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The discrete Sugeno integral as an aggregation
function M : [0,1]" — R

(Sugeno, 1974)
Let N :={1,...,n}.

Definition 1 A fuzzy measure on NN is a set function u :
2N _, [0, 1] such that

i) w(@) =0, u(N)=1,
i) SCT = plS) <wd)

Definition 2 The Sugeno integral of x € [0, 1]™ w.rt. a
fuzzy measure p on N is defined by

n

Su(z) = \/ (i) N B(AG))

1=1
where (1),...,(n) is a permutation of indices such that

Example: If r3 < x1 < T9 (513(1) < Z(2) < 56(3)) then

SM(ZC]_, o, CE?))

= 23 A p(3, 1,21V 1 A (1, 2)] V [ A p(2)]
=1




Properties

i) min;xz; < Su(x) < max;z; (internality)

i) Su(z,...,z) =z forany z € [0, 1] (idempotence)
iti) Sp(x) € {z1,...,zn} U{u(S)|S C N}

Other forms:

Su(@) =\ |w(T) AN =)

TCN €T

(Sugeno, 1974)

Su(z1, w2, 73) =

p(D) V [u(1) Azq] Vv [u(2) Azo] V [(3) A z3]
VI[(1,2) Azy Axp] V [(1,3) Az Ax3]
VI[p(2,3) ANxo Ax3] vV [p(1,2,3) Axy Axzo A 23]

If x3 < 1 < x5 then...

Su(@)= N\ [N\T)V(V z)]

TCN €T

(Greco, 1987)

n

Su(@) = N @)V p(Agy1))
1=1

(Marichal, 1997)



SM(J:) = median [g:l, o ’an’H(A(Q))’ ce 7M(A(n))j]

n TV
n—1

(Kandel and Byatt, 1978)

Example: If xr3 < 1 < x5 then

S,Lb(a317 o, ZE3) — median[xla Lo, I3, :U'(]-) 2)7 /'L(Q)]

Particularly, for any ¢ > 2,

T(i—1) < Su(ac) < T () = SM(:E) — /“L(A(z))

Forany k € N,

Su(x) = median[tS,L(m |z, = 1), Suz |z, = 0), :ck}

ind. of z;, ind. of z;,

(Marichal, 1999)

Example:

S,M(:Clva) — median[tg,u(xl? 1)17§,LL(3317 O)Ja 332]
pvp(2)  w1Au(l)

Particularly, for any S Z k,
p(S) < Su(x) < p(SUEK) = Su(z) = x;



Interpretation of .

1 (S) = importance of the combination S of criteria

eg .= characteristic vector of S'in {0, 1}"

p(S) = Sules)

Example: (n = 4)

n(2,4)
w(l,2,4)

S,LL(Oa 17 07 1)
S,LL(]-) 17 07 1)

The Sugeno integral is a very natural concept
From

e nvariables z1,...,xzn € [0, 1]
e m constants ry,...,rm € [0, 1],

we can form a lattice polynomial

P’T’l,...,’r’m(xlj .. 71;7’2,)

In a usual manner using A, V, and parenthese.
If such a polynomial fulfills

Pfrl,_“,frm(o, e oy O) — O
Pfrl,“_,rm(l, c e ey 1) =1

then there exists a fuzzy measure p on N such that
Prq.....rm = Su (Marichal, 2000).

Example:

Pryro(z1,20,23) = ((1 V1r2) Azz) V (22 ATy)
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Some axiomatic characterizations of the discrete Sugeno
Integral

Theorem 1 (Marichal, 1998) Let M : [0, 1]" — R.
The following assertions are equivalent:

e There exists a fuzzy measure pon N suchthat M = S,

e M Is increasing in each argument and fulfills
M(xiAr,...,xn A1) = M(21,...,20) AT
M(xiVr,...,2nVr)=M(x1,...,20) VT

forany r,zq1,...,xzn € [0, 1]

e M is idempotent, increasing in each argument, and ful-
fills

M(esAr),M(egVr)e{M(es),r}
forany S C N and any r € [0, 1]

e M is idempotent, increasing in each argument, and ful-
fills

M(zANz) = M(@@)AM(E)
M(zvz)=M(E)Vv M)

forany z, 2’ € [0, 1]™ such that (wz—m])(m;—w;) > 0,
1,7 € N



The discrete Sugeno integral as a tool to aggregate or-
dinal values

Let X = {r; < --- < r} be afinite ordinal scale.

This scale can be viewed as an ordered k-uple of numbers
in [0, 1]:

O=r <---<rp=1
These numbers are defined up to an increasing bijection
v :[0,1] — [0, 1].

