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ABSTRACT

Sensing and communication systems commonly employ quadrature
demodulation for signal down-conversion to baseband, using two
orthogonal sinusoidal signals—an approach well-suited for sys-
tems equipped with high-resolution Analog-to-Digital Converters
(ADCs). However, the performance of this approach is compro-
mised when constrained to one-bit resolution ADCs. Motivated by
this fact, in this paper, we explore the problem of one-bit DoA es-
timation, where the received signal is deliberately overdemodulated
using multiple offset sinusoidal signals in the coherent analog down
conversion before being processed by a one-bit ADC. Through nu-
merical analysis, we reveal that the overdemodulation technique
substantially enhances the accuracy of one-bit DoA estimation.

Index Terms— One-bit quantization, sparse linear arrays, di-
rection of arrival (DoA) estimation, Overdemodulation.

1. INTRODUCTION
The problem of Direction of Arrival (DoA) estimation is of central
importance in the field of array processing, and finds applications in
radar, sonar, and wireless communications [1, 2]. While Uniform
Linear Arrays (ULAs) are extensively studied for DoA estimation
[3, 4], they require extensive hardware and receiver resources [4].
Sparse Linear Arrays (SLAs) have emerged as a solution, offering
high resolution performance with more limited hardware resources
[5, 6].

Various methods for DoA estimation via SLAs exist in the lit-
erature, broadly classified into Sparsity-Based Methods (SBMs) and
Augmented Covariance-Based Methods (ACBMs) [7–13]. SBMs
estimate DoAs by imposing sparsity constraints on source profiles
and exploiting the compressive sensing recovery techniques [7–9].
On the other hand, in ACBMs, DoAs are estimated by applying
conventional subspace methods such as MUSIC, ESPRIT on an
Augmented Sample Covariance Matrix (ASCM) developed from
the original sample covariance matrix by exploiting the difference
co-array structure [10–13].

The aforementioned techniques for DoA estimation assume
high-resolution Analog-to-Digital Converters (ADCs) for digital
representation of analog array measurements, neglecting quantiza-
tion errors. However, the use of high resolution ADCs is impractical
in many modern applications due to limitations on power consump-
tion and production cost. As a viable solution in such cases, deploy-
ment of low-resolution ADCs with a high sampling rate has been
proposed in the literature [14–18]. Particularly, use of one-bit ADCs
has received the most attention since they allow for sampling at an
extremely high rate with a low cost and low power consumption.
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The problem of DoA estimation from one-bit data has recently
attracted significant interest in the literature [19–26]. While it has
been demonstrated that one-bit quantization leads to a moderate per-
formance loss compared to high-resolution quantization, existing
approaches typically rely on classic quadrature demodulation em-
ploying in-phase and quadrature-phase channels. However, classic
quadrature demodulation, although optimal and incurring no infor-
mation loss for receivers equipped with infinite-bit ADCs, is subop-
timal from a statistical inference perspective when dealing with one-
bit data [27]. On the other hand, the utilization of overmodulation,
entailing the deployment of more than two modulation channels,
is deemed closer to optimal for systems with one-bit ADCs [28].
Specifically, overdemodulation has been shown to enhance the per-
formance of communication systems utilizing one-bit ADCs in terms
of channel estimation and achievable rates [28]. This paper explores
the use of overdemodulated data for DoA estimation from one-bit
signals, with the objective of partially alleviating the information
loss inherent in one-bit ADC systems. We propose an approach for
DoA estimation from one-bit overdemodulated signals, demonstrat-
ing substantial enhancement in DoA estimation performance.

Notation: Vectors and matrices are referred to by lower- and
upper-case bold-face, respectively. The superscripts T and H de-
note the transpose and Hermitian operations, respectively. [A]i,j
and [a]i indicate the (i, j)th and ith entry of A and a, respectively.
Â and â denote the estimate of A and a, respectively. diag(a) and
diag(A) are a diagonal matrices whose diagonal entries are equal to
the elements of a and diagonal elements of A, respectively. IM de-
notes the M ×M identity matrix. sgn(x) denotes the sign function
with sgn(x) = 1 for x ≥ 0 and sgn(x) = −1 otherwise. The real
and image part of a are denoted by ℜ{a} and ℑ{a}, respectively.
E{.} stands for the statistical expectation. ⊗ is Kronecker products.
vec (A) = [aT

1 ,a
T
2 , · · · ,aT

n ]
T denotes the vectorization operation.

