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Abstract

By Lrsing sorne basic calculus of rnultiple inte-
gration, we provide an alternative expression
of the integral

r
I T 6, min r;, max ri) dx,

J  l o  . t 1 , ,

in which the rninimum and the maximunr
are replacecl rvith two single variables. We

clenronstrate the usefulness of that exprcssiorr
in the cornputation of orness and andncss
average values of certain aggregation func-
tions. By generalizing our result to Riemann-
Stieltjes integrals, we also provide a mettrod
for the calculation of certain exoected values
and distribution functions.

Keywords: N{ultivariate integration, aggre-
gation function, Cauchy mean, distribution
function, expected value, andness, orness.

1 Introduction

Let  a ,ô  e  R U { - - ,  * - } ,  w i th  o  < b ,  and cons ider
an integral over lo,b[" whose integrand displays an ex-
p l ic i t  dependence on the min imum and/or  the maxi -
mum of the variables, that is, an integral of the form

t  / (x ,  minz; ,  f f iâX r i )  d 'x .  (1)
J la,bl, .

In this note we provide an alternative expression of
this integral,  in which the minirnum and the rnaxi-

rnurn are relr laced with two single variables. When

the integral is tractable, that alternative expressiotr

genertr l ly makes the integral rnuclt  easier to evalttate.

For instance, wherr lhe integrand depertds ott ly ott  t lur

rninirr iurn an<i thc tt taximttm of the vari trblcs, r,ve olr

tain the following identity

I

I  f  ( ^ i r r  r , ,  r  r r i Lx  r ;  )  dx
J 1 , r ,b1, ,

6+1,,^

: n ( n - -  u ) " -2  du ,  ( 2 )

the integral be-and hence, for certzrin functions /,
comes very easy to evaluate.

The alternative expression we present for integral (1) is
given in the next section (see Theorem l).  The method
we employ to obtain that expression merely consists in
dividing the domain ]a, ô[ '  into n polyhedra chosen irr

such a way that the rninirnum and rnaxirnurn functions
simply become single variables.

This method can be very efficient in the evaluation of
many integrals that would normally require difficult
and tedious computations. As an example, consider
the variance of a sarnple x € [o, ô]' from a given pop-

ulation, namely

' |  t r  ,  1  n  , )

s 2 ( x )  : ; \ I  ( " , -  ;  f  , j )
i : l  j :  I

The average value over [a, b]" of the variance-to-range
ratio function can be easily calculated by using our
method. We merely obtain

" ' ( * )

D 1,, o" f,, ' f (u,u)(u

IIIâX it; - illû Z;

n  J - )

dx : 
' :_- 

(b _ a).
l 2n  \

( 3 )

T'his note is set out a,s follows. In Section 2 wc statc
ancl prove the rnain restrlt. In Section 3 rve provicic

an applicatiorr of our result to internal fun<;t iorrs, also
callccl Cauchy rnoans) which can be ciassifietl accorci-
ing to their location ' ,vi thin the rarrgc of the variabkrs.
A sirni lar appl icat ion to conjunctive and cl is. junct, ivr:
frrnct ions is also invcstigated. In Section 4 wc shorv
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I ron '  t , l rc  r l i re t : t  gcr rcra l iza l ion <t f  or r l  lesr r l t  t ,o  l l , i r :nr i r , r rn-
St i r : l t . j t :s  i r r togr i l l s  c r r t i l t les  r rs  t ,o  cons i< ler  the cva l r ra t ior r
of '  cert,airr t 'x1lt ' r : t ,c<l valrrcs frotrr vzrr ious cl istr ibutions.

We rvi l l  ust: t , l r t :  lbl loiving nolat ion throughorrl , .  For
any tt- t ,uplt :  x. wc <lenote by (* |  , i  :  z) the n-tu1>le
rvhose r,th coorrl inate is u i f  i  :  i ,  and r; otherwise.
A l so ,  f o r  any  i n tege r  n ) -  l ,  we  se t  [ n ]  : :  { 1 , . .  . , , n , } .

