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Abstract

We present a modei allowing to determine the
weights related to interacting criteria. This is
done on the basis of the knowledge of a partial
ranking over a reference set of alternatives (p.o-
totypes), a partial ranking over the set of criteria,
and a partial ranking over the set of interactions
between pairs of criteria.
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teracting criteria, Choquet integral.

1 Introduction

Let us consider a set of altem,atiues A _

{ o , b , c , . . . }  a n d  a  s e t  o f  c r i t e r i a  N  -  { 1 , . . . , n }
in a multicriteria decision making problem. trach
alternative a € A is associated with a profiIe
r (a ) :  ( r r (o ) , .  . . , rn (a ) )  e  IR '  where  r ; (a )  rep -
resents the utility of a related to the criterion i,
w i th  r i  €  X ; ,  i :  1 ,  . . . , n .  We assume tha t  a l i
the utiiities r;(a) are defined according to a same
interval scale.

Suppose that the preferences over A of the de-
cision maker are known and expressed by a binary
relation F. In the classical multiattribute utility
(tvIAUT) modei [9], the problem consists in con-
structing a utility function [/ : IR' + IR repre-
senting the preference of the decision maker, that

is such that

a > b e U [ : r ( a ) ]  >  U [ r ( ô ) 1 ,  Y a , b €  A .

The binary relation L on X : ll; Xr verifies the
indepenclence in coorclinates (which is proven to
be equivalent to the mutually preferentially ind+.
pendence) i f f ,  for al l  i , r , ! / ,  zi , t i t

(rn*-,) > (rrtJ-t) impiies (t ;r-;)  > (try-r)

if (r;r-) represents the vector which has the
same coorclinates as r € X except for the i-th
coordinative which is 4.

For some problerns this principle might be vi-
olatecl as it can be seen in the following example

criterion I
(price)

criterion 2
(consumption)

criterion 3
(comfort)

car I
car 2
car 3
car 4

10.000 Euro
10.000 Euro
30.000 Euro
30.000 Etrrcr

e /rco
r./1oo
( . l10o
(.ltoo

km
km

km

l 0
I
10
I

km

very good
good

very good
good

A decision maker might prefer car 2 to car 1

but aiso car 3 to car 4.
We know that inclependence in coorclinates is

a necessary con(iition for a utiiity fitnction to be

additive. i.e. it can be assttmecl that there exists a

weight vector LL) - (rr, . . . , e",) € [0, 1]"' fulfil l ing

L;at - 1 srich t irat

U l r ( n ) ) :  É  w ; : r ; ( a ) ,  Y a  €  A .  ( 1 )
i : I
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In case of interactive criteria' the weighted arith-

metic mean (1) can be extended to a Choquet

integrai:
Tù

t / [r(a)l  :  tr l ty(a) [p(Atnl) -  P'( '41t1r1)l '  (2)

i : L

where ( ) indicates a permutation such that

r l  ry (a)

Ïi;j) . . , t"lt, and At'*'i : 0' we thus ob-

serve that the weights "'; reiated to the criteria'

which were ,rrpp*àd independent' have been sub'

stituterd by the ïeights P(h, ' ' ' ' it) related of any

coalition of interactive criteria'

In this paper' v/e propose a model allowing to

identify the weights of interacting criteria from

a partial preorder over a reference set of alter-

natives, a partial preorder over the set of val-

ues reiated to each criterion' a partial preorder

over interactions bet'ween pairs of criteria' and

the knowiegde of the sign of some interactions

between pairs-of criteria' The weights can be ob-

tained by soiving a linear probiem'

2 The Choquet integral as an

aggregation operator

L fuzzy measure on the set l/ of criteria is à

monotonic set function P : 2N -i [0' 1] with

p$) : 0 and p(N) : 1' lvlonotonicity means

lh"; p(s) 3 pQ) whenever S c T'

One thinks of p(S) as the weight of importance

of the subset of criteria S' Thus' in addition

to theusua lwe igh tsoncr i te r ia takensepara te ly '
weights on any combination of criteria are also

defined.
L fuzzymeasure issa id tobearJ t l i t i ue i fp l (Su

f) : p(S) + P,(T) whenever '9 n T : 0' In

this case, it sufÊces to define the n coefficients

(weights) p(f) ' . . ' ' pt(n) to define the meastlre en-

tirely. In generai, one needs to define the 2" co-

efficients corresponding to the 2' subsets of l{ '

