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Abstract: Diagnostic classification models (DCMs) assess students’ mastery of cognitive attributes
to provide personalized ability profiles. Retrofitting DCMs to large-scale mathematics assessments
usually relies on inferred Q-matrices, which can reduce accuracy and diagnostic value. This study
evaluated whether constructing items from cognitive models—yielding Q-matrices directly—and
incorporating hierarchical relationships among attributes improve diagnostic outcomes. Responses

from 5,336 third-grade students to a Luxembourgish image-based, large-scale standardized
mathematics exam were analyzed using multiple DCMs and their hierarchical extensions. Items
were constructed based on a Q-matrix, derived from the curriculum and cognitive models. The
hierarchical A-CDM outperformed other models, classifying students into 60 latent classes with
acceptable attribute- and test-level accuracy and more interpretable results than the G-DINA model.
Using cognitive model-based item generation and Q-matrices as well as specifying attribute
hierarchies enhance the accuracy and interpretability of DCM-based diagnostics in large-scale
assessments, complementing traditional psychometric approaches by discerning meaningful

within-score differences.
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Introduction

Mathematical competency is a critical skill for students’
success in professional and academic contexts, especially
in the areas of science, technology, engineering, and math-
ematics (Xu et al., 2023). Many (inter)national large-scale
standardized assessments, such as the National Assessment
of Educational Progress (NAEP; e.g., Johnson & Carlson,
1994), the Programme for International Student Assessment
(PISA; OECD, 2022), and the Trends in International Math-
ematics and Science Study (TIMSS; e.g., Ferraro & Van de
Kerckhove, 2006), have been developed to administer math-
ematics assessments and measure students’ mathematical
competency across different regions or countries. These
assessments mostly consider mathematical competency as a
unitary construct and provide a single overall score to reflect
students’ mathematical ability (Ribner et al., 2018). However,
research in mathematics education and numerical cognition
has indicated that mathematical competency is composed of

multiple distinct components (e.g., LeFevre et al., 2010). As
noted by Ribner et al. (2018), early models of mathematical
competency in elementary grades focused on counting and
magnitude comparison (e.g., Aunio & Niemivirta, 2010),
whereas recent models consist of several dimensions that in-
clude, but are not limited to, simple and complex arithmetic
operations, symbolic comparison, non-symbolic magnitude
comparison, symbolic labeling (e.g., numeral recognition
and sequencing), conceptual understanding of counting,
and forward and backward counting on the number line
(e.g., Cirino, 2011). Difficulty in each of these components
can hinder the development of mathematical ability. Given
that large-scale assessments aim to ensure educational
quality and offer information about “educational contexts for
learning” (Martin et al., 2004, p. 3), it is thus indispensable
to accurately measure students’ mathematical ability where
lack of mastery or faulty strategy is identified.

Cognitive diagnostic models (CDMs; Rupp et al., 2010),
also known as diagnostic classification models (DCMs), can
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provide multidimensional classification-based diagnostic in-
formation about examinees’ performance (Kunina-Habenicht
et al., 2012). DCMs support formative assessment by provid-
ing fine-grained diagnostic feedback at both macro (the stu-
dent cohort) and micro (the individual) levels (Thompson
& Clark, 2024). Over the past few decades, several studies
have applied DCMs to large-scale mathematics assessments,
that were previously developed based on classical test the-
ory (CTT), item response theory (IRT), and Rasch (Rasch,
1960/1980) models (e.g., Choi et al., 2015; Lee et al., 2011; Su
et al., 2013; Sun et al., 2023; Wu et al., 2020; Xu et al., 2023;
Yamaguchi & Okada, 2018). Previous studies have demon-
strated the feasibility of using DCMs to identify examinees’
strengths and weaknesses and provide diagnostic feedback,
but most have relied on either add-ons to simulation studies
or retrofitting to existing tests that can affect diagnostic in-
ferences derived from examinees’ cognitive skills. Although
the practice of retrofitting DCMs and developing a retrofitted
Q-matrix is more convenient and yields greater information
about students’ latent traits and their skill level, they result
in information loss, less accurate modeling of cognitive at-
tributes, and inferior data for the DCM analysis (Liu et al.,
2018). The diagnostic power of diagnostic measurement can
also be reduced without a principled assessment framework
for writing items and constructing a test (Liu et al., 2018).
This makes it difficult to specify attributes and casts doubt
on the plausibility of latent classes.

Another notable research gap in retrofitting DCMs to math-
ematical assessments is that they disregarded the potential
hierarchical relationships among mathematical attributes
and failed to account for how these attributes might be re-
lated. Mathematics is hierarchical in nature, where master-
ing basic attributes is prerequisite for more advanced ones.
More specifically, the sequential presentation of materials in
schools can cause a dependency among attributes and impact
examinees’ test performance in large-scale assessments (Ef-
fatpanah et al., 2026). A neglected approach in large-scale
mathematics assessments is the utility of hierarchical DCMs
that can explicitly represent the hierarchy in resultant latent
classes, making it easier to diagnose deficiencies in prerequi-
site attributes.

To address these gaps, this study aims to examine the fea-
sibility of using cognitive models in developing large-scale
assessment items that directly provide @-matrices for DCM
analysis, using a Luxembourgish (image-based) context-
embedded large-scale standardized mathematics exam. We
also apply hierarchical DCMs to investigate whether integrat-
ing theoretical assumptions about hierarchical relationships
between mathematical attributes can improve its effective-
ness and results.

Background
Diagnostic Classification Models (DCMs)

DCMs are confirmatory latent class models that can be used
to classify examinees into different latent classes to un-
derstand the mastery or non-mastery status of several nar-
rowly defined latent traits or attributes. These attributes in-
clude problem-solving strategies, cognitive processes, and
(sub)skills required to successfully complete a set of test
items or tasks (Birenbaum et al., 1993). In this article, we
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use the term “attribute” for the categorical latent variables
for consistency.

DCMs differ from traditional psychometric models, such as
CTT and IRT, in two major ways (Effatpanah et al., 2019).
First, in terms of modeling, latent variables in DCMs are dis-
crete or categorical (mastery/non-mastery), whereas ability
continuum and estimates in CTT and IRT models are contin-
uous. Second, due to their descriptive and summative nature,
the traditional models assign a single total score to students
along a continuous unidimensional scale. In contrast, DCMs
offer multidimensional attribute profiles by classifying stu-
dents as non-masters or masters of each attribute measured
by the test. Such profiles allow researchers and educators to
better identify students’ learning status. Students with the
same total score are likely to be different in the mastery/non-
mastery of several attributes.

Numerous DCMs have been developed, each based on dif-
ferent condensation rules about the way attributes interact
and impact item performance. DCMs can be categorized
as either specific or general. Specific DCMs merely reflect
one type of relationship within a test that can be further
classified as compensatory, non-compensatory, or additive.
As a non-compensatory model, the Deterministic Inputs,
Noisy “And” Gate (DINA; Junker & Sijtsma, 2001) assumes
that all required attributes are essential for getting an item
right. However, the Deterministic Inputs, Noisy “Or” Gate
(DINO; Templin & Henson, 2006) model is a compensatory
DCM, assuming that examinees should master at least one
required attribute to correctly answer an item. The compen-
satory reparameterized unified model (C-RUM; Hartz, 2002),
linear logistic model (LLM; Maris, 1999), reduced reparam-
eterized unified model (RRUM; Hartz, 2002), and additive
CDM (A-CDM; de la Torre, 2011) are additive models'.

On the contrary, general DCMs subsume all specific DCMs
as special cases. The examples are the general diagnostic
model (GDM; von Davier, 2008), the log-linear cognitive di-
agnosis model (LCDM; Henson et al., 2009), and the general-
ized DINA (G-DINA; de la Torre, 2011). Based on different
link functions, general DCMs are equivalent in their satu-
rated forms, inducing identical model data fit (de la Torre,
2011).

As a most widely general DCM, the saturated G-DINA
model takes into account all possible main and interaction
effects. It classifies examinees into 2% classes, where K7 is

the number of required attributes for item j. Each class has
its own probability of getting an item right. For the G-DINA
model, the probability that an examinee correctly answers
item 7, which requires two attributes @; and ay is defined as:

PX; =1la1, ay) = 8j0 + 8101 + 8ppas + Sjisa1as (1)

In Equation (1), ;o is the intercept for item j (i.e., the
probability of a correct response when none of the required
attributes has been mastered); ;14 and 8;3a2 are two main
effects, showing the change in the success probability as a re-
sult of the mastery of these two attributes; and &;12a1 ay are
the interaction effect between the two attributes (a; and as).
For a comprehensive explanation of the response probabil-
ity formulation in the G-DINA model for items involving sev-
eral attributes, interested readers are referred to de la Torre
(2011).

Several reduced (or specific) DCMs can be derived from
the G-DINA model by imposing specific constraints on the pa-

Educational Measurement: Issues and Practice



rameters of the model. As shown by de la Torre (2011), by set-
ting both the main and interaction effects to zero, the DINA
and DINO models can be derived from the G-DINA model. By
removing all interaction effects in the identity, log, and logit
link versions of the G-DINA model, the A-CDM, RRUM, and
C-RUM can be obtained.

Hierarchical DCMs are restricted versions of DCMs. They
impose structural assumptions to represent developmental
or instructional dependencies among attributes, referred to
as attribute hierarchies. In doing so, these models formalize
assumptions about how multiple attributes involved in com-
pleting a task or an item are interrelated, specifying direc-
tional or prerequisite relationships among them. One promi-
nent example is the Hierarchical Diagnostic Classification
Model (HDCM; Templin & Bradshaw, 2014) that operational-
izes prerequisite relations by limiting the permissible latent
classes and imposing corresponding parameter restrictions.
The sequential development of attributes, as defined by edu-
cational curricula, may establish dependencies between dif-
ferent components of a knowledge domain that may shape
how knowledge components are organized cognitively and,
consequently, impact examinees’ item responses. Hierarchi-
cal DCMs also have the potential to identify the inherent la-
tent hierarchical structures among attributes of a cognitive
domain. By modeling dependencies among attributes, they
provide deeper insight into how knowledge components are
organized and interconnected, improving researchers’ under-
standing of the structure of the domain itself (Effatpanah et
al., 2026).

