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Let (Q,F,P) be a complete probability space and (F;)cjo,r] a right-continuous in-
creasing family of sub-c-algebras of F.

Let w and v be two independent F;- Brownian motions with values in R? and R™.

If x; is a semimartingale on (2, F, F;, P), odx, (respectively dz;) denotes its Stratonovitch
(respectively Ito) differential.

Let us consider the nonlinear filtering problem associated with the system sig-
nal/observation pair (z;,v;) € (R™)? solution of the following stochastic differential sys-
tem:

t t t
T = X0 + / b(zs)ds + / o(zs) dws + / g(xs) dvs
0 0 0

¢
yt:/ h(zs) ds + € vy,
0

verifying the following hypotheses:

(Hy) x is an R™-valued, Fy-measurable random variable independent of w and v with
finite moments of all orders.

(Hy) b and h are C*(R™,R™) functions with bounded first and second derivatives.

(H3) o and g are bounded C%(R™, R™ @ R?) respectively C?(R™, R™ ® R™) functions with
bounded first derivatives.

(H,) The function a = oo™ + g¢” is uniformly elliptic.

(Hs) The functions a~2b and b are Lipschitzian.



Definition 1 For all t in [0,T] denote by m the filter associated with the system (1),
defined for all functions ¢ in C(R™,R) by

mp = Eip(x) / V1], (2)

where Yy = o(ys /0 < s < t).

Moreover we consider the following class of suboptimal filters:

ms = mg +/O b(ms) ds + %/0 W~ (mg) K (dys — h(my) ds), (3)

where my € R™ is arbitrary and {K;, t < 0} is a Y;-progressively measurable bounded
process such that for all (¢, w) in [0, 7] x Q, K;(w) is a uniformly elliptic bounded function.

Remarks:

(i) The definition of the sub-optimal filters implies that the signal and the observation
are of the same dimension.

(ii) In the following, if f is a vectorial function of the variable x € R™, f’ will denote the
Jacobian matrix of f; if f is scalar, f’ will be a line vector; this notation is extended to
functions which may also depend upon other parameters.



Proposition 2 For each to > 0 and p > 1, we have:
sup ||z — myll, = O(Ve) (4)

t>to

Proof:
It6’s formula implies that
t t t
h(zx;) = h(x) +/ Lh(z,)ds —|—/ (W o)(zs)dws +/ (W g)(zs)dvs,
0 0 0

where L is the second order differential operator defined for any function f in C?(R™, R™)
by

(L1 @) = V@) GE+ 5 3 (@) (o) g )+ 5 3 06, o) 5ot ().
Likewise,

hme) = h(mo) + / Euh(m,)ds + - / K, (h(as) — h(m))ds + / Kdo,

where L, is the second order differential operator defined for any function f in C2(R™, R™)
by

(L)@ =H @24 23 (0 @R G (@)

k:l
Hence,

t

h(xy) — h(my) = h(xg) — h(myg) +/D (Lh(ms) — f/sh(ms)) ds + / (Wo)(zs) dws

0

+ /O (Wg)(x) do. —é 0 Kudv, — - /0 K. (h(z.) — h(my))ds.

€

Since K; is uniformly elliptic, we can prove (4) as in [11].

By applying Ito’s formula, we compute |z, — m;|* for even integers k, then, having
taken the expectation of the two members of the obtained relation, we use some estimates
on ordinary inequations.
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Let ~ be the function defined by v = (h’(aaT + ggT)h”)%.

For any t in [0, T, we set
Ky = y(my). (5)

Theorem 3 For any to > 0 and p > 1, we have:

sup [|m; — m I, = O(¢). (6)

t>to

Proof:

Consider the process

Et:/o (v o) (xs) dws+/0 (v 'h'g) () dos. (7)

Levy’s theorem then implies that w; is an R"-valued (F;, P)- Brownian motion and

dxt = b(xt)dt + h/_lv(xt) dwt (8)



For any ¢ in [0, 77, set

(1/t . d : /t| |2d> 9)
Zy=expl— [ 2T dy, Ts|“ds
p=exp( iy = o5 |
and
1
At_—exp<——

8 /Ot (h(z.) = h(ms))" dw, + 2%2/; h(z) = h(m)Fds).  (10)

Novikov’s criterion then implies that the processes Z, ' and A; ' are exponential mar-
tingales. So we can apply Girsanov’s theorem and define some reference probability mea-
sures which allow us to show the desirated estimates via Kallianpur-Striebel’s formula.

