - - - ® X;_1, is the Chevalley-Eilenberg differential of the Lie n-algebroid sE.

Eq. (19) can be written more explicitly. For k = 0, we get

Q’<+Lrwk,s = _10/ © W,s, (20)
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fork > 1,ifr >s,r s+ 1,

Qk+1'rwk,s = (_l)k Wy,s © (E;'—S+l O ids-—1), @
ifr=s+1,

QM g = (=1 wies 0 (8 @ ids—1) — p' © wies, (22)
andifr <s,

QM1 s = 0. (23)

Indeed, if k = 0, then s = 0 and id;_; = 0, so that (19) reduces to (20). Eqs. (21) and (22) are clear as well, as the term
p’ © wis can be evaluated only on s+ 1 sections of E (and must be interpreted as 0 on r # s+ 1 sections). For (23), it suffices
to note that £; = 0, if i < 0.

Let us briefly comment on the definitions (20)-(23). Eq. (20) is just a reformulation of (16). As for (21) and (22), note
that the argument w s is an element of *=* and more precisely, say, of I“(Eic1 O OEL), Zj ¢; = k, (for example
[(E*, © E*;)). Its image Q" awy s €” 7**1 must be evaluated on X; € F(E-g)j€ {1,....1}, ), = k+ 1. The
computation ofE/HH ©id,_, on these X; leads to terms each of which belongs to some I"(E_p,) ©- - - O I'(E_p,), Zj b =k,
since £;_,, has degree 1 (in the example, I"(E_1) © I'(E_3) or I'(E_3) © I'(E_3)). In (21), (22) it is understood that the
evaluation of wy s on those terms that do not match is 0 by definition. Graded symmetry and C*° (M)-multilinearity are again
straightforwardly checked.

To make Definition 5 meaningful (and to complete the proof), we still have to show that Q is a derivation and that Q% = 0.

As concerns the derivation property, observe that it follows from (8) and (19) that, for o’ = 0, the endomorphism Q
is actually a derivation. However, the map wys + p’ © wy; is a derivation as well. Indeed, let 7, €' «* and note that
the tensor products in o’ © (wks © ne.;) are defined differently. The first one is defined by means of vector fields that act
on functions (we will use the notation L), the second by means of products of functions (notation -). When omitting the
arguments X € I"(E) and the subscripts, we can write

PO@ON =) @ n=>Y +lyw) n+Y +o-@Lym)
= (O oOn+(=D'wo( on.
Eventually, Q € Der'w.
Below, we will explain that the Chevalley-Eilenberg complex of a Lie n-algebroid, Definition 5, ‘reduces’ for n = 1 to the
Lie algebroid de Rham complex.
We prove now that Q2 = 0, which holds true if it holds on the generators w;, € I'(E*},), 1 <k <n,and wy € C*(M).To

increase readability we work first up to sign. In the addendum to the proof, the interested reader can find the details about
signs. It suffices to show that the sum

k+1

$ =Y Q" Q" w) Xy, ..., X) (24)

s=1
vanishes, for all X; € I"(E_g;), such that Zj a; =k +2,and each 1 < r < k 4 2. Ignoring the signs, we get

inf(k+1,r)
S= > @ 0)((t gy Oidi ) (Xrs .., X)) + (0 0 QT w))(Xa, L X)),
s=1

In the preceding sum, we can replace inf(k + 1, r) by r, since Q**1k+2¢, = 0. Setting t = r — s + 1, we then obtain

S= Y Y @)Ky Ko Koy -0 Xoy)

s+t=r+1oeSh(t,s—1)

+ 3P o)X, LX)

=wk<2 > e;(exxm,...,xm),xw,...,xa,))

s+t=r+1 o eSh(t,s—1)

+ ) (W00l Keyr e Ko )i Xoy)
oeSh(r—1,1)

+ 3000 (a)k(e;,](xl, X)) 4850 O Xy e ,xr)) , (25)
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where the first term vanishes in view of the L, -antialgebra condition (10). Hence,

