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Random Variables

Dummy Definition:

A probability is a non deterministic [0,1] valued function which is additif on disjoint sets.

Dummy Definition:

A random variable X is a real valued non deterministic function. If its image (the set of
all possible values) Q, is finite or countable X is called a discrete random variable,
otherwise X is called a continuous random variable.

Definition:

The law or distribution of a random variable X is the probabiltity P, defined for all
subset A of Q, by

P, (A)=P({X € A}) = P[X(A)].
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Cumulative density function

Definition:

The cumulative distribution function of a real-valued random variable X is defined for
every real number x by

__—
——
D

F(x)= P(X <x).

Examples
As an example, suppose X is uniformly distributed on the unit interval [0, 1].
Then the CDF of X is given by 0 :2<0
Flr)=qzx :0<zx<1
1 ' 1<2

Take another example, suppose X takes only the discrete values 0 and 1, with equal probability. Then
the CDF of X is given by

0 <0
Flz)=<1/2 : 0<2 <1
1 1<
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Quantile function

If the cdf F is strictly increasing and continuous then F-1(y) is the unique real number x
such that F(x) = y.

Unfortunately, the distribution does not, in general, have an inverse. One may define

F~(y) = mf{F(r) >y}

Example 1: The median is F ~1(0.5).
Example 2: Put t=F ~1(0,95). Then we call 1 the 95% quantile.

The inverse of the cdf is called the quantile function.
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Density function

Definition:

A random variable X admits a density function f (with respect to Lebesgue measure) if
there exists a measurable function f such that

vxeR, F(x)=[" f(t)dt

Property:

If X is a continuous random variable with density f and cdf F, then

vabe R a<b = j:f(t)dtzF(b)—F(a)zP(a<X<b).
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Expectation

Definition:

If X denotes a discrete random variable taking the values x; with probabilities p; its
expectation or mean value is the real number E(X) defined by

E(X) :in P;-

i>1

Proposition: For any continuous functiong, E g(X) = Zg(xi) p..

i>1

Example: Let X be the result of throwing a dice.

E(X)—ii.P(x—i)—1.1+2-1+3-1+ +6-1—35
6 6 6 6

i=1

6 ] 1 1 1 1 91
E(X?)=)i?-P(X=1)=1-=+4-249-=+...+36- = ==—==1517.
(X%) Z ( ) 6 6 6 6 6

i=1
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Expectation

Definition:

If X denotes a continuous random variable with density function f its expectation or mean
value is the real number E(X) defined by

E(X)=[ xf(x)dx.

Proposition: For any continuous functiong, E[g(X)]= J‘_m g(x) f(x)dx.

Proposition: If X and Y are two random variables and a and b two real numbers,

E(aX +bY)=aE(X)+bE(Y)

UUUUUUUUUUUU
UUUUUUUUUU




Variance

Definition:
If X denotes a random variable its variance is the real number V(X) defined by
V(X)=E (X -E(X))".

The standard deviation o(X) of X is the square root of its variance.

Proposition: If X and Y are two random variables and a and b two real numbers,
V(a X +b)=a?Vv(X)

V(X +Y)=V(X)+V(Y)+2 E(XY)=E(X)E(Y) .

Definition:
If X and Y are two random variables the quantity E(XY) - E(X)E(Y) is called the
covariance of X and Y and denotes by Cov (X,Y).
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Normal distribution

Definition:

The normal distribution of mean m and standard deviation o is the continuous random
variable X defined by the density function

f(x)=— e )

o271
1
2
p=0,0,=02 ——
09 } u=o,g§=|_0
K= 0,0'2=5.0 —
08 p=-2,6"=05 ——
0.7 r

Density functions of different
normal random variables.
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http://upload.wikimedia.org/wikipedia/commons/1/19/Normal_distribution_cdf.png

The central limit theorem

Theorem:

Consider an n-dimensional random vector with independent and identically distributed
components X; of mean m and standard deviation . Then,

X+ X, +...+ X, —nm

2

in law s/ (O,l)

/T " etz
iz - { \ .
|'Il III

T 1  Plot of the pdf of a normal distribution with
s | | p=12 and o = 3, approximating the pdf of

\ a binomial distribution with n =48 and p =
i = III.'I Illll. - 1 / 4
ans - IJ."II I'-,I-I .
s - ; ._"- -

/ \ .
N | - .|l
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Estimators

Definition:

An estimator is a function of the observable sample data that is used to estimate an
unknown population parameter.