Let us define the probability measures P and P by the Radon-Nicodym derivatives

dp _
7 -7 (1)
Ft
and 3
il AL
dP s

(12)

Hence, by Girsanov’s theorem, under P, w; = w; —

m |=

two independent standard Brownian motions.

Oft (h(zs) — h(ms)) ds and y: are

o= = (09) () () — home)) di -+ b dt + (=) () dit

(13)



Let F' be the function defined for each x,m in R™, by

F(a,m) = (h(x) — h(m)) v~ (m) (h(x) — h(m)). (14)

Then, Ito’s formula implies that
t
F(xy,my) = F(xg,mg) + 2/ (h(zs) — h(my)) "y (ms) R (z,)das
0

+ [ 0 = ma)) Gmm) (1) = ()

(2

- 2/0 (h(zs) — h(ms)) (v~ '1') (my) dms + /0 (AgF 4+ Ay (F) + Ay F) (25, ms) ds,

where A;, A, ., and A,, are the second order differential operators defined for any function

fin C2((R™)?) by

Afleam) = 5 32 (o), (00} g o) + 5 3 (0(0)) (0(0)) 5 ).
A ) = 5 32 (3(m), (0(0))] o=
and | Z o
AnFam) = 53 (), (1)t ()
k=1 E



F(xy,my) = F(x9,mp) — 2/0 (h(xs) — h(ms))T(W’I(xS) — fy’l(ms))h’(xs)dazs

42 /0 (h(z.) — h(my))" dw, — /0 (h(s) — h(my))" [dys — h(my)ds]

+ 2/0 (h<xs) - h<ms))7((’7_1h,b)('xs) - (/y_lh/b)(ms)) ds

t
+ / (ALF + Ay + Ay F) (e, my) ds
0

+/0 (h(xs)—h(ms))T(?—_

)

(ms)(h(acs) — h(ms)) dm’

s*

So, we finally have,

1 I
Z N\, :exp( % F(zy,my) — F(zo,mp)) + E/ x1(xs, mg) ds
0

1 t
+_/ X72— $S7ms dms _/ Xg(xs ms) d-rs
0 0

™

1 tT
=7 hmsdy5—22/|hms|2ds>

with

xi(z,m) = (h(z) — h(m))" ((v 'W'b)(z) — (v"'B'b)(m))
FS(AF 4 AP+ A F) (o, m),

Xs(@,m) =

(15)



In the following, if f denotes a function of (z,m), we denote by 1.

By the rules of the Malliavin Calculus, if D (respectively D) denotes the derivation
operator in the direction of w (respectively w), (13) implies that for all 0 < s <,

szt = Cst (h/_lﬂy)(xs)a (16)

where {(y, t > s} is the solution of the stochastic differential equation

(=142 / Cor (W15 (@) () = h(m,)) dr + = / ColW= 51 ) dr (17)

/ Cor () dr + / Cor (W71 () db, + / Cor 9 (1) dvy..

Since ) )
Dsyt = Dsmt =0 (18>

it follows from (15) and the chain rule that
~ 1, ~ 1t .
Dy, log(Z\y) = —2—€F (2, my)Dsxy + B X (xr, my) Dz, dr

1 [t 1
+— / dm? XQ(:BT,mT)DS:UT + —/ dxT x5 (2, m,) D,
6 S 8 S

1 -
+-= / X3(x7"7 mr>szr dr.
€Js



By integrating that last equality between 0 and ¢, we get
1
§F’(xt, my) = ——/ D, log(ZAy)(Dyxy) ™ ds (19)

/ / Xl xramr D ZET(D fL‘t) d’l“dS

On the other hand, by the definition of the function F,

SF Game) = () = () o)W (20), (20)

SO

B3P (o ma) 9] = Bl(hz) — b)) /3] () o)
+E[(h(x:) = h(my) " (me) (W () — B (my)) /D).

Consequently, proposition 1.2 implies that

E[1

2F1(5’3t> mt)/yt} = E[(h(x:) — h(mt))T/yt] (y"'h")(my) + OCe).

