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Let 7 be Teichmiiller space of a closed surface of genus at least 2. For any point
¢ €T, we describe an action of the circle on 7 x7, which limits to the earthquake flow
when one of the parameters goes to a measured lamination in the Thurston boundary
of 7. This circle action shares some of the main properties of the earthquake flow,
for instance it satisfies an extension of Thurston’s Earthquake Theorem and it has a

complex extension which is analogous and limits to complex earthquakes. Moreover,
arelated circle action on 7 x 7 extends to the product of two copies of the universal
Teichmiiller space.
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2 1 Introduction

%In this paper we consider a closed, oriented surface S of genus at least 2. We denote “all the paper’ — ‘this paper’
;by Ts, or simply by 7, the Teichmiiller space of S, and by MLg, or simply by ML,
;ﬁhe space of measured laminations on S.

27
s 1.1 Earthquakes on hyperbolic surfaces

29
ﬁiven a measured lamination A € MLg, we denote by E) the left earthquake along A

5 on S. E, is areal-analytic map from Tg to 7g; see Thurston [42], Kerckhoff [20]
3szd McMullen [28]. Recall that, in the simplest case where A is supported on the
L, simple closed curve y with mass a, if h € Tg is a hyperbolic metric on S, Ej (h)
L. Is obtained by cutting (S, /) open along the minimizing geodesic homotopic to y,
;rotating the left-hand side of y by a, and gluing back.

36 We consider here the earthquake flow, which can be defined as a map
37

25 E:RxTXML—TxML,
(t, h,A) = (Ep(h),A).

39
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Published: 2013 DOI: 10.2140/gt.2013.12.101


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=57M50
http://dx.doi.org/10.2140/gt.2013.12.101

11

20
201/,

39
391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

102

Francesco Bonsante, Gabriele Mondello and Jean-Marc Schlenker

1 We call E; the corresponding map from 7 x ML to T x ML, and will also use the

2iotation E;(h):=E{(h,)).

3
TEarthquakes have a number of interesting properties, of which we can single the
?following.
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The earthquake flow defined above is indeed a flow: for all s,¢ € R, we have
EsoEy = Egyy.

Thurston’s Earthquake Theorem (see [20]): for any /i, i’ € T, there is a unique
A € ML such that E; (h) =H'.

For fixed A € MLg and h € Tg, the map

R—7Tg,
t=> E_;(h),

extends to a holomorphic map on a simply connected domain in C containing
all complex numbers with nonnegative imaginary part; see [28]. This defines
the notion of “complex earthquake”.

When considered on imaginary numbers, complex earthquakes correspond to
conformal grafting maps gr, which are related to complex earthquakes by
gr(t,M)(h) = E;z.(h). The conformal grafting map gr: R>o x 7 x ML — T
is actually obtained by composing the projective grafting map

Gr:RsoxT x ML — P,

where P is the space of complex projective structures on S, with the forgetful
map P — T sending a CPP! —structure to the underlying complex structure.

Thurston (see Kulkarni and Pinkall [23]) proved that, for all s > 0, Gry itis a
homeomorphism from 7 x ML to P.

30 1.2 The landslide flow

31

32 We introduce a flow on Teichmiiller space which in a way extends the earthquake flow,
33 and which shares the properties described above. The corresponding deformations
34 are “smoother” than earthquakes, but earthquakes are limits in a natural sense. This
35 motivates the term “landslide” that we use here. This deformation depends not on a
36 measured lamination but rather on a hyperbolic metric 2* € 7 and it determines a flow

37

38

L:TxTxS'>TxT,
(hoh*,e®) > Lo pu (h).
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A cyclic extension of the earthquake flow I 103

1 We denote by L,ie: T xT — T xT the corresponding map seen as depending on the

2 parameter e’ 0

—We will also use the notation L' for the composition of L with the projection on the
ﬁﬁrst factor, so that L' is a map from S' x 7 x 7 to 7. L! oio Will denote the same
—map, considered as depending on the parameter el e S soitisa map from 7 x T
—t:e T . Thus Llle is the analog of the earthquake map E': T XML —T.

5 When the metrics / and h* are fixed, we can consider the image of the map S! 5 ¢ 0
ﬁ;i o(h,h*) € T as a circle in Teichmiiller space in which 4 and i* are antipodal
10 points. When i2* converges (projectively) to a measured lamination A at the Thurston

11 boundary of Teichmiiller space, such a circle converges to the earthquake line E;) ().

12 A more precise statement, Theorem 1.12, can be found below.

> This “landslide flow” shares the main properties of the earthquake flow recalled above:
14

15 (1) L isaflowon 7 x T—depending on the definition, and checking this can be
16 nontrivial; see Theorem 1.8.

17 (2) We prove an analog of Thurston’s Earthquake Theorem; see Theorem 1.15.

For fixed i, h* € T, the map Lo(h, h*): S! — T extends to a holomorphic map
from the closed unit disk A to 7 ; see Theorem 5.1. This defines the “complex
landslide” which are analogs of the “complex earthquakes”.

20

21
o, 4 For r € (0,1), the complex landslide L, corresponds to what we call here

“smooth grafting”, which is analogous to grafting in our context and we denote by

r.: TxT — T themapdefinedas L,: 7 x7T — T xT followed by projection
on the first factor. It is obtained by composing a map SGr: (0, 1) xT xT — P
with the natural projection from P to 7T .

23

24

25

26

o7 (5) Forall r € (0, 1), the map SGr(r, e, e): (0,1)x7T xT — P is a homeomorphism.

28
59 Our notation means that we parameterize the complex landslides using the unit disk

50 in C rather than the upper half-plane as is customary for complex earthquakes. This
37 nhotation is clearly equivalent but using the disk appears more natural in the context of
3> the landslides considered here.

33 Considered as a circle action on 7 x 7T, the flow L extends to a circle action on the

34 universal Teichmiiller space; see Section 8.

35

3 1.3 Example: landslides for flat tori

37

38 The main properties of the landslide flow can be better understood by considering the

39 Teichmiiller space of the torus, that is, the space 7; of flat metrics of area 1 on the
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L1, L torus, considered up to isotopy. 77 is classically identified with the hyperbolic plane, SL(2,Z)— SL,Z to match

2 . . ati g
2 and the mapping-class group of the torus with SL,Z.. g;’;‘;tr“’“ throughout rest of

> 1Itis natural to define on 77 the analog of the Weil-Petersson metric, and the analog of
*_the Teichmiiller metric, and both correspond to the hyperbolic metric on H? (up to a
°_factor +/2); see Appendix A.

6

— Itis also well-known that earthquakes act on 7 as the horocyclic flow on H?2. In
s Appendix A it is proven that the landslide flow defined here acts on 71 x 71 by sending
(b, h*, ¢'?) to (hg, hy), where hg and hj are obtained by rotating / and /* by an
1o _angle 0 around the center ¢ of the segment from 4 to h* in 7T7. It is quite easy to see
1, that this flow limits to the earthquake flow, as happens in the higher genus case (see

1, Theorem 1.12 below).

13 The analog of the Earthquake theorem for the landslide flow is then a simple statement
14 on the existence of a unique circle in H? going through two points %, 4* on which

15 they are separated by a fixed angle 6. The other properties of the landslide flow
16 presented here, when considered for flat metrics on the torus, similarly have a simple
17 interpretation in terms of elementary properties of the hyperbolic plane.

18

10 1.4 Harmonic maps and the landslide flow

201/> %onmder two hyperbolic metrics ¢ and 4 on S. Amap f: (S,c) — (S, h) is said to
—be harmonic if it is a critical point of the energy E. The energy considered here is

. E(f) =5 [ iPo,

24

25 where w, is the area element of (S, ¢) and the norm || - | is defined with respect to the
26 metric ¢ on the domain and the metric / on the target. Although it is not immediately
27 _apparent in this definition, this notion of harmonicity is conformally invariant on the
28 domain, because changing ¢ by a factor A multiplies w. by A but divides ||df > by

29 the same factor. So we can regard ¢ as a conformal structure on S rather than a metric.
30

31 Theorem 1.1 (Sampson [33], Eells and Sampson [12], Hartman [15], Al’ber [1],
32 Schoen and Yau [39]) Let ¢ be a conformal class on S, and let h € T be a hyperbolic
33 metric. There is a unique harmonic map f: (S,c) — (S, h) isotopic to the identity.
32 Moreover, f is a diffeomorphism.

—Gons1der a C' map f: (S,h*)— (S,h), where h* is a metric in the conformal class
—of c¢. The Hopf differential ®( /) of f is a quadratic differential that measures the
—tfaceless part of the pullback of 4 by f and it is defined by the formula

[*h=eh" +®4+ O

39
391/,
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A cyclic extension of the earthquake flow I 105
1 where e = % trps(f*h). If f is harmonic, then ® is holomorphic. For f € C? with df

2 of maximal rank everywhere, the converse also holds; see [33]. It follows from its
3 definition that ®( /) is invariant under conformal changes of the metric #* on S

4

?Gonversely, given a holomorphic quadratic differential ® on (S, ¢), there exists a
~,_unique hyperbolic metric h on S such that the identity map (S, ¢) — (S, /) is harmonic
——with Hopf differential ®; see [33] and Wolf [43].

7

8 This leads to the definition of a flow on 7 depending on a “center” ¢ € T .

9

10 Definition 1.2 Let ¢,h € T and let e!? € S'. We define R, ,io(h) as the (unique)
™ hyperbolic metric 4’ on S such that, if f: (S,c) — (S,h) and f”: (S,c) — (S, }')

2 _are the harmonic maps isotopic to the identity, then
13

" o(f) =elo().

15

16 This simple definition is strongly related to the flow L mentioned above, but the relation
17 is not obvious (see Corollary 1.11), and directly using the definition of R given here
18 is not convenient. For this reason we give below a different definition of L, which is

19 more geometric, less directly accessible, but leads to straightforward arguments.

20
o, There is another, superficially similar flow on Teichmiiller space, the elliptic flow

;&eﬁned by one of us (Mondello); see [31]. There are only limited similarities between
;the two flows, as should be clear from the sequel.

24
»s 1.5 Minimal Lagrangian maps between hyperbolic surfaces

26
», The constructions considered here depend strongly on the notion of minimal Lagrangian

s Mmaps between hyperbolic surfaces. Recall that, given two hyperbolic metrics / and 4*

5o on S, adiffeomorphism m: (S, h) — (S, h*) is minimal Lagrangian if

30

e it is area-preserving and orientation-preserving,
31

0 e its graph is a minimal surface in (S x S,h @ h*).

33

32 Theorem 1.3 (Schoen [38], Labourie [25]) Let h, h* be two hyperbolic metrics
35 on S. There exists a unique minimal Lagrangian diffeomorphism m: (S, h) — (S, h™*)
36 isotopic to the identity.

37

38 Minimal Lagrangian maps actually have a description in terms of hyperbolic surfaces
39 only, as follows (see eg [25]).
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1 Proposition 1.4 If m: (S,h) — (S, h*) is minimal Lagrangian, then there exists a
2 bundle map b: TS — TS such that
3 (1) m*h* = h(be,be);
4—(ii) b is self-adjoint for h;
%(iii) b has determinant 1 ;

7 (v) b satisfies the Codazzi equation: d Vb =0, where V is the Levi-Civita connec-
3 tionof h.

11/

%Qonversely, itm: S — S is a diffeomorphism for which there exists a map b satistying
rthose properties, then m is minimal Lagrangian.

12 Corollary 1.5 Let h,h* be two hyperbolic metrics on S. There exists a unique
13 bundle morphism b: TS — TS which is self-adjoint for h, of determinant equal to 1
14 everywhere, satisfying the Codazzi equation d¥b = 0, where V is the Levi-Civita
15 connection of h, and such that h(be,be) is isometric to h* by a diffeomorphism
16 jsotopic to the identity.

17

15 A consequence of this Proposition is that for any t, t* € T, we can realize t and t*
1o as a pair of hyperbolic metrics # and h* (not considered up to isometries isotopic to
5o the identity) so that h* = h(be, be), where b is self-adjoint for /, of determinant 1,

o, and satisfies the Codazzi equation d¥b = 0. A pair of metrics with this property will removed ‘a’ from ‘will be a
called a’

201/,

5, be called a normalized representative of (t,t*). Clearly a normalized representative of
25 (T, %) is uniquely determined up to isotopies acting diagonally on both / and on A*.

24 By abuse of notation, we will sometimes denote by (%, 2*) both a couple of normalized

25 hyperbolic metrics and its corresponding point in 7 x T . correspondent —>
26 corresponding

27 1.6 The landslide action on 7 x T

28
2—We now introduce the action L of S' on 7 x 7. We will see below that it is strongly
Jrelated to the map R introduced above.

3! Definition 1.6 Let /, 4* be two hyperbolic metrics on S, and let 8 € R. We consider

32 _the bundle morphism b: TS — TS given by Corollary 1.5, and set
33

2 (D) Bo :=cos(08/2)E +sin(6/2)J b,

35 where E: TS — TS is the identity map and J is the complex structure of 7 on S. We We then call — We then have
36 _then have

al Leio(h,h*) := (h(Bge. Bo®). h(Bo+z®. Bo+n®)).

38

39 Notice that by construction, L h*) = (h,h*), while L_ ) = (h*

391/,
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A cyclic extension of the earthquake flow I 107

1 Proposition 1.7 Forall 0 € R, h(Bge, Bge) is a hyperbolic metric on S .
2

3 Theorem 1.8 Let i, h* be two hyperbolic metrics on S, let 6,60" € R. Then
‘ Lo (Lgio(h,h*)) = L ior+e) (h, h*).

5
o In other words, L defines an action of S' on T x T . We call L the landslide flow, or
7 landslide action on T x T .

8
5 The proofs of Proposition 1.7 and of Theorem 1.8 are in Section 3.3.

10
., 1.7 Relations to AdS geometry

2 We briefly recall some properties of AdS geometry. More details can be found eg by
B Mess in [29], by Andersson et al in [2] and in Section 2.
14

15 The anti-de Sitter space is a Lorentz analog of hyperbolic 3—space, and it can be defined
16 as the quadric
17 AdS? = {x e R>? | (x,x) = —1},

*® where R?? = (R4, —dx2 — dx? + dx? + dx?). It is a complete Lorentz manifold of
1% constant curvature —1 with fundamental group isomorphic to Z.

20
5, A manifold N with an AdS metric—a Lorentz metric locally modeled on AdS3—is
> &lobally hyperbolic and spacially compact (GHC) if

23 e N contains a closed space-like surface F,

. ¢ any inextendible time-like curve in NV intersects F' exactly once.

25

26_Moreover, N is maximal globally hyperbolic and spacially compact (MGHC) if it is
27 _globally hyperbolic spacially compact and N is maximal for inclusion among (GHC)
28 _manifolds. The definition of a GHC or MGHC de Sitter 3—manifold is analogous.

29 _
s Mess [29; 2] proved that, if N is a GHC AdS?-manifold and ¢: S — N is an
?anbedding onto a closed space-like surface F', then N is the quotient of a convex
3Q*domain Q in AdS? by an action of the fundamental group of S'.

33 A key feature of AdS? is that the identity component of its isometry group is isomorphic
34 to SLy(R) x SLy(R)/Z,, which is the double cover of PSL;(R) x PSL,(R). As a
35 consequence, the action of 71(S) on € decomposes as (po;, pr), where p; and p, are
36 morphisms from 71 (S) to PSL,(R). It was proved in [29] that these morphisms have
37 maximal Euler number, so that they correspond to points in the Teichmiiller space of S'.
38 Maximal globally hyperbolic spacially compact AdS spaces are uniquely determined

39 by these left and right representations; see [29; 2].
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1 Normalized metrics can be used to produce equivariant space-like embeddings of S

2 into AdS? of constant curvature. Let us recall that an embedding o S — AdS3 is

3 space-like if it induces a Riemannian metric on S, said here the first fundamental

4 form of the embedding. Any space-like embedding determines a normal field v such
5 that (v,v) = —1 and v is future-oriented. The shape operator of the embedding is

6 B = Vv where V is the restriction of the Levi—Civita connection of AdS3 to o(S).

7 It can be easily shown that B is a self-adjoint operator of 7. The second fundamental
8 form of ¢ is the symmetric two-tensor defined by II(v, w) = (Bv, w), whereas the
9 third fundamental form is the symmetric tensor defined by 11l (v, w) = (Bv, Bw). The

10 proof of the following lemma is in Section 2.4.
11

12 Lemma 1.9 Let i, h* be a pair of normalized metrics, let 6 € (0, ). There exists a
13 unique equivariant embedding (¢, p) of S in AdS? with induced metric cos? 0/2)h
4 and third fundamental form sin®(8/2)h* . Moreover, p is the holonomy representation
15 of an MGHC AdS manifold N : the first factor in L e (h, h*) is the left representation

16 _of N and the first factor in L ,—io(h,h™) is the right representation of N .
17

19%.8 The center of circles in Teichmiiller space

* Let h,h* € T. Foreach 6 € R, let (hg,hy) = L,ie(h, h*). According to Theorem 1.3,
4Lhere is a unique minimal Lagrangian diffeomorphism mg: (S, hg) — (S, h}) isotopic
2 _to the identity. We can then consider on S the conformal structure cg of the metric
ahe +myhy. We call cg the center of (hg,h}). This conformal class of metrics has

> _some interesting properties, proved in Section 3.4.
25

26 Theorem 1.10 (i) mg: S — S is the identity map—that is, the identity is minimal
27 Lagrangian between (S, hg) and (S, hp).

28 .. ..
29—(11) cg does not depend on 0, it is equal to a fixed conformal class c.

s0 (i) Let fp: (S,¢) — (S,hg) and f;: (S,c) — (S, hy) be the unique harmonic

31 maps isotopic to the identity. Then fg and fg° have opposite Hopf differentials.

32__(iv) c is the unique minimum of the functional
33

3 E(-,h)+E(-,h*): T >R,

35

where E(c’,h) is the energy of the unique harmonic map (S,c’) — (S, h)
isotopic to the identity.

36

37

38 (v) Forany 0 eR,

D fo) = D(fp).
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A cyclic extension of the earthquake flow I 109

1 1.9 Obtaining R from L

2
~, As a consequence of Theorem 1.10, we find a simple relation between the map R
-, defined earlier in terms of Hopf differential, and the map L.

> Corollary 1.11 Let (h, h™) be a couple of normalized metrics and let ¢ be the confor-

° mal class of h + h*. For any ¢'? € S, we have
.

8 Leio(h.h™) = (Reg(h). Reg1x(h")).

9
0 1.10 The earthquake flow as a limit

—Theorem 112 Let h e T, let (h))neN be a sequence of hyperbolic metrics and let
‘)r;é 0 be a measured lamination. Consider a sequence (6,),eN of positive real numbers
—such that limy— o0 On€y» = t(A, @) in the sense of convergence of the length spectra of
—s*mple closed curves. Then
16 hm h = E; /o(h), lim Qnﬁhz =1(1(A,e0),

n——+00 n

n—>—+

17

1s where (h,ll,h,zl) := L,ien(h,h}).

%t first sight it would appear more natural to take the limit where the sequence of
5, centers (cn) converges projectively to A. However the statement obtained by replac-
;ing L by R and h}; by ¢, in Theorem 1.12 turns out to be false, as proved—in one
;example—in Section 7; see Corollary 7.3.

2 Remark 1.13 1In [43], Wolf showed that if ¢ is fixed and /1 converges to a point [A]
% _on the boundary of Teichmiiller space, then the horizontal foliation of the Hopf differ-
% ential ® of the harmonic map f: (S, ¢) — (S, h) projectively converges to [A] (where
?"_we are canonically identifying measured foliations and measured laminations). Indeed,
*®_the harmonic map f converges to the harmonic map from (S, ¢) to the R—tree dual

2% to A; see Wolf [45].

%n the other hand, in [30] Minsky showed that if / is fixed and ¢ goes to some point [A]
5, on the boundary of Teichmiiller space, then in general the horizontal foliation of the
5; Hopf differential of the harmonic map f: (S,¢) — (S, /) does not (projectively)
5, converge to [A] (though the projective limit points of those horizontal foliations share
5 the same support of A if ¢ moves along a Teichmiiller geodesic).

