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Abstract

Computationally feasible multipartite entanglement measures are essential for
advancing our understanding of complex quantum systems. Entanglement dis-
tance (ED), introduced by Cocchiarella et al (2020 Phys. Rev. A 101 042129),
based on the Fubini—Study metric, offers several advantages over existing meth-
ods, including ease of computation, a profound geometrical interpretation, and
applicability to multipartite entanglement. Although ED has been successfully
applied to systems of qudits, an explicit formulation for continuous quantum
variables, particularly for pure Gaussian states, remains unexplored. In this
work, we address this limitation by deriving the analytical expression for the
Gaussian entanglement measure (GEM), a multipartite entanglement mono-
tone for multimode pure Gaussian states based on the purity of fragments of
the whole system, through a generalization of ED to group-theoretic coher-
ent states. We show the efficacy of GEM across various scenarios, including
the analysis of a two-mode Gaussian state under beam-splitter and squeezing
transformations, and exploring graph states involving three and four modes.
Notably, comparing GEM values for states with different graph topologies
reveals insights into the connectivity of the underlying graphs. Additionally,
we illustrate how GEM provides insights into free bosonic field theory on
R, x S! beyond standard bipartite entanglement entropy, paving the way for
quantum information-theoretic tools to probe the topological properties of
quantum field theories.
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Quantum entanglement stands as a cornerstone in the development of quantum-based techno-
logies due to its significance in the pursuit of quantum supremacy [2, 3] and enhanced quantum
control [4, 5]. Considerable strides have been made in comprehending quantum entanglement
and its robustness within the mathematical framework of quantum information theory, encom-
passing both pure and mixed states [0, 7]. However, accurately quantifying entanglement con-
tinues to pose a significant unresolved challenge [8—12]. Historically, quantifying entangle-
ment has centered on entropy-based measures. For instance, in pure and bipartite systems, the
entropy of entanglement has been commonly acknowledged as a key measure of entanglement
[13—15]. Faithful measures for mixed states of the same class of system include the entropy
of formation [16], the entropy of distillation [13], and relative entropy of entanglement [8, 17,
18]. Yet, extending these measures to encompass broader classes of quantum states, especially
in multipartite systems, requires exploring diverse methodologies [19-23]. Several measures,
including the Schmidt measure [24] and generalized concurrence [25], have been proposed for
multipartite systems, applicable to both pure and mixed states. The quest for a precisely defined
entanglement measure capable of capturing multipartite entanglement across a wide range of
systems beyond qubits, including both pure and mixed states, has prompted the investigation
of novel approaches for deriving such measures. Recently, methods for estimating quantum
entanglement and quantifying complexity in multipartite systems have emerged, leveraging
insights from information geometry, particularly the quantum Fisher information [26-28].

More recently, a multipartite entanglement measure, called entanglement distance (ED) [1,
29-31] has been proposed in the form of an entanglement monotone derived from the Fubini—
Study metric defined on the projective Hilbert space of the pure quantum states of a system of
M qudit states. Extensions of the ED have been presented to include mixed states [29].

The ED presents numerous advantages with respect to other multipartite entanglement
monotones. From a conceptual point of view, it naturally provides a differential geometrical
framework to describe quantum entanglement [30, 31]. From a computational point of view,
the ED for a given pure state is a priori much more efficient with respect to other multi-
partite entanglement measures, as it does not require the optimization over a set of separ-
able states, but just the evaluation of a set of observables (i.e. products of the generators of
the group of local operations (LOs)) on the considered state. Applications of the ED have
been presented for graph states [31] and to the characterization of the entanglement protec-
tion of qubits in lossy cavities [32]. While, in principle, a similar construction could be done
in the case of continuous variable quantum systems, no extensive studies have been done
so far in this direction. Gaussian states hold a pivotal position among the manifold of states
linked to continuous quantum variables. They are known by various names (such as squeezed
coherent states, generalized Slater determinants, and ground states of quadratic Hamiltonians)
and find utility across diverse research domains, including quantum information [33-36], in
quantum field theory in curved spacetime [37, 38] and in thermofield dynamics [39, 40]. In
particular, Gaussian states constitute a manifold of states in (projective) Hilbert space often
used to approximate ground states for complicated Hamiltonians through variational methods
[41—44]. Furthermore, numerous quantum information techniques can be analytically applied
to Gaussian states, including computations of entanglement entropy [45, 46], logarithmic
negativity [47—49], and circuit complexity [50, 51]). Finally, recent studies in mathematical
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Figure 1. Gaussian entanglement measure: concepts and applications in panel (a), illus-
tration of the path followed in the paper to derive the Gaussian entanglement measure
from the entanglement distance (ED) introduced in [1]: reformulation and generaliza-
tion of the ED in the framework of group-theoretic coherent states, and definition of
the GEM. In panel (b), schematic illustration of the geometric construction involved in
the paper. In the context of group-theoretic coherent states, we obtain the generalized
ED of a given state |¥) by contracting the inverse of the Killing form k(,, ;) (. With
the Fubini—Study metric g(,,,i)(..j) defined on the manifold Mg, ,w, which represents
the orbit generated by the action of G on the state |¥). The upper panel corresponds
to a system of qudits, for which the group of local transformations Gi o is compact. In
that case, the Killing two-form is proportional to the identity, adopting the Gell-Mann
normalization for SU(d,,) generators T, ;y of LOs for the uth qudits. The lower panel
corresponds to a system of harmonic oscillators (qumodes), which in the Gaussian case
can be viewed as a non-compact analogue of the qudit system. In this case, the LO group
is the symplectic group Sp(2,R), whose Killing two-form is not negative-definite. In
panel (c), possible applications of the GEM to the study of multipartite entanglement
properties of graph states and discretized scalar fields.

physics have revealed the rich differential geometrical structure of Gaussian states (both for
bosons and fermions), clearly illuminating the connection with the theory of Kéhler manifolds
and generalized group theoretic coherent states [52, 53].

