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Abstract

An axiomatization of the concept of entropy of a dis-
crete Choquet capacity is given. It is based on three
axioms: the symmetry property, a boundary condi-
tion for which the entropy reduces to the classical
Shannon entropy, and a generalized version of the
well-known recursivity property. This entropy, re-
cently introduced to extend the Shannon entropy to
non-additive measures, fulfills several properties con-
sidered as requisites for defining an entropy-like mea-
sure of uncertainty. An interpretation of it in the
framework of aggregation by the discrete Choquet
integral is given as well.

Keywords: entropy, Choquet capacity, Choquet in-
tegral, information theory.

1 Introduction

In 1948, Shannon introduced a measure of uncer-
tainty of a discrete stochastic system known as en-
tropy [19]. For a probability distribution p defined on
a finite set [n] = {1,...,n}, the Shannon entropy of
p is defined by

Hs(p) := — Zp(i) In p(i)

with the convention that 0In0 := 0.

Although several other measures of uncertainty
have been proposed as generalizations of the Shan-
non entropy (see e.g. [17] for an overview), the most
widely used uncertainty remains that of Shannon
mainly because of its attractive properties, its con-
nections with the Kullback-Leibler divergence [12] and
its role in the mazimum entropy principle [9].
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Several axiomatic characterizations of the Shan-
non entropy have been proposed in the literature (see
e.g. [1, 3,4, 10, 11]), amongst which the most famous
is probably Shannon’s theorem [19].

By replacing the additivity property of probability
measures by that of monotonicity, one obtains Cho-
quet capacities [2] also known as fuzzy measures [21]
which are able to model other types of possibly uncer-
tain information. More formally, a discrete Choquet
capacity p on [n] is a monotone set function defined
on the power set of [n] that is zero at the empty set.
Such a concept can be used to model the importance
of a coalition of elements of [n]. The label set [n]
could correspond to criteria in a multicriteria deci-
sion problem [5, 6, 15], to players in a cooperative
game [6, 8, 20], to attributes in a classification prob-
lem [7], to variables in a regression problem, voters in
an opinion pooling problem, etc. In all these cases,
for any subset S C [n], p(S) can be interpreted as
the degree of importance or the strength of the coali-
tion S of elements for the particular problem under
consideration.

A discrete Choquet capacity being clearly a gen-
eralization of a discrete probability distribution, the
following natural question arises : How could one ap-
praise the “uncertainty” associated with a Choquet
capacity in the spirit of the Shannon entropy? Re-
cently, Marichal [13, 14, 16] proposed the notion of
entropy of a discrete Choquet capacity as a general-
ization of the Shannon entropy and showed that it
satisfies many properties that one would intuitively
require from such a measure. This generalized en-
tropy is defined as

3

Vs(n) h[pu(S Vi) — u(S)]
i=1 SC[n]\i

(1)



where the functions

(n—s—1)!s!

78(”) = n! (820,1,...,’11—1),
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| —zlnz, ifz>0,
hiz) = { 0, if 2 =0,

will be used throughout.

Note that this formulation is very close to that of
the Shapley value [20] of a Choquet capacity p on [n],
which is a fundamental concept in game theory. For
an element i € [n], it is defined by

Y 1) (S Ui) - u(S)]

SC[n]\i

¢i(p) =

and can be interpreted as the average marginal con-
tribution of i to a coalition not containing it. It is
worth noting that a basic property of the Shapley

value is
n

Y ¢ilw) = p((n)).

i=1

(2)

In this paper, after defining the notion of uncer-
tainty in the setting of discrete Choquet capacities
(Section 2), we propose a characterization of the gen-
eralized entropy (1) by means of three axioms (Sec-
tion 3). We also list some of its properties (Section
4) and present an interpretation of it in the frame-
work of aggregation by the discrete Choquet integral
(Section 5).

2 Uncertainty contained in a
discrete Choquet capacity

Although discrete Choquet capacities can be seen as
generalizations of discrete probability distributions,
it is not clear what “uncertainty” should mean for
such non-additive measures. After introducing the
notation, we propose an intuitive definition of the
notion of uncertainty based on the lattice representa-
tion of a discrete Choquet capacity.

2.1 Notation and first definitions

Throughout this paper, [n] = {1,...,n} is a finite
label set, the power set of which is denoted P([n]).