Example:
Let {X,, ...,x,} be a sample of n independent realizations of a random variable X.

The mean of X is estimated by the random variable

)?zlzn:xk.

N

The variance of X is estimated by the random variable
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Monte Carlo Methods

Technique of numerical integration which allows
high dimensionality

Simulation method relying on repeated random
sampling
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Monte Carlo Methods

Example : Approximating a standard deviation
4x
x° +1

Let X be a standard normal distributed and  f (x) =

Consider Y = f(X). What is the variance of Y?

Define a sample
X0, X2, X101} for X . ol , , i
and construct a realization gt RCE roipai Rl %
{x1, x21 . x[1001}, 226 93
Y y 14
Exhibit55 H . ‘. .
Exhibit 5.4 A realization of a sample { X!, X4 X V) for X I"".II
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Monte Carlo Methods

Example : Approximating a standard deviation

Compute yIKl = f(xIK) for each k to get a

realization {yl, yl2l y[1001},

Apply sample estimator

=230 Y) =g o
Na 9= |

to get an estimation of the variance
of V.

Exhibit 56 Values y'*

‘ - . I
Exhibit 5.7 Histogram of valuas y * ““I' Il
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Monte Carlo Methods

Realizations of samples

Conditions :
» the sample mean of {x[1, x[?, ..., x["} should be close to the mean of X.

- the sample covariance matrix of {x[1, x[2l, ..., x[} should be close to the covariance
matrix of X.

» to satisfy the independent identically distributed condition, sample autocorrelations
between lagged values x! and xUI should be approximately 0.

:> use of a good pseudorandom generator
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Monte Carlo Methods

Monte Carlo estimator

A Monte Carlo method can always be seen as a statistical estimator H(X, X2, XIn}
of an (not necessarly probabilistic) integral

b d :_[ f (u)du.

We write as ¥ = E[f(X)] for some random variable X and estimate it by

H = f(X™)
with standard error o.

If we take a larger sample {X[41, X2, . X[},

O
IS an estimator of ¥ with standard error ﬁ




Monte Carlo Methods

Variance reduction

- - Z f (X -
Consider a Monto Carlo estimator n& for some quantity ¥ = E[f(X)].

Let & be function for which the mean E[£(X)] is known. (X) is called a control variate.
Consider the random function f*(X) = f(X) — ¢ [&(X) — E[&(X)]] for some constant c.
*(X) is then an unbiased estimator of ¥ since E[f*(X) ]= V.

We can estimate it with the Monte Carlo estimator

L3 (XM= Z(f(X[”>—c[§<xm)—E[:(X)]]).

m k=1 By

It has a lower standard error which can be minimized by a clever choice of
the constant c. il
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Value at Risk
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Definition

Value at risk (VAR) summarizes the worst loss over a target horizon

that will not be exceeded with a given level of confidence under
normal market conditions.

Mathematically, if ¢ denotes the confidence level, t the target
horizon and L, the loss at time t, VAR is defined by

P(L, > VAR)<1-c
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Example

Value at Risk
q--\_
L]
o
=
i
o S
[=3 =
[ax]
o0
&
. =0
= VaR=0.82 Mio EUR e
= =
5 S
= =
T =
1 :
= oo
[xa)
=
s
10%
D-_
[an}

Partfoliowert [in Mio. ELIR]

10% Value at Risk with normally distibuted portfoliovalue
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Steps in computing VAR

« Mark to market the current portfolio

» Set the time horizon

» Set the confidence level

» Measure the variability of the risk factor

« Compute the probability

Example : VAR of a $100 million equity portfolio over 10 days at the
99 % confidence level.
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Quantile of the confidence level