This work expands on the concept of ED to explore multipartite entanglement in multimode
bosonic Gaussian states. Specifically, we leverage the geometric framework introduced in a
previous study [52] to derive the Gaussian entanglement measure (GEM), a multipartite entan-
glement monotone extending the concept of ED to pure bosonic Gaussian state manifold (a
conceptual scheme is reported in figure 1(a)). Such an extension is non-trivial as it requires a
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generalization of the approach adopted in [1] on building a scalar entanglement monotone from
the Fubini—Study metric of the Hilbert space restricted to the states that are locally invariant up
to LOs. Specifically, this involves extending the procedure for a set of qudits (where the LOs
form a compact Lie group) to the case of local Gaussian transformations acting on multimode
bosonic Gaussian states, forming a non-compact (semi-simple) Lie group. For providing such
an extension, we conveniently reformulate the ED in the language of group-theoretic coherent
states and we clarify the close relation between the geometry of the Lie group of LOs and the
geometry of the submanifolds of states equivalent up to LOs (see illustrative figure 1(b)). The
GEM derived in the current work shares with the ED all the properties characterizing an entan-
glement measure. In particular, as we will see, the GEM admits a simple analytical expression
for every pure Gaussian state in terms of the purities of each part of the considered system.
This confers a significant computational advantage, as computing the GEM does not necessit-
ate optimization across the set of separable Gaussian states. Thanks to these features, the GEM
is a suitable tool that can be applied to a wide range of systems. Among the possible interest-
ing applications of our results, we treat the case of a bosonic scalar field in two spacetime
dimensions. The interplay between quantum information and quantum field theory is a very
active area of research, in particular in the framework of holography [54-59]. Traditionally,
bipartite entanglement measures such as entanglement entropy have been widely employed
to explore the quantum entanglement of quantum fields across two disjoint regions in space-
time. Additionally, our approach to the multipartite entanglement properties of Gaussian states
could offer a new quantum information theoretical tool for exploring quantum phase transitions
in condensed matter systems. Recent research has highlighted the significance of multipart-
ite entanglement measures linked to quantum Fisher information [27, 60] (as the ED [1]) in
gaining deeper insights into many-body correlations [61, 62], thus paving the way toward the
comprehension of quantum phase transitions, both in quantum spin systems and in conformal
field theory [63]. The paper is structured as follows. In section 1 we will review the definition
of the ED introduced in [1] and reformulate it within the framework of group-theoretic coher-
ent state using the geometrical language presented in [52]. We will clarify the introduction of
the ED as the scalar invariant obtained by taking the trace of the Fubini—Study metric on the
submanifold of states equivalent up to LOs as the contraction with the inverse of the Killing
metric defined on the algebra of the LOs group. This reformulation allows us in section 2, in
the context of continuous variable Gaussian states, to define and derive an analytical expres-
sion for the GEM. We discuss its general properties and how it is related to other known
multipartite entanglement measures for Gaussian states. Finally, in section 3 we present the
application of the GEM to what we will refer to as graph state , and to the ground state of
a scalar quantum field theory in two spacetime dimensions (see figure 1(c)). The Conclusion
section provides a discussion of how the results obtained in the paper suggest several natural
generalizations, possible applications concerning the use of the GEM for better understanding
graph-theoretic properties of multimode Gaussian states, as well as for potentially being able
to capture topological properties of the spacetime on which a field theory is put.

Notations: Lower case Greek letters denote the mode index. Lower case Latin letters denote
Lie algebra indices. Upper case Latin letters denote coordinate indices in phase space.

1. ED from generalized coherent state manifold: general geometric formulation

1.1. Geometry of group-theoretic coherent states

Let us consider a quantum system composed of N subsystems such that the Hilbert space H
of the wavefunctions representing its quantum state can be expressed as the tensor product
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of local Hilbert spaces, i.e. H = ®;V:1 ‘H;. The local Hilbert spaces are assumed to all be
isomorphic to each other. In the definition of multipartite entanglement monotones, a key role
is played by the group of local unitary transformations G o, where each element ULQ €Gio
can be represented as a unitary transformation acting on the Hilbert space H, taking the form

Uho=ho e ol (1

for any possiblei = 1,...,N, where Uisa unitary transformation acting on local Hilbert space
‘H;. Pure states correspond to rays in H, namely to normalized vectors up to a global phase.
Let us therefore introduce the following equivalence relation:

|U) ~ |¥') <= JceC* suchthat |¥)=c|P'), 2)

namely, two vectors are equivalent if they are related through scaling by a non-zero com-
plex number. The space of pure quantum states has then the geometric structure of a project-
ive Hilbert space, i.e. the space of equivalence classes [|1)] with respect to the equivalence
relation ~:

P(H) = (H\{0})/~. 3

The starting point for defining entanglement monotones is to construct a scalar function of
a given quantum state [|1))] € P(#) that is invariant under local unitary transformations. For
this purpose, we adopt the geometric perspective originally introduced by [1], considering a
variational manifold M C IP(H) of pure quantum states parameterized by a finite set of real
parameters x € RX. A comprehensive presentation of such a geometrical framework can be
found in [52] and in section I of the supplemental material.

It can be shown that the projective structure of the space of pure quantum states () and
the inner product (-|-) defined in the Hilbert space # induce on the manifold M a Fubini—
Study metric tensor g for each quantum state identified by the coordinates x = x!,...,xX of
the form

gas ([[¥ (x))]) = 2Re | (Oat) (x) |95 (x))

_{Oad () [ (x)) (¢ (x) |0 (x)q
(¥ () |4 (%)) '

“

where 94 = 0/0x" are the partial derivatives with respect to the local patch of coordinates on
the manifold M. In this work, we consider manifolds Mgy, generated by the unitary action

of a Lie group G on a separable seed state of the form |tsp) = ®?’:1 |p;) for some |¢;) € H,,
ie.