In combinatorics, a viewed as a set function on

l/ given by

a(S) - t (-r)" '- 'P(T), v'S Ç rv (3)
lCS

is callecl tire lvlriititt.s t'rrtnsfor:7rt' of u (see e'g'

Rora [13])
of course, any set of 2" coefficients to(T) lr ç

lf) couid not ile the lvtôbius representation of

a fuzzy meastlre: the bottndary and monotonic-

ity conclitions must be ensrtrecl' In terms of the

ltôbîus represent'ation, ttrose conciitions can be

written as follorvs (see [2]):

rL

Cr@r r . . .  , r , - )  -  t  t ; 6 fu (A ( i ) )  -  p r ( 'A1 ;a i ; ) l '
1 : I

where (') inciica,tes a permrttation such that r(l) :
I  r f t t ) .  iv foreover ' ,  A(u l  -  { ( i ) '  " ' '  (n) } '  and

^  - ( A''t 
fntl cno.,'.,", integral has gooci properties for

aggregation lsee e'g' Grtrbiscir [a])' For instance'

it is continuolls, n-on ciecreasing, comprised be'

trveen min und, Trl(r'r, stable uncier the same trans-

formations of interval scales in the sense of the

theory of measllrement' anci coincides with a'

weigËtecl arithnretic metrn when the fttzzy Inea-

sure is aclclitive'

In this ptlper' we substitttte the Choqttet inte-

gral to tire weightetl aritirmetic mean whenever

interactive criteria' are consiclered'

In terms of the ivtôbius representation' the

Chocluet integral is rvritten (see [2]):

C u ( r : ) :  I o ( T )  A ' t '  t r € i R : '
TçN i€T

where A stùnds for tire minirnttm operation'

The Clhoclttet int'egrtrl has been chtrracterizecl

by many att[i]ors (Schnreiciler [15]' de Campos et

al. [3], Grabisch et al' t6l)' W: P1"t:1' 
here

another ch,rracterizat'ion ciue to Nlarichal [10]'

Consicier an aggregator p1(r') (r)' i 'e' a function

tI '. E" * IR *tttt"-f denotes the definition set

of vaiues ï;, 'i € t/'

The aggr"gnio' IvlUù satisfies the axioms of

( a(/) - s, I o(r) - r'
I rcry (4)

1  f  a ( T ) 2 0 ,  v s Ç N , v i e s '
, -
t r';ergs

Let r -  ( ' - t tr  " '  , t , ,)  € IR-'  and p be a htzzy

measure on l{. tft" (cliscrete) Choqnet integrai

of  ( r r , . . - , r , , )  wi th  respect  to  1 l '  is  def inec l  by
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Iinearity with respect to the fuzzy measure p
(LM) iff there exists functions gr : W -' lft
(T c N) such that

tr1@)(") - L pg)gr@).
TcN

monotonicity (VIo) iff for all r, r' € ff, we
have

t; 1 r'n, vl € ,A/ implies 7v'1@)@) < p1@)@').

stability for admissible positive iinear trans-
formations (SPL) iff for all r €. Y, all r > 0,
s € iR such that rr;* s € E, for ail i e N

P1@)Qr * s) : rM@) (r) + s.

. ertension (Ex) iff

I4@) @QD - r'(T)

if e(?) represents the characteristic vector of
T, i.e. the vector of i0, 1)' whose i-th com-
ponent is 1 iff i  eT.

Assuming that E ) [0, 1], Marichai [10] has
proved that : An aggregat or Mf) depending on
a fuzzy mea"sure p fuifilis (LM, Mo, SPL, Ex) iff

M@) (") _ cf)@).

3 The concept of interaction
arnong criteria

The overall importance of a criterion r € I/ is not
solely determined by the value p,(i), but also by
ali pr(.S) such that i e ,S. The importance inder
or Shapley ualue of criterion i with respect to p,
is defined bv:

( n - t - r ) t t l

index, due to Banzhaf Ii]. T]re so-called Banzhaf
value, defined a.s

t -
6aU) - ,x,- r )- [pQ u t) - u,g)|, (6)

"gN\ i

can be viewed a.s an alternative to the Shaplev
value.