36 The fact that the convergence result in Theorem 1.12 holds in contrast with results

37 in [30] relies on the fact that 4* is a hyperbolic metric whereas ¢ is only a conformal
38 class and Thurston boundary of Teichmiiller space is related to the asymptotic behavior

39 of the hyperbolic invariants of the surface (see [30] for a discussion on this point).
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1 The heuristic argument motivating Theorem 1.12 involves the convergence of constant
2 Gauss curvature surfaces to a pleated surface in AdS?. However, writing a proof based
3 on these ideas turns out to be more difficult than it appears. A key technical statement is
4 that minimal Lagrangian maps have a close proximity to Thurston compactification of
5 Teichmiiller space: minimal Lagrangian maps isotopic to the identity provide a correct
6 normalization to understand the convergence of a sequence of hyperbolic metrics to a
7 projective measured lamination in Thurston boundary of 7, in the following sense.
8
o Theorem 1.14 Let h be a hyperbolic metric on S, and let (hy)nen be a sequence
10 of hyperbolic metrics such that Onlpx — L(A,®), where A is a measured geodesic
11 lamination, the 6, are positive numbers, and the convergence is in the sense of the
12 length spectrum. For each n, let my: (S, h) — (S, h;) be the minimal Lagrangian
13 diffeomorphism isotopic to the identity. Then, for every smooth arc « in S that meets
14 the h—geodesic representative of A transversely and with endpoints not in the support of
15 (the h—geodesic representative of) A, the length for 02m(h}) of the geodesic segment
16 homotopic to « (with fixed endpoints) converges to the intersection between o and A .
o
18 The proof of this theorem involves the convergence of smooth surfaces to a pleated
10 limit, but in the hyperbolic, rather than the anti-de Sitter, context.

20

21 1.11 An extension of the Earthquake Theorem

22

>3 We can now state an extension to the landslide flow L of Thurston’s Earthquake
-2 Theorem (see [20]). Recall that this theorem states that, given two hyperbolic metrics /
s and /1’ on a surface, there is a unique measured lamination A such that the left earthquake

26 along A sends & to /',

27 _
-s Theorem 1.15 Let 1,/ € T and let !9 € S'\ {0}. There is a unique h* € T such
oo that L;ie(h, h*)y="n.

30

5, We give in Section 4.2 a simple proof based on a recent result of Barbot, Béguin and

5, Zeghib [4] on the existence and uniqueness of constant Gauss curvature foliations in
33 MGHC AdS manifolds.

34 As an easy consequence, a similar statement holds also for the flow R.
35

% 1.12 A complex extension

37

38 The earthquake flow has an extension as a map E: Hx 7T x ML — T, where H is the
39 set of complex numbers with nonnegative imaginary part. This map has the property

Geometry € Topology, Volume 12 (2013)
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A cyclic extension of the earthquake flow I 111
1 that, forany 4 € T and any A € ML, the map z — E(z, i, A) is holomorphic; see [28].

2 It can be defined in terms of grafting, or (for small A) in terms of pleated surfaces in
3 hyperbolic 3—space.

—Iﬁ Section 5 we prove that the landslide map L defined above has a similar holomorphic
Textensmn where the parameter ei? is replaced by a complex number ¢ in the closed
—umt disk. This defines many holomorphic disks in Teichmiiller space; see Theorem 5.1.
—S1m11arly to what happens for complex earthquakes, this construction factors through
—the space of complex projective structures on S for ¢ # 0, and the complex cyclic
—ﬂow provides punctured holomorphic disks in this space. This factorization however
—does not extend for £ = 0.

12 The complex landslide map limits to complex earthquakes just as the “real” landslide
13 flow limits to the earthquake flow; see Theorem 6.1.

14*We hope at some point in the future to give another proof of the holomorphicity
Tﬁf this complex landslide map, based on a geometric argument taking place in the
‘complemﬁcanon of H3. This line of argument should also provide a straightforward
l—and geometric way to understand why complex earthquakes are holomorphic disks.

5 1.13 Landslide on the universal Teichmiiller space

H%ecall that a homeomorphism of the circle is quasisymmetric if and only if it is the
—boundary value of a quasiconformal diffeomorphism of the disk.

ﬂ)eﬁnltlon 1.16 The universal Teichmiiller space 7 is the quotient of the group QS
46{: quasisymmetric homeomorphisms of the circle by left composition by projective
T&ansformatlons

—The universal Teichmiiller space contains embedded copies of the Teichmiiller space of
—a}l closed surfaces. Indeed, consider a closed surface S of genus at least 2, a fixed hyper-
—bohc metric #* on S and its holonomy representation p*: 7{(S) — PSL,(R). Given
—frhyperbohc metric £ on S and its holonomy representatlon p: 11(S) = PSL,(R),
—there is a quasiconformal map f H? — H? conjugating p* and ,0 Moreover, the
—boundary value 9 f BOOH — 0ooH? is uniquely determined by p* and p, and the
—map sending 4 to 0 f is an embedding of 7g in Ty ; see eg Gardiner and Harvey [14].

36 Let ¥: S! — S! be a quasisymmetric homeomorphism. There is (see the first
37 and third authors [9]) a unique minimal Lagrangian quasiconformal diffeomorphism
38 m: H? — H? with dm = . As for closed surfaces, there is then a unique bundle
39 morphism b: TH? — TH? such that
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e b is self-adjoint,

N

e it satisfies the Codazzi equation d ¥ b = 0, where V is the Levi—Civita connection

w

for the hyperbolic metric,

IN

o m*g = g(be, be), where g is the hyperbolic metric on H?.

o

- For every 6 € R we then consider Bg := cos(6/2)E + sin(6/2)b, where E is the

;—'tdentity and gg := g(Bge, Bye).

~° Lemma 1.17 gg is a complete hyperbolic metric on H?. The identity map between
mz, g) and (H?, gy) is quasiconformal (and minimal Lagrangian), and its extension
Ll#g: S! — S to the boundary of H? is quasisymmetric, so that it defines a point
12 . QS

13

1 In Section 8 we show how to use this fact to construct an extension of L to a nontrivial

> circle action £ on Ty x Ty (see Theorem 8.5).
16

" 114 Content of the paper
18

19 In Section 2 we present the background material, concerning in particular the relation
20 between minimal Lagrangian diffeomorphisms of hyperbolic surfaces and globally
21 hyperbolic AdS manifolds. In Section 3 we define the landslide flow and prove that it is
22 indeed a flow (Theorem 1.8) as well as Theorem 1.10. In Section 4 we give the proof of
23 the extension to the landslide flow of Thurston’s Earthquake Theorem (Theorem 1.15).
24 Then in Section 5 we construct the complex landslide map, actually as a map from
2% T xT xA to P, where A is the pointed closed unit disk in C, and we prove that
26 jt is holomorphic and that it extends over A as a map to 7. Section 6 considers
27 _the limit when the parameter #* converges projectively to a measured lamination at
28 Thurston boundary of Teichmiiller space, and contains the proof of Theorem 1.12 as
29 well as its complex extension, Theorem 6.1. In Section 7, on the other hand, we show
30 that the situation is not as simple for the “center” ¢ determined by a fixed metric /
31 and a sequence /), going to a point at infinity in Thurston compactification of 7 :
32 the limit of the corresponding sequence of centers does not depend only on the limit
33 of (h};). Section 8 deals with the circle action on the universal Teichmiiller space,

34 _while Section 9 contains some remarks and open questions.
35

36 Acknowledgments We are grateful to the Institute of Mathematical Sciences of the Na-
37 tional University of Singapore, where most of the results presented here were obtained.
38 The second named author would like to thank Mike Wolf for helpful clarifications on
39 his paper [44].
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7

¢ 2 Minimal lagrangian maps and AdS geometry
9

1% We present in this section some background material used in the paper.
11

%/}.1 Notation

' In this paper we consider a closed, oriented surface S of genus at least 2.
15

16 We consider AdS?, as well as all AdS manifolds, as oriented and time-oriented. All the
17 embeddings of S that we consider will implicitly be considered as time-oriented, that is,
15 the oriented normal to the image is future-oriented. Moreover, the convex embeddings
10 Wwill always be considered to be positively convex, that is, the oriented normal is future-
5o directed and pointing towards the convex side. We recall that, by Mess’ work [29], it is
21 possible to identify the isometries of AdS?® with double cover of PSL,(R) x PSL;(R)
» 1in such a way that, if S is a positively convex pleated surface in AdS?, bent along A

201/,

-3 and with first fundamental form /, then the first (resp. second) factor corresponds to
-4 the holonomy of the hyperbolic surface obtained from / performing a left (resp. right)
-5 earthquake along A.

26
27 2.2 Hyperbolic ends

28
»9 The 3—dimensional hyperbolic space can be defined as a quadric in the 4—dimensional

30 Minkowski space R!3 = (R4, —dxg + abcl2 + dx% + dx%), with the induced metric

31

H? = {x e R | (x,x) = —1 and x¢ > 0}.

32
33 It is a simply connected, complete manifold with constant curvature —1.

3;% quasi-Fuchsian hyperbolic manifold is a 3—dimensional manifold locally isometric

——to H?, homeomorphic to S x R, which contains a nonempty compact convex subset. quasifuchsian —
36 quasi-Fuchsian throughout

37 Such a quasi-Fuchsian manifold M contains a smallest nonempty convex subset C(M)
38 called its convex core. M is Fuchsian if C(M) is a totally geodesic surface, otherwise

39 the boundary of C(M) is the disjoint union of two pleated surfaces.

391/,
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1 Each connected component of the complement of C(M) in M is an instance of a
2 hyperbolic end: a hyperbolic manifold homeomorphic to S x R~ ¢, complete on one
3 side and bounded by a locally concave pleated surface on the other. There is a one-to-
4 one correspondence between hyperbolic ends homeomorphic to § X R~ and complex
5 projective structures on .S, which associates to a hyperbolic end the natural complex
6 projective structure on its boundary at infinity; see eg [23].

—I:abourle [25] proved that any hyperbolic end has a unique foliation by convex, constant
—eurvature surfaces. The curvature varies monotonically from —1 close to the pleated
—surface boundary, to 0 close to the boundary at infinity.

11 Given an oriented surface ¥ in a hyperbolic end M (or in H?*) we will usually denote
12 by [ its induced metric, and by B its shape operator, considered as a bundle morphism
13 from TX to TX. Itis defined by BX = Vyv, where v is the oriented unit normal
14 to X and V is the Levi-Civita connection of M . We will also denote by E: TS — TS
15 the identity.

P

17 Definition 2.1 Let ¥ be a convex surface embedded in a hyperbolic end M with em-
15 bedding data (I, By). The grafted metric on T is 1%, = Is ((E + Bx)e, (E + By)e).
19

50 A basic and well-known property of this metric / g is that the hyperbolic Gauss map—
>; sending a point x € X to the endpoint at infinity of the geodesic ray starting at x
5, orthogonal to ¥ —is a conformal map between (X, I% 5,) and doo M with its conformal
53 structure. More details will be found in Section 6.

24

»5 2.3 The duality between hyperbolic and de Sitter ends

26
——The 3—dimensional de Sitter space can be defined, as the hyperbolic space, as a quadric
;in the 4—dimensional Minkowski space, with the induced metric

20 dS? ={x e R"3 | (x,x) =1}.

4"Phere is a one-to-one correspondence between points in dS*® and oriented totally
*geodesw planes in H?3; see eg Hodgson and Rivin [17] and the third author [36]. Given
5, an oriented surface S C H?3, its dual is the set S* of points of dS* corresponding
*to oriented planes tangent to S in H?. If S is smooth and locally strictly convex,
;then S™ is also smooth and locally strictly convex.

36 Consider a quasi-Fuchsian hyperbolic manifold M , and let E be one of the ends of M,
37 that is, one of the connected components of the complement of C (M ) in M. The
s universal cover of M is identified with H?, and the universal cover £ of E is then

39 identified with a connected component of the complement of the convex hull of the

Geometry € Topology, Volume 12 (2013)



11/ ——

201/,

391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

A cyclic extension of the earthquake flow I 115

1 limit set A of 7y (M) in dooH?. Let E* be the set of points of dS3 corresponding
2 to oriented planes in H3 contained in E. Then (see [29]) w1 (M) acts properly
3 dlscontlnuously on E *, and the quotient is a de Sitter domain of dependence, that is,

4 an MGHC de Sitter manifold (see Section 1.7 for the definition in the AdS case).
° This construction actually extends (see [29]) to a hyperbolic end E which is not

° necessarily one of the ends of a quasi-Fuchsian manifold. In this manner, any hyperbolic

" _end E has a “dual” de Sitter domain of dependence E*, and conversely.

846ne feature of this duality which will be used below is that if S is a surface in £
Wlth constant curvature K, then there is a dual surface S* in £*. (It is the quotient
Hwy m1(M) of the surface in dS? dual to the universal cover of S in ]HI3 .) The curvature
?of S™ is then also constant, and equal to K/(K 4+ 1). In this manner a foliation of E
fvy constant curvature surfaces gives rise to a dual foliation of E* by constant curvature
Tsurfaces (see [4] for more details).

® 2.4 Globally hyperbolic AdS manifolds
16

17 The definition of AdS® and of globally hyperbolic AdS manifolds are recalled in the
15 introduction. There are many similarities between quasi-Fuchsian hyperbolic manifolds
10 and MGHC AdS manifolds, some of which—being used in the arguments below—are
20 recalled here.

2L Let N be an MGHC AdS 3-manifold, and let F be a closed, space-like surface in N
22 for which the induced metric has negative sectional curvature (or, equivalently, the
23 _determinant of the second fundamental form of F is everywhere larger than —1). Let
24 and v be the induced metric on this surface and a unit normal vector. Let J be the
25 complex structure induced by v on F: namely J(v) = v x v where X is the vector
26 _product on TAdS?. Finally, let B = Vv be the shape operator of F, where V is the

27 Levi—Civita connection of AdS?. We consider the Riemannian metrics on F
28

h; = I((E + JB)e,(E +JB)e), h, = I((E —JB)e,(E —JB)e).

29

30 Then h; and h, are two smooth hyperbolic metrics on F (see Krasnov and the third
31 author [21]). This can be used when F is a maximal or constant mean curvature surface
32 in N, but also when F is a constant Gauss curvature surface.

Remark 2.2 Notice that, even if J and B depend on the choice of a normal vector, JB
5; and the metrics /; and A, are independent of it.

36 According to our orientation and time-orientation of AdS?, the holonomy of the
37 metric Ay is equal to the first factor of the holonomy of N and the holonomy of /4, is
38 equal to the second factor of the holonomy of N ; see [21]. This last observation can
39 be used to prove Lemma 1.9.
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1 Proof of Lemma 1.9 Let b: TS — TS be the positive 4—self-adjoint operator given

2 by Corollary 1.5 such that 2* = h(be, be). Since h and i* are normalized metrics
3 we know that b is a solution of Codazzi equation and deth = 1.

_*_We consider now the pair
5

. Ig = cos?(6/2)h, Bg =tan(6/2)b.

" _Clearly, By is a solution of Codazzi equation. Moreover, since Ig is a metric of

%cgnstant curvature K = —m, we easily get that
10 Kg=—1—detB,9,
™ 50 (I, Bp) is also a solution of Gauss equation for spacelike AdS surfaces (see [21]).

12
?’Fhis implies (see Tenenblat [41] and Jacobowitz [18]) that there is an equivariant map

14 ¢: S — F C AdS?,
15 ~ ~
Whose embedding data are I¢ and By. The map ¢ is unique up to isometries of AdS?.

17 We will also require that

18 ¢ the normal field v that induces the right orientation on S points toward the
19 convex side,
201/, 20 e 7 is a future-directed vector field.

391/,

21 ~
5, Since ¢ induces on S a complete metric, ¢ is an embedding and the components of

3 the holonomy py, pr: 1(S) — PSLy(R) are Fuchsian representations (see [29]).

24 On the other hand by [21] the hyperbolic surfaces H?/p; and H?/p, are isometric to
25 the Riemann surfaces (S, /2;) and (S, &;). |

%I:emma 1.9 and [21] imply that L e (h,h*) is a couple of hyperbolic metrics. For
;eenvenience of the reader, we will give a more direct proof of this fact in Section 3.1.

2o MGHC AdS manifolds have a unique foliation by constant mean curvature surfaces;
5 see Barbot, Béguin and Zeghib [3].

31 An MGHC AdS manifold N contains a smallest nonempty convex subset C(N),
32 called its convex core: N is called Fuchsian if C(N) is a totally geodesic surface;
33 otherwise, the boundary of C(N) is the disjoint union of two pleated locally convex
34 surfaces in NV, so that its induced metric is hyperbolic and its pleating is described by
35 a measured lamination (see [29]). The complement of C(N) in N has two connected
36 components, one future convex, the other past convex. Barbot, Béguin and Zeghib [4]
37 proved that N \ C(N) has a unique foliation by convex, constant Gauss curvature
38 surfaces. The curvature is monotonic along the foliation, and varies from —1 in the

39 neighborhood of the convex core to —oo near the initial/final singularity.
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1 2.5 Minimal Lagrangian maps between hyperbolic surfaces

2
—The definition of minimal Lagrangian diffeomorphisms has been recalled in the in-

Ttroduction. Remark that the definition directly shows that the inverse of a minimal

?Eagrangian diffeomorphism is also minimal Lagrangian.

w

6 Let us mention here that they occur in several distinct geometric contexts, and the
» interplay between the different occurrences is used below, in particular in Section 4.

8 e If S is a surface of constant curvature K in a constant curvature, Riemannian
9 or Lorentzian 3—manifold M , then the third fundamental form III of S also
10 has constant curvature K*, where K* depends on K, on the ambient curvature,
11 and on whether the ambient space is Riemannian or Lorentzian (for instance, if
12 M =H?3, then K* = K/(K +1)). If both K and K* are negative, then | K|/
13 and |K*|III are hyperbolic metrics, and the identity, considered as a map from
14 (S,|K|I) to (S,|K™*|IIl), is minimal Lagrangian.

15 e If M isan “almost Fuchsian” manifold, thatis, M is a quasi-Fuchsian hyperbolic
16 3—manifolds containing a closed, embedded minimal surface S with principal
17 curvatures everywhere in (—1, 1), then S is the unique closed minimal surface
18 in M . The “hyperbolic Gauss maps” send S to each connected component of
19 the boundary at infinity of M , and both maps are diffeomorphisms. Composing
20 these maps one finds a diffeomorphism between one component of doo M and the
21 other. This diffeomorphism is minimal Lagrangian if each boundary component
22 is endowed with the (unique) hyperbolic metric in its conformal class. (See
23 eg [21] for details and proofs.)

2 e Similarly, if N is an MGHC AdS manifold, then it contains a unique closed,

space-like maximal surface F. Consider the metrics 4; and 4, defined above
on F. Then h; and A, are the left and right hyperbolic metrics of V, respectively,
and moreover the identity between (F, h;) and (F, h,) is minimal Lagrangian
28 (see [21] for details).

29
30 Itis the first of these occurrences which will play the largest role here.

25

26

27

31 Minimal Lagrangian maps between hyperbolic surfaces are intimately related to har-
32 monic maps: let m: (S,h) — (S’,h’) be a minimal Lagrangian diffeomorphism
33 between two hyperbolic surfaces and consider the conformal structure ¢ on S of the
34 metric 1 +m*h’. Then

35 ¢ the identity is harmonic between (S, ¢) and (S, h),
36

e m is harmonic between (S, ¢) and (S’, /'),

37

- ¢ those two harmonic maps have opposite Hopf differentials.

39 The converse is also true. Details can be found eg in [38].
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, 1 3 Definition of the cyclic flow

3 In this section we consider two fixed normalized hyperbolic metrics /2, 2* on S, and
4 call b the bundle morphism given by Corollary 1.5. Let B9 be the family of operators

5 defined in Equation (1) in Section 1.6.
6

7 Definition 3.1 Given 6 € R, we call

° hg = h(Bge, Bge).

9

uompaﬁng with Definition 1.6, we have Lo (h,h*) = (hg, hgtz).
11

%?r.l The Levi-Civita connection of /gy

1 Lemma3.2 Forall® eR,dY By =0, where V is the Levi-Civita connection of h.
15

16 Proof Let u,v be two vector fields on S. Note first that By satisfies the Codazzi
7 _equation

%(ﬂvﬂo)(u, v) = Vi, (Bav) — Vy(Bou) — Bo([u, v])

201/, 2 = cos(6/2)(Vyv — Vyu —[u, v))
2 +sin(8/2)(Vy(Jbv) — Vy (Jbu) — Jb[u, v]).
?Since J is parallel for V, we have that VJ = JV, so
2 (d” o) (u. v) = sin(6/2)J (Vu(bv) — Vo (bu) = blu. v]) = 0,
%here the last equality follows from the fact that b satisfies Codazzi equation. O

27
s Lemma 3.3 The Levi—Civita connection VY of hy is given by

29 Vi = B_gVu(Bov).
30

31 Proof Consider the connection V¢ defined in the statement of the lemma. It is
32 sufficient to prove that it is compatible with /1y and torsion-free.