Hierarchical Diagnostic Classification Model (HDCM)

In educational contexts, students’ item responses may be af-
fected by the sequence in which instructional materials are
presented. To capture such possible sequential dependencies
among attributes in a particular cognitive domain (e.g., math-
ematics), researchers have developed several hierarchical
DCMs (e.g., Chen & Wang, 2023; Kwon et al., 2024; Ma et al.,
2023; Templin & Bradshaw, 2014; Tu et al., 2019). The most
commonly used model is the HDCM developed by Templin and
Bradshaw (2014). The model extends conventional DCMs by
considering attribute dependencies through an attribute hi-
erarchy. [n addition to maintaining the flexible framework of
general DCMs such as the G-DINA model, it uses inferential
statistics to test hypotheses about the postulated hierarchies.
For an item involving two attributes within the HDCM, where
the mastery of Attribute 2 (as) is dependent on the mastery
of Attribute 1 (@), the reformulation of the G-DINA can rep-
resent this hierarchical structure:

PX; = 1a1, az) = 8o + 8j1a1 + 8j3(1)a1 @2 (2)

In Equation (2), 8,2(1)a1 a3 indicates an interaction for At-
tribute 2 nested within Attribute 1. Asitis evident, there isnot
any main effect for Attribute 2 due to the constraints imposed
by the attribute hierarchy. A main effect for an attribute de-
notes an increase in the probability of giving a correct answer
to a given test item when other attributes have not been mas-
tered. Nonetheless, when the mastery of Attribute 2 requires
prior mastery of Attribute 1, the main effect for Attribute 2
must be set to zero (Effatpanah et al., 2026).

The HDCM restricts the attribute space by eliminating in-
admissible attribute profiles (latent classes), thereby reduc-
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ing the number of parameters that must be estimated for each
item (Templin & Bradshaw, 2014). This constraint enhances
model efficiency because latent classes that are theoretically
impossible or absent in the sample are excluded from esti-
mation due to the dependency. For example, consider a test
measuring four attributes. A conventional DCM would classify
examinees into 2* = 16 latent classes. However, if there is a
linear dependency, where the mastery of Attribute 4 relies on
the mastery of Attribute 3, Attribute 3 depends on Attribute
2, and Attribute 2 is contingent on Attribute 1, then there will
be A+1 (i.e., 4 + 1 =5) sound latent profiles. The superior-
ity of HDCMs becomes more important when a large number
of attributes are involved in a test, especially in large-scale
assessments. For example, in a test with ten attributes, there
would be 2! = 1,024 latent classes for conventional DCMs,
whereas the HDCM under a linear hierarchy would produce
11 latent classes.

As illustrated in Figure 1, Leighton et al. (2004) detected
several types of hierarchical structures: linear, divergent,
convergent, independent, mixed, unstructured, and higher-
order. In a limear structure, all attributes must be mastered
sequentially; Attribute 1 is a prerequisite for Attribute 2, and
both Attributes 1 and 2 are prerequisites for Attribute 3. When
Attribute 1 is not mastered, the other attributes should be
absent. A divergent structure has several end states coming
from a single initial attribute. Although attributes are dis-
tinct, there exist correlations in their mastery indicators (Tu
et al., 2019). A convergent structure indicates that different
attributes may develop simultaneously and have equal contri-
bution to other attributes. In this structure, attributes do not
require strict sequential mastery. An independent structure
shows that several attributes are separate from one another.
A mized structure reflects the presence of two independent
structures, where one set of attributes has a specific struc-
ture, the other follows a different one. The other structure in
which Attribute 1 is a prerequisite for all other attributes is
called unstructured. Unlike the divergent structure, in which
multiple attributes emerge from a common origin but remain
distinct and possibly correlated, the unstructured form shows
that without the initial attribute, none of the others can be
mastered—emphasizing a strict dependency across all links.
And finally, a higher-order structure shows that specific at-
tributes (Al through A6) are related and jointly represent a
general competency, denoted as “G.” The general factor G is
usually modeled as a continuous latent variable that impacts
the probability of mastering the individual binary attributes,
thus introducing a dimensional structure above the attribute
level (Effatpanah et al., 2026).

Q-Matriz in DCMs and Large-Scale Assessments

In DCMs, the relationship between attributes and test items
is pre-specified in a binary incidence matrix, called @-matrix
(Tatsuoka, 1983). In a Q-matrix, each column corresponds to
an attribute, and each row indicates an item. If an item re-
quires its mastery, a value of 1 is inserted; otherwise, a value
of 0 is used in the matrix. Using an analogy from confirmatory
factor analysis, a @-matrix is the loading structure of a DCM
that hypothesizes item-by attribute associations, anchored in
substantive theory.

It has been widely acknowledged that the @-matrix is the
key factor in determining the quality of cognitive diagnos-
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FIGURE 1

Various Types of Attribute Hierarchies
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tic information because the diagnostic power of DCMs re-
lies heavily on the theoretical and empirical soundness of
the Q-matrix (Lee & Sawaki, 2009). Correct identification of
attributes underlying test performance, their numbers, and
their associations with test items has been shown to im-
prove the quality of diagnostic information obtained from
DCMs (e.g., Kunina-Habenicht et al., 2012; Rupp & Templin,
2008). To ensure the accurate development of a @-matrix, sev-
eral methods have been suggested for extracting or identify-
ing relevant attributes. The methods include consulting with
domain experts, reviewing existing literature, analyzing di-
mensionality, utilizing think-aloud protocols, analyzing test
content and test specifications, using content domain theo-
ries, and conducting eye-tracking research (Leighton et al.,
2004). By having a rational cognitive model of task perfor-
mance, appropriate items can be constructed to measure to
what extent students possess expected attributes.

The Q-matrix construction is typically a subjective process.
This subjectivity may lead to the presence of misspecifica-
tions in the @-matrix that have negative impacts on the
estimation of model parameters, misclassification of exam-
inees, and differential item functioning which may lead to
inaccurate inferences (Chiu, 2013; de la Torre, 2008; de la
Torre & Chiu, 2016; de la Torre et al., 2022; Kunina-Habenicht
et al., 2012). Misspecification refers to adding an unneces-
sary attribute (overfitting) or omitting a necessary attribute
(underfitting) in the Q-matrix (Rupp & Templin, 2008).
Consequently, to address this issue, a number of Q-matrix
validation methods have been developed to (empirically)
identify and modify misspecifications in Q-matrices (e.g.,
Chiu, 2013; de la Torre, 2008; de la Torre & Chiu, 2016; Li &
Chen, 2025; Ma & de la Torre, 2020; just name a few).

These issues are specifically prominent in the context
of large-scale assessments, where tests are not typically
designed for diagnostic purposes and Q-matrices are con-
structed usually post hoc. In such settings, developing a
theoretically grounded and empirically validated Q-matrix is
essential for ensuring that diagnostic interpretations are sub-
stantively meaningful and psychometrically sound. Studies
have illustrated how this can be achieved in practice. For ex-
ample, Tjoe and de la Torre (2014) systematically identified
and validated cognitive attributes underlying eighth graders’
proportional reasoning for cognitive diagnostic assessment
(CDA). They first derived attributes from literature and
expert input, then validated them through teacher-aligned
items and student think-aloud interviews. The study showed
how theoretically meaningful and instructionally grounded
attributes can be systematically developed. Tatsuoka et al.
(2016) argued that defining cognitive attributes for DCMs
is an iterative process that must integrate cognitive theory,
item design, and psychometric modeling. Using examples
from elementary mathematics assessments, they showed how
statistical feedback informs revisions to attributes and items.

Previous DCM Studies on Math Assessments

Numerous studies have applied DCMs to mathematics as-
sessments to diagnose students’ mathematical abilities. Two
lines of research can be identified in the relevant literature.
The first line of research involves studies that aimed to de-
velop true diagnostic mathematics tests and checklists. For
example, Li et al. (2020) used DCMs to develop a mathe-
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matics problem-solving assessment for kindergarteners and
found the instrument to be sufficiently reliable in the domain
of number and operations. Li and Traynor (2022) created
a computational thinking assessment for middle school stu-
dents. After creating a cognitive model and multiple-choice
items, they used the DINA model to classify students’ mas-
tery. They suggested that these diagnostic results can help
teachers understand typical learning progressions in compu-
tational thinking. Recently, Haghayeghi et al. (2024) devel-
oped an assessment tool for first-grade students’ mathemat-
ical abilities using DCMs. After comparing the fit of G-DINA,
DINA, and DINO, they found that concepts related to time,
multiplication, symmetry, and geometry were the most chal-
lenging for students, whereas cardinality, addition, subtrac-
tion, weight, and statistics were the easiest.