2 Main result

In this section we present our main result which con-
sists of an alternative expression of integral (1). We
start with a prelirninary lemma, which concerns the
particular cases of fr-rnctions involving either the min-
imurn or the rnaxirnurn of the variables.

Let f : ]n, b["+1 -- R. be an integrable fun,c-
ue haue

nr in : l ; )  dx

-  u )  l l  r h ; ,
t€ [ , " ] \ { . i }

[ ,etnnrrr I  is int, t :rest ing i tr  i ts r irvn r iglrt ,  since i t  pro-
vicies special câ,sesi o1' the rnair i  result.  Iror- ir ist,uncc.
by apply ing the f i rs t  fbrnnr la ,  we i rnmer l ia te lv  o l r ta i r r
the fol lowing iclcnti ty, which rvi l l  i re usecl in t ,he nexl
section (see Exarnple 2). For arry 5. C [n],  we ]ra,vc.

f
I  r  (ryi l  11) dx

. / ) a , b l , ,  , r )

:  ( ô  -  a ) ' -  l s l  ; S ; (4 )

Let us now state our main result,, which follows irnme-
diately from two applications of Lemma 1.

Theo rem L  Le tn )  2  and ,  I e t  f  , l o , b [ " * ' - - - ,  R  ôe  an
integrable funct'ion. Then we haue

I

I  f  ( * ,  m in  z ; ,  max r ; )  dx
J l rL , l ' [ "

l,,o 
f tu)(b - u)lsl-I rlz.

, t ,  ["  ,1, *
Jn.

f  ( * ,u ,u  I  r i  :  u , r1 r , :  u )  I I  r l r i .
; e  [ n i \  {  j , r }t  /(x. r 'ax rr;)  dx

J  l o  . h l "

I L

\-: )
lJ

Lemma 1
tion,. Thert

l f , " ,
J l , , . t , I ' ' : Ë [ '

' i ,k :1 u a

i * k

I
J ) u . u 1 , , - z

t t  71,  / '

:  t / , t t ,  l  f g . u l r l' : - ,  
J  , ,  J  l t t  .1,1 ' ,  -  r

- t - \

'tL 
r

: t / /(x, min ri) rtx
i1, J P'

t r p b î

:  t / , t . r i l  . f ( * , r i )
îa J, ,  

"  
J l , , . r r [ - - r  

-

Proof. Consicler the fbllowing n-dimensional open
poly l rer l ra

P i  : :  { x  e  ] a ,  b [ "  :  r i  >  r lY i  I  j ]  ( f  e  [ " ] ) .

They are pairrvise disjoint. Indeed, if x € Pi À P7,,
with 7 f ,k, then rr ) r i  ànd r i  )  rn, which is a
contradiction. N,Ioreover, the union of tlieir set closures
covers )o,bl".  Indeed, for any x € ]a, b[" there is always
j e lnl such that ri > x:j for all i + j.

Therefore, for any integrable function f ,  )o,b[ 'nt *
R, we have

r
I  f  ( * ,  r r r i r r  r ; ) r / x

J  1o , .b l "

f
,tu l. ,.._. /(*, u I r i :1;) l l  r lnr.

. ,  ) ( r . 1 t 1 . .  i € [ r ] \ t J ]

I|r d'rt,
; e [ n ] \ { j }

A cl irect use of t i r is result leads to forrnula (3). In-
deecl, as the integrand is symmetric in its variables
we sirnply need to consicler

f  ( x , u , u  I  r i  :  u , r 1 r , : 7 1 )
1

:  
; = s 2 ( " ,  

, . . . , t , ^ - 2 , ' t t , u ) ,  ( 5 )

where, for any fixed a < u < u < b, the right-hand
s ide  i s  a  quad ra t i c  po l ynomia l  i n  r r , . . . t r r r *2 .

