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Interaction between criteria

In classical MCDM procedures (ELECTRE
& PROMETHEE ...) we consider additive

weights : p(¢) related to criterion 4 such that

in order to introduce compensation via weighted
sums in aggregation phase :

Cla,b) = Y p(i)r) =ph + 05
1=1,...,n
r = 1lifa>;b

= () otherwise.

(u(l,...,n)=
Additive model : < wu(4,7) = p(i) + p(j)
| (@) = p(i).



This model can be extended in a Choquet
capacity (fuzzy measure, Sugeno measure) :

X : set of criteria P(X) : power set of X

u:P(X)—[0,1]




Pseudo-Boolean functions and
Choquet capacity

 can be rewritten under the form of a
unique pseudo-Boolean function

Fon. o m) = 3 {a@)r[xz}, v € {0,1}

LCX €L

= f(zy,...,xp | z;=11ifi € P,
z; = 0 otherwise)
> (L)

I




p

a(i,7) = 0 : additivity
a(t,j) > 0 : synergy effect (superadditivity)
_a(7,j) < 0: redundancy effect (subadditivity)




Mobius transform

u(P)= > a(L)

LCP

() + a(j) + alif)

%)

a(P) = > (~1)FIHu(L)

Cali) = ul)
$a(i, g) = u(@) — p(@) — p(y) + p, )

\ .

From p — a : Mobius transform

= (09)- (5 0) ()

aqy = Ma)fq).




n > 1: u(P) and a(P) are represented as
vectors where the elements of P(¥) are repre-
sented in the following order :

iy = {p) p1) u2) Msz , 2)

i = {a(@)a(Da(a(L,2).. }

n =32
a(D) +1 0| 0 O (0)
( a(1) \_(—1 +1| 0 0\ ( 5(1) \
a(2) | [ =1 0f+1 0 w(2)
\a(1,2) /) \ 41 -1|-1+1/ \ pu(1,2) /

a(a) = M2)fl2)




Two equivalent representations

3 1 0] . o

ay = | g g ] ) = Mfy dim. 2

_ 1My | 0Myy | - e
‘@ = —1]\}()1) } 1M§1; :l H2) = M(Q)'M(Q) (dim. 2

. { 1M1y | OM, ) iy (dim. 2

T S TMy [ TMy

N\, g

M)

My, 1s a triangular fractal matrix :
My ®--- & Mqa

(tensorial product of matrix My))

M n=M'a

ap) o o H(P)

Mobius Transform




Weights and power indices

Back to cooperative game theory.

1(P) : weight of coalition

| 1if P has the majority
" | O otherwise

swing related to {i} :

W(P) =0/ u(PU{i}) =1

Banzhaf power index : “probability” of a
swing related to {i}.

1

bi (X) — on—1

> [P U{i}) — pu(P)]

PcX—{i}

1 = [P(X3— (i) |

b; has some nice properties :




1)

If {i} is a dummy :

u(P U{i}) = u(P), VP C X —{i} =
the real weight of {i} is zero (even if
p(i) > 0).

If {i} and {j} are symmetric players :
u(PU{i}) = (P U {j}),YP C X
(i} = bi(X) = by(X)

they have the same real power (even if

(i) # u(g)).

Hammer and Holzman proved in 1992

myin 2 u(R) — R

with 4(R) = ) p; (related additive mea-
iCR

sure)

is such that p; = b;(X) but

AX) = S b(X) A1 1

1€X




Ezample related to Owen (1968)

4 stock holders in a company :
(1) : 10 shares of stock

(2) : 30 shares

(3) : 30 shares

(4) : 40 shares
weight is : 1}%; 13100; 13100; 14100 (9%; 27%; 27%;
36%)

Consider now :
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Cb(X) = 0 |
bo(X) = < {a(28) — () +u(24) — u(4)
Zu(124) — p(14) + p(123) — p(13)}
= 3
< 4
53(X) = é‘
bu(X) = <{u(24) — u(2) + u(34) — (@
Zu(124) — u(12) + p(134) — p(13)}
| = 3

We switch from the weights (9%; 27%;
27%:; 36%) to the power indices (0, .50, .50, .50)

same weight
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Back to MCDM

e Practically, it is useless to think on a
general Choquet capacity to determine the
weights of criteria including interaction be-
tween criteria.

For n criteria, on#’ weights should be de-
termined !!

pw(l),...,u(n), w(1,2),u(1,3),...,u(1,2,3),...

We might restrict ourselves to a second
order model :

a(P) =0, VP: |P| > 2

(= J(P)=0, VP :|P| > 2)

parameters.

nir n+1\ n(n+1)
(M) -
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o Fxtension of ELECTRE II using inter-
action.

We have seen that
C(a,b) = | Z p(z)rézb) :Z Di
CLZ’Lib

The weighted sum can be extended to a Cho-
quet integral.

Det. : If Ty < x) < oo < ), the
Choquet integral for (zq,...,x,) :

Clzy,...,zn] = z@[l —p(2,...,n)]
+£U(2)[,LL(2,...,71)——,M(3,...

(T1,...,2,) — (7}%) . .TC(:;)) e {0,1}"




S p()rl = ph + 05
1=1 n

= /,L(i1~,...,ik|a2i1 b,...,azik b)
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Classical ELECTRE II (Concordance test)

1
aPb - alb
cCl _ _ _ ___
|
aJb | bPa
|
|
|
I R
I > pl—)tz =+ pa_,b
O 1

(concordance level)
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ELECTRE II with interaction between crite-
ria

}:u’(jlw")jKIa'Zjl ba'“)a’ng b)

bPa

| alb
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bZil CL,...,bZik CL)



flz) = f(fI?i, oy Tp) = Lz;( [a(L) IIL:UZ
u(P) = LX;G(L)
6if(z) = flz,...,zs=1,...,2,)
—f(x1,...,2;=0,...,2,)
bijf(z) = 61[6;f(z)]
bpflz) = & [522 zpf(i)] if P = {1,
f(Q = f(oa '70)20
fy = f(1,...,1)= a(L)
= u(l,...,n)=1

Interaction in a formal way
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with two particular cases :

i) = &f (%) — bi(X)
1

= oo 2 L U{i}) — u(L)]
LcX—{i}
J(1,7) = bij f (%)
= 2,}% >, L Ui}

J(0)
e
R )
\ J(1,2) /
1 5|35 ¢ a(0)
B /010%\/a(1)\
1001 3 a(2)
\o 0l0 1/ \a(,2) )
= H)ap)
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but
_ | 1Ry 3Ry
f = { 0R1y 1R

and we obtain a fractal representation :

i~ | By 3Re-
) 0  1R(m_

Q
Vo
N
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A third equivalent representation

@) Mbius transform k)
’ J(P)
J(P):épr): S L aLup)
2/ [ Sip2lH
| 1
J@) = > 'ém@(L)
LCcX
1
J@E) = > ZTI-CL(LU {i})
LcX—{i}
1
J.5) = 2. gmallu{ii})
LcX—{i,j}
—_— J@\ |1 2 a(0)
Joy = <J(1)>_{O fKa(n)
= Raaq)




Three equivalent presentations of
Choquet capacities of fractal style

u(P) a(P)

Modbius transform

\\ A o

J(P)

— B[
| I

j( ) = %R(n—l) o Mn-1) %R(n—l) o Mp—1)
n ——1R(n_1) O M(n——l) 1

of course inversion is easy and is also fractal

1 0 1 -1
-1 -1
M<1>—{1 1} Rm—{o i}