The second line of research consists of studies applying
DCMs to retrofit (inter)national large-scale mathematics
exams, such as PISA, TIMSS, and NAEP. These studies share
a number of features that distinguish them from the first line
and therefore warrant a focused summary. A table summa-
rizing the results of previous studies on the application of
DCMs to large-scale mathematics assessments is available
in Appendix A. Typical characteristics of retrofit studies
are that they: (a) work with publicly available item pools or
released items that were not originally designed as diagnostic
tests, (b) develop Q-matrices post-hoc using expert judg-
ment, curriculum frameworks, or a combination of expert
and data-driven methods, (c¢) deal with sparse booklet de-
signs and complex sampling (e.g., rotated booklets, country
subsamples), and (d) usually emphasize cross-national or
large sample comparisons rather than test construction.
For example, Lee et al. (2011) used the DINA model to
analyze booklets 4 and 5 of TIMSS 2007 Fourth-Grade math-
ematics assessment. They showed that DCMs can provide
fine-grained, attribute-level information useful for classroom
instruction. Su et al. (2013) adapted Common Core State
Standards attributes to construct Q-matrices for two TIMSS
2003 Eighth-Grade mathematics booklets and developed
hierarchical DINO and DINA (i.e., the DINO-H and DINA-H)
models. They found that these hierarchical models performed
well for items with smaller samples and hierarchically struc-
tured attributes. Similarly, Choi et al. (2015) applied the
DINA model to the TIMSS 2003 Eighth-Grade math assess-
ment to provide diagnostic insights. Results revealed that
the DINA discrimination index highlights comparative dif-
ferences across countries. Kunina-Habenicht et al. (2017)
examined the use of a LCDM for a German diagnostic arith-
metic test, comparing its multidimensional scores to those
from a unidimensional IRT model. They investigated whether
LCDM scores better predicted students’ math grades than
unidimensional scores from a large-scale assessment. Results
showed interpretable item and student parameters and high
classification reliability, but the multidimensional scores
did not significantly improve outcome prediction over the
unidimensional model. In a multi-DCM study (i.e., a study in
which several DCMs are compared), Yamaguchi and Okada
(2018) compared several DCMs (DINA, DINO, A-CDM, LLM,
RRUM) and IRT models (i.e., two-parameter logistic (2PL)
IRT and three-parameter logistic (3PL) IRT) using TIMSS
2007 Fourth-Grade mathematics data from seven countries.
DCMs fit the data better than IRT models, with additive
DCMs capturing attribute interactions most effectively.
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Along the same lines, several studies have focused on defin-
ing and refining cognitive models and @-matrices. For in-
stance, Terzi and Sen (2019) applied DCMs to TIMSS 2011
Eighth-Grade mathematics assessment. They validated item—
attribute links, identified appropriate DCMs for individual
items, and examined cross country generalizability. Using
the G-DINA model discrimination index (GDI; de la Torre,
2008), they found that validated attribute specifications dif-
fered from expert assumptions and that different items fit
different models. The study emphasized the importance of
item-level @-matrix validation and model selection. Dela-
fontaine et al. (2022) examined Q-matrix refinement and
the need for country-specific Q-matrices using TIMSS 2011
Eighth-Grade mathematics data from five countries. They
compared the original expert-designed Q-matrix with two re-
fined versions based on a stepwise validation method (Ma &
de la Torre, 2020) and a nonparametric classification method
(Chiu, 2013). Both refinements improved model fit, with the
stepwise approach performing best and producing meaning-
ful changes in parameters and mastery profiles. The study
showed that country-specific refined Q-matrices better cap-
tured students’ cognitive structures than a single universal
Q-matrix. Wu et al. (2020) developed a Q-matrix for 12 PISA
2012 math items and compared student performance across
ten countries. They extracted eleven attributes, found LLM
provided the best model fit, and revealed different learn-
ing trajectories among countries. In another study, Xu et al.
(2023) developed a seven-attribute mathematical compe-
tency model for TIMSS 2011 Fourth Grade based on the Chi-
nese curriculum and used the DINA model to assess students.
Results showed high mastery rate in mathematical cognition
and showed DCMs’ ability to differentiate students with iden-
tical total scores. Using 16 TIMSS 2015 cognitive attributes
and the interpretive structural modeling (ISM) method, Sun
et al. (2023) further developed a five-level mathematical
cognitive model, refined through expert input, ranging from
‘memorize” to “justify.” They argued that it can support adap-
tive systems and accurately diagnose students’ learning and
cognitive development. Zhu (2023) also analyzed 21 items
from TIMSS 2019 Fourth-Grade assessment across 17 coun-
tries using DCMs. Results showed both differences in learn-
ing trajectories and commonalities that can inform teaching
and cross-country comparisons in mathematics education.
Saso et al. (2024, Preprint) examined four approaches for
specifying @-matrices to diagnose students’ depth of under-
standing in Eighth-Grade Japanese mathematics. Using vari-
ational Bayesian estimation with G-DINA, the polytomous G-
DINA (pG-DINA; Chen & de la Torre, 2013), and the attribute
hierarchy method (AHM; Leighton et al., 2004), they found
that a linear-hierarchy Q-matrix better captured attribute in-
teractions than polytomous or binary Q-matrices, highlight-
ing the importance of hierarchical relationships among at-
tributes. Zhang et al. (2025) used PISA 2012 math data from
Shanghai, Hong Kong, Macau, and Taiwan to identify cogni-
tive attributes and assess students’ competencies. DCM re-
sults revealed regional differences and offered insights for tai-
loring curricula and instruction. Recently, Sonnleitner et al.
(2026) investigated whether cognitive models originally de-
signed for item generation can be directly used for con-
structing @-matrices for DCMs in a large-scale assessment of
first graders’ math abilities. Using data from Luxembourg’s
school monitoring program, four developmentally grounded
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attributes (i.e., counting, addition < 10, addition > 10, and
decomposition) were mapped into @-matrices without post
hoc refinement. Items with low fit were dropped entirely.
Two DCM approaches were evaluated: a Single-Attribute Hi-
erarchical Model (SAHM), reflecting a strict sequential pro-
gression of attributes, and a Multiple-Attribute Hierarchical
Model (MAHM), allowing for interaction among attributes.
Both models successfully reproduced expected developmen-
tal sequences, and decomposition was a pivotal threshold at-
tribute. They argued that cognitive models can effectively
shape Q-matrix construction and more precisely reflect learn-
ing trajectories.

Although previous research has demonstrated that DCMs
can effectively diagnose examinees’ mathematical abilities,
they have two major limitations. First, except for Sonnleitner
et al. (2026), most studies retrofitted onto existing assess-
ments designed under CTT or IRT frameworks. Researchers
have argued that retrofitting can be beneficial for determin-
ing the diagnostic potential of existing achievement and pro-
ficiency tests before investing significant time and resources
into developing fully diagnostic tests (Lee & Sawaki, 2009).
However, the process of calibrating an existing unidimen-
sional test with a multidimensional DCM may not be effi-
cient and directly contradicts the inferences drawn from the
original assessment (Liu et al., 2018). As noted by Liu et al.
(2018), in unidimensional IRT, retrofitting requires practi-
tioners to detect and remove multidimensionality from as-
sessments. Several researchers have shown that test con-
struction procedures mainly focus on maximizing total score
reliability (e.g., Sinharay, 2014). Consequently, test develop-
ers usually choose items with high discrimination values and
exclude items that could induce multidimensionality. Addi-
tionally, because most tests lack a clear cognitive model dur-
ing construction, an inferred model is used to develop a Q-
matrix for DCMs. However, this inferred model may not fully
reflect the cognitive processes underlying performance, lead-
ing to inaccurate Q-matrices, implausible latent classes, and
compromised diagnostic validity (DiBello et al., 2007). Con-
sequently, retrofitting is severely limited and produces a ten-
uous fit between the cognitive model and test data (Gierl &
Cui, 2008). It is thus important to establish a well-grounded
theoretical Q-matrix from the outset when items are con-
structed.

Second, the studies overlooked the possible hierarchical
interactions among mathematical attributes, failing to ex-
plain how these attributes may interact or depend on one
another. A possible explanation for this oversight can be as-
cribed to the lack of suitable models that allow testing such
hierarchies. Hierarchical DCMs can help researchers rigor-
ously explore and validate these relationships.

The Present Study

The purpose of the present study is, first, to explore whether
cognitive models used in item generation can directly inform
Q-matrix construction for DCM analyses. Second, it seeks
to examine whether incorporating theoretical assumptions
about attribute hierarchies into the DCM can enhance its re-
sults. Moreover, it investigates to what extent results derived
from DCMs provide any additional value beyond traditional
approaches (i.e., CTT and IRT). The following research ques-
tions were posed:
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RQ 1. Can a @-matriz resulting from theory-based item gen-
eration be effectively applied in DCMs?

RQ 2. Does incorporating theoretical assumptions about at-
tribute hierarchies enhance the performance of DCMs?

RQ 3. Are results from DCMs in line with traditional types of
analyses and do they offer added value?

To the best of the authors’ knowledge, the application
of model-based DCMs to context embedded math assess-
ments remains largely underexplored, though recent work by
Sonnleitner et al. (2026) has demonstrated this approach us-
ing First-Grade data from the Luxembourgish school moni-
toring system. Therefore, the present study is one of the first
examples of empirically applying (non)hierarchical DCMs
to an image-based (context embedded) large-scale math-
ematics exam. Context-embedded tests, which incorporate
real world scenarios and practical applications of knowledge,
could greatly benefit from the detailed diagnostic feedback
that DCMs offer. Results of the study will build on and extend
previous research on the application of DCMs to mathemati-
cal assessments.

Method
Test Construction, @-Matrixz Development, and Validation

In large-scale assessments, mathematical ability can be con-
ceptualized in two ways: a literacy-oriented or a curriculum-
oriented approach (Saf et al., 2017). Literacy-oriented tests
(e.g., PISA) assess abilities needed in modern society out-
side of the educational context, covering areas like quantity,
change, space, and uncertainty (OECD, 2022). Curriculum-
based tests focus on content and abilities from national cur-
ricula and taught in educational contexts, such as num-
bers and algebra, geometry, measurement, probability, and
statistics, that are viewed as basic abilities for mathematical
problem-solving and logical reasoning (NCTM, 2000). Despite
these differences, the cognitive processes required to solve
mathematics items are similar across both approaches (Saft
et al., 2017).

The present study is based on item development for
the Luxembourgish national school monitoring program

(Epreuves Standardisées; EpStan) in mathematics,
grounded in cognitive models which are empirically vali-
dated. For a detailed explanation of cognitive item model
development, see Sonnleitner et al. (2025). Specifically, for
third grade, eight cognitive item models were developed to
define content and contextual features of items assessing
specific curricular sub-competencies—for example, “the
student is able to read and write numbers from 0 to 100, as
well as compare and sort them,” “the student can mentally
calculate additions and subtractions within the range of 0
to 100,” or “the student differentiates between even and odd
numbers.” These models were implemented in R software (R
Core Team, 2025), which allowed the systematic generation
of mathematics items with predefined attribute structures,
yielding Q-matrices directly applicable in DCM analyses. The
R code enabled specification of attributes for each item (e.g.,
number range, decade crossing), control over the number
of item instances sharing identical attributes, and export of
items in PDF format for paper-based administration within
EpStan (cf. Sonnleitner et al., 2025). The models align with
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the Luxembourgish elementary school curriculum and are
informed by established developmental theories of numeracy
(e.g., Clements & Sarama, 2007, 2012; Geary, 2006; Ginsburg
et al., 2008, MENFP, 2011; von Aster & Shalev, 2007). The
schematic flowchart of cognitive item model development
and implementation in R (Sonnleitner, 2025) is available in
Supplementary Material A.

To ensure theoretical and practical validity, teachers from
the relevant grade levels contributed their classroom exper-
tise to refine the models, reflecting instructional realities
such as common problem-solving strategies and item diffi-
culty. After item generation, psychologists who were trained
and were working at the intersection of mathematical cog-
nition and test development within EpStan reviewed the re-
sulting Q-matrices. Their evaluation considered theoretical
aspects, including the fit between task characteristics and at-
tribute structure, the number of attributes specified for each
item, and potential student problem-solving strategies. Prac-
tical considerations were also assessed, such as the distri-
bution of items per attribute and the identification of items
exhibiting construct-irrelevant variance in previous analyses
that could bias DCM results (cf. Sonnleitner et al., 2025). No-
tably, due to the highly diverse Luxembourgish setting, math
items are mostly presented in image-based real-world prob-
lem settings, reducing the impact of students’ language back-
ground. It must be noted that similar to other large-scale as-
sessment development procedures, the Rasch model (Rasch,
1960/1980) was used during the test development procedure
to examine item quality, dimensionality, and discrimination
parameters. These analyses ensured that items functioned
appropriately across the ability continuum and measured the
intended constructs consistently. Items showing poor fit and
low discrimination were removed prior to the diagnostic mod-
eling phase. This preliminary IRT-based screening helped es-
tablish a psychometrically sound item pool for subsequent hi-
erarchical cognitive diagnostic modeling.

Relevant cognitive attributes were identified based on sev-
eral sources, including the Luxembourgish mathematics cur-
riculum and prominent developmental models of mathemati-
cal ability (Clements & Sarama, 2007, 2012; Geary, 2006; Gins-
burg et al., 2008; MENFP, 2011; Sonnleitner et al., 2025; von
Aster & Shalev, 2007). As one of the consulted models, Von
Aster and Shalev (2007) proposed a hierarchical four-step de-
velopmental model of cognitive number representation, pre-
dicting different pathways of pathological development. The
model starts with an inherited core system representation of
numerical magnitude (cardinality; step 1), which underlies
understanding number meaning. This supports linking quan-
tities to spoken/written words (step 2) and Arabic symbols
(step 3), which in turn enables the development of a men-
tal number line (step 4) where ordinality serves as a second
core basis of number. Impairment at any step can hinder sub-
sequent development.

