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.
CLASSICAL MAUT (Cardinal utility theory)

k € N : set of points of view |N|=mn
a € A : set of potential actions

gr : mapping from A to R

gr(a) : evaluation of a for k,

X, : scale related to k (set of all possible
values for gx)

g:(gla'” 7gn)EHXk
k

g(a) : (gi(a),. .. ,gn(a)) : profile related to a
We suppose that

e all actions are comparable
(%=, A) : total preorder defined on the set A

From the classical numerical representation
theorem, there exists U : mapping from J[; X
to R such that

a=b iff Ulg(a)] = Ulg(b)




Under classical conditions

< Kranz, Luce, Suppes and Tversky (1978)
Wakker (1989)

U can be expressed in terms of an additive
model

U(a) = 3 Ui(a) = Y. Uila(a)]
U : decomposable utility function

U, are not unique

U; — V; = aU;+0; (admissible transformations)
U(a) = >_piWi(a) = 3 _ piWilgi(a)]

with p; > 0 | |

Z pi = 1
Wi(gix) = 0
Wi(g:) = 1

W; : normalized utility functions

i = UlG1ar -+ s G165 955 Git1xs - - - 5 Gnx)



Commensurability in the cardinal case

g1 : prof. experience (in years)
g2 : level of studies (BAC + ... years)

0 <g1 <20 0 <g2<6
i T i T
g1+ 91 G2« g5

If one considers the normalization operation

91 — J1« 1 92 7 Jox
T % 9o = — ’
91 — 91« g2 — G2«

91

we might accept that g; and g, are measured
on the same scale S

Ui(g1) = S(91) Ua(g2) = S(g5)

and it is meaningful to consider

Ui(g1) > Ua(g2)



EXTENSIONS

e delete the condition of transitivity in the
symmetric part of >=

< Tversky (1969) : additive difference model
e delete the condition of completeness of >

< Bouyssou (1986)
Fishburn (1990)
Vind (1991)
Bouyssou and Pirlot (1996)
. “differences of preference” model

e introduce interactions among criteria.

e consider that evaluations are measured on
ordinal scales.



PREFERENTIAL INDEPENDENCE

In the additive model, a key property is known
as preferential independence (identical to the
sure thing principle of Savage in decision
theory under uncertainty)

foo (s fa)
g @ (91, n)
fAg = (f1 - JoGat1---9n)

A A

fAR = gAh = fAk = gAk, Vf,g,h k€[] X,
k

If the principle is violated (it is a necessary
condition to consider the additive utility the-
ory as an adequate tool), interactions among
points of view will appear which might be en-
compassed by the use of

a Choquet integral



What is a Choquet integral 7
Uc(a)

> AUw(9w(@) = Uu—1y(ga-1) (@) } u((@), - .. , (n)).
=1

This implies that we need to determine

u(T) : set function from P(N) to R
Choquet capacity

(@) =0
{ wN) =1
| u(A) < u(B)ifACB

= ZU(z-)(g(i)(a))[u((i),--- (1)) = (A +1),..., (n))]

= D U (m (@) k@), , ()]

l.e. a weighted sum on ordered values.



Conditions related to consensus functions of
that type have been studied by

Wakker (1989) in the framework of decision
under uncertainty

and revisited by

Modave and Grabisch (1998) in MCDM

with the use of commensurability hypotheses.



Ordinal MAUT

When utilities are of ordinal nature, every
consensus functions dealing with weight sum-
mation (classical or of Choquet type) is mean-
ingless.

We consider the ordinal commensurability hy-
pothesis :

{gr} are expressed on a common ordinal
scale X : %X L

Exc VG G F Weak Intellectual
. 4 . 4 . 4 @

Ch

capabilities

Exc VG G F Weak
. 4 L L 4

Co . . Sport skilfullness

Common scale S gives meaningful understand-
ing of S(Exc(1)) > S(VG(2))
..l_ —

Cl | gy I |

g1 > g2 is meaningful




Sugeno integral

Consider Ug|gx] defined on [0, 1]
uw(T), TCN

measured on the same ordinal scale.
We briefly write Ug[gg] : xk.