33
;I:et u, v, w be three vector fields on S'. Then

35 u-hg(v,w)=u-h(Byv, Bow)
36 = h(Vu(Bov), Bow) + h(Bav. Vu(Bow))
37 =h9(ng,U))+h9(v, ng)?

38

301/ 30 and therefore V9 is compatible with /4.
, o 4
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1 We can now compute the torsion of v? on u, v:

Vv —Viu—[u,v] = B_g(Vu(Bov) — Vu(Bou) — Bolu., v])
= B_o(d" Bo)(u,v)
=0.

N

w

IN

o

6

T’Phus V? is torsion-free and compatible with /¢, and so it is the Levi—Civita connection

‘g‘fﬁ:hg. O
° The computation of the connection of /15 allows to prove easily that /14 is a hyperbolic

10 .
~_metric.
11

12 Proof of Proposition 1.7 Let (eq,e,) be an orthonormal frame for 4 on S, with
13 connection 1-form w with respect to the Levi—Civita connection V of /&. Let
1 (ef.ey) = (ﬁglel,ﬁglez), it is an orthonormal moving frame for Ag. Since the
15 Levi-Civita connection V¢ of hy is given by Lemma 3.3, a direct computation shows
16 that the connection 1—form of (e’1 , e;) for V? is also equal to w. Since the identity
17 map between (S, /) and (S, hg) is area-preserving, it follows that & and /1y have the
18 gsame curvature, so that /g is also hyperbolic. O
19

20 3.2 A cyclic property

21

5, Our next goal is to prove Theorems 1.8 and 1.10. The proofs are in the next sections,

o3 after some preliminary lemmas.

iz—bemma 34 Let 6,6 € R. Then Bgo By = Pore -

% Proof By definition we have

27

25 BooPBg = (cos(8/2)E +sin(6/2)Jb) o (cos(8'/2)E + sin(6'/2)J b)

29 = cos(6/2) cos(0’/2) E + sin(8/2) sin(8/2) JbJ b + (cos(6/2) sin(6'/2)

% +sin(6/2) cos(8’/2)) Jb.

31
32 But JbJb = —E because b is self-adjoint and of determinant 1. It follows that

3 Bo o Bor = cos((0 +0')/2)E +sin((6 +6')/2)Jb = By . m|

34

35 _For instance, since Jb = B, it follows that Jbo Bg = Bgo Jb = Byir.
36

37 Lemma 3.5 Let bg: TS — TS be the bundle morphism associated to hg and hjy by
38 Corollary 1.5. Then

bg =p_gobofy.
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11, Proof Let bg = B_gobo Bg. This lemma will follow if we prove the following facts:
,—
2

5 () hg(bge, bge) is isotopic to hy (we will actually prove that it is equal to A );

4 (i) by has determinant 1;

5
-, (i) by is self-adjoint for /g
7 (iv) dV’By=0.

8

_°_For the first point, note that Jb = B, and therefore
10

11 hg(bge,bge) = h(bfge,bBge) = h(JbBge, JDBye)
2 = h(Br o Bge, Pr o Bg®) = h(Brio®, Brio®)
13

s

14

15 The second point is clear since det(bg) = det(B_g) det(h) det(Bg) = 1.

16
1, For point (iii) let u, v be two vector fields on S, then

12 ho(bgu,v) = h(Bebou, Bgv) = h(bBeu, Bgv)
= h(Bou.bBgv) = hg(u,bgv).

2L For point (iv), let again be u, v be two vector fields on S. Then, using the expression
22 of V? in Lemma 3.3, we have

23

20
20%/5

24 (d " bg) (1. v) = V& (bgv) — V& (bgu) — bglu. v]

> = B-oVu(Bobov) — B—gVu(Bgbgu) —bolu, v]

= = B_o(d” By ) (1t,v),

28 go that (d ve bg)(u,v) = 0 by Lemma 3.2. This completes the proof. |

29

% Remark 3.6 Lemma 3.5 shows that hg and hg, are normalized metrics.
31

32
3 3.3 Proof of Theorem 1.8

34
L et 0’ € R. By definition of Ly,

% Lo/(Lg(h,h*)) = (hg(Bgre, Byre). (hg1n(Bore, Bare)),
37

38 where

39 Bor = cos(0'/2)E + sin(0’/2)Jabg

391/,
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1 where Jy is the complex structure of /sg. Clearly, Jg = B_g o J o By, so that
2

3 Bor = B—g o (cos(6/2)E +sin(6'/2)Jb) o By
4 =p-gooPg 0Py
= Po.

o

(o))

We now see that

Lo/(Lg(h,h*)) = (hg(Bgre, Bgre®). (hg+x(Bore. Bore))

~

©

©

o = (h(Bo o Poe.PgoPg®).h(BorroPoe BotrnoPoe))
1 = (h(Bor+9% Bo+69). h* (Bor 199, Bor o))
12 = Lorg(h,h").

13
1, This proves Theorem 1.8.

15

16 3.4 Proof of Theorem 1.10

17

15 Point (i), namely the fact that sy and hg,, are normalized metrics, follows from
19 Lemma 3.5.

20 . DN S

—We compute the expression of the metric ¢g = hg + hg, which is in the conformal
21

—=lass of ¢y

22

23 Cog=ho+hgin

2 = h((cos(0/2)E +sin(6/2)b)e, (cos(6/2) E + sin(6/2)b)e)

- +h((—sin(8/2)E + cos(8/2)b)e, (—sin(8/2) E + cos(6/2)b)e)
- = (cos2(0/2) + sin?(8/2))h + (cos>(0/2) + sin>(08/2))h(be, be)
28 =c,

29

30 S0 g is indeed independent of 6: this proves (ii).

31 _The fact that the identity (S, c¢) — (S, /1g) is harmonic follows from the last paragraph

32 _of Section 2.5.
33

34 Moreover, recall that by has determinant 1 and that i = hg(bge, bge). A simple
35 computation then shows that /1g—hj is traceless with respect to /g + /. The definition
36 of Hopf differential (see Section 1.4) therefore shows that, if @y is the Hopf differential
37 of the identity from (S, ¢) to (S, hg), then

38

he —h;

~

= 2Re(®y).
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1 Therefore

%&Re(cbg) = h((cos(0/2)E + sin(0/2)b)e, (cos(6/2) E + sin(6/2)b)e)

. —h((—sin(6/2) E + cos(8/2)b)e, (—sin(8/2) E + cos(6/2)b)e)
5 = (cos2(0/2) —sin?(8/2))(h — h*) + 4sin(0/2) cos(0/2)h(be, o)
6 = cos(0)(h—h™) + 2sin(0)h(be, ).

%So Re(®g) = Re(e’? @), where

54@) @zh—h*+jmwg.)zh«E—b%g;}+ﬁh@gq

" s the Hopf differential of the identity from (S, ¢) to (S, &). This proves points (iii)
%and ).

14 About point (iv), it was shown by Tromba [13] that E(e, 4): T — R is proper and so
15 is E(e,h) + E(e, h*). Moreover, by a result of Douglas [10] (see also Jost [19]) we
16 have

17 dE(e, h)|e=c = —V,

8 _where W is the Hopf differential of the harmonic map (S, ¢’) — (S, h) isotopic to the
* identity. Hence, (dE(e,h) + dE(e,h*))|e=c = 0 if and only if the harmonic maps
2 (S.,¢') — (S, h) and (S,¢) — (S, h*) isotopic to the identity have opposite Hopf
' differentials, which exactly means that ¢ = ¢’ is the center of (%, 1*) (as follows from
* Remark 3.7).

23

2* 3.5 Centers

25

26 We conclude this section by some remarks on the respective behavior of /2, #* and c.
27 Let @ be the Hopf differential of the unique harmonic map f: (S, c¢) — (S, #) homo-
28 topic to the identity (see Theorem 1.1).

29
30 Remark 3.7 The metric 4™ is uniquely determined by / and c¢. Moreover, there is a

31 Dbijective correspondence between the couples (¢, @) and the couples (4, h*).

32

5, Proof Given (c, ), there exists a unique isotopy class of hyperbolic metric honsS
., and a unique harmonic map f: (S,c¢) — (S, /) isotopic to the identity with Hopf
;differential equal to —® (see [43]).

36 Hence, given /1 and ¢, we determine #* as the unique hyperbolic metric (up to isotopy)
37 such that the harmonic map f™* : (S, ¢) — (S, h*) has Hopf differential —®. The
38 content of Section 2.5 then indicates that f* o ! is minimal Lagrangian, so that c
39 is the center of (&, h*).
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1 The argument above also shows that (¢, ®) determines (4, h*).

2—Gonversely, given (h, h*), we have seen that there is a unique minimal Lagrangian
‘e}iffeomorphism m: (S, h) — (S, h*) isotopic to the identity. By definition, ¢ is the
wnformal class of i1 +m™*h*, the identity map (S, ¢) — (S, &) is harmonic with Hopf
‘thferentlal ® and m: (S,¢) — (S, h*) is harmonic with Hopf differential —®. This
*determlnes (c, D). a

©

©

4 An extension of Thurston’s Earthquake Theorem

10

™ In this section we recall a recent result of [4] on constant curvature folations of MGHC

2 AdS manifolds, and use it to prove Theorem 1.15.
13

%4.1 Constant curvature foliations in AdS geometry

1% We recall here one of the main result of [4]. Let N be a MGHC AdS 3-dimensional

" _manifold, let C(N) be its convex core.
18

» Theorem 4.1 (Barbot, Béguin, Zeghib [4]) The complement of C(N) in N is

*_ foliated by surfaces of constant (Gauss) curvature. Moreover, for any k € (—oo, —1),

21 . .
= there exists a unique future-convex (resp. past-convex) surface of constant curvature k

2 in N , and it is a leaf of the foliation.
23

2:*4.2 Proof of Theorem 1.15

*°_We first translate Theorem 4.1 in terms of the landslide flow, using Lemma 1.9.
27

iGorollary 4.2 Choose (p;, pr) € T and o € (0, ). There exists a unique element
léh, h*) € T x T such that
30

31 eux(h h ) =PI, L;—ia (h’ h*) = Pr-

32

33 Proof Itis a direct consequence of Theorem 4.1. Given p; and p, there is a unique
3¢ MGHC AdS manifold N = S xR of which they are the left and right representations,
35 respectively. By Theorem 4.1, N contains a unique past-convex surface F with
36 constant curvature —1/ cos?(er/2), which comes with a diffeomorphism ¢: S — F
37 (well-defined up to isotopy). We call I and III the induced metric and third fundamental
38 form on S, respectively. Then III has constant curvature —1/sin?(c/2). We then

30 set h = (1/cos(a/2) 1, h* = (1/ sinzlgxz2))III, so that 4 and A* are normalized
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1 hyperbolic metrics on S (see [21]). Lemma 1.9 then shows that p; = L;,-a (h,h),

2 while p, = L;,,-a (h,h*).
Jonversely, given h,h* € T such that p = L}, (h,1'*), while p, = L}, (h,h*),

_*_we can consider the unique equivariant embeddmg o: S — AdS? onto a past convex
5 gsurface F, with induced metric cos? (a/2)h and third fundamental form sin®(a/2)h* .
Jhen F is the lift to AdS? of a past-convex surface F in a MGHC AdS manifold N,
_"_and the left and right representations of N are p; and p, by Lemma 1.9. This shows
Lthe uniqueness. O
9

1o Proof of Theorem 1.15 Apply Corollary 4.2 with p, =h, p; =h’, and with « = 6/2.
11 1t shows there exists a unique /1o € 7 and a unique /g € 7 such that

i@) h = Li—ia(h()v ha)’ h/ = Llia(hOvha)'

13

14 As a consequence, putting h* = L7 2 (ho bt o) we have Llle(h h*)=n.

15 Conversely given A* € T such that L;ig(h, h*) = h', letting (ho, hy) = Lie/2(h, h*)
16 we easily see that Equation (3) is verified. The uniqueness in Corollary 4.2 therefore
1" _implies the uniqueness here. |

17
18

~_5 The complex cyclic map

2! _This section describes a natural extension of the cyclic flow from a real to a complex
22 _parameter. This is analogous to the complex earthquake introduced by McMullen [28].
2> We will actually show in the next section that the “complex cyclic flow” introduced

2% _here limits, in a suitable sense, to the complex earthquake.
25

26 5.1 Main statements

%:et ‘P be the space of complex projective surface on S'. The space P is naturally a
;complex manifold of real dimension 12g — 12. Moreover the natural map P — T
—that associates to a complex projective surface the underlying complex structure is
—holomorphlc A projective structure is Fuchsian if its universal covering is projectively
*equlvalent to a round disk in CP!.

33 Let H be the upper half-plane in C. We define a map
34 P.HXTxT —P,

35
36 Where

37 o for every fixed i, h* the map z — P,(h, h*) is holomorphic;

38 o for 7 real, we have that P/(h,h*) is the Fuchsian projective surface correspond-
ing to Li (™).
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1 Notice that here z lives in the upper half-plane, while, in the introduction, the flow
2 usually depended on a complex parameter ¢ in the unit disk. Both parameterizations are

3 quite useful here. Taking ¢ in the unit disk is natural when dealing with the landslide

4 flow, while taking z in the upper half-space is natural when thinking of complex

5 earthquakes as a limit (since complex earthquakes are usually parameterized by the
6 upper half-space). Until Section 5.4 we consider the parameterization by z in the upper
7 half-space, while in Section 5.5 we will make the connection to the parameterization
8 by ¢ in the unit disk. We use a prime to denote the various maps when z is in the
9 upper half-plane, this explains the notation P’ above.

—'Fhe construction of the map P’ is the analog of the construction of the complex
*earthquake due to McMullen [28]. The first point is to define the analog of the grafting.

13 Given two normalized hyperbolic metrics /4 and 2* on T, let b be the operator defined
14 in Section 1.5. Given a positive number s > 0, we consider the metric I = cosh?(s/2)h
15 and the operator By = —tanh(s/2)b. It is easy to see that (I, By) satisfies the Gauss—

16 Codazzi equation for immersed surfaces in H?3, that is
17

dVB;, =0, K,;=—1-+detB;,

18

19 where V is the Levi—Civita connection for I (which is equal to the Levi-Civita
20 _connection for &) and Kj is the curvature of Iy (which is constant and equal to
21 _1/cosh?(s/2)).

22
As a consequence there exists a convex equlvanant immersion

2L(4) og: S — H?

25

26 Wwhose first fundamental form is the pullback fs of I and whose shape operator is the
o7 pullback Es of Bs. This map oy is uniquely determined up to elements of PSL,(C),
»s once we state that the orientation on S at oy (p) coincides with the orientation induced
29 by the normal vector Vs(p) pointing towards the concave part (this is the reason why
30 the sign of By is negative).

> Given pE S, let dev (p) e Sgo = CP! be the endpoint of the geodesic ray starting
> from o,(p) with velocity 7s(p). The map
33

34 devy: S — CP!

—ts a developing map for a complex projective structure SGr,(h,h*) on S. (The
—notatlon SGr is used to keep in mind the analogy to the grafting map Gr).

38 Notice that, if # = h*, then b = E and o3 = dy o0 0¢, where dj: 0'0(S) = H? —» H3
30 is the map associating to oy, ( p) the endpoint of the geodesic segment of length s
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11y, starting from o5, (p) with velocity Vs, (p). So, in this case, SGr(h, &) is the Fuchsian
, on

2 projective structure associated to /.
i—Finally, given a complex number z = ¢ 4 is with s > 0, we define

5 PL(h,h*) = SGr,(L"_,(h,h")),

6
—where L' ,(h,h*):=L,~i:(h,h*).

8 Most of the remaining part of this section is devoted to proving the following theorem.
9

10 Theorem 5.1 The map

11 z+> PL(h,h*) e P

12
515 holomorphic.

14
1, Composing P " with the forgetful map from P to 7, we obtain for each z in the upper
o half-plane a map

Co:TxT—T,

17

18 sending (h,h*) € T x T to the complex structure underlying the complex projective
19 structure PL(h,h*).
2017, 2

21_Corollary 5.2 The map z — C}(h, h*) is holomorphic in the upper half-plane.

22

23 This clearly follows from Theorem 5.1 since the forgetful map from P to 7T is holo-
24 _morphic.

4‘1‘0 prove Theorem 5.1, we will show that the holonomy p, of P, holomorphically
4(1‘6:pends on z. In fact the derivatives

28 _ 0pz N 0pz

» =00 T

0 are sl,(C)—valued cocycles in H!(1;(S), Ad o p,) and we will show that
31

32 (5) Nz =1ié&;.

—I:et us remark that, since P, ,(h,h*) = P}(L,~i:(h,h*)) for any z in the upper plane
*aﬂd t real, it is sufficient to verify Equation (5) at imaginary points zg = isg.

36 To compute the cocycles we consider the family of convex immersions

37 ~
os, 70 S — H?

38

oy 39 such that o, corresponds to SGr.(h, h*) and t; corresponds to SGr. (L .—; *)).
,>0 SU
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1 The first-order variations of o5 and 7; are the fields

2 do at;
3 ) as |S S0 at |t 0
4 ~
. regarded as sections of the fiber-bundle © = as";)(T]HP) on . Imposing the equivari-
~,_ance of oy under pjs, and of 7; under p;4is,, we deduce that

RAN)) X(P) = (e« X1 p) +n(»)(P),
2 ®) Y(5) = (e« Yy ) + E)(B),

9
10 where we have put p = p;,, n = 1;,, § = &;, and we are identifying the elements
11 of sl,(C) with the Killing vector fields on H?.

2 We will find some explicit relation between X and Y that, used in (7) and (8), will
i'Hﬂnply Equation (5).
14

15 Let us briefly explain the strategy of the computation. In Section 5.2 first we will
16 decompose DX into a self-adjoint part and a skew-symmetric. In particular the skew-
17 symmetric part of DX will be expressed in terms of cross-product with a new vector
15 field X”. Using this decomposition, we will point out some general equations relating
10 the variation field X and its derivatives to the variation of the first fundamental form
o0 and the shape operator. These equations are quite general and hold for any smooth
21 family of immersions in H?. In particular those equations determine X up to some
22 global Killing vector fields.

2 In Section 5.3, comparing the equations satisfied by X to the equations satisfied by Y,

2% we will get that ¥ = X" up to a global Killing vector field.
25

26 In Section 5.4, we will achieve our goal by applying some classical construction to this
,; relation.

28

29 3.2 General formulas

30
3TWe consider any smooth family of immersions

32 og: S — H?

33 ~ ~ ~
;and let I be the first fundamental form on S and By the shape operator associated
;With Oy .

36 Fix s9 > 0: we study o around s = s¢. Let us denote by ® the vector bundle
37 O';; (TH?) and let X = (30/ds)|s=s,, seen as a section of ®. In this section, we will
38 express the derivatives of Iy and By at s = 59 in terms of the field X, and we will

39 show that these quantities determine X up to global Killing vector fields.
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1 We notice that there is a natural inclusion of TS into © given by doy, . For the sake of
2 simplicity, we will identify TS with its image in ©. Given a point j € S and s >0
3 we denote by Vg(p) the unit vector at o ( p) orthogonal to dog(p)(Ts S) such that,
4 for every positive basis {eq,es} of T3 S, the vectors Ts(p), das([)')(el) dog(p)(ez)
5 form a positively oriented basis of 75 ( @H In this way, if J denotes the complex
6 structure on S (and by abuse of notation on oy (S )), we have
.

) Js¥ =Ty x¥
° for all ¥ € dog(TS).
10

11 A linear connection D is defined on ® by pulling back the Levi—Civita connection
» on TH3.

13 . . . . . .
—The covariant derivative of a section Y of ® is a linear operator
14

15 (10) DY: TS — TH?.

4Such an operator can be decomposed as the sum of a self-adjoint operator of TS
‘ﬁdentlﬁed to a subspace of TH?) and the restriction of a skew-symmetric operator
ﬁof TH3.