Another influential model consulted for the Q-matrix
and test development was Geary’s (2006) framework. Geary
highlights the role of innate numerical capacities, such as
the Approximate Number System (ANS). The system allows
humans and children to evaluate and compare quantities
autonomously from language and formal education. Geary de-
scribes a predictable progression from basic to sophisticated
mathematical understanding: children first learn to count
by rote, then grasp stable order, one-to-one correspondence,
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and cardinality, followed by basic arithmetic, multiplication
and division, fractions and decimals, and eventually abstract
reasoning such as algebra and geometry. He also emphasizes
individual differences influenced by genetic and environ-
mental factors, such as socio-economic background, parental
involvement, and instruction quality.

Based on the underlying cognitive models that were used
to generate the final item pool administered in the third
grade, a set of eight attributes was identified: (1) Addi-
tion Simple (ADS) defined as the ability to carry out basic
addition operations, that involves small numbers, that is,
single-digit or low double-digit (Clements & Sarama, 2007;
Geary, 2006); (2) Subtraction Simple (SUS) referring to the
ability to carry out subtraction operations, that involves small
numbers, that is, single-digit or low double-digit (Clements
& Sarama, 2007; Geary, 2006); (3) Addition Complex and
Subtraction Complex (ASC) denoting the ability to perform
addition and subtraction operations that require carrying
over and borrowing as well as multi-digit numbers, where
students need to understand place value and adopt regroup-
ing strategies (Artemenko et al., 2018; Clements & Sarama,
2007). Research has indicated that although, from Grades 3
to 4, children generally become more proficient in two-digit
subtraction, the borrow operation increases the difficulty
in two-digit subtraction, suggesting that it does not develop
more rapidly than other aspects of subtraction (Artemenko
et al., 2018); (4) Multiplication/Division (MUD) indicating
the ability to grasp and perform the concept of multiplication
and division, that involves the understanding of proportional
relationships (i.e., multiplication as repeated addition and
division as repeated subtraction or partitioning) (Clements
& Sarama, 2007; Geary, 2006); (5) Modeling (MOD) referring
to the ability to apply mathematical knowledge in real-world
contexts that requires representing relationships between
numbers, abstract thinking, and problem-solving skills
(Clements & Sarama, 2007; Geary, 2006); (6) Units of Mea-
surement (UOM) representing the ability to understand and
use different measurement units (e.g., time, weight, length)
to quantify and compare physical properties (Clements &
Sarama, 2007; Geary, 2006); (7) Sequencing and Number
Patterns (SNP) showing the ability to recognize and create
numerical patterns or sequences; and (8) Dealing with
Higher Number Range (HNR) referring to the ability to work
with larger numbers, usually beyond two-digit operations
(Clements & Sarama, 2007; Geary, 2006). This attribute
encompasses understanding place value and using number
sense to solve problems. For the test, the scope of numbers
ranged from 1 to 20, up to 100, up to 1000, and up to 1 million.

A vector of 0—1 was used to show the relationship between
a test item and the required attributes. If an attribute is re-
quired to correctly answer an item, it is represented as “17;
otherwise, it is represented as “0.” Each attribute pattern can
involve one or multiple attribute(s). For instance, the at-
tribute pattern for Item 1 is [10001000], indicating that the
item measures Attributes 1 and 5 (i.e., ADS and MOD). To
correctly answer the item, students should have mastered the
two attributes.

The developed Q-matrix was then empirically validated us-
ing the stepwise Wald test method (Ma & de la Torre, 2020)
in the GDINA R-package version 2.9.12 (Ma et al., 2025). This
method provided several modification suggestions. Each sug-
gestion was carefully reviewed by the authors and content ex-
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perts to ensure theoretical soundness. Most suggested modi-
fications were not conceptually justifiable and were thus dis-
carded. In particular, the proposed deletions of attributes
from some items were substantively irrational. By contrast,
few suggestions for adding attributes were considered theo-
retically plausible. For example, it was suggested that the at-
tribute HNR should be added to [tem 116. After inspecting the
item content and consulting with content experts, this modi-
fication was applied to the item and its equivalents across the
test booklets. Similarly, MOD was added to Item 110 and its
corresponding items. Mesa plots (Ma, 2019) were also exam-
ined to evaluate whether refining the g-vectors could improve
model fit and the accuracy for items. Overall, the empirical
validation procedure supported the adequacy of the @-matrix,
providing evidence for its theoretical soundness. The final Q-
matrix is available in Supplementary Material B.

Specifying Attribute Hierarchies

To show how mathematical attributes are interconnected
and built upon one another, a hierarchical structure was
developed that is aligned with cognitive development mod-
els of mathematical competency (e.g., Clements & Sarama,
2007, 2012; Geary, 2006; Ginsburg et al., 2008) and the Lux-
embourgish mathematics curriculum the test is based on
(MENFP, 2011). For example, according to Clements and
Sarama (2012), the development of mathematical thinking
in children is a gradual process that relies on prior experi-
ences and knowledge. The process begins with understand-
ing basic concepts (e.g., counting, comparing quantities, and
recognizing patterns). Then, they start developing an under-
standing of spatial relationships, measurement, and the con-
cept of classifying and sorting, as well as working with higher
number range. Next, they begin to grasp more abstract con-
cepts and thinking enabling them to develop mathematical
concepts (e.g., addition, subtraction, multiplication, and divi-
sion). After that, as children’s understanding grows, they will
be able to apply their mathematical knowledge in practical or
real-life contexts.

Based on developmental models of mathematical abil-
ity, experts in mathematical cognition involved in the test
development for Luxembourg’s school monitoring program
reviewed the resulting Q-matrix from the item generation
process. Their evaluation, grounded in both theoretical and
practical considerations, ensured that the sequential struc-
ture of basic arithmetic attributes accurately reflected the
cognitive development of third-grade students in mathemat-
ics and thus imposed an attribute hierarchy. As can be seen
in Figure 2, the model represents three curricular compe-
tency strands: (1) orientation within the numeral system, (2)
knowing how to make arithmetic operations, and (3) identifi-
cation and use of arithmetic structures and rules. At the first
strand, it is acknowledged that the mastery of SNP is an es-
sential requirement for the mastery of HNR and UOM because
students need to identify and understand numerical patterns
before learning and working with higher numbers, more com-
plex calculations, and measurement concepts. At the second
strand, ADS is a prerequisite for SUS because subtraction
is usually taught in connection with addition, and they are
conceptually related. The mastery of the two attributes
serves as a foundation for the mastery of ASC and MUD, as
higher-level attributes. At the third strand, MOD is conceived
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FIGURE 2

Hierarchical Structure for the Mathematics Exam

| SNP HNR | (

uoM -

Orientation within the numeral system

[0 ] sus

Knowing how to make arithmetic operations

Identification and use of arithmetic structures and rules

as an independent attribute that may affect different areas,
although it is not directly connected to other attributes.

Participants and Materials

The mathematics assessment was administered to the entire
Luxembourgish cohort of 5,528 third-grade students using a
matrix sampling design. The test consisted of eight distinct
booklets. Each student completed two core booklets, which
were administered to all participants and served as anchor
forms to psychometrically link the entire set of booklets. In
addition to these, each student completed one of six sup-
plementary booklets, which were randomly assigned at the
class level. Students (» = 192) who did not complete both
two main booklets were removed from the dataset. In total, a
sample of N = 5,336 was selected for this study. There were
2,613 (49%) boys and 2,716 (50.9%) girls, and 7 (0.1%) un-
specified. The individual items were scored dichotomously in
that a response was either correct or incorrect. Students also
reported their immigration status and socio-economic status
(SES). Of the total sample, 816 (15.3%) were first-generation
students, 1,705 (32%) second-generation, 2,166 (40.6%) na-
tive, and 649 (12.1%) unspecified. SES was also indexed by
the International Socio-Economic Index of Occupational Sta-
tus (ISEI; Ganzeboom, 2010; Ganzeboom et al., 1992) that is
based on the level of education, occupation, and income. Its
score ranges from 16 to 90. Based on the score range in our
dataset, students’ SES were categorized into three groups:
low (10-29) with 517 students (9.7%), medium (30-45) with
1,657 students (31.1%), and high (46-70) with 2,445 students
(45.8%). Also, 717 (13.45%) did not report their SES. Total
scores across the booklets ranged from 0 to 60 with a mean of
35.36 and a standard deviation of 10.81. The reliability (Cron-
bach alpha) of the test was 0.891.

Data Analysis

After developing the Q-matrix and specifying the hier-
archical structure, we compared the fit of the G-DINA
against several specific DCMs (i.e., DINA, DINO, A-CDM, C-
RUM, and RRUM) and their hierarchical extensions (i.e.,
HDCM_DINA, HDCM_DINO, HDCM_A-CDM, HDCM_C-RUM,
and HDCM_RRUM). The incorporation of the hierarchical
extensions of the specific DCMs allows the consideration
of hierarchical structure and reduced forms of the mea-

Summer 2026

surement models at the same time. The models were com-
pared with regard to relative and absolute fit statistics, in-
cluding —2log-Likelihood (—2LL), Akaike’s Information Cri-
terion (AIC; Akaike, 1974), Bayesian Information Criterion
(BIC; Schwarz, 1978), the Mean Absolute Difference for the
item-pair Correlations (MADcor; DiBello et al., 2007), and the
Standardized Root Mean Square Residual (SRMSR; Maydeu-
Olivares, 2013). The model with the least information criteria
is the best model. The SRMSR is calculated as the square root
of the sum of squared differences between observed correla-
tions and model-implied correlations across all item pairs. Hu
and Bentler (1999) consider a value < (.08 as indicative of a
substantively negligible amount of misfit. Using the marginal
maximum likelihood estimation (MMLE) method and the Ex-
pectation Maximization (EM) algorithm, the CDM R-package
(Robitzsch et al., 2025) was used to fit the models and esti-
mate item parameters. The monotonicity constraint was im-
posed when fitting the DCMs to ensure that possessing an ad-
ditional attribute would not decrease the probability of en-
dorsing the item. We also used multiple sets of starting val-
ues for all the models to ensure that the —2LL converged to
the same value across runs and to minimize the risk of local
maxima.

In addition to the above-mentioned indices, several item-
level fit statistics were evaluated (Oliveri & von Davier, 2011;
von Davier, 2005): (1) Root Mean Square Deviation (RMSD)
and its bias-corrected, (2) Mean Deviation (MD), (3) Mean
Absolute Deviation (MAD), and (4) the average of Root
Mean Square Error of pproximation (RMSEA). The RMSD
measures the average squared difference between observed
and model-predicted item response probabilities. The bias-
corrected RMSD adjusts for sampling error to provide a more
accurate estimate of model misfit. The MD shows the aver-
age signed difference between observed and expected proba-
bilities, indicating systematic bias in model predictions. The
MAD captures the average magnitude of the differences re-
gardless of direction. The mean of RMSEA summarizes aver-
age model misfit across items. It is the mean difference be-
tween response proportions predicted by the model and those
observed for each response category within each latent class
weighted by the proportion of the students within the respec-
tive latent class. A model with smaller values indicates better
fit.