S= P K0 XDoeX) + Y p Kol K, P X))

+ 3 PR K, X+ 85D 00 (0 @, X0). (26)

When taking signs into account, we see tklat the second and third sums cancel out. If no g; is equal to k, the first and fourth
sums vanish as well. Otherwise,a; + ---i---+a, =2andr = 2 orr = 3.Ifr = 2, the first sum reads

P’ (5 X))k (X1) + o' (€ (X)) wr(Xa), (27)
where a; = k and a, = 2 or vice versa. It thus suffices to show that

p oli=0 (28)
on I"(E_;). This conclusion follows from the L,,-condition

(X, 1Y) + X, fY) + (=X X, €, (fY)) = 0,

written for X € I'(E_,). If r = 3, the first and fourth sums exist, so that

S = p' (5 (X2, X3))w(X1) + - - - 4 0 (X2) (0" X))k (X3) + p' K)an(X1)) + .. ., (29)

where one of the g; is equal to k and the two others equal to 1. It is easily seen that it suffices to prove that

P (X, Y)) = p'X)p' (Y) — p' (V) p'(X), (30)
for all X,Y € I'(E_1). The result is encoded in the L -condition for brackets ¢}, £},i + j = 4, written for X, Y, fZ, with

ir ¥y
X,Y € I'(E_). This is straightforwardly checked (we actually obtain the same proljaerty for p and ¢5). This completes the
construction of an NQ-manifold from a Lie n-algebroid.
Conversely, we can construct a Lie n-algebroid from an NQ-manifold (E, Q). Indeed, the definitions (16)-(18) can easily
be inverted. Eq. (16) defines the anchor p’ from Q. Let now X; € F(E_aj), 1<j<r,setk:=) aj—1,andletw, € I'(E*)).
Eq. (17) gives, for r # 2,

(6 Xrs -, X0) (@) = Qo) Xy, .., X),

since (— ¥ = 1. Eq. (18) provides (¢,(X1, X3)) (). Clearly, p" coincides with the anchor (13), say p”, defined in the
construction of a Lie n-algebroid via higher derived brackets. Moreover, if we denote the higher brackets (12) by £, we
have

0 =(-1)¢. (31)
Indeed, when computing
(O Xrs o X)) (@) =L 7' X1 Xal, o Xe (),

we get terms of the type iXJ1 . i)r(’lQ ixaj+1 ...1Ix, w. However, if j differs from r and r — 1, such a term vanishes. Even for
a‘j T

j=r — 1,itvanishes, except if a,, = k, in which case we have r = 2, since )_ a; = k+ 1.If r # 2, the derived bracket ¢ is
given by a unique term. It suffices to compute the sign of this interior product and to insert the sections X; into ~1Quwy, ie. if
we change notation, into Q%' w,, which generates new signs. Combining all these signs, we actually get (—1)". If r = 2,
the bracket £ contains three terms. The proof is just a matter of computation. Since £, p” define a Lie n-antialgebroid
structure on E, the same holds obviously true for £;, o', so that, to complete the proof, it suffices to consider the associated
Lie n-algebroid (sE, (¢;);, p).

The constructions of a higher Lie algebroid from a higher Q-manifold and vice versa are of course inverses of each
other. O

Addendum. The sign in the first term of (25) is —& (o). If we denote, for simplicity, the degree of X; by X; instead of —a;, those
in the four terms of (26) are

(_DX,-(XI-H oo X)X A AKX (_1)k+X,-(X1 o X k1)
, )
(_»1)k+'l+Xi(X1+~-+Xi_1+k+]) , (_ -l)Xi(X1+~<+X,'_1+k+]) .
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It is thus clear that the first term of (25) vanishes and that the second and third terms of (26) cancel. Moreover, (27) vanishes
in view of (28), independently of the involved signs. When writing explicitly the terms of (29), we get for instance

(=) FFRCH [/ (X, X3)) o (X1) + (—=1)20' (X2) 0’ K3) (K1) + (=D 0" (X3) 0" (Xp)eore (X1) ] -
It now suffices to observe that this sum vanishes, if X; ## —1 or X, # —1, and that otherwise it reads
P (5 (X2, X3))wr(X1) — o' (X)) p' X3)wr(X1) + 0" (X3) p (X2)wie(X1)

and thus vanishes in view of (30).