3 Application to aggregation function
theory

We now apply our main result to the computation of
orness ancl andness average values of internal functions
and to the computation of idernpotency average values
of conjunctive and disjunctive functions.

3.1 Internal functions

We recall the concept of internal functions, which was
introduced in the theory of means and aggregation
functions.

Def in i t ion 1  A funct ion F: )a ,b f ' '  -  R is  sa id  to  be
i ,n ternnL i f

which proves the first formula. The second forrnula can
bc cstabl ishecl similarly by considering the polyl ieclra

Q. j  : :  {x  e  ]o , ,  b [ "  :  r i  <  r iY i  I  j ]  ( "1  e  [ " ] )  t r r n i n r ,  (  f ( r )  (  r naxz ;  ( x  e  ] a ,ô [ " ) .
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Internal i t l '  is a property introcluced by Cauchy [3]
wlro ccrrrsiclcred irr 1821 the mean of n independent
var iab les 17, .  . .  )  e ; , r l .  i l s  a  f r rnc t ion F( r r , .  .  .  , r r r )  which
should be internal to tire set of zr valueij. Internal func-
tions, also callccl Cauchy means, are very often encoun-
terecl in the literature on aggregation furrctions. Most
o{ the classical means, such as the ari thmetic mean,
the geornetric rnean, and their weighted versions, are
Cauchy means. For nn overview on means and aggre-
gation fïrnct ions, sec the edited book [2].

It is straightforward to see that a function F : la,bI" -

R. is internal if and only if there is a function / from

lo,b [*  \  d iag( ]a ,  ô [ " )  to  [0 ,  1 ]  such that

F ( * )  :  m in r ;  +  / ( x )  (maxz r  -  m inn r ) ,

w h e r e  d i a g ( ] a ,  b [ " )  : :  { ( " , . . . , x : )  e  ] a , , b l "  :  r  e  l a , b [ ) .

Start ing frorn this observation, Dujmovié [a] (see also

[6]) introcluced the fbl lowing concepts of local orness
tund andness functions, rediscovered independently by
Fernândez Saliclo and N'Iurakami [8] * orness and and-
ness distr ibution functions.

Definit ion 2 i fhe oryless distr ibution function (resp.
andness dist'ribut'ion function) associated with an in-
ternal ftrnction -F : la,b[" --+ R. is a function odlp
(* rp  ac i f  r ) ,  f rom ]a ,b [ " \d iag|o ,b l^ )  to  [0 ,  1 ] ,  def ined

odf p(x) :

(resp. adf p(x)

F(* )  -  min z ;

As an immediate propert,y, w€ note that

odf p(x) + arl f ' r(x) :  1,

whiclr entails *1,f , * actf o : 1. Thus, as expected,
both odf p and, al1.f , renclcr the same information and
hence we can restr ict ourselves to the computation of
odI p.

Even thougli thc cornputtrtion of octf , rernains very
difficult in most of the cases, Theorern 1 enables us to
rewrite this integral in a rnore practical form, nanely

-----
odJ p

1:
(b -  o)"

: ' l . L ) l k :  u )  -  u

u - u

The following two examples dernonstrate the power of
this formula:

Example 1 The orness average value over [0, 1]" of
the geometric mean

çt,,)1x) :fr,*|,,,,
i : l

is given f.or n :2 by

o r l f ç s : l n 4 - 1

d'' 1,," 'tu *
rL 7l.tr l

.1,Â':1 " "
i +k

F ( . x l r 11,,,,_. IrI d'ri'
; e  [n ] \  {  j , t  }

i 5 )

ITIâX JDi - min r,'

_ max r l  -  F(x) ,
fi1àx ri - -in C 

/'

nd
Thus defined, the orness distribution function (resp.
andness distribution function) associated with an in-
ternal function lr : )a,b[" --) R. measures, at each
x € ]a, b[", the extent to which r. (*) is close to max r;
(resp. minri),  that is, the extent to which l ' (") has a
disjunctive (resp. conjunctive) or orlike (resp. andlike)
behavior.