,, Llemma 5.3 Given a section V of ©, there exist

2 o aself-adjoint operator AV of TS,

23
oa o asection SV of ®,

25
26 such that

Z—e}l) DyV =AY @)+ SV x7

29 forevery v € TS. Moreover both AV and SV are uniquely determined.
30

31 Proof At every point, DV can be decomposed in a tangential part and normal part:
32

34—Gleaurly « is an operator of TS, so it can be decomposed into a self-adjoint part A ()
3'E‘and a skew-symmetric part S(o). Notice that the skew- symmetric part is a multiple

—ef J,in particular there is ¢ € R such that S(x)(v) = aJ (V) = av x v. On the other

—hand, there exists a tangent vector w such that
38

(DzV.T) = (7, @)

Geometry € Topology, Volume 12 (2013)



11/

201/,

39
391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY
A cyclic extension of the earthquake flow I 129
1 forevery v e TS. In particular the normal part of Dz V' can be regarded as the restriction

2 on TS of the skew-symmetric operator
3

., Ui (0, W)V — (0, V)W = (0 X V) X .
5 Soif we put AY = A(e) and SV = a¥ + (& x V), Equation (11) is verified.
6
> We show now that this decomposition is unique. Suppose A4 is a self-adjoint operator

T of TS and let S be a vector tangent to H? such that A¥ () +SY xT = A®@) + S x7
— forall € T'S. Clearly (4”7 — A)({@) = (S — SY) x ¥. This implies that S — SV
1o 1s a normal vector. Since A4 — AV is self-adjoint, it follows that 4V — 4 = 0 and
T SV-s=o. O
12

13 An important property of the covariant derivative of X is that D3 X is the variation of
1, the image of ¥ in H3 along the family (o). More precisely the following statement
15 holds. Here we denote by D/ds the covariant derivative along (oy) associated to D.

16
17 Lemma 5.4 Given a tangent vector v € T3S, we consider the field Vs = dog (V) along
15 the curve s — og(p). We have

19 DUS

20 (12) |S S()_D X

21

22 Proof Take a path v: (—8,8) — S such that v/(0) = ¥ and consider the map
2 X(e,s) = o5(v(g)). We have Uy = 0X/0e(0,s) whereas 0X/0s(g,s9) = X(v(¢)).
24 A direct computation shows that
25

D _ D dx
%Us|s=so = % 9e

(0.50) = - 95(0.50) = 2 X(0.50) = .

26

27

4NOW we apply the decomposition (11) to the field X, so we call AX the self-adjoint
ﬁart of DX and X’ the field S¥ . It turns out that the first order variation of Iy is
‘determmed by AX. On the other hand, the field X’ determines the variation of the
ﬁTonnal field along the family of oy.

33 ~
5, Lemma 5.5 Given u,ve T3S, we have

35 d ~ _ ~ - Dv ~
36 (13) _Is(”sm|s=s0 :2IS(AX(M),’{)'), _|S=S0 :Xlxv-
ds ds

37
38 Proof We have that

L,(i1,7) = (dos(il). dos (D).

Geometry € Topology, Volume 12 (2013)



11/

201/,

391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

130 Francesco Bonsante, Gabriele Mondello and Jean-Marc Schlenker

1 Applying Lemma 5.4 we get
2

d ~ _ ~ ~
3 %Is(u,D):(DgX,v)—k(u,D;;X).
4
. Since Dz X = AX (i) + X’ x i, where AX is a self-adjoint operator of TS, we get
¢ the first formula.

" _To prove the second formula, first we notice that since (v, V) = 1, then (D7V/ds)|s=s,
_® is a tangent field. On the other hand, given a tangent vector ¥ we have (¥, dog(?)) =0.

_° Differentiating this identity we get
10

DY
11 <—”,57>= (T, DgX) = (7, X' x 7).

o ds

13 Since X’ x 7V is tangent, this proves that DV/ds = X' x V. m|

14

15 Using Equation (13) we get the first order variation of B ats= So . In the computation
16 of such a variation, the covariant derivative of X’ appears. It is useful to apply the

17 decomposition (11) to DX”. In particular, we put X" = SX’, so that
18

DX = AX @)+ X" x5,

19

20 ~
5, Lemma5.6 Given v e T3S, we have

22

d =~ z X ~\ o~ R
;(—14) %(Bs(ﬁ)ﬂs:so =Ja¥ @) — (X + X", 7)7 —A%o By, (V).

24
-5 Proof Differentiating with respect to s the identity

x dog(B; (V) = — Dy
27
2s and evaluating at s = 59, we obtain
29 5y D -
30 (3) DESO@;)X + B(v) = —%(DEV)-
*_On the other hand, we have that
32
D Dv —
# (16) — (D) = Dy S ) + R(X. D)7,
34 ds ds

3° where R is the Riemann tensor of H?3.
36

37 By Equation (13) we have that

38 DV , ~
V) D;(J—”) = Dy(X' x7) = AX @) x T+ (X" x0) x T — X' x By, (D).
as

Geometry € Topology, Volume 12 (2013)



11/3

201/,

39
391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

A cyclic extension of the earthquake flow I 131

1 On the other hand, since H? has constant curvature —1, its Riemann tensor is simply
2 given by

3 —
—<18) R(X,0)V = (X, )1 — (0, V)X = (X, V)v.

4

5 Using (16), (17), and (18) in (15) we get
6

T AX By )+ X% Byy 0+ B®) = =AY @) xT—(X"'xT)xT+ X' x By (1) —=(X, T)7.

——Since 7x AX (@) = JAX'(5) and (X" xT)x¥ = {X". 7). Equation (14) follows. O

10
TFinally we show that Equations (13) and (14) determine X up to some global vector
., field. This is an easy consequence of the following lemma.

13

. Lemma5.7 LetV beasectionof ® and letus put V' =S and V" =S, Suppose

15 AV =0, JAV —(v"+V.9)E—AY o By, =0.

16
17 Then V is the restriction of a global Killing field of H3 on S.

18

19 Proof Under the hypothesis of the lemma, neither the induced metric nor the shape
20 operator of the surface vary under the first-order deformation defined by V. The
21 conclusion therefore follows from the Fundamental Theorem of surface theory; see eg
22 Spivak [40]. O
23

24 5.3 The variation field of SGr

25

26 In this section we apply formulas obtained in the previous subsection to the family of
27 convex immersions oy: S — H?3 defined in Equation (4).

28

20 Lemma 5.8 For X = (00/0s)|s=s,, denote by X' the section SX and by X" the
30 section SX'. The following formulas hold:

31

- (9) 2A% = tanh(so/2)E;
»(20) AX =7, b)/4;

34 ~

s Q1) x + x5 = 1O

36

" Proof The embedding data corresponding to o are
38

I, = cosh®(s/2)h, By = —tanh(s/2)b
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'y 1 so we easily get that
, 50

d~ _ .
3 %Is(u,'ﬁ)h:s() = tanh(so/2) I, (i, V).
4
s Comparing this formula with Equation (13), we get that 24X = tanh(s¢/2)E .

°_On the other hand, applying Equation (14) we get
.

8 1
9 2cosh?(s/2)

10 ) .
rwhlch can be also written

tanh?(so/2) 5

b=JAX — (X" + X,9)E + 5

’

12 b=-2J4% +2(X" + X.7)E.

13 ~
12 Multiplying by J we deduce that

15 Jb=24%" +2(X"+ X, %)J.
16
17 Notice that this must coincide with the decomposition of Jb in symmetric and skew-

15 symmetric part. Since the adjoint of Jb is —bJ it follows that

19

o 2AX’:Jb_bJ:[J’b]’
20 /221 2 2
~ Jb+b] —JbJ+b~ b '4b~ wb)~
22 WX+ X, )T = 20 thy b Aby w5
- 2 2 2 2
24 where we have used that b + b~ =tr(5)E. |

25

26 A consequence of Lemma 5.8 is that X/ + X can be explicitly computed.
27

**_Proposition 5.9 With the notation of Lemma 5.8 the following identity holds:
29
tr(b)

V.

30 w_
31 X=X+ 4

32
53 Proof By Equation (21), it is sufficient to prove that

34 (X//_i_X’T)'):O
35
36 for every tangent vector U.

T Yet 7,7 be two tangent fields on S. By using the identity
38

1
Dz X = Etanh(Sn/2)ZZ+X’ X il

39
391/,

Geometry € Topology, Volume 12 (2013)



PROOFS - PAGE NUMBERS ARE TEMPORARY

A cyclic extension of the earthquake flow I 133

1 an explicit computation shows that
2

3 R(#l,9)X = Dz D5(X) — Dy Dz(X) — DX = DgX' x¥— DyX' xil.

4
—Moreover,

12

o

(o))

(22) Dz X'x3—DzX'xii = AX (@) xT—AX @) xii + (X" x#)x7— (X" xD) 1.

~

s By Equation (20), A% "isa self-adjoint traceless operator, and it follows that the sum
o of the first two terms of (22) vanishes. Eventually, we get

10 _
0 R@, V)X = (X" xu)xv— (X" x?0)xu=(X"0)u— (X", u)v.

E Since R(if,7)X = (X, %)V — (X, D), we easily deduce that (X" + X, ) = 0 for all
Tmngent vectors U. o

15

16 Proposition 5.10 Let 7;: S — H? be the family of convex immersions corresponding
17 to the projective surface SGr;0 o L,—it(h,h™) and denote by Y its first order variation
18 att =0. Then Y = —X’ up to adding a global Killing vector field, where X’ is the
19 vector field defined in Lemma 5.8.

20
20%/5

2l Proof Let 7, be the first fundamental form corresponding to t; and let Et be the

22_corresponding shape operator. According to Lemmas 5.5, 5.6 and 5.7, it is sufficient to
2 _show that

24

d~ _ -
2.03) L D)= = —21o(A" (@), 7),
26

d ~ ~ 14 / ~
21 (24) S Br@li=o = —(JAX (@) — (X' + X", V)it — A% o By(R)),
28

2 where X" = SX" is the vector field corresponding to the skew-symmetric part of DX".
39 Call B; = cos(t/2)E —sin(t/2)J b, so that we have

31

2 (25) I; = cosh®(so/2)h(Bre. Bre).
M6) B[ = —tanh(so/2),3_tb,3t.
34
35 It follows that
% d ~ 1 - e -
37 Eh@ﬁ)h:o = 5(—10(Jb(ﬁ)»m—10(5, Jb(v)))
38
1~ ~~_ ~ .
39 = ——Io([J. blii. D) = =2Io(A¥ (@), (V).
39%/2 2
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1 To prove Equation (24), we first compute DX . By Proposition 5.9 we have
2

t(b) ~ tr(b
3 DuX”z—AXu—X'xu—%)Bou+<grad( ri)),u>5

4

; _ —(AX + 10 Eo)u — (X + T arad(ee(B)/4)) x .

6

7 ~ ~
?Where grad is the gradient on .S with respect to /. In particular,

i m ' T 7 X" tr(5)~
10 X" =—-X"—Jgrad(tr(b)/4), 247 = —tanh(so/2)| E — > b.

11
., Replacing these identities in the right hand side of (24), we deduce

13 2(JAX @) = (X' + X", %)ii — AX o By (i)
14

~ tr(b) ~~ Jb—bJ)~
15 = —tanh(sy/2)(J — %Jb) () + tanh(s0/2)¥b(il)
16 ~ ~

~ tthar 1 aey T
17 — —tanh(so/2)(J — —=Jb — = JB2 + =)(@).
18 2 2 2
19 Using the identity b2 = tr(g)g — E, we have that the right hand side in (24) is equal to
20 ~ ~ ——
5 @27) tanh(sg/2)(J — (tr(b)/2)J b).
22 On the other hand, Equation (26) shows that the left hand side of (24) is equal to
23

tanh 2) e e tanh(sg/2) ~ ~ ~~
24 M(b]b —Jb*) = M(] — J(tr()b — E))
2

> (28) tanh(so/2)
26 = =T 0T —ud)Tb).
27 2
2s Equation (24) follows by comparing (27) with (28). O

29

30 5.4 The comparison of the cocycles

31

3> Any element of K € s[,(C) can be regarded as a Killing vector field on H?. Notice
33 that by definition of Killing vector field, there is another field K’ associated to K so

34

D;K = K' x 3.

35

36 The field K’ is a Killing vector field and in fact K” = —K ; see Hodgson and Kerck-
37 hoff [16]. More precisely the following lemma holds.

38

39 Lemma 5.11 [16] As elements of ehave K' =iK
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1 Given a point X € H3 we have a natural map

S evy: sl (C) 3 K — (K(X), K' (X)) € TxH? @ TxH?.

* Tt is a well-known fact that such a map is an isomorphism for every X € H?3.
5

¢ Because of Lemma 5.11, if evz(K) = (1, W,), then evz(i K) = (W, —W1).

7 . .
——Given any section V' on ®, we define
8

9 KV: § — sl,(C)

%such that evz(KY (5)) = V(p) and evz((KY)'(p)) = V/(p) for every X = 05,(P).

12 1Ip particular, we have maps K% and K associated to the fields X, Y defined in Equa-
13 tion (6), so that evz(KX) = (X, X’) and evg(KY) = (—X’, —X") by Proposition 5.10.
14 We conclude by Proposition 5.9 that

15
16 KY = —i KX - K,,

" where Ko(p) = ev;1 0, X"+ X)= ev;c1 (0, tr(h)/47) for all ¥ = 05, (P). Since the
¥ feld tr(h)/4V is invariant under the action of 1(S), we find that K is equivariant,
* that is

Ko(y p) = Ad(p(y)) Ko (D).

22_However, it follows from Equation (7) that

21

23
2 29) KX (yp) - Ad(p(y)K* (§) = n(y),

5 (30) K (yp) = Ad(p(y) K™ (P) = £(»).
%&md by these equations and identities (7) and (8) one deduces that

* E(y) =—in(y) — (Ad(p(y)) = D Ko(p) = —in(y).

29
30 Thus Equation (5) is proved.

31

32 5.5 Parameterization by the disk
33

34 The parameterization of the complex landslide used above is well-suited for a compari-
35 son with the complex earthquake. However, another parameterization—already used in
36 the introduction—is perhaps more convenient when considering the holomorphic disks
37 in Teichmiiller space obtained as the image of the complex flow. This new parameter ¢
38 takes values in the unit disk. We develop here the relationship between these two

39 parameterizations and we investigate the regularity at { = 0.
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1 Consider z = ¢t + is in the upper half-plane, so that # € R and s > 0, and we

) set { = exp(iz) = exp(—s + i), which belongs to the punctured closed unit disk

3 A={eC|0<|¢|<1}.For h,h* €T we then define
4
Pe(h.h*) o= Pl (%), Ce(h.h*) = Cly o (h ),

5

6 where P/ ; (h,h*) is the projective structure SGri(L”,(h,h*)) and C;; (h,h*) is
7 the underlying conformal structure. These maps are well-defined since P’ and C’ are
8 invariant under ¢ > ¢ + 2. Clearly, the maps { — P¢(h,h*) and { +— Cg(h, h™) are

9 holomorphic in the unit disk minus its center, for any fixed 4 and A*.

10
1, We first give an explicit formula for Cl(h.h*).

12

?I;emma 5,12 Let h,h* €T be two hyperbolic metrics on S, and let b be the bundle
Tmorphism appearing in Corollary 1.5. For every s € R>,

1 Cils(h’ h*) = h(yse, yse)

16
L, as conformal structures, where

18 ys = cosh(s/2) E + sinh(s/2)b.

19

20_Proof By definition, C/ (h, h*) is the conformal structure at infinity of the (unique)
21 hyperbolic end containing a convex surface with induced metric J = cosh?(s/2)h and

22 third fundamental form IIT = sinh?(s/2)h* . Its shape operator is then B = tanh(s/2)b,

23 _and conformal structure at infinity of the end is given (see eg the third author [37]) by

24

o5 Cl-/s(h, h*) = I((E + B)e,(E + B)e) = h(yse, yse). O

26

7 We can now give a general formula for C/ Lis

(h,h*) for t +is e H.

28

29 Lemma 5.13 Let s,z € R with s > 0, and let { = exp(—s + it). Then, for all
0 hLh*eT,

n Ce(h.h*) =h (Bg., Bg.) ,
ivvhere
33

. NN

35

36 and +/C is a notation for exp((—s +it)/2).
37

B#_§‘+1E -1

38 Here we use the convention that the complex number i acts as the complex structure J
39 on tangent vectors.
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1 Proof It follows from the definition of C’ and from the previous lemma that

Cliis(h ") = h(B—t 0 Fs®. B—s 0 Tso).
4 where (as in Section 3)

¢ =cos(t/2)E +sin(¢/2)J b, ys = cosh(s/2) E + sinh(s/2)b_;, b_s = Brob o f_;.

3

6
7 It is then clear that
8 ,B—toys:)/soﬂ—t,

9
—so that
10

Clris(h. 1) = h(B}e. Bfe).

11

12 where B? =ys0P_;.
%b‘sing the fact that bJbJ = —F,
15 Bf = (cosh(s/2) E + sinh(s/2)b) o (cos(/2) E —sin(t/2)J b)

10 = (cosh(s/2) cos(t/2) E — sinh(s/2) sin(z/2)b J b)

- +(cos(t/2) sinh(s /2) E — cosh(s /2) sin(t /2)J)b
19 = (cosh(s/2) cos(¢/2) E —sinh(s/2) sin(¢/2)J)

20 +(cos(z/2) sinh(s/2) E —cosh(s/2) sin(z/2)J)b
2 = cosh((—s +i¢)/2)E —sinh((—s +it)/2)b.

22
-3 Setting \/E =exp((—s +1it)/2), we can write this relation as

BY = ﬁ+21//?E_ ﬂ—;/ﬁb‘

O

25

26

27 It follows from the definitions that C is essentially the same as C’ with a different
28 parameterization. The main properties of this map are as follows.

29

30 Proposition 5.14 Let h,h* € T and let ¢ be the “center” of (h,h*) as defined in
31 Section 1.8. Then

2 (1) Cg(h.h*) is defined for all { € A,

347(2) it is holomorphic in ¢,

s (3) itextends continuously, and thus holomorphically, at { = 0, with Co(h, h*) = ¢,

36 (4) itextends holomorphically to the open disk of center 0 and radius (ko+1)/(ko—1),

37 where kg = maxyegs k(x) and k: S — [1,00) is the bigger eigenvalue of the
38 operator b associated to the minimal Lagrangian map isotopic to the identity
301/, % between (S, h) and (S, h*) (see Section 1.5).
2
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1 In particular, ¢ appears as a smooth point of the holomorphic disk defined by C', while
2 it was obtained only in the limit s — oo in the parameterization used by C’.
3

"4+ Remark 5.15 Unlike the map Co(h, h*), the map P (h, h*) does not extend at ¢ = 0.
5 Indeed, take any sequence of positive real numbers ¢, — 0. By definition of the map P,
6 there is an embedding of S into the hyperbolic end M,,, with first fundamental form
7 equal to I, = cosh? (—% log ¢,,)h and shape operator B, = — tanh(—% log ¢,)b, which
8 corresponds to the projective structure P,. In particular, B, converges to —b. On the

"9 other hand, by the proof by Labourie of Proposition 4.2 of [24], if P, converges to a
10 projective surface, B, should converge to the identity.

11

12 Proof of Proposition 5.14 The first two points are direct consequences of the defini-
13 tion of C from C’, and of Theorem 5.1. The third point follows from the expression
14 of B? in Lemma 5.13, because C¢(h, h*) is really considered as a conformal structure,
15 so it is not changed if we multiply B? by a complex-valued function defined on S'. In
16 particular, we can multiply B? by 2\/E , obtaining

17

- 2B} =(1+E+(1-0)b,

19 which is clearly continuous at u = 0.

201/2 ﬂ;or the last point note that the expression defining C¢(/,2*) in Lemma 5.13 can be

391/,

*analy'ucally continued if B? is nonsingular at all points of S'. This happens if

23 (H1 -8

24 BN/ + 7
25
5 everywhere on S, which is certainly satisfied if

27 K0+1

. ¢ <

I(()—l.

6 The earthquake flow as a limit

—"Phe main goal of this section is to prove Theorems 1.12 and 1.14. The arguments are
—based on comparing surfaces in AdS*® with constant Gauss curvature close to —1 to
—pieated surfaces. The key step in the proof of Theorem 1.12 will be Theorem 1.14.

36 We fix a hyperbolic metric / on S and a divergent sequence of metrics /1, € 7. We
37 will study the asymptotic behavior of the holomorphic map z + P, (h, h};) assuming
38 that (h},),eN converges to a point in the Thurston boundary of 7 (S) which is the

39 projective class of some measured geodesic lamination A on S.
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1 Take any sequence 6, > 0 with limy— o0 6, = 0 such that 6,{,» — (A, e), ie for
2 every free homotopy class y of closed curves of S, the /i, —length of the /;,—geodesic
3 representative of y rescaled by the factor 6, converges to the intersection between y
4 and A. Define Py: H — P(S) as P,(z) = Pénz(h, hy), which are holomorphic, and
5 let Py H— P(S) be P(t +is) = Grspa(E—p/2(h)).