We define a consensus function M, (z1, ... ,z,)
of Sugeno integral type as

Us(il?l, ... ,CCn)

— T\C/N [,U(T) A (_/\ xz>} max-min form

v e A (@), ()]

=y [PV (1)
= A zo ValE+1),. ., ()]

= median [Z1,... , %, #((2),...,(n)),...,u((n))

median form

max-min form




Comparison between Choquet and Sugeno in-
tegrals

Uc(zy, ..., Tn; 1)

= > |z — z-n | w((@),. ., (n))

Us(x1, .- yznsp) =\ |z Ap((@), ..., (n))]

7

UC(xla R ,SUn,,LL)

S laln) Vo

TCN €T

a : Mobius transform of u

Us(@1,. .- s Zn; ) = \/ [“(T) : </\ xz)]

T €T
If 4(T) € 10,1},

Uc = Ug : Boolean max-min aggregator
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Some properties of the Sugeno aggregator

¢ Us(T; ) = Us(w,...,z;pn) ==,
T : constant action. Ug is idempotent.

e Consider (140) = (1...10...0)
A

o |

Us(1A0) = p(A).

p(A) is interpreted as the utility of the profile
(1A0).

e Consider now a binary action

TAY=(x...2zy...y)
4 I

Us(TAY) = median (7,7, u(A)) if z < y
= median (z,y, u(A)) if £ >y

Us(TA7) is either equal to z,y, u(A), u(A).

No compensation is allowed between x and v.
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Particular cases of Sugeno integrals

Boolean max-min, min-max

Us =B =/ _M(T)A(/\ a:)}

TCN L
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Weighted max

If p is a possibility measure II i.e. defined by
(ph s 7p’n,)

Weighted min

If 4 is a necessity measure N i.e. defined by
(nl, e ey nn)

A\ ni =0, wW(N\T)= A\ n;

1€T

Us(z) = /_n\l[:cz V ng]
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Why is the commensurability hypothesis needed ?

e If one uses the Sugeno integral, it is obvious

Us(a) =\ |u(r) 1 ( )|

T i€T
e Consider the very general result of KIM
(1990, MSS).
Consider M (1, ... ,z,) with z; measured on
independent ordinal scales (admissible trans-
formations are ¢; st. increasing continuous bi-
jection from [0, 1] to [0, 1])
(i) M is continuous
(i) M maps independent ordinal scales into
an ordinal scale

M(ajl)'" )xn) SM(yb 7yn)<:>
M(Splxla'" ,SOnCUn) —<- M(‘Plyl,--- )Qpnyn)

(i) + (ii)] & M is either a constant
either a dictator consensus
g(z;) for some j
g : continuous st. monotonic
function

OPEN PROBLEM : Suppress (i) !
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Characterization of Sugeno integral consensus

(Marichal (1998))

Consider {z;} all being deﬁned on the same
ordinal scale.
Admissible transformation : bijection .

(i) M is continuous.

(ii) M is idempotent.

(iii) M satisfies the “ordinal comparison mean-
ingfulness” condition

M(z) < M(y) & M(pz) < M(py)
(1) + (ii) + (iii)] &
M (x)

= median(z,... ,xn),y((z) . (n)l, . ,u((n))/
€{0,1}

A .
= B/\,{ , boolean max-min

1t does not show up !
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Second result : Marichal (1998)

Commensurability is assumed for {z;} and
{u(T), T C N}

pu(T) can be considered as 7, ... , Thn_,.
M(z1,... ,To;p) : [0,1]"T 72 S R

(1) M is continuous

(2) M presents the independence of constant
actions with respect to satisfaction degrees

M(z,...,z;pu) = M(z,... ,xz;u)

(weaker condition than idempotency).

(3) M presents the “ordinal comparison mean-
ingfulness” property.

(1) + (2) + (3)] & M is constant or
is g o Ms(z, 1) |
(a g transform of the Sugeno integral)
g : st. monotonic bijection
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Third result : Marichal (1998)
Consider M (x, u) :

(P1) : M is continuous
(P2) : M is idempotent

(P3) : M satisfies the “ordinal comparison
meaningfulness”

[(P1) + (P2) + (P3)] &
M is Mg(x, p)

Continuity is questionable for pre-defined fi-
nite scales
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Characterization of Sugeno integrals

Sabbadin (1998) in the spirit of the work by
Savage on decision under uncertainty:.

Consider (z4, ... ,x,) commensurable evalua-
tions.

(P1) Ranking (3=, A) (Savage first axiom).
A complete preorder on the set A is supposed
to exist.

(P2) Non triviality : Jg,, ge such that g, < ge
(Savage fifth axiom).

Non trivial comparisons between evaluation
exist.

(P3) Weakened order over constant actions
(weaker than Savage third axiom)

r <1y = TAh <TJAh

(P4) Non compensation : (TAY) is either equal
to z,y, u(A), u(A).

The consensus of a binary action reflects one
of its two evaluations or the satisfaction of the
subsets which create the dichotomy.
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(P5) Commensurability : dg € X, such that
g ~ (1A0).

The satisfaction level scale can be projected
on the common ordinal preference scale.

You can exchange a constant.

(P1) + (P2) + (P3) + (P4) + (P5)] &
3U, u : Choquet capacity

such that

M(zy,...,z,) = \/ [“(T) 4 <\/ xz)]

1€T
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