Remarks 7. The preceding proof shows two facts:

e For any split Lie n-algebroid (L, (¢,),, p) over a manifold M, the bundle map p : Ly — TM verifies

pa(X, Y)) = [p(X), p(Y)],

forallX,Y € I'(Ly), where [—, —] is the bracket of vector fields. In other words, the n-algebroid anchor is a representation
on Vect(M) of the Lie algebra (up to homotopy) bracket ¢, on I"(Lp).

e Any Lie n-algebroid (L, (£;),, p) is implemented by higher derived brackets. Indeed, let Q be the homological vector
field associated to the Lie n-antialgebroid structure ¢, = (—1)""=D/2s71¢,s" p' = ps. From Q we construct via higher
derived brackets the antialgebroid structure £/, p”, and we reconstruct £, p’. Hence, £, = sf.(s™1)" = (—=1)"s¢/(s™1)"
and p = p's™! = p’s7.,

Remark 8. For n = 1, i.e. in the Lie algebroid case, the Chevalley-FEilenberg differential (19) coincides with the de Rham

differential of the considered Lie algebroid. More precisely, the shifting operator allows to interpret the Chevalley-Eilenberg

differential Q € Diff' I'(OE*) of the Lie n-algebroid (sE, (¢;), p) as differential Q on I'(B(sE)*). The computation is
technical and will not be given here. If 1 s € 1“((sE)ialJrl 0---0 (sE)*_asH), > a; =k, we find

Qk+1'r77k,s = (_1)(r—s+l)(s—1)nk’5 o (lr—s+10ids—q) — p O Nk,s > (32)

where id;_1 (X1, ..., Xs—1) = X1 O+ - O X;_q.Inthe case n = 1, necessarilys = k,r = k+ 1,and ng s =: ¢ € F(/\k(SE)S).
It is easily seen that Eq. (32) then reduces to the usual de Rham cohomology operator.

4. Geometry of Lie n-algebroid morphisms

4.1. General morphisms of Lie n-algebroids

In this section, we define morphisms between Lie n-algebroids over different bases in terms of anchors and brackets. In
the case n = 1, we recover the notion of Lie algebroid morphism [11], and for n-algebroids over a point, the new concept
coincides with that of Lie infinity algebra morphism.

LetE = @I, E_; (resp., F = @_, F_;) be a graded vector bundle over M (resp., N). A graded vector bundle morphism (in
the categorical sense, i.e. a vector bundle morphism of degree 0) ¢, : ©"E — F,r > 1, is a smooth map over a smooth map
¢o : M — N, with linear restrictions to the fibers. For instance,

(Pé : /\2 E—l,x —> F_2~¢O(X)’ ¢£ : E_],X ® E—Z,x — F_3’¢0(x), ce

are linear. Remark that if r > n+ 1, the highest degree in ©" Eis —r < —n—1 < —n, so that ¢ is necessarily zero. A graded
vector bundle morphism ¢, : ©" E — F can be viewed as a vector bundle morphism ¢, : &' SE — sF of degree 1 —r:

b =5l and ¢ = (—1)"T V27 1g,
IfX; € I'(E_g),i€(1,...,7}, then¢g; o X := ¢ o (X; O --- © X;) has obviously a decomposition of the form