A† is the pseudoinverse of the full column rank matrix A.

2. SYSTEM MODEL
Consider a SLA consisting of M elements located at positions(︁
m1

λ
2
, m2

λ
2
, · · · ,mM

λ
2

)︁
with mi ∈ M, as depicted in Fig. 1.
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Fig. 1: Geometry of an SLA with M = 6 elements: (a) physical
array; (b) difference co-array.



Here, M represents a set of integers with cardinality M , and λ de-
notes the wavelength of the incoming signals. K narrowband signals
with distinct DoAs θ = [θ1, θ2, · · · , θK ]T are assumed to impinge
on the SLA from far field. Let r(t) ∈ RM×1 denote the vector
of received passband signals at the time instant t, generated after
amplification and filtering in the Radio Frequency (RF). Further, let
r(t) = ℜ{y(t)ej2πft} where f denotes the carrier frequency of the
incoming signals and y(t) corresponds to the quadrature baseband
representation of received signal at the time instant t, modeled as

y(t) = A(θ)s(t) + n(t) ∈ CM×1, t = 1, · · · , N, (1)

where s(t) ∈ CK×1 denotes the vector of source signals, n(t) ∈
CM×1 is additive noise, and A(θ) = [a (θ1) ,a (θ2) , · · ·a (θK)] ∈
CM×K represents the SLA steering matrix with

a(θi) =
[︁
ejπ sin θim1 ejπ sin θim2 · · · ejπ sin θimM

]︁T
, (2)

being the SLA manifold vector for the ith signal. The following
assumptions are made on source signals and noise:

A1 n(t) follows a zero-mean circular complex Gaussian distri-
bution with the covariance matrix E{n(t)nH(t)}=σ2IM

A2 The source signal vector is modeled as a zero-mean circu-
lar complex Gaussian random vector with covariance matrix
E{s(t)sH(t)} = diag(p) where p = [p1, p2, · · · , pK ]T ∈
RK×1

>0 (i. e., pl > 0, ∀l), representing uncorrelated source
signals.

A3 Source and noise vectors are mutually independent.

A4 There is no temporal correlation between the snapshots, i.e.,
E{n(t1)nH(t2)} = E{s(t1)sH(t2)} = 0 when t1 ̸= t2 and
0 is an all zero matrix of appropriate dimensions.

A5 An exact knowledge of the number of sources is available.

Unlike a standard demodulator that obtains y(t) from r(t) using
a single complex demodulator, an overdemodulation is considered
herein. For the mth antenna in the array, this methodology is illus-
trated in Fig. 2. Herein, instead of demodulation by in-phase and
quadrature-phase carrier signals, the incoming signal is processed
by a bank of demodulators. In particular, this bank multiplies the
passband measurements at each array element separately with L si-
nusoidal signals, defined as cos(2ft + (l−1)π

L
) for l = 1, · · · , L,

where L > 2. It is important to note that this approach reduces to
classic quadrature demodulation when L = 2. The resulting signal

at each of L channels is low-pass filtered to produce the baseband
overdemodulated signal zm(t) ∈ RL×1, given by

[zm(t)]l =

ℜ{[y(t)]m} cos( (l − 1)π

L
) + ℑ{[y(t)]m} sin( (l − 1)π

L
). (3)

Here it is assumed that each component of the baseband overdemod-
ulated signal zm(t) is connected to a one-bit ADC which directly
converts zm(t) into binary data by comparing each of its compo-
nents individually with zero. In such a case, the one-bit measure-
ments at the lth channel of the mth array element are obtained as

[xm(t)]l =Q([zm(t)]l) = sgn ([zm(t)]l) . (4)

The problem under consideration is the estimation of source DoAs
using the one-bit quantized measurements, i.e., X = [x(1),x(2),
· · · ,x(N − 1)] ∈ {−1, 1}ML×N , where x(t) = [xT

1 (t),x
T
2 (t),

· · · ,xT
M (t)]T ∈ {−1, 1}ML×1.