My ={ A o) €H | 7€ G}/ ~ CP(R) )

wherell : G — U (H) is a unitary representation of the Lie group G on the Hilbert space . In
particular, let us consider a Lie group G of dimension dg and pick abasis g = span{7\,..., Ty, }
of its Lie algebra g. The structure constants ¢y are defined by:

[Ta, Ts] = c$pTc. (6)
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Moreover, the Lie algebra is endowed with a bilinear symmetric left-invariant form, the Killing
form:

dg

Cc D
Kap= Y CcipClp. @)
C,D=1

Through the representation u , it is possible to define a Hermitian operator Ty acting on the
Hilbert space #, associated to the generator 7:

| &

/TA = U (eiSTA) (8)

o

\

s=0

For such a class of variational manifolds, the Fubini—Study metric can be written in terms of
the first and second moments of the generators of the Lie algebra g in the state |¢)):

(8[¥)ap = —%<TATB+TBTA>w+<TA>w <TB>¢, )

where (-) = (1| - |1) is the expectation value in the state |¢).

For quantifying the multipartite entanglement of a given quantum state |¢) € Mgy,,,, the
entanglement monotones must be invariant under the set of states Mg, ,4 generated by a Lie
group of LOs Gy o C G, where the corresponding Lie algebra gy ¢ is a subalgebra of g, i.e. gLo C
g- The subalgebra g; o can be written as the direct sum of local components g o = P L b, for
each of which we pick a basis {T( u,i)}i=1,.--,dim(hu)~ The Fubini—Study metric induced on the
submanifold Mg, . can then be expressed as

ML+
&8 (iywi) = —% + MMy, (10)

in terms of the first and second moments of the g o generators in the state |¢):

U <T(u,i)>¢’ My" = <T<u,i>T<u,f>>¢- an

It is worth noting that the diagonal components of the Fubini-Study metric defined in
equation (10) are proportional to the quantum Fisher information of the generator 7, ;) in
the pure state p = |¢){(¢|.

1.2. Derivation of entanglement monotones from the geometry of group-theoretic coherent
states: the case of ED

Within the geometrical framework introduced above, it is possible to naturally derive invari-
ant scalar quantities over the submanifolds Mg, . We revise here the original construction
introduced in [1] for the specific case of a system of N d-dimensional qudits. This situation
corresponds to the following choice of group of local transformation:

N
Gro=[[SUM,). (12)
p=1
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From the metric tensor in equation (10), a class of functions fj, : Mgl/,sep — R, invariant under
LO transformations, i.e. f[GLo¢] = f[¢], can be constructed by considering the trace of g[¢]
along both the subsystems and the generator of LO indices. i.e.

N  nuony
flol= 30 D03 [0 0]+ (13)

pu,v=1i=I1 j=l1

where b € R is an a priori arbitrary parameter. The ED originally introduced in [1] is obtained
by fixing the parameter b € R such that for a separable state 1), the ED is zero, i.e.

ED [d)] :fbo [¢] s.t. fbo [wsep] =0. (14)

We remark here that, following [15], the choice for the value of an entanglement monotone
on the class of separable state is arbitrary and does not imply any loss of generality in its
definition. A detailed geometric interpretation of the ED has been developed in [30]. However
for our purpose of extending the ED to Gaussian states, it would be convenient to interpret the
ED in the context of a generic Lie group, as presented before. In particular, in the procedure
described above for deriving the ED, there is no particular geometrical interpretation in the
choice of using the trace of the Fubini—Study metric, i.e. the contraction of the Fubini—Study
metric indices over the LO algebra with a Kronecker delta, for defining the Gj g-invariant
functions. However, it can be noticed that the Kronecker delta happens to be proportional
to the inverse of the Killing form defined on the Lie algebra g1, = @Z[: ,su(d,) according
to the conventions adopted in [1]. With this interpretation at hand, we propose the following
generalized definition of the ED, which then generalizes for every arbitrary Lie algebras gp
with Killing form & is associated

N Ny n
EDg,, [¢] =a Z ZZ“(W)(W) (g [¢])(“,i)(y1j) +0, (15)

prv=1i=1 j=1

where a,b € R are constants that can be fixed to ensure the correct normalization of the entan-
glement measure; in particular, this generalized ED is non-negative and vanishes for separable
states,

EDgLO [wsep} =0 EDgLo [¢] = 0. (16)

The generalized ED defined in equation (15) reduces to the one in equation (14) for system of
qudits in the particular case of g,, = su(d,,) for which the Killing form is negative definite.

However, the definition (15) is more generic, and differences with the compact special
unitary case relevant for qudits start emerging when the Killing form is non negative def-
inite, i.e. for semi-simple non-compact Lie algebras as in the case of local Gaussian opera-
tions acting on a single bosonic mode where the local algebra is given by the real symplectic
algebra g, = sp(2,R). In the next section, we will precisely apply the generalized ED defini-
tion presented in equation (15) to multimode bosonic Gaussian states.

2. GEM for pure Gaussian states

In this section we consider the case of a system of bosonic quantum harmonic oscillators
(qumodes). The role of the local algebra is then played by the (non-compact) real symplectic
algebra g,, = 5p(2,R). The projectivized Hilbert space CPP! = SU(2)/U(1) (the Bloch sphere)

7
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for a single qubit is indeed naturally replaced by the hyperboloid H! = Sp(2,R)/U(1) for a
single qumode.

2.1 The geometry of Gaussian states manifold

Let us consider an N-modes bosonic system defined by the algebra of creation annihilation
operators

Ay = {al,aj,...,&N,aL} (17)
satisfying the canonical commutation relation:
[au,ai] = 0w, (18)

and the space of pure states belonging to the (projective) Hilbert space P(H).
It is convenient to introduce the algebra of quadrature operators

{quapAlr"acAINapAN}:{éla"'7é2N}7 (19)
that are related to the creation/annihilation operators by the transformation

- ‘}u +iﬁﬂ ~T qy_iﬁu

J au = 20
SN NG 0
and satisfying the commutation relations
[quﬁu] = i(s;w- 21
For each state [|¥')] € P(H), we define the k-point correlation coefficients
Caeete (1)) = < (n = €adw) - (a — taw) > : (22)
v

where the capital Latin letters runs over the 2N-dimensional phase space, i.e. Aj,...,Ax =
1,...,2N. In particular, the 2-point correlation coefficients can be rewritten in terms of their
symmetric and antisymmetric parts

i
Cap=Tup+ 3 Qag, (23)

where we have introduced the symmetric tensor

a4 (o i) ) - S

and the anti-symmetric (symplectic) matrix determined by the CCR

Qap = —i<‘1’ ‘ [éAaéB] ‘ ‘I’> = —i(Cap —Csa), (25)
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that, according to our conventions, can be rewritten as

N N 0 1
Q:@Q@:@(_l 0)' (26)

/.L:l p,:]

In what follows, we will consider the set of Gaussian states parameterized by the matrix I"

such that
_1\2 1
(¢a)r=0forA=1,....2N and (I'Q"") =7 (27)

A property of the Gaussian states as defined in equation (27) is that all the 2n + 1-point cor-
relation coefficients vanish while all the 2n-point correlation coefficients can be expressed in
terms of products of the I' matrix.