$roX =72 f'E o, (33)
J

where the sum s finite, j}x € C*°(M) and SJX € I'(F_y4)-Indeed, it suffices to take as SJX afinite generating family of sections
in the C*°(N)-module I" (F_y-4,). Furthermore, it is easily seen that the graded symmetric tensor product qb{] [OXERNO) ¢{r of

graded vector bundle morphisms is given as follows. If X; € I'(E_y),i € {1,...,t},and t; +--- + &, = ¢, # 0, then
01 Ur (71 Ur
@, 0090t .. X)=" D Y ) e@fi T E 008 ), (34)
oeSh(ty,...tr) j1 Jr

where &(o) is the Koszul sign.
Let ¢;, p (resp., m;, r) be a Lie n-algebroid structure on sE (resp., sF), and denote by £}, o’ (resp., m;, r’) the corresponding
Lie n-antialgebroid structure on E (resp., F).
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Definition 6. A morphism of Lie n-algebroids between sE and sF is a family ¢, : @"sE — sF,1 < r < n,of degree 1 —r
vector bundle morphisms over a base map ¢ : M — N, such that

r"o¢) =Tggop, (35)

aswell as, forany 1 < t < n 4+ 1and any homogeneous sections X; of E, i € {1, ..., t}, with decompositions
¢loXi=Y f1E" op
j
(for any r and any productX; :=X;, © --- © X;,),
Yo D e0) ¢ o (UK Xo) OXoyyy O O Xgy)

r+s=t+1o0€Sh(s,r—1)

+ Z(_ ]))'(i().(l+"'+)~(i71)+l (p/(xi)ﬂxl...i...xt)g:]‘)(l“.?‘..xt o ¢0
i

YL Y Y Y S o T mE e o g, (36)

|
=1 =t o esh(tg, ..t i

470
where )~(k denotes the degree of X.

Note that for t > n 4 2, the highest degree of the terms in Eq. (36)is 1 —t < —n — 1 < —n, so that any term necessarily
vanishes.

Remarks 9. e This definition is the geometric translation of the natural supergeometric/algebraic definition of Lie n-

algebroid morphisms, see below.

e For n = 1, the definition reduces to that of morphisms of Lie algebroids over different bases, see [23,1,11].
Indeed, note first that for n = 1, the maps ¢;, r # 1, vanish, as they are of degree 0. We already noticed that the same is
true for £, m,, r # 2.
For t # 2, Condition (36) is trivial. To understand this claim, observe that the sum in the second row of (36) (resp., the
RHS of (36)) is constructed from the decomposition (33) of ¢/_; o (X; @ - --1--- ® X;) (resp., the decomposition (34) of
(q&{1 (ORERNO) ¢;r) o (Xq,...,X:)). It is now clear that the general term of the sum in the first row of (36) is nonzero only
ifr = 1and s = 2, hence if t = 2; that the sum in the second row does not vanish only if t = 2; that the RHS does not
vanish only ifr = 2 and t; = t; = 1, hence, ift = 2.
Eventually, for t = 2, Eq. (36) is easily written in terms of ¢, £», p, m,. It then coincides with the similar condition in
the aforementioned works.

e A priori Definition 6 depends on the choice of the involved decompositions. However, it is known, at least in the Lie
algebroid case n = 1, that all the terms are well-defined, see [1,11]. For n > 1, this fact is a consequence of Theorem 3,
see below.

Before continuing, we work out an equivalent version of the anchor condition (35), which uses the decomposition (33).
Letg € C*°(N),letX € I'(E_), and let all the other objects be as above. Remember first that, if Z, € TyM, x € M, we have

Zy(g o ¢o) = (dpy8) (Txdo)Zy) = ((Txo)Zx)(g), and that, if Y € Vect(N), we get Yy & = (Y2)(¢o (X)) = (¢5(Yg))(x).
Assume now that

¢roX = fXE¥ o go. (37)
J

When using the just recalled results and taking into account the decomposition (37), we see that Eq. (35) is equivalent to
the equation

(P' ) (958)), = P' X (g 0 P0) = ((Txo) (P’ (X)) (&) = T (¢1X:) (&)

=3 0T ) @) = (ijxqs;(r/(ij)g)) x). (38)
j j

4.2. Base-preserving morphisms of Lie n-algebroids

If o : M — N is a diffeomorphism, the Lie n-algebroid morphism conditions can be simplified. Indeed, identify the
manifolds M and N, so that ¢y = id.
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The anchor condition (35) then reduces to
rogy=p, (39)
which is equivalent to r'(¢] o X) = p'(X), for all X € I'(E), provided we define p’ and r’ by 0 in all degrees different
from —1.