A discrete Chogquet capacity [2] or discrete fuzzy
measure [21] on [n] is a set function u : P([n]) - R
satisfying the following conditions :

L. u(®) =0,
2. forall S, T Cn], S CT = u(S) < u(T).

The Choquet capacity is said to be normalized if
1([n]) = 1. In the sequel, we restrict ourselves to the
study of the notion of uncertainty only for normalized
Choquet capacities. For any integer n > 1, we denote
by F,) the set of all normalized Choquet capacity on
[n].

In order to avoid a heavy notation, we adopt that
used in [15]. Thus, we will omit braces for singletons,
e.g., by writing u(4), [n]\ 7 instead of u({i}), [n]\ {7}
Furthermore, cardinalities of subsets S,T,..., will
be denoted by the corresponding lower case letters
S, Ty ..

A Choquet capacity pu € Fpy is said to be:

o additive if u(SUT) = p(S)+ u(T) for all disjoint
subsets S, T C [n],

e cardinality-based if, for all T' C [n], u(T") depends
only on the cardinal of 7. In this case, there
exist p1,...,pu, € [0,1] such that u(T) = u. for
allT C N.

There is only one Choquet capacity on [n] that is
both additive and cardinality-based. We shall call it
the uniform Choquet capacity on [n] and denote it by
p*. It is easy to check that p* is given by

W(T)=t/n VT Cn]

2.2 Choquet capacities and maximal
chains

Consider the lattice Ly, related to the power set of
[n] under the inclusion relation. The lattice L, can
be represented by a graph H[,) called Hasse Diagram
whose nodes correspond to subsets S C [n] and whose
edges represent adding an element to the bottom sub-
set to get the top subset. Figure 1 shows an example
of such a graph for [n] = {1,2, 3, 4}.

A mazimal chain m of Hj,) is an ordered collection
of n + 1 nested distinct subsets denoted

S in} = [n]).

For instance, in Figure 1, the maximal chain (§ C
{1} C {1,4} C {1,2,4} C {1,2,3,4}) is emphasized.

We denote by Cfy) the set of maximal chains of H,.
The cardinality of Cj,, is clearly n!.

m=0¢ {ir} € {ir,i2} - S {in, .

Given a Choquet capacity p on [n], with each max-
imal chain m € C, can be associated a discrete prob-
ability distribution p# on [n] defined by

P (1) == p(mi) — p(mi—1) Vi€ [n]

where m; denotes the subset of cardinal ¢ of m.
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Figure 1: Hasse diagram #j, corresponding to the
lattice of subsets of [n] = {1, 2, 3,4}.

Denote by IIj,; the set of permutations on [n].
With each permutation 7 € IIj,, is associated a
unique maximal chain m™ € C,) defined by

m™ =0 {r(n)} C{r(n-1),7(n)} C--- ¢
(r(1), ...

We then write
PR(i) = Pl (1) = p({7(3), ..., m(n)}) —
({n(i +1),...,7(n)})
The set {p#}ﬂen[n] = {an}mec[n] of n! probability

distributions obtained from g will be denoted P* as
we continue.

Vi € [n].

Notice that, if p is cardinality-based, then there
exists a unique probability distribution p* on [n] such
that pi = p# for all m € Ilj,). If p is additive then we
simply have p (i) = p(w(i)) for all i € [n].

2.3 Uncertainty associated with a dis-
crete Choquet capacity

For a discrete probability distribution, the notion
of uncertainty has an intuitive meaning which is di-
rectly linked with that of wniformity. Indeed, the
more “uniform” a discrete probability distribution,
the higher the uncertainty of the underlying discrete
stochastic system (for a discussion on the notion of
uncertainty, see e.g. [17]).

Although discrete Choquet capacities can be
clearly seen as generalizations of discrete probabil-
ity distributions, it is not clear what “uncertainty”
should mean for such non-additive measures. As
we have seen in the previous subsection, a Cho-
quet capacity on [n] can be represented by the set
Pt = {ph }mec,,, of n! probability distributions on
[n]. We therefore propose to define the intuitive no-
tion of uncertainty associated with a discrete Choquet
capacity as a kind of average of the uncertainties con-
tained in the probability distributions {pl,}mec,,,-

Hence, the more uniform on average the probabil-
ity distributions ph,, m € C,, the higher the uncer-
tainty contained in the discrete Choquet capacity u.
As no maximal chain should be privileged, the av-
erage uncertainty should be defined by means of a
symmetric function over all the n! maximal chains m
of Hs(p¥). It is worth mentioning that, in terms of
maximal chains, the entropy Hpys can be rewritten as

1
Hu(p)=— > Hs(pl)
: mGC[n]

(3)
or equivalently,

Hulp) = 32 Hslph). (4)

" el

This result immediately follows from the next
proposition.

