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1 Introduction

Superstring theory includes a lot of massive higher spin states and in the massless limit

they are believed to be described by higher spin gauge theory. Since the higher spin states

are characteristic to superstring theory, it should be useful to study higher spin gauge

theory to improve our understanding of superstring theory. Non-trivial examples of higher

spin gauge theories are Vasiliev theories on AdS spacetimes [1], and they have been useful

in the construction of simplified versions of the AdS/CFT correspondence. In [2, 3] it was

proposed that the Vasiliev theory on AdS4 is dual to a U(N) or O(N) vector model, and

the proposal has been investigated quite actively. A few years ago, the authors of [4] (see [5]

for a review) conjectured a lower dimensional version of the duality between the higher spin

gauge theory on AdS3 found in [6] and a large N minimal model. Several generalizations

of the duality have been proposed in [7–12].

In [13, 14] one-parameter families of conformal models have been constructed by cou-

pling Chern-Simons gauge fields to three dimensional U(N) or O(N) vector matter. If

we take the limit of large Chern-Simons level k, then the theory reduces to that of free

vector fields with U(N) or O(N) invariant condition in [3]. It was conjectured in [14]

that the dual gravity theory is a parity violating Vasiliev theory, and the parameter char-

acterizing the parity violation is related to the ratio k/N for the large N, k limit of the

Chern-Simons vector model. The Vasiliev theory can be extended with supersymmetry

and U(M) Chan-Paton factor, and the dual field theory is argued to be the supersymmet-

ric U(N)k ×U(M)−k Chern-Simons theory with bi-fundamental matter for large N, k but

finite M [15]. The most important example of the theory is the N = 6 ABJ theory, which

should be dual to type IIA superstring theory on AdS4×CP3 with discrete torsion for large

N,M, k [16, 17]. In this way, the ABJ theory connects the vector-like model dual to higher

spin gauge theory and the matrix-like model dual to superstring theory. Based on these

two dualities, the authors of [15] discussed an interesting new relation between higher spin

gauge theory and superstring theory.

Motivated by the higher dimensional duality (or triality), we would like to construct a

holographic duality involving higher spin theory with Chan-Paton factor on AdS3.1 Even in

lower dimensions, the higher spin gauge theory can be easily extended with supersymmetry

and/or U(M) Chan-Paton factor as discussed in [6]. In the bosonic case, we propose the

dual theory is the Grassmannian coset model defined as

su(N +M)k
su(N)k ⊕ su(M)k ⊕ u(1)kNM(N+M)

(1.1)

with central charge

c =
(k2 − 1)MN(2k +M +N)

(N +M + k)(N + k)(M + k)
. (1.2)

1Recently, a holography involving a higher spin theory with U(2) Chan-Paton factor is proposed in an

intriguing paper [12]. The dual CFT is based on a Wolf space and has a large N = 4 superconformal

symmetry. The N = 4 CFTs on Wolf spaces were suggested to be dual to supersymmetric higher spin

theories in [18]. A possible relation to superstring theory on AdS3×S3×S3×S1 is also discussed in [12].
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In order to compare with the classical gravity theory, we consider the ’t Hooft limit with

large N, k, but keeping M finite and the ratio

λM =
k

N +M + k
(1.3)

finite. In the limit, the central charge behaves as c ∼MNλM (1− λM ), thus the theory is

vector-like. On the other hand, if we take the limit with large N,M, k but finite N −M
and k/N , then the model is matrix-like as c ∼ O(N2). Thus the Grassmannian model

connects a vector-like model dual to higher spin gauge theory and a matrix-like model dual

to string theory like the ABJ theory, even though we do not know what is the string dual

of the Grassmannian model currently.

There is a level-rank duality for the coset (1.1) and the dual coset is given by [19, 20]2

su(k)N ⊕ su(k)M
su(k)N+M

. (1.4)

This form of coset with M = 1 is the model dual to the Vasiliev theory without Chan-

Paton factor [4]. Therefore, we can say that the Grassmannian model (1.1) is a natural

extension for M 6= 1 as the dual theory. Moreover, at the large level limit with k → ∞
in (1.1), the Grassmannian coset reduces to a free system with NM complex bosons (see

e.g. [23]). We will show that the free system reproduces the asymptotic symmetry of the

dual gravity theory with the corresponding parameter. The one-loop partition functions

are also examined.

We can consider the N = 2 supersymmetric higher spin theory with U(M) Chan-Paton

factor from [6] in a similar way. We would like to propose that the dual CFT is given by

the N = (2, 2) Grassmannian Kazama-Suzuki model [24, 25]

su(N +M)k ⊕ so(2NM)1

su(N)k+M ⊕ su(M)k+N ⊕ u(1)κ
(1.5)

with κ = NM(N +M)(N +M + k), whose central charge is

c =
3NMk

N +M + k
. (1.6)

We are interested in the ’t Hooft limit where N, k →∞, but3

λ =
N

N +M + k
(1.7)

and M finite. From the central charge, we can see that the model again connects a vector-

like model in the ’t Hooft limit and a matrix-like model with large N,M, k. The coset

model with M = 1 is dual to the full N = 2 higher spin supergravity without Chan-Paton

factor as argued in [9].

2The possibility of holographic duality involving this form of coset was already pointed out in [21]. See

also [22].
3We use different notations for the ’t Hooft parameter such that (1.3) and (1.7) with M = 1 reduce to

those of [4] and [9], respectively.
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In order to support our duality conjecture, we discuss the free limit and partition

functions as in the bosonic case. Moreover, we investigate currents in the Grassmannian

model in the ’t Hooft limit, but not in the free limit. From the bulk side we calculate several

OPEs of these currents and successfully compare these to the CFT results. In the ’t Hooft

limit with large N, k but finite M,λ and outside the free limit, we see that extra bosonic

su(M) current should be coupled. Thus the cosets we are dealing with are effectively of

the form as

su(N +M)k
su(N)k ⊕ su(M)k ⊕ u(1)kNM(N+M)

⊕ su(M)k '
su(N +M)k

su(N)k ⊕ u(1)kNM(N+M)
(1.8)

for the bosonic case and

su(N +M)k ⊕ so(2NM)1

su(N)k+M ⊕ su(M)k+N ⊕ u(1)κ
⊕ su(M)k+N '

su(N +M)k ⊕ so(2NM)1

su(N)k+M ⊕ u(1)κ
(1.9)

for the supersymmetric case. In (1.9) there is a subtlety since we add only bosonic su(M).

In other words, if we write the coset in terms of N = 1 currents, then fermionic components

of N = 1 su(M) currents should be decoupled.4 With this form of coset (1.9) we show

that the gravity partition function can be reproduced from the CFT partition function in

the ’t Hooft limit.

This paper is organized as follows: In section 2 we study the higher spin gravity

theories with U(M) Chan-Paton factor and derive the partition functions of the gravity

theories. In section 3 we propose that MN complex free bosons (and MN complex free

fermions) are dual to the higher spin theories with a particular mass parameter based

on symmetry arguments. Here we assign the U(N) invariant condition, but the U(M)

symmetry is treated as a global symmetry. Furthermore, we relate the free systems to

the Grassmannian cosets (1.1) and (1.5). We study the Grassmannian models in some

details for the bosonic case in section 4 and for the supersymmetric case in section 5. In

particular we discuss the roles of the su(M) symmetry. We examine the characters of the

coset models and reproduce the gravity partition functions in the free limits. In section 6

we construct currents in the Grassmannian model in the ’t Hooft limit and compare them

with those from the bulk theory. Conclusion and discussions are given in section 7. In

appendix A some properties of the gl(M) extended higher spin algebra are given, and we

construct w∞[λ] algebras extended with a matrix algebra from ghost systems in appendix

B. In appendix C we find agreement between the supergravity partition function and that

of (1.9) in the ’t Hooft limit but outside the free limit.

2 Matrix valued higher spin theory

In this section, we introduce the N = 2 higher spin gauge theory with U(M) Chan-Paton

factor on AdS3 found in [6]. The bosonic truncation of the higher spin theory with M = 1

was used to construct a duality with a large N minimal model (1.4) in [4]. Moreover, the

4After the paper [12] appeared in the arXiv, we have noticed that the model (1.9) with M = 2 coincides

with their coset.
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total N = 2 higher spin supergravity with M = 1 was argued to be dual to the CPN

Kazama-Suzuki model (1.5) in [9]. Since the equations of motion are written in terms of

a ∗-product, we can easily replace the fields by M ×M matrix valued ones. Using the

reality condition of the fields discussed in [6], we can construct a higher spin gauge theory

with U(M) Chan-Paton factor. In the next section we introduce a bosonic truncation of

the higher spin supergravity with U(M) Chan-Paton factor in [6], and in section 2.2 we

examine the full N = 2 supergravity theory. In particular, we obtain the one-loop partition

functions of these higher spin theories with U(M) Chan-Paton factor, even though they

easily follow from those without Chan-Paton factor.

2.1 A bosonic truncation

Before including the Chan-Paton factor, let us start from a bosonic truncation of the higher

spin supergravity in [6]. The gravity theory includes gauge fields with spin s = 2, 3, 4, . . .

and massive complex scalar fields. The gauge fields can be described by Chern-Simons

gauge theory with the action [26]

S = SCS[A]− SCS[Ã] , (2.1)

where

SCS[A] =
kCS

4π

∫
tr

(
A ∧ dA+

2

3
A ∧A ∧A

)
. (2.2)

The gauge fields A, Ā take values in an infinite dimensional higher spin algebra hs[λ], where

hs[λ] can be truncated to sl(N) at λ = ±N .5 The generators of hs[λ] are given by

V s
m (s = 2, 3, 4, . . . ,m = −s+ 1,−s+ 2, . . . , s− 1) , (2.3)

and the commutation relations are (see, e.g., [27])

[V s
m, V

t
n] =

s+t−|s−t|−1∑
u=2,4,...

gstu (m,n;λ)V s+t−u
m+n . (2.4)

We do not need the explicit form of the structure constants, but they can be found in [28]

(see also [27]). The products of gauge fields can be described by the “lone star product”

[28] as

V s
m ∗ V t

n =
1

2

s+t−|s−t|−1∑
u=1,2,...

gstu (m,n;λ)V s+t−u
m+n . (2.5)

The one-loop partition function for spin s gauge field was computed in [29] as

Z
(s)
B =

∞∏
n=s

1

|1− qn|2
. (2.6)

5To be more precise, the generators of spin higher than N form an ideal, IN , at these integer values

λ = ±N . Factoring hs[λ] by this ideal gives sl(N), hs[λ]/IN ∼= sl(N).
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In order to compute thermal partition function, the space-time is set to be Euclidean AdS3.

The modulus of the boundary torus is q = exp τ . The total partition function for the gauge

sector is

Z0 =
∞∏
s=2

Z
(s)
B (2.7)

by taking products of those for spin s gauge fields.

Along with the higher spin gauge fields, the gravity theory includes two complex scalars

with mass

M2
B = −1 + λ2 . (2.8)

We may decouple one complex scalar depending on the situation [30].6 Now we set 0 ≤ λ ≤
1 and then two types of boundary condition for the scalar fields are allowed. We choose

to assign the standard boundary condition for one scalar and the alternative boundary

condition for the other scalar, then the conformal weights for operators dual to the scalar

fields are (h±, h±) with

h± =
1± λ

2
. (2.9)

The partition function for a complex scalar with dual conformal weight (h, h) is [32, 33]

Zhscalar =
∞∏

n,m=0

1

(1− qh+nq̄h+m)2
. (2.10)

In order to compare the result with the CFT computation, it is useful to rewrite the

expression in terms of characters of Young diagrams as [34, 35]

Zhscalar =
∑

Λl,Λr

|chΛl(U(h))chΛr(U(h))|2 . (2.11)

The character of Λ is defined as

chΛ(U(h)) =
∑

T∈TabΛ

∏
j∈T

qh+j , U(h)jj = qh+j , (2.12)

where TabΛ denotes a Young tableau of a shape Λ. In a Young tableau we assign a non-

negative number ci,j to the box at the i-th row and the j-th column of Λ with the rule that

ci,j ≤ ci,j+1 and ci,j < ci+1,j . Combined with the gauge sector, the total one-loop partition

function of the gravity theory with two complex scalars is

ZBulk = Z0Z
h+

scalarZ
h−
scalar (2.13)

= Z0

∑
Λl,Λr,Ξl,Ξr

|chΛl(U(h+))chΛr(U(h+))chΞl(U(h−))chΞr(U(h−))|2 .

6 In the refined version of the conjecture, we should include only one complex scalar [5, 31]. However,

at the strict ’t Hooft limit of the minimal model, the original proposal with two complex scalars still works.

It is argued that non-perturbative objects of gravity theory play roles of one complex scalar outside the ’t

Hooft limit.
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It is easy to extend the above analysis to the case with U(M) Chan-Paton factor. The

fields are now of M × M matrix form instead of the functional form. Here the reality

condition is assigned as in [6]. The field equations for the master fields with M = 1 are

written in terms of the ∗-product in [6]. Since ∗-product has already non-abelian nature,

the field equations for the fields with M 6= 1 can be obtained by using the product of the

∗-product and the usual matrix multiplication. For the physical gauge fields in the master

fields, the ∗-product reduces to the lone star product in (2.5). Thus now the gauge fields

take values in algebra generated by

V s
m ⊗ ta (2.14)

with ta being a generator of gl(M). Notice that we should include V 1
0 ⊗ta since they cannot

be decoupled for M 6= 1 in general, but we can still decouple V 1
0 ⊗ 1M where 1M is the

identity in gl(M). For λ = 1 we can show that generators V 1
0 ⊗ ta can be decoupled as

well. The scalar fields are also replaced by M ×M matrix valued fields. In the free limit,

the only effect of introducing the U(M) Chan-Paton factor is that the number of fields

simply is multiplied by M2. Therefore, the one-loop partition function is simply given by

the M2-th power of the one of M = 1; that is

ZBulk
M = (ZBulk)M

2
(Z

(1)
B )M

2−1 . (2.15)

The last factor comes from the fact that elements generated by V 1
0 ⊗ta with ta as a generator

of sl(M) do not decouple for λ 6= 1.

2.2 The N = 2 supergravity

Since the inclusion of the Chan-Paton factor can be made in the same way as in the bosonic

case, we first review the N = 2 higher spin supergravity in [6] without Chan-Paton factor.

The massless sector can be described by shs[λ]⊕ shs[λ] Chern-Simons theory, where shs[λ]

can be truncated to the Lie superalgebra sl(N + 1|N) at λ = N + 1. See, e.g., [9, 36–38]

for the details of shs[λ] Lie superalgebra. The gauge sector includes bosonic gauge fields

with spin s = 2, 3, . . . generated by V
(s)+
m (m < |s|,m ∈ Z) and s = 1, 2, . . . generated

by V
(s)−
m (m < |s|,m ∈ Z). Moreover there are two sets of fermionic gauge fields with

spin s = 3/2, 5/2, . . . generated by V
(s)±
m (m < |s|,m ∈ Z + 1/2). The one-loop partition

functions of spin s− 1/2 gauge fields are given by [9]

Z
(s−1/2)
F =

∞∏
n=s

|1 + qn−1/2|2 , (2.16)

thus the one-loop partition function of the massless sector is

Z0 =
∞∏
s=2

Z
(s)
B (Z

(s−1/2)
F )2Z

(s−1)
B . (2.17)

We can include the U(M) Chan-Paton factor as in the bosonic case by replacing the scalar

coefficients in front of generators of shs[λ] ⊕ C in gauge fields by M ×M matrix valued
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ones. The gauge fields thus take values in algebra generated by V
(s)±
m ⊗ ta with gl(M)

generator ta. Here V
(1)+

0 ⊗ ta are included, but V
(1)+

0 ⊗ 1M with the identity 1M in gl(M)

is decoupled. We can show that V
(1)+

0 ⊗ ta can be excluded for λ = 0.

The massive sector includes four massive complex scalars and four massive Dirac

fermions. The masses are parameterized by a parameter λ as [6]

(MB
+ )2 = −1 + (λ− 1)2 , (MB

− )2 = −1 + λ2 , (MF
± )2 = (λ− 1

2)2 , (2.18)

where two of the four bosons/fermions have the + index and the others have the − index.