To measure the average orness or andness quality of
an internal function over its domain, Dujmovié [4] also
introduced the concepts of mean local orness and and-
ness, later called orness and andness average values by
Fernândez Salido and Murakami [8].

Definit ion 3 The orness auerage ualue (resp. and-
ness aueraqe ualue) of an internal and integrable func-

r -  I  r f nt iorr .F :  la. bl" ---- lQ is defined as

,t,tT ,: --+ t odf p(x) clx
\ o  -  a ) "  J 1 " , t 1 ^

(res1r. *lf r: --L * t acffp(x) clx).
( t ' -  o ) , ,  J l , , . b t "

a r r d f o r n > 2 b y

odT G(-)

:  n ( n - � l ) f  
"  

) " - '  [ '' - \ ' -  - ,  
\ n  +  l l  J ,

1-  
n - 2

r ' ( I  -  ,n* r1r t -2

I - t "
dr

of
I I S

CS

Example 2 Consider a function of the form

c[^)1x1 : f '(s) p'Ë",,
SC [rr]

where the set function o ' 21"1 --- R fulfills

a ( a ) : s  a u d  ! a ( S )  : 1
. ) L l l r l

arrd is chosen so that the tuncti  on C!," ) is non,lecreas-
ing in each variable. Such a. function is known irr
aggregation function thetirl, as a Loud.sz ertension, c)r
a discrete Ch,or1'ur:t  inte:rtrn, l  (scc lor irrstance [9, 1t]).
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l)  ut; :r . ;  tr ,rrcl  <:ortvex corr ibinatiorrs I  u;; :r1t1 of or<letr
st i l t ist icrs, a, lso krrowtr rrs "orclerecl weighted averaging"
f iurc t ions (see [11] ] ) .

fhe orness averagc va,lue over [0. 1]" of Cl"r 
's 

given
bv

ortfr-!:,,:* Lo(t) ff i#sÇ[,. ]

To overcome the difficulty of calculating intractable or-
ness average values, Dujmoviô [5] introduced the next
concept of global orness and andness measures (see
also [6, 8]). Denote by F the average value of any in-
ternal and integrable function F : )a,b[" - R over i ts
dornain, that is,

F ,: --1--- t F(x)dx.
(b  -  o) "  J1u.01, ,

Definit ion 4 The global orness ualue (resp. global
andness uaht"e) of an internal and integrable function
F : )o" ,b l "  -  R.  is  def i r red as

,F - N{in
OI' i leSSp :

n'Iax- - i\,'Iin

( resp.  a 'c inessp:  ${ ; ,^ 
N,lax - lVÏin 

"

rvhere \.tlin and I\'I:rx are, respectively, the rninimrrm
and rnaxirnum functions defined in lo, b[".

For example, considering the geornetric meall

6( . ) (x )  :  f l l ' : ,  , l / "  \n  [0 ,  1 ] " ,  we s i rnp ly  obta in

or.€ss6(n) : - 
;+1 + 

r-ij.(,{-)"

Consiclering the discrete Choquet integral CL-) in

[0, 1]", as defined in Example 2, we get

1  \ -  , ^ , T L - l s l
o r r r € s s " r , r ) :  

n _ I  à , " ( t )  l r ËS Ç [ n ]

s urpr isi ng'r .."::::;:j:; 
: # :;,","

that is, for any discrete Choquet integral, the global
orness value identifies with the orness average value,
a result already reached by Fernândez Salido and Mu-
rakami [8] for t]re special case of symmetric Choquet
integrals, that is, convex combinations of order statis-
t ics .

The interesting question of determining those inter-
rtal functions l7 :  )a,bl" --- R. fulf i l l ing the equation
ornCSSP : odf ,  rett tains open.