Proposition 2.1 Let p be any Choquet capacity on
[n] (normalized or not) and let f be any function.
Then, we have

=SS Slumy) — plmy ] =YY

meC) j=1 i=1 SCln]\i
¥s(n) fu(S Vi) — p(S)].

Proof. Foralli € [n], for all S C [n]\i, let us denote
by C[Sn’]SU’ the subset of C, composed of maximal
chains whose subsets of cardinal s and s+ 1 are equal

to S and S Ui respectively. It is easy to check that
5,5Ui
ICy ' = sl(n —s = 1)L

It follows therefore that, for a given 7 € [n] and
for a subset S C [n] \ 4, when summing the term
Z?Zl flu(m;) — u(mji—1)] over the set of maximal
chains, the term f[u(SU7) — u(S)] will appear s!(n —
s — 1)! times. O

If I}, is considered as a probability space, a
straightforward probabilistic interpretation of H); di-
rectly follows from Eq. (4): for any p € Fy), Har(p)
is the mathematical expectation of Hg(p*) with re-
spect to the uniform distribution on IIj,.

3 Axiomatization of the en-
tropy Hj,

Before stating the axioms that a measure of un-
certainty or entropy of a discrete Choquet capacity
should satisfy, we define some additional concepts
that will be needed in the sequel.



3.1 Additional definitions

Let p € Fi,) and let S and T' be two disjoint subsets
of [n]. The Choquet capacity on S in the presence of
T [8] is denoted %, and is defined by

por(K) = p(KUT) —u(T), VK CS.

Clearly, the Choquet capacity ,uﬁT is not normal-
ized. The normalized version of the Choquet capacity
uSp is denoted ji°; and is defined by

V’ST(K)
UST(S)
ﬂST(K) =910

for all K C S if u54(S) # 0,

for all K C S if p°,(S) =0,

1 if K= and p°(S) = 0.

Let u be a Choquet capacity on [n] and let
Ay, ..., Ay, form a partition of [n]. The reduced Cho-
quet capacity with respect to Ay, ..., A, [8] is a Cho-
quet capacity denoted pl41l-[4+] defined on a set of k
elements noted as [A41]...[Ar], where, for all 7 € [k],
[A;] stands for an hypothetical element which is the
union (or the representative) of the elements in A;,
that is,

a1 (| [4a) = (U 42)

€S i€S

VS C [kl (5)

For any Choquet capacity p € F, and any per-
mutation 7 € Ilf,;, we denote by mu the Choquet
capacity on [n] defined by

VS C [n],

where 7(S) := {n(i) | i € S}.

3.2 Axioms

Consider a sequence of functions H(™ : Fnp & R
(n =2,3,...), where, for any p € Fiy, H™ (1) is a
measure of entropy of . When n = 1 we simply set
H® () = 0.

Given p € F,), it is easy to check that a permuta-
tion on [n] leaves unchanged the set P* of probability
distributions. Hence, naturally, the first axiom is:

e Symmetry axiom (S): For any n > 2, any p €
Flnp, and any m € IIj,), we have H (7p) =
H™ ().

Recall from the previous section that, for a
cardinality-based Choquet capacity p € F,), there

exits a probability distribution p* such that all el-
ements of the set P* are equal to p*. This sug-
gests measuring the uncertainty of a cardinality-
based Choquet capacity p as that of the probability
distribution p#. The choice of the Shannon entropy
being natural as a measure of uncertainty contained
in a probability distribution, our second axiom is:

e Shannon entropy aziom (SE): For any n > 2
and any p € Fp), if p is cardinality-based, then

H™ (u) = HYY ().

Note that the previous axiom implies that among
all the cardinality-based capacities on [n], pu* is the
one that has maximum uncertainty.