3. DOA ESTIMATION WITH ONE-BIT
OVERDEMODULATED DATA

In this section, we introduce a method for estimating DoAs using
one-bit overdemodulated measurements. We start by establishing a
relation between the covariance matrix of the one-bit overdemodu-
lated measurements, i.e., X, and the quadrature baseband signals,
represented by Y = [Y(1),Y(2), · · · ,Y(N − 1)] ∈ CM×N . This
relationship allows us to derive a consistent estimate of the covari-
ance matrix of Y from the one-bit overdemodulated measurements.
Finally, we apply Co-Array-Based MUSIC (CAB-MUSIC) [11, 25,
29] to the resulting covariance matrix estimate to obtain DoA esti-
mates.

It follows from the arcsin law that [25],

Rx = E{x(t)xT (t)} =
2

π
arcsin(Rz), (5)

where Rz denotes the normalized covariance matrix of z(t) =
[zT1 (t), z

T
2 (t), · · · , zTM (t)]T ∈ RML×1, defined as

Rz = diag(Rz)
−1/2Rzdiag(Rz)

−1/2. (6)

From (3), we have

z(t) = G

[︃
ℜ{y(t)}
ℑ{y(t)}

]︃
, (7)

RF Filter RF Amplifier

The m-th receive antenna

[r(t)]m

[zm(t)]1 [xm(t)]1
LP Filter Q(.)

cos(2πft)

[zm(t)]2 [xm(t)]2
LP Filter Q(.)

cos(2πft+ π
L
)

[zm(t)]L [xm(t)]L
LP Filter Q(.)

cos(2πft+ (L−1)π
L

)

Fig. 2: The receiver architecture with overdemodulation and one-bit quantization at the m-th array element.



where

G =
[︁
IM ⊗ v IM ⊗ u

]︁
,∈ [−1, 1]ML×2M , (8)

with v = [0, cos( π
L
), · · · , cos( (l−1)π

L
), · · · , cos( (L−1)π

L
)]T ∈

[−1, 1]L×1 and u=[0, sin( π
L
),· · · , sin( (l−1)π

L
),· · · , sin( (L−1)π

L
)]T

∈ [−1, 1]L×1. From (7), the covariance matrix of z(t) is obtained
as

Rz =
1

2
G

[︃
ℜ{Ry} −ℑ{Ry}
ℑ{Ry} ℜ{Ry}

]︃
GT , (9)

where Ry denotes the covariance matrix of y(t). Under assump-
tions A1 - A4, Ry is expressed as

Ry = A(θ)diag(p)AH(θ) + σ2IM ∈ CM×M. (10)

Lemma 1. The matrices diag(Rz) is a scaled identity matrix, given
by diag(Rz) = (

∑︁K
k=1 pk + σ2)IML.

Proof. For 1 ≤ m ≤ M and 1 ≤ l ≤ L, the ((m − 1)L + l)th

diagonal element of Rz is obtained as

[Rz](m−1)L+l,(m−1)L+l=
1

2
gT
(m−1)L+l

[︃
ℜ{Ry} −ℑ{Ry}
ℑ{Ry} ℜ{Ry}

]︃
× g(m−1)L+l, (11)

where g(m−1)L+l] ∈ [−1, 1]2M×1 is the transpose of the ((m −
1)L + l)th row of G. From the definition of G in (8), it is readily
observed that

g(m−1)L+l =
[︁
em cos( (L−1)π

L
) em sin( (L−1)π

L
)
]︁
, (12)

where em is the mth column of IM . Substituting (12) into (11) and
using (10) yields

[Rz](m−1)L+l,(m−1)L+l=
1

2
eT
mℜ{Ry}em=

1

2
(

K∑︂
k=1

pk+σ2) (13)

Making use of Lemma 1, (9) and (6), we obtain

1

2
G

[︃
ℜ{Ry} −ℑ{Ry}
ℑ{Ry} ℜ{Ry}

]︃
GT = sin(

π

2
Rx), (14)

where Ry=
R

σ2+
∑︁K

k=1
pk

=A(θ)diag(p)AH(θ)+(1−
∑︁K

k=1 pk)IM ,

with p = [p1, p2, · · · , pK ]T and pk = pk
σ2+

∑︁K
k=1

pk
.