As for the condition (36), let us work - to simplify - up to sign. Remember first that m,, r # 2, is C°°(N)-multilinear and
that m), verifies, forany f,g € C>*(N) andany X, Y € I'(F),

femy (X, Y) = my(iX, gY) + f(r' (X)g)Y + (' ()NH)X,
where we use again the just mentioned extension of ' by 0. The anchor terms in the LHS of (36) then read

D@ o Xf g (40)
il
where X; = X;...1...X;. In view of Eq. (34), the RHS of (36) is given by
Z Y om (@, 0 0o K. X))+ ..., (41)
' tq+-ttr=t
(0

where . . . denote the anchor terms that appear if r = 2.
If t = 1, there are no such terms; on the other hand, the sum (40) then vanishes (we will refer to this observation as
result (x)). Assume in the following that t > 2. The potential anchor terms are generated by the transformation of the

sum
1 7 (71 X(72
2 XX YRR mE 8.
1+i=t oeSh(ty,tz) j1 J2
ti#0
If the total degree of X;,, ..., X, and the total degree of X, ., ..., X5, ,, differ both from —1, no anchor terms appear.

Otherwise, t; = 1(andt, =t — 1)ort; = 1(and t; = t — 1). These possibilities correspond to different terms in the sum
over ty, t; ifand only if t > 3.

Let now t > 3. In view of what has been said, additional terms appear only in the two mentioned cases. They are given
by

Y (U EE @S = e e

ij,€ ij,l

=) (@ o XD DE (42)
it

. X .
since the degree of §," is < — 1.
If t = 2, the sum over t;, t, contains a unique term t; = t, = 1 and the anchor terms (although possibly zero) read

1 / 1 / 1 1 / / 2 2 / / 1 1
222 (e @Hrne + @) = > (@5 o X082 + (9 0 X8 )

= > (" (@) o Xf,E, (43)
il

Since the sums (40) and (42) or (43) cancel out (see also (*)), the simplified form of the algebroid morphism condition
(36) follows. Hence, the next reformulation.

Definition 7. Let sE and sF be two Lie n-algebroids over a same base. A base-preserving morphism of Lie n-algebroids between
sE and sF is a family ¢, : @' sE — sF, 1 < r < n, of degree 1 — r vector bundle morphisms (over the identity) that verify
the condition

r'o¢y =, (44)
as well as, forany 1 < t < n + 1 and any homogeneous sections X; of E, i € {1, ..., t}, the condition

Yo 00 (EXayr - Xo) O Xy © 0 O Koy )

r+s=t+1 o eSh(s,r—1)

—Z Z m (¢, © -+ O ) o (Xi, ..., X0) . (45)

! ty+-ttr=
(0
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Remark 10. Remember that a Lie n-algebroid over a point is exactly a Lie n-algebra, hence a truncated Lie infinity algebra.
When rewriting the condition (45) in terms of ¢,, £, and m,, we obtain

YD (=1 signo e(0)r 0 (Es(Yay oo Vo). You,pn oo Vo)

r+s=t+1oeSh(s,r—1)

t
1 . ol o
Zﬁ Z Z tsigno (o) me(¢y oY ... P, oY), (46)
r=1""~ fl*'['_';rofr:f o €Sh(ty,....tr)
j

where we wrote Y; instead of sX; and where

4 — (_l)r(rfl)/ZJijtj(rfj) + Z IY”j|(r i+ far+ o+ t),
J
|Y"j| being the sum of the degrees of the components of Y. This is exactly the Lie infinity algebra morphism condition,
see [24,12,25]. Hence, the definition of base-preserving Lie n-algebroid morphisms coincides over a point (bundles become

spaces, bundle morphisms become linear maps, anchors vanish, sections become vectors and compositions evaluations)
with the definition of (truncated) Lie infinity algebra morphisms. We thus prove a result conjectured in [ 10, Remark 2.5].