TaB. A.1 — Fonction de répartition de la loi normale centrée réduite

Probabilité d’avoir une valeur inférieure a ¢ : F(t) = P(X < t)

t 0,00 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09
0.0 | 0,5000 | 0,5040 | 0,5080 | 0,5120 | 0,5160 | 0,5199 | 0,5239 | 0,5279 | 0,5319 | 0,5359
0,1 ] 0,5398 [ 0,5438 | 0,5478 | 0,5517 | 0,5557 | 0,5596 | 0,5636 | 0,5675 | 0,5714 | 0,5753
0,2 |1 0,5793 | 0,5832 | 0,5871 | 0,5910 | 0,5948 | 0,6987 | 0,6026 | 0,6064 | 0,6103 | 0,6141
0.3 [ 0,6179 | 0,6217 | 0,6255 | 0,6293 | 0,6331 | 0,6368 | 10,6406 | 0,6443 | 0,6480 | 0,6517
0,41 0,6554 | 0,6591 | 0,6628 | 0,6664 | 0,6700 | 0,6736 | 0,6772 | 0,6808 | 0,6844 | 0,6879
0,5 | 0,6915 | 0,6950 | 0,6985 | 0,7019 [ 0,7054 | 0,7088 | 0,7123 | 0,7157 | 0,7190 | 0,7224
0,6 | 0,7257 | 0,7291 | 0,7324 | 0,7357 | 0,7389 | 0,7422 | 0,7454 | 0,7486 | 0,7517 | 0,7549
0,7 [ 0,7580 | 0,7611 | 0,7642 | 0,7673 | 0,7704 | 0,7734 | 0,7764 | 0,7794 | 0,7823 | 0,7852
0,8 [ 0,7881 | 0,7910 | 0,7939 | 0.7967 | 0,7995 | 0,8023 | 0,8051 | 0,8078 | 0,8106 | 0,8133
0,9 [ 0,8159 | 0,8186 | 0,8212 | 0,8238 | 0,8264 | 0,8289 | 0,8315 | 0,8340 | 0,8365 | 0,8389

1.0 | 0,8413 | 0,8438 | 0,8461 | 0,8485 | 0,8508 | 0,8531 | 0,8554 | 0,8577 | 0,8599 | 0,8621
1.1 | 0.8643 | 0,8665 | 0,8686 | 0.8708 | 0,8729 | 0,8749 | 08770 | 0,8790 | 0,8810 | 0,8830
1.2 | 0,8849 | 0,8869 | 0,8888 | 0.8007 | 0,8925 | 0,8944 | 0,8962 | 0,8980 | 0,8997 | 0,9015
1.3 | 09032 | 0,9049 | 0,9066 | 0.9082 | 0,9099 | 0,9115 | 0,9131 | 0,9147 | 0,9162 | 0,9177
1.4 0,9192 | 0,9207 | 0,9222 | 0,9236 | 0,9251 | 0,9265 | 0,9279 | 10,9292 | 0,9306 | 0,9319
1,5 | 09332 | 0,9345 | 0,9357 | 0,9370 | 0,9382 | 0,9394 | 0,9406 | 0,9418 | 0,9429 | 0,9441
1.6 | 0,9452 | 0,9463 | 0,9474 | 09484 | 0,9495 | 0,9505 | 0,9515 | 10,9525 | 0,9535 | 0,9545
1.7 | 0,9554 | 0,9564 | 0,9573 | 0.9582 | 0,9591 | 0,9599 | 0,9608 | 0,9616 | 0,9625 | 0,9633
1.8 | 0,9641 | 0,9649 | 0,9656 | 09664 | 0,9671 | 0,9678 | 0,9686 | 0,9693 | 0,9699 | 0,9706
1.9 | 09713 | 09719 | 0,9726 | 0.9732 | 0,9738 | 0,9744 | 0,9750 | 0,9756 | 0,9761 | 0,.9767

2,01 09772 [ 09778 | 0.9783 | 0,9788 | 0,9793 | 0,9798 | 0,9803 | 0,9808 | 0,9812 | 0,9817
2,1 | 0,9821 | 0,9826 | 0,9830 | 0,9834 | 0,9838 | 0,9842 | 0,9546 | 0,9850 | 0,9854 | 0,9857
2,2 | 0,9861 | 09864 | 09868 | 0,9871 | 0,9875 | 0,9878 | 0,95881 | 0,9884 | 0,9887 | 0.9890
2,3 | 0,9893 | 0,9896 | 0,9898 | 0,9901 | 0,9904 | 0,9906 | 0,9909 | 0,9911 | 0,9913 | 0,9916
2,41 09918 | 0,9920 | 09922 | 0,9925 | 0,9927 | 0,9929 | 0,9931 | 0,9932 | 0,9934 | 0,9936
2,5 | 0,9938 | 0,9940 | 09941 | 0,9943 | 0,9945 | 0,9946 | 0,9948 | 0,9949 | 0,9951 | 0,9952 ““i I“
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Quantile of the confidence level