We indicate the generic Gaussian state as |I"), and whenever unambiguous, we will denote
by simple brackets the expectation in state |T").

A remarkable property of the Gaussian states is the well-known Wick theorem: the 2n-point
functions in state |I") can be decomposed into the sum of products of 2-point functions

1
Caiyoo A I) = !l ZCAa(wAa(z) e 'CAU<2r1—1)7AU(2n)’ (28)
o

where the sum is over all the permutations of 2n elements such that o(2i — 1) < o(2i) for
all i.

2.2. Exact computation of the metric tensor: derivation of the GEM

To apply the general definition of the GEM in equation (15) to a multimode pure Gaussian
state, it is required to explicitly compute the (non-trivial) metric tensor defined on the Lie
subgroup of single-mode LOs discussed above. The other main ingredient is the Killing tensor
associated to the algebra of LOs, which is built from copies of the Killing form of sp(2,R):

-1 0 0
ki=2(0 -1 0]. (29)
0 0 1

We refer the reader to the supplemental material for more information about the metaplectic
representation of sp(2,R).

The computation of the metric tensor necessitates the estimation of the expectation values
expressed in equation (11) for the generators of the algebra of local unitaries and their pairwise
products, i.e. 2-points and 4-points functions of the g,,, p,, that can be easily calculated by Wick
theorem in equation (28). In the particular case of 4-point functions relevant to us, Wick’s
theorem gives:

CA] A2,A3,A4 = CAI ;AZCA37A4 + CA17A3CA27A4 + CA] 7A4CA2,A37 (30)

while the 2-point function can be expressed in terms of the correlation matrix and the sym-
plectic form as in equation (23) The metric tensor is then obtained by symmetrizing the connec-
ted component of the second moments. The reader will find the explicit expression of these
moments in the supplemental material. After the dust settles down, we obtain very simple

9
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expressions for the components of the metric tensor (g[I']) (,.,i)() in terms of the covariance
matrix components that we also gather in the supplemental material. Consistently with the
notation adopted in section 1.2, the GEM can be defined as

GEM([I'] = EDgy_ spa ) [T (3D
. Z o (D) (1)) (g [1“])(#7l.)(w) +b
INNTRY
_a ZN: det (P(“)) 3 42
8 & 4]

where the Killing form £ is the one defined in equation (29) and the reduced density correlation
matrix reads

P — (qu Fqu,pu> . (33)
Pusqu FPH P

To fix the normalization parameters a and b, we note that for pure single-mode Gaussian states
the equation (27) reads

) [Q(#)} - =J)  and {J(#)r — _E. (34)
4
From the previous definitions, it follows that
([‘(H) [Qw]")z
= |: (C‘luvl’u +Cl’w‘1u)2 - 4C‘hw‘lucpu P 02
0 (c‘ht P +Cl’uv‘lu) - 4c‘1uv‘1u Cl’wPu
=1, (35

from which the following conditions for 2-point functions follow

2
4C‘71u‘]pcp;upu - (C(I;upu +Cp/uqu) = 1’ (36)
or, equivalently, in terms of the correlation matrix:

1

2
Fp#,q“ = ququ Fpu,p“ - Z (37)
Therefore, one has for a separable state (setting here a = 1)
N
GEM [Fseparable] = g +b. (38)

Therefore, setting a = 1 and b = —N/8 for satisfying the condition on separable states reported
in equation (14), the GEM of a pure N-mode Gaussian state is then given by:

GEM[L] = ;ZNI {det (r“‘)) _ i] . (39)

pn=1
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Let us recall that the purity of a quantum state described by the density matrix p is defined as
P(p)=tr (pz). For a Gaussian state identified by the covariance matrix I', the purity can be
simply expressed [64] as:

1

P(p) = ——. (40)
(°) 2/det(T")
Hence, the GEM can be rewritten in terms of the purities of the subsystems:
1 o 1
GEM[I= =" 21]. (41)
32 =1 P (p(/‘))

Note that by linearity, one can subtract away the contribution of separable states already at the
level of the full metric tensor by defining A[I'] = g[I'| — g[Iseparabie], Whose explicit expression
of the components can be found in the supplemental material. The GEM is then simply given
by contraction with the inverse of the Killing metric as before:

GEM([T] = Y sU-00) (R [T)),

i,V

1 & 1
- - 1.
32;; P(p)’ ]

Let us mention at this point that we could actually choose to normalize the GEM slightly dif-
ferently, in particular by dividing by a global factor of N, giving the GEM the interpretation of
an arithmetic average over the subsystems. We do not choose such a normalization here, but we
refer the reader to the end of section 3.2 for another comment about this other possible choice
of normalization. It can be very interestingly noticed that another quantity known as the poten-
tial of multipartite entanglement myg [65, 66], appears to be defined as an average of the purity
over partitions of a quantum state into subsystems, Tyg < Y u P( p(“)). Our approach can be
viewed as providing a first-principles motivation for introducing the average purity of the sub-
systems. Let us emphasize that the expression can be interpreted as an average over bipartitions
where one subsystem consists of a single mode. However, there is no restriction preventing the
consideration of more general partitions of the system. For instance, following [65, 66], one
could adopt balanced bipartitions, typically used to investigate frustration in states with min-
imal average purity, by selecting different subalgebras to define the group of LOs G o. More
generally, our method generates scalar-valued functions on the space of pure Gaussian states
that are invariant under a specified group Gy o and are distinct, in principle, from the purity
for partitions involving multimode subsystems. In particular, whether our construction could
provide new perspectives for solving the problem of the existence of a maximally multipartite
state in a system of N > 7 modes, for which it was observed in [65] that numerical methods
scale badly in terms of the parameter space, would constitutes an interesting research direc-
tion. Finally, we compare GEM with other multipartite entanglement measures for Gaussian
states based on the geometric properties of the quantum state space, such as the generalized
geometric measure (GGM) [67, 68]. Both GEM and GGM define a distance between states
using the Fubini—Study metric, but they differ in approach, particularly for pure-state entangle-
ment. The GGM measures the Fubini—Study distance to the nearest separable state, requiring

i) (Vo)