4.3. Categories of Lie n-algebroids and NQ-manifolds: comparison of morphisms

In this section we show that morphisms of split Lie n-algebroids are morphisms of NQ-manifolds between split NQ-
manifolds.

Proposition 3. There is a 1-to-1 correspondence between families ¢, : @ SE — sF, 1 < r < n, of degree 1 — r vector bundle
morphisms over a map ¢, and graded algebra morphisms @ : I'(OF*) — ['(QE*).

Proof. To define @ : I'(OF*) — I'(OE™), we define, for ny s € 1“(Fib1 (ORERNO) Fibs), > bj = k, the projection of@"”nk,S
onto any F(Efal O OE,), > a; = k. More precisely, we define (DR )X, ..., X)) € COM), X € I'(E_g),ina
way such that the dependence on the X; be C*°(M)-multilinear and graded symmetric.

We first set

@20 C®°(N) 5 g+ gopy € CO(M). (47)
Then, for k > 1, we define (®* ;. )(X1, ..., X,) by 0,if s > r, and set, fors < r,

k,r 1 ’ ’
(¢ ' nk,s)(X17-~-,Xr)= 77k,5°¢0:7 Z (¢r1 @"'@(l)rs)o(X],...,Xr) . (48)
s: rﬁ—;;»;—gs:r
Indeed, for any x € M, we have
1
G2 @0 08K X
torpteetrs=r
r;#0
1 , 1 s
=< DY @) OO0 (K), (49)
St r+-+1s=r geSh(ry,...,rs)
ri#0
where a notation as X;’l means Xy, x, - - - ,XUT1 x- If we denote the sum of the degrees —do; of these Xoj x by |X,‘f1 |, we get

/ ol / o’
P X )OO (X ) EF O O Fe o0

X' 1.0 (x)
On the other hand, 9y s, ¢, is an element of (F_p, ;4000 © -+ © F_ps;9ox)*. Of course, the contraction of the terms of the
RHS of (49) with 7 5., gives a nonzero contribution only if the considered term belongs to the source space of 1 . ¢, (x)-
It is now clear that the RHS of (48) is a function on M that depends on the X; in a C*°(M)-multilinear and graded symmetric
way. O

The definition of @ : I'(OF*) — I'(®E*) is now complete. In view of (9) and (47), (48), ® is a graded algebra (GA)
morphism.

Remark 11. Itis easily checked that, forn = 1, E = TM, F = TN and ¢ = T ¢, the algebra morphism @ is just the pullback
@5 : I'(AT*N) — I'(AT*M) of differential forms by ¢y.
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Proof (Continuation). Conversely, to any GA morphism @ : I'(QF*) — I'(OE*) we can associate a family ¢, : ©"E —
F,r > 1, of graded vector bundle morphisms over a map ¢q.

The map @ is in particular an associative algebra morphism @ : C*°(N) — C®(M). Hence, it is the pullback by a smooth
map ¢o : M — N, see e.g. [26,27]. It follows that, for any g € C*°(N) and n € I"(OF%),

P(gn) = (g o o) (Pn).

This ‘function-linearity’ implies as usual that @ is local, i.e. that ®n = 0 on ¢0_1(V), if n = 0 on V, where V is an open
subset of N (indeed, for any x € ¢>O_](V), consider a bump function « around ¢(x), and note that ®n = @ ((1 — «) n)).
In fact, for any x € M, we even have (®n), = 0, if n4,x) = 0 (indeed, take a local frame (b;); of OF* in V 3 ¢ (x) and set
n = Zisibi in V; if the bump function « is as above and has value 1in W > ¢q(x), then n = Zi(asi)(abi) in W; due to
locality, (&n)x = Zi(asi)d,o(x)(cb(ab,-))x = 0): the value (@), x € M, only depends on the value 7y, x).