The Shannon entropy is known to satisfy the so-
called recursivity property [1, 3, 4, 17, 18, 19], which
basically states that the entropy of a discrete stochas-
tic system can be calculated either directly or by di-
viding the system into subsystems'. Let p be a proba-
bility distribution on [n] and assume that there exists
a partition {Ai, A>} of [n] such that p(A4;) # 0 and
p(Az2) # 0. Then, we have

HM (p) = HP (pAlA2]) 4 p(4y) B (67)

+p(A2) HE (572), (6)
where pl411l42] ig a probability distribution on the

set {[41],[4o]} defined by pliA=l([4;]) = p(4,),
i = 1,2, and where pA* and p*> are the normalized
probability distributions on A; and A, respectively
obtained from p, that is,

(jeAd;i=1,2).

As a generalization of the Shannon entropy, we re-
quire that our measure of uncertainty H(™ (1) satisfy
a similar property that would thus reflect the possi-
bility to decompose in an additive way the calculation
of the uncertainty of the discrete Choquet capacity
p € Fp- Under certain conditions and when g is
cardinality-based, such a decomposition already ex-
ists if axiom SE is satisfied. To demonstrate this,
let us consider a cardinality-based Choquet capacity

INote that the recursivity property is important because
it implies amongst other things the additivity of the Shannon
entropy, i.e.,

2
HS ) (pxq) = HSY (p) + HS (g),

for all probability distributions p,q on [n] where p * ¢ denotes
the distribution

(P1G15- -5 P1Gns -+ s P15 -+« s Prn)-
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Figure 2: Decomposition resulting from a partition
of [n] ={1,2,3,4} into the subsets {1} and {2, 3,4}.

p € Fip) and a partition of [n] into two subsets A;
and As. The Choquet capacities that appear from
such a decomposition are:

e the reduced Choquet capacity w4142l on
{[A1],[A2]}, which is not necessarily cardinality-
based,

e the Choquet capacities on A;: g4 and ﬂﬁi&y
which are cardinality-based,

e and the Choquet capacities on Ay: 2 and
ﬂéil, which are cardinality-based as well.

For instance, when [n] = {1, 2, 3,4}, Figure 2 shows
the decomposition resulting from considering A; =
{1} and A; ={2,3,4}.

Assume now that n is even so that the subsets A;
and A, can be chosen to have the same cardinal n/2.
Then, we have gt = 42, ﬂf}}42 = NuAl and the re-
duced Choquet capacity pl411142] is cardinality-based.
According to axiom SE and Eq. (6), the following

functional equation holds

H(n)('u) — H(z)(,u[Al][Az]) + ,U,Al (Al) H(al)(ﬂAl)

UA1 (AQ) H(a2 (IU’UAl) (7)

The following question then arises: How could we
generalize the previous functional equation to situa-
tions when the subsets 4; and As do not have the
same cardinal anymore? Indeed, for a general choice
of n and of the subsets A; and A, the Choquet
capacities 4! and ﬂﬁ;z as well as the capacities
a2 and ﬂﬁih are not necessarily equal. Further-
more, the reduced Choquet capacity pl41142] is not
cardinality-based anymore. As an extension of the
previous case, we then require that the following func-
tional equation, which is a generalization of (7) and

is still in accordance with our intuitive additivity re-
quirement, holds for any cardinality-based Choquet
capacity p € Fip :

H®™ (1) = H(Z)(M[Al][A2])
+al ph (A1)H(“1)(u ) +al MUA2(A1)H(“1)(/2{}},2)
+a? pt (Ag) H) (%) +af n3, (A2) H (i3,

where o', al, o, and o? are real numbers left unde-
termined thus far.

By generalizing the previous functional equation to
any partition {A,..., A} of [n] into k subsets, we
obtain our third axiom:

e Recursivity aziom (R): For any integers n >
k > 2, there exists a family of real coefficients
{ak(n,k) | i € [k], S C [k]\ i} such that,
for any partition {Ay,..., A} of [n] and any
cardinality-based capacity u € F,,

H(n)( ):H(k)( [Al]...[Ak])

+Z Z as n, k) 'U'U jesAj (A)H(a)(uUJGSA )-
i=1 SCIk)\i
(8)

3.3 Characterization
We can now state our main result.

Theorem 3.1 The sequence H™ : Fin) = R (n >
2) fulfills axioms S, SE, and R, if and only if

H™ =H"  (n>2).

The proof of this theorem can be found
in an article downloadable on http://www.univ-
reunion.fr/“ikojadin/entropy.html.
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