A set of model comparisons was performed to evaluate
whether the hypothesized hierarchical structure offered a
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more parsimonious but sufficiently accurate fit to the data
relative to the fully saturated model. The G-DINA model was
the baseline, and a hierarchical DCM showing the best per-
formance represented the restricted alternative. As argued
by Templin and Bradshaw (2014), conventional deviance
difference tests assume a chi-square distribution with de-
grees of freedom equal to the difference in model parame-
ters. However, these tests depend on regularity conditions—
specifically, that parameters are not on the boundary of the
parameter space. In hierarchical DCMs, some parameters are
fixed at zero, violating these assumptions (Stoel et al., 2006).
As a result, the deviance statistic G follows a mixture of chi-
square distributions rather than a standard chi-square, which
can lead to under-rejection of the null hypothesis and over-
acceptance of hierarchical models. For that reason, Templin
and Bradshaw (2014) proposed either deriving the appropri-
ate mixture distribution analytically or estimating correct p-
values through simulation. Following their recommendation
and similar to Effatpanah et al. (2026), a simulation-based
likelihood ratio test was conducted. Both models were first
fitted to the observed data (V = 5,336) to obtain the ob-
served deviance difference. Next, 2,000 datasets were simu-
lated under the null model (the selected HDCM), each with
5,336 cases. For each dataset, both models were re estimated
and deviance differences recalculated, producing an empir-
ical distribution of the test statistic. This approach enabled
a direct, data-driven comparison of the hierarchical and sat-
urated G-DINA models without relying on asymptotic chi-
square assumptions. Absolute (deviance) and relative (AIC,
BIC) fit indices were compared across replications.

Classification accuracy and consistency at test- and
attribute-level were further examined across the two mod-
els. Classification accuracy indicates how well students’ clas-
sifications agree with their true latent classes. Classification
consistency refers to the degree to which a student is con-
sistently classified into the same latent class (or will be in-
dicated as master/non-master of the same attribute) on re-
administration of the same or a parallel form of the test.
There is not any clear-cut benchmark for classification ac-
curacy and consistency in the DCM literature. However, a
test-level accuracy/consistency of 0.7 and an attribute-level
accuracy/consistency of 0.8 are generally deemed acceptable
(Johnson & Sinharay, 2018). It should be noted that classi-
fication accuracies and consistencies should not be used for
model comparison, because higher values do not necessarily
imply a better-fitting or more valid model. Rather, these in-
dices should be interpreted within the theoretical and statis-
tical framework of each model.

The attribute mastery profiles of students were also com-
pared across the G-DINA and the selected HDCM. A set of de-
mographic variables, such as age, SES, and immigration sta-
tus, were used to characterize most prevalent latent classes
across the selected model.

The attribute prevalence and individual-level mastery
profiles were examined. The attribute prevalence shows
students’ mastery probability of each attribute. Attribute
mastery profiles indicate different latent classes into which
students are categorized. Probabilities close to 0 or 1 reflects
the non-mastery or mastery of an attribute, respectively.
As a rule of thumb, students are classified as masters of an
attribute when their posterior probability is 0.5 or higher;
otherwise, they are classified as non-masters (indicated by
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0) if the probability is below 0.5. The mastery probability for
the attributes was compared between selected students with
the same and different total scores.

Furthermore, we analyzed item discrimination indices to
investigate the ability of the test items to differentiate be-
tween students based on their mastery of the requisite at-
tributes. A high discrimination index indicates that the item
can effectively distinguish between students who have mas-
tered the attributes and those who have not. There are gen-
erally no clear-cut criteria for discrimination indices. How-
ever, items with discrimination indices ranging between 0.3
and 0.4 could be generally regarded acceptable for adequately
distinguishing between students who have mastered the at-
tributes and those who have not (Shi et al., 2024). Finally,
tetrachoric correlations among the mathematics attributes
were estimated.

Results
Model Fit and Item Parameters

The results of relative and absolute fit statistics across the
conventional DCMs and their hierarchical extensions are pre-
sented in Table 1. As can be seen, with regard to —2LL, AIC,
and BIC, the A-CDM and RRUM had the lowest values com-
pared to the other conventional DCMs. The higher BIC value
for the G-DINA can be ascribed to its greater number of pa-
rameters, which are penalized more by the BIC. With respect
to the MADcor and SRMSR, the G-DINA and the additive
models (i.e., A-CDM, C-RUM, and RRUM) had the smallest
values. Similarly, among the hierarchical DCMs, the values
of —2LL, AIC, BIC, MADcor, and SRMSR showed the better
fit of the HDCM_A-CDM and HDCM_RRUM relative to the
other rival hierarchical DCMs. Overall, the additive models
and their hierarchical extensions showed a better test-level
performance compared to the G-DINA model.

Model—data fit at the item level was also compared across
the models. For the conventional DCMs, the indices showed
that all the models have satisfactory overall model—data fit,
with the RMSD values ranging from 0.078 to 0.085 and MAD
values between 0.054 and 0.058. Among these, the DINO
model revealed the lowest RMSD (M = 0.078), lowest MAD
(M = 0.054), and lowest mean RMSEA (0.111), suggesting
the best item-level fit among conventional DCMs. The A-
CDM, C-RUM, and RRUM showed a comparable performance
(RMSD = 0.082-0.083; MAD ~ 0.056; RMSEA = 0.117), in-
dicating accurate item-level parameter recovery and unbi-
ased fit (MD values ~ —0.001). The G-DINA model produced
slightly higher RMSD (0.085) and RMSEA (0.120). However,
the DINA model showed the poorest item-level fit (RMSD =
0.085; RMSEA = 0.121) and greater variability, suggesting its
limited adequacy due to its strict conjunctive assumption.
Due to space limitations, the results are available in Appendix
B.

For the hierarchical DCMs, the HDCM_A-CDM, and
HDCM_DINO had the best overall item-level fit. The RMSD
values ranged from between 0.065 and 0.122, MAD between
0.047 and 0.090, and RMSEA values from 0.092 to 0.173.
The HDCM_A-CDM revealed the most optimal performance
(RMSD = 0.065; MAD = 0.047; RMSEA = 0.092), indicat-
ing highly consistent model-data alignment with minimal
bias (MD = —0.001). The HDCM_C-RUM and HDCM_RRUM
also had good fit, albeit with slightly higher RMSD (~0.067—
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Table 1
Relative Fit Statistics of (Non)Hierarchical DCMs

Models Npar —2LL AIC BIC MADcor SRMSR
Conventional DCMs G-DINA 645 273,468 274,758 279,004 0.036 0.060
A-CDM 416 273,097 273,929 276,667 0.037 0.063
C-RUM 416 273,472 274,304 277,042 0.038 0.063
RRUM 416 273,125 273,957 276,695 0.037 0.063
DINA 307 276,480 277,094 279,115 0.045 0.074
DINO 307 279,478 280,092 282,113 0.042 0.068
Hierarchical DCMs HDCM_G-DINA 645 286,307 287,597 291,843 0.056 0.087
HDCM_A-CDM 416 275,386 276,218 278,957 0.035 0.060
HDCM_C-RUM 416 276,699 277,531 280,269 0.037 0.063
HDCM_RRUM 416 275,687 276,519 279,258 0.036 0.061
HDCM_DINA 307 279,469 280,083 282,104 0.041 0.068
HDCM_DINO 307 281,153 281,767 283,788 0.042 0.069

Note. Npar = Number of Parameters; —2LL = —2 Log-Likelihood; AIC = Akaike’s Information Criterion; BIC = Bayesian Information Criterion;
MADcor = Mean Absolute Difference Correlation; SRMSR = Standardized Root Mean Square Residual.

Table 2

Classification Accuracy and Consistency at Test and Attribute Level for the G-DINA and HDCM_A-CDM

G-DINA HDCM_A-CDM
Test and Attribute Level Accuracy Consistency Accuracy Consistency
Test 0.605 0.496 0.683 0.577
Sequencing and number patterns (SNP) 0.923 0.879 0.941 0.897
Dealing with higher number range (HNR) 0.913 0.868 0.922 0.873
Units of measurement (UOM) 0.868 0.824 0.909 0.867
Addition simple (ADS) 0.951 0.941 0.987 0.977
Subtraction simple (SUS) 0.963 0.951 0.972 0.952
Addition complex and subtraction complex (ASC) 0.961 0.940 0.958 0.922
Multiplication/division (MUD) 0.912 0.877 0.915 0.867
Modeling (MOD) 0.885 0.852 0.896 0.852

0.068) and RMSEA (~0.096). These results suggest that in-
troducing a hierarchical structure improves local item-level
fit, especially for additive models. However, the HDCM_G-
DINA showed poorer item-level fit (RMSD = 0.122; MAD =
0.090; RMSEA = 0.173) and high variability. By taking the re-
sults of model—data fit at test- and item-level, the HDCM_A-
CDM was picked for further analyses based on the purpose of
the study, indicating a balance between fit and parsimony.

Across 2,000 replications, the selected hierarchical model
(HDCM_A-CDM) constantly outperformed the G-DINA
model with regard to model-data fit. In every replication,
the HDCM_A-CDM yielded lower AIC and BIC values. Also,
its deviance values were consistently smaller than those
of the G-DINA model. The simulated likelihood ratio tests
were non-significant across all iterations (mean empirical
p ~ 1.00), indicating no evidence that the G-DINA model
provided a better fit than the hierarchical DCM.

Classification Accuracy

The classification accuracy of the G-DINA and HDCM_A-CDM
at the attribute and test levels is given in Table 2. The val-
ues of attribute-level accuracy and consistency were above
0.85 across the two models. This suggests a high degree of
accuracy and consistency in classifying students into differ-
ent latent classes based on their mastery or non-mastery of
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each individual attribute. However, for the G-DINA model, the
classification accuracy and consistency at the test level were
0.605 and 0.496, respectively. The corresponding values for
the HDCM_A-CDM were 0.683 and 0.577, indicating higher
accuracy and consistency than the G-DINA.

Attribute Mastery Profiles and Their Characteristics

The G-DINA model in this study Ig)roduced 256 possible latent
classes with eight attributes ( 2° = 256). The proportion of
all the profiles are displayed in Figure 3a, in which 0 indi-
cates non-mastery of the attribute, and 1 indicates mastery
of the attribute. A large proportion of students were classi-
fied into four mastery profiles of @95 = [11111111], @95 =
[00011000], @57 = [00011100], and @; = [00000000] , with
assignment probabilities of almost 18%, 8%, 6%, and 5%, re-
spectively. The profile a; = [00000000] indicates that the
students have not mastered all the attributes, whereas agzs =
[11111111] shows that the students have mastered all the
required attributes. The profile ag; = [00011000] also rep-
resents that the students have mastered Attributes 4 and 5
(i.e., ADS and SUS), but they have not mastered the other
attributes.