TAB. A.1 — Fonction de répartition de la loi normale centrée réduite

Probabilité d’avoir une valeur inférieure 4 £ : F'(t) = P(X < 1)

t 0,00 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09
0.0 | 0,5000 | 0,5040 | 0,5080 | 0,5120 | 0,5160 | 0,5199 | 0,5239 | 0,5279 | 0,5319 | 0.5359
0,1 | 0,5398 | 0,5438 | 0,5478 | 0,5517 | 0,5557 | 0,5596 | 0,5636 | 0,5675 | 0,5714 | 0,5753
0,2 | 0,5793 | 0,5832 | 0,6871 | 0,5910 | 0,5948 | 0,5987 | 0,6026 | 0,6064 | 0,6103 | 0.6141
0,3 | 0,6179 | 0,6217 | 0,6255 | 0,6293 | 0,6331 | 0,6368 | 0,6406 | 0,6443 | 0,6480 | 0,6517
0,4 | 0,6554 | 0,6591 | 06628 | 0,6664 | 0,6700 | 0,6736 | 0,6772 | 0,6808 | 0,6844 | 0,6879
0,5 | 0,6915 | 0,6950 [ 0,6985 | 0,7019 | 0,7054 | 0,7088 | 0,7123 | 0,7157 | 0,7190 | 0,7224
0,6 | 0,7257 | 0,7291 | 0,7324 | 0,7357 | 0,7389 | 0,7422 | 0,7454 | 0,7486 | 0,7517 | 0,7549
0,7 | 0,7580 | 0,7611 | 0,7642 | 0,7673 | 0,7704 | 0,7734 | 0,7764 | 0,7794 | 0,7823 | 0,7852
0,8 | 0,7881 | 0,7910 | 0,7939 | 0,7967 | 0,7995 | 0,8023 | 0,8051 | 0,8078 | 0,8106 | 0,8133
0,9 | 0,8159 | 0,8186 | 0,8212 | 0,8238 | 0,8264 | 0,8289 | 0,8315 | 0,8340 | 0,8365 | 0,8389

1,0 | 0,8413 | 0,8438 | 0,8461 | 0,8485 | 0,8508 | 0,8531 | 0,8554 | 0,8577 | 0,8599 | 0,8621
1.1 | 0.8643 | 0,8665 | 0.8686 | 0.8708 | 0,8729 | 0,8749 | 0,8770 | 0,8790 | 0.8810 | 0,8830
1.2 | 0,8849 | 0,8869 | 08888 | 0.8907 | 0,8925 | 0,8944 | 0,8962 | 0,8980 | 0,8997 | 0,9015
1.3 | 0,9032 | 0,9049 | 0,9066 | 0,9082 | 0,9099 | 0,9115 | 0,9131 | 0,9147 | 0,9162 | 0,9177
1.4 | 09192 | 0,9207 | 0,9222 | 0,9236 | 0,9251 | 0,9265 | 0,9279 | 0,9292 | 0,9306 | 0,9319
1,5 | 0,9332 | 0,9345 | 0,9357 | 0,9370 | 0,9382 | 0,9394 | 0,9406 | 0,9418 | 0,9429 | 0,9441
1.6 | 0,9452 | 0,9463 | 0,9474 | 0,9484 | 0,9495 | 0,9505 | 0,9515 | 0,9525 | 0,9535 | 0,9545
1,7 | 0,9554 | 0,9564 | 0,9573 | 0,9582 | 0,9591 | 0,9599 | 0,9608 | 0,9616 | 0,9625 | 0,9633
1.8 | 0,9641 | 0,9649 | 0,9656 | 0.9664 | 0,9671 | 0,9678 | 0,9686 | 0,9693 | 0,9699 | 0,.9706
1.9 09713 | 09719 | 09726 | 0,9732 | 0,9738 | 0,9744 | 0,9750 | 0,9756 | 0,9761 | 0.9767