42)

1
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a global optimization in Hilbert space. In contrast, GEM inherits from ED the advantage of
quantifying separability and multipartite entanglement via the local geometry of the general-
ized Lie-coherent state manifold generated by unilocal unitary transformations near the given
state. Moreover, the two measures adopt different notions of ‘multipartiteness’. Computing the
GGM requires considering all possible bipartitions of the system, defining it over an ensemble
of partitions. GEM (like ED), instead, quantifies entanglement for a specific partition specified
by the Lie subalgebra of local unitary transformations. In this sense, the GEM is a multipartite
entanglement monotone; however, it is not a genuine measure of multipartite entanglement, as
it does not vanish on bipartite separable states [69, 70]. Our geometric approach could poten-
tially offer a means to ensure the genuineness of the constructed measure-either at the level
of the Gaussian state manifold or through an appropriate choice of local algebras. The expli-
cit specification of the partition via the subalgebra generating G ¢ constitutes a key advant-
age of the Lie-group generalized coherent-state approach to multipartite entanglement which
we will explore further in future work. Such a difference in how we intend the ‘multipartite-
ness’ also affects scalability for large systems with respect to other methods. For a Gaussian
state of N bosonic qumodes, the GGM method requires symplectic diagonalization over all
possible bipartitions, resulting in a computational cost of O (NV/2 x N*). In contrast, GEM
requires only the determinant of a 3 x 3 matrix for each of the N subsystems, with complexity
O (3% X N) ~ O(N), thus scaling linearly with system size. We stress that GEM is not the only
multipartite entanglement measure that does not involve optimization step (on pure states), but
it seats in a large family of entanglement monotones not requiring global optimization see for
instance multipartite concurrences [71].

2.3. Properties satisfied by GEM

Generic entanglement measures are required to satisfy axioms [1, 8, 72, 73], that we check
below for our GEM measure.

Invariance under local unitaries: This property is natural given the construction. By defin-
ition, our quantity only depends on the state up to single-mode unitary transformations.

Positivity: This property is obvious from the expression (41) in terms of the purity.

Upper bound: Due to the non-compactness of Sp(2M,R), one should not expect our defin-
ition to admit an upper bound. We refer the reader to section 3.1.1 below for a comment con-
cerning a possible way to modify the GEM to make it upper-bounded.

Upper bound attained by maximally entangled states: The states playing the role of the max-
imally entangled Bell states correspond in the continuous variable setting to non-normalizable
states of the form ) |n) ® --- ® |n), for which will see in section 3.1.1 that indeed their GEM
diverges.

Vanishes on separable states: By using the conditions (14) and (38) we impose that the
GEM attains its lower bound at zero for separable states. To be more precise, and in accordance
with [74], the GEM of a pure quantum state vanishes if only if the state is separable.

Non-increasing under Gaussian LOCC: An important property that any entanglement
measure should satisfy is that of being non-increasing under the most general operations that
are free from the viewpoint of entanglement production. For the ED, which inspired the con-
struction of the GEM, the property of being non-increasing under LOCC has been proven in
[30]. In our context, this naturally corresponds to showing that the GEM is non-increasing
under Gaussian LOs and classical communication transformations. A detailed proof of this
can be found in the Supplemental Material, thereby justifying the designation of the GEM as
an entanglement monotone.
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2.4. Extension to mixed Gaussian state

The GEM, which relies on the Fubini—Study metric restricted to the Gaussian state manifold,
is defined for pure Gaussian states in analogy with its precursor, the ED. However, it is possible
to naturally extend the GEM to mixed Gaussian states following the convex roof construction,
similar to what has been proposed for the ED.

In particular, using well-known properties of the decomposition of mixed Gaussian states
p(I",0) into pure Gaussian states p(I',,d), which depend on a displacement vector d —r and a
correlation matrix I', < I'-i.e. such that I' — I, is semi-positive definite [47, 75]-we obtain

p(T,0) /p(r,,,d—r)e*%'T@*Fp)"’dNr. (43)

This provides a convex decomposition of any arbitrary mixed state into pure Gaussian states.
Since the displacement vector d — r does not contribute to the GEM, it is straightforward to
define the convex roof of the GEM as

GEM|p(I'.d)] = inf GEMIT]. (44)

3. Examples

Generic families of multimode Gaussian states are obtained using Hermitian Hamiltonians
that are quadratic in the quadratures, or in the creation and annihilation operators. If we define
multimode generators generalizing their single-mode counterpart as follows:

O A L
sV 4 ’ sV 4i I (45)
. ala,+aual . ala, —a,al
Y Y el e A N — i
o 4 P 4i ’
one can indeed define the following families of N-mode Gaussian states:
{eiu}) = Ul{eiu}) 0) = et Do) (46)

with the following generic Hermitian generator:

N 4
I:I({Cw“,}) = Z Zci,uufi,uyy (47)

w,v=1i=1

and real coefficients c; ,,,,. For a given number of modes N, this family of states is N(2N + 1)-
dimensional, which is of course the dimension of the symplectic algebra sp(2N, R).

For visualization, we will illustrate the GEM for low dimensional sub-families of states
which we will refer to as graph states in what follows. In this work, we restrict our analysis
to the analytic expression of GEM graph states with at most three states. However, nothing
prevents extending the study to more complex graph states with additional nodes, whose com-
putational cost would scale linearly with the number of nodes (see section 2.2 for more details).

We also study the case of a massive Klein—Gordon field in two spacetime dimensions to
illustrate the applicability of our results to systems with a large number of degrees of freedom.