Lemma 2. The matrices G is a semi-orthogonal matrix, i.e.,
GTG = L

2
I2M .

Proof. Considering (8), we have

GTG =

[︃
∥v∥2IM vTuIM
vTuIM ∥u∥2IM .

]︃
(15)

It follows from the definition of v and u that

∥v∥2=
L∑︂

l=1

cos2(
(l−1)π

L
)=

1

2

L∑︂
l=1

[1 + cos(
2(l−1)π

L
)]=

L

2
, (16)

∥u∥2=
L∑︂

l=1

sin2(
(l−1)π

L
)=

1

2

L∑︂
l=1

[1− cos(
2(l−1)π

L
)]=

L

2
, (17)

vTu =

L∑︂
l=1

cos(
(l − 1)π

L
) sin(

(l − 1)π

L
)

=
1

2

L∑︂
l=1

sin(
2(l − 1)π

L
) = 0. (18)

Substituting (16), (17) and (18) into (15) completes the proof.

It follow from Lemma 2, (14) and some straightforward alge-
braic manipulation that

Ry =
4

L2

(︃[︁
IM ⊗ vT ]︁ sin(π

2
Rx)

[︁
IM ⊗ v

]︁
+

[︁
IM ⊗ uT ]︁ sin(π

2
Rx)

[︁
IM ⊗ u

]︁)︃
+

4j

L2

(︃[︁
IM ⊗ uT ]︁ sin(π

2
Rx)

[︁
IM ⊗ v

]︁
−

[︁
IM ⊗ vT ]︁ sin(π

2
Rx)

[︁
IM ⊗ u

]︁)︃
. (19)

It is deduced from the strong law of large numbers [30, ch. 8] that
the sample covariance matrix of one-bit data provides a consistent
estimate of Rx with probability 1, i.e., Pr

(︂
limN→∞ ˆ︁Rx = Rx

)︂
=

1, where ˆ︁Rx = 1
N
XXH . Accordingly, a consistent estimate of Ry

is obtained by replacing Rx with ˆ︁Rx in the expression for Ry, given
in (19). Therefore, the normalized ASCM can be constructed fromˆ︁Ry as [23]

ˆ︁Rv =
[︁
TvJ

†ˆ︁ry Tv−1J
†ˆ︁ry · · · T1J

†ˆ︁ry]︁ ∈ Cv×v, (20)

where ˆ︁ry = vec(ˆ︁Ry) and the matrices Ti ∈ {0, 1}v×(2D−1) and
J ∈ {0, 1}M

2×(2D−1) are defined as follows [25]

Ti =
[︁
0v×(i+D−v−1) Iv 0v×(D−i)

]︁
, (21)

J =
[︁
vec(LT

D−1) · · · vec(L0) · · · vec(LD−1)
]︁
, (22)

with [Ln]p,q =

{︃
1, if mp −mq = ℓn,
0, otherwise, with 1 ≤ p, q ≤ M and

0 ≤ n ≤ D − 1. Here D and v refer to the number of non-negative
elements in the difference co-array of the SLA and its contiguous
ULA segment, respectively (See Fig. 1). It follows from the consis-
tency of ˆ︁r that

lim
N→∞

ˆ︁Rv =
[︁
TvJ

†r Tv−1J
†r · · · T1J

†r
]︁
∈ Cv×v

= Av(θ)diag(p)A
H
v (θ) + (1−

K∑︂
k=1

pk)Iv, (23)

where Av(θ) = [av (θ1) ,av (θ2) , · · · ,av (θK)] ∈ Cv×K denotes
the steering matrix of a contiguous ULA with v elements located
at (0, λ

2
, · · · , (v − 1)λ

2
).Hence, the DoA estimates can be obtained

by applying MUSIC to ˆ︁Rv . Algorithm 1 summarizes the proposed
method for DoA estimation with one-bit Overdemodulated data.