Now, consider a ptrir {i, j} E .A/ of criteria.
The dif ference a(i ,  j )  -  p,( i ,  j )  -  t t ,r)  -  p,( j)  seems
to reflect the degree of interaction between i and
j. This difference is zero if i and j are indepen-
dent criteria. It is positive if there is a synergy
effect between i and 7 and negative if they are
redundant. Here again, the interaction between z
an J should depenci on the coefficients p(S) such
that i, j € S'. lvlurofushi and Soneda [ttJ pro-
posed an interaction inciex among a pair of crite-
ria, based on multiattribute utility theory. iVlore
generally, Grabisch [5J introcluceci an interaction
index among a combination .S of criteria: the
Slt,apley interrt"ction in,det; related to p, clefined by,
V.9 C .A/,

( n - t - s ) ! t !

;

if

EsU) :  I
lgN\t

( 5 )
The Shapley vaiue is a fundamental concept in
game theory [f 6] expressing a power index. There
is in fact another common way of defining a porr/er

( n - s + 1 ) !

(7)
that is, in terms of the iVlôbius representation,

/s(S) - f aQ), V^9 E N. (8)
T 2 S "  

U  I

Viewed as a set function, the Shapley interaction
index coincicles on singletons with the Shapley
value (5). Roubens It4j developed a parallel no-
tion of interaction inciex, based on the Banzhaf
value (6): the Banzhaf interaction index, defined
by, V.9 E N,

|  / ^ \  1/s(s)  , - f .  t  I t -L)"- tu(LuT),  (e)
"gN\s tgs

that is, in terrls of the N,Iôbius representation,

/s(S) - I (i)'-" a(T), V^9 E ,^/. (10)
"2s

It shoulcl be notecl that the interaction inciices 16
and .Is have been axiomatically characterized by
Grabisch anci Roubens [71.

r  / ô \  s
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4 The 2-ord.er model

We know that a problem involving n criteria re-

quires 2'coefficients in [0, 1] in order to define the

finzy mea^sure p on every coalition. Of course, a

decision maker is not able to give such an amount

of information. Moreover, the meaning of the

numbers U,(S) and o(,S) for l^91 > 2 is not so clear

for the decision maker.

To overcome this problem, Grabisch [5] pro-

posed to use the concept of k,-order fuzzy nleasLLre.

We may think of a fuzzy measure having a poiy-

nomial representation of degree 2, or 3, or any

fixed integer k. Such a finzy measure is naturally
called k-order fuzzy measure since it represents a

,k-order approximation of its polynomial expres-

sion.
We no\4r confine to the 2-order case, which

seems to be the most interesting in practical ap-
plications, since it permits to model interaction
between criteria while remaining very simple. In-
deed, only n + (i) _ ry coefficients are re-
quired to define lbe fuzzy measure:

p(S) - Ia (z )  +  I  o , ( i , , i ) ,  V .SE,v .
i€,s {r,j}E.s

Note that the 2-order case is equivalent to sup-
pose that the Shapley and Banzhaf. interaction
indices are zero for subsets of at least 3 elements.
In this ca^se, the Choquet integral becomes

Cr(*) - I aU)u*
i €N

a(i ,  j )  ( r ;nr i ) ,  r  € IR'

( 1 1 )
Moreover, the interaction indices coincide (f5 -

IB : /) and we have immediately:

are interested in fincting a 2-ord er fttzzy mea^sure
on'the basis of a partial ranking over a set alter-
natives (prototypes).

In this section, we suppose that we have at our
disposal an expert or decision maker who is able
to tell the relative importance of criteria, and the
kind of interaction between them, if any. For-
mally, the input data of the problem can be sum-
marized as follorvs:

o The set A of alternatives and the set N of
criteria,

. A table of scores (utilities) ie;n @) | i € N, a €
.4) ,

. A partial preonier F.4 on ,4 (ranking of al-
ternatives),

. A partial preorcler FN ott N (ranking of cri-
teria),

. A partial preorcier Fp on the set of pairs of
criteria (ranking of interaction inclices),

r The sign of some interactions a(r,,;1) : posi-
tive, nul, negative (translating synergy, inde
penclence or rerlunrlancy).

All these riirta can be formulaterl rvith tire help
of linear eqnalities or inequalities. Strict inequal-
ities can be convertexi into vagile ineclualities by

introciucing a, positive sltrck cluantity.