The 60 latent classes derived from the HDCM_A-CDM are
illustrated in Figure 8b. As can be seen, the hierarchical
model considerably reduced the number of latent classes due
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FIGURE 3
Attribute Mastery Profile Probabilities across the G-DINA and HDCM_A-CDM
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to the constraints imposed by the structure that removed  third place, the class a5 = [000 1110 0] showed that al-
empirically negligible or theoretically implausible profiles. most 11% of students have mastered ADS, SUS, and ASC.
The agy = [111 1111 1] was the most prevalent latent class, The a1 = [000 0000 0] was the fourth most populated latent
with about 22% students belong to. The second most pop- class, showing that the students have not mastered any of the
ulated class was a;; = [000 1100 0], indicating that about  attributes. The attribute mastery probability of the rest of the
13% of students have only mastered ADS and SUS. In the latent classes varied from 0% to about 7%. The comparison
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Table 3

Attribute Mastery Patterns for Six Examinees Based on the HDCM_A-CDM

Attribute Mastery Probability

Student Total Score Mastery Profile SNP HNR UoM ADS SUS ASC MUD MOD
676 12 000 1100 O 0.000 0.000 0.000 0.994 0.975 0.000 0.013 0.001
1682 43 100 1111 0 0.953 0.110 0.303 1.000 0.998 0.997 0.987 0.157
2780 43 11111101 0.998 0.991 0.904 1.000 1.000 0.999 0.297 0.991
2838 43 100 11100 1.000 0.184 0.019 1.000 0.999 0.998 0.007 0.072
4458 52 11111101 1.000 0.999 0.987 0.998 1.000 1.000 0.173 0.996
4484 60 11111111 1.000 1.000 0.999 0.999 1.000 0.998 0.998 0.999

Note. SNP = Sequencing and Number Patterns; HNR = Dealing with Higher Number Range; UOM = Units of Measurement; ADS = Addition

Simple; SUS = Subtraction Simple; ASC = Addition Complex and Subtraction Complex; MUD = Multiplication/Division; MOD = Modeling.

of the latent class distributions across the two models pro-
vided further evidence for the use of the hierarchical model
because it significantly eliminated latent classes with zero or
very low probability and yielded a more parsimonious and in-
terpretable classification of students.

The seven most prevalent latent classes from the HDCM_A-
CDM characterized by students’ gender, immigration status,
and SES are illustrated in Appendix C. As shown, Class 1 (i.e.,
[000 0000 0]) consisted of 394 students with a larger number
of girls (56.6%), more native students (38.3%) from a middle
SES (37.8%). Class 256 (i.e., [111 1111 1]) was the largest
group, including 1,443 students, of whom 62.7% were boys
and 37.3% were girls. This class mostly involved students with
higher SES (51.7%) and native ones (61.6%). Overall, higher
mastery classes mostly comprised boys and native students
with higher SES. Boys were more prevalent in Classes 50 and
60, that is, a5 = [111 1111 0] and g = [111 1111 1], indi-
cating the mastery of more advanced attributes, while there
were more girls in mid-level mastery classes, that is, a;; =
[000 1100 0], @16 = [000 1110 0], and @17 = [100 1110 0].

Diagnostic Insights and Instructional Implications

The attribute prevalence at group level for the HDCM_A-CDM
is depicted in Figure 4. The ADS had the highest proportion of
students (92%) who have mastered the attribute, followed by
the SUS, SNP, and ASC, with mastery probabilities of about
86%, 64%, and 62%, respectively. This shows that about 84%
of students have mastered SUS, while approximately 64% and
62% have mastered SNP and ASC, respectively. However, the
UOM had the lowest proportion of students (34%) who have
mastered it. The MUD was the second most difficult attribute
(0.38%), followed by the HNR (42%) and MOD (49%).

DCMs can offer detailed inferences and personalized feed-
back with regard to each student’s mastery or non-mastery
of different attributes. Such information will inform teach-
ers about the strengths and weaknesses of students and allow
them to design more appropriate materials and activities to
improve instruction and dispel students’ deficiencies. Table 3
provides the attribute mastery patterns for six students with
different total scores, indicating their various mathematical
ability levels. For example, the attribute mastery pattern of
Student 676 (girl, middle SES, and second generation of im-
migration) shows that she has only mastered ADS and SUS, so
interventions should focus on improving her SNP, HNR, UOM,
ASC, MUD, and MOD. Similarly, Student 4458 (girl, high SES,
and native) only requires the improvement of MUD because
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she has mastered the other attributes. Additionally, the at-
tribute mastery patterns of Students 1682, 2780, and 2838
indicated that they have mastered different attributes, al-
though they shared the same total score. This represents the
students’ diverse range of strengths and weaknesses in their
mathematical ability, leading to different profiles with differ-
ent mastery statuses of the eight attributes.

Item Discrimination

The results of item discrimination indices for the HDCM_A-
CDM indicated that out of 135 items, 24 items had discrim-
ination values below 0.30, albeit most of them were close
to the cut-off value. The average discrimination was 0.467,
which was greater than the 0.3 benchmark, showing that the
items could generally differentiate between masters and non-
masters of the attributes. Due to space considerations, the re-
sults of item discrimination for the HDCM_A-CDM are avail-
able in Supplementary Material C.

Tetrachoric Correlations among the Attributes

Many attribute pairs generally showed moderate to strong
associations, while a few demonstrated weak relationships.
The correlation between SNP and HNR (r = 0.997), SNP and
UOM (r = 0.994), ADS and SUS (r = 0.998), ADS and ASC
(r=0.991), and SUS and ASC (r = 0.995) were almost per-
fect, indicating a strong dependency between the pair of at-
tributes, especially for adjacent attributes. In fact, students
who have mastered one of the attributes are more likely to
have mastered the other attribute as well. This strong depen-
dency likely occurs due to the proposed hierarchical struc-
ture. However, the low association between SUS and MOD (r
=10.430) aswell as UOM and SUS (» = 0.432) showed that the
mastery of SUS is not necessarily associated with the mastery
of MOD and UOM. The results of tetrachoric correlations are
available in Appendix D.

Discussion

This study aimed, first, to investigate whether a @-matrix di-
rectly derived from cognitive model-based item generation
can be effectively used for DCM analysis. Second, it investi-
gated whether incorporating theoretical assumptions about
attribute hierarchies into DCM can lead to the improvement
of diagnostic results. The study also examined whether re-
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FIGURE 4
Attribute Prevalence based on the HDCM_A-CDM
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sults obtained from DCMs can offer added value to the con-
ventional approaches. In this section, findings are discussed
as they relate to the three research questions that were used
to guide this study.

Can a @-Matrix Resulting from Theory-Based Item
Generation Be Effectively Applied in DCMs?

Overall, the results of the study provided empirical evidence
that cognitive models used for item generation can directly
inform a Q-matrix to be effectively used for cognitive diag-
nostic modeling. More specifically, this approach yields more
meaningful and interpretable latent classes for identifying
students’ mastery status of several attributes that maximizes
the practicality of @-matrices in large-scale standardized as-
sessments.

The comparison of the specific DCMs (i.e., DINA, DINO,
C-RUM, A-CDM, and RRUM) against the G-DINA at the test
level showed that additive models, especially the A-CDM and
RRUM, had the best performance regarding AIC and BIC, in-
dicating that their modeling structure could better reflect the
processing of mathematical ability and the overall pattern of
item responses. This finding converges with earlier studies
that found better performance of additive (or main effect)
models in analyzing mathematical exams, especially when a
mathematics test was not originally constructed for diagnos-
tic purposes but retrofitted by DCMs (Wu et al., 2020; Yam-
aguchi & Okada, 2018). The higher relative fit values for the
G-DINA also indicates that its complexity did not translate
into better test-level fit. Additionally, the DINA and DINO, as
the parsimonious models, had the poorest fit, suggesting that
these models are too restrictive to model item responses and
explain actual students’ knowledge status.

However, at the item level, the DINO model showed the
best performance regarding RMSD, bias-corrected RMSD,
MD, MAD, and mean RMSEA. It suggests that its simplicity al-
lows it to fit the observed responses for many items, although
it was less accurate in modeling the overall test. In fact, a
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simple model like DINO may reproduce item-level statistics
very well but not capture complex interactions across items,
leading to lower test-level fit.

The moderate value of the test-level and higher values
of attribute-level accuracy and consistency for the G-DINA
model further revealed the precision of the model in clas-
sifying students into different latent classes based on the
mastery/non-mastery of the attributes. This precision is im-
portant for ensuring that the resultant latent classes are
meaningful and accurately reflect the students’ true cognitive
profiles. A possible explanation for the moderate test-level ac-
curacy can be the structure of the dataset. There were eight
booklets, and students had to complete the first two booklets,
causing many missing values for the six remaining booklets.
The missing responses supposedly made gaps in attribute es-
timation, reducing the model’s capacity to fully reflect exam-
inees’ attribute mastery profiles. DCMs mostly rely on com-
plete response patterns to accurately classify examinees. The
classification accuracy of a model can decrease when a con-
siderable portion of the dataset contain missing values (Dai
& Svetina Valdivia, 2022).

Furthermore, the results of attribute mastery profiles
showed that the G-DINA model could effectively generate
different types of attribute mastery profiles, and students
were distributed across the latent classes. This indicates the
model’s high discriminant function. As argued by Lee and
Sawaki (2009), a DCM may classify most of the students into
profiles in which they have either mastered all attributes
or none at all, called flat mastery profiles ([00000000] and
[11111111]). It makes individual attribute scores redundant
and provides little additional information beyond a total pro-
ficiency score. This can happen when a DCM is applied to a
non-diagnostic, unidimensional test. In such cases, the util-
ity of profile scoring is questionable, especially in cognitive
domains where constructs are highly correlated. The lack of
flat mastery profiles in this study supports the discriminant
function of the diagnostic model and the effectiveness of the
theoretically based Q-matrix.

Educational Measurement: Issues and Practice



Does Incorporating Theoretical Assumptions about
Attribute Hierarchies Enhance the Performance of DCMs?

Overall, the results provide empirical evidence for support-
ing the hypothesis that incorporating theoretical assumptions
about attribute hierarchy into DCMs enhances the diagnos-
tic results by generating more meaningful, interpretable, and
accurate latent classes. The utility of the HDCM is more con-
sistent with the didactic theory of mathematical ability and
can better capture the developmental nature of the construct,
where the mastery of basic attributes is a prerequisite for the
mastery of more advanced attributes.

The model—data fit comparison between the G-DINA and
hierarchical DCMs at the test and item level showed the
best performance of the HDCM_A-CDM. Although the con-
ventional DCMs had lower relative fit statistics values, their
hierarchical counterparts, especially the HDCM_A-CDM and
HDCM_RRUM, showed smaller absolute fit values, except for
the HDCM_G-DINA. It indicates that hierarchical DCMs can
yield satisfactory model fit while reducing overfitting. The re-
sults of model-data fit at the item level also indicated that the
HDCM_A-CDM had the best overall fit among the rival mod-
els. This suggests that introducing a hierarchical structure
can enhance item-level fit, especially for additive models. The
better performance of the HDCM_A-CDM was further sup-
ported by a simulation-based likelihood ratio test, with con-
sistently better performance compared to the G-DINA model.