To define, forr > 1and x € M, alinear map ¢, : ©" Ey — Fy v of degree 0, associatetoanyp € E_4, x @ -+- O E_q x C
O"Ey, ) a; = k, a unique

&1 (D) € Fokpoon = (FZy go0) ™

Hence, let ¢* € ij,%(x) and choose n € I'(F*,) such that ng,y = q*. The value (®n), is well-defined in OE; and has
degree k. It suffices now to set

¢ (P)(@) = (p, (Pn)) €R, (50)

where of course only the projection of (&), onto Eial,x O---©E*, , gives a nonzero contribution.

The definitions (48) and (50) are in fact inverses of each other. Indeed, if p = X1, © -+ © X x, Xjx € E_g x choose
Xj € I'(E_q) (resp., ni,1 € I'(F*,)) that extends X;  (resp., ¢*). Definition (50) then reads

¢;(X1,X @ tee @Xr,x)(nk,lgd)o(x)) = (Xl,x @ o @XT,Xv (qjk'rnk.l)x)- O

Corollary 1. There is a 1:1 correspondence between graded vector bundle morphisms ¢’ : E — F and bigraded algebra
morphisms @ : I'(OF*) — I'(OE™"), i.e. algebra morphisms that respect the standard and the homological degrees.

Remark 12. We thus recover the result that the morphisms of split N-manifolds are the morphisms of graded vector
bundles. Let us stress that the morphisms @ : I'(OF*) — I'(®OE*) of graded algebras we considered in Proposition 3,
are the morphisms of N-manifolds between the split N-manifolds E[-] and F[-] (split N-manifolds are not a full subcategory
of N-manifolds).

Proof. The corollary is a direct consequence of the proof of the preceding proposition. Indeed, if ¢] is the unique map of
the family of morphisms, it follows from Definition (48) that & respects both degrees. Conversely, if @ is a bigraded algebra
morphism, Eq. (50) provides only amap ¢;. O

The next theorem explains our definition of Lie n-algebroid morphisms.

Theorem 3. There is a 1-to-1 correspondence between morphisms of split Lie n-algebroids from sE to sF and morphisms of
differential graded algebras from (I' (OF*), Qf) to (I' (®E™), Qg).

Remark 13. This theorem means that the morphisms between the split Lie n-algebroids (sE, ¢;, p) and (sF, m;, r) are the
morphisms of NQ-manifolds between the split NQ-manifolds (E[-], Qz) and (F[-], Qr). The point is that morphisms of split
Lie n-algebroids are not necessarily morphisms of graded vector bundles. This observation is not surprising: morphisms of
Lie infinity algebras are on their part usually not morphisms of graded vector spaces.

Let us first note that, in view of Proposition 3, Theorem 3 just means that the morphism conditions (35) and (36) are
equivalent to the equivariance condition

Qo®=0do0Q (51)

-which proves that Definition 6 is independent of the chosen decompositions. More precisely, the equivariance condition
is satisfied on the whole algebra I"(OF*) if and only if it is satisfied on the generators g € C*°(N) and i1 € I'(F*)), k €
{1, ..., n}. It will turn out that the condition (51) written on functions is equivalent to the condition (35), and that (51)
written on generators of degrees k € {1, ..., n} is equivalent to the conditions (36).

Proof. To simplify, we work in this proof up to sign. However, some signs are needed to explain Definition 6. We denote
them by (£1) — (&£3) and write them explicitly at the end of the proof.
Letg € C*°(N) and let X € I'(E_1). We get

Q%) (X) = p'(X)(¢3g)
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and

(@"1Q ) (X) = ((Q"'g) 0 do. 1 0 X) = Y _F(Q g, E ) odo =D _Fr o5 (&)
J J

In view of Eq. (38), this means that Q¢ o @ and @ o Qr coincide on functions if and only if Eq. (35) holds true.