3.2 Conjunctive arrd cl isjunctive functions

[,et us norv consider con.j i trrct ive anci disjrrnct ive fïrnc-
t ions.

Def in i t ion 5  A funct ion F : la ,ô [ "  -  R is  sa id  to  be
conjunctiue (resp. disjun,cti,ue) if

o ( F.(x) ( minr; (resp. i lâxc; ( F(*) < b)

Prorninent examples of conjunctive (resp. disjunc-
tive) functions in the literature are t-nor.ms (resp. t-
conorms), whicli âre symnetric, associative, and non-
decreasing functions, from [0, 1]2 to [0, 1],  with 0 (resp.
1) as the neutral element. For an account on t-norms
and t-conornls, see for instance the book by Alsina et
a l .  [ 1 ] .

Clearly, a f ïnct ion F : )a,b[" --) R is conjunctive
(resp. disjunctive) if and only if there is a function

f  , lo ,b [ '  *  [0 ,  1 ]  such that

r ( " )  : a t  / ( x ) ( m i n r r - a )

( r e s p .  F ' ( " )  : b -  / ( * ) ( b - r n a x r ; ) ) .

Just as for the ortless ancl anclness distribution func-
t ions, we can natural ly clef ine the concept of idernpo-
tency clistribution function associated with a conjunc-
t ive (resp. disjunctive) function F : la,,b[" -- '  R as a
rneasure, at each x € ]o, b[",  of the extend to which ,F
i s  i c l en rpo ten t  ( i . e . ,  such  t ha t  F ( r ,  . . . , x : )  :  r ) ,  t ha t  i s ,
the extencl to which F is close to nrin r;  (resp. maxr,).

Definit ion 6 The idempotency distr ibution function
associated with a conjtrnctive (resp. disjunctive) func-
t ion ,F  : la ,b [ "  -+  R is  a  funct ion id f  p  : ]a ,b l "  - - '  [0 ,  1 ] ,
defined as

i t l ] r ( x ) -  
F ( x )  - a

ffl l[ lJti - A

( resp .  i r t f  p (x ) :  ,b  
-  F ( * )  

, .
D - IIIâX Jt;

We can now introduce the concept of idempotency av-
erage value as follows.

Definition 7 1-lie idernpotency auerage ualue of a
conjtrnct ive or <l isjrrnct ive function F : la,b[ '  --  R
is defined as

llr!

, , \( ' (  (

î,1

' I i re

in t r
po l  (

Del

.jtutr
clefi

i t  i ,

Exr
g lo l

u ' l r

lv l t

4

Si r
brt
Le
t e t

po
alr

( , (
i r t r
h:r
vil,

T T
i d ' f  F :  

e - " y  J , , , . r r , , i d f p ( x ) d x '
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l re:

, r  t  i  l ' " nu ,LdJ p : 
(b _ ,,)" 

?_ J,, 
LLU t\

l '  F ( * l r i : u ) - a

. 1 1 , , . r , 1 , , _ ,  t L  -  a

Accorcl ing to Lemrna 1, fbr any conjunctive f irnct ion

F : )a ,b l "  -  R for  ins tancc,  we cu ' l ,n  wr i te

It  can also be userrl  in t ,he ev:r lr"rat ion cif  the cl istr ibut, iorr

furrct ion ol Yn, which is defined as

F n Q )  :  E l t r Q - Y o ) l
r

:  I  H (t  -  g(*, min zi,  rr]âx ro )) *
. /  n ' ,
d  F1( t :  r )  -  .  .  c lF , , ( r " . )  ,

where I l  :  R * {0, 1} is the Heaviside step function,

c le f ined by H(r ) :  1  i f  r  >  0 ,  and 0 o therwise.  Note

that the case wherc Yu is a lattice polynomial (rnax-

min combination) of the variables Xt,, . . . , X,r has been

thoroughly investigated by the author in [12].