The results of classification accuracy and consistency at
test- and attribute-level further revealed that the HDCM_A-
CDM produced higher values compared to the G-DINA model,
especially at the test level. By taking attribute hierarchy into
account, this finding suggests that the test items could bet-
ter distinguish between students with different ability lev-
els. Higher values show the model’s improved ability to assign
students to correct mastery profiles. Additionally, the higher
classification accuracy and consistency of the HDCM_A-CDM
confirms the results of previous simulation studies that have
reported the increased classification accuracy when a hierar-
chical structure is used (Kwon et al., 2024; Tu et al., 2019).
[t also corroborates the importance of “restricting the la-
tent class structure within the permissible attribute profile
spaces” (Tu et al., 2019, p. 269).

Moreover, unlike the G-DINA model which generated scat-
tered latent classes, the students were assigned to more co-
herent and meaningful classes in the HDCM_A-CDM, that
can represent real world differences in mathematical abil-
ity. For instance, as indicated in Figure 3b, classes ai; =
[000 1100 0] and a1 = [000 1110 0] showed attribute mas-
tery patterns that agree with developmental and didactic the-
ories of mathematical ability regarding the development of
cognitive abilities across time. Such latent classes provide a
more detailed and feasible understanding of students’ perfor-
mance.

The attribute mastery rates derived from the HDCM_A-
CDM were consistent with the developmental nature of the
mathematical ability. The attribute prevalence showed that
a large proportion of students have mastered ADS and SUS,
whereas UOM and MUD had lower mastery rates. This finding
is in line with expectations for third-grade students, whose
cognitive development usually advances from simpler to more
complicated mathematical abilities. It also converges with
studies that reported the continuous role of math fluency
throughout primary school, with ability differing across dif-
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ferent arithmetic operations; addition and subtraction are
mostly mastered earlier, whereas multiplication and division
as well as the concept of measurement units require more
time and practice to attain fluency (Gliksman et al., 2022).
This finding is also in agreement with Piaget’s theory of mem-
ory (Piaget & Inhelder, 1968/1973). According to this theory,
subtraction is more difficult than addition because students
deduce differences from their knowledge of sums rather than
being stored and retrieved. This reflects a characteristic of
early childhood where positive aspect of actions, perception,
and cognition precedes negative aspects (Piaget, 1974/1980).

Additionally, mathematics tests are mostly developed
based on a hierarchical framework to reflect the develop-
mental nature of the construct. Therefore, when items are
written based on a hierarchical structure, the conventional
non-hierarchical DCMs are more likely to generate inac-
curate latent classes. As Tu et al. (2019) argued, conven-
tional non-hierarchical DCMs assume that all attribute pro-
files are present in a population that may induce many equiv-
alence classes with similar response patterns. This could
lead to misclassification of attribute profiles due to the non-
identifiability problem. However, in this study, the attribute
prevalence patterns support the theoretical soundness of the
Q-matrix and the hierarchical structure that resulted in gen-
erating more sensible diagnostic classifications.

The item discrimination analysis from the HDCM_A-CDM
provided further evidence for the validity of the diagnostic
model, hierarchical structure, and the Q-matrix. Except for
24 items, the test showed acceptable discrimination, indicat-
ing that most items effectively distinguished students who
had mastered the attributes from those who had not, espe-
cially between basic and more advanced mathematical skills.
In addition, tetrachoric correlations from the HDCM_A-
CDM supported the plausibility of the @-matrix and its hi-
erarchical structure, although some very high correlations
likely reflected hierarchical constraints that encouraged co-
occurring mastery patterns. Additionally, for attributes ar-
ranged in a chain (e.g., ADS — SUS — ASC and ADS — SUS
— MUD), this hierarchy may have forced them to behave like
nearly the same latent construct, leading to higher correla-
tions. More importantly, the patterns of correlations showed a
strong association between attributes within the same strand
but moderate associations across them. The presence of mod-
erate correlations between some attributes, such as the HNR
and ADS (r = 0.609), suggests that the @-matrix could accu-
rately differentiate between different domains of mathemat-
ical ability.

Are Results from DCMs in Line With Traditional Types of
Analyses and Do They Offer Added Value?

What is notable is that a distinction should be made be-
tween ability parameters of IRT models and the dimension-
ality of the DCMs attribute because they may be interpreted
in different ways. A common belief in the use of IRT models
is that a test is considered unidimensional if its items only
measure one construct at a time. However, in reality, uni-
dimensional ability of IRT models can involve several abili-
ties, skills, knowledge, and strategies that are relevant to the
test (Yamaguchi & Okada, 2018). As argued by Bejar (1983),
unidimensionality does not mean that performance on items
is affected by a single psychological process. Rather, various

15 of 26
Practice published by Wiley Periodicals LLC on behalf of
National Council on Measurement in Education.



psychological processes are involved in responding to items.
“As long as they are involved in unison, that is, performance
on each item is affected by the same process and in the
same form, unidimensionality will hold” (p. 31). Therefore,
the construct represented by the ability parameter of IRT
models, usually defined broadly, may consist of several com-
ponents (Yamaguchi & Okada, 2018). By contrast, in DCMs,
constructs are narrowly defined, as categorical latent vari-
ables, by breaking down learning concepts into smaller units
or “learning quanta” (Fischer, 1973) for optimal teaching and
learning. Due to such structural differences among the two
frameworks, it is not appropriate to compare the models. Ya-
maguchi and Okada (2018) argue that although IRT models
are not able to fully reflect examinees’ actual test-taking be-
havior, they are more suitable for linking or equating items to
create a common scale. On the contrary, DCMs have the po-
tential to more thoroughly capture examinees’ cognitive abili-
ties. For that reason, DCMs can complement the results of tra-
ditional psychometric models (i.e., CTT and IRT) by provid-
ing additional diagnostic insight. Unidimensional IRT models
can be used to order examinees on a single latent trait contin-
uum in large-scale standardized tests to make different de-
cisions about examinees, and DCMs can be used to explain
examinees’ cognitive process of problem solving and provide
diagnostic information.

Furthermore, at an individual level, the case analysis of
six students’ attribute mastery profiles (Table 3) clearly in-
dicated that students with the same total score do not neces-
sarily have the same attribute profiles. Rather, there are dif-
ferent attribute profiles reflecting the various strengths and
weaknesses of students in mathematical ability. This suggests
that although total scores from traditional models can be used
to provide an overall measure of ability, DCMs detect mean-
ingful within-score differences, that are typically ignored by
traditional models.

Finally, the study showed an association between latent
class membership and several demographic variables, includ-
ing gender, SES, and immigration status. This finding im-
plies that these variables affect the distribution of examinees
across the latent classes. Higher mastery attribute profiles
mostly involved male examinees with higher SES and native
students, whereas lower and intermediate mastery profiles
mainly comprised female examinees with low-to-middle SES
and non-native students. This finding is consistent with pre-
vious studies highlighting the role of large individual differ-
ences in mathematical ability (e.g., Haataja et al., 2024), es-
pecially with Sonnleitner et al. (2026) who found almost the
same pattern using the DCM.

More specifically, the analysis of the association between
gender and class membership revealed that male examinees
were more dominant in classes with the mastery of more
advanced attributes, whereas female examinees were more
prevalent in the intermediate classes. This indicates the ef-
fect of gender on the assignment of students to different at-
tribute mastery profiles. This finding is consistent with stud-
iesreporting the presence of gender differences between boys
and girls at the elementary level (e.g., Jordan et al., 2006;
Winkelmann et al., 2008), albeit the reported differences
were not high. Studies have also reported gender differences
in math performance based on task type. Males generally tend
to perform better on mathematical problem solving, math
fact retrieval, and items involving tables, while females excel
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on basic arithmetic, calculus operations, and items involving
symbols (O’Neill & McPeek, 1993; Royer et al., 1999).

Furthermore, research has indicated that students from
lower SES backgrounds have, on average, lower mathemati-
cal ability than students from higher SES backgrounds (Sirin,
2005). Parents with higher SES tend to be more engaged in
their children’s schooling, and this involvement significantly
influences students’ mathematics performance, especially in
countries with competitive school systems (Niehues et al.,
2020). Moreover, the association between attribute mastery
profiles and immigration status highlights the importance
of considering the differential performance between native
and immigrant students. The profile patterns of this study
showed that native students exhibited a better performance
than their immigrant counterparts, with the mastery of more
advanced attributes in higher latent classes. Previous studies
have identified several interrelated factors associated with
the underachievement of immigrant students, including SES
(Giannelli & Rapallini, 2016), parental ethnicity (Kim et al.,
2020), language barriers (Toppelberg & Collins, 2010), higher
immigrant concentration in schools (Cortes, 2006), educa-
tional institutions (Schneeweis, 2011), and the age at which
students arrive in the country of immigration (Bohlmark,
2008). Therefore, these factors might have affected the per-
formance of immigrant students and their distribution across
the latent classes. It is highly recommended for future stud-
ies to include more factors for characterizing latent classes.
However, the number of immigrant students in several latent
classes with the mastery of more advanced attributes is no-
tably lower. One possible explanation may be that the barri-
ers to learning mathematics in the country of immigration are
lower than those for learning language-dependent subjects.
As argued by Giannelli and Rapallini (2016), math is a more
portable skill, so immigrant students, especially those from
countries with high math rankings, may have an advantage
over natives. This advantage could be explained by the fam-
ily influence for second-generation immigrants or by school-
ing in the country of origin and family influence for first-
generation immigrants. Parental influence, especially from
highly performing countries in math, can further increase this
advantage.

Conclusion

This study has implications for research and practice. The
findings of the study highlight the value of cognitive model-
based item development for enhancing DCM applications
within large-scale assessments. This practice ensures that
items are inextricably linked to the underlying cognitive pro-
cesses or attributes the test is supposed to measure, caus-
ing more accurate diagnosis of examinees’ strengths and
weaknesses and better-informed instructional decisions. The
study also offers a framework for considering hierarchical re-
lationships among cognitive skills—especially mathematical
ability—into future research. Moreover, hierarchical DCMs
help researchers and test developers to adjust tests with in-
structional objectives and learning standards, inducing more
accurate tracking of students’ development. They can further
provide a more plausible interpretation of test scores and dis-
tinguish between students with different proficiency levels;
students who have mastered basic attributes from those who
are struggling with them.
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A notable limitation of the study is that although the items
were constructed based on a cognitive model, DCMs were ap-
plied to a non-diagnostic test. Future studies can focus on de-
veloping a truly diagnostic mathematics test specifically de-
signed for DCMs using cognitive frameworks such as the cog-
nitive design system (CDS; Embretson, 1998), the assessment
triangle (Pellegrino et al., 2001), and the evidence-centered
design (ECD; Mislevy, 1994).

