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Semigroups

Recall that a function f: C2 — C is associative if
f(f(Xl,Xz),X3) = f(Xl, f(X27X3)) Y x1,x0,x3 € C.

The pair (C, f) is called a semigroup
Examples:

f(x1,x2) = x1x2

f(x,x) = x1+x

Problem: Classify the associative polynomial functions



Semigroups defined by polynomials over C

The semigroups (C, p), where p: C2 — C is a polynomial function,
are given by

X1,X2) =Cc+ X1 + X2
x1,X2) = 1 (a o(x1) go(xz)), where o(x) = x+ b



Ternary semigroups
A function f: C3 — C is associative if

f(f(Xl,X27X3),X4,X5) = f(Xl,f(XQ,X3,X4),X5)

— f(xl,x2, f(x3, xa, XE))

The pair (C, f) is called a ternary semigroup (Dérnte, 1928)

Examples:
f(x1,x2,X3) = X1Xx2X3
f(xi,x0,x3) = x1+x2+x3
f(xi,x2,x3) = x1—Xx2+Xx3

Problem: Classify the associative ternary polynomial functions



Ternary semigroups defined by polynomials over C

The ternary semigroups (C, p), where p: C3> — C is a polynomial
function, are given by

(1) p(x1,x2,x3) = ¢
(i) p(xa,x2,x3) = x1
(i) p(x1,%2,x3) = x3
(iv) p(x1,x2,x3) = c+x1+ x2 + x3
(v) p(x1,%2,x3) = x1 — X2 + X3
(vi) p(x1,x2,x3) = gp’l(a o(x1) o(x2) <p(X3)), where p(x) = x+ b

Gtazek and Gleichgewicht (1985) proved this result for ternary
semigroups (R, p), where R is an infinite commutative integral
domain with identity



n-ary semigroups

A function f: C" — C is associative if

f(Xla RN f(Xiv s 7Xi+n—1);Xi+na s 7X2n—1)

= f(Xl,...,X,',f(X;+1,...,X;_,_n),...,in,l), = 1,...,n—1

The pair (C, f) is called an n-ary semigroup (Ddrnte, 1928)

Problem: Classify the associative n-ary polynomial functions



New results

Theorem. The n-ary semigroups (C, p), where p: C" — C is a
polynomial function, are given by

(i) px) =
(i) p(x) = xa
(i) p(x) = x0
(iv) () = ¢+ S0y %
(v) p(x) =37 ;w'tx (if n>3), where w1 =1, w#1
() px) = o M2 TI2Ly #0x). where o) = x + b

(This classification also holds on an infinite integral domain)



New results

Remark on type (v)

n
p(x) = Zwi_l Xi Wt =1 w#1
i=1

- Case n = 3 reduces to
p(x1,x2,x3) = X1 — X2 + X3

-OnR:

p(x)=> (-1)"'x  if nodd
i=1
nothing if n even



n-ary groups

The pair (C, f) is an n-ary quasigroup if, for every
ai,...,an,b € Cand every i € {1,..., n}, the equation

f(al,...,a,-_l,z,a,-+1,...,an) =b

has a unique solution z € C

The pair (C, f) is an n-ary group if it is an n-ary semigroup and an
n-ary quasigroup

Remark: Any 2-ary group is a group



n-ary groups

Corollary. The n-ary groups (C, p), where p: C" — C is a
polynomial function, are given by

(iv) p(x)=c+>7 1
(v) p(x) =" w™tx (if n>3), wherew" 1=1 w#1
(vi) p(x) = ¢ (a [Tizy (%)), where (x) = x + b



Reducibility

From a semigroup (C, g) we can define an n-ary semigroup (C, 1)
by
f(le v 7Xn) = g( ' 'g(g(g(X17X2)7X3)7X4)7 oo aXn)

We then say that the n-ary semigroup (C, f) is reducible to or
derived from (C, g)

Examples:
f(x1,x2,x3) = x1 x2 x3 is reducible to g(xy,x2) = x1 x2
f(x1,x2,x3) = x1 + x2 + x3 is reducible to g(x1,x) = x1 + x2

Is f(x1,x2,x3) = x1 —x2 + x3 reducible ?



Reducibility for polynomial functions over C

(1) p(x) = ¢ is reducible to g(x1,x) = ¢
(i1) p(x) = x1 is reducible to g(x1,x) = x1
(iii) p(x) = x, is reducible to g(x1,x2) = x2
(iv) p(x)=c+>.7 ;% is reducible to

glx,x) =55 +x+x

(v) p(x) = > 7;wLx (if n > 3) is not reducible !!

(vi) p(x) = ¢ t(a [I7_; ¢(xi)) is reducible to
g(x1,x2) = ¢~ (o p(x1)e(x2))
where o € C is such that o""1 = a

We have extended these results to the case of an infinite integral domain



Irreducibility of p(x) = >_7 ;w1 x

Proof. Suppose p is reducible to g. Then y = p(y,0,...,0). Therefore

g(va) = g(va(}/707-“70)) = g(X7g('"g(g(y>0)70)7“'70)

= p(x,g(y,0),0,...,0)

Then we have
glx,y) = x+weg(y,0) x,yeC
and hence
g(0,0) = wg(0,0)  (implying g(0,0) =0)
By (1) and (2), we obtain

g(x,0) = x+wg(0,0) = x
Combining (1) with (3) produces
glxy) = xtwy (w#1)

and this polynomial function is not a semigroup ! — Contradiction

(1)
(2)

(3)



Medial n-ary semigroup structures

An n-ary semigroup (C, f) is medial if f satisfies the bisymmetry
functional equation, i.e., the expression

f(f(Xll, e ,Xln), ey f(X,-,l, e ,Xnn))

remains invariant when replacing x;; by xj; for all i,j =1,...,n

Proposition. (straightforward)
Every n-ary semigroup defined by a polynomial function over C is
medial

A natural question. Describe the class of all n-ary polynomial
functions over C (or an integral domain) satisfying the bisymmetry
equation