4. SIMULATION RESULTS

In this section, we provide some numerical results to assess the per-
formance of the proposed approach for DoA estimation from one-
bit overdemodulated data. In all simulation results, each simulated
point has been computed by 1000 Monte Carlo repetitions. In ad-
dition, it is assumed that the K independent sources are located
at {−60° + 120°k/(K − 1) : k = 1, · · · ,K − 1}. All sources
have an equal power, i.e., pk = p for all k, and the SNR is defined



Algorithm 1
Input: one-bit overdemodulated data, i.e., X.
Output: The estimates of source DoAs.

1: Compute the sample covariance matrix of one-bit overdemodu-
lated data as ˆ︁Rx = 1

N
XXH .

2: Compute ˆ︁RY V from (19).

3: Compute ˆ︁ry = vec(ˆ︁Ry).

4: Compute ˆ︁Rv from (20).

5: Apply MUSIC to ˆ︁Rv to estimate DoAs.

as 10 log p
σ2 . Throughout this section, we use a nested array with

M = 10 physical elements and the following geometry

Mnested : {1, 2, 3, 4, 5, 8, 10, 15, 20} . (24)

Fig. 3 depicts the Root-Mean-Squares-Error (RMSE) in de-
gree versus the SNR for the nested array configuration specified in
(24), with the number of snapshots fixed at N = 500. Consider-
ing M = 10, we explore two distinct scenarios: (a) K = 5 < M ,
representing fewer sources than sensors, and (b) K = 12 > M ,
where the number of sources exceeds the sensors. The figure reveals
that for both scenarios, the RMSE for unquantized (infinite-bit) data
and one-bit data demodulated at factors of L = 2, 4, 8, 32 tends to
converge to a constant non-zero value in the high SNR.
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Fig. 3: RMSE in degrees versus SNR for a nested array with M =
10 elements and configuration given in (24), N = 500, and: (a)
K = 5 < M ; (b) K = 12 > M .

Further insights from Figure 3 indicate that quartic demodula-
tion offers a substantial improvement in RMSE over quadratic de-
modulation for both K = 5 < M and K = 12 > M scenarios.

Specifically, at an SNR of 5 dB, quartic demodulation yields RMSE
improvements of approximately 0.1° for K = 5 < M and 0.2° for
K = 12 > M , compared to quadratic demodulation. However, it
is observed that increasing the demodulation order beyond quartic
results in only minimal improvements in RMSE. This demonstrates
the significant potential of quartic demodulation in enhancing DoA
estimation accuracy across different source-sensor configurations.

Fig. 4 depicts the probability of resolution versus the source
separation for DoA estimation, comparing unquantized (infinite-bit)
data with one-bit data demodulated at factors of L = 2, 4, 8, 32.
This analysis utilizes a nested array configuration as specified in
(24), with parameters set at N = 100 SNR of 0 dB. We consider
a scenario involving two equally powered sources located at θ1 =
20° − ∆θ

2
and θ2 = 20° + ∆θ

2
. A criterion for source resolvabil-

ity is established such that the sources are deemed resolvable if the
maximum deviation between the estimated and actual source angles,
max
i ∈ 1, 2

|θ̂i − θi|, is less than half the angular separation ∆θ
2

[31]. The

results demonstrate a marked improvement in resolution probability
with quartic demodulation over quadratic, with a notable increase of
14% at a separation of ∆θ = 1.5°. Further, it is evident that employ-
ing demodulation orders higher than quartic yields only marginal
benefits in resolution probability.

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

Fig. 4: Probability of resolution versus source separation in degree
for a nested array with M = 10 elements and configuration given in
(24), N = 500 and SNR = 0 dB.