We choose the boundary conditions such that the dual conformal dimensions are [9, 35]

(∆B
+,∆

F
±,∆

B
−) = (2− λ, 3

2 − λ, 1− λ) , (λ, 1
2 + λ, 1 + λ) . (2.19)

With this choice, the supersymmetry is enhanced to be N = (2, 2) at the boundary. The

one-loop partition function of a Dirac spin 1/2 fermion with (h, h− 1/2) and (h− 1/2, h)

is [9]

Zhspinor =

∞∏
n,m=0

(1 + qh+nq̄h−1/2+m)2(1 + qh−1/2+nq̄h+m)2 . (2.20)

For an N = 2 multiplet we have

Zhmatter = Zhscalar(Z
h+1/2
spinor )2Z

h+1/2
scalar . (2.21)

As in the bosonic case, we rewrite the partition function in terms of supercharacter of the

Young diagram Λ as [35]

Zhmatter =
∑

Λl,Λr

|schΛl(U(h))schΛr(U(h))|2 , (2.22)

where the supercharacter of Λ is

schΛ(U(h)) =
∑

T∈STabΛ

∏
i∈T

qh+i/2 , U(h)ii = (−1)iqh+i/2 . (2.23)

The Young supertableau STabΛ is defined with a non-negative integer ci,j in each box at

the i-th row and the j-th column of a Young diagram Λ. The numbers should satisfy

ci,j ≤ ci,j+1 and ci,j ≤ ci+1,j , moreover ci,j < ci,j+1 if both ci,j and ci,j+1 are odd and

ci,j < ci+1,j if both ci,j and ci+1,j are even (see, for instance, [35] for more details).

In total, the one-loop partition function of the gravity theory is

ZBulk = Z0Z
λ
2

matterZ
1−λ

2
matter (2.24)

= Z0

∑
Λl,Λr,Ξl,Ξr

|schΛl(U(λ2 ))schΛr(U(λ2 ))schΞl(U(1−λ
2 ))schΞr(U(1−λ

2 ))|2 .

With the U(M) Chan-Paton factor, all fields are now of M ×M matrix form including the

fermionic fields. Therefore, the one-loop partition function is given by roughly the M2-th

power as

ZBulk
M = (ZBulk)M

2
(Z

(1)
B )M

2−1 . (2.25)

The last factor is the contribution from the spin 1 fields generated by V
(1)+

0 ⊗ta with sl(M)

generator ta, which do not decouple in general.
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3 Dual free CFTs

In order to find CFTs dual to the gravity theories, it is useful to utilize their asymptotic

symmetry. For the gravity theory used in [4], the gauge sector can be described by hs[λ]⊕
hs[λ] Chern-Simons theory. Assigning the asymptotically AdS boundary condition, the

classical symmetry around the AdS boundary was found to be W∞[λ] symmetry [27, 39–

41]. The W∞[λ] symmetry algebra is non-linear and generated by

W s
m (s = 2, 3, . . . ,m ∈ Z) . (3.1)

In the large central charge limit, the wedge subalgebra generated by W s
m with m = −s +

1,−s+2, . . . , s−1 reduces to the hs[λ] Lie algebra (see, e.g., [27]). It was shown in [27, 31]

that the W∞[λ] symmetry algebra is realized by the coset (1.4) with M = 1 as

su(N)k ⊕ su(N)1

su(N)k+1
. (3.2)

We need to take the ’t Hooft limit where N, k →∞ with

λGG =
N

N + k
(3.3)

finite and we identify λGG = λ.

It is not easy to extend the analysis for the case with M 6= 1 since the symmetry

algebra of the coset (1.4) would be quite complicated. However, the W∞[λ] algebra becomes

simple for λ = 0, 1, and the algebra is realized by a system of N complex free fermions for

λ = 0 or k complex free bosons for λ = 1. In this section we mainly focus on the limit

where coset models considered reduce to free theories. The coset (1.4) is mapped to the

Grassmannian coset (1.1) with the level-rank duality [19, 20] where k and N are exchanged.

After reviewing the known results with M = 1 in the next subsection, we argue in section

3.2 that the system reduces to MN complex free bosons in the λM = 1 limit of the ’t

Hooft parameter (1.3) in the Grassmannian coset (1.1). Moreover, we can see that the free

system generates an algebra with correct wedge subalgebra for the M 6= 1 cases. In section

3.3 we examine the supersymmetric case. For that case, we just need to consider MN

complex free fermions in addition to the MN complex free bosons. The free system arises

in the λ = 0 limit of the ’t Hooft parameter (1.7) in the supersymmetric Grassmannian

coset (1.5). In section 3.4, we analyze the symmetry of the coset (1.5) in the ’t Hooft limit,

but with λ 6= 0.

3.1 Free limits of the WN minimal model

Let us start from the large level k limit of the coset (3.2), which means λGG = 0. Intro-

ducing N free complex fermions ψi (i = 1, 2, . . . , N) satisfying

ψi(z)ψ
†
j(0) ∼ δij

z
, (3.4)
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we can define currents

J (s)(z) =
2−s+1(s− 1)!

(2s− 3)!!

N∑
i=1

s−1∑
l=0

(−1)l

(
s− 1

l

)2

∂s−l−1ψ†i ∂
lψi , (3.5)

where

J (s)(z) =
∞∑

m=−∞

W s
m

zm+s
. (3.6)

Here the spin of current is denoted by s (= 1, 2, 3, · · · ). They generate a linear algebra

w1+∞ with c = 2N [42]. The wedge subalgebra is hs[0] ⊕ u(1), and decoupling the u(1)

current we obtain the non-linear algebra W∞[0] from the linear algebra w1+∞ [43]. The

dual operator with h = 1/2 is given by

O(z, z̄) =

N∑
i=1

ψi(z)⊗ ψ̄i(z̄) (3.7)

and its complex conjugate. Here ψ̄i are free complex fermions in the anti-holomorphic

sector. At λ = 0, the two operators dual to scalar fields with different boundary conditions

have the same conformal weight h = 1/2 as in (2.9). Thus they are indistinguishable

at λ = 0 and we can pick up only one of them as discussed in [44]. By bosonizing the

fermions we have N free real bosons. The summation over the i-index corresponds to

the U(N) invariant condition discussed in [44]. In order to construct a modular invariant

theory, we need to add sectors twisted by the U(N) action. In this paper we neglect the

sectors since they decouple from the U(N) invariant sector in the ’t Hooft limit.

Next we consider the symmetry algebra for the λGG = 1 limit of the coset (3.2). The

W∞[1] algebra reduces to the linear algebra WPRS
∞ of [28], and its wedge subalgebra is hs[1].

The central charge of the coset (3.2) is c = 2k + O(1/N), and the algebra with central

charge c = 2k can be realized by k free complex bosons as shown in [45]. We choose the

normalization of the free bosons φi (i = 1, 2, . . . , k) and their complex conjugates φ†i such

as to have OPEs

φi(z)φ
†
j(0) ∼ −δij ln z . (3.8)

Then, the generators of W∞[1] with c = 2k are written as

J (s)(z) = − 2−s+1s!

(2s− 3)!!

k∑
i=1

s−2∑
l=0

(−1)l
1

s− 1

(
s− 1

l

)(
s− 1

s− l

)
∂s−l−1φ†i∂

l+1φi (3.9)

with s = 2, 3, . . .. In terms of free bosons, the operator dual to the scalar field can be given

by

O(z, z̄) =

k∑
i=1

∂φi(z)⊗ ∂̄φi(z̄) (3.10)
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and its complex conjugate. The conformal dimension of the operator is h = 1. The other

operator has dimension h = 0 according to (2.9), and this value is the same as that of the

vacuum. Thus it is natural to pick up one complex scalar field whose dual operator has

conformal dimension h = 1.

The free boson system in the dual coset description (1.1) withM = 1 can be understood

as

su(N + 1)k
su(N)k ⊕ u(1)kN(N+1)

. (3.11)

According to [23], the coset in the classical limit with k →∞ has the same algebra W∞[1]

generated by N free complex bosons. It was claimed that the su(N)k current algebra is

flattened out to be the u(1)N
2−1 current algebra in large k limit. This implies that the limit

of the Grassmannian model has u(1)N ⊗ u(1)N currents generated by N complex bosons.

From the complex bosons we can construct operators generating the W∞[1] algebra as in

(3.9) with k replaced by N .

3.2 Adding the Chan-Paton factor

From the above consideration, we can guess that the CFT dual to the higher spin theory

with U(M) Chan-Paton factor at λ = 1 is given by the free system of NM complex bosons

φiA with i = 1, 2, . . . , N and A = 1, 2, . . . ,M . We assign the following OPEs to the bosons

φiA(z)φ†jB(0) ∼ −δijδAB ln z . (3.12)

We extend the currents (3.9) for M = 1 in a natural way as

[J (s)(z)]AB = − 2−s+1s!

(2s− 3)!!

N∑
i=1

s−2∑
l=0

(−1)l
1

s− 1

(
s− 1

l

)(
s− 1

s− l

)
∂s−l−1φ†iA∂

l+1φiB (3.13)

with s = 2, 3, . . .. Notice that spin s = 1 currents do not appear and the wedge subalgebra

is given by hs[1]⊗M with the matrix algebraM as desired. The operators dual to M ×M
matrix valued scalar fields are

[O(z, z̄)]AB =

N∑
i=1

∂φiA(z)⊗ ∂̄φiB(z̄) (3.14)

and their complex conjugates.

A point here is that we have contracted the i index, but not the A index, and because

of this we have M ×M matrix valued currents invariant under the U(N) symmetry. In

the case of ABJ theory, the theory includes U(N)k × U(M)−k Chern-Simons gauge fields

coupled with bi-fundamental fields A
(a)
αi and B

(b)
jβ with a, b = 1, 2, i, j = 1, 2, . . . , N and

α, β = 1, 2, . . . ,M [16, 17]. When we consider the duality with a higher spin gauge the-

ory, we should take the large N, k limit, but keep M finite [15]. The operators dual to

the bulk higher spin fields are proposed to be of the form
∑N

i=1A
(a)
αi B

(b)
iβ , since gluing for

i-index is much stronger than that for α-index when N � M . Therefore, the U(N) and
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U(M) gauge groups play very different roles, and this was interpreted in [15] as a confine-

ment/deconfinement phase transition of the ABJ theory in the bulk ’t Hooft parameter

λBulk = M/N .

We would like to claim that the free boson system arises in the λM = 1 limit of the

Grassmannian model (1.1) as for the M = 1 case. An element of SU(M + N) in the

numerator of the coset (1.1) may be expressed by an (M+N)× (M+N) matrix. Here and

in the following argument we neglect the trace part just for simplicity. We embed SU(N)

and SU(M) gauge groups in the denominator as(
A 0

0 D

)
∈ SU(M +N) (3.15)

for A ∈ SU(M) and D ∈ SU(N). Since A,D are gauged out, there are off-diagonal

components left. It is natural to expect that these NM complex elements reduce to NM

complex free boson in large k limit. Indeed, we can also obtain the same conclusion by

making use of the argument in [23] as in the M = 1 case.

3.3 Supersymmetric extension

We can discuss the supersymmetric case in the same way. Without Chan-Paton factor, the

gauge fields of the N = 2 higher spin theory in [6] take values in the shs[λ] algebra, and

the asymptotic symmetry of the gravity theory is found to be the N = 2 W∞[λ] algebra

[9, 18, 37, 46]. If we consider the large central charge limit, then the wedge subalgebra

of N = 2 W∞[λ] should reduce to shs[λ]. Moreover, at λ = 0, it is known that N = 2

W∞[0] can be generated by complex bosons and fermions [42]. In other words, the N = 2

higher spin theory with λ = 0 should be dual to N complex free bosons and N complex

free fermions.

As in the bosonic case, we can easily extend the above argument to the case with

U(M) Chan-Paton factor, since we just need to introduce NM free fermions ψiA with

i = 1, 2, . . . , N and A = 1, 2, . . . ,M satisfying

ψiA(z)ψ†jB(0) ∼ δijδAB
z

(3.16)

in addition to the NM free bosons satisfying (3.12). The bosonic currents are

[J (s)−(z)]AB =
2−s+1(s− 1)!

(2s− 3)!!

N∑
i=1

s−1∑
l=0

(−1)l

(
s− 1

l

)2

∂s−l−1ψ†iA∂
lψiB (3.17)

with s = 1, 2, . . . as a natural extension of (3.5) and [J (s)+(z)]AB = [J (s)(z)]AB in (3.13)

with s = 2, 3, . . .. The fermionic ones are

[F (s)(z)]AB =
2−s+2(s− 1)!

(2s− 1)!!

s−2∑
l=0

(−1)l

(
s− 2

l

)(
s− 1

l

)
∂s−l−1φ†iA∂

lψiB (3.18)

and [F (s)†(z)]AB is simply obtained by replacing φ†iA and ψiB with φiA and ψ†iB, respectively.

Here the label s for [F (s)(z)]AB and [F (s)†(z)]AB take values s = 2, 3, . . .. At λ = 0 we see

that [J (1)+(z)]AB do not appear.
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From the free fields, we can construct operators as

[O(z, z̄)]
( 1

2
, 1
2

)

AB =
N∑
i=1

ψiA(z)⊗ ψ̄iB(z̄) , [O(z, z̄)]
(1,1)
AB =

N∑
i=1

∂φiA(z)⊗ ∂̄φiB(z̄) , (3.19)

[O(z, z̄)]
(1, 1

2
)

AB =
N∑
i=1

∂φiA(z)⊗ ψ̄iB(z̄) , [O(z, z̄)]
( 1

2
,1)

AB =
N∑
i=1

ψiA(z)⊗ ∂̄φiB(z̄) , (3.20)

and their complex conjugates. They form one of two N = 2 multiplets with

(∆B
+,∆

F
±,∆

B
−) = (2, 3

2 , 1) , (3.21)

and this implies that the gravity theory dual to the free theory includes only half of the

sets of scalars and fermions.

We can see that the free system arises in the λ = 0 limit of the ’t Hooft parameter (1.7)

in the supersymmetric Grassmannian model (1.5). There is an affine so(2NM)1 algebra in

the numerator of the coset (1.5), which yields NM complex fermions. The other parts are

the same as the bosonic coset in (1.1) in the large k limit, and thus lead to NM complex

bosons. Totally we have the free system with NM complex bosons and NM complex

fermions.

3.4 Beyond the free ’t Hooft limit

In this subsection, we will see how a U(M)-valued N = 2 super W -algebra appears in

the ’t Hooft limit of the coset for arbitrary λ. The construction depends crucially on

normalization of fields. Recall that we want to have fields that have norm scaling with

N . For example the Virasoro field has to have norm c/2. But the coset algebra is usually

constructed using fields having a well-defined norm, that is a finite norm. Our strategy

will thus be to find the coset fields having finite norm, and then rescale them to have

norm scaling with N . It will turn out that the coset fields already provide a U(M)-valued

algebra, and the rescaled fields will then generate the desired N = 2 super W -algebra with

independent strong generators of dimension 1, 1, 3/2, 3/2, 2, 2, ....

Let us first consider the coset (1.5) at finite N . Normally, an efficient way to determine

the spectrum of the coset algebra is to take the large k limit and invoke invariance under

deformation to finite k. In this limit, the coset can be described by 2NM free bosons

∂φiA, ∂φ
†
Ai and 2NM free fermions ψiA, ψ

†
Ai in the tensor product of the fundamental

representation of SU(N) and SU(M) and its conjugate, with OPEs

∂φiA(z, z̄)∂φ†Bj(w, w̄) =
δABδij

(z − w)2
, ψiA(z)ψ†Bj(w) =

δABδij
(z − w)

, (3.22)

as mentioned above. The coset algebra is then the invariant subalgebra under the action

of SU(N)×SU(M)× U(1). Using Weyl’s first theorem of invariant theory for the unitary

group [47] one obtains that the coset algebra is generated by normal ordered products of
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type

N∑
i=1

M∑
A=1

: ∂aφiA(z)∂bφ†Ai(z) : ,

N∑
i=1

M∑
A=1

: ∂aψiA(z)∂bφ†Ai(z) : ,

N∑
i=1

M∑
A=1

: ∂aφiA(z)∂bψ†Ai(z) : ,

N∑
i=1

M∑
A=1

: ∂aψiA(z)∂bψ†Ai(z) : .

(3.23)

This gives a superalgebra with generator of spin 1, 3/2, 3/2, 2, 2, 5/2, 5/2, 3, ..., i.e. anN = 2

super W -algebra.

If we consider the case of large N , we have to be careful. First define the currents of the

su(N)k subalgebra by Ka(z), those of the su(M)k subalgebra by Jα(z) and the remaining

currents carry the representation fN ⊗ f̄M ⊕ f̄N ⊗ fM , where fL denotes the fundamental

representation of su(L) and the bared expression its conjugate. We can thus label them

by IAi, IiA, i = 1, ..., N and A = 1, ...,M . Further, the fermions : ψiAψ
†
Aj : define u(N)

currents of level M , whose su(N)M subalgebra currents (the traceless ones) we denote by

ka. Analogously, the fermions jAB =: ψiAψ
†
Bi : define u(M) currents of level N ,

jAB(z)jCD(w) ∼ NδADδBC
(z − w)2

+
δBCj

AD(w)− δADjCB(w)

(z − w)
(3.24)

whose su(M)N subalgebra currents we denote by jα. In addition, the u(1) defined by the

fermions is denoted by h and the one of the affine algebra by H. The coset algebra is then

defined to be the subalgebra that commutes with the currents

Ka(z) + ka(z), Jα(z) + jα(z) (3.25)

and with the u(1)-current H + h.