To keep our exposit ion simple, let us examine the spe-

cial case where Y, depends only cln min X, and max X;,

that is,
Y,  : :  g(min X; ,  max X; ) ,

wlrere g : R2 ---+ R is a measurable function. In this
case, our method imrnediately leads to

, ,  t \ )

En[y. l  :  \-  I  ap,.( u) x" l ' l l J  
/ - _ -  |  

* '  ^ ; \ " /  "

;  l ' - l  /  - o o

i +k
r'I) r
I I

I  ! t ( r ,u)  dF1( , ' )  |  IT t tF; ( r ; )
|  " '  /  J '  l ,  , . .  "  r r

/  - ô o  /  l ' r , u [  "  -  
; €  [ n ] \ { 7 . k }

: i [- oo*(r) "
/-J t

;  L ' - l  r  - c { '
-  
i +k

f u l \ T - T t

I  s (u , r )  l l  (a ( , )  -  F , (u ) )  d \ (u )
J  - o o

? t L f r l \ t J , r c i

In the particular case where the random vari-

ables Xr,.  .  .  ,  X,. are independent and identical ly dis-
tr ibuted, each with distr ibution function ,F(r),  the ex-
pected value clearly reduces to

l ( l -

t,-
I  t -

I ) .
I i S

c l

\: (_'
) n

T-T

I I ctrt.
. - - I  l \  a  tr e L n l \ t J '

The follorving concept of global idempotency value was

introclucecl by Kolesârovâ [10] for t-norms as an idem-
potency rneasure:

Definition 8 The global idempotency ualue of a con-
junctive (resp. disjunctive) function ,F : lo,bl" -- R is

defined by

F - r , ,  /  . ,  b - F  \
idcr r r l r r  :  ==t - -  ( r 'esp.  idempp :  : ) .r r  

N l i n - c  ô - N I a x '

Example 3 Thc idernpotency average value and the
global iderrrpotency value over [0, 1]" of the product

TL

pi,,) 1x) : fI ,0,
i : 1

r.vhich is a conjunctive function, is given by

o n *  I

Ld.J pr"\ :  
f  
. :r  

1
\ 7 ù /

while its global idernpotency value is given by

n * I
IO€ lT I | )p t ' )  :  

21 ,  
.

4 Application to probability theory

Since the idea behind our results merely consists in

breaking the integration domain into smaller regions,

Lemma I and Theorem 1 can be straightforwardly ex-

tended to Riemann-Stieltjes integrals, thus making it
possible to consider average values from various prob-

ability distributions.

Consider a measurable function g : R"+2 ---+ R and n

independent randorn variables Xr, .  .  .  ,  Xn, Xt. ( i  e ["])
having distribution function -f,(r). Define the random

variable Yn as

Yg i :  g(X,  min X; ,  max X; ) ,

w l re re  X  c l eno tes  t , he  vec to r  (X r , .  . . ,Xn ) .

Thc direct general izal ion of Theorerm l to Riemann-

Stielt jes integrals ctrn be usc<i to evaluate the cxpectecl
valuer of Y,,, narnely

f
Ef  l i , l  :  I  f l6 ,  nr in  r ; ; ,  r r l? lx  r . i )  dFy ( r r  )  .  .  -  d ,F, , ( r . ) .

J n ' ,

Exarnp le  4  For  exponent ia l  var ia l r les  Xr , . . . ,  X, , ,

eactr with distr ibution ft tncbiott F.(:r) :  |  -  e Àr;

(,  > 0), we sitnply have

f aX)

E f  r r ]  -  r t ( n  -  r )  |  À r . . À '  r l t ' <
, J  ( l

r'r,
|  , l@'u)  ( r : -À"  -  " - ) ' t t ) t l - '2  ̂ ' ' - \ ' "  ' l ' " ' '