We want to aggregate n numbers z1,...,zn, € X by a
function M : [0,1]" - R

Definition 3 (Orlov, 1981)

M : [0, 1]" — IR is comparison meaningful from an ordinal
scale if, for any increasing bijection ¢ : [0, 1] — [O, 1] and
any z,z’ € [0,1]",

M(z) < M(z") & M) < M(p(z'))
where p(z) := (¢(z1),. .., ¢(zn)).

The arithmetic mean violates this property.
Example:

0.4 =(0.340.5)/2 < (0.140.8)/2 =0.45
0.55 = (0.4+0.7)/2 > (0.1+40.8)/2 =0.45
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Proposition 1  (Ovchinnikov, 1996)
If M : [0,1]" — Risinternal (= idempotent) and compar-
Ison meaningful then

M(xq,...,2n) € {x1,...,2n}
(= M: X" — X)

Proposition 2 (Marichal, 1999)

M : [0,1]" — IR is idempotent, continuous, and compar-
iIson meaningful if and only if there exists a {0, 1}-valued
fuzzy measure p on N such that M = §,,.

Weakness of this model:

M(eg) = Su(es) = u(S) € {0,1} = {r1,rp} !

The importance of any subset of criteria is always an ex-
treme value of X.

Proposition 3 (Marichal, 1999)

M : [0, 1]™ — IR is non-constant, continuous, and compar-
Ison meaningful if and only if there exists a {0, 1}-valued
fuzzy measure i on N and a continuous and strictly mono-
tonic function g : [0,1] — R suchthat M = go S,.



Let us enrich the aggregation model:

For each set function v ; 2V — [0, 1] such that v(#) = 0
and v(IN) = 1, we define an aggregation function

My : [0,1]" - R.
However,
x; € X
{v<s> €X (o p(S) = Sules))

The mapping (x,v) — My(x), viewed as a function from
[0,1]"12" -2 t0 IR, is comparison meaningful.

Theorem 2 (Marichal, 1999)
The set of functions M, : [0, 1]™ — IR (v as defined above)
such that

i) My is idempotent (for all v)
1)  (x,v) — My(x) is comparison meaningful
and continuous

identifies with the class of the Sugeno integrals on [0, 1]".

Open problem: Suppress continuity or replace it by in-
creasing monotonicity



The use of the Sugeno integral as a tool to aggregate
Interacting criteria in a qualitative framework

A={a,b,c,...} set of actions (alternatives)
N={1,...,4,...,n} set of criteria

Each i € N is represented by
g; - A — Xi

X; = {le') < < r,g?} (finite ordinal scale)

Example :
Application for an academic position at University of Liege

Exc. V.Good Good Sat. Weak
Scientific value of CV: ] [] ] ] (]

Exc. V.Good Sat. Weak V.Weak
Teaching effectiveness: ] [] [] [] ]

Positive Medium Negative

Interview: ] [] ]

Profile related to action a € A :

n

a:(g@),... gi(a)...,gn(@)) € I X;
€X1 c€X; €Xn 1=1

a . (V.Good, Sat., Medium)



How can we aggregate (g1(a),...,gn(a)) ?
(Roubens, 1999)

Let X = {r1 < --- < 7} be the finite ordinal scale of
global evaluations.

Al A2 B C
Global evaluation: [ [] [] []

We assume the existence of mappings
U;: X; — X (i € N)

enabling to express all the partial evaluations in the same
scale X:

a '’ <y1(g&(a’))/7 . ,yn(gg(a)l)
eX ceX

These “commensurateness” mappings must be
non-decreasing and such that

Ui(rgi)) =ry =0 and Ui(rlg:)) =r, =1

Example (continued)

X1 Al=U1(BE)<---SU1(W) =C
Xy : Al=Uy(E) < --- < U (VW) = C
X3 : Al=U1(P)<---<U(N)=C
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We define an aggregation function M : X" — X that de-
termines the global evaluation

9(a) = M[U1(91(@)), -, Un(gn(a))] € X
cX eX

As a consequence,

all actions are comparable in terms of a WEAK ORDER
defined on A.

Example (continued)
What is the global evaluation of the profile

a : (V.Good, Sat., Medium)~?

g(a) = M[U1(VG),Ux(S),Us(M)] =7

Al A2 B C
BN

?

Given an aggregation function M : X™ — X, how can we
identify the commensurateness mappings U; ?

11



Identification of mappings U; when M = S,
(Marichal and Roubens, 1999)

1) S, is uniquely determined by

u(S) = Sules)

—— provided by the decision maker (2™ — 2 gquestions)

However, we often have

5,(0,1,0,1,1) =0, ...