Consider now the large N, k limit with λ = N/(N + M + k) fixed and M finite. For

finite N , the choice of basis of currents is irrelevant, but we require to take the limit in

such a way, that currents have finite norm. The invariants under Ka(z)+ka(z) as the level

is k + M become in the large k limit the SU(N)-group invariants as before. But for the

Jα + jα we have to be more careful as the level of both Jα and jα is taken to infinity; we

have to rescale the currents

Xα(z) =
Jα(z) + jα(z)√

k +N
(3.26)

and also H + h has to be rescaled by 1/
√
k +N . Now, the fields

1

N

N∑
i=1

: ∂aψiA(z)∂bIBi(z) : ,
1

N

N∑
i=1

: ∂aIiA(z)∂bψ†Bi(z) : (3.27)

commute with Xα(z) and the rescaled u(1)-current, and they have finite norm. These give

us two U(M)-valued fermionic fields of dimension 3/2, 5/2, .... The Jα together with H

form u(M) of level k; let us denote those currents by matrix indices JAB. Then√
1− λ
k

JAB(z)−
√
λ

N
jAB(z) (3.28)

– 14 –



commute with the XAB. In summary, in the limit k,N →∞, we found U(M)-valued coset

fields of dimension 1, 3/2, 3/2, 2, 5/2, 5/2, 3, 7/2, ... of finite norm. We remark that these

are certainly not all coset fields.

We are interested in taking the limit, where the norm of fields scales as N . We thus

rescale our coset fields (3.27) by
√
N ,

GABab =
1√
N

N∑
i=1

: ∂aψiA(z)∂bIBi(z) : , ḠABab =
1√
N

N∑
i=1

: ∂aIiA(z)∂bψ†Bi(z) : . (3.29)

But now, some OPE computations reveal that we get closed operator product algebra, if

we include the fields

JAB , V AB
ab =

N∑
i=1

: ∂aψiA(z)∂bψ†Bi(z) : , WAB
ab =

1

N

N∑
i=1

: ∂aIAi(z)∂bIiB(z) : . (3.30)

That is we get U(M)-valued fields of dimension 1, 1, 3/2, 3/2, 2, 2, ... as desired. Let us

provide one example of an OPE illustrating this:

GAB00 (z)ḠCD00 (w) ∼ kδADδBC
(z − w)3

+
δADJ

BC(w) + k
N δBCV

AD
00 (w)

(z − w)2
+

+
δADW

BC
00 (w) + k

N δBCV
AD

10 (w)

(z − w)
.

(3.31)

Finally, we mention that one can decouple one u(1)-current.

4 Bosonic Grassmannian model

In this section, we study the bosonic Grassmannian model (1.1)

su(N +M)k
su(N)k ⊕ su(M)k ⊕ u(1)κ

(4.1)

with κ = kNM(N + M). We consider the ’t Hooft limit where N, k → ∞, but keeping

M and the ’t Hooft parameter λM defined in (1.3) finite. In the previous section, we have

observed that the coset reduces to the system of MN complex free bosons at λM = 1, and

the U(M) invariant condition is not assigned to construct conserved currents. In the next

subsection, we first introduce the bosonic Grassmannian coset (4.1) and then in section 4.2

we see how the “U(M) deconfinement” is realized in the coset language. In section 4.3 and

4.4 we reproduce the gravity partition function from the coset model (4.1) in the λM = 1

limit.

4.1 Primary states

In the Grassmannian coset (4.1), the denominator su(M)⊕ su(N)⊕ u(1) is embedded into

su(N +M). The way of embedding is determined by those of SU(M)×SU(N)×U(1) into

SU(N +M). We use

ı1(v, u, w) =

(
wNu 0

0 w̄Mv

)
∈ SU(N +M) , (4.2)
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where u ∈ SU(M), v ∈ SU(N) and w ∈ U(1). In terms of su(N +M), the u(1) current K

is expressed as diag(N, . . . , N,−M, . . . ,−M), which has the OPE K(z)K(0) ∼ kMN(N +

M)z−2.

The states of the Grassmannian model (4.1) are labeled by the representations of the

algebra appearing in the coset expression. Let ΛL be the highest-weights of ŝu(L) of level

k. We then use the convention that we also denote the corresponding irreducible highest-

weight module by ΛL. For u(1)k we use m ∈ Zk. Then the states of the coset are obtained

by the module decomposition as

ΛN+M =
⊕

ΛN ,ΛM ,m

(ΛN+M ; ΛN ,ΛM ,m)⊗ ΛN ⊗ ΛM ⊗m. (4.3)

Using the orthogonal basis εi (i = 1, 2, . . . , N + M) with εi · εj = δi,j , the highest weights

are expressed as

ΛN+M =
N+M∑
i=1

λN+M
i εi −

|ΛN+M |
N +M

N+M∑
j=1

εj , (4.4)

ΛM =
M∑
i=1

λMi εi −
|ΛM |
M

M∑
j=1

εj , ΛN =
N∑
i=1

λNi εi+M −
|ΛN |
N

N∑
j=1

εj+M .

Here λLj is the number of boxes in the j-th row of the Young diagram corresponding to

ΛL, and |ΛL| is the sum of the boxes of the Young diagram. The u(1) charge is embedded

in su(N +M) as

ωm =
m

NM(N +M)

N M∑
i=1

εi −M
N∑
j=1

εj+M

 (4.5)

which satisfy ωm(K) = m. The embedding is possible only when

ΛN+M − ΛM − ΛN − ωm ∈ ∆N+M (4.6)

with ∆N+M as the root system of su(N +M). This condition leads to selection rules as

|ΛN+M |
N +M

− |ΛM |
M

+
m

M(N +M)
∈ Z ,

|ΛN+M |
N +M

− |ΛN |
N
− m

N(N +M)
∈ Z , (4.7)

where m is defined modulo κ. In principle, we have to take into account field identifications

[48], but for large k limit we can neglect it.

The conformal dimension of the state (ΛN+M ; ΛN ,ΛM ,m) is

h = n+ hM+N,k
ΛM+N

− hN,k+M
ΛN

− hM,k+N
ΛM

− hm (4.8)

with an integer n. Here

hL,KΛ =
C2(ΛL)

K + L
, hm =

m2

2κ
(4.9)

with C2(ΛL) as the second Casimir of su(L). Notice that hM,k+N
ΛM

= 0 in the large k limit,

thus the states of all possible ΛM degenerate.
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4.2 States dual to bulk matter fields

In order to construct the primary states of the full CFT, we need to take a product of chiral

and anti-chiral primary states. In the free limit with λM = 1, we constructed operators as

in (3.14), where the U(N) invariant condition is assigned, but U(M) indices are still free.

We would like to see how this condition is realized in the coset description.

We consider the coset of the form g/h, then the coset primary fields may be given as

ΨRL, where R and L are representations of algebras g and h. The fields can be constructed

by those of affine algebras ĝ and ĥ [49–52]. For ĝ, we define χiĝ,RL which are in the affine

algebra built from R and transforms in L. Here i = 1, 2, . . . ,dimL. The grade in the affine

algebra is related to the integer n in (4.8). For ĥ we define χĥ∗,L̄
i , which transform in L̄.

Then the coset fields are

ΨRL =
dimL∑
i=1

χiĝ,RLχ
ĥ∗,L̄
i . (4.10)

For our case, we should set

g = su(N +M)k , h = su(N)k ⊕ su(M)k ⊕ u(1)κ . (4.11)

Let us consider the states dual to the bulk matter fields. Generic primary states of the

coset are given by the products of the two sectors as

(ΛN+M ; ΛN ,ΛM ,m)⊗ (Λ′N+M ; Λ′N ,Λ
′
M ,m

′) . (4.12)

The two simplest examples are

(f; 0, f, N)⊗ (̄f, 0, f̄, N) , (0; f̄, f, N +M)⊗ (0; f, f̄, N +M) , (4.13)

where f (̄f) denotes (anti-)fundamental representation. There are also complex conjugated

ones with exchanging f and f̄. We choose the simplest sets for ΛN+M ,ΛN and Λ′N+M ,Λ
′
N ,

but ΛM ,Λ
′
M and m,m′ are chosen such as to satisfy the selection rules (4.7) in the ’t Hooft

limit. See (4.27) and (4.28) below.

The field corresponding to the first state in (4.13) is

Ψ(f;0,f,N) =
M∑
i=1

χiŝu(N+M),(f;0,f,N)χ
ŝu(M),̄f
i χû(1),N . (4.14)

With large k → ∞, but finite M , we expect that the su(M) sector decouples. Thus the

chiral sector may be given by

χiĝ,(f;0,f,N)χ
û(1),N (4.15)

with label i = 1, 2, . . . ,M for the fundamental representation of su(M). Multiplying the

anti-chiral sector we have (i, ̄) labels with ̄ = 1, 2, . . . ,M for the anti-fundamental rep-

resentation of su(M). Thus the state can be identified with a scalar field with U(M)

Chan-Paton factor. The field corresponding to the second state in (4.13) is

Ψ(0;̄f,f,N+M) =
N∑
l=1

M∑
i=1

χl,i
ŝu(N+M),(0;̄f,f,N+M)

χ
ŝu(N),f
l χ

ŝu(M),̄f
i χû(1),N+M . (4.16)
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Decoupling the su(M) sector, the field becomes

N∑
l=1

χl,i
ŝu(N+M),(0;̄f,f,N+M)

χ
ŝu(N),f
l χû(1),N+M . (4.17)

Multiplying the anti-chiral sector, the field is dual to another bulk scalar field with U(M)

Chan-Paton factor.

We may see the relation to the free limit in section 3 as follows. Above we assumed

that the su(M) sector decouples in the large k limit. However, for the su(N) sector, we first

take the ’t Hooft limit with N, k →∞ and λM = k/(N + k+M) finite, then take λM → 1

limit. In this limit, the su(N) sector becomes free, but the SU(N) invariant constraint

should be left, see [44]. The state in (4.17) may reduce to the expression in section 3 by

integrating over χ
ŝu(N),f
l .

4.3 The character of the chiral part

The CFT is given by the product of chiral and anti-chiral sectors, and the combination

is fixed such that the torus amplitude is modular invariant. One of the conditions is

h− h̄ ∈ Z for bosonic states, where h and h̄ are the conformal dimension of the states for

the chiral and anti-chiral sectors. For finite k, this is a quite strong condition and a typical

one is given by a diagonal modular invariant, where charge conjugated representations are

paired. However, for infinite k, we have seen that states with all possible ΛM have the

same conformal weight. Therefore, the above condition is satisfied even without using the

diagonal modular invariant with respect to the ΛM label. In this subsection we examine

the chiral part of the partition function. In the next subsection we consider how we should

pair the chiral and the anti-chiral parts, where we first take the λM = 1 limit of the ’t

Hooft parameter in (1.3), and then discuss the generalization with λM 6= 1.

The characters of su(L)k are denoted as

chL,kΛ (q, eH) = trΛq
L0eH . (4.18)

Here L0 is the zero mode of Virasoro generator and H is an element of Cartan subalgebra

of su(L). The character of u(1)κ is

Θκ
m(q, w) = trmq

L0wJ0 =
∑
l∈Z

wm+κl q
1

2κ
(m+κl)∏∞

n=1(1− qn)
. (4.19)

Then the character of the coset (4.1)

bN,M,k

Ξ̃
(q) = trΞ̃q

L0 , Ξ̃ = (ΛN+M ; ΛN ,ΛM ,m) (4.20)

is given by the decomposition (4.3) as

chN+M,k
ΛN+M

(q, ı1(u, v, w)) =
∑

ΛN ,ΛM ,m

bN,M,k

Ξ̃
(q)chN,kΛN

(q, v)chM,k
ΛM

(q, u)Θκ
m(q, w) . (4.21)

The embedding is defined in (4.2).
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Let us study the large k behavior of the coset character (4.20). At large k, the su(L)k
character behaves as (see, e.g., [34, 35, 53])

chL,kΛ (q, eH) ∼ qh
L,k
Λ chLΛ(eH)∏∞

n=1[(1− qn)L−1
∏
α∈∆L

(1− qneα(H))]
, (4.22)

where ∆L represent the roots of su(L) and chL(eH) is the character of the finite Lie algebra

su(L). Similarly, the u(1)κ character behaves as

Θκ
m(q, w) ∼ qh

κ
mwm∏∞

n=1(1− qn)
. (4.23)

Combining all the factors in the coset (4.1), we have

chN+M
ΛN+M

(ı1(u, v, w))ϑ(q, ı2(u, v, w)) =
∑

ΛN ,ΛM ,m

aN,M
Ξ̃

(q)chNΛN (v)chMΛM (u)wm , (4.24)

where aN,M
Ξ̃

(q) is related to the leading term at large k as

bN,M,k

Ξ̃
(q) ∼ qh

N,M,k

Ξ̃ aN,M
Ξ̃

(q) , hN,M,k

Ξ̃
= hN+M,k

ΛN+M
− hN,kΛN

− hM,k
ΛM
− hκm . (4.25)

The factor

ϑ(q, ı2(u, v, w)) =
∞∏
n=0

N∏
i=1

M∏
A=1

1

(1− w̄N+M ūAviqn+1)(1− wN+MuAv̄iqn+1)
(4.26)

can be interpreted as the partition function of NM complex free bosons φiA, φ†jB with

i = 1, 2, . . . , N and A = 1, 2, . . . ,M . Here φiA belongs to (f, f̄) for su(N)⊕ su(M) and has

−(M + N) charge for u(1). Moreover, φ†jB belongs to (̄f, f) for su(N) ⊕ su(M) and has

(M +N) charge for u(1).

At large N it is convenient to express the ΛL of su(L) in terms of a pair of two Young

diagrams as ΛL = (ΛlL,Λ
r
L). Denoting |ΛL|− = |ΛrL|−|ΛlL|, the selection rule (4.7) uniquely

fixes [35]

m = N |ΛN+M |− − (N +M)|ΛN |− (4.27)

in the large N limit. This also leads to

|ΛM | = |ΛN+M |− − |ΛN |− (4.28)

modulo M . The w-dependent factor in (4.24) may be removed as

c̃h
N+M

ΛM+N
(ı1(u, v, w))ϑ(q, ı2(u, v, w)) =

∑
ΛN ,ΛM

aN,MΛM+N ;ΛN ,ΛM
(q)c̃h

N

ΛN
(vw̄N+M )chMΛM (u)

(4.29)

by rewriting the su(L) character by the u(L) one as

chLΛL(v)w|ΛL|− = c̃h
L

ΛL
(vw) . (4.30)

In the right hand side, the pair of two Young diagrams labels the irreducible representation

of u(L).
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4.4 The character at the free limit

Let us set ΛM+N = 0, then we have

ϑ(q, ı2(u, v, w)) =
∑

ΛN ,ΛM

aN,M0;ΛN ,ΛM
(q)c̃h

N

ΛN
(vw̄N+M )chMΛM (u) . (4.31)

Thus this sector reduces to MN complex free bosons in the bi-fundamental representation

of su(N)⊕ su(M), and the free bosons are organized in terms of representations of u(N)⊕
su(M) in the coset model (4.1). This is consistent with the fact that the coset reduces to

the free boson system in the λM = 1 limit.7 For the other value of λM , we should also

consider the sector with ΛM+N 6= 0 as we will discuss below. In this subsection, we mainly

study the partition function of the free boson theory as a coset partition function in the

λM = 1 limit. Here the U(N) invariant condition is assigned, but the SU(M) symmetry

is treated as a global symmetry like a flavor symmetry. Later we discuss the case with

λM 6= 1.

We denote the bosonic modes by jaA = ∂φaA with a = 1, 2, . . . , N as the index of

the u(N) fundamental representation and A = 1, 2, . . . ,M as the index of su(M) anti-

fundamental representation. There are also complex conjugates as j†aA = ∂φ†aA. The full

Fock space of the free system is spanned by∏
l

j†alCl−tl−1

∏
m

jbmDm−um−1|0〉 , (4.32)

where tl, um are non-negative integers and |0〉 is the vacuum state. The u(N) invariants

are then given by the linear combinations of the “basic” invariants as [47]

∞∏
t,u=0

(
N∑
a=1

j†aAtu−t−1 j
aBtu
−u−1

)Ltu
|0〉 ,

where Ltu are non-negative integers. Since there are M2 times more bi-linears than the

ones for M = 1, the contribution from the u(N) invariants is computed as (see (3.68) of

[35])

ZCFT
0 (q) =

( ∞∏
s=2

Z
(s)
B

)M2

, (4.33)

which is the one-loop partition function for the massless gauge sector of the gravity theory,

see (2.7). Recall that some of the spin 1 gauge fields decouple at λM = 1.