6

7 Theorem 6.1 For every z € H, we have that P)(z) — PL.(2).

8

o Notice that since the P, are holomorphic, the convergence P, — P. is, in fact,
10 in C®. Note also that in this section we use the parameterization by the upper half-
11 plane—which is more practical when considering the limit to complex earthquakes—so
1o that we use the notation with primes for L, P, SGr, etc.

13
12 Outline of the section Since the arguments of this section are quite long, technical

15 and sometimes involved, we include an outline in order to help the reader.

6 In Section 6.1 we consider first the convergence issue in Theorem 6.1 for z imaginary.
7 This means that we prove the convergence of the smooth grafting map SGr to the

18 ““ysual” grafting map Gr.

%This convergence issue can be stated in terms of hyperbolic 3—dimensional geometry:
5, if a sequence of hyperbolic ends (My),en contains a sequence of K —surfaces with
5, K — —1, with induced metrics proportional to a fixed hyperbolic metric /, and
53 Wwith third fundamental forms converging projectively to a measured lamination A,
Ssthen (Mp)pen converges to a hyperbolic end for which the pleated surface boundary

41Tas induced metric /s and measured bending lamination A.

26 We then use the duality between H?* and the de Sitter space dS? to turn this hyperbolic
27 convergence problem into a convergence question for K —surfaces close to the initial
28 singularity in MGHC de Sitter spaces. There we can use a convergence result obtained
29 by M. Belraouti [5] first in the flat case, and recently extended [6] to the de Sitter case,
30 and conclude to the convergence of Theorem 6.1 for imaginary z.

Lh"l Section 6.2 we turn to the convergence in Theorem 1.12, but now on the real axis.
4"Fhls section only considers the convergence of the first factor in the landslide map L’
*to a limit hyperbolic metric, while the convergence of the second factor (sultably
F‘rormahzed) to a measured lamination is dealt with in Sections 6.3 and 6.4.

36 This convergence can again be stated in terms of 3—dimensional geometry, but now

37 for AdS manifolds rather than hyperbolic ends; see Proposition 6.9. We consider a
38 sequence of AdS MGHC manifolds N, containing a future-convex surface Fj, with

39 induced metric proportional to /s and third fundamental form proportional to h*", as
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1 the curvature tends to —1, and need to prove that the N, converge to a limit MGHC

2 manifold No and that the F; converge to the past boundary of the convex core of Ny .

3 To prove this we consider the universal covers F, of the F, as space-like surfaces

4 in AdS3, invariant under surface group actions, and need to prove that they converge
5 to a space-like, pleated surface.

° The difficulty here is to prove that the limit surface is space-like rather than light-
"_like. The proof uses an interplay between the AdS and the hyperbolic 3—dimensional
8—r—epresentations, in particular it is based on Lemma 6.11, which has a hyperbolic
°_character. This lemma provides an upper bound on the principal curvatures of the
Y surfaces F,,, from which it is possible to prove that the surfaces remain “uniformly
%space—like”. The convergence of the representations also follows.

13 In Section 6.3 we turn to the convergence of the second factor in Theorem 1.12. This
14 section contains the proof of a statement which is perhaps of independent interest.
15 Suppose again that / is fixed and that 6,£,» converges to (A, e) on closed curves,
16 and let b, be the operator expressing /;, in terms of / (as in Corollary 1.5). Then
17 we prove that the sequence of measures tr(b,)wy, converges to the uniform measure
1g on the geodesic lamination realizing A in (S, /) (see Proposition 6.16). The proof
19 takes place in 3—dimensional hyperbolic ends again, and is based on a more precise
-0 understanding of the convergence of a sequence of K —surfaces to a pleated surface

51 as K tends to —1.

* A direct consequence (Corollary 6.19) is that (6,€5*())nen is bounded for every
23y e m((S) if and only if 6, fS tr(by)wy,, is bounded. This is used in Section 6.4 to
24 prove the convergence of the second factor in Theorem 1.12, for z on the real axis, and
25 _to conclude the proof of this theorem.

?Finally, Section 6.5 is devoted to the proof of Theorem 1.14. The proof again takes
s Place in 3—dimensional hyperbolic ends, or actually—this is possible thanks to a scaling
;tn'ck—in quasi-Fuchsian manifolds. We consider again a sequence of K —surfaces with
5o nduced metrics proportional to a fixed hyperbolic metric %, and third fundamental
4, forms proportional to a sequence of hyperbolic metrics hy, limiting to a measured
5, lamination, when the curvatures go to —1. At this point we will have already proved
4, that those K—surfaces then converge to a pleated surface in a quasi-Fuchsian manifold,
4, and Theorem 1.14 can be translated as saying that the third fundamental forms of those
4. surfaces, suitably normalized, converge in a strong sense to the intersection with the
4o Mmeasured bending lamination of the limit bent surface.

37 The key technical point is now to get a good control of the convergence of the support
38 planes of the K—surfaces to the support planes of the pleated surface (see in particular

39 the proof of Lemma 6.21). The proof of those convergence properties again use the
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1 duality between the hyperbolic and the de Sitter space. The proof then proceeds
2 by comparison between the length of a curve « on the dual of the pleated surface—
3 corresponding to the intersection of « with the pleating lamination—and the de Sitter
4 distance between the points in de Sitter dual to the support planes at the endpoints of «,
5 using in particular geometric estimates in the de Sitter space.

P

7 6.1 Convergence on the imaginary axis

8
, In this subsection we prove that if 0,£;+ — ¢(A, e), then

0 (31) 16, (1. 1) — Gryya(h).
11
., In fact, in order to prove Theorem 6.1, we will need to prove that the convergence is

—.uniform with respect to /.

13

4—Ilroposm()n 6.2 Let (hy)neNn be a sequence of hyperbolic metrics converging to a
—hyperbohc metric h on S, and let (h;;),eNn be a sequence of hyperbolic metrics con-
—vergmg projectively to [A] in the Thurston boundary of T . If 6, is a sequence of positive
7—Humbers such that Op Ly — (A, ), then SGrG (hn, hy) converges to Gr; 2 (h).

19 Notice that (31) corresponds to the particular case of Proposition 6.2 in which 7, is

20 constant.
2

1
5, By definition, SGrg (hp,h}) = P] (h,,, hy) is the projective structure on S deter-
5, mined by prescribing that the ass001ated hyperbolic end (My, gar,) contains a constant
Twrvature surface S, parametrized by 6,: S — S, C M,,, with first fundamental form
» 1Is, = cosh?(6y,/2)h, and third fundamental form IIT Sy, = sinh? (6, / 2)h;,.

26 In general, given an embedding S — ¥ C X of S inside a (hyperbolic, de Sitter or
27 anti-de Sitter) 3—manifold, we will denote by the same symbol the first fundamental
28 form Iy (resp. the third fundamental form /Ily) and its pullback on S'.

24I:et dM,, be the hyperbolic boundary of M, that carries a hyperbolic induced met-
—Hc gom, and is locally bent along a measured geodesic lamination A,. By definition,
*P’ (hn, hy) = Gry,,(gan,)- So, in order to prove Proposition 6.2, it is sufficient to
—eheck that (S, ganr,) converges to (S, /), and A, converges to A/2 in ML(S).

* Lemma 6.3 The hyperbolic metrics gy, are contained in a compact subset of T .
35

36 Proof The closest point projection r,: M, — 0M, is 1-Lipschitz. In particular,
37 we have a 1-Lipschitz map ry|s,: Sy — dM,. This implies that the marked length
38 spectrum of dM,, is bounded from above by the marked length spectrum of Sy, that in

39 turn is locally uniformly bounded.
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1 Lemma 6.4 The bending laminations A, are contained in a compact subset of ML.

"3 In order to prove Lemma 6.4, we will consider the de Sitter spacetime M,* dual to Mp,:
4 it s the set of complete geodesic planes contained in M, . The de Sitter structure is
"5 induced by the natural map dev*: 1\7,,* — dS3, where the model of de Sitter geometry
6 1is the set of geodesic planes of H3 (see Scannell [34] and Benedetti and the first
7 author [7]).

_® _Scannell [34] showed that M,; is a MGHC spacetime diffeomorphic to S x R. Fol-
Llowing [7], ]\7,:‘ has a natural boundary corresponding to the set of support planes
0 of 81\7,,. This boundary is called the initial singularity: the de Sitter metric extends to
' the boundary and makes it an achronal (but not spacelike) surface. So 8]\7,,* carries a
ipseudometric dp induced by ]\7;. By [7] and Benedetti and Guadagnini [8] it turns
1 out that the action of 71(S) on M ~ extends to the boundary (even if the action on
™ the boundary is neither proper nor free) and the marked length spectrum of this action

> coincides with the intersection with the bending lamination:
16

o (32 (Any y) = inf{do(x*, yx*) | x* € dM,*}.

R Sy be the surface in M,’ dual to S,, corresponding to the set of support planes
1 of S, (that by the convexity of S, are complete planes in M,,). There is a natural map
2 S, Sy sending x to the dual of the plane tangent to S, at x.

21

2> A simple local computation shows that the first fundamental form of S, coincides with
55 the third fundamental form of S,, (through the natural map S, — S,). In particular S}
-, is a surface of constant curvature —1/ sinh?(6,/2). Barbot, Beguin and Zeghib [4]
-5 have shown that there is a time function (K-time) t,: M," — (—00, 0) such that t;l (k)

,6 1s the unique surface in M, with constant curvature k.

27 _Lemma 6.4 is a simple consequence of Equation (32) and the following general lemma
28 of de Sitter geometry.

29

30 Lemma 6.5 ([5; 6]) Let M™* be a de Sitter MGHC spacetime and dM* be the
31 boundary of its universal covering. If S* is a constant curvature surface in M *, there

32 js a natural 1-Lipschitz equivariant map
33

P 5§t 0t
34

35 such that 7* (%) € I~ (¥) NOM*.

36 .
?Iﬂ particular, we have

- Cop=(y) < Ls+(y),
39 where « and £g« are the marked length spectra of OM™* and S* respectively.
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1 Proposition 6.6 The hyperbolic metrics gypy, converge to h.

> Proof ByLemmas 6.3 and 6.4, we have that up to passing to a subsequence M, — M.
_* In particular, we can concretely realize M, 2 (S x [0, +00), gM,,) in such a way
_° that gy, converges to a hyperbolic metric gps_ such that (S x[0, +00), gar..) = Mo,
% where we have denoted by the same symbol the metric gm, on My and the corre-
" _sponding metric on the model S x [0, +00).

8

9 By abuse of notation, we denote again by r,: S x[0, +00) — S x {0} the retraction cor-
10 responding to the retraction of My onto 0M,,. Let 6, (S, h) — (S %[0, +00), gn,,) be
11 the embedding with first fundamental form I, = cosh?(6y,/2)h, and third fundamental
12 form Il g, = sinh®(0,/2)h.

13
1. Notice that the composition iy = ry 00y (S, cosh? (8, /2)hy) — (S x {0}, gom,) isa

s 1-Lipschitz homotopy equivalence. So i, converges (up to passing to a subsequence)
6 0 a l-Lipschitz homotopy equivalence ico: (S, /) — (S x {0}, gapr., ). Since both
;- and gap are hyperbolic metrics, we conclude that i 18 an isometry. |

18

19 Let Ao the bending lamination of M. In order to conclude the proof of Equation (31)
20 we need to show that Ao, = A/2. In fact, the following general result in Lorentzian
21 geometry and (32) show that

22

, . .0
23 (33) thoo, y) = limEgx (y) = lim €, (y) = lim 7”% () =u(r/2,y),

24

25 for every closed curve y.

26

27_Proposition 6.7 ([5; 6]) Let (X,")nen be a sequence of MGHC de Sitter (or anti-
28 _de Sitter) spacetimes homeomorphic to S x R. Suppose that X, converges to a
29 MGHC spacetime X, . Take any sequence of numbers k, — —oo and let X, be the

30 future-convex surface of constant curvature k, contained in X, .
31

3> Denote by £ the length spectrum of the initial singularity of X%, . Then, for every
33 v € m1(S) we have
34 Esx(y) = Lo(y)

35
36 ashn— +00.

37

38 In the next section we will give a short description of the initial singularity for anti-de

39 Sitter spacetimes and we will apply Proposition 6.7 to this case.
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1 Remark 6.8 In [5], Proposition 6.7 is proved assuming slightly different hypotheses.
2 In fact, assuming that X* is a fixed flat space-time, it is proved that the length spectrum
3 of the level set X*(¢) of the K—-time monotonically converges to the length spectrum
4 of the initial singularity:

5

s (34) 52*0)\50 as t — —o0.

.
?By [3] it is not difficult to see that the K —time continuously depend on the geometric
-, structure; that is, if X’ is a sequence of flat space-times converging to X, then
Tfor t fixed the length spectrum £y ;) converges to the length spectrum L5+ (4, and
rthe length spectrum of the initial singularity of X,* converges to the length spectrum
?of Xoo- Then, by the monotonicity of the convergence £xx ;)\ £n,0, for any sequence

5 In — —00 one gets that £y, ) = Loo,0 a8 1 — +00.

™ In order to apply the same argument to the de Sitter and anti-de Sitter case, the key point
s then to prove (34). In the de Sitter case, the argument used in [5] can be rephrased
% verbatim. In fact, it is based on the convexity of the K —time and the cosmological time

1 _which are true also in the de Sitter case.
18

19 In the anti-de Sitter case, the K—time is still convex, but the cosmological time is not.
20 Thus the argument must be slightly adapted. The convexity of the K—time implies the
21 length spectrum of X* () is monotonically increasing and liminf, oo £xx() > £o.
22 In order to prove that limsup,_, ., £x*() < {0, one can use that the universal covering
23 of $*(¢) is the graph of a function u, in AdS® = H? x S! which converges to a
24 function uy whose graph is the past boundary of X*. By the convexity, we have that
25 also grad(u;) converges to grad(uo) almost everywhere. This fact can be used to prove
26 that, given aloop y in S, every path  joining X to y-X in d_ X * can be approximated
27 by paths &; on $*(¢) whose endpoints are y—related, so that £(S;) — £(&o). This
28 implies that limsup,_, _, EZ*(t) <.

29

30
5 6.2 Convergence on the real axis

32
53 In this section we will prove that

34

—35) Ly (h.hy) = Ejja(h).

35

3¢ Recall that L’eln is the composition of the map L’el1 : T xT — T xT with the projection

37 _on the first factor.
38

39 As in the previous section, we will need a slightly stronger statement.
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1 Proposition 6.9 Let (h,)nen and (h);)nen be two sequences of hyperbolic metrics
2 such that (h,)neN converges to a hyperbolic metric h on S and that (h};) converges
3 to a point [A] in Thurston boundary of T . If 6, is a sequence of positive numbers such
4 that Oplyx — (A, ), then L’eln (hn. hy) converges to Ej j5(h).

%Recall that the holonomy of L/eln (hn, h}) corresponds to the left holonomy of the
- MGHC AdS manifold N, = S xR containing a future-convex K -surface F;, with
5 IF, = cos?(0,/2)hy, and Hlf, = sin? (6r/2)h;; . In order to prove Proposition 6.9, we
~, will show that N, converges to a MGHC AdS structure Noo and Fj converges to
1o the lower boundary d—C(Nyo) of the convex core of Noo. Then we will prove that
1. 0—C(No) is isometric to (S, /) and is bent along a lamination corresponding to A /2.
1, By aresult of Mess [29], the left holonomy of N (that is, by definition, the limit of
13 the left holonomies of Ny ) is equal to the holonomy of E} (%), and Proposition 6.9

follows.

15 In order to prove that N, converges to some structure, we will consider the lifting
T S — N, c AdS3 corresponding to the embedding ¢n S — F, C Ny . The map ¢,
17 is determined up to isometry of AdS? and we will normalize it by requiring that, for
15 some fixed Jy € S, ¢n(Po) = Xo and the normal vector to Fy, = ¢,,(S) at X is equal
19 to Dy for some fixed Xg, Dy in AdS?3.

20 The first step to prove the convergence of N, is to show that ¢, converges to a spacelike
21 embedding into AdS3.

22
Pr0p0s1t10n 6.10 Up to passing to a subsequence, F, converges to a spacelike sur-

. Tace Foo in AdS? and the map ¢, converges to an embedding
25 Poo: S — AdS3
26 _
», Wwhose image is Fo.

8 _The easy part of the proof is to show that fn converges to an embedded surface ﬁOO
29 in AdS? that is achronal. The main issue is to show that the surface Fn, is spacelike.
*_The proof relies on the fact that, for some fixed p € S, the tangent planes of Fy,

31 at ¢, (p) are uniformly spacelike, in the sense that they cannot approximate lightlike
4planes
?"Phe proof of this fact is based on the technical Lemma 6.11.

35 Lemma 6.11 Let b, be the hy,—self adjoint operator such that h; = hy,(bpe, bye) and
36 let 5,: S — S, C M, be the embedding introduced in Section 6.1. Denote by I%
37 the lifting to S of the grafted metric 1 §n introduced in Definition 2.1. Then, for every
38 compact set K C S, there is a constant Ck such that the diameter of K with respect
39 tol §n is bounded by Cg for every n.
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1 Proof For any k € [—1,0), M, contains exactly one K —surface of constant curva-

* 2 ture k , denoted here by M, (k) (where by M,(—1) we mean the boundary of M}).

3 For each n, let G, = SGr’en (hn, h},) be the projective surface at infinity of M,,. Let
4 us consider the natural retraction ITpz, (x): Gn — My(k), which is the limit of the
5 closest point projections My (K) — Mpy(k) onto the convex surface My (k) as K >k
6 converges to 0 (see Figure 1).

12

13

14

15

16

17

18

19

21

An Mg, (—1)(x)
22

23 Figure 1: The retraction Iy, k)

24

%n the universal covering, IT (k) sends a point X € Gn to the tangency point of
—the unique horocycle centered at X and tangent to Mn (k). For k € (—1,0), the
2ﬁmap Mg, k) 1s a diffeomorphism and the inverse is the map obtained by sending
ﬂaach point of y € My (k) to the final point of the geodesic ray starting from y
—&nd orthogonal to My (k). If k = —1, the projection ITaz, (1) is not injective in
ﬂeneral since points on My, (—1) can admit several normal directions. Nevertheless,
—H M, (—1): Gn — My(—1) is a homotopy equivalence.

33 In [37], it has been shown that, for k € (—1,0), the diffeomorphism IT M, (k) 18
3% _conformal with respect to the grafted metric I]*C[ ®) of My (k). The conformal factor

% _is an increasing function of k: this precisely means that the conformal map
36

37 g,k © HX/[ln(kf (M (k), Ix/jn(k)) g (Mn(k/), I]t[n(k/))
38

30 decreases the lengths when k > k’.
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1 Now notice that S, is equal to My,(K,) for K, = —1/cosh?(8,). As definitively
2 Ky <—1/2, the map
3
7 Jn =0y 0Ts, 0Ty 4 y0y0 (Mu(=1/2), Iy, 1 2) = (S.15,)

°_decreases the lengths.
6

7 Since M, converges to an hyperbolic end M, the surface M,(—1/2) converges
8 t0 Moo(—1/2) in C*®—sense. This means that M, can be concretely realized as
9 a hyperbolic metric gps, on S x [0, 4+00) such that M,(—1/2) = § x {1} and
10 such that gps, converges to a hyperbolic metric gas. and Moo(—1/2) = S x {1}.
11 Then the family of 1-Lipschitz maps j, converges to the map joo = 05 o Ilg__ o
12 H;/Iloo (—1/2)° Moo (—1/2) — S, which is a homotopy equivalence.

13

12 Let Joo and J, be the lifting of those maps to the universal covering. Notice that j is

15 aproper map. If K is a compact subset of S, then K’ = f;ol (K) is a compact subset
16 of S x {1}, and K! = 7. 1(K) is contained in some compact neighborhood of K’
17 for every n. In~particular, there exists a constant Cy such that the diameter of K,
1s With respect to IXJH (~1/2) is bounded by Cj for all . Taking Ck bigger than C oy it
1o Tfollows that the diameter of every K, with respect to I;,\E/I,, (—1/2) is bounded by Cg .
50 Since J, decreases the lengths, we have that the diameter of K with respect to / % is

,; bounded by Ck for n large enough. "

22

23 Lemma 6.12 Forevery d > 0 there is a compact set K in AdS3 such that for p € S

24 with dy(p, po) < d, the normal vector v, (p) of F, at én(p) liesin K.
25

*_Proof Lemma 6.11 implies that for any d > 0, there is D > 0 such that for any n
> andany p € Bj;(po,d) there exists a path G: [0,1] — S connecting po to p such
* that £ 7t (S) is bounded by D.

29 Sn

30 We claim (and will prove below) that this implies that
31

5 (36) (R0, Tn(P))] < 222,
13 (37) (Do, Tu(P))] < 2¢%P.