— & n questions

pN\D =Suleny) G EN)

Example (continued)
The decision maker gives

n(1,2,3) =A1
n(1,2) = A2

pn(1,3) =u(1) =8B
1w(2,3) =C

12



2) Fix 1 € N. We have to determine U, : X; — X, that is,
Uz-(rf)) j=1,...k

(cf. X; = {r(z) - < Tkz)})

We ask the decision maker to appraise

SpUi(r$Nei+ ey, =1,....k
Example:

Su(U1(E),1,1) Al = u(1,2,3)

Su(U1(VG),1,1) = A2
S,(U1(G),1,1) = A2
Su(U1(S),1,1) = B
Su(U1(W),1,1) = C=pu(2,3)

By increasing monotonicity, we have

H(N \9) < Su(Ui(rs)e; + enn ) < u(N)

More precisely, we have

Su(Us(r$)ej+ren ) = median[u(N), w(N\i), U(r$)]

S(Uq,1,1) median[AL, C, U;]
Uy

= U7 is completely determined !
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|dentification of Us:

Su(1,Ux(E), 1) Al = n(1,2,3)
Su(1,U2(VG),1) = Al

Su(1,U2(S),1) = Al

Su(1,U(W), 1) A2
Su(1,Ux(VW), 1) B=u(1,3)

Su(1,Us,1) = median[Al1,B,Us] = Uy VB

= U Is completely determined !

|dentification of Us:
Sﬂ(lv 17 U3(P))

SM(]-? 17 U3(M))
S,u(l, 17 U3(N))

Al = n(1,2,3)
A2
A2 = u(1,2)

Su(1,1,U3) = median[Al, A2, U] = Uz V A2

= Uz (M) € {A2,B,C} not completely determined

However,

Su(U1,Uz,Uz(M)) = (BAUp) V(A2A UL ANU)
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The Sugeno integral and preferential independence

Example: Evaluation of students w.r.t. 3 subjects

X={E>VG>G>S>W>VW}

student | St Pr Al
a E G VG

b E VG G
c S G VG
d S VG G

Profile of student a : ¢ = (E, G, VG), etc.

We define a weak order on A = [[; X; by

a=b < M@ > M@

We assume that > is given by the decision maker

e by monotonicity:

a~c and b>d

e St and Pr are somewhat substitutive but each of them
IS more important than Al

a>~b and d*>c
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Forany S C N and any profile z,y € [[; X;, we define =Sy
by
x;, Ifie S
Sy); ="
(@5y); {yz ifi¢ S
For instance: (E,VG,G){2,3}(S,S,S) = (S,VG,G)

Independence conditions of the weak order >

e Mutual independence (Ml)

Sy =~ z'Sy & xSz > a'Sz (*)
forall z,2",y,z € [[; X;andall S C N

e Coordinate independence (Cl) (equiv. to MI)

= restrictionof (x)to S = N\ {k} forallk € N

e Weak separability (WS)

= restriction of (x) to S = {k} forallk € N
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Theorem 3 (Marichal, 1999)
Assume that there exists a fuzzy measure 1 on N such that

M = §,. The following conditions are equivalent.
i) = fulfills (MI)
i1) = fulfills (WS)
iit) Jk € N st Su(x) = xp Vo

Definition 4 M : [0,1]" — IR is comparison meaningful
from independent ordinal scales if, for any increasing bijec-
tions ¢1,...,on : [0,1] — [0, 1] and any z, =’ € [0, 1]™,

M(z) < M(z") < M(p(x)) < M(p(z))
where o(z) 1= (¢1(z1), ..., ¢n(zn)).
Proposition 4 (Marichal, 1999)
M : [0,1]" — IR non-constant, continuous, and compari-
son meaningful from independent ordinal scales if and only

If there exists k € N and a continuous and strictly mono-
tonic function ¢ : [0, 1] — IR such that

M(z) =g(zr)  (z€l0,1]")

+ ldempotence = M (xz) = xy,
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Weaker forms of independence for >

e Directional mutual independence (DMI)

rSy = 2'Sy = xSz»>2'Sz (k%)
forall z,z’',y,z € [[; X;andall S C N

e Directional coordinate independence (DCI) (DMI = DCI)

= restriction of (xx) to S = N \ {k} forallk € N

e Directional weak separability (DWS) (DMI = DWS)

= restriction of (xx) to S = {k} forallk € N

Proposition 5 (Roubens, 1999)

e If a Sugeno integral represents > then the weak order ful-
fills DWS but violates DCI.

e |If a symmetric Sugeno integral (owmax or owmin) repre-
sents > then the weak order fulfills DCI but violates DMI.

e If a maxitive (or minitive) Sugeno integral (wmax or wmin)
represents > then the weak order fulfills DMI but violates
MI.
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