For u(N) non-invariants, we should pair chiral and anti-chiral parts.8 From the expe-

rience of the free limit in section 3, we propose to combine

j†aA−t−1̄
aB
−u−1 , ̄†aA−t−1j

aB
−u−1 , (4.34)

7A similar relation between a free boson theory and the λ = N/(N + k) → 0 limit of the coset (1.4) is

obtained in [44]. See also [54, 55].
8For more proper treatment, see appendix C.
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where the u(N) index a is the same (but not summed over here) for the chiral and anti-

chiral sectors. In other words, for a fixed su(M) label A, states of the form

nj∏
l=1

jalA−ul−1|0〉 (4.35)

produces a u(N) tensor of the shape Λl. Then we take a pair with the anti-chiral state

from ̄†bmB corresponding to the u(N) tensor of the shape Λ̄l. If we sum over all possible

ul while keeping nj = |Λl| fixed, then the partition function is computed as (see (2.50) of

[35] for a free fermion system)

|chΛl(U(1))|2 , (4.36)

where the character is defined in (2.12). Since we have M2 sets with A,B = 1, 2, . . . ,M ,

we have

ZCFT(q) =

∑
ΛN

|chΛlN
(U(1))chΛrN

(U(1))|2
M2

ZCFT
0 (q) (4.37)

=
(
Z0Z

1
scalar

)M2

,

where we have taken into account the u(N) invariants discussed above. This CFT partition

function is the same as the bulk one, but including only one complex scalar with h+ = 1.

This is consistent with the argument in section 3.

From the experience of the M = 1 case in [34, 35], we should include the sectors with

ΛN+M 6= 0 for λM 6= 1, and the dual gravity theory should have two complex scalars with

two different boundary conditions. The detailed analysis can be found in appendix C (but

only for the supersymmetric case). For λM 6= 1, the decoupling of spin 1 gauge fields does

not occur on the gravity side, and this effect can be easily included in the CFT side. These

decoupled spin 1 gauge fields correspond to extra su(M) currents in the CFT as discussed

in section 3.4. The negative-mode contribution to the character is simply given by

ch′M (q, eH) =
1∏∞

n=1

∏
α∈∆M

(1− qneα(H))
. (4.38)

Taking H → 0 limit, we have

|ch′M (q, 1)|2 =

( ∞∏
n=1

1

|1− qn|2

)M2−1

= (Z
(1)
B )M

2−1 , (4.39)

which reproduces the extra factor in (2.15).

5 Supersymmetric Grassmannian model

We now move on to study the supersymmetric Grassmannian model (1.5)

su(N +M)k ⊕ so(2NM)1

su(N)k+M ⊕ su(M)k+N ⊕ u(1)κ
(5.1)
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with κ = MN(N + M)(N + M + k). This coset is proposed to be dual to the N = 2

higher spin supergravity in [6] with U(M) Chan-Paton factor. We study the ’t Hooft limit

of the coset where N, k →∞ while keeping M and the ’t Hooft parameter (1.7) finite. In

the next section we review the supersymmetric Grassmanian model (5.1), see e.g. [56]. In

section 5.2 we see that the coset is related to a system with MN complex free bosons and

MN complex free fermions in the language of the partition function. In section 5.3 we

reproduce the gravity partition function from the λ = 0 limit of the coset (5.1).

5.1 Primary states

In the coset (5.1) the denominator su(M)⊕ su(N)⊕ u(1) is embedded into su(N +M)⊕
so(2MN). The way of embedding is determined by those of SU(M)× SU(N)× U(1) into

SU(N +M) and SO(2NM). For SU(N +M) we use (4.2). For so(2NM)1 we may use the

system of 2NM free Majorana fermions, which can be given by NM free complex fermions.

We denote the fermions as ψiA and the complex conjugates as ψ†iA. Here i is the index for

the su(N) fundamental representation and A is the index for the su(M) anti-fundamental

representation. The u(1) charges for the fermions are set as −(N+M) for ψiA and (N+M)

for ψ†iA. We denote the corresponding embedding as ı2(u, v, w).

The states of the Grassmannian model (5.1) are labeled by the representations of the

algebras appearing in the coset expression. We denote ΛL as the highest weight of the

representation for su(L) and m ∈ Zκ for u(1)κ as in the bosonic case. For affine so(2NM)1

we use ω = −1, 0, 1, 2, where ω = 0, 2 denotes the identity and the vector representations

and ω = 1,−1 denotes the spinor and the co-spinor representations. Then the states of the

coset are obtained by the decomposition as

ΛN+M ⊗ ω =
⊕

ΛN ,ΛM ,m

(ΛN+M , ω; ΛN ,ΛM ,m)⊗ ΛN ⊗ ΛM ⊗m. (5.2)

There are selection rules as (see, e.g., [56])

m = N |ΛN+M | − (N +M)|ΛN |+N(N +M)(a+ 1
2Mε) , (5.3)

m = −M |ΛN+M |+ (N +M)|ΛM |+M(N +M)(b+ 1
2Nε)

modulo κ. Here a and b are integers defined modulo M(N +M + k) and N(N +M + k),

respectively, and ε = 0 for ω = 0, 2 and ε = 1 for ω = ±1. We have to take field

identifications in account [48], but for large k limit we can neglect it. The conformal

dimension of the state (ΛN+M , ω; ΛN ,ΛM ,m) is

h = n+ hM+N,k
ΛM+N

+ h2MN
ω − hN,k+M

ΛN
− hM,k+N

ΛM
− hm (5.4)

with an integer n and (4.9). Moreover, h2L
ω = ω/4 for ω = 0, 2 and h2L

ω = L/8 for ω = ±1.

In the following we consider the sector denoted by NS, which is the direct sum of the

identity and the vector representations as in [9, 35].
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5.2 The character of chiral part

As in the bosonic case, we examine first the chiral part of the partition function and later

consider how we should pair the chiral and the anti-chiral parts. For the 2NM free fermions

we use

θ(q, ı2(u, v, w)) = trNSq
L0ı2(u, v, w) (5.5)

=
∞∏
n=0

N∏
i=1

M∏
A=1

(1 + w̄N+M ūAviq
n+ 1

2 )(1 + wN+MuAv̄iq
n+ 1

2 ) ,

where uA, vi are eigenvalues of u, v. Then the character of the coset (1.5)

sbN,M,k

Ξ̃
(q) = trΞ̃q

L0 , Ξ̃ = (ΛN+M ; ΛN ,ΛM ,m) (5.6)

is given by the decomposition (5.2) as

chN+M,k
ΛN+M

(q, ı1(u, v, w))θ(q, ı2(u, v, w)) (5.7)

=
∑

ΛN ,ΛM ,m

sbN,M,k

Ξ̃
(q)chN,k+M

ΛN
(q, v)chM,k+N

ΛM
(q, u)Θκ

m(q, w)

with (4.18) and (4.19). At large k we have

chN+M
ΛN+M

(ı1(u, v, w))sϑ(q, ı2(u, v, w)) =
∑

ΛN ,ΛM ,m

saN,M
Ξ̃

(q)chNΛN (v)chMΛM (u)wm , (5.8)

where we have used (4.22) and (4.23). Here saN,M
Ξ̃

(q) is related to the leading term at

large k as

sbN,M,k

Ξ̃
(q) ∼ qh

N,M,k

Ξ̃ saN,M
Ξ̃

(q) , hN,M,k

Ξ̃
= hN+M,k

ΛN+M
− hN,k+M

ΛN
− hM,k+N

ΛM
− hκm . (5.9)

Moreover, we have used

sϑ(q, ı2(u, v, w)) =
∞∏
n=0

N∏
i=1

M∏
A=1

(1 + w̄N+M ūAviq
n+ 1

2 )(1 + wN+MuAv̄iq
n+ 1

2 )

(1− w̄N+M ūAviqn+1)(1− wN+MuAv̄iqn+1)
. (5.10)

This is the partition function of MN complex free bosons and MN complex free fermions

in the bi-fundamental representations of su(N)⊕ su(M). At large N , we may rewrite this

as

c̃h
N+M

ΛN+M
(ı1(u, v, w))sϑ(q, ı2(u, v, w)) =

∑
ΛN ,ΛM

saN,MΛM+N ;ΛN ,ΛM
(q)c̃h

N

ΛN
(vw̄N+M )chMΛM (u) .

(5.11)

Here we set m = N |ΛN+M |− − (N +M)|ΛN |− as in (4.27) and used (4.30).
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5.3 The character at the free limit

Setting ΛN+M = 0, we have

sϑ(q, ı2(u, v, w)) =
∑

ΛN ,ΛM

saN,M0;ΛN ,ΛM
(q)c̃h

N

ΛN
(vw̄N+M )chMΛM (u) . (5.12)

Therefore saN,M0;ΛN ,ΛM
(q) can be obtained by decomposing the free system in terms of the

u(N) representation ΛN and the su(M) representation ΛM . We need to assign the U(N)

invariant condition, but we treat SU(M) as a global symmetry. The free system corresponds

to the case with λ = 0 of the ’t Hooft parameter (1.7). For λ 6= 0, we should consider the

sectors with ΛN+M 6= 0 as in the bosonic case, see appendix C.

We denote the fermionic and bosonic modes by ψaA and jaA with a = 1, 2, . . . , N as

the index of the u(N) fundamental representation and A = 1, 2, . . . ,M as the index of the

u(M) anti-fundamental representation. There are also complex conjugates ψ†aA and j†aA.

The full Fock space of the free system is spanned by∏
j

ψ
†ajAj
−rj− 1

2

∏
k

ψbkBk−sk− 1
2

∏
l

j†clCl−tl−1

∏
m

jdmDm−um−1|0〉 , (5.13)

where rj , sk, tl, um are non-negative integers. The u(N) invariants are then given by the

linear combinations of the “basic” invariants as

∞∏
r,s=0

(
N∑
a=1

ψ
†aA1

rs

−r− 1
2

ψ
aB1

rs

−s− 1
2

)Krs ∞∏
t,u=0

(
N∑
a=1

j
†aA2

tu
−t−1 j

aB2
tu

−u−1

)Ltu
(5.14)

×
∞∏

t,s=0

(
N∑
a=1

j
†aA3

ts
−t−1ψ

aB3
ts

−s− 1
2

)Pts ∞∏
r,u=0

(
N∑
a=1

ψ
†aA4

ru

−r− 1
2

j
aB4

tu
−u−1

)Qru
|0〉 ,

where Krs, Ltu are non-negative integers while Pts, Qru = 0, 1. Since there are M2 times

more bi-linears than the ones for M = 1, the contribution from u(N) invariants are (see

(3.68) of [35])

ZCFT
0 (q) =

( ∞∏
s=2

Z
(s)
B (Z

(s−1/2)
F )2Z

(s−1)
B

)M2

, (5.15)

which is the one-loop partition function for the massless gauge sector of the gravity theory,

see (2.17).

As in the bosonic case, we take pairs such that they are charge conjugates with u(N),

but we do not have to take care for the su(M) sector. From the experience of the free limit

in section 3, we propose to combine

ψ†aA−r− 1
2

ψ̄aB−s− 1
2

, ψ̄†aA−r− 1
2

ψaB−s− 1
2

, j†aA−t−1̄
aB
−u−1 , ̄†aA−t−1j

aB
−u−1 , (5.16)

j†aA−t−1ψ̄
aB
−s− 1

2

, ̄†aA−t−1ψ
aB
−s− 1

2

, ψ†aA−r− 1
2

̄aB−u−1 ψ̄†aA−r− 1
2

jaB−u−1 ,
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where the u(N) index a is the same for chiral and anti-chiral sector. Following the analysis

for the bosonic case and section 3.4 of [35], we have

ZCFT(q) =

∑
ΛN

|sch(ΛlN )t(U(1
2))sch(ΛrN )t(U(1

2))|2
M2

ZCFT
0 (q) (5.17)

=
(
Z0Z1/2

matter

)M2

.

Here the supercharacter schΛ(U1) is defined in (2.23). The partition function reproduces

the gravity one, but with matter fields dual to an N = 2 multiplet, and this is consistent

with the argument for the free theory in section 3.

For λ 6= 0, we need to consider the sectors with ΛN+M 6= 0. Moreover, we have to

include bosonic su(M) currents dual to the spin 1 gauge fields generated by V
(1)+

0 ⊗ ta with

sl(M) generator ta. This amounts to multiplying with the negative mode contribution of

su(M) currents (4.39), which is consistent with the gravity partition function in (2.25).

In appendix C we show that the gravity partition function with matter fields dual to two

sets of N = 2 multiplet in (2.25) can be reproduced by the supersymmetric Grassmanian

model with λ 6= 0 once extra su(M) factor is added as in (1.9).

6 Supersymmetric Grassmannian model as a product theory

In this section we again consider the Grassmannian Kazama-Suzuki model, but now in a

BRST approach. In the first section we construct the Grassmanian model as a product

theory of WZNW models with a BRST constraint. In section 6.2 we introduce a first order

formulation for the product theory in order to compare with the free theory which is done

in section 6.3. In section 6.4 all the currents of spin-one, 3/2 and two are constructed

explicitly in the large N limit, and the OPEs of the extended supercharges are calculated.

Finally, in section 6.5 the OPEs of the spin-one and spin-3/2 currents are derived from the

bulk side, including non-linear terms, and they are successfully compared to the results

from the CFT side.

6.1 The product theory

Following [57] we can write a supersymmetric coset model g/h as a product theory. Here

we assume that g has invariant bi-linear form Ω which restricted to h is non-degenerate. We

choose a basis {tα} of g such that the basis of h is given by the subset {ta} and the remaining

generators outside the coset are denoted with barred Greek letters {tᾱ}. The product theory

is, after removing Kugo-Ojima quartets, consisting of the WZNW model (g,Ω− 1
2κ

(g)) where

κ
(g)
αβ = fαγ

δfβδ
γ

is the Killing metric, the WZNW model (h,−Ω|h − 1
2κ

(h)), dim h ghosts

ba, c
a and, finally, dim g− dim h fermions ψᾱ with metric Ωᾱβ̄. The spectrum is the BRST

cohomology generated by the current

jBRST = (Ja + J̃a)c
a +

1

2
Ωᾱγ̄faᾱ

β̄ψβ̄ψγ̄c
a − 1

2
fab

cbcc
acb , (6.1)
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where Ja are currents of the g WZNW model in the h-direction and J̃a of the h WZNW

model.

For the Grassmannian Kazama-Suzuki model we start with Ω = (k +M +N) tr, and

the content is thus as follows

• A ŝu(N+M)k WZNW model with matrix element g and central charge c[M+N, k] =

k((N +M)2 − 1)/(N +M + k) .

• A ŝu(N)−2N−M−k WZNW model with matrix element hN and central charge

c[N,−2N −M − k] = (2N +M + k)(N2 − 1)/(N +M + k) .

• A ŝu(M)−N−2M−k WZNW model with matrix element hM and central charge

c[M,−N − 2M − k] = (N + 2M + k)(M2 − 1)/(N +M + k) .

• A scalar φh with level −NM(N +M)(M +N + k), that is with action

S = −NM(N+M)(N+M+k)
4π

∫
d2z ∂φh∂̄φh and central charge cscalar = 1 .

• 2NM fermions ψAi, ψ̄
i
A with i = 1, . . . , N , A = 1, . . . ,M , OPEs (after renormaliza-

tion) ψAi(z)ψ̄
j
B(w) ∼ δji δBA and total central charge cferm. = NM .

• Three families of ghost systems ca(N), b(N)a, c
d
(M), b(M)d, c(φ), b(φ) with a = 1, . . . , N2−1

and d = 1, . . . ,M2 − 1. The total central charge is cghosts = −2(N2 +M2 − 1) .

We can check that the total central charge is

c = c[M +N, k] + c[N,−2N −M − k] + c[M,−N − 2M − k] + cscalar + cferm. + cghosts

=
3NMk

N +M + k
, (6.2)

which agrees with (1.6).

6.2 First order formulation

To compare with the free theory (see appendix B and below) it is useful to introduce a

first order formalism for the ŝu(N +M)k WZNW model which has the action

SWZNW
k (g) = − k

4π

∫
Σ
d2z tr(g−1∂g, g−1∂̄g)− k

24π

∫
B

tr(g−1dg[g−1dg, g−1dg]) (6.3)

with ∂B = Σ. We make an sl(N + M) like 3-decomposition of the group element g =

g1g0g−1 where

g1 = eγ
i
Ati,N+A , g0 = eiφtφ

(
gN 0

0 gM

)
, g−1 = eγ̄

A
itN+A,i . (6.4)

Here (tIJ)KL = δIKδJL, I, J,K,L = 1, . . . , N + M , i = 1, . . . , N , A = 1, . . . ,M , tφ =

M
∑N

i=1 tii−N
∑M

l=1 tN+l,N+l, and gN , gM are respectively group elements of su(N), su(M).