34
51t follows from this claim that v, (p) is contained in

% K = {w e AdS® | (%o, w) <220, (Vp, w) < 2¢?P},
37

38 which is a compact subset of AdS3, and the lemma follows. We now turn to the proof
39 of the claim
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1 We fix n and consider the following functions:

a(t) = —(Xo.pn(S (1)), aL(t) = —(Xo. V(S (1)),
4 a”(t) = —(Vo. ¢a(S (1)), a1 (1) = —(Vo, Vn (S (1))).

N

w

5
4N0tice that a is a positive function since Xo and ¢, (< (¢)) are contained in a spacelike
*surface Moreover, since the surface F, is convex, the plane orthogonal to v, (< (¢))
4rs a support plane for Fy,, so it is not difficult to check that also @ is positive (see

4F1gure 2).
10
11 F,
12 T V(S (1))
13 ;
14 AdS? (X.0n(S(1)) <0
15 :
i ‘ B (G (1)
17 :
m (%.Tu(€(1)) > 0
19 :
201/, 20
21 Figure 2: The product (X, V,(S(?))) is negative.

391/,

22

23 We can decompose X¢ as
24

25 Ko = a(t)pn(E (1) + aL(OFn(E (1)) + D).
% _with V() € T¢n(g(,))Fn. Imposing (Xo, Xo) = —1, we deduce that ||[v(¢)|| <a+a, .
27

28 On the other hand, ||V(?)| < ||’17(t)||,71 and so
29

2 i = (%o, ¢n 0T) = (T, dpn(©)) < (a+a1)[S]l5 .

31 . ~ - 2 On

o du={Fo. By, (@6 ©)) = @+an)| B, O, = @+a) L El
3 ~ 2~

34 Since I§n dominates both %, and QT"h; we see that

35

(a+a1)(0) =2,

36

removed from cases
environment

37 a+ar <2a+ay)|Slye .
38 Sn
39 and by a simple integration we have a +a < 202D
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1A similar argument can be applied to a* and a’] using the fact that the path V(S (t))
2 is contained in the dual surface F that is the surface made of normal vectors of Fn.

3 Indeed, there is a natural map ¢, S — F » that sends a point p to the point dual to
4 the plane tangent to Fy, at ¢n(p). The corresponding embedding data are

5

—38) Ig. =g = sin®(0,/2)h}, B Fr = —1/tan(b, /)b,
7 In particular, F,; is a past-convex spacelike surface, and the previous argument shows
8 that a* +a} < 202D O

9

10 Proof of Proposition 6.10 We will consider the product model of AdS? = H? x S,

11 where the metric at some point (£, ¢'?) is
12

13 gaas’ = guz — x()dv,

14 where x(&) = coshdp2(&. &), where & is some fixed point (see [9]).

4By a lemma of Mess [29], the image of ¢, is the graph of some function H? 3 & >
*e”” ) ¢ S that satisfies the spacelike condition

18 (39) | grad(sn)|l < 1/x.

—We can also suppose that ¢, (o) is the point X = (&g, 0) and the normal vector of F,

201/ ﬂt X is the unit vertical vector.

391/,

22 By (39), the functions s, are uniformly Lipschitz on compact sets of H?2. So, up
23 to subsequence, Fj; converges to a surface Fo, which is the graph of some limit
24 function S, that verifies || grad(seo)| < 1/x almost everywhere.

—Iﬂ order to show that Foo is spacelike, we need to prove that Soo verifies the strict
—mequahty (39) almost everywhere. Notice that the projection 7: F,, — H2 increases
—the length, so the disk D in H? with center (&,0) and radius r is contained in
—ffn opn(Bg (xo, r)). By Lemma 6.12, the normal vectors of F,, on the cylinder based
w D are contained in some compact subset K (independent of n).

31 Since the normal vector at (£, s,,(£)) is the vector

32
(e + 55
33 S
V1= 2| grad(s,) |2 a0

34
35 under the natural identification T'(H? x S!) = TH? @ T'S!, we deduce that there
36 exists € depending on K, such that

- | grad(sy)|| < (1—€)/x

39 for ever € D and every n. This shows that F-. is spacelike

38
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1 Moreover, the restriction of the projection 1y, o ¢y: (§ ,h) = H? on Bj(po.r) is C~
2 Lipschitz, for some constant C depending only on r. Indeed, given a vector v € T35S,
3 let v, = dq&ﬁ(v) and 1, = dm,(v,). We have that v, = i1, + (grad(sy), t1,)3d/39, so
4 08?6/ 2)hn(,7) = (Un, Un) = [l ]|* — x|l grad(sn) 2|17 1> = elliin >
—Since hy — h, there exists C’ such that the identity map between (S, #) and (S, &)

—ts C’—Lipschitz for every n. It follows, after taking a subsequence, that (7, o ¢)
wnverges to a map S — H?, so then we have that (¢,) converges to the map

ue can prove now that the holonomy py: 71 (S) — Isomg(AdS?) of N, converges to

11 [ . . . .
—alimit representation ps, for which ¢, equivariant.
12

2 Lemma 6.13 If ¢, converges to a space-like embedding ¢, then the representa-

' tion p, converges to a representation poo: 11 (S) — Isomg(AdS?) such that Foo is

1 . .
Y poo—equivariant.
16

17 Moreover, the left and right components of p« are discrete and faithful representations
15 of my(S) into PSL,(R).

19
5o Proof First we prove that, for every y € 1(S), the sequence p,(y) is bounded in
5, Isomg (AdS3).

22 Recall that we are assuming ¢, (po) = X for all n and the normal vectors vV, ()
23 are equal to Vg. Now the p,(y)(Xo) = ¢n(y po) form a sequence converging to
24 X0 = ¢oo(y Po) and the p,(y)(Vy) converge to a unit timelike vector vy at X orthog-
25 onal to some support plane of Foo.

26
T’Phis implies there is a bounded sequence of isometry of AdS?, says 7, such that

2 Tnen(¥)(X0) = Xo.  Tnpn(y)(Vo) = Vo.

29 - . .
4Now the set of isometries that fix Xy and Vg is compact; so, after taking a subsequence,
S nPn (y) — 7. Since up to passing to a subsequence we also have t; — 7o, We can
*deduce that p(y) — 13l oT.

33 To prove that p, is converging, it is sufficient to check that two converging subsequences
34 of p, share the same limit. On the other hand, suppose that po, is a limit of a
35 subsequence of p,, then poo makes ¢oo equivariant:

36 o0 (¥ B) = Poo(¥)oo( H).

38 This relation uniquely determines the action of poo(y) on ﬁoo. Since two isometries

30 of AdS?3 that coincide on a spacelike surface are equal the result follows.

37
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1
He are faithful and discrete is a consequence of the fact that they are limit of faithful and
3 discrete representations. |
47
5 If (¢n;) is a convergent subsequence of (¢,), then Lemma 6.13 implies that N, is
6 a convergent sequence of spacetime. Let No, be the limit of such spacetimes. Its
_” holonomy is by definition the limit of the holonomies of the N, . In particular, we
8 can concretely realize N, as an AdS metric g, on S xR, in such a way that g N
9 converges to an AdS metric gn__ as tensors on S xR and (S xR, gn_ ) = Neo.
10
™ Proposition 6.14 F,, converges to the lower boundary 9—C(Neo) of the convex core
2 _of Noo. Moreover, the induced map
13
14 boo: (S.h) > I_C(Noo)
%is an isometry.
17
s The proof of this proposition is based on the following lemma.
19
2o Lemma 6.15 If N is a MGHC anti-de Sitter spacetime and N (k) is a Cauchy surface
20%/2 5, of constant curvature k < —1, then the Lorentzian distance of any point of N (k) from
5, the convex core of N is smaller than arctan /|1 + k.
23
24 Proof We consider the point xo on N (k) with the biggest distance from the convex
25 core. If d is the distance between x( and the convex core, then it is well known that
26 d < m/2 and there exists a timelike geodesic segment ¢ joining the point x¢ to a
27 point yo on the boundary of the convex core with length equal to d [7].
o
29 ~
20 CV)
5 IC(N)
32 9
33 Yo ~
- N (k)
35 =d
36 -
37
38
391/239 Fi 3 Estimatine the di ] ¥ (k) and C(
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1 The fact that the left and right representations 71 (S) — PSL,(R) corresponding to oo
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1 We consider now a lift ¢ of ¢ to the universal cover N C AdS? (see Figure 3). The
2 plane E through o orthogonal to G is a support plane for the lifting of the convex
3 core. Let 24 be the surface of points in AdS? whose distance from & is d. Itis a
4 convex surface of constant curvature —1/ cos?(d). Clearly, %o lies on £¢ and N (k)
5 is contained in the convex side bounded by E¢. In particular, N (k) and E9 are
6 tangent at Xo and, by the maximum principle, the curvature of N (k) is less than the

7 curvature of 9 at X,.

° We deduce that k < —1/ cos?(d), which implies that tan(d) < /|1 + k. ad
9

10 Proof of Proposition 6.14 Since the metrics g Ny; converge to gn. the convex
11 cores of the Ny, converge to the convex core of Noo. (Since the metrics converge, the
12 holonomy representations converge and so that their limit set in do0AdS® converge;
13 therefore also their convex hulls, so the convex cores converge.)

—IH particular, the lower boundary d_C(Ny;) of the convex core of N, converges
—tee 0-C(Nso). By Lemma 6.15, the distance of any point of Fy,; from 0_C(Ny;) is
—smaller that 6y, /2. This implies that F,; converges to 0_C(Nco).

18 In order to prove that the map boo: (S,h) — _C(Nso) is an isometry, it is sufficient
19 to show that ¢oo increases the distances. Indeed, both (S,%) and 9-C(Ns) are
20 hyperbolic surfaces and ¢, is an homotopy equivalence.

21 We will I prove that the lifting ¢oo: (S h) —d-C (Noo) increases the lengths. Given

D.q € S, we consider any path ¢: [0, 1] — S connecting p and g such that
23

5 o B_C(]Voo) is smooth at almost all points of Coo 1= ¢poo 0 C,
A

25 * {(Coo) = doo(Xo0, Yoo) + €,

% where Foo = Doo(P) and Yoo = Poo(q) and doo is the distance in 8_C(]Voo).

27 ~ .

oz Inthe model H2x S! of AdS?, the surfaces F, are graphs of functions e’$7: H? — S'!

5o _converging to e’$=: H2 — S! such that d_C(Nwo) is the graph of e’

30 We have Coo(t) = (£(1), e¥5>E®)) with £:[0,1] — H? Lipschitz function. Take
Ca(t) = (E(1), e EW)) For any smooth point ¥ = (£, e5®)) of I_C(Ns) we

32 have grad(s,)(§) — grad(seo)(£). Indeed, by convexity, tangent planes of F;, converge

33 to support planes of I_C(No).

zLBy the Lebesgue Theorem we have
5

2 1 . .
2@ = [ VIEP X eradton))a

38

1 . .
afo VIEI? = 2@)E. grad(s00))2dt = Eoo),
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11/, since \/||é||2 — X(“;‘)(“g‘ grad(sy))? are all dominated by ||§|| which is an integrable

201/,

391/,

4funct10n

4 Since the endpoints of ¢, correspond to points X, = ¢,(py) and ¥, = ¢,(g,) with
5 Ppn— P and gn — ¢, we deduce that d;(p, ) < doo(Xoo, Joo) + €. Since € can be
6 chosen arbitrarily small,

L 40) d5 (P, ) = doo(Xo0, Joo)-

8
o This completes the proof. a

10

11 So far, we have shown that N, is contained in a compact subset of the space of
12 MGHC AdS structures, and any convergent subsequence of ¢,: S — N, converges
13 to an isometric embedding ¢oo: (S, /) — N, whose image is the lower boundary
12 0—C(Ngo) of the convex core of Nuo.

2 Let Ao be the bending lamination of d_C(Nso). We will prove that Ao = A /2. Since
2 the length spectrum of the third fundamental form Il g, converges to the intersection
17‘spec‘[rum of A/2, it is sufficient to prove that it converges also to the intersection
%spectrum of the bending lamination of d_C(N).

20 Now, let ﬁn* be the surface dual to Fy,. Points of fn* are dual to tangent planes of Fy
21 and F)y is a past-convex surface of constant curvature —1/ sin(6,/2) as (38) shows.

—Glearly, F is invariant under the holonomy action of 7{(.S), so it is contained in N
‘and its quotient is a Cauchy surface F; of N *. By Equation (38), the length spectrum
—ef F » is equal to the length spectrum of the third fundamental form /I F,

26 The boundary of the domain Noo in AdS3 is the union of two disjoint achronal surfaces:
27 the past and the future singularities of N, that are clearly invariant under the action
28 of w1 (S).

iBy Proposition 6.7, the length spectrum of Fy converges to the length spectrum of
%e action of 1 (S) on the future singularity of N, (notice indeed that since F; i
—past convex, in order to apply Proposition 6.7 we need to exchange the time orlentatlon).
?Qn the other hand, by [7] the length spectrum of the future singularity of N * coincides
4W1'[h the intersection spectrum of the bending lamination of the lower boundary of the
wnvex core of Nyo.

36 Comblmng these facts, we deduce that

37

z Ct, () = 10roo, V),

39 S0 Aoo =A/2.
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1y, 6.3 Asymptotic behavior of the measures tr(b,)w,

, O
2
5 Let (hn, hy;)nen be a sequence of normalized hyperbolic metrics on S such that /4,
, converges to /& and /), converges to [A] in Thurston boundary of Teichmiiller space,

. and denote by b, the operator associated to (/,, h;) provided by Corollary 1.5.

° Moreover, let (6,)neN be a sequence such that 6,£;,x converges to t(A, @) in the sense
7 _of spectra of closed curves.

8
Th] this section we study the asymptotic behavior of tr(b,): roughly speaking, it con-
1, centrates around the s—geodesic representative of A. Hence, we will always refer to A
, asto such an /i—geodesic representative.

12 These results will turn useful in the proof of Theorem 6.1 and in Section 7.

13
142 Proposition 6.16 Let VV C S a closed subsurface such that dV is smooth and does

15 not intersect A. Call Ay the h—geodesic sublamination . NV . Then

16

. On /V tr(bp)wp, — Lp(hy),

18 . .
——where wg is the area form associated to g .
19

201/, 2% In order to prove Proposition 6.16, we need the following lemma that is analogous to
2! Lemma 6.15.

22

23 Lemma 6.17 Let M be a hyperbolic end associated to some projective structure
24 on S, and let M (k) be the surface of constant curvature k with k € [—1,0). Then the

25 distance of any point of M (k) from the boundary of M is at most arctanh «/1 + k.
26

27 The proof of Lemma 6.17 is essentially the same as in Lemma 6.15. We leave the
28 details to the reader.

29
50 Corollary 6.18 The family of isometric immersions o,: (S, cosh?(6,/2)h) — H?3

31 converges to a bending map 0so: (S, h) > H?, with bending lamination A /2.

32 ~ ~
33 Proof Since o, are uniformly Lipschitz as maps (S, /1) — H?3, they converge up to

5, Subsequences to a locally convex surface. Combining Proposition 6.2 and Lemma 6.17,

55 we deduce that this surface is the bent surface corresponding to Gr; /> (S). a

?Proof of Proposition 6.16 We consider the embedding o,: S — S, € M,, inside a
;hyperbolic end M, such that

Is, = cosh®(6,/2)hy,.  Bs, = tanh(6,/2)by.

39
391/,
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1 The projective structure Gy, at the ideal boundary of M; converges t0 Goo = Gry /2 (h)

2 (Proposition 6.2). Call M, the hyperbolic end determined by the CP ' _surface Goo.

2A simple computation shows that the area element of S, with respect to Ig ¥ s
44@ 1 = (cosh?(6y,/2) + sinh?(,/2) + sinh(6,,/2) cosh(6,/2) tr(by))wp, , and so ' the
> aréa of o,(V) is

6

41 Arealgn V)= (Areahn(V) + %n /V tr(bn)a)hn)(l +0(6n)).

8

9 As before, we can identify M, U G, = (S x[0,00), gp,,) U S x {oo} so that
10 ¢ the developing map devy: S x [0, o0] — H? converges to deveo (and so we have
&M, —> Moo )

* 0y converges to the pleated surface 0oo: S — (S x {0}, gar..)-

11

12

13
14 'We will call 8dMn the surface in M, at distance d from the boundary and let
15 Iyapr: Gn — 3 M, the projection introduced in Lemma 6.11.

16 ) . .
~_There exists two numbers €, <8, such that S, is contained between 3¢ M,, and 3% M,,
17

?aﬂd, by Lemma 6.17, §,, — 0 as n — 4o00.

1

1o By the monotonicity result proved in [37],

Men ag, Fen pr,) < U5, (15,) < T, pr (Thspg )-

21

22 If A, is the bending lamination of M, then the grafted metric on adMn makes
23 it isometric to e24 gaG, » where gg, is Thurston metric on the projective surface
24 Gn:Grkn(aMn,gMn).

25 So we deduce that
26 ezena)Gn S H?;n (a)Ijén) 5 ezaann’
7
»g and so
2 42) e Areag,(Ilg! @a(V))) < Areapy (V) < e Areag, (Tg! @n(V))).
30
31 Since G, — Goo, their Thurston metrics converge to g, - We claim that ITg ! (Gn(V))
32 converge to I1¢ 5o ! (Goo(V)) in the Hausdorff sense, and so

m 3)  Areay (V) = Areag,, (ITg  (Goo(V))) = Areap (V) + %zh(xy),

** by Equation (42).
36
The result will follow by comparing Equations (41) and (43).

38 In order to prove the claim, it is enough to prove that 9T ! (G,,(V)) — 8H ! (OOO(V))

39 which would follow from the fact that IT S o Oyulay converges to 1o 9 ng_ Py
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1, ! Notice that I, is a diffeomorphism, and I oooo|3V is well-defined and continuous
2
2 since dV does not intersect A.

2 et (Pn)neN be asequence of points in AV such that p, — p. The point Hgnl (@0 (pn))
—ts the ideal point of the horocycle U,, tangent to S, at 6,(p,). By convexity of the
—surfaces Sy, one can easily see that U,, converges to a horocycle Uy, tangent to S
*a{ aoo(p) Since p € A, such a Uy is unique and so its ideal point is necessar-

HJryH (D). o

4Corollary 6.19 Let hy, be a sequence of hyperbolic metrics converging to h, and
&let h;, be a diverging sequence of metrics. Then, (6,€y* (¥))neN is bounded for every
4}46 m1(S) if and only if 6y [ tr(by)wy,, is bounded.

13—6.4 Proof of Theorems 1.12 and 6.1
4

15 Proof of Theorem 1.12 Let us fix a hyperbolic metric # on S and a sequence of
16 hyperbolic metrics /;, converging to a point [A] in Thurston boundary of 7. Fixing a

17
: sequence 0, such that 6,¢;+ converges to t(4,e), let us set
1

19 Leien (h ) - (hns n)

201/, 2% In Section 6.2 we showed h,11 — Ej 2(h). To conclude the proof we need to prove
2
» (@4) Qnﬁh% — (A, ).

2>_The main issue to prove (44) is to show that for every y € (S), there is C = C(y)

2% such that
25

26 (45) O,ZEh% (y)<C.

2"_Corollary 6.19 indicates that, in order to prove (45), it is sufficient to bound

28

29 9}1 / tr(b,;)a)h}l .

30 S

31 where b/, is the /1] —self-adjoint operator such that 12 = h (b! e, b} 8). Now we have that

52 bl = BlbuB; ! where By = cos(6,/2) E +sin(6,/2)J by, and wp1 = det(Bn)wp = wp.
33 S0, O [ tr(by)wp1 = bn [ tr(bn)wy, thatin turn is bounded since 6, £+ (y) is bounded
34 for every y € m1(S) by hypothesis.

—Itfollows that there exists a measured geodesic lamination p such that, up to passing
—te a subsequence, 0,4 R t(u,e). To show that ;& = A, notice that by Proposition 6.9

;wehave that
11,2 (46) Lo, () = Ep o (fioo).
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1 On the other hand, we have that

L:,ien (h,lp h;21) = L;mn (Leiﬂn (h’ h;)) = L:,Zien (h» h;)

3

4 So, applying again Proposition 6.9, we obtain that
5

s @ Llioy (hy.hy) = Ex(h) = Ej 3 (heo).

" Comparing (46) and (47) we conclude that E} /5 (heo) = E;;/2(hoo) andso A = . O
8

_° Proof of Theorem 6.1 Let /i and %, as above. Forall z =17 +is € H, we have to
1 prove

11

1 (48) Py (1 hy) = Groja(E—g 2 ().

