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What is a finite ordinal scale ?

Two equivalent approaches :

e Symbolical approach
Finite chain (S, %)
S={s1 <82 < <5}

Example : evaluation of a product by a consumer :
S={B~<EB<A<MLG< G}

e Nlumerical approach

Strictly increasing sequence of real numbers
defined up to order
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Equivalence — numerical representation of <

Strictly increasing f: S — EFCR

si<sj & f(s;) < f(sy)

f is defined within an automorphism ¢ of E :

f'=g¢of
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A(FE) = automorphism group of E



Generally E=R or E=]0,1]
What if E=[0,1] 7

Let (S, <) be a finite ordinal scale. Then

f(Sz>=O = 1 =1
fls;) =1 = =I5

We assume that f: S — FE Is
endpoint-preserving

Consider two independent ordinal scales (5,=<g)
and (T, =)

e If £ = ]0,1[, those scales have nothing in

common
o If £ = [0,1], those scales have fixed end-
points
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Aggregation on finite ordinal scales

(a1,...,ap) €S" — a€S

First approach :

Define G : S™* — S

(a1,...,an) € S" — G(al,...,an)ES»

Example : n =2 and |S| =3

as\ai | s1 S 83
s1 | s2 s1 83
sp | s1 s1 83
s3 | 53 82 82

There are |S|ISI" = 19 683 such functions G !



Second approach :

Scale independent function M : E™" - E

(z1,...,2n) € E™ — M(z1,...,2n) €E

Example: M = median

median(0.1,0.3,0.6) = 0.3

Definition (Marichal and Roubens 1993)
M : E™ — E is an invariant function if, for any
¢ € A(E), we have

M[Qb(w]_), R ¢($n)] — ¢[M(x17 R >$n)]

Examples:

median : OK
arithmetic mean : No !



Description (Ovchinnikov 1998, Mesiar 2002)

1. I C E™is invariant if

rel = olz)el Vo € A(FE)

I is minimal invariant if #J invariant and
JClI.
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2. M : E" — FE is an invariant function iff, for
any invariant I C E™,

e cither M|y =infE (ifinfE € FE)
e or M| =supE (ifsupFE c€kF)

e OF 3?:6{1,...,7),} S.t. MII:Pi



Proposition (Marichal and Mesiar 2002)

M : E™ — FE is invariant
(i
vV(5,<),3dG:S"—=S5, Vf:S—=E,
M[f(a1),..., f(an)] = flG(ay,...,an)]

G represents M in (S, <)
G is uniquely determined



Example:

M(z1,z0) =x1 Az = G(a1,ap) =a1 Aap
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Remark:

Considering G : S™ — S is not equivalent to con-
sidering M : E™ — E invariant

Example: n =2 and E =R
e 4 invariant functions M : R? - R

o |S|IS1? discrete functions G : 2 — S



Continuous invariant functions

Description (Ovchinnikov 1998, Marichal 2002)
M : E™ — E is a continuous invariant function iff
e cither M =infFE (ifinfE e FE)

e or M=supFE (ifsupFE € FE)

e Or 3 a lattice polynomial L : E™ — FE such
that M = L

continuity

: . meaning 77
order invariance



Definition (Godo and Sierra 1988)

G:.S"— S is smooth if,

YVa,b e S™ with a =0b except on ith coordinate
where |ind(a;) — ind(b;)| =1

= [ind[G(a)] - ind[G(B)]] < 1

Example: n =2 and |S| =3

ao\ai | 851 s2 s3
s1 | s2 s1 s3
s2 | s1 S1 83
83 | 83 S2 82

Not smooth !

Proposition (Marichal and Mesiar 2002)

An invariant function is continuous if and only if
it is represented only by smooth discrete func-
tions
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A more general case

Two finite ordinal scales (S,=<g) and (T, <)

(a1,...,an) € S" +— a€T

First approach :

Define G : S™ — T

(a1,...,an) €S" — G(ai,...,an) €T

Example: n =2, |S| =3, and |T| =5

ap\a1 | 51 S2 83
S1 tga t1 1o
59 ta tz 15
$3 to t1 t1
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Second approach :
Scale independent function M : E™ — R

Definition (Orlov 1981)

M : E™ —- R is a comparison meaningful function
if, for any ¢ € A(E), there is a strictly increasing
Yy 1 R — R such that

M[d(z1), ..., ¢p(xn)] = p[M (21, ..., zn)]

Description (Mesiar 2002)
M : E™ — R s a comparison meaningful function
if and only if, for any invariant I C E™, there ex-
ist

i) 1€{1l,...,n}

i) g:R — R, constant or str. monotonic

such that
M| =goPF;

(+ some extra conditions)
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Proposition (Marichal and Mesiar 2002)

M : E™ — R js comparison meaningful

)
V(S xs), (M=) & G:5" =T,

Vf:S—=E Jg;: T =R,
M[f(a1),...,f(an)] = g¢[G(a1,...,an)]
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G represents M in (S,<g)
G and gy are uniquely determined
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Continuous comparison meaningful
functions

Description (Yanovskaya 1989, Marichal 2002)
M : E™ — R is a continuous comparison mean-
ingful function if and only if there exist

i) L:E™— E, lattice polynomial
i) g¢g:FE — R, constant
or continuous and str. monotonic

such that
M =golL

Proposition (Marichal and Mesiar 2002)
A continuous comparison meaningful function is
represented only by smooth discrete functions

The converse is false Il
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