13
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3.1. Graph states

Hence, let us introduce a family of multimode Gaussian states obtained by setting ¢, =
¢4, = 0 1n equation (47). We also set by convention the remaining variables to

3 =4Re(AL), ¢ =4Im(AL), (48)

and A, = 0if i = v. The states are then parameterized by the set of complex numbers {4,,, }
and given by

1) = U({Au 1) 10), (49)
with
N
U({Auw}) =exp |i > (Re(Ay)ala, +ilm(A,,)dua, +he)|.  (50)
pr=1

(n<v)

The unitary operator generating this N-mode state can be expressed in quadrature basis as

i A
U A ) =exp | 3ETH((4,01)€]. 61)
with the A ({A,,,, }) matrix being built out of blocks
qv DPv
gu| Re(A,,) —-Im(Au) ], (52)

pu \-Im(A,) Re(Au)

when p # v, and the trivial matrix 0, if 1 = v. The corresponding symplectic transformation
then reads:

S{Aw}) = exp[Qh({Au })]- (53)

The covariance matrix is then given by

C(fAwd) = 3 (1A ({4 )) (54

The coupling constants {A,,, } are naturally interpreted as the complex weights carried by the
edges of a graph connecting the N modes. In what follows, we will treat the case of N =2 and
N =3 node graphs.

3.1.1. Two-mode states. In the particular case of a two-mode state, we denote by w = A,
the single coupling appearing in the Hamiltonian. The GEM can be computed exactly as a
function of w:

Im (w)? sin’ (2\/Re (w)* —Im (w)2>
16 (Re (w)? —Im (w)z)

GEM|[|w)] = (55)

14
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Figure 2. Comparison of our GEM with other well-known measures of entanglement
for the two-mode graph states. Left: logarithm of the geometric Gaussian entanglement
measure. Top right: logarithm of the entanglement of formation. Bottom right: logarithm
of the logarithmic negativity.

We refer the reader to figure 2 (on the left) for a depiction of the GEM as a function of the
complex coupling w. Two other well-known measures of entanglement for bipartite quantum
states are depicted in the same figure: the entanglement of formation [76—78] (computed using
the algorithm of [79]) and the logarithmic negativity [80]. We observe that the GEM behaves
qualitatively like these to other measures. Let us recall that the entanglement of formation
is notoriously difficult to compute in general, being the solution to a complex optimization
problem.

By expressing the complex coupling w in polar coordinates as w = re'?, one can reexpress
the GEM (55) as follows:

sin® () sin? (er /cos (2¢))

16cos (2¢)

GEM [|w)] = (56)

An interesting feature appears in the large squeezing limit. Let us set, for a moment, ¢ = /2
to turn off the pure beamsplitter component and focus on the two-mode squeezing contribution.
In that case, the GEM reduces to:

GEM [|w)] = % sinh® (2r). (57)

One can show [81] that the Schmidt decomposition (over Fock states) of the two-mode
squeezed state reads:

1 i ; .
exp {r (alra; - a1az)} 0) = cosh (1) ;taﬂhl (r)[5) @1i). (58)

15
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Figure 4. First family of three-mode graph states, with identical complex couplings.

In particular, in the limit of large squeezing » — oo, this state converges to the balanced super-
position of all the states of the form |i) ® |i). Though non-normalizable, this state, similarly
to EPR states for qubits, corresponds to a maximally entangled state. Once again, this is con-
sistent with the fact that the GEM diverges in the infinite squeezing limit. This observation
hints towards a possible new definition of a compact GEM that is, in this case, bounded from
above by the entanglement measure of such non-normalizable EPR-like states. Such an upper
bound of the entanglement measure can be set to 1 by convention. For this two-mode example
in particular, this can be achieved by bounding the values that the modulus of w can take by
substituting, for instance, » = tanh(v), and by normalizing the GEM as follows:

ov 1 1 [
GEM [|tanh (v)e >]_28inh2<2) 1[)(p(1))2+P(p(2))2 2|. (59)

The GEM is then bounded from above by 1. This regularization can be viewed as effectively
compactifying the space of Gaussian states by constraining the possible energy of the states

2 2
[82, 83] (with respect to a Hamiltonian u W)
Finally, it can be noticed that the full metric tensor can be computed exactly, as can be seen

by the interested reader in the supplemental material.

3.12. Three-mode states.  In the case of a three-mode state, one can consider two different
(connected) graph topologies. Each edge carries a complex weight (cf figure 3); therefore, the
family of states is six-dimensional. To visualize the GEM, we reduce the study to two separate
two-dimensional families of states.

First family:

For the first family of states, we set all the non-zero complex couplings to be identical, and we
consider both the fully connected graph (G1), and the graph with one edge turned off (G2), cf
figure 4.
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The GEM can be expressed explicitly. For G1 we obtain:

m 2sm ( \/Re > —Im( )2)

GEMai () = 12 Re (w)® —Im (w)’
% sin? (¢) sec (2¢)) sin? <3r\/cos 26 )) , (60)
and for G2:
Im (w)?sin®  v/24/Re (w)* —Im (w)* | ( 3cos ( 2v/21/Re (w)* —Im(w)? ) +5
o T (2 LG )+3)

32 (Re (w)* —Im (w)z)

ésm2 (¢)sec (2¢) sin® (r sin (4¢)csc(2¢)) (3 cos (2r sin (4¢)csc (2(;5)) +5) .
(61)

Note that the full metric tensor can be computed for both graphs and is provided for com-
pleteness in the supplemental material.

In figure 5 we depict the logarithm of the GEM for these two cases, as well as the ratio
of the GEM of graph 2 and graph 1. The first observation concerns the fact that a purely real
coupling does not generate entanglement. To proceed with interpreting the results, it is fruitful
to consider the graph weights to be all proportional to a common time parameter ¢. Therefore,
an increase in the amplitude of the couplings corresponds to time evolution. Within this picture,
the state preparation provided in equation (49) can naturally be interpreted as the unitary time
evolution given by equation (49) of an initial state corresponding to the tensor product of Fock
vacua under. Equipped with this interpretation, the comparison of the GEM for the two graph
topologies becomes clear and compatible with a first intuition: the fully connected graph allows
for a faster entanglement. However, for long times, the two GEM become identical, as can be
seen in figure 4 (on the right), indicating that the logarithm of their ratio tends to zero for large
amplitudes of w.