2 Recall that Py (h,hy) =SGrg,s0L" , (h,hy). Note that if we put

14 n n

15 Ly (hhy) = (hy hy),
16
17 Theorem 1.12 shows that h,ll — hoo = E_43,/2(h) and 9,1@,1’21 — A.

iApplying Proposition 6.2 we conclude that
19

Py (h,hy) = SGr,s(hy. hy) = Gre. 2 (E_2(h). O

21

22 6.5 Convergence of the distances
23

24 The aim of this section is to study the asymptotic behavior of the sequence of distances
25 induced by the metrics 62/} introduced in the previous section. By our assumption,
26 the length spectrum of /; rescaled by 6, converges to the intersection with A. Notice
27 that this assumption only concerns the isotopy class of /. On the other hand, once we
28 concretely fix /, the metric hy; is uniquely determined in its isotopy class by requiring
20 the identity map (S, #) — (S, h;) is minimal Lagrangian. The result we consider in
30 this section deals with the asymptotic behavior of /;; considered as concrete metrics
31 on S. Clearly, these results are valid for this choice of gauge, and are no longer valid
32 if we change /} by some isotopy.

> Notice that the representative A of a point in Thurston boundary of 7(S) can be chosen
**_to be a measured geodesic lamination for any hyperbolic metric on . In order to study
“_the behavior of hy;, it is natural to fix A as the concrete measured geodesic realization
%with respect to the metric /.

38 Let us fix a universal cover S — S and denote by Ji and i[; the pullback of the

30 metrics 4 and /i, on S. Finally let A be the pullback of A on S.
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1 Proposition 6.20 Forevery p,q € S \ A we have
2

S @9) bnds (5.7) — 1@ 7).

4 ~ . -~ ~ ~ . ~
?Where a is any smooth path in S joining p to ¢ and meeting each leaf of A at most
-, once and transversely. Moreover, the convergence is uniform on compact subsets
—of S\ A.

7

8

~, Theorem 1.14 is a direct consequence of this statement, so that its proof will be a

Lo_consequence of the proof of this proposition.

1 First, notice that it is sufficient to prove Proposition 6.20 after rescaling 6, and A by
!> some arbitrary factor. In particular, we may assume the projective surface Gry /»(S, /)

13 is quasi-Fuchsian. This technical assumption will simplify some steps of the proof.

14
15 First we show the following.

16
17 Lemma 6.21

18

——(50) liminf 6,d7. (5.3) > 1(@. ).
20
5, Proof Let M, be the hyperbolic end introduced in Section 6.1 with /,, = i and let

> On: S — A7[n be the lifting of the embedding 0,: S — M, . By Proposition 6.2, M,
3 converges to the hyperbolic end facing Gr; /> (S, ). In particular, we may assume
-, that M, are all quasi-Fuchsian, so that M,, is a concave region of H?3.

iBy Corollary 6.18, the family of embeddings (0n)nen converges to the bending map
iaoo: (S, h) — H?3, with bending lamination A/2.
27

26 Let 75 SF — 8]\7,1* be the 1-Lipschitz map defined in Lemma 6.5. We denote
20 by En(p) the plane in H? corresponding to 7 (0,5 (7)) and by E,(7) the plane
30 corresponding to 7, (0, (7)).

31 ~
;We have that E,(p) and E,(g) are both support planes of dM,. Now let us put
Lt =danzy (7 (0, (D). 7 (07 ().

34 Since 7, decreases the distances we deduce that
35

On -
36 (51) tn < dm, (on(P), 0n(q)) ~ ?d}{;(PvED-

37

38 We claim that E,(p) and E,(q) converge to the support planes of IMso at 0o (p)
30 and 0oo(g) respectively.
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11, t Let us explain how the conclusion follows. The claim ensures that it is possible to
2

2 construct a sequence of arcs &y: [0, 1] — 8M such that
3

e ecach @, intersects each leaf of kn at most once and transversely; moreover

4 . ~ . . =~
endpoints of &, are contained in d My \ Ay;

5

e endpoints of &, are close to E,(p) and E,(g) in the sense that we have that
dypzy (@ (0), 1 (0, (p))) and dypzx (@5 (1), 7y (0,7 (9))) converge to 0;
Op converges to a path &o, connecting the stratum of IM oo \A containing

9 0o0o(p) with the stratum containing 00 (g).
10

;; Thus we have L(A/Z a) = L()\/2 Aoo) = hmnt(kn,a,,) By (32), we have that
. (O, ap) = aMn (@;;(0),a, (1)), so we conclude that

13

6

~

©
[ ]

L(X/2,67) =li’£ntn

14

15 and the conclusion of the Lemma follows from Equation (51).

—In order to prove the claim recall that 7,7 sends any point X* of §,’{ to a point in 8]\7,1*
—that lies in the past of X* (Lemma 6.5).

19

20 En(D)
201/,

21 ~

22 aMn TO'n (2] §”

23

2 gn on(D)

25

26 Mn

27

28

Figure 4: Convergence of the support planes
29

30 This implies E,(p) and T, an(ii)gn are disjoint planes. In particular we deduce
31 that E,(p) separates o,(p) from dM, (see Figure 4). This easily implies E,(p)
32 converges to the support plane of 8]\700 at 0so(p) (that is unique by our assumption
33 that p does not lie on X). Analogously E,(g) converges to the support plane of 3]\700

34 at 000(q). O
35

36 To conclude the proof of Proposition 6.20 we need to show that

37

T 452) lim sup Ond. (7, 7) < (@, 2.

38

301/ 390 In order to estimate ~ (D, q e need the following result.
2 n
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1 Lemma 6.22 Let U be any convex smooth surface in H* and let X, 7 € U such that
2 the support planes Ex and E 5 at X and y intersect. Then the distance between X and y
3 with respect to the third fundamenta] form of U is less than the angle between Zx
4 and E

S
s We first prove a 2—dimensional version of this lemma.

4Sublemma 6.23 LetC t G be a convex curve in H? joining two points X, 7. Suppose
ﬂhat the support lines I % and [ at X and y intersect. Then the angle they form is bigger
Tthan the integral of the curvature of C .

™ Proof By Gauss—Bonnet formula, the area bounded by /5, [ 7 and G is equal to the

2_difference between the wanted angle and the integral of the curvature. |
13

14 Proof of Lemma 6.22 First we translate the condition that planes intersect in terms
15 of a condition of dual points X* and y*. Recalling that X* and y* are unit vector
16 orthogonal to the planes (and pointing in the concave region bounded by U), we easily
17_derive that Ex and Ej intersect if and only if the segment k™ joining X* to y* in ds?
18 is spacelike, in Wthh case the angle between Ex and Ej coincides with the length
19 of ¥

—I:et IT be a timelike plane contalmng &*. Since U* is an achronal surface, U* N TI
—ts a curve containing X* and y . Let €* be the segment on U*N1 connectmg x*
—te y*. Clearly, the length of C* is greater than the distance on U* between X* and 7 y*
41-1‘1 order to conclude, it is sufficient to prove that the length of C* is less than the length
‘ef K*.

-6 Notice that this is a 2—dimensional problem. In fact, let Y be the timelike linear
27 3—space in R>! such that IT = Y NdS?. The intersection Y N H? is a hyperbolic
28 plane denoted by A. Points on IT correspond to planes of H? that orthogonally
20 meet A. In particular, points on IT bijectively correspond to lines on A and points
30 of A correspond to spacelike lines of IT.

3! _Consider the curve € on A of points corresponding to support lines of ¢*. Notice that
32_support lines at the endpoints of < are E5x N A and E5 N A, so the angles these lines
33 _form is equal to the angle between Ex and Z 7 and it is equal to the length of ¥*. On
34 _the other hand the length of £* is equal to the integral of the curvature of <. Thus the

35 _conclusion follows from Sublemma 6.23 . O
36

37 Given any geodesic € € (S, E), we say that 0,(C) is a short path if the support planes
38 at 0,(C(0)) and 0,(C(1)) intersect. If 0,(C) is a short path, then we denote by

39 c) e the angle between the support planes at its endpoints.
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1 Analogously, we say that 0, (C) is a short path if the endpoints of 0, (C) are outside the

2 bending lamination and the corresponding support planes intersect. In this case, 700 (<)
3 is the angle between such planes.

:—Glearly, if 050(C) is a short path, then ¢,(C) is definitively a short path and we have
Tfhat M (S) = Noo(S)-

" Lemma 6.24 There exists €y such that if @: [0,1] = Sisa geodesic path for I of
8‘length less than €, then
9

10 *  0c0(Q) is a short path,
T e U@ R) S 00(@) = (14 L@@ D).

12

13 Proof The first point easily follows, since Seo is invariant under the action of a

14 _cocompact group of isometries of H?3.
15
—About the second point, notice that the first inequality is given by Lemma 6.22. The

1, second inequality is more subtle. Choosing € sufficiently small, we can suppose that
——either & intersects only one isolated leaf of A or it intersects no isolated leaf. In the
1o first case the second inequality is obvious.

20 Up to taking a smaller €y, we may suppose that, if 7" is a hyperbolic triangle with
21 an edge e of length / < ¢y and the angles ¥;,?, adjacent to e less than 7 /4,
22 then the area of T is less than /9,. Now take a geodesic & on S of length less
23 than e which does not intersect the isolated leaves of the lamination. Taking any
24 subdivision @(0) = py, ..., pm+1 = (1) of @, we consider the support planes E;
25 of Goo(§ ) at 0eo(pi). If the subdivision is sufficiently fine, then the angles %;
26 between Z; and E;1; are less than /4. Now consider the boundary 0K of the
27 convex set K obtained by intersecting the half-spaces bounded by =1, ..., 841
28 and containing 0 (§). Notice that dK is a finite bent surface: indeed, its bending
29 lines are &; N E;4; for every i such that E; and E;4; are different. We claim that
30 oo (@) < (14 Ei;@)) > ¥;. Taking a sequence of arbitrary fine subdivisions, we have
31 that Y 9; — (&, A), so the second inequality follows from the claim.

%In order to prove the claim we use an inductive argument. Notice that, if 21, E,, E;
L, are distinct, then &1 N E, N B3 = &. Thus, there is a plane A orthogonal to all of
*them The triangle T' obtained by intersecting AN &y, AN E, and AN Ej3 has
wgles %, and 7 — ¥, where 9 is the angle formed by E; and Ejs.

37 Notice that the length of the edge between ¢y and ¥, is less than the distance be-
38 tween pp and p,, and so it is smaller than €g. We conclude that the area of T is less

30 than d7(p1, p2)¥,. In particular, we deduce that 1_21 <% + (1 +dz(Py1, p2)).
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9

10
4If at least two planes among E1, 85, &3 coincide, then the area of T is zero, and so

ﬂ% =91+ = + (1 +d5(p1, P2))-

_Apply now the same argument to the planes E1, 3, 4. If ¥, is the angle formed
¥ by By and E4, then 95 < 91 + O3(1 + dj(P1. P3)) < 01 + 92(1 + dj(Pr. o)) +
B 93(1+dj(p1, p3)). lterating this procedure we deduce the angle between E1 and B
wiiSboundedby i+ (1+d5(p1, p2)+03(1+d5(p1, p3)+- -+ Om(1+d5(P1, Pm))
7 _and this quantity is less than (1 +£5(&@)) >_ 0. O

18

19 We can now prove (52). Fix € < €y and subdivide the geodesic & joining p to ¢ into
segments ¢; of length less than €. Let p = py, pa2,..., Pm+1 = ¢ be endpoints of
2! _such subdivision.

4F‘0r n large, 0,(@;) are short paths and so by Lemma 6.22

24
2 limsup dprs (7.9) < Z n(@).

27 On the other hand, applying Lemma 6.24 we deduce that
28

2 Yo n@) =@ 11 +e).

30 i=1

31 The uniform convergence follows from the fact that the whole argument works as well,
2 if we consider sequences of points Pn— p and ¢, — ¢ belonging to a compact subset
33 _of S\ A. This concludes the proof of Proposition 6.20.

34

35
35 7 Behavior of the centers

37

38 In this section we want to discuss the behavior of the centers ¢, when 4 is fixed and

390 h* — [A] in Thurston compactification. Our aim is to prove that the limit point(s) of
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1 does not only depend on / and [A] but also on the sequence /1;. As a consequence, we

2 will see that the analog of Theorem 1.12 does not hold if the sequence of centers (c;)
3 converges to a projective measured lamination; see Corollary 7.3.

11/

:—Fix a hyperbolic metric 7z on S and let ¢ be a point in the boundary of the augmented
—Teichmiiller space of S. Then let ¢’ be the unique complete hyperbolic metric of
4n1te area on S\ I in the conformal class ¢, where I' is the disjoint union of simple
*elosed curves Y1, ..., Y. Up to isotopy, we can assume that y; is a geodesic for /4 and
—we denote by ¢; the h—length of y;. We will also denote by S the surface obtained

—f—fom S by collapsing each y; to a node v;.

(o))

11 We recall a construction of an infinite energy harmonic map f: (S\T,¢’) — (S\T, /)
ﬁy Wolf [44]. For every i =1,...,/, choose a sequence s; , — 400 with s;, > 1.
13 Let U; 4+ (s) and U; —(s) be the cusps of (S\T', ¢) bounded by horocycles of length 1/s
14 near v; and let Uj(s) := Ui,+(s) U Ui —(s) and Ui(s) :=Ui(s) Uy;.

—Fix an isometry £ ¢: Ujo(1) = U/(0, y) ~ (1, y) with U =[0, 1]x[1, +-00) C H? and
—put on Uj «(1) the flat metric |¥;| induced by the quadratic differential ¥; = .(dzz).

15 Define a new metric ¢ on S\ I" which

19

 agrees with ¢’ outside | J; U;(1) and with |¥;| on each Uj (1),

20
201/,
21

22 e ¢ is smooth away from dU;(1).

23

22 Let U/, (s) be the annulus Uj,e(s) \ Ui,e(si,n) and call U/ (s) := U/, (s) UU/_(s).
25 We denote by éf’ : .” (1) = U/ ~ the restriction of &; .

e is in the conformal class c,

4"Fhen S, is obtained from S by removing U; (8i,n) from the cusps adjacent to ;. Gluing
;the seams together, we obtain a compact surface S, with quadratic differentials vl
2 on U /(1) obtained restricting W;, with d1st1ngu1shed geodesics y/" _corresponding to

4the seams and collars U"(s) =U/"(s)Uy;". We will also define &}': U”(l) — U/~ as

31 ) " (p) ifpeUl”+,
3 &'(p) = . n ; n
1+2i (Si,n +1) _Si,_(p) if pe Ui,—'

33

34 Notice that the metric ¢, induced by ¢ on S, determines a point ¢, in 7(S): we will
35 denote by ¢, the hyperbolic metric in the conformal class ¢j,.

36
?Notice that, hidden in this construction, there is an arbitrary choice of twists associated
L o the gluings or, equivalently, to the charts &; o.

.y 39 Call f,: — the unique harmonic map in the given homotopy class [12].
2
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1 Theorem 7.1 (Wolf [44]) Up to subsequences, f, converges C*% to a harmonic
2 map f: (S\I,c)— (S\T,h) onthe compact subsets of S\ T.

j—The Hopf differential ® of f looks like ® = (£2/4 + O(e~?"7°%i+))V; in each
-, eusp Uie(1) of (S\T,c). Moreover, the energy density e(f;¢,h) — 61.2/2 and the
Tholomorphic energy density H(f;¢, h) — E?/4 as yo&je— +00.

7

S—We will assume throughout this section that we have already extracted a good subse-

Tquence (which we will still call f;) so that the above theorem holds.

10 Now let /; be the metric on S antipodal to /2 with respect to ( f)«c,. Because of the
11 theorem, /;; converges to some /#* smoothly away from I'.

12

13 Proposition7.2 Letl=b;=---=b,>b,y1>--->b;>0 andput 5; , = (a,-/ﬁ,-)t,?i ,
14 where a; > 0 and t, — +o00. Then, up to subsequences, ¢, — [b1y1 + -+ + byy;] and

15 hy —[ayy1 + -+ ary,] in Thurston compactification of T (S).
16

17_Corollary 7.3 If h is fixed and h}, — [A] in Thurston compactification, then c, does
18 not necessarily converge to [A]. If h is fixed and c¢;,, — [A] in Thurston compactification,
19 then h;, does not necessarily converge to [A] and so the cyclic flow centered at c,, does

20 not necessarily converge to an earthquake along A (with any normalization).
21

22 In order to prove Proposition 7.2, we need to estimate the transversal length trly, (c;,),
23 _that is, the width of a standard ¢, —collar of y/" bounded by hypercycles of length 1.

24

25 Lemma 7.4 The extremal length of y; at ¢, satisfies
26 1

27 R = EXtyi (Cn) = b
Ci+2(a;i /L)t 2altnl

i

28

20 and so trly, (c},) =< 2b;logty.

30
31 Proof By constructlon (U (1), ¢,) contains a flat cylinder of circumference 1 and
32 helght 2(ai/l; )tn and so the extremal length satisfies

33

34 EXt)/i (Cn) 5
35

Za,-tni

36 On the other hand, consider a metric e2*

&p on S, which is in the conformal class ¢,
37 which agrees with ¢, on S\ U; i U " and such that the e?%¢, —area of U ™ is bounded

38 by a fixed constant for j #i and the distance between the two boundary components

30 of U" is at least 1. For instance, one can define e¢* be constantly 1/s; , on the
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1 regions U j” (2) forall j #i, which interpolates between 1 and 1/s; , on U ].”(1)\17 j” 2)
2 for j # i, and which is constantly 1 elsewhere.
> Then £y (e*"&y) = 1 and Area,oug (S) < Cy + 2(a,~/€,~)t,f" where C; is a constant
*_that depends only on x(S) and k. Hence,
5

1
6 Exty, (¢n) = -
7 Ci +2(ai /i)ty
% As Exty, (cx) — 0, Maskit’s estimate (see Maskit [27]) gives £, (c;,) =< 7w Exty, (cp)
_° _and so trly, (c;) < —2log{y, (c;) < 2b;logty. O
10

11 For each i, fix an open neighbourhood A; C (S, ¢) of v; whose closure does not
12 contain any zero of ®, and such that (A4; \ v;, |®|) is the union of two annuli. More-
13 over, choose standard /s—collars R; C (S, /) around y; such that R; C f(4;). By
12 Wolf’s construction (see [44]), outside U; f ~1(R;) the Hopf differential ®, of f;
15 converges C1% to ®.

16 Here we recall that, by definition,
17

18 h =2(fn)x Re(®y) +e( fu: Cn, h)Cn,

19 where e( fy; Cn, h) is the energy density; moreover, by Equation (2) in Section 3.4,

1
21 (/n)x Re(Py) = Zh((E —by)e. ),
22
23 and so b, converges C!** to b outside U; Ri.

24 Notice that the horizontal (resp. vertical) directions of ®,, are exactly the eigenspaces
25 of b, corresponding to the smaller (resp. bigger) eigenvalue.

26

»7 Lemma 7.5 Fix asmall ¢ > 0. Up to shrinking R; and for n large enough,

4 9, ’

———1‘<e,
2wy

28

29

30

31

2 y

32 1

3 inevery f;7 1 (R;).

34
35 Proof Up to shrinking R;, we can assume that R; C fn(ﬁi” (3)) and there we have

36

<52/2,

37

4 .
EH(f;C,h)—l
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1 As f;7Yor, = /" 'lar,» for n large enough f, 1(3R;) is contained inside U(2).
2 Moreover, we have that (£7,)«®, — (§;,¢)x® in a compact neighbourhood Kj e of

3 & (f, '(@R;) N U,) and so

4

5

— (&, -)* e%/2

6

" in K; .. Thus,
8

9

)* ‘<8
10

11 in K;.. Because &', is holomorphic and ®,,/ \I’l” is a holomorphic functionon £, 1(R;),
12 the same estimate holds in £, !(R;) for n large enough.

13
., Inasimilar way, if H, = H(fu; ¢n, 1), then the energy density and the Jacobian of f
. are given by

16 | n|2
17 e(fn,cn’h) |\I]n|27‘[n
18

19 which implies H,, > [®,|/| V| > (£7/4)(1 —&?) on f; 1(R)).

| @l
W7 12 Hn

j(fn;gn,h)=/Hn_ >0,

201/2 %@n the other hand (see [43], for instance),

391/,

22 Ac,logHpy =27, >0,
23

L. andso Ag, log(4H,/€%) >0 on U"(2). As log(4H,/L?) < &2/2 on 3f, 1 (R;) for n

24

large, we obtain H, < (Kl.z/4)(1 +&2/2) on f,;71(R;) and so the wished estimate
o for e(fu;Cn,h). |

27
-g Thanks to the previous lemma, we can draw a few consequences.