J o

Ely, l  :  n(n -  , ,  
I :d,F(u)x

f u

J _,-n@,u) 
(F(u) - r("))"- '  d,FçuI (6)

which general izes formula (2).
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l - is i r rg t  l re c ' l raugc of ' r rar iablcs r  :  É:-À" i ln( l
r:,  ̂ ' ' ,  t, l i is ir it,t:grtrl carr bet etrsily rewritten

E [ ] ' � , , ]  : , , ( r i  - \  f t , l , r "
J (')

r:t: -,) , L - , , 1

,1, ,  
! t " -2 s( -  

;  
ln(z).  -  

i  
t r r  ( . ,  -  u))  ,1Y.

Example 5 Let rrs calculate the distr ibution function
ancl the raw nloments of the random variable

V -
ntax X; - mirt X;

max Xi

fron the unifbrm distr ibution over ]0, 1] ' .

The raw monrents can be calculated very easily frorrr
(6). For any integer r > 0, we have

[5] J ,1. Dri. jnrovié. Weig]rted con.jrrnct ivc anrl  t l is-
j r r r rc t ive rne i lns  ar rc l  t l re i l  app l ica. t ion in  s .ys t t : r r r
evzrlrration. ,1. Uniu. Bek\rade, EE Dept., Sr:r'i,,:,s
IVI tt,th,ern o"tics and P hq sir:s, (,183 ) : 1 4 7- 1 11B, 797 4.

[6] .1 . I .  Drr. jnrovié. Seven f lavors of andness/orness.
In B. De Baets, J. Fodor, ancl D. Radojevié, ecl i-
tors, Proc. Euro.fuse 2005, pages 81-92, histitrrte
"Mihaj loPupin", Belgracle, 2005. ISBN 86-7172-
022-5.

[7] B. Eiserrberg and R. Sullivan. Crofion's differen-
t ia l  equat ion.  Am. I l [a th .  Mon. ,  107(2) :129-139,
2000.

[B] J. NI. Fernândez Salido and S. IVIurakami. Extencl-
ing Yager's orness concept for the OWA aggrega-
tors to other mean operators. Fuzzy Sets S'11st.,
139 (3 ) :515 -542 ,2003 .

[9] M. Grabisch. J.-L. IVlarichal, and M. Roubens.
Equivalent representations of set functions. Mo,th.
Oper .  Res. ,  25(2) :157-178,  2000.

[10] A. Kolesârovâ. Revision of parametric evaluatiorr
of aggregation functions. In Proc. 13th Zittau
Rt"zzy ColloEtiu,m, pages 202-2L1, Zittau, Gcr-
rrrany, September 2006.

[11] J.-L. Mzir ichal. An axiomatic approach of the
discrete Choquet integral as a tool to aggrcgate
irrteracting criteria. IEEE Tran,s. Fu,zztl Syst.,
8 (6 ) : 800 -807 ,  2000 .

[12] J.-L. N4arichal. Curnulat ive distr ibution f irnct ions
irncl rnornents of lattice polynomials. Statistic,s €i
Probabil i ty Letters, 7 6(,12) :1273-L279, 2006.

[13] R. R. Yager and J. Kacprzyk, editors. Th,e O'r-

dered Weighted Aueraqing operators. Kluwer Aca-

demic Publishers. USA. 1997.

'!J : t: Àtr -

il,s

E [ Y ' ]  : , , ( n - � 9  [ ' a r ^
, l0

[ ' '  1 u  
-  t L ) ' ( ,  -  u ) ' - 2  r ] u :  

' - '  
, .

J u  \  u  /  '  n * r - l

Ori the other hand, the distribution of Y is sinipll,
given by

\:l 
(u _ u),,-2 rht,, ,  l :  ,ru lo" H(z-F . ( z )  :  n (n , -

that is,

( 0 ,  i r z ( 0 ,
F ( z )  : 1 . ' , - t , i f 0 < : < 1 ,

| . ] ,  i f l ( 2 .
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