Interestingly, we note that the ratio

n’ (ﬁ\/Re w)? —Im(w)2)
< \/Re 2 _Im( )2)
y (3 cos <2\f2\/Re (W) —Im (w)2> 4 5)

= %cse (3r\/(m) sin ( sin (4¢) csc (2¢>)>
X (3 cos (2r sin (4¢ ) csc (2(;5)) + 5) ) (62)

GEMg,
GEMg;

(w) =

has the following finite limit on the two principal axes in the w complex plane, corresponding
to ¢ — 5 + 5t withn € {0,1,2,3} (or r = 0):

GEMg, 2
GEMg, 3’ (63)
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Figure 5. GEM for the first family of three-mode graph states. Top left: logarithm of the
GEM for the fully connected graph. Bottom left: logarithm of the GEM for the partially
connected graph. Right: logarithm of the ratio of the partially connected GEM to the
fully connected GEM.

which is precisely the ratio of the number of edges in the two graphs.

Let us mention, without entering into the details, that the above observation concerning
how the ratio of GEMs captures information about the connectivity of the underlying graphs
actually generalizes to more complicated graph topologies, as can be seen when inspecting the
ratio of GEMs for 4-mode graph states (with obvious notations):

GEM(EI) s GEM(D) L2
GEM(&) 6’ GEM(&) 3
GEM(I_) 2 GEM(I_) 2 o
GEM(|_|) 3 GEM(EI) 5
GEM(I_) 1 GEM(D) 4
GEM(D) 2’ GEM(EI) 5

Second family: Given that, as we saw, the real part of the coupling does not play an important
role regarding the generation of entanglement in the sense of our measure, and in order to
study the effect of the ratio of the communication strength between the vertices of the graph,
let us now set Re(A,,,,)) = 0 and consider again the two graph topologies discussed above.
Indeed, as observed on figures 2 and 5, and consistently with other measures of multipartite
entanglement, the real part of the coupling coefficients does not generate entanglement condi-
tioned on the imaginary part of the couplings being 0. The reason can be understood in both
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Figure 6. Second family of three-mode graph states, with imaginary unequal couplings.

0.96

0.84

Figure 7. GEM for the second family of three-mode graph states. Top left: logarithm
of the GEM for the fully connected graph. Bottom left: logarithm of the GEM for the
partially connected graph. Right: ratio of the partially connected GEM to the fully con-
nected GEM.

an algebraic and geometric way. The algebraic way is the following: the purely real part cor-
responds to a two-mode beam-splitter contribution, that, when fed a zero-photon state, outputs
a zero-photon state. Using the ‘geometry of the variational method’ framework from section 1
of the Supplementary Information, we find that, geometrically, the tangent vector in Hilbert
space, |V, . j0y), at the ground state associated with the generator T37 v Of unitary Bogoliubov
transformations, is null-that is, [Vr, o)) = 0.

For the fully connected graph (G1) we set A;3 = 1, and for both graphs we set A;, = ix and
Apz =iy, cf figure 6. Inspecting the ratio of the GEMs, reported in figure 7, we observe that
asymptotically at large times (or large strength of the couplings), the ratio tends to 1. Namely
provided enough time has passed, the two states reach the same level of entanglement in the
sense of our measure. However, we observe that the more balanced the strength x and y of the
two edges are, the faster the two states reach a similar level of GEM entanglement.
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3.2. Free scalar field

Instead of considering systems with slightly more degrees of freedom, let us directly study the
case of a very large number of bosonic modes. We therefore consider in this section a massive
real Klein—Gordon field in (14 1) dimensions (we set the speed of light ¢ to unity). We refer
the reader to the supplemental material for details concerning this example.

We compactify the spatial dimension on a circle S! of radius R. The Lagrangian density of
the system reads (we use the signature (+, —) for the flat Lorentzian metric):

1
L=3 (000" —m*¢?). (65)
Introducing, as usual, the conjugate momentum to the field

oL
n=-—_= 66
0 (0o9) %9, (66)

the Hamiltonian density reads:
1
H= > (H2 (V) + m2¢2) . 67)
We discretize the theory and solely consider the values of the field and its conjugate momentum
on a lattice Zy C S' composed of N=2n-+ 1 points {x, }Z’: , separated by a distance 6 =

27 R/N. The discretized Hamiltonian can be diagonalized by discrete Fourier transform, giving
rise to normal modes of frequencies:

4 ) 7Tk
wk—\/mz—l—ézsm (N) (68)

The ground state |()) can then be obtained from a Bogoliubov transformation [84]. All the
details of the derivation can be found in the supplemental material. After all dust settles down,
we obtain the following expression for the GEM of the ground state of the discretize QFT:

N—1

1 </ m Wk %%w N
GEM0)] = 55 1+z;(w+m)+4zzwk/ M

k=1Kk'=1

In the large mass limit, the GEM vanishes

GEM[|0)] — 0, (70)
m— o0

which is consistent with the fact that in the infinite mass limit, the coupling between neigh-

boring sites becomes subleading, and therefore quantum correlations are not present in the

vacuum state, which simply corresponds to the (separable) tensor product of single site states.