We can now use the Polyakov-Wiegmann identity

SWZNW
k (gh) = SWZNW

k (g) + SWZNW
k (h)− k

2π

∫
d2z tr(g−1∂̄g∂hh−1) (6.5)
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to express the action as

SWZNW
k (g1g0g−1) =SWZNW

k (hN ) + SWZNW
k (hM ) +

kNM(N +M)

4π

∫
d2z∂φ∂̄φ

− k

2π

∫
d2z tr(g−1

1 ∂̄g1g0∂g−1(g−1)−1g−1
0 ) , (6.6)

where

− k

2π

∫
d2z tr(g−1

1 ∂̄g1g0∂g−1g
−1
−1g

−1
0 ) = − k

2π

∫
d2ze−(N+M)iφ∂̄γiA(gM )AB∂γ̄

B
j(g
−1
N )j i .

(6.7)

We can now integrate in dimension one fields βAi and β̄iA, and we propose that the

action takes the following first order form

SWZNW(φ, γ, β, γ̄, β̄) =S0 + Sint , (6.8)

where

S0 = SWZNW
k+M (hN ) + SWZNW

k+N (hM )

+
1

2π

∫
d2z ( (k+N+M)NM(N+M)

2 ∂φ∂̄φ+ iNM(N+M)
8

√
gRφ+ βAi∂̄γ

i
A + β̄iA∂γ̄

A
j) (6.9)

and

Sint =
1

2πk

∫
d2z e(N+M)iφβAi(gN )ij β̄

j
B(g−1

M )BA . (6.10)

Here the renormalization can be read of from the equations of motion

βAi = −ke−(N+M)iφ(gM )AB∂γ̄
B

j(g
−1
N )j i ,

β̄iA = −ke−(N+M)iφ(g−1
N )ij ∂̄γ

j
B(gM )BA , (6.11)

which shows that each of the NM βAi comes with a path integral measure contribution of

δS =
(N +M)2

4π

∫
d2z∂φ∂̄φ+

(N +M)i

16π

∫
d2z
√
gRφ , (6.12)

and for the WZNW terms we e.g. have that for each i = 1, . . . , N , βAi will increase the

level of the su(M) WZNW model with one. We choose not to renormalize φ since in this

formulation it has radius 1 for N,M mutually prime. One can check that the central charge

and conformal dimensions are correct for this action.

6.3 The free higher spin CFT

In [36] a free CFT consisting of a βγ and a bc system was constructed representing the

linear supersymmetric sw∞[λ] algebra. We propose that the extension to general M is done

by introducing βAi, γ
i
A-systems with conformal weights (1−λ/2, λ/2) and bAi, c

i
A-systems
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with weights (1/2−λ/2, 1/2+λ/2) where i = 1, . . . , N and A = 1, . . . ,M , and the systems

have standard OPEs

γiA(z)βBj(w) ∼
δBAδ

i
j

z − w
, bAi(z)c

j
B(w) ∼

δABδ
j
i

z − w
. (6.13)

We can then define the currents (s integer)

J
(s)+
lin [ta] =− (−1)s−1

s−1∑
i=0

ai(s, λ)∂s−1−i{βBl(ta)AB(∂iγlA)}

− (−1)s−1
s−1∑
i=0

ai(s, λ+ 1)∂s−1−i{bBl(ta)AB(∂iclA)} ,

J̃
(s)−
lin [ta] =(−1)s−1 s− 1 + λ

2s− 1

s−1∑
i=0

ai(s, λ)∂s−1−i{βBl(ta)AB(∂iγlA)}

− (−1)s−1 s− λ
2s− 1

s−1∑
i=0

ai(s, λ+ 1)∂s−1−i{bBl(ta)AB(∂iclA)} ,

J
(s−1/2)±
lin [ta] =± (−1)s−1/2

s−1∑
i=0

αi(s, λ)∂s−1−i{(∂iγlA)(ta)
A
Bb

B
l}

− (−1)s−1/2
s−2∑
i=0

βi(s, λ)∂s−2−i{(∂iclA)(ta)
A
Bβ

B
l} (6.14)

where ta ∈ u(M) and where

ai(s, λ) =

(
s− 1

i

)
(−λ− s+ 2)s−1−i

(s+ i)s−1−i
,

αi(s, λ) =

(
s− 1

i

)
(−λ− s+ 2)s−1−i
(s+ i− 1)s−1−i

, (6.15)

βi(s, λ) =

(
s− 2

i

)
(−λ− s+ 2)s−2−i

(s+ i)s−2−i
.

We propose that these currents generate the extended linear sw∞[λ] algebra with J
(s)±
lin [ta]

corresponding to the generator9 V (s)± ⊗ ta. Indeed for M = 1 it reduces to the system

in [36] up to the traced i-index. Note here that we have a factor of 2 on λ compared to

[36], and for later use we have taken β 7→ iγ, and γ 7→ iβ and b ↔ c, and finally used

the anti-automorphism σ(V
(s)±
m ) = (±)2s(−1)s−1V

(s)±
m . There is however one subtlety: In

the M = 1 case the J
(1/2)+
lin = −J (1/2)−

lin and J
(1)+
lin form a decoupled short multiplet of the

remaining algebra, however in this case we know we cannot decouple the extra spin-one

generator (see app. A), but we have to decouple the spin-half generator.

9The tilde on the generator Ṽ (s)− is to denote that it is not directly V (s)− in our basis (see app. A for

notation), but the generator orthogonal to V (s)+ under the supertrace metric.
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Let us now go back to our product theory for the Grassmannian using the first order

formalism for the su(N + M) factor. The point is now that if we ignore the background

charge for φ, the model takes the form of the βAi, γ
i
A-systems, the corresponding fermions

ψAi, ψ̄
i
A and three topological g/g models, namely the ones based on û(1)(k+N+M)(N+M)NM

and (supersymmetric) ŝu(N)N+M+k and ŝu(M)N+M+k. The models are then related by

the interaction term. This splitting is also respected by the BRST current (6.1). The

reason is that it only contains the su(N+M) currents in the su(N), su(M) u(1) directions.

These currents are in the first order formalism

J (N+M,k)
a =J (N,k+M)

a + : βAi(ta)
i
jγ
j
A : , for ta ∈ su(N) ⊂ su(N +M) ,

J
(N+M,k)
d =J

(M,k+N)
d − : βAi(td)

B
Aγ

i
B : , for td ∈ su(M) ⊂ su(N +M) ,

J
(N+M,k)
tφ

=J
(1,NM(N+M)(N+M+k))
φ + (M +N)βAiγ

i
A (6.16)

where J
(N+M,k)
a is the current of ŝu(N + M)k and J

(N,k+M)
a is the current of ŝu(N)k+M

etc. Note that the βγ-currents here generate ŝu(N)−M and ŝu(M)−N respectively. For

completeness the remaining currents Jti,N+A , JtN+A,i take the following form

J
(N+M,k)
ti,N+A

=βAi ,

J
(N+M,k)
tN+A,i

=JtN+A,N+Bγ
i
B − Jtj,iγjA− : βBjγ

j
Aγ

i
B : −k∂γiA

=J
(M,k+N)
d gde(M) tr(tetN+A,N+B)γiB − J (N,k+M)

a gab(N) tr(tbtj,i)γ
j
A

− 1

MN
J

(1,NM(N+M)(N+M+k))
φ γiA− : βBjγ

j
Aγ

i
B : −k∂γiA , (6.17)

with right-nested normal ordering. Where JtN+A,N+B and Jtj,i are combinations of su(N),

su(M) and ∂φ currents.

We can now write the BRST currents (6.1) as

jBRST = Kac
a , (6.18)

where Ka are currents of level zero given explicitly by

Ka = J (N,k+M)
a + βAi(ta)

i
jγ
j
A + J̃ (N,−k−2N−M)

a + ψAi(ta)
i
jψ̄

j
A +

1

2
fab

cbcc
b ,

for ta ∈ su(N) ,

Kd = J
(M,k+N)
d − βAi(td)BAγ

i
B + J̃

(M,−k−N−2M)
d − ψBi(td)ABψ̄

i
A +

1

2
fde

fbfc
e ,

for td ∈ su(M) ,

Kφ = J
(1,NM(N+M)(N+M+k))
φ + (M +N)βAiγ

i
A + J̃

(1,−NM(N+M)(N+M+k))
φ

+ (M +N)ψAiψ̄
i
A ,

for tφ ∈ u(1) . (6.19)

For finite N,M, k this means that BRST invariant currents built out of βAi, γ
j
B would

need contraction in both the i and A index.
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Let us first consider the case λ = 0, i.e. k infinite with N/k → 0 and M kept finite.

If it were not for the possible infinite number of fields we could localize the action to

its classical value. The background charge is further effectively zero in this limit (if we

take Nλ → 0) and the u(1) systems are thus together with the su(N) and su(M) factors

topological, at least when acting in certain states. The left over βγ systems have exactly

the right dimensions compared to the free field theory generating the linear W -algebra.

For general λ we have to be more careful to get the correct dimensions for the βγ

systems, since we cannot obtain this by simple field redefinitions. However, we can do it

by adding the following BRST exact term to the action

QBRST ·
λ

(M +N)4π

∫
d2z ∂̄ ln |ρ|2bφ =

λ

(M +N)4π

∫
d2z ∂̄ ln |ρ|2Kφ , (6.20)

which introduces background charges for the u(1) scalars, the βγ ghosts and the fermions.

Here
√
gR = −4∂∂̄ ln |ρ|2. Indeed, if we bosonize as

βAi = ∂Y A
ie
−XA

i+Y
A
i , γiA = eX

A
i−Y Ai , : βAiγ

i
A := ∂XA

i , (6.21)

ψAi = e−Z
A
i , ψ̄iA = eZ

A
i , : ψAiψ̄

i
A := −∂ZAi , (6.22)

and use

J
(1,NM(N+M)(N+M+k))
φ = −iNM(N +M)(N +M + k)∂φ ,

J̃
(1,−NM(N+M)(N+M+k))
φ = iNM(N +M)(N +M + k)∂φh , (6.23)

we see that the total background charge for XA
i becomes −1/2+λ/2 and for ZAi it becomes

−λ/2, i.e. the conformal dimensions for the βγ and bc system take the wanted values. The

field φ now has background charge iNM2/2, and φh has background charge iN2M/2.

We can calculate the central charge and check that we get c = 3NM(1 − λ) − 3λM2 =

3NMk/(N + M + k) again. Thus the free theory is naturally embedded in the product

theory.

In taking the large k limit, we can choose to take β 7→ kβ (since it basically had this

k in its definition). This means that the action for the βγ systems also localize to the

classical solutions. To keep the currents finite, we then divide them with k. We thus also

have to divide jBRST with k. In all, we have the same expression for the currents (6.16), but

where the OPEs of γ with β now is proportional to 1/k and hence vanishing. We can thus

forget the constraints from the ŝu(M)−N currents, but we cannot forget the constraints

from the ŝu(N)−M currents. The reason is that we have an infinite amount of currents. If

we, as an example, want to know if βA0
i0γ

j0
B0

is in the BRST cohomology, we see that it

will be mapped to a state with an infinite number of fields, due to the infinite number of

generators ta ∈ su(N) ⊂ su(N +M), divided by k which is a state of undetermined norm.

To ensure invariance we thus can only consider currents of the form
∑

delnβAiγ
i
B, i.e.

precisely of the form suggested in (6.14) generating the higher spin algebra. However, due

to the derivatives these will only be BRST-invariant up to derivatives of the ghosts, and

will not keep the interaction term invariant. In the next section we will show how at low

spins we can dress the free currents with su(N), su(M) and u(1) currents such that they

are approximately BRST invariant in the ’t Hooft limit.

– 30 –



6.4 Currents

We now want to extend the free currents from last subsection such that they obey BRST

invariance and keep the interaction term invariant, i.e. that they are true symmetries of

the theory. We denote the currents dual to V
(s)σ
m on the bulk side by J (s)σ. In principle, we

already know some BRST invariant currents, namely, the u(1) current, the supercharges

and the stress-energy tensor. These can be expressed in their full versions including the

ghosts or BRST-equivalent in the coset description where they are constructed only out of

currents from the su(N +M) factor and the fermions.

Our strategy will be to basically follow the latter coset description. That is, we write

up the most general linear combination of terms of a given spin, not including the fields

coming from the gauging, and also not including the ghosts, and demand BRST invariance.

That is BRST invariance up to finite contributions in the su(M) direction. It is natural

to expect that such a coset description is possible, but it is not a priori clear and we will

have one exception below.

To ensure invariance of the interaction term in the action we can only build higher

spin currents from the fermions bAi, c
i
A, and from the full ŝu(M +N)k currents including

the βγ terms, which we now denote J
(N)
a , J

(M)
d , Jφ, JAi ≡ Jti,N+A and J iA ≡ JtN+A,i . Here

upper indices transform in the fundamental representation, and lower indices in the anti-

fundamental representation. We can create the currents using products and derivatives of

these constituents, but we have to contract all i indices to ensure the first order OPEs with

the BRST currents are zero, and in the case of finite N,M, k both i and A indices should

be contracted. To organize the fermionic currents and easily calculate their OPEs, it is a

good idea to introduce the u(1) level MN current Iφ = bAic
i
A, the su(N) level M current

I
(N)
a = bAi(ta)

i
jc
j
A, and the su(M) level N current I

(M)
d = −bAi(td)BAciB which are all

primaries. The BRST currents are now simply of the form

jBRST =
∑

su(N)

(J (N)
a + I(N)

a )ca +
∑

su(M)

(J
(M)
d + I

(M)
d )cd + (Jφ + (M +N)Iφ)cφ + . . . (6.24)

where the extra terms are from the denominator-factors and ghosts.

Spin-one

Let us start with the spin-one currents. For td ∈ su(M) we have the most general linear

combination

J (1) =
∑
d

Nd
1J

(M)
d +

∑
d

Nd
2 I

(M)
d +Nφ

1 Jφ +Nφ
2 Iφ . (6.25)

The second order of the OPEs with the currents Ka from (6.18) are generically divergent

in the large N limit, and can spoil BRST invariance even when dividing the BRST current

with k. We thus demand that these second order terms are zero, and this fixes the coefficient

Nd
2 = − k

NN
d
1 . We thus get one independent solution for each td ∈ su(M)

J (1)−[td] =− λJ (M)
d +

λk

N
I

(M)
d

= λβBi(td)
A
Bγ

i
A − λJ

(M,k+N)
d − (1− λ)bBi(td)

A
Bc

i
A , (6.26)
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where we have chosen an overall normalization λ. We see that the result is exactly as in

(6.14) with the simple addition of the su(M) current. In the u(1) case we of course have

to add Jφ instead

J (1)−[1] =
λ

M +N
Jφ −

λk

M +N
Iφ

=λβAlγ
l
A +

λ

M +N
J

(1,NM(N+M)(N+M+k))
φ − (1− λ)bAlc

l
A . (6.27)

This current is BRST invariant also in the finite case, where the coefficient in front of the

bc current is −λk/(M + N). This is up to normalization exactly the u(1) charge of the

N = 2 algebra from [59].

We now introduce the notation J
(M)
1M

= −Jφ/(M + N) and I
(M)
1M

= −Iφ since these

currents in the large N limit have the same OPEs as we expect for the enlargement of J
(M)
d

to u(M). We can then compactly write

J (1)−[td] =− λJ (M)
d + (1− λ)I

(M)
d (6.28)

for all td ∈ u(M). The action of the su(M) currents Kd on these currents is just first order

OPEs giving the su(M) rotation. The BRST current thus has the following OPE

1

k
jBRST(z)J (1)−[td](w) ∼

∑
u(M) fed

gJ (1)−[tg]c
e(w)

k(z − w)
. (6.29)

The OPEs of J
(1)
1 [td] with themselves obviously do not close, and we need a second

set of spin one currents. If we now transcend the coset formalism and allow factors of

J̃
(M,−k−N−2M)
d in our linear combinations, we also get the following possibility in the large

N limit

J (1)+[td] =J
(M)
d + I

(M)
d + J̃

(M,−k−N−2M)
d

=− βBi(td)ABγ
i
A + J

(M,k+N)
d − bBi(td)ABc

i
A + J̃

(M,−k−N−2M)
d . (6.30)

This again fits exactly with (6.14) with the simple addition of the su(M) currents, and its

OPE with the BRST current is like in (6.29). Note that we could also make an operator

with td = 1d, but since this is a central element, we do not need to include it on the bulk

side, and from the point of view of the CFT it would be Kφ/(M+N) which goes like Kφ/k

and is thus exact. Also note that the field J (1)+[td] would not be seen in a standard coset

analysis since we used J̃
(M,−k−N−2M)
d . Obviously, this does not help for the closure of the

J (1)−[td] currents, however, in the large N limit the field J̃
(M,−k−N−2M)
d becomes classical,

and we will from now on remove it by hand. In this case the algebra will close.