The problenr of finding a 2-orcier fuzzy mea-

sure can be formalized rvith the help of a linear
program. It is obvious that the more the input
information is poor. tite more the solution set is

big. Hence, it is ciesirtrble that the information
is as complete ?]s possible. Holvever, if this infor-

mation contains incohereltces then the solution
set coulcl be ernpty.

Norv. a moclel for itientifying rveights cotrlci be

as follorvs:

r(i)

I ( i ,  i )
1(s)

: :  a( i ,  i ) ,
_ 0 , V S

t  a ( i ' ,  j ) ,  i
"r€N\r

i ,1  € lV,

g tV, l,Sl > 2.

€ ,A/,(12)

/ - r  t \
\  I Ô /

( 1 4 )

5 ldentification of weights

Sre address now the problem
weights of interacting criteria.

of identification of
lvlore precisely, rve
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subject to

C ( " ) - C ( b ) > d + e  i f  a > n b  ]  p a r t i a l s e m i o r d e r
-ô S C(") - C(b) < 6 i f  o -eb J with threshold d t4l

ir {i. i} > p{È, rt } ;îï5:i 
"t I5l

i f  { i ,  j )  -p {È, l i  J ; ; ; ;

integrals" , Rtzzy Sets u,nd Systems 39 (1991)
75-90.

M. Grabisch, The application of frnzy int+
grals in multicriteria decision making, Euro-
pean J. of Oper. Research 89 (1996) 445-456.

lvI. Grabisch, li-order adclitive discrete fuzzy
measures and their representation, htzzy
Sets rm,d Systerns 92 (1997) 167-189.

M. Grabisch, H.T. Nguyen and E.A. Walker,
Frmdu,ntentols of Uncertuinty Calatli with
Applications to Fuzzy Infiuence, I(luwer Aca-
demic, Dorclrecht, 1995.

lvI. Grabisch and lVI. Roubens, An Axiomatic
Approach to the Concept of Interaction
among Players in Cooperative Games, Int.
.I. of Game Theory, submitted.

P.L. Hammer ancl S. Rudeanu, Boolean
rrtetlt,orls in, operrttio'ns reserrch and relaterl
oreo,s. Springer, Berlin Heicielberg Nerv York,
I968.

R.L. Iieeney ancl H. Raiffa, De.cision with
Iu[ultiple Ofiecttues. Wiley, New York, 1976.

.I.L. Marichal, Aggregation operators Tor
mtilticriteriu decision u,irl, Doctoral the-
sis, Institute of Mathematics, University of
Liège, 1998.

T. Mrrrofushi ancl S. Sonecla, Teclmirlttes for
rearJin,q fitzzy TrLeo,sures (III): interaction in-
rler, in 9th Fuzzy Systern Symposium, pp.
693-696, Sapporo, Japan, May 1993. In
.Iapanese.

T. Ivlurofushi ancl M. Sugeno, "A theory
of f.ttzzy measrlres. Representation, the Cho'
qrtet integral ancl nttll sets" , Jountal of futath-
ematical Arutlysi,s uruI Alrytlicrttions I59l2
(1991) 5:12-54e.

G.C. Rota, On the founctations of combi-
natorial theory I. Theory of ÏvIôbius func-
tion s, Z eits cl t rift fi ir W abs cheinlicl tkeitstlt e-

orie un,rl Verurm,dte Geltiete, 2 (1964) 340-
368.
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I ( i ) - I ( j ) > e
I( i )  -  1ç i1

o ( i ,  j )  -  o ( k , I )  >  ,
a ( i ,  j )  -  o (k , ,1 )

a( i ,  j )  2  e ( rop.  <
a ( i , i )  -  s

r f  a( i ,  j )  > 0 (resp.
i f  a ( i , j )  :  0

t6l
slgn

< 0 )  ] : t
J lnter-

actions

i f  i >N j  
I  rank ingo f

i f i - w j  J  c r i t e r i a

- r )

! '  l i , ;  -  1
o ( i )  > 0  V i e ^ n /
a ( i )  +D, r ra ( i ,  j )  >  0  V i  e  l / ,

delini-
t ions

It seems natural to assume that the ranking over tg]
A is transiated into a partial semiorder over the
set of the global evaiuations given by the Cho-
quet integral. This partial semiorder has a fixed [10]

threshoid ô, which can be tuned as wished.
In order to illustrate the model, two small ex-

amples rvill be presented. They are constructed
in such a way that no generalized weighted arith- 

[11]
metic mean can be used as utilitv function.
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