Instead, in the limit of small mass parameter, the GEM diverges as the inverse of the mass:

1 T
GEM H®>] mf:)() 32w Rm cot (iV) ' (71)

This is also consistent with the fact that the continuum theory becomes conformal in that limit
because of the absence of any typical length scale.
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Another very interesting limit is the continuum limit, in which the regularization parameter
N =2n+ 1 goes to infinity for fixed mass m and radius of space R. In the supplemental mater-
ial, we derive the asymptotic behavior of the GEM at large n. We obtain the following beha-
vior:

GEM [|0)] e 1(,1) (r)+ HISZ) (r)logn+ /{[(,3) (T)n+ fﬁl(f) (1) nlogn+ O (#2) ),

where 7 = mR, and where the parameter p € N, the ‘Bernoulli cutoff’, is explained in the sup-
plemental material. Let us simply say that, in principle, the larger the cutoff, the more precise
the value of the coefficients /f,(,e) (7), but that in practice the a priori very crude approximation
p =0 already gives a very good estimate. Therefore we observe that the GEM diverges in the
limit of an infinitely dense lattice in a controlled way. A few comments should be made at this
point. First, note that the coefficients /@,(,é) depend on the mass and radius only through their
dimensionless combination 7. Second, the coefficients n,(,z) and /i,(,4) turn out to depend neither
on the Bernoulli cutoff p, nor on the modulus 7. They are given by

1 1

Iﬁ;;z) (r)= 6 ,%1(,4) (r)= ot (73)
Euler—Maclaurin expansions generally give good approximations already for small values of
the Bernouilly cutoff, and this is indeed what we observe when plugging in some dummy
values of the modulus, like 7 = 1. We observe a stabilization of n,(,l) and /@,(,3) already for p =3,
and actually p =0 is already converged at two decimal figures. We report here the analytical
expression of the running coefficients for p =0 and p =1 in the supplemental material.

Note that one can directly check that the asymptotic behavior given in equation (72) is
perfectly correct, as can be seen in figure 8.

Finally, let us say that had we chosen to normalize our expression of the GEM (41) with an
extra factor scaling linearly in the size of the system, the above asymptotic behavior would be

slightly simpler, and reduce to the following universal behavior:
1
GEMH(Z))]N:oo 2 logN+O(1). (74)

This choice of normalization, whose motivation a posteriori originates from these con-
tinuum/large volume limit considerations, could be interpreted as a GEM per mode, a GEM
density. Note in particular from (74) the absence of dependence on the mass parameter m,
which in light of equation (70) shows the non-commutativity of the large mass and continuum
limits.

4. Outlook

In this work, we have defined the GEM, a simple scalar measure of quantum correlations in
multimode Gaussian states. The intuition is rooted in the geometric description of the space
of Gaussian states [52], leveraging the Riemannian metric and action of the local Gaussian
unitary transformations, in the spirit of what was done for discrete systems in [1, 30]. We then
computed the GEM for various natural families of Gaussian states and observed, in particu-
lar, in the multimode graph case, that it naturally captures some topological properties of the
underlying graph defining the state.

Let us mention a few natural directions suggested by our definition. Our work naturally
extends the results of [1] and can be viewed as a non-compact version of their qubit examples,
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Figure 8. Asymptotic fit of the GEM of the free massive Klein—Gordon field, with mass
m=1 and radius of space R=1. We observe a perfect agreement between the exact
result given by equation (69) and the asymptotic behavior predicted by equation (72).

for which the local algebra of unitaries (P, su(2) € su(2V) is naturally replaced by the sym-
plectic group P, 5p(2,R) € sp(2N,R). From a geometric perspective, this leads to struc-
tures reminiscent of the well-known Segre embedding for qubit systems [85], but where the
Block sphere CIP! = SU(2)/U(1) is now replaced by the hyperboloid H' = SU(1,1)/U(1).
More generally, the freedom in the choice of the algebra of local transformations allows for a
broad generalization of our definition. Given an N-mode system, one can consider the set
of partitions of the set of modes. Given a partition P, one associates to it the subalgebra
@D, cpsr(2|o|,R) € sp(2M,R), which can then be chosen as the algebra of local transform-
ations. The choice made in this paper corresponds to the choice of the finest partition of the
set of modes. The set of partitions is naturally endowed with a partial order corresponding
to the level of refinement, and we would expect our GEM to respect that partial order, in the
sense that given a state |¢), its GEM for the coarsest partition (containing solely the whole
set of modes) should vanish identically, and should be non-decreasing as the partition is being
refined, reaching a maximal value for the finest partition described in this paper. This is left
for future investigations.

We saw that the GEM can naturally be expressed in terms of a quadratic Casimir, namely a
quadratic element of the center of the universal enveloping algebra. Though slightly deviating
from the geometric root of our definition, this observation naturally suggests the possibility of
defining a family of entanglement measures in terms of higher-order Casimir operators.

Gaussian states represent an extremely rich class of continuous variable quantum states.
However, including even richer families of states beyond Gaussianity is of critical import-
ance. One possibility consists in considering the stellar representation of quantum states, which
provides a neat framework in which non-Gaussianities can be implemented in a very con-
trolled way in terms of the stellar rank [86] (number of zeros of the Husimi Q-function in
phase space). Another approach could be to consider families of states generated by the action
of higher-order Hamiltonian, as described in [87]. Yet another extension could be to finite
linear combinations of Gaussian states, a prototypical example being that of Schrodinger cat
states. In the same way that the so-called ‘Gaussian mixture models’ provide accurate approx-
imations of arbitrary complex (hence non-Gaussian) probability density measures, one can
expect that complex quantum states can be approximated arbitrarily well by linear combin-
ation of Gaussian states. Combined with a ‘quantum Gaussian mixture model’ algorithm (cf
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for instance [88] for a possible approach), this could provide a possible interesting avenue for
defining accurate entanglement measures for non-Gaussian states.

Regarding the potential application of the GEM to mixed Gaussian states, we have explored
its possible extension through the canonical convex roof construction, in analogy with the
extension of the ED to mixed states [1, 29]. However, the intricate mathematical structure of
Gaussian states allows for alternative approaches for extending the GEM to mixed Gaussian
states. For instance, a mixed Gaussian state characterized by the density matrix ppix for a set
A of N bosonic modes can be associated, via the thermofield double construction, with an
extended system comprising an additional set of N bosonic modes, denoted as .A’. This leads
to a pure Gaussian state paa’ such that Traspaa’ = pmix- Within this framework, a natural
extension of the GEM for mixed Gaussian states could be defined in terms of the GEM of
the corresponding pure thermofield double Gaussian state. Finally, it will be of great interest
to consider the case of bosonic field theories in higher dimension, for instance, a free boson
on R; x X, where X, is a compact Riemann surface of genus g. Generally, the coefficients
appearing in the asymptotic expansion obtained when switching off the UV cutoff of the theory
could capture some invariants of the underlying manifold.
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