2,0 10,9772 | 09778 | 0,9783 | 0,9788 | 0,9793 | 0,9798 | 0,9803 | 0,9808 | 0,9812 | 0,9817
2.1 ] 0,9821 | 0.9826 | 0,9830 | 0,9834 | 0,9838 | 0,9542 | 0,9546 | 0,9850 | 0,9854 | 0,9857
2,2 | 0,9861 | 0,9864 | 09868 | 0,9871 | 0,9875 | 0,9878 | 0,9881 | 0,9884 | 0,9887 | 0,9890

2.3 | 0,9893 | 0.9896 | 0,9898 0,9904 | 0,9906 | 0,9909 | 0,9911 | 0,9913 | 0,9916 ““i I“
2.4 10,9918 | 0,9920 | 0,9922 | 0,9925 | 0,9927 | 0,9929 | 0,9931 | 0,9932 | 0,9934 | 0,9936 .
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2,5 1 0,9938 | 0,9940 | 0,9941 | 0,9943 | 0,9945 | 0,9946 | 0,9948 | 0,9949 | 0,9951 | 0,9952 LUXEMBOURG

2.6 | 0,9953 | 0,9955 | 0,9956 | 0,9957 | 0,9959 [ 0,9960 | 0,9961 | 0,9962 | 0,9963 | 0,9964



Quantile of the confidence level

TAB. A.1 — Fonction de répartition de la loi normale centrée réduite

Probabilité d’avoir une valeur inférieure a ¢ : F(t) = P(X < t)

t 0,00 0.01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09

0,0 | 0,5000 | 0,5040 | 0,5080 U,S"‘ZU 0,5160 | 0,5199 | 0,5239 | 0,5279 | 0,5319 | 0,5359
0,1 | 0,5398 | 0,5438 | 0.5478 | 0,5%17 | 0,5557 | 0,5596 | 0,5636 | 0,5675 | 0,5714 | 0,5753
0.2 ] 0,5793 | 0.5832 | 0.,5871 | 0,5910 | 0,594%8 | 0,5987 | 0,6026 | 0,6064 | 0,6103 | 0,6141
0.3 ] 0,6179 | 0.6217 | 0,6255 | 0,693 | 0,6331 | 0,6368 | 0,6406 | 0,6443 | 0.,6480 | 0.6517
0.4 ] 0,6554 | 0.6591 | 0.6628 U,ﬁmﬁsl 0,6700 | 0,6736 | 0,6772 | 0,6808 | 0.6844 | 0.6879
0.5 | 0,6915 | 0.6950 | 0.6985 | 0,7919 | 0,7054 | 0,7088 | 0,7123 | 0,7157 | 0,7190 | 0,7224
0,6 | 0,7257 | 0,7291 | 0,7324 | 0,7857 | 0,7389 | 0,7422 | 0,7454 | 0,7486 | 0,7517 | 0,7549
0,7 | 0,7580 | 0,7611 | 0,7642 U,TETS 0,7704 | 0,7734 | 0,7764 | 0,7794 | 0,7823 | 0,7852
0,8 | 0,7881 | 0,7910 | 0,7939 | 0,7967 | 0,7995 | 0,8023 | 0,8051 | 0,8078 | 0,8106 | 0,8133
0.9 | 0,8159 | 0.8186 | 0.8212 | 0,8238 | 0,8264 | 0,8289 | 0,8315 | 0,8340 | 0.8365 | 0,8389