Letnowk e {1,...,n},n1 € I'(F*),and t € {1, ..., k+ 1}. We will compute

k+1 k+1

k+1,t xk,r k+1,t A k+1,1 t k+1
> Qe = Y ey €y
r=1 r=1

on (X, ..., Xe), Xj € I'(E_g), Y a=k+1
When applying the definitions of Qr and @, we get

k+1

Z(Qé‘“’tq?k”nk,])(xl, )
r=1

t

=Y > @D Koy Ko y) O Koy O O Xgy)
r=1 oeSh(t—r+1,r—1)

+ )0 )@ T K, L X
i

= <77k,1 o ¢07 Z Z (:i:l) ¢y/‘ o (Zg(xap . XOS) OD¢ Os+1 ORRR QX(H)>

r+s=t+1oeSh(s,r—1)

+Z,0(X)< le1°¢0,$"°¢0>)

where X; stands for (X1, ...17, ..., X;). The last sum reads

<”’” 90 3 () (/00 E o ¢o> F Y 005 . £
i

ij

(52)

(53)

(54)

Observe that, independently of the implication we have in mind, (35) and (36) imply (51) or (51) implies (35) and (36),
we can assume at this stage that (35) and its equivalent form (38) hold true. It follows that the last sum of the preceding

expression can be written in the form

SR s (D e ).

ij,¢

(55)

The reader has probably noticed that many of the terms we write and transform are zero. The point is that it is much easier

to transform sums with potentially vanishing terms, than to work with the actually present terms.
On the other hand, when using Eq. (34), we get

k+1

D@ ) (K, X
r=1

r

I ID D D S Zf; " 8 008

r=1 tit+ttr=t geSh(ty,..., tr) J1
(0

<77k1°¢0,z >y Y. Z(i3> e ,...,sﬁ“)o¢o>

: tj++tr=t geSh(ty,...tr) j1
tj#0

+% DOIED DD B9 I/ ¢>z;((r/onk,l><a§”3a§”2>)~

fO+6=t gesSh(ty,tz) j1 J2
0

(56)

We now examine the nonzero terms in the sum over t;, t,. Note first that if t = 1, the entire sum vanishes. We thus can

assume that t > 2. The function that we pull back by ¢q is given by

FE ) e €7+ E e, £7)
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and does therefore not vanish only if the sum of the degrees of X, . .. ,thl or X(,HJr1 Y ,X%H2 is —1.In this case, t; = 1
(and t; =t — 1)ort; = 1(and t; = t — 1). As already observed above, the latter two possibilities correspond to different
terms in the sum over ty, ty, only if t # 2. Moreover, since the sum of the degrees of X1, . . ., X; is —k — 1, see above, we find

thatt = 2,ifk = 1.
Consider first the case t # 2 (then k # 1). The sum over ¢;, t;, now reads

2 R (YDt 5 + T G e 59)
1 2
= > (r e i g9). (57)

ij.t

. X . .
since the degree of Ejz’, i.e. the degree of X;, is less than —1.
In case t = 2, the sum over tq, t, reads

1
S22 50505 (P . %) + € e, 61)
R4

= Y R (r @ e g9). (58)
it
It now suffices to observe that the sum (55) and the sum (57) or (58) cancel out. Indeed, if the morphism condition (36)
is satisfied, the difference (52) vanishes and Qr o @ — @ o Qr vanishes on all generators. Conversely, if the difference (52)
vanishes, the ‘sum’ of the evaluations (53), (54) and (56) vanishes at any point x € M. As the second factor of each one
of these evaluations is an element of F_ ¢, and the first an arbitrary element 71:40) € FZ 4 (1) this means that the
condition (36) is verified. O

Addendum. It is straightforwardly checked that the signs (&) — (&3) are given by
(E) = (D'e(0),  (F) = (~DIEHHam0H - and (&) = (- 1e(0),

which completes the explanation of Definition 6.
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