Hence,it follows from the assumptions (H3) and (Hy4) that the theorem will be proved
if we show that for any to > 0, p > 1,

supHE[ "(zy, 4 /yt]|| =0(e (21)

t>to
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So, by equality (19) it suffices to show

(i) sup- ||E / Dy log(Zi\)(Dazs)™ ds/th <ec,

t>to L

(17) sup— ‘E // X, (@, mp) Dy (Dyzy)~ drds/)&}” O(e),

t>t0

t>t0

Z” Sup_ // dm X2 xramr D xr(Dsl‘t)_l ds/yt] Hp = 0(6)7
0Js

(1v) sup ‘E // dxT x4 (2, my ) Doy (D) " ds/yt] Hp = 0O(e)

t>to T

(v) sup ZHE /Ot/st Xg(xr,mr)[)sxr([)sxt)—l dr ds/yt} Hp =0(e).

t>to

11



Lemma 4 For each ¢ > 0, p > 1, there exist strictly positive constants a(p) and a(p)
such that R
a(p)

IGillo < atp) exp| =" = 9)]. 0<s<t (22)

Proof:

By (17) and the definition of @y, {(s, t > s} is the unique solution of the stochastic
differential equation

Cot = 14— / Csr h/ I’Vh/ Ir dT—l—/ Csr xr dT—i—Z/ Csr h/ ! )( )dwi (23)

Hence,
1 t t
E sup \gst|ng{1+ sup (]—/ Cor (W 1R () dr|” + }/ Cor U () dr|”
te[0,T] te[0,7] N € Js s
m t a '
Y [ g ) )
i=1v$ !
E[l T|< (W h) () [Pdr | + B| N V)|
o AU ) ()] 7‘ B |Cor V()] 7‘}
(3 [ o et ar) ).

by Burkhélder’s inequatlity. Since « is hypoelliptic, the assumptions (Hs) — (Hy4) imply
that there exist some strictly positive constants ¢ et ¢’ independant of ¢ such that

c T T
Gl < € [ el +¢ [ Gl 24

The lemma then follows from Gronwall’s theorem and the fact that (s = (' O

12



Lemma 5 For any p > 1, there exists a constant c(p) such that

Dol < e(p), (25)

and 3
1 DsCeollp < c(p)- (26)

Proof:
By means of relation (25), we get for any ¢ in [0, T,

Gor =14 /<0r (W19 (2, dr+/ o (2 dr+Z/ o o

[t6’s formula then implies

v)(@,) dw,. (27)

1 ! —1 / ! /
Go = 1= 2 [ 070 ) Gadr = [ W) Gar

= Jo 03:1 7 ) 5r0 Gty i—1 Y0 axl 7 8.:1:1 i " ot
Consequently,

Dy(ps=1— é/ﬂ (B~ (2,) o dr — é/ (R~ W) (2,) DyCro dr
/t V' (x,) Go dr —/ V(x,) DyCro dr
0 - ’
+Z/ (" LK) (ax(h'*wh')) (a:T)> Crodr

+Z / () aii(h’—lyh’))T(xr))ﬁsgo dr.

By using lemma 1.4., the assumptions (Hs) — (H4) and Burkholder’s inequality, one then
can show like in the proof of the previous lemma that there exist some strictly positive
constants ¢ and ¢ such that

t
IBuoll, < ¢ + e / 1Bl dr (28)
0

Hence relation (30). Relation (31) can be obtained by similar computations.
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Let us now pass to the proof of the expressions (i) to (vii).

Some computations imply

_E[/Ot D, log(ZyAy) (D)™ dS/yt} = %E[/Otm—lh’)(xs)(os (DsCio — DsCio) ds/yt}
L[ [ ()~ hom )t 0 )

and (i) then follows from the lemmas 4 and 5.

Moreover, the boundedness of the functions ||x}||, and v respectively lemma 1.5 imply
that

/0 t / tx’l(a:r,mr) Dy, (Dyxy) " drds < ¢(p) / t / t CorCrs dr ds (29)

< / / (g r—s)} exp[—@(t—s)] dr ds
< ac(p)/o (exp] (6)(75—5)} - 1) exp[_i(p)(t—s)] ds

= cte(p).

hence we have (ii).

Similar calculations imply the expressions (iii)-(v). (Let us notice that in expression
(iii) there appears an integral with respect to m;, which is of order O(\%) But, [|x5][, is

of order O(4/2), so there is no problem to conclude).
This completes the proof of the theorem.
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