1.0 | 0,8413 | 0,8438 | 0,8461 | 0.8485 | 0,8508 | 0,8531 | 0,8554 | 0,8577 | 0,8599 | 0,8621
1.1 | 0.8643 | 0.8665 | 0.8686 | 0.8T08 | 0,8729 | 0,8749 | 0,8770 | 0,8790 | 0.8810 | 0,8830
1.2 | 0,8849 | 0.8869 | 0,8888 U,Siu? 0,8925 | 0,8944 | 0,8962 | 0,8980 | 0,8997 | 0,9015
1.3 | 0,9032 | 0,9049 | 0,9066 | 0.9¢82 | 0,9099 | 0,9115 | 0,9131 | 0,9147 | 09162 | 0,9177
1.4 10,9192 | 0,9207 | 0,9222 | 0,9236 | 0,9251 | 0,9265 | 0,9279 | 0,9292 | 0,9306 | 0,9319
1,5 | 0,9332 | 0,9345 | 0,9357 | 0,970 | 0,9382 | 0,9394 | 0,9406 | 0,9418 | 0,9429 | 0,9441
1.6 | 0,9452 | 0,9463 | 0,9474 | 0,9484 | 0,9495 | 0,9505 | 0,9515 | 0,9525 | 0,9535 | 0,9545
1.7 10,9554 | 0,9564 | 0,9573 | 0,9582 | 0,9591 | 0,9599 | 0,9608 | 0,9616 | 0,9625 | 0,9633
1.8 | 0,9641 | 09649 | 0,9656 | 0,9664 | 0,9671 | 0,9678 | 0,9686 | 0,9693 | 0,.9699 | 0,9706
1.9 1 09713 | 09719 | 0,9726 | 09732 | 0,9738 | 0,9744 | 0,9750 | 0,9756 | 09761 | 0,9767

2,0 | 09772 | 0,9778 | 09783 | 0,9788 | 0,9793 | 0,9798 | 0,9803 | 0,9808 | 0,9812 | 0,9817
2,1 | 0,9821 | 0,9826 | 0.9830 | 0,9%34 | 0,9838 | 0,9842 | 0,9846 | 0,9850 | 0,9854 | 0,9857

2,2 | 0,9861 | 0,9864 | 0,9868 | 0,9471 | 0,9875 | 0,9878 | 0,9881 | 0,9884 | 0,9887 | 0,9890 Ili |II
2, 38-0-9895-F-9896—0798950,990 1| 0,9904 | 0,9906 | 0,9909 | 0,9911 | 0,9913 | 0,9916 .
2.4 | 0,9918 | 0,9920 | 0,9922 | 0,9925 | 0,9927 | 0,9929 | 0,9931 | 0,9932 | 0,9934 | 0,9936 EMBOURG

2,5 | 0,9938 | 0,9940 | 0,9941 | 0,9943 | 0,9945 | 0,9946 | 0,9948 | 0,9949 | 0,9951 | 0,9952



Time adjustment

Suppose that the portfolio has an annual variability of 15 %.

We are interested in a 10 days VaR. Since the trading year is constituted of 250
days, we have to adjust the volatility to ten days.

The central limit theorem tells us that for independent and identically distributed
random variables, variances are additif over time, which implies that volatility
grows with the square root of time.

Finally we get :

VaR = $100MM «15%+/10/250+2,33=$7MM.
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Example 2

Compute a portfolio’s 90 % 1 week USD VaR. We need to compute the value at time one
(after a week) of the portfolio. Define

'S value of a ton of aluminium at time 1

'S, value of a ton of copper at time 1
1 _ 'S, _| valueof aton of lead at time 1

'S, value of a ton of nickel at time 1

'S, value of a ton of tin at time 1

'S, value of a ton of zinc at time 1

Current values in USD/ton are

°s,) (1516,0
°s, | |1719,5
og _| °Sy|_| 476.0
°s, | |7945,0
°s, | |5715,0
°s, ] 11165,0

UNIVERSITE DU
LUXEMBOURG




Example 2

The portfolio holdings o are reprsented as a row vector.
Suppose o = (1000, 2000, 500, 250, 1000, 100).
The current portfolio value is °P = » °S = 13,011 MM USD.

It’s value at time one 1P is random:
Ip=@1S.

Let 196 and 193 be the standard deviation of 1P and the covariance matrix of 1S.

”Oaza/a)Za)'.

How do we compute the value of 19% ?