Spin-3/2 currents, large N case

We now consider the spin-3/2 generators. Let us first note that we have no spin-1/2

BRST invariant generator, and thus the short multiplet of spin-1/2 and spin-one generators
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present in the M = 1 free case (6.14) gets truncated to the top component. Spin-3/2

generators in the large N limit can be built from bBiJ
i
A and ciAJ

B
i. We suggest

J (3/2)±[td] = ± 1

k +N
bBi(td)

A
BJ

i
A + ciB(td)

B
AJ

A
i , (6.31)

where td ∈ u(M). The coefficients have been chosen to fit with (6.14), when we only keep

the βγ- and bc-systems. In the comparison we have to remove a term of the form γ∂b in

the free theory current which cannot appear in the CFT (like the spin-1/2 currents) and

a term in the CFT of the form γγβb which cannot appear in the free theory. In this case,

and with the chosen coefficients we get a perfect match. Finally, we can also recast this is

ordinary supercharge notation as u(M) extensions of the supercurrents

G±[td] =
1√
2

(J (3/2)+[td]± J (3/2)−[td]) , (6.32)

where G±[1M ] are the actual supercurrents since these are BRST invariant - also in the

finite case.

Spin-two currents finite case

Let us now consider the spin-two currents. We will first consider the case of finite N,M, k.

We need invariance in the i and A indices. The possible terms in the spin-two operator are

thus

JφJφ , g
ab
(N)J

(N)
a J

(N)
b , gde(M)J

(M)
d J (M)

e , JAiJ
i
A , ∂Jφ ,

JφIφ , g
ab
(N)J

(N)
a I

(N)
b , gde(M)J

(M)
d I(M)

e ,

IφIφ , g
ab
(N)I

(N)
a I

(N)
b , Tbc , ∂Iφ , (6.33)

where gab = tr tatb. For the fermions we have used that there are only two independent

terms for terms with four fermions. The reason is the normal ordering for the four fermion

terms can be chosen as ((βAiγ
i
B)(βCiγ

i
D)) up to terms containing two fermions with one

derivative. There are now only two ways to contract the su(M) indices. Explicitly we find

that

gde(M)I
(M)
d I(M)

e = 2(M +N)Tbc −
M +N

MN
IφIφ − gab(N)I

(N)
a I

(N)
b , (6.34)

which is seen using the relation

gde(M)I
(M)
d I(M)

e = ((bAic
i
B)(bBic

i
C))− 1

M
IφIφ . (6.35)

There is however one caveat: When M = 1 we see that gab(N)I
(N)
a I

(N)
b can be rewritten in

terms of IφIφ.

We can now use the well-known OPE for a simple Lie algebra

Ja(z)g
bcJbJc(w) ∼ 2(k + ĝ)

Ja(w)

(z − w)2
(6.36)
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where ĝ is the dual Coxeter number and k the level. We can now easily get the possible

spin-two symmetries. Firstly we have

J
(2)
1 =Tsu(N+M) −

gab(N)J
(N)
a J

(N)
b

2(k +N)
−
gde(M)J

(M)
d J

(M)
e

2(k +M)
−

JφJφ
2NM(N +M)k

=
1

2(k +N +M)
(2JAiJ

i
A − ∂Jφ −

1

NMk
JφJφ −

M

k +N
gab(N)J

(N)
a J

(N)
b

− N

k +M
gde(M)J

(M)
d J (M)

e ) . (6.37)

For the invariance the following OPEs are useful

J (N)
a (z)JAiJ

i
A(w) ∼ MJ

(N)
a

(z − w)2
,

J
(M)
d (z)JAiJ

i
A(w) ∼

NJ
(M)
d

(z − w)2
,

Jφ(z)JAiJ
i
A(w) ∼(N +M)NMk

(z − w)3
+

(N +M)Jφ
(z − w)2

. (6.38)

We can also get a spin-two current including the fermions:

J
(2)
2 =Tbc −

(
1

NM(N +M)k
JφIφ −

1

2NM(N +M)k2
JφJφ

)
−
(

1

k
gab(N)J

(N)
a I

(N)
b − M

2(k +N)k
gab(N)J

(N)
a J

(N)
b

)
−
(

1

k
gde(M)J

(M)
d I(M)

e − N

2(k +M)k
gde(M)J

(M)
d J (M)

e

)
. (6.39)

Surprisingly, a third spin-two current is also possible whenM > 1 where the term gab(N)I
(N)
a I

(N)
b

also can be used

J
(2)
3 =

1

2(M +N)
gab(N)I

(N)
a I

(N)
b −

(
1

k
gab(N)J

(N)
a I

(N)
b − M

2(k +N)k
gab(N)J

(N)
a J

(N)
b

)
. (6.40)

These are all the possible spin-two operators which we see as follows. Given a general

linear combination of the operators in (6.33), we can use J
(2)
1 , J

(2)
2 , J

(2)
3 to ensure that the

coefficients of JAiJ
i
A, Tbc and gab(N)I

(N)
a I

(N)
b are zero. Further we can use J (1)−J (1)− and

∂J (1)− to set the coefficient of IφIφ and ∂Iφ to zero. The coefficient of ∂Jφ must then be

zero since it is the only term with a third order OPE with Kφ. It is easy to see that the

remaining terms can not give invariants of the BRST operator.

We now want to consider the large N limit. From the bulk side we expect to find

two u(M) extended spin-two currents. It might seem worrisome that we found three spin-

two currents in the finite N case, however we see that J
(2)
3 can be rewritten in terms of

the invariant contraction of the extra spin one currents J (1)−[ta], and thus should not be

counted as a new current.
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Spin-two currents, large N case

In the large N limit, we again do not have to worry about the first order OPEs with Kd

for td ∈ su(M). We thus have more possible spin-two operators

JφJφ , JφJ
(M)
d , gab(N)J

(N)
a J

(N)
b , J

(M)
d J (M)

e + J (M)
e J

(M)
d , JAiJ

i
B , ∂Jφ , ∂J

(M)
d ,

JφIφ , JφI
(M)
d , J

(M)
d Iφ , g

ab
(N)J

(N)
a bAi(tb)

i
jc
j
B , J

(M)
d I(M)

e ,

IφIφ , IφI
(M)
d , I

(M)
d I(M)

e + I(M)
e I

(M)
d , ∂Iφ , ∂I

(M)
d , (∂bAi)c

i
B − bAi∂ciB . (6.41)

Products of non-commuting currents have been kept in symmetric combinations for linear

independence since we also include their derivatives. We can now find the following u(M)

extended spin-two operators for td ∈ su(M)

J
(2)
1 [td] =JBi(td)

A
BJ

i
A +

N(k +M)

2k +M
∂J

(M)
d +

1

Mk
JφJ

(M)
d − N

2k +M
J

(M)
f tr(tf tdt

g)J (M)
g

=JBi(td)
A
BJ

i
A +

N

2
∂J

(M)
d +

1

Mk
JφJ

(M)
d − N

2(2k +M)
J

(M)
f tr(td{tf , tg})J (M)

g ,

(6.42)

and for td = 1 we, of course, get the same result as above

J
(2)
1 [1M ] =JAiJ

i
A −

1

2
∂Jφ −

1

2NMk
JφJφ −

M

2(k +N)
gab(N)J

(N)
a J

(N)
b

− N

2(k +M)
gde(M)J

(M)
d J (M)

e . (6.43)

We can also write this in a unified form for all td ∈ u(M) with the notation from (6.28) in

the large N limit (we will also denote explicitly when the sum over generators is for u(M)

and not only su(M))

J
(2)
1 [td] =JBi(td)

A
BJ

i
A +

N

2
∂J

(M)
d − tr td

2(k +N)
gab(N)J

(N)
a J

(N)
b

− N

4k

∑
u(M) generators

J
(M)
f tr(td{tf , tg})J (M)

g . (6.44)

Here the following OPEs for td ∈ u(M) are useful

Jφ(z)JBi(td)
A
BJ

i
A(w) ∼(M +N)Nk tr(td)

(z − w)3
+ (M +N)

tr(td)
1
M Jφ −N tr(tdt

f )Jf

(z − w)2
,

J (N)
a (z)JBi(td)

A
BJ

i
A(w) ∼tr(td)J

(N)
a

(z − w)2
,

J (M)
e (z)JBi(td)

A
BJ

i
A(w) ∼−kN tr(tetd)

(z − w)3
+
− tr(tetd)

1
M Jφ +N tr(tdtet

f )J
(M)
f

(z − w)2
,

+
JBi([te, td])

A
BJ

i
A

z − w
, (6.45)
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and

J (M)
e (z)J

(M)
f tr(tf tdt

g)J (M)
g (w) ∼kM tr(tetd)

(z − w)3

+
k tr({te, td}tf )J

(M)
f +M tr(tetdt

f )J
(M)
f + tr(td)J

(M)
e

(z − w)2

+
J

(M)
f tr(tf [te, td]t

g)J
(M)
g

z − w
(6.46)

where we have used the sl(N) identity
∑

d tdAt
d = trA 1M − 1

MA. This gives vanishing

OPEs with Ka,Kφ whereas for Ke with te ∈ su(M) we have first order OPEs, and we get

1

k
jBRST(z)V

(2)
1 [td](w) ∼

∑
e V

(2)
1 [[te, td]]c

e(w)

k(z − w)
, (6.47)

as in (6.29).

Considering again a general linear combination of the operators in (6.41) we can use

J
(2)
1 [td] to assume that we do not have any JAiJ

i
B terms. Further, we can use products

and derivatives of J (1)−[ta] to get that the only pure fermion terms are (∂bAi)c
i
B−bAi∂ciB.

We can thus create the second u(M) extended operator as

J
(2)
2 [td] =(∂bBi)(td)

A
Bc

i
A − bBi(td)AB∂c

i
A +

2

NMk
JφI

(M)
d +

2

Mk
J

(M)
d Iφ −

2

Mk2
JφJ

(M)
d

− 2

k
gab(N)J

(N)
a bBi(tb)

i
j(td)

A
Bc

j
A

− 1

k

(
J

(M)
f tr(td{tf , tg})I(M)

g − N

2k +M
J

(M)
f tr(td{tf , tg})J (M)

g

)
(6.48)

for td ∈ su(M) and as before

J
(2)
2 [1M ] =2Tbc − 2

(
1

NMk
JφIφ −

1

2NMk2
JφJφ

)
− 2

(
1

k
gab(N)J

(N)
a I

(N)
b − M

2(k +N)k
gab(N)J

(N)
a J

(N)
b

)
− 2

(
1

k
gde(M)J

(M)
d I(M)

e − N

2(k +M)k
gde(M)J

(M)
d J (M)

e

)
. (6.49)

Finally, we again write this in unified form for td ∈ u(M) with the notation from (6.28) in

the large N limit

J
(2)
2 [td] =(∂bBi)(td)

A
Bc

i
A − bBi(td)AB∂c

i
A

− 2

k
gab(N)J

(N)
a bBi(tb)

i
j(td)

A
Bc

j
A +

tr td
(k +N)k

gab(N)J
(N)
a J

(N)
b

− 1

k

∑
u(M) generators

(
J

(M)
f tr(td{tf , tg})I(M)

g − N

2k
J

(M)
f tr(td{tf , tg})J (M)

g

)
. (6.50)
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Here we have used that for td = 1M , Tbc[td] ≡ 1
2(∂bBi)(td)

A
Bc

i
A − 1

2b
B
i(td)

A
B∂c

i
A is

simply Tbc and for td ∈ su(M) we have the OPEs

Iφ(z)Tbc[td](w) ∼
−I(M)

d

(z − w)2
,

I(N)
a (z)Tbc[td](w) ∼

bBi(ta)
i
j(td)

A
Bc

j
A

(z − w)2
,

I(M)
e (z)Tbc[td](w) ∼

1
2 tr({te, td}tf )I

(M)
f − 1

M tr(tetd)Iφ

(z − w)2
+
Tbc[[te, td]]

z − w
. (6.51)

Also note that we have a relation similar to (6.47).

It is easy to see that it is not possible to construct other BRST invariant operators.

For the comparison to the bulk in the next subsection, let us here calculate the OPE

of the extended supercurrents from (6.32)

G+[ta](z)G
−[tb](0) ∼

2
3c tr(tatb)

Mz3
+

2λ(1− λ)fab
cJ (1)+[tc] + ((1− 2λ)fab

c + sab
c)J (1)−[tc]

z2

+
(sab

c − fabc) 1
k+N J

(2)
1 [tc] + (sab

c + fab
c)1−λ

2 J
(2)
2 [tc]

z

+
λ(1− λ)fab

c∂J (1)+[tc] + 1
2((1− 2λ)fab

c + sab
c)∂J (1)−[tc]

z

−
λfab

csfgc
(
(1− λ)J (1)+ − J (1)−)[tf ]

(
(1− λ)J (1)+ − J (1)−)[tg]

2kz

−
(
fgb

c(sac
f + fac

f ) + 1
2(sab

c + fab
c)fgf c

)(
λJ (1)+ + J (1)−)[tf ]

(
(1− λ)J (1)+ − J (1)−)[tg]

(k +N)z
,

(6.52)

where the sums are over u(M), fab
c are the structure constants and sab

ctc = {ta, tb}. The

expression simplifies in the case of the actual supercurrents,

G+[1M ](z)G−[1M ](0) ∼
2
3c

z3
+
J (1)−[1M ]

z2
+

2
k+N J

(2)
1 [1M ] + (1− λ)J

(2)
2 [1M ] + ∂J (1)−[1M ]

z
.

(6.53)

From this we see that the Virasoro tensor is

T =
1

k +N
J

(2)
1 [1M ] +

1− λ
2

J
(2)
2 [1M ] . (6.54)

We note that the field J (1)−[1M ] is primary, whereas the fields J (1)−[ta] in the su(M)

directions will be non-primary

J (1)−[ta](z)T (0) ∼ J (1)−[ta]

z2
− 1− λ

k

fa
bcJ

(M)
b I

(M)
c

z
. (6.55)

Of course, the fields J (1)+[ta] are all non-primary having vanishing OPE with the stress-

energy tensor.

The relation of J
(2)
1,2 to the basis J (2)± is not as straightforward in this case and will

contain products of the spin-one operators, as we will see in next subsection. Also the

relation to (6.14) is difficult due to normal ordering issues.
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6.5 OPEs of currents from the bulk/boundary correspondence

In this section we will derive some of the boundary OPEs from the bulk side, and check

the results with the currents derived in last subsection.

Let us first see which OPEs we get to linear order from the bulk side. These are most

easily obtained in the following way using the notation and results of [30, 58]: We split the

gauge field into the AdS3 part AAdS and a small deformation Ω

A = AAdS + Ω . (6.56)

Here

AAdS = eρV 2
1 dz + V 2

0 dρ . (6.57)

The coupling between the bulk and the boundary is then

exp
(
− 1

2π

∫
d2z[(Ωz̄)

(s)σ
s−1 ]|bdryJ

(s)σ
)
. (6.58)

The change under (gauge) transformations of the field is

δA = dΛ + [A,Λ]∗ . (6.59)

As proposed in [58] the gauge transformation

Λ(s)± = ε±s

2s−1∑
n=1

1

(n− 1)!
(−∂)n−1Λ(s)(z)e(s−n)ρV

(s)±
s−n (6.60)

of some operator O corresponds on the bulk side to

1

2πi

∮
0
dzΛ(s)(z)J (s)±(z)O(0) . (6.61)

Indeed for Λ(s)(z) = zs−1−m, m = −s + 1, . . . , s − 1 these are the global transformations.

To calculate the OPEs of currents with themselves, we can then proceed as follows. First

we create a current insertion J (s)σ at z = 0 by using (6.60) with Λ(s) = 1/z on the identity

operator, respectively, on the AdS solution. This gives the following fields on the bulk side

Ω(s)±
z = ε

1

(2s− 2)!
∂2s−1Λ(s)(z)e−(s−1)ρV

(s)±
−(s−1) , (6.62)

Ω
(s)±
z̄ = ε

2s−1∑
n=1

1

(n− 1)!
(−∂)n−1∂̄Λ(s)(z)e(s−n)ρV

(s)±
s−n ∼ ε2πδ(2)(z − w)e(s−1)ρV

(s)±
s−1 + . . . ,

Ω(s)±
ρ = 0 ,

where the important part is the leading term in Ω
(s)±
z̄ which is a delta function, indeed

giving the wanted insertion. This is a solution to the linearized equation of motion

dΩ +AAdS ∧∗ Ω + Ω ∧∗ AAdS = 0 . (6.63)
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To find the OPE with J (s′)σ′ we now perform the transformation (6.60) with Λ(s) =

1, z, . . . , zs+s
′−1. When we are not dealing with a global symmetry we have to remem-

ber that AAdS is not kept invariant, which gives the central extension on the CFT side.