5. CONCLUSION

In this paper, we explored the potential of Direction of Arrival (DoA)
estimation using overdemodulated one-bit data. We introduced a
novel approach for DoA estimation in this context and demonstrated
that adopting quartic demodulation significantly enhances the accu-
racy and resolution of one-bit DoA estimation compared to tradi-
tional quadratic demodulation. Our findings also suggest that the
benefits of demodulation orders beyond quartic are minimal, indi-
cating that quartic demodulation strikes an optimal balance.

Looking ahead, a critical avenue for future research involves de-
veloping a comprehensive analytical framework to assess the perfor-
mance of the proposed DoA estimation method. Such an investiga-
tion will enable a deeper understanding of its key characteristics and
potential limitations, paving the way for further enhancements and
applications in signal processing.
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[20] C. Stöckle, J. Munir, A. Mezghani, and J. A. Nossek, “1-bit di-
rection of arrival estimation based on compressed sensing,” in
2015 IEEE 16th International Workshop on Signal Processing
Advances in Wireless Communications (SPAWC), June 2015,
pp. 246–250.

[21] M. Stein, K. Barbe, and J. A. Nossek, “DoA parameter esti-
mation with 1-bit quantization bounds, methods and the ex-
ponential replacement,” in WSA 2016; 20th International ITG
Workshop on Smart Antennas, March 2016, pp. 1–6.

[22] X. Huang and B. Liao, “One-bit MUSIC,” IEEE Signal Pro-
cessing Letters, vol. 26, no. 7, pp. 961–965, July 2019.

[23] C. Liu and P. P. Vaidyanathan, “One-bit sparse array DoA es-
timation,” in 2017 IEEE International Conference on Acous-
tics, Speech and Signal Processing (ICASSP), March 2017, pp.
3126–3130.

[24] S. Sedighi, M. R. B. Shankar, M. Soltanalian, and B. Ottersten,
“One-bit DoA estimation via sparse linear arrays,” in 45th In-
ternational Conference on Acoustics, Speech, and Signal Pro-
cessing (ICASSP 2020), May 2020, pp. 9135–9139.

[25] S. Sedighi, B. Shankar, M. Soltanalian, and B. Ottersten, “On
the performance of one-bit doa estimation via sparse linear ar-
rays,” IEEE Transactions on Signal Processing, vol. 69, pp.
6165–6182, 2021.

[26] S. Sedighi, M. B. Shankar, M. Soltanalian, and B. Ottersten,
“Doa estimation using low-resolution multi-bit sparse array
measurements,” IEEE Signal Processing Letters, vol. 28, pp.
1400–1404, 2021.

[27] S. Sedighi, K. V. Mishra, M. R. B. Shankar, and B. Otter-
sten, “Localization with one-bit passive radars in narrowband
internet-of-things using multivariate polynomial optimization,”
IEEE Transactions on Signal Processing, vol. 69, pp. 2525–
2540, 2021.

[28] M. Stein, S. Theiler, and J. A. Nossek, “Overdemodulation
for high-performance receivers with low-resolution adc,” IEEE
Wireless Communications Letters, vol. 4, no. 2, pp. 169–172,
2015.

[29] C. L. Liu and P. P. Vaidyanathan, “Remarks on the spatial
smoothing step in coarray MUSIC,” IEEE Signal Processing
Letters, vol. 22, no. 9, pp. 1438–1442, Sept 2015.

[30] A. Papoulis, Probability, random variables and stochastic pro-
cesses. New York: McGraw-hill, 2002.

[31] M. Kaveh and A. Barabell, “The statistical performance of the
MUSIC and the minimum-norm algorithms in resolving plane
waves in noise,” IEEE Transactions on Acoustics, Speech, and
Signal Processing, vol. 34, no. 2, pp. 331–341, April 1986.


	 Introduction
	 System Model
	 DoA Estimation with One-Bit Overdemodulated Data
	 Simulation Results
	 Conclusion
	 References