We have :
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Example 2

Date Time Aluminum Copper Lead Nickel Tin Zinc

t sy sz 'sy 'S4 ss ss

12/10/99 -29 15160 1,719.5 4760 79450 57150 1,165.0
12/17/09 -28 1,580.5 1,796.0 4820 8,155.0 5730.0 1,216.0
12/24/99 -27 1,609.0 1,834.0 4740 8380.0 5,700.0 1,200.0
12/30/99 -26 1,630.5 1,846.0 4780 84500 6,1050 1,239.0

5/12/00 -7 14550 18085 418.0 10,040.0 54900 1,170.5
5/19/00 -6 14980 18150 403.0 10,600.0 54800 1,156.0
5/26/00 -5 14640 1,793.5 4320 10,4350 54050 1,188.0

6/200 -4 14640 17700 423.0 10,020.0 54400 1,118.5

6/9/00 -3 14565 17225 4210 84800 54500 1,099.0
6/16/00 -2 16550 1,768.0 4220 82300 55250 11,1255
6/23/00 -1 15445 17670 416.0 79250 55150 1,124.0
6/30/00 0 15640 17735 440.5 82450 5465.0 1,148.0

Exhibit 1.4 Thirty weekly historical prices for the indicated metals. All prices are in USD per
Time series ana|y5i Sg Ives us ton. Source: London Metals Exchange (LME).

1709 1227 8 3557 774 275
1227 1746 65 6274 574 469
8 65 128 -270 —49 69
3557 6274 -270 137361 -2459 1764
774 574 -49 2459 13621 952
275 469 69 1764 952 544 mi.lu
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Example 2

Conditional standard deviation of P:
Yo = JoZw' =271.400 USD
To conclude we need a modelization for the probability law of 1P.

Suppose that 1P follows a normal law with mean °P and standard deviation 1%. The loss

at time 1 denoted by L ,, then follows a centered normal law with the same standard
deviation.

Denote the cumulative distribution function of L, by F,
Then the 90 % VaR of our portfolio after one week can be computed by
P(L, >VaR)=0,9=1-P(L, <VaR)
=1-F_ (VaR)=0,9
= F, (VaR)=0,1
=VaR =1,282 *“c = 278.000 USD.

UNIVERSITE DU
LUXEMBOURG




Example 3

Compute a portfolio’s 95 % 1 day GBP VaR if the historical prices are in another
currency. We need to compute the value at time one (after a day) of the portfolio. Define

'S, ) (GPB value of a share of National Australia Bank
'S =|1'S, |=| GPB value of a share of Westpac Banking Corp. |.
'S, GPB value of a share of Goodman Fielder

The portfolio holdings o are represented as a row vector.
Suppose o = (10.000, 30.000, -15.000).

The current portfolio value is °P = » S = 198.000 GPB
It’s value at time one *P is random:

Ip=@1S.

Problem : The historical data of the stock prices are in Australian dollars.
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Example 3

We introduce a change of variables 1S = ¢(!R), where

'R, | (AUD value of a share of National Australia Bank
'R, AUD value of a share of Westpac Banking Corp.

R=|, = _ and
R, AUD value of a share of goodman Fielder
'R, GBP/AUD exchange rate
lR1
p(R)="R,| 'R, |
1R3

Hence, P = 6(*R) = 'R,(10.000 R,+ 30.000 ‘R, — 15.000 'R,)

This is not a linear function of 1R !!! .l
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Example 3

Let 19 and 193 be the standard deviation of 1P and the covariance matrix of !R.

National ~ Westpac

Date Time Australia Banking Ceoon'™" GBP/AUD
Bank Corp.
t gﬁ ﬁé ﬁb 92
171000 42 22.200 10207 1400  0.4007
111/00 -41 21800 10215 1410  0.3990
112/00 -40 21630 10220  1.380  0.3995

1/13/00 -39 21.430 10.310 1.370 0.4057

2/29/00 =7 21.400 10.400 1.170 0.3901

3/1/00 =0 22.106 10.767 1.184 0.3828
3/2/00 -5 22.273 10.580 1.200 0.3855
3/3/00 -4 21.442 10.410 1.170 0.3847
3/6/00 -3 20.950 10.410 1.140 0.3824
3/7/00 —2 21.340 10.414 1.080 0.3826
3/8/00 =] 20.830 10.500 1.130 0.3844
3/9/00 0 20.080 10.800 1.150 0.3892

Exhibit 1.5 Two months of historical data for the GBP/AUD exchange rate and AUD prices
for the indicated stocks. None of the stocks had ex-dividend dates during the period indicated.
Source: Federal Reserve Bank of Chicago and Dow Jones.