%Gorollary 7.6 (i) The metric h* has nodes at I' and h}; — h* in the augmented
Teichmiiller space.

31
3 (ii) Inthe whole f,~ L(R;) found in the above lemma, the bigger eigenvalue « of b,
33 is greater than 1/2¢ for large n.

34
35 Proof As for (i), notice that /1, = —2Re(®,) +e( fn; ¢, h)Cy. Because of Lemma 7.5,
36 forevery &> 0 there exists R; such that, for n > n(g), the h;, —norm of (fno(élf’)_l)*ax
37 is at most 2¢¢; the s, —norm of ( f, O(E;’)_l)* dy is at most 2ef;. Thus, £y, (h},) <2el;
38 and so £y, (h;,) — 0. As h;; — h* on the compact subsets of S\ I', we conclude /*
39 has nodes at y; and the sequence converges in the augmented Teichmiiller space.
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1 As for (ii), the identities seen in Section 3, Equation (2), f,h=2Re(®,)+e(fu;Cn. h)in

2 and fn*/’l((E — b%)', 0) = 4Re(<1>n), give rearranged sentence for
- improved line break
3
" h((E = bp) (fu)sv. (fu)sv) _ 4Re(Py) (v, v)
5 h((fn)xv, (fn)xv) 2Re(®p) (v, v) + e(fn; Cny ) Cn (v, v)
6 for any vector tangent v to (71.”(1). Choosing v = (£/')*0,, we obtain
-
6 h((E =b7)(fu)+v. (fa)xv) _ €7 (=1+3e?)
9 h((fn)xv, (fn)xv) T ALze?
2 on Ui”(l) N £, Y (R;) and so 1 —k? < (—1/4€%) + 1 there, that is k > 1/2¢. |
11

2 Up to subsequences, we can assume that h,, converges to a point [A] in Thurston
2 boundary. Notice that A must be supported on y; U---Uy; and so A = w; y; +---+w;yy

14 .
— with wy,...,w; =0.
15

16 We will show that [A] =[ayy1 + -+ aryr], and so the result will not depend on the
17 chosen subsequence.

% Let (Bp)nen be a sequence of positive numbers such that 6,4 hy > LA e).
19

2 Lemma 7.7 Forevery i, we have 0,4;s;, — w; as n — 0o.
21

*2_Proof Let ¢ > 0. We can choose a collar y; C R; C S such that tr(b,) > 2/¢ on R;
2 and |éizd>n — W < &% on f, ' (R;) for n large.

24

25 As fn_l — f~1on S\T, we can assume that there exists ¥ > 1 such that for n large, rearranged sentence for
=i — 7i— improved line break
0 Up(1) 2 fy ' (R) D Uy (3). ’

27

abuse of notation, denote jus X, e Euclidean coordinates on R; given
I b f not denote just by y) the Euclid dinat R;i g by
;the parametrization &' o fy.

30 By writing the relation 4 Re(®,) = h((E —b2)e, ®) in coordinates on R; and taking
31 the determinant, we obtain

32
33 (53) (14 ()7 dx Ady = \[tr(by)? — 4 wy,

z:—where [n(e)| < &2 for n large, by Lemma 7.5.

36 By Corollary 7.6(ii), (1 —&%/2) tr(by) < /tr(by)? —4 < tr(b,) for n large.
%Multiplying by 6, both hand sides of Equation (53) and integrating over R;, we get
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1 Now,
2
S G9) 0l (sin— ) < 002 / dx A dy < 6,051,
R;

4
5 and 0, fRi tr(by,)wp, — w;if; by Proposition 6.16.

6 The result follows by comparing Equations (54) and (55). |

4Pr00f of Proposition 7.2 By Lemma 7.4 and Maskit’s estimate, we immediately
*Obtam that ¢, — [b1y1 + -+ biy].

10 By Lemma 7.7,

b.
11 Wi . Aisin . aity'
— =lim E— =lim —
12 wj n Ljsjn "ait)
13
. which shows that [A] = [a1y1 + -+ ary,]. O

16 8 The landslide flow on the universal Teichmiiller space

17
15 In this section we show how the construction of the landslide flow L extends to the

1o universal Teichmiiller space. We believe that this S I action on the product of two

-0 copies of the universal Teichmiiller space can be of independent interest, but limit our

,, 1nvestigations here to its definition and to checking that it is nontrivial.

> 8.1 Minimal Lagrangian maps and the universal Teichmiiller space
23

24 The universal Teichmiiller space 77 can be defined as the quotient of the group QS of
25 quasisymmetric homeomorphisms of the circle by composition on the left by projective
26 transformations; see eg [14]. We will show here that the map L defined above extends
27 to a circle action £ on Ty x Ty . This is based on the following statement.

—’Fheorem 8.1 ([9]) Let w € QS. There exists a unique quasiconformal minimal
‘Lagrangmn diffeomorphism m: H? — H? such that dm = .

31 We call g the hyperbolic metric on H?, and V its Levi—Civita connection. It follows
32 from the basic facts on minimal Lagrangian diffeomorphisms, as recalled in Section 1.5,
33 that there exists a unique bundle morphism b: TH? — TH? such that

34 o m*g = g(be,be),
B e det(h) =1,

36

e b is self-adjoint for g,

37

- o b satisfies the Codazzi equation: d¥b = 0.

39 Since m is quasiconformal, b has eigenvalues in 1 for some € > 0; see
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1 8.2 An extension of L to the universal Teichmiiller space

5 The construction of the S'—action is based on the following definition and lemma.

4

5 Definition 8.2 Let 1} € OS and let el? € S1. Let m: H? — H2 be t_he unique
6 quasiconformal minimal Lagrangian diffeomorphism such that dm = i, and let
2 b: TH? — TH? be as above. We call

8

Bo = cos(8/2)E +sin(6/2)J b,

9
10 and set g9 := g(Bge, Poe) and gj = g(Bo+r®, Bo+n®)-
11

12 Lemma 8.3 With the notation above, gg and gj are complete hyperbolic metrics

13 on H?. The identity map from (H?2, gg) to (H?, gg) is minimal Lagrangian and
14 quasiconformal.
15

16 Sketch of the proof The fact that gg and g have curvature —1 follows from the
17 same argument as in the proof of Proposition 1.7; we do not repeat it here. Moreover,
18 the argument given in the proof of Theorem 1.10 also shows that the identity map
19 from (H?, gg) to (H?, gg) is minimal Lagrangian.

20
,, To check that the identity between (H2, g) and (H?, gg) is quasiconformal, it is
-, sufficient to prove that the eigenvalues of the bundle morphism !By - By are between €’

,; and 1/¢€’, for some €’ > 0 depending on €. However det(8g) = 1 by definition, so
-, that ’Bg - By has determinant 1. To compute its trace, notice that

2 "By - Bo = cos?(0/2)E + sin?(6/2)b? + cos(8/2) sin(6/2)(Jb —bJ)
26

»7 and that tr(Jb) = tr(bJ) = 0. It follows that

2 tr(* By - Bg) = 2 cos?(0/2) + sin>(0/2) tr(b?).

29
30 Since the eigenvalues of b are in [e, 1/€], it follows that the identity between (H?, g)
31 and (H?, gg) is quasiconformal, and that gg and gg are complete. O

32

33 As a consequence we can give the definition of the action considered here. Let
32 Y, Y* € QS represent points [¢],[¥*] € Ty. Then ¥ :=y* oy~ S1 > Sl isa
35 quasisymmetric homeomorphism: let m: H? — H? be the unique quasiconformal min-
36 imal Lagrangian diffeomorphism with dm = 1/_/ We can then define a bundle morphism
57 b: TH? — TH? as above, as well as two hyperbolic metrics gg and g} associated

38 to § and b, as in Section 3. Lemma 8.3 shows that the identity between (H?, gg)
30 and (H?Z, gj) is minimal Lagrangian
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1 Since gy is hyperbolic, (H?2, gg) is isometric to the hyperbolic plane. The identity
2 between (H2,g) and (H?, gg) therefore determines a quasiconformal diffeomor-
3 phism Wy between (H?, g) and H?, well-defined up to composition on the left, with
4 boundary value Yy € QS. Similarly, the identity map from (H?, g) to (H?, gz)
5 determines a quasiconformal map Wy between the hyperbolic plane and itself, with
6 boundary value ¥5 € QS. Then \115 o \Ilgl is a quasiconformal minimal Lagrangian
7 diffeomorphism by Lemma 8.3. We define L as

. Lo (V). 0D = ([Wal. [W3).

10 To establish a relation between 7y and Ty, fix a hyperbolic metric .o on S and a
11 universal covering map H? =~ (§, Eo) — (S, hg), so that pg: 71(S) — PSL,(R) is the
12 associated holonomy representation. Given [h] € Tg, we can consider the lift h of h
13 to H? and let p be its holonomy representation. The identity map from (H?, }70) to
14 (H2, E) determines a quasiconformal diffeomorphism W of H? to itself, with boundary
15 value ¥ € QS, that conjugates the action of pg on H? to the action of p.

9

S is: Ts = Ty be the canonical embedding of Teichmiiller space of S in the

" _universal Teichmiiller space defined as ig([A]) = [V].
18

19 Proposition 8.4 The restriction via ig of L to Tg x Ts C Ty X Ty 1is the landslide

20 action L.
21

2o Proof Let [y]=ig([#]) and [y*]=ig([1*]) be points of ig(Ts) C Ty . Let p and p*
-3 be the holonomy representations of 4 and &* respectively. Then v and ¥* are the
24 boundary values of quasiconformal maps W, W*: H? — H? which are conjugating py
5 toactions p and p* on HZ2. By construction, gg = ﬁg is p—invariant and gj = }75 is
26 p*—invariant; moreover, Wy (resp. Wy ) conjugates the action of pg to the action of
27 the holonomy representation pg of /g (resp. the holonomy representation pj of /7).
2s Hence, ([Yg], [¥p]) €is(Ts) xis(Ts) C Ty x Tu , and the restriction of £ to Ts x Ts
o9 coincides with L, as claimed. O

30
314Theorem 8.5 The map L defines a nontrivial action of S on Ty .

*2_Sketch of the proof To prove that £ determines an action of S, it is sufficient
*_to check that, Leio (Lyior (V] [¥*]) = L,iw+on (Y], [¥*]), for all 0,6" € R and all
24—[1#], [v*]eTu.

5
5 However, this follows from the fact that W o \Ifgl is minimal Lagrangian, followed by
5, the same argument used in the proof of Theorem 1.8; so we do not repeat them here.

38 The nontriviality of L is clear, since L is nontrivial in all the copies of Teichmiiller

39 spaces of surfaces of finite genus; see Proposition 8.4. O

Geometry € Topology, Volume 12 (2013)

rearranged sentence for
improved line break



11/

201/,

391/, ——

PROOFS - PAGE NUMBERS ARE TEMPORARY

A cyclic extension of the earthquake flow I 171

1 9 Applications, extensions, and questions

3 This section contains a brief outline of some possible applications of the landslide flow
4 developed here, and of some open questions.

o

(o))

° 9.1 Holomorphic disks in Teichmiiller space

~

8 One obvious consequence of Theorems 1.15 and 5.1 is the existence of many holo-
9 morphic disks in Teichmiiller space of S: given i, h’ € T with & # h’ and given
10 e ST\ {1} there exists #* € T and a holomorphic map Ce(h, h*): A — T from the
11 unit disk in C to Teichmiiller space of S, such that Cy(h,h*) =h and Ce(h,h*) =1'.

124& is of course conceivable that the disks obtained in this manner for two different
4values of /4’ have the same image. However, there are reasons to believe that it is
ﬂnt often the case. If this is correct, it would mean that the landslide disks provide a
*ﬁ2g — 11)—dimensional family of holomorphic disks in 7.

-
s 9.2 Other questions

—"Phere are many remaining questions concerning the landslide flow or its complex
—extenswn mostly motivated by the analogy with the earthquake flow. Some of those
;Statements can be translated in terms of 3—dimensional hyperbolic or AdS geometry.
—We give here a short list of example of possible questions.

—Smooth grafting as homeomorphism Recall that Scannell and Wolf [35] proved
—that for A € ML fixed, the map / +—> gr; (h) is a homeomorphism of 7. When h € T
2—1‘5 fixed, the map A > gry (h) is also a homeomorphism from ML to 7T ; see Dumas
—and Wolf [11].

29 It is tempting to ask whether those statements can be extended to the smooth grafting
30 map sgr. Note that in this setting the two statements above concerning the grafting
31 map—with the measured lamination fixed, and with the hyperbolic metric fixed—are

32 now merged into one, since the two hyperbolic metrics that occur in the map sgr play
337symmetric roles.

Y

35 Question 9.1 Let s € (0,1), and let 4+ € T . Is the map h* +> sgry(h,h*) a homeo-
36 morphism from 7 to 7 ?

37

38 This statement can be translated in terms of the geometry of hyperbolic ends, in the
39 following, essentially equivalent question.
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1 Question 9.2 Let 4,c €7 andlet K € (—1,0).
2

e s there a unique hyperbolic end with conformal structure at infinity ¢, and
containing an embedded surface of constant curvature K with induced metric

proportional to /2?

¢ s there a unique hyperbolic end with conformal structure at infinity ¢, containing
an embedded surface of constant curvature K with third fundamental form
proportional to 2* ?

(o))

~

©

_° The action of the landslide flow at infinity It is quite natural to wonder to what
10 extend the landslide flow can be extended to Thurston boundary of Teichmiiller space.
' One side of this question is already answered above in Section 6, concerning the limit
12 of L to the earthquake flow when one of the parameter converges to Thurston boundary

'3 _and the other is fixed. However other questions can be asked, in particular in light of

' the results of Wolf [44] on the behavior of harmonic maps at the boundary of 7 .
15

16 The landslide flow as a Hamiltonian flow Consider a fixed measured lamination
17 A € ML. The flow of earthquakes along A is the Hamiltonian flow of the length
18 of A, considered as a function on 7, with respect to the Weil-Petersson symplectic
10 structure. In a similar way, is the landslide flow the Hamiltonian flow of some functional

20 on T xT?

%The data at infinity of hyperbolic ends For all K € (-1, 0), there is a parameteriza-
5, tonof CP by TxT, with a complex projective structure P corresponding to (1, h*) if
5, the hyperbolic end £ with complex projective structure P at infinity contains a surface
5, Of constant curvature K with induced metric proportional to h and third fundamental
L. form proportional to /2*.

27 There is also another parameterization of CP by the space of couples (%, b), where
28 h €T and where b is a bundle morphism which is self-adjoint for / and satisfies the
29 Codazzi equation and det(b) = 1.

* Given a CP!—structure P, we can also consider the data at infinity 7* and III* of the
*1corresponding hyperbolic end, as defined by Krasnov and the third author in [22], and
* take the limit as K — 0. Is it true that /# and A* limit to * and III* respectively?

*_ And that the traceless part of B, suitably renormalized, converges to B*?
34

35 Landslides on the universal Teichmiiller space Section 8 on the universal Teich-
36 miiller space leaves a number of elementary questions unanswered. One natural
37 question is whether for fixed [y/],[*] € Ty the map ¢ — E;i o (V1 [V*]) extends
38 to a holomorphic disk in 7y, as for the landslide action on the Teichmiiller space of a
39 closed surface.
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1 Another natural question is whether all fixed points of the landslide action on Ty X Ty
2 are on the diagonal.
3
"« Cone singularities It appears possible that all the results obtained here extend from
5 closed hyperbolic surfaces to finite volume hyperbolic surfaces, and more generally
6 to hyperbolic surfaces with cone singularities (perhaps of angle less than w). The
7 3—dimensional AdS or hyperbolic part of the picture would then be filled with 3—
8 dimensional AdS or hyperbolic manifolds with “particles”, as considered eg in [21],
"9 by Moroianu and the third author in [32] and by Lecuire and the third author [26].
10

;lﬂ&ppendix A Cyclic flow for Teichmiiller space of flat 2—tori

13
. Let T := R?/Z? be a real compact 2—torus and denote by 7(T) the space of flat

15 metrics of area 1 on T up to isotopy.

16 Tt is well-known that there is an identification
17

18 H? =~ SO, (R)\SLy(R) —> 7(T),

19 [M]— [gm].
20
where gas := M *(dx? + dy?) = MT M is the flat metric,

21

22 0 —1

23 J = (1 O )

24

s and Jps := M ~1JM is the complex structure on T associated to [M].

% Notice that, given two points [gas] and [gn] in 7 (T), we have that the identity map
iidM, N: (T, gapr) = (T, gn) is harmonic and it is a Teichmiiller map. Moreover, all
*® _the other harmonic (or Teichmiiller) maps are obtained by composing idps, v with

2% translations.
30

31 Clearly, the energy density of idps, is constantly

32

1 1
= eMN = Etr[(MTM)—l(NTN)] = Etr(PTP) with P = NM !,

34 .
——and so the energy is Epr, N =ep N
35

36 An easy computation shows that the absolute value squared of the Beltrami differential
37 and the quasiconformality coefficient are constantly

38 E—l
” lum N> = Kyn=E+VE2-1.

1

L+ 1
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1 At the infinitesimal level, let P := ¢®X with X €sl,(R). So

11/,
X+ x7T\2
’ Emp.m =1 +tr[(+T) }82 + 0(82),
4
6 M,P.M| = rf\—m — 1T 0(€),
: g > ) I

©

©

X +XT\?
KM,P8M=1+\/2U|:(+T) i|8+0(8).
10

11 Hence, the tangent vector in T[4, ,17 (T) corresponding to the path & — P M , whose
12 associated infinitesimal Beltrami differential is jt = (d/d¢)uar, P, ple=0, has Teich-
13 miiller and Weil-Petersson norms equal to

14

Y . L [(X+XT? . v
5 il = il = \/— tr[(—) ] _ (/ ||u||2dAgM) — Iilwe.
16 2 2 T

17
s Now, we want to consider the Minkowski model for H?Z. Denote by K be the Killing

o form K(X,Y) =4tr(XY) on the Lie algebra sl(R). The map

201/, 2‘1) SL,(R) —> sl,(R),
1
22 M= —Ju,
23 242
* embeds H? = SO, (R)\SL,(R) as one of the components of the (—1)-—sphere -‘asone component’ — ‘as one
25 f th ’ fi
S = {X €sh(R) | K(X. X) = —1}. improved line breck

27 Hence, K induces a scalar product (-, -) on H? that can be expressed as
28

2 — cosh(dggz (M), IND) = (ML, IN]) = 5 t(Caa Jv) =~ Eagx.

30

31 pecause JQ = det(Q)(QT)~'J for every O € GL,(R). Thus dyg2 = 2d1 = 2dwp.
32

33 Let i, h* € T(T) and pick M, M* € SL,(R) such that &7 = gps and h* = gps».
34 Clearly, idps,pr+: (T, h) — (T, 4*) is minimal Lagrangian and the gas—self-adjoint
35 operator b is

% b=M"'VPTPM with P=M*M"",

37

38 where v/ PT P is the positive square root. Note that det(b) = 1. Then the center
201/, €€ T) of (h.h™) corresponds to the matrix C = 1/,/det(E M(E .

2
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1 Let v/b be the positive square root of b, considered as a self-adjoint endomorphism
2 for gpr—thatis, v'b = MV~ PT PM . Since b has determinant 1, /b is propor-
3 tional to E 4+ b. An easy computation using this fact shows that

4

; Ig = VBIeNb ' Iye =B Je/b.

6%ince Vb is self-adjoint for gps and of determinant 1, Jas Vb=+b ! Jar . One can
%also conclude that

1
0 coshdp2 (M1, [M*]) = 3 tr(h?),
10

1

11 coshdp2([M],[C]) = coshdp2 ([C],[M*]) = 3 tr(b),
12
15 and o dgg2 (M1, [M*]) = 2log k and dyg> (M1.[C]) = dig> ([C). [M*]) = log ., where
12 k > 1 is the larger eigenvalue of b. Hence, [C] € H? is the midpoint between [M ]
15 and [M*].

1% As Jo = Jyrb, the matrix corresponding to /g is
17

s My = M(cos(0/2)E + sin(0/2) Jarb) = Me®/PJc,

Y where Me®/27Jc s the matrix associated to the point of H? obtained by rotating [M ]
2% of an angle 0 about the center [C].
21

2> This shows that the cyclic flow on 7(T) x 7 (T) 2 H? x H? is the rotation about the
>3 Ccenter.

24
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