This gives an extra term (coming from varying both the bulk and the necessary extra

boundary term, see [30])

δS = −kCS

2π

∫
d2ze2ρ str(Ωz̄δΩz) . (6.64)

Here the supertrace is the supertrace over higher spin algebra and the trace over the

su(M) part with a prefactor 1/M . The supertrace is normalized to have str(V
(2)+

1 V
(2)+
−1 ) =

−1, i.e. the total supertrace has str(V
(2)+

1 ⊗ 1M , V
(2)+
−1 ⊗ 1M ) = −1. An explicit formula

was found in [58]

str
(
P±V s

m, P
±V s
−m
)

(6.65)

= −2(−1)s−m−1Γ(s+m)Γ(s−m)

λ+(1− λ+)(2s− 2)!

Γ(s)
√
π

4sΓ(s+ 1/2)
(1− λ±)s−1(1 + λ±)s−1λ±

for s ∈ Z and

str
(
P±V s

m, P
∓V s
−m
)

(6.66)

= −2(−1)s−m−1Γ(s+m)Γ(s−m)

λ+(1− λ+)(2s− 2)!

Γ(s− 1
2)
√
π

4sΓ(s)
(1− λ+)s− 1

2
(1 + λ+)s− 3

2
λ+

for s ∈ Z + 1/2. Here (a)n = Γ(a+ n)/Γ(a) is the ascending Pochhammer symbol.

We can now use the above formulas to consider the OPEs of the su(M) current J (1)+[ta]

dual to 1⊗ta. Remembering the special definition V
(1)−

0 = 1
2(1−2λ+k), we define J (1)−[ta]

to be dual to 1
2(1−2λ+k)⊗ta. Here k is, of course, the operator in the higher spin algebra,

not the level. We then find that J (1)+[ta] has a first order OPE with all operators except

itself

J (1)+[ta](z)J
(s)±[tb](0) ∼ fab

cJ (s)±[tc]

z
, (6.67)

and

J (1)+[ta](z)J
(1)+[tb](0) ∼ 2kCS tr tatb

λ(1− λ)Mz2
+
fab

cJ (1)+[tc]

z
, (6.68)

which follows from str(1) = −2/(λ(1−λ)) and str(1− 2λ+ k) = 0. This fits perfectly with

our currents. These were indeed the currents, which had only first order OPEs with the

su(M) current and transforming like (6.67), see eqs. (6.29) and (6.47). Also the fact that

the found su(M) current has level k +N fits perfectly since

c ∼ 3λ(1− λ)M(N + k) . (6.69)

We have here used that

c = 6kCS , (6.70)
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as we will see below.

We can see in general that a central term is only happening between two operators of

the same spin and has the form

J (s)σ[ta](z)J
(s)σ′ [tb](0) ∼ −

(2s− 1)c str(V
(s)σ′

s−1 V
(s)σ
−s+1) tr tatb

6Mz2s
+ . . . . (6.71)

For the second spin one current J (1)−[ta], defined as above, we then easily get

J (1)−[ta](z)J
(1)−[tb](0) ∼ c tr tatb

3Mz2
+
λ(1− λ)fab

cJ (1)+[tc] + (1− 2λ)fab
cJ (1)−[tc]

z
. (6.72)

Here we have used 1
4 str((1− 2λ+ k)(1− 2λ+ k)) = −2 and the commutator (A.9). This

again fits perfectly with our currents (6.28). The OPE of J (1)−[ta] with the higher spin

operators take the form

J (1)−[ta](z)J
(s)±[tb](0) ∼

fab
c((1

2 − λ)J (s)±[tc] + 1
2J

(s)∓[tc])

z
for s ∈ Z ,

∼
(1

2 − λ)fab
cJ (s)±[tc] + 1

2sab
cJ (s)∓[tc]

z
for s ∈ Z + 1

2 , (6.73)

where sab
ctc = {ta, tb}. This is indeed fulfilled for the fermionic currents (6.31).

We can now check the OPEs of the extended supercurrents G±[ta] = (J (3/2)+[ta] ±
J (3/2)−[ta])/

√
2. Following the linear approach we get

G+[ta](z)G
−[tb](0) ∼ 4kCSgab

Mz3
+

2λ(1− λ)fab
cJ (1)+[tc] + ((1− 2λ)fab

c + sab
c)J (1)−[tc]

z2

+
sab

cJ (2)+[tc] + fab
cJ (2)−[tc]

z

+
∂
(
λ(1− λ)fab

cJ (1)+[tc] + ((1
2 − λ)fab

c + 1
2sab

c)J (1)−[tc]
)

+O

z
. (6.74)

Here the novelty compared to M = 1 is that also J (2)−[tc] appears, see appendix A. Starting

at this spin non-linear terms can occur, and these are denoted by O, whereas the above

OPEs containing the spin-one currents cannot have non-linear terms. The non-linear terms

come with a normalization of 1/kCS and such non-perturbative terms are not captured by

the above method, only the linear terms. Up to these non-linear terms, we now see that

we have perfect agreement with (6.52) and (6.53). From the central term, we see that

the central charge need to be identified via the Brown-Henneaux relation (6.70). Further,

we can actually fix the non-linear terms for the stress-energy tensor, assuming that the

proposed bulk-boundary correspondence holds:

J (2)+[1M ] =TCFT −
3

2c
J (1)−[1]J (1)−[1]

−
∑

su(M)

(
gdeI

(M)
d I

(M)
e

2(N +M)
+
gdeJ

(M)
d J

(M)
e

2(k +M)
− gdeJ (1)+[td]J

(1)+[te]

2(N + k +M)

)

≈TCFT −
3M

2c

∑
u(M)

gdeJ (1)−[td]J
(1)−[te] . (6.75)
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Here the last line is to leading N -order. To fix the terms we have used that we know from

the bulk that TCFT has zero OPE with all J (1)+[ta], and the same is true for J (2)+[1M ] via

(6.67) and hence also for the non-linear terms relating J (2)+[1M ] and TCFT. Further, we

know from the CFT that the currents J (1)−[ta] are not quite primary and satisfy the OPE

(6.55), however, J (1)−[ta] and J (2)+[1M ] should have zero OPEs by (6.73). The suggested

non-linear terms solve this.

To find the non-linear terms, we can use the bulk equations of motion via the method

developed in [60] and used very nicely in the M = 1 case in [38]. We first introduce the

gauge field a with the ρ-dependence adjointly removed

A = b−1ab+ b−1db , b = eρV
(2)+
0 . (6.76)

We now consider the background with the current −
∫
d2zµ(z, z̄)J (t)δ[tb] turned on, where

µ = ε2πδ(2)(z − w) when comparing to (6.62). In this background the gauge field in the

lowest weight gauge takes the form (including the AdS part)

az =V
(2)+

1 ⊗ 1− 1

kCS

(
〈J (s)σ[ta]〉0 + 〈J (s)σ[ta]〉µ

)
g
V

(s′)σ′

−s′+1
⊗ta′ V

(s)σ
s−1 ⊗taV

(s′)σ′

−s′+1 ⊗ ta′ ,

az̄ =
t−1∑

m=−t+1

µcmV
(t)δ
m ⊗ tc (6.77)

where 〈J (s)σ[ta]〉0 are zeroth order in µ and hence holomorphic, and 〈J (s)σ[ta]〉µ is first

order. g
V

(s′)σ′

−s′+1
⊗ta′ V

(s)σ
s−1 ⊗ta is the inverse metric of the supertrace defined previously, and

µ ≡ µbt−1. The remaining µct−1 for c 6= b are zero, however the trailing terms µcm with

m < t− 1 can and will be non-zero. The equations of motion

∂az̄ − ∂̄az + [az, az̄] = 0 (6.78)

can be solved at linear order in µ for ∂̄〈J (s)σ[ta]〉µ which is equivalent to determine

− 1

2π
∂z̄

∫
d2wµ(w, w̄)〈J (s)σ[ta](z)J

(t)δ[tb](w)〉 (6.79)

on the CFT side. We can use this to confirm the above OPEs and to get the OPEs of the

u(M)-extended supercharges G±[ta]. Firstly

G±[ta](z)G
±[tb](0) ∼ 0 , (6.80)

which is certainly fulfilled by (6.32). And the non-trivial OPEs are

G−[ta](z)G
+[tb](0) ∼4kCSgab

Mz3
+

2Aab
z2

(6.81)

+
sab

cJ (2)+[tc]− fabcJ (2)−[tc] + ∂Aab + M
2kCS

AcbAac +O(ta, tb)

z

where

Aab = λ(1− λ)fab
cJ (1)+[tc] + ((1

2 − λ)fab
c − 1

2sab
c)J (1)−[tc] . (6.82)
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The term O(ta, tb) is added due to the fact that this bulk can not know about the quantum

normal ordering issues of the non-linear term. Due to the OPEs of the spin-one operators

which each other, we see that O(ta, tb) can be a the derivative of some combination of the

spin-one operators, and has a normalization of the order 1/kCS .

The result fits perfectly with the linear analysis. Also, looking at ta = tb = 1M we see

that we again get the N = 2 superalgebra with

Tbulk = J (2)+[1M ] +
3M

4kCS

∑
u(M)

gdeJ (1)−[td]J
(1)−[te] + 1

2O(ta, tb) . (6.83)

From (6.75) we conclude that the stress-energy tensor from the bulk is the same as the

CFT Virasoro tensor, at least up to the derivative of a spin-one current which amounts to

a twist.

Finally, we can also compare for currents in general u(M) directions. First, the relation

between J (2)±[ta] and the currents J
(2)
1,2 [ta] found in last section in eqs. (6.44) and (6.50)

needs to be determined. It turns out that the relation is fixed by (6.67) and (6.73) with

the normalizations fixed from comparison to (6.14) and demanding that the relation fits

with the u(1) case for ta = 1M . We then get

J (2)+[ta] ≈
1

k +N
J

(2)
1 [ta] +

1− λ
2

J
(2)
2 [ta]−

3M

4c

∑
u(M)

sbcaJ
(1)−[tb]J

(1)−[tc] ,

J (2)−[ta] ≈ −
1

k +N
J

(2)
1 [ta] +

1− λ
2

J
(2)
2 [ta]−

3M

4c

∑
u(M)

sbcaJ
(1)−[tb]J

(1)−[tc] , (6.84)

to leading order in the large N limit. We can now compare the result from the boundary

side, (6.52), to the result from the bulk, (6.81). This indeed gives a match including

the non-linear terms up to derivatives of spin-one currents scaling like 1/k which were

undetermined from the bulk. This gives a strong confirmation of the proposed duality.

7 Conclusion and discussions

We have proposed that a bosonic higher spin gravity on AdS3 with U(M) Chan-Paton

factor in [6] is dual to the two dimensional Grassmannian model (1.1) (or (1.8) after

su(M) factor added) in the ’t Hooft limit with large N, k, but with M and the ’t Hooft

parameter λM (1.3) finite. It was argued in [15] that a higher spin gravity on AdS4 with

U(M) Chan-Paton factor is dual to three dimensional U(N)k × U(M)−k Chern-Simons

theory coupled with bi-fundamental matter Aiα, Bβj for large N, k, but finite M . Here

we choose i, j for the U(N) index and α, β for the U(M) index. Then higher spin gauge

fields with U(M) Chan-Paton factor are dual to operators of the form
∑

iAαiBiβ. Thus

the U(N) invariant condition is assigned, but the U(M) invariance is somehow broken by a

“deconfinement.” We have prepared a similar system with NM complex free bosons φiA,

φ†iA in two dimensions to construct operators (3.17) dual to higher spin gauge fields. As in

the higher dimensional case, we assign only the U(N) invariant condition and the U(M)

symmetry is treated as a global symmetry. We have shown that the free system has the
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same higher spin symmetry as the asymptotic symmetry of bulk theory. The free system

arises as the λM = 1 limit of the Grassmannian model (1.1), and the gravity partition

function can be reproduced from the limit of the CFT.

We have also considered N = 2 holography between the higher spin supergravity on

AdS3 with U(M) Chan-Paton factor in [6] and the N = (2, 2) Grassmannian Kazama-

Suzuki model (1.5) [24, 25] (or (1.9) after su(M) factor added). We again need to take the

’t Hooft limit with largeN, k, but withM and the ’t Hooft parameter λ (1.7) finite. We have

shown that a free system with NM complex free bosons and NM complex free fermions

has the desired higher spin symmetry, and the λ = 0 limit of the Grassmannian model

reduces to the free system. We have constructed low spin currents for the Grassmannian

model at generic λ, and discuss how the U(M) deconfinement occurs at the ’t Hooft limit.

These currents are compared with those obtained from the bulk theory. The perfect match

of the OPEs of the extended supercharges between the bulk and boundary theories is a very

strong hint that the symmetries of the two sides match at all λ-values. The reason is that

we expect the currents of spin-two, together with standard supersymmetry relations, to

generate all the higher spin symmetries, and from equation (6.81) we see that the extended

supercharges in turn generate all the spin-two currents except J (2)−[1]. The one-loop

partition function of the supergravity theory can be reproduced by ’t Hooft limit of the

coset (1.9).

A motivation to study the supersymmetric case is to see a relation between higher spin

gauge theory and superstring theory. Supersymmetry can be introduced to the higher spin

gravity on AdS4 and it was claimed in [15] that a supersymmetric higher spin theory is dual

to the N = 6 U(N)k × U(M)−k Chern-Simons-matter theory (ABJ theory) [16, 17] with

large N, k, but finite M . Since the ABJ theory with large N, k,M is dual to a superstring

theory, we can see a relation between higher spin gauge theory and superstring theory. The

states dual to superstrings are of the form tr(AB · · ·AB), thus we need a kind of U(M)

deconfinement phase transition in terms of λBulk = M/N to go to states dual to higher spin

fields. We have studied our holography in the expectation that a similar relation between

higher spin gauge theory and superstring theory can be seen even in the lower dimensional

case.10 For this purpose, we first need to find a superstring dual of the Grassmannian

model. Moreover, we should investigate more on the U(M) confinement/deconfinement

phase transition of the Grassmannian model.

There are other open problems on the higher spin holography. For instance, it is

natural to ask for a CFT dual to N = 1 higher spin supergravity with O(M) Chan-Paton

factor. A candidate might be an appropriate orbifold of

so(2N +M)k ⊕ so(2NM)1

so(2N)k+M ⊕ so(M)k+2N
. (7.1)

For M = 1 the coset reduces to the one in [10]. We are also interested in what would

happen away from the ’t Hooft limit where we have to deal with quantum effects on the

gravity side. If a consistent quantum gravity can be described only by superstring theory,

then the Grassmannian coset (1.5) without extra su(M) currents should be used as the

10See [12] for an example in this direction given quite recently.
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dual CFT. However, in three dimensions, there is a possibility that the higher spin theory

can be quantized consistently, and in that case the duality between the higher spin theory

and the coset (1.9) should hold even at finite N .
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A gl(M) extended higher spin algebra

For the supersymmetric higher spin algebra shs[λ]⊕C we will use the notation of appendix

B in [58]. The generators are V
(s)+
m ≡ V s

m and V
(s)−
m = kV s

m, where k2 = 1, where k is not

to be confused with the level appearing in the dual CFT. The star products among the

generators V s
m can be expressed as

V s
m ∗ V t

n =
1

2

s+t−|s−t|−1∑
u=1,2,···

gstu (m,n;λk)V
s+t−u
m+n (A.1)

with λk = (1 − νk)/2 where ν = 1 − 2λ. The star product for operators with k follows

trivially, one simply has to remember that k anti-commutes with the half-integer spin

operators. The particular values of the structure coefficients that we need in this paper,

can be found in [58].