Time series analysis gives us

0,156644 0,030382 —-0,00135 -0,000213
0,030382 0,029574 0,000157 0,000053
—0,000135 0,000157 0,000739 —0,000010
—0,000213 0,000053 -0,000010 0,000015

‘ I
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Example 3

Solutions in case of a nonlinear portfolio mapping:

* apply the Monte Carlo method to approximate the desired
quantile

* approximate the quadratic polynomial 6 with a linear polynomial

« assume R is conditionally joint-normal and apply probabilistic
technigues
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Example 3

Use of the Monte Carlo method

National = Westpac

Australia  Banking Ggi‘(’a‘fg;?" GBP/AUD  Portfolio
Bank Corp.
1 [k
k 1r1[k] 1r2[k] 1r3[kl 1r4(k] p[ |
1 20200 10913 1150 03823 196,135
> 19392 10333 1153 03870 188,327
3 20088 10744 1164 03917 198,117
4 20620 11083 1124 03920 204,538
5 19.660 10811  1.154 03909 196,855
6 19973 10806 1162  0.3823 193,639
7 19732 10867 1158  0.3902 197,437
8 19655 10925 1200 03889 196,902
9 20101 10886 1122 03909 199,665
10 21136 11064 1129 03801 200,037
11 19968 10839  1.180 03881 196,804

At
no

20.112 10.750 1.119 0.3906 197,961

9998  20.240 10.565 1.166 0.3846 193,033
9999  19.531 10.378 1.186 0.3930 192,149
10000  20.078 11.215 1.154 0.3936 204,619

Exhibit 1.6 Results of the Monte Carlo analysis.

Compute 1ptkI=0(1rlk) for all k.

190000 195000 200000 205,000

Exhibit 1.7 Histogram of realizations 'p*l of the portfolio’s value 'P.

‘ I
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Example 3

Use of the Monte Carlo method

The sample 5% - quantile of our realizations is GPB 191.614.

The loss at time 1 L, is the difference of the initial portfolio value and the portfolio
value at time 1.

I:Ll (VaR) =F, P_lp(\/aR) =0,05
—VaR ="P—F, =197.539-191.614
= VaR =5.925 GPB.
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Luxemburgish definition

CSSF criteria:c=1%
t = 20 days (1 month)

P(L,, > VAR) <99 %

Moreover the observation of the risk factors used in the
computations have to be done on a time horizon of at least a
year (250 days) and the VaR computations have to be done

every day.
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Backtesting
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Example
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Model verification based on faillure rates

Define N as the number of exceptions for a total of T days and N/T as the failure rate.
This rate should converge to p = 1- ¢ as the sample size increases.

If the model is correctly calibrated, the number of exceptions N follows a binomial
probability distribution of parameters T and p. This means

P(N =K)=Cfp*(L- p)"“.

When T is large, we can approximate the binomial distribution by a normal
distribution of mean pT and variance p(1-p)T.

Standard test theory then gives adecision rule for any given confidence level.

UUUUUUUUUUUU
UUUUUUUUUU




Model verification based on faillure rates

Distribution of exceptions when model is correct.

Frequency (Model is correct: p=0.01, 7=250 observations)

0.2 -
1 Type 1 error:
10.8% 5
0.1 -
0

B gEs 0. - B & B P88 10 T 12 18 14 15
Number of exceptions

‘ I
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Model verification based on faillure rates

Distribution of exceptions when model is incorrect.

Frequency (Model is false: p=3%, T=250 observations)
0.1 4
4 Type 2 error:
- _ 12.8%
0.05
0 -

1 T S - Y S - - Nar W - VI ety {0 S o R s PO | ol
Number of exceptions
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Stresstesting
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Why stress testing?

istribution of daily U.S. stock returns, 1984-2004.

103

8-Jan-88
13-Oct-89
27-Oct-97
31-Aug-98
4-Apr-00
26-Oct-87 9-Mar-89

=0
L

547

0%9-0ct-87

| 1068 B @ H116 '
{1000000000001042622 @ B 247 6 000 1

20 =74 -10 B 0 5 10
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Scenario analysis

Scenario-analysis approach.

Positions Risk factors

Global Trades
repository from front
office

A . i Al

Mapping:
Full valuation Scenarios

Risk engine

Positions:
Pricing

function

Portfolio
values

Risk factors:
Forecast

Data warehouse

Stress Results
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