The main objective of formative assessment is to recur-
rently assess students’ performance and monitor their change
in a course of instruction as a result of diagnostic feedback
and instruction. It allows all the stakeholders to be account-
able for identifying the nature and source of problems and
adopting some strategies and approaches to solve these de-
ficiencies. Diagnozing students’ weaknesses and resolving
them is the ultimate goal of assessment. Therefore, DCMs
would be more effective when they are utilized to track the
strengths and weaknesses of students over time, rather than
being restricted to one-shot assessments. Thanks to the re-
cent development of DCMs, researchers can utilize longitudi-
nal DCMs to measure changes in attribute mastery status over
a period of time (Madison & Bradshaw, 2018; Ravand et al.,
2025).

Another intriguing direction for future research is the de-
velopment and application of cognitive diagnostic computer-
ized adaptive testing (CD-CAT) to large-scale standardized
assessments. Such models have several advantages (Sorrel
et al., 2020): (1) they achieve a more efficient assessment
through a carefully designed item bank, (2) theyincrease test
security by using different subsets of items and reducing the
probability of item compromise, and (8) they can increase
motivation of examinees by administrating items that match
their ability level, reducing the test-taking time, and avoiding
items that are too easy or too difficult for examinees.

Finally, future studies could also explore the external valid-
ity of applying DCMs to mathematical assessments by inves-
tigating the extent to which the examinee profiles produced
by DCMs match with teachers’ perception of their students’
mathematical abilities.
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Appendix A.

Summanry of Studies on the Application of DCMs to Large-Scale Mathematics Assessments

Study

Test

Attributes Models Used

Software Used

Lee et al. 2011)

Su et al. (2013)

Choi et al. (2015)

Kunina-Habenicht

etal. (2017)

Yamaguchi and
Okada (2018)

TIMSS (4th grade)

TIMSS 2003 (8th
grade)

TIMSS 2003 (8th
grade)

German national
large-scale
assessment (4th
grade)

TIMSS (4th grade)

Whole numbers, fractions and DINA
decimals, number sentences with
whole numbers, patterns and
relationship, lines and angles, two-
and three-dimensional shapes,
location and movement, reading
and interpreting, and organization
and representing

Ratios and rates, multi-digit
computation, rational numbers,
algebraic expressions, equations
and inequalities, proportional
relationships, fraction operations,
problem solving, fraction
comparison, and compare two
fractions

Understand numbers and their DINA
representations, know number
relationships and systems,
understand the meaning and
relationships of operations,
compute fluently and estimate
effectively, understand patterns,
relations, and functions, represent
and analyze math using algebraic
symbols, use mathematical models
to analyze relationships, analyze
geometric shapes and properties,
use coordinate geometry and
transformations, apply spatial
reasoning and geometric
modeling, understand measurable
attributes and units, apply
techniques and tools for
measurement, and understand
basic probability concepts

Addition, subtraction, multiplication, LCDM,
division, modeling skills, skills in
using measurement units

DINA-H
DINO-H

IRT
Whole numbers, fractions and

decimals, number sentences with LLM, RRUM,
whole numbers, patterns and G-DINA 2PL IRT,
relationship, lines and angles, two-  and 3PL IRT

and three-dimensional shapes,

Unidimensional and
multidimensional

DINA, DINO, A-CDM,

Ox (Doornik, 2007)

CDM R-package

(Robitzsch et al.,
2011)

Ox (Doornik, 2007)

Mplus (Muthén &

Muthén,
1998-2017).

CDM (Robitzsch

etal., 2017),
GDINA (Ma et al.,
2017), and TAM
(Robitzsch et al.,
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location and movement, reading 2018-2025)
and interpreting, and organization R-packages
and representing
Continued
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Study Test Attributes Models Used Software Used
Terzi and Sen TIMSS 2011 (8th Understands fraction equivalence G-DINA, DINA, Ox (Doornik, 2007)
(2019) grade) and ordering; understands DINO, and A-CDM

Wau et al. (2020) PISA

Delafontaine et al.  TIMSS 2011 (8th
(2022) grade)

Sun et al. (2023) TIMSS 2015 (4th
grade)

decimals; understands ratios and
percents; uses arithmetic and
algebraic expressions to solve
problems; solves one-variable
equations and inequalities; solves
linear equations and systems of
linear equations; uses
whole-number operations and
identifies arithmetic patterns;
draws and describes geometric
figures and their relationships;
solves problems involving angles,
area, surface area, and volume;
understands congruence and
similarity using models or
software; understands perimeter
and area and relates area to
operations; represents and
interprets data; compares two
populations; analyzes chance and
develops probability models.

Change and relationships, space and
shape, quantity, uncertainty and
data, mathematization,
mathematical operation,
mathematical reality, personal,
occupational, societal, and
scientific

Whole numbers and integers;
fractions, decimals and
proportions; patterns; expressions,
equations and functions; lines,
angles and shapes; measurement;
location and movement; data
organization, representation and
interpretation; probability

Recall, recognize, classify, order,
compute, retrieve, measure,
determine, represent/model,
implement, analyze,
integrate/synthesize, evaluate,
draw conclusions, generalize,
justify

DINA, DINO, RRUM,
A-CDM, LLM,
LCDM, G-DINA,
and mixture models

G-DINA and DINA

Interpretive structural
modeling (ISM)

GDINA R-package
(Ma et al., 2020)

GDINA (Ma et al.,
2020) and NPCD
(Zheng et al.,
2019) R-packages

MATLAB (2022)

Xu et al. (2023) TIMSS (4th grade) Recall/recognize, classify/order, DINA GDINA R-package
compute/measure, retrieve/solve (Ma et al., 2022)
routine problems,
represent/model,
analyze/integrate, generalize/
justify

Zhu (2023) TIMSS (4th grade) Whole numbers, expressions, simple GDM GDINA R-package
equations, and relationships, (Ma et al., 2022)
fractions and decimals,
measurement, geometry, reading,
interpreting, and representing,
using data to solve problems,
knowing, applying, and reasoning.

Continued

Summer 2026 © 2026 The Author(s). Educational Measurement: Issues and 23 of 26

Practice published by Wiley Periodicals LLC on behalf of
National Council on Measurement in Education.



Study Test Attributes Models Used Software Used

Saso et al. (2024,  Japanese standardized Processing mathematical terms, G-DINA, pG-DINA, Julia programming
Preprint) achievement test understanding the meanings and and AHM language
(8th grade) concrete examples of (Bezanson et al.,
mathematical terms, formulation 2017)

and application of equations and
formulas, understanding the
meanings of procedures and
equations, and calculation skills

Zhangetal. (2025) PISA Mathematical abstraction, logical DINA, DINO, RRUM, CDM R-package
reasoning, mathematical A-CDM, LCDM, (Robitzsch et al.,
modeling, intuitive imagination, LLM and Mixed 2024)
mathematical operation, and data Model
analysis.
Sonnleitner etal.  Luxembourgish school counting, addition <10, addition A-CDM, Single-and ~ CDM R-package
(2026) monitoring program >10, decomposition multiple-attribute (Robitzsch et al.,
(1st grade) hierarchical model 2024)

(SAHM and MAHM)

Appendix B.
Model-Data Fit Indices at Item Level for (Nown )Hierarchical DCMs

RMSD RMSD (Bias-Corrected) MD MAD Mean of
RMSEA
Models M SD Min Max M SD Min Max M SD Min Max M SD Min Max
Conventional  G-DINA 0.085 0.040 0.028 0.281 0.084 0.039 0.027 0.281 —0.005 0.018 -0.193 0.011 0.058 0.033 0.015 0.199 0.120
DCMs A-CDM 0.082 0.038 0.026 0.201 0.082 0.038 0.025 0.200 —0.001 0.002 -0.013 0.005 0.056 0.033 0.015 0.167 0.117
C-RUM 0.082 0.039 0.025 0.205 0.081 0.039 0.024 0.204 —0.001 0.004 -0.014 0.025 0.056 0.034 0.015 0.171 0.117
RRUM 0.083 0.039 0.025 0202 0.082 0039 0.024 0.201 ~0.001 0.004 —0.014 0.030 0.056 0.034 0.016 0.169 0.117
DINA 0.085 0.043 0.023 0.204 0.084 0.043 0.022 0.203 —0.002 0.006 -0.057 0.007 0.058 0.040 0.011 0.184 0.121
DINO 0.078 0.037 0.022 0.166 0.077 0.037 0.022 0.165 —0.001 0.003 -0.012 0.012 0.054 0.030 0.008 0.128 0.111
Hierarchical HDCM_G-DINA 0.122 0.066 0.000 0.640 0.121 0.066 0.000 0.640 —0.042 0.065 -0.542 0.110 0.090 0.056 0.000 0.554 0.173
DCMs HDCM_A-CDM 0.065 0.034 0.018 0.176 0.064 0.034 0.016 0.175 —0.001 0.002 -0.011 0.006 0.047 0.028 0.011 0.149 0.092
HDCM_C-RUM 0.067 0.037 0.020 0.179 0.066 0.037 0.020 0.178 0.001 0.006 —0.008 0.037 0.049 0.032 0.012 0.152 0.096
HDCM_RRUM 0.068 0.036 0.020 0.181 0.066 0.036 0.019 0.180 0.002 0.011 —0.009 0.090 0.049 0.031 0.013 0.155 0.096
HDCM_DINA 0.070 0.034 0.010 0.175 0.069 0.035 0.009 0.173 —0.001 0.002 -0.008 0.007 0.050 0.029 0.007 0.149 0.099
HDCM_DINO 0.065 0.035 0.010 0.171 0.064 0.035 0.009 0.170 —0.001 0.003 -0.011T 0.009 0.047 0.028 0.003 0.139 0.093

Note. Values are based on one group.
RMSD = Root Mean Square Deviation; MD = Mean Deviation; MAD = Mean Absolute Deviation; RMSEA = Root Mean Square Error of
Approximation; M = Mean; SD = Standard Deviation; Min = Minimum; Max = Maximum.
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Appendix C.
Characteristics of the Seven Most Prevalent Latent Classes of the HDCM_A-CDM

Gender
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Socio-Economic Status (SES)
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Appendix D.
Tetrachoric Correlations among Mathematics Attributes from the HDCM_A-CDM

Model SNP HNR UOM ADS SUS ASC MUD MOD
HDCM_ SNP 1
A-CDM HNR 0.997 1

uoM 0.994 0.851 1

ADS 0.654 0.609 0.442 1

SuUsS 0.634 0.597 0.432 0.998 1

ASC 0.689 0.651 0.653 0.991 0.995 1

MUD 0.835 0.753 0.875 0.977 0.982 0.691 1

MOD 0.948 0.857 0.934 0.449 0.430 0.440 0.841 1

Note. SNP = Sequencing and Number Patterns; HNR = Dealing with Higher Number Range; UOM = Units of Measurement; ADS = Addition
Simple; SUS = Subtraction Simple; ASC = Addition Complex and Subtraction Complex; MUD = Multiplication/Division; MOD = Modeling.
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