We know the following relations [58]

gstu (m,n;λ, k) = (−1)1+ugtsu (n,m;λ, (−1)2(t+s)k) , (A.2)

which means

[V s
m, V

t
n]∗ =

s+t−|s−t|−1∑
u=2,4,···

gstu (m,n;λk)V
s+t−u
m+n for s, t ∈ Z , (A.3)

and

{V s
m, V

t
n}∗ =

s+t−|s−t|−1∑
u=1,3,···

gstu (m,n;λk)V
s+t−u
m+n for s, t ∈ Z + 1/2 . (A.4)

Further we expect that gstu (m,n;λ, k) is independent of k for u odd. This would then imply

[V s
m, V

t
n]∗ =

s+t−|s−t|−1∑
u=2,4,···

gstu (m,n;λk)V
s+t−u
m+n for s ∈ Z, t ∈ Z + 1/2 . (A.5)
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We now want to consider the gl(M) extension of this, (shs[λ] ⊕ C) ⊗ gl(M). In this

case we will, however, not find such nice relations. Denoting the generators of gl(M) by

ta, we define the product as

(V s
m ⊗ ta) ∗ (V t

n ⊗ tb) = V s
m ∗ V t

n ⊗ tatb . (A.6)

We see that it is essential that gl(M) is closed under matrix multiplication, and we could

not have used e.g. sl(M). By using the standard (anti-)commutator [[, ]]∗ we now get a Lie

superalgebra. Denoting

[ta, tb] = fab
ctc , {ta, tb} = sab

ctc , (A.7)

we have as example for the bosonic subalgebra

[V s
m ⊗ ta, V t

n ⊗ tb]∗ =
1

2

s+t−|s−t|−1∑
u=2,4,···

gstu (m,n;λk)sab
c(V s+t−u

m+n , tc)

+
1

2

s+t−|s−t|−1∑
u=1,3,···

gstu (m,n;λk)fab
cV s+t−u
m+n ⊗ tc for s, t ∈ Z . (A.8)

As a particular example, not that (1, ta) is not central, but only (1, 1), and that the

extension of the former only spin-one operator 1
2(ν + k), where ν = 1− 2λ, now generates

these elements

[(ν + k)⊗ ta, (ν + k)⊗ tb]∗ = fab
c(ν2 + 1 + 2νk)⊗ tc . (A.9)

B Extended w∞[λ] algebras from ghost systems

In this paper, we have proposed that the Grassmannian coset (1.1) is dual to the bosonic

higher spin theory with U(M) Chan-Paton factor at generic λ. Here we consider a bit

different system with NM sets of free bosons (γiA, βiA) where i = 1, 2, . . . , N and A =

1, 2, . . . ,M . The conformal weights are (1−λ
2 , 1+λ

2 ) and OPEs are

γiA(z)βjB(0) ∼ δijδAB
1

z
. (B.1)

From them we can define currents

[J (s)(z)]AB =
N∑
i=1

s−1∑
l=0

al(s, λ)∂s−1−l{(∂lβiA)γiB} , (B.2)

where

al(s, λ) =

(
s− 1

i

)
(−λ− s+ 1)s−1−l

(s+ l)s−1−l
(B.3)
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with (a)n = Γ(a + n)/Γ(a). For M = 1 they are given in [36]. We can construct the

operators as

[O(z, z̄)]AB =
N∑
i=1

γiA(z)⊗ γ̄iB(z̄) , [Õ(z, z̄)]AB =
N∑
i=1

βiA(z)⊗ β̄iB(z̄) , (B.4)

whose conformal weights are h = 1−λ
2 and h = 1+λ

2 , respectively. See [38] for M = 1.

The currents (B.2) generate a linear algebra w1+∞[λ]⊗M, where the wedge subalgebra of

w1+∞[λ] is hs[λ] ⊕ u(1). However, outside the wedge subalgebra we cannot decouple the

u(1)⊗ 1M sector, so we cannot relate the asymptotic symmetry algebra of the dual gravity

theory. In other words, the free theory is closely related to, but different from the CFT

dual to the higher spin theory with U(M) Chan-Paton factor.

Similar generators can be constructed as in (6.14) for the N = 2 supersymmetric case

by introducing (b, c) systems along with (β, γ) systems above. The free system should have

some direct relation to the Grassmannian coset (1.5), see section 6. In terms of the free

system, the operators dual to the massive matter are expressed as

[O+
B(z, z̄)]AB =

N∑
i=1

γiA(z)⊗ γ̄iB(z̄) , [O+
F (z, z̄)]AB =

N∑
i=1

ciA(z)⊗ γ̄iB(z̄) , (B.5)

[O−F (z, z̄)]AB =
N∑
i=1

γiA(z)⊗ c̄iB(z̄) , [O−B(z, z̄)]AB =
N∑
i=1

ciA(z)⊗ c̄iB(z̄) ,

and their duals

[Õ+
B(z, z̄)]AB =

N∑
i=1

βiA(z)⊗ β̄iB(z̄) , [Õ+
F (z, z̄)]AB =

N∑
i=1

biA(z)⊗ β̄iB(z̄) , (B.6)

[Õ−F (z, z̄)]AB =
N∑
i=1

βiA(z)⊗ b̄iB(z̄) , [Õ−B(z, z̄)]AB =
N∑
i=1

biA(z)⊗ b̄iB(z̄) .

For M = 1, see [36, 38].

C Comparison of partition function

In this appendix we continue to compare the gravity partition function with the CFT one.

In particular, we include the case with ΛN+M 6= 0, which should be considered outside the

free limit. We focus on the supersymmetric case as it is more interesting, but the bosonic

case can be analyzed in almost the same way. In the main context, we closely examined

how decoupling of su(M) in the denominator occurs in the ’t Hooft limit. Here we assume

the decoupling from the beginning, and deal with the coset (1.9)

su(N +M)k ⊕ so(2NM)1

su(N)k+M ⊕ u(1)κ
(C.1)
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with κ = NM(N + M)(N + M + k) in the ’t Hooft limit, where k,N → ∞ but M and

λ = N/(N +M + k) finite. Since we removed the su(M), the states of the coset are then

given by the decomposition (see (5.2) without the decoupling)

ΛN+M ⊗NS =
⊕

ΛN ,m

(ΛN+M ; ΛN ,m)⊗ ΛN ⊗m. (C.2)

In the ’t Hooft limit, the label m is fixed by the other labels as in (4.27), thus the states

are labeled by (ΛN+M ; ΛN ). We consider the diagonal modular invariant as

ZCFT(q) = lim
N,k→∞

∑
ΛN+M ,ΛN

|sbN,M,k
(ΛN+M ;ΛN )(q)|

2 , (C.3)

where sbN,M,k
(ΛN+M ;ΛN )(q) is the branching function of (ΛN+M ; ΛN ). In appendix C.1 we rewrite

the gravity partition function in the above form, and in appendix C.2 we show that the

CFT partition function in the ’t Hooft limit reproduces the gravity one.

C.1 Higher spin partition function

With U(M) Chan-Paton factor the gravity partition function is given as (2.25)

ZBulk
M = (Z0)M

2
(Z

(1)
B )M

2−1|Zλ/2matterZ
(1−λ)/2
matter |M

2
, (C.4)

where each contribution is expressed as in (2.17), (2.6) and (2.21). In order to compare

with the CFT partition function, it is necessary to rewrite the matter part (2.21)(
Zhmatter

)1/2
=

∞∏
n,m=0

(1 + qh+1/2+nq̄h+m)(1 + qh+nq̄h+1/2+m)

(1− qh+nq̄h+m)(1− qh+1/2+nq̄h+1/2+m)
(C.5)

in a suitable form as suggested in [34, 35].

We utilize the formula (A.8) in [35]

∞∏
i,j=1

(1− xiηj)(1− yiξj)
(1− xiyj)(1− ξiηj)

=
∑

Λ

sΛ(x|ξ)sΛ(y|η) . (C.6)

Here sΛ(x|ξ) is defined as

sΛ(x|ξ) =
∑

T∈STabΛ

∏
j∈T

Xjj(−1)j (C.7)

with x = (x1, x2, . . .), ξ = (ξ1, ξ2, . . .) and

X2i,2i = xi+1 , X2i+1,2i+1 = ξi+1 . (C.8)

Introducing M sets as x(A), ξ(A), y(A), η(A) (A = 1, . . . ,M), we have

M∏
A,B=1

∞∏
i,j=1

(1− x(A)
i η

(B)
j )(1− y(A)

i ξ
(B)
j )

(1− x(A)
i y

(B)
j )(1− ξ(A)

i η
(B)
j )

(C.9)

=
∑

Λ

sΛ(x(1) ∪ · · · ∪ x(M)|ξ(1) ∪ · · · ∪ ξ(M))sΛ(y(1) ∪ · · · ∪ y(M)|η(1) ∪ · · · ∪ η(M)) .
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Furthermore, we use (A.10) in [35]

sΛ(x ∪ y|ξ ∪ η) =
∑
Ξ,Π

cΛ
ΞΠsΞ(x|ξ)xΠ(y|η) (C.10)

with cΛ
ΞΠ as the Clebsh-Gordan coefficients. Applying the formula successively, we obtain

sΛ(x(1) ∪ · · · ∪ x(M)|ξ(1) ∪ · · · ∪ ξ(M)) =
∑

Λ1,...,ΛM

cΛ
Λ1...ΛM

M∏
A=1

sΛA(x(A)|ξ(A)) , (C.11)

where we have defined

cΛ
Λ1...ΛM

=
∑

Ξ1,...,ΞM−2

cΛ
Λ1Ξ1

(
M−3∏
A=1

cΞA
ΛA+1ΞA+1

)
c

ΞM−2

ΛM−1ΛM
. (C.12)

Setting

x
(A)
i+1 = qh+i , ξ

(A)
i+1 = −qh+1/2+i , y

(A)
i+1 = q̄h+i , η

(A)
i+1 = −q̄h+1/2+i (C.13)

for all A, we arrive at

(Zhmatter)
M2/2 =

∑
Λ

|BhΛ|2 , BhΛ =
∑

Λ1,...,ΛM

cΛ
Λ1...ΛM

M∏
A=1

schΛA(U(h))

with the supercharacter defined in (2.23). Thus the gravity partition function (C.4) can

be written as

ZBulk
M = (Z0)M

2
(Z

(1)
B )M

2−1
∑

ΛlN+M ,Λ
r
N+M ,Λ

l
N ,Λ

r
N

∣∣∣∣Bλ/2ΛlN+M

Bλ/2ΛrN+M
B(1−λ)/2

ΛrN
B(1−λ)/2

ΛrN

∣∣∣∣2 . (C.14)

C.2 CFT partition function

Now that we consider the coset (C.1) with the decomposition (C.2), the branching function

sbN,M,k

Ξ̃
(q) with Ξ̃ = (ΛN+M ; ΛN ,m) is given by

chN+M,k
ΛN+M

(q, ı1(v, w))θ(q, ı2(v, w)) =
∑

ΛN ,m

sbN,M,k

Ξ̃
(q)chN,k+M

ΛN
(q, v)Θκ

m(q, w) , (C.15)

where the characters are defined in (4.18), (4.19) and (5.5). Here the embeddings ıi(v, w)

(i = 1, 2) are defined with u = 1. At large k, we have

chN+M
ΛN+M

(ı1(v, w))sϑ(q, ı2(v, w))z
(1)
B (q) =

∑
ΛN ,m

saN,M
Ξ̃

(q)chNΛN (v)wm , (C.16)

with (5.10) and

sbN,M,k

Ξ̃
(q) ∼ qh

N,M,k

Ξ̃ saN,M
Ξ̃

(q) , hN,M,k

Ξ̃
= hN+M,k

ΛN+M
− hN,k+M

ΛN
− hκm . (C.17)
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We have introduced

z
(1)
B (q) = ch′M (q, 1) =

( ∞∏
n=1

1

1− qn

)M2−1

(C.18)

as in (4.39). Setting m = N |ΛN+M |− − (N + M)|ΛN |− as in (4.27), we can remove the

factor wm as

c̃h
N+M

ΛN+M
(ı1(v, w))sϑ(q, ı2(v, w)) =

∑
ΛN

s̃aN,MΛM+N ;ΛN
(q)c̃h

N

ΛN
(vw̄N+M ) (C.19)

by using U(N) characters in (4.30). Here we have introduced

saN,MΛM+N ;ΛN
(q) = z

(1)
B (q)s̃aN,MΛM+N ;ΛN

(q) . (C.20)

With ΛM+N = 0, the above expression reduces to

sϑ(q, ı2(v, w)) =
∑

ΛN ,ΛM

s̃aN,M0;ΛN
(q)c̃h

N

ΛN
(vw̄N+M ) . (C.21)

Thus the function s̃aN,M0;ΛN
(q) can be obtained by decomposing free bosons and free fermions

in terms of U(N) representations. As in section 5.3, we obtain

s̃aM0;0 = lim
N→∞

s̃aN,M0;0 =
∞∏
s=2

∞∏
n=s

(
(1 + qn−1/2)2

(1− qn)(1− qn−1)

)M2

. (C.22)

For ΛN 6= 0, we consider the Fock space generated by (A = 1, 2, . . . ,M)

nf∏
k=1

ψbkA−sk− 1
2

nb∏
m=1

jdmA−um−1|0〉 , (C.23)

which produces a U(N) tenser of the shape ΛlA. Summing over all possible sk and um with

keeping nf +nb = |ΛlA|, the contribution to the brunching function is written as (see (3.69)

of [35])

sch(ΛlA)t(U(1
2)) . (C.24)

Products of characters with A = 1, . . . ,M have to be taken, and the product of the repre-

sentation ΛlA should behave as ΛlN . Thus we find

s̃aM0;ΛN
= lim

N→∞
s̃aN,M0;ΛN

= B1/2

(ΛlN )t
B1/2

(ΛrN )t s̃a
M
0;0 . (C.25)

In order to consider the case with ΛN+M 6= 0, it is convenient to introduce the restric-

tion functions rN,MΛΦ as

c̃h
N+M

Λ (ı1(v, w)) =
∑
Φ

rN,MΛΦ c̃h
N

Φ(vw̄N+M ) . (C.26)
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Then from (3.52) of [35] we have

s̃aN,MΛN+M ;ΛN
(q) =

∑
Φ,Ψ

rN,MΛN+MΦc
(N)Ψ̄

ΦΛ̄N
s̃aN,M0;Ψ (q) , (C.27)

where c
(N)Ψ̄

ΦΛ̄N
are U(N) Clebsh-Gordan coefficients. We will use later that

lim
N→∞

rN,MΛΦ → rΛlΦlrΛrΦr , lim
N→∞

c
(N)Ψ̄

ΛΦ̄
→ cΨr

ΛlΦrc
Ψl

ΛrΦl . (C.28)

and ∑
Λ

cΛ
ΞΦB

1/2
Λ = B1/2

Ξ B
1/2
Φ , (C.29)

which comes from∑
Λ

cΛ
ΞΦsΛ(x(1) ∪ · · · ∪ x(M)|ξ(1) ∪ · · · ∪ ξ(M)) (C.30)

= sΞ(x(1) ∪ · · · ∪ x(M)|ξ(1) ∪ · · · ∪ ξ(M))sΦ(x(1) ∪ · · · ∪ x(M)|ξ(1) ∪ · · · ∪ ξ(M)) .

Let us introduce

x(M+1) = (w1, . . . , wM , 0, 0, . . .) , ξ(M+1) = (0, 0, . . .) , (C.31)

then sΠ(x(M+1)|ξ(M+1)) becomes a U(M) character. Setting wA = 1 for all A, we have

sΛ(x(1) ∪ · · · ∪ x(M+1)|ξ(1) ∪ · · · ∪ ξ(M+1)) (C.32)

= sΛ((x(1) ∪ {1}) ∪ · · · ∪ (x(M) ∪ {1})|ξ(1) ∪ · · · ∪ ξ(M))

=
∑

Π

rΛΠsΠ(x(1) ∪ · · · ∪ x(M)|ξ(1) ∪ · · · ∪ ξ(M)) ,

where (C.10) has been used and rΛΠ =
∑

Ξ c
Λ
ΞΠ dim Ξ in this case.11 With the second

equality and (A.13) of [35], we arrive at

B0
Λ =

∑
Ξ

rΛΞB1/2
Ξt . (C.33)

Noticing that

lim
N,k,→∞

hN,M,k

Ξ̃
=
λ

2
(|ΛN+M | − |ΛN |) (C.34)

and |Λ| =
∑M

A=1 |ΛA| for non zero cΛ
Λ1...ΛA

, the branching function is computed as

lim
N,k→∞

bN,M,k
ΛN+M ;ΛN

= Bλ/2
ΛlN+M

Bλ/2ΛrN+M
B(1−λ)/2

(ΛlN )t
B(1−λ)/2

(ΛrN )t s̃aM0;0(q)z
(1)
B (q) . (C.35)

Considering the diagonal modular invariant

ZCFT(q) = lim
N,k→∞

∑
ΛN+M ;ΛN

|bN,M,k
ΛN+M ;ΛN

|2 , (C.36)

we can show that the CFT partition partition function defined above reproduces the gravity

one given in (C.14).

11With wA = 1 for all A, we have dim Ξ = sΞ(x(M+1)|0).
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