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We propose a variational wave function to represent quantum skyrmions as bosonic operators.
The operator faithfully reproduces two fundamental features of quantum skyrmions: their classical
magnetic order and a “quantum cloud” of local spin-flip excitations. Using exact numerical simulations of
the ground states of a 2D chiral magnetic model, we find two regions in the single-skyrmion state diagram
distinguished by their leading quantum corrections. We use matrix product state simulations of the
adiabatic braiding of two skyrmions to verify that the operator representation of skyrmions is valid at large
interskyrmion distances. Our work demonstrates that skyrmions can be approximately coarse-grained and
represented by bosonic quasiparticles, which paves the way toward a field theory of many-skyrmion
quantum phases and, unlike other approaches, incorporates the microscopic quantum fluctuations of

individual skyrmions.
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Introduction—Magnetic skyrmions are topologically
nontrivial spin configurations that often arise in noncen-
trosymmetric magnetic materials [1-4] and have mostly
admitted a description in terms of classical magnetic
moments [5]. However, by now several materials have
been found where the sizes of individual skyrmions can be
on the order of the spacing of the underlying atomic lattice
[6,7]. This makes it necessary to explore their properties
based on the underlying quantum mechanical models.
Quantum fluctuations, superposition states, and entangle-
ment become unavoidable and fascinating features of
quantum magnetic skyrmions that remain largely unex-
plored despite their relevance for the emerging proposals of
skyrmion-based quantum technologies. Such applications
include the potential use of skyrmions as qubits in
frustrated magnets [8,9] and as mobile impurities to imple-
ment topological quantum computing in magnet-
superconductor heterostructures [10,11]. The fundamental
quantum features of magnetic skyrmions eventually render
a classical description unsuitable, hence calling for a new
and inherently quantum mechanical theoretical framework.

Quantum magnetic skyrmions emerge, for instance, as
the many-body ground state of ferromagnetic spin-1/2
Heisenberg models with either Dzyaloshinskii-Moriya
interactions or frustration due to antiferromagnetic next-
nearest-neighbor couplings. Since an exact numerical
diagonalization of such spin Hamiltonians becomes pro-
hibitive for a large number of lattice sites, the theoretical
description of quantum magnetic skyrmions has relied
mainly on alternative approaches. Near the classical limit,
collective coordinates together with path integral tech-
niques have been employed to model quantum skyrmion
nucleation [12,13] and quantum skyrmion dynamics
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[14,15]. These approaches, unfortunately, are inadequate
to model systems of interest for quantum technologies:
quantum skyrmions in large numbers and in the deep
quantum regime. Here, quantitative predictions for few-
skyrmion systems can be made based on exact diagonal-
ization [16-20], neural network states [21,22], dynamical
mean-field simulations [23], and density matrix renormal-
ization group simulations [24,25].

In this Letter, we develop a theoretical framework that
makes it possible to describe this regime. It is based on the
construction of creation and annihilation operators of quan-
tum skyrmions and thus treats magnetic skyrmions as
quantum quasiparticles (Fig. 1). This compact and elegant
theoretical framework captures the quantum skyrmion’s
defining features: a classical magnetic order with quantum
fluctuations. Constructing this operator allows us to clarify
the role played by quantum fluctuations and to determine the
range of validity of the semiclassical approximation. The
quantum magnetic skyrmion operator is a natural and compu-
tationally efficient starting point to model skyrmion-skyrmion
interactions and quantum many-body skyrmion phenomena.
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FIG. 1. Creation of a quantum magnetic skyrmion. The

quantum magnetic skyrmion operator b&x acts on the field-
polarized vacuum state to create a quantum magnetic skyrmion.
By construction, the operator captures the fundamental features:
classical magnetic order (arrows) and quantum fluctuations
visualized by pairwise spin entanglement (green lines).
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Quantum skyrmion operator—The quantum skyrmion
operator is constructed based on the assumption that a
magnetic quantum skyrmion exhibits typical magnetic
order in local spin expectation values. This includes cases
where the norm of the spin expectation vector is not
quantized to the quantum spin s. We focus on s = 1/2,
but the construction extends to any spin s (see [26],
Sec. III). Given the product of local spin rotations,

R(_)(07 P) = He_i¢j3‘j,;e—i6j§j‘y’ (1)

J#0

where site j = 0 is excluded, for chosen angles ¢; and ;,
a classical magnetic skyrmion can be expressed as

|¥.(0.¢)) = R5(60.4)5510)., )

where |0) = [1) =®; [1), is the vacuum state, and the spin
at site j = O is flipped relative to the polarized environment.
Thus, 133.0 = RSy acts as a creation operator for the
classical skyrmion |¥,).

Since [R;. S5] = 0, the local commutation relations are
{by, 138’0} =1 and [by, 138’0] = 28,... Analogous opera-
tors for other sites are l;iT.o = R;S7. The commutator

[lAJ,-,O, 13;_0] vanishes if sites i and j are sufficiently distant.
To account for quantum fluctuations, we define the
quantum skyrmion creation operator,

p i?i < o=\ i
bem%W(U(;) ) (3)

which is the central object of this Letter. {wy, ...,w,} are
complex scalar weights sorted by descending absolute
value, and n; indicates the number of spin flips. y is a
so-far arbitrary integer that is bounded by the dimension of
the Hilbert space. Equation (3) is motivated by the
observation that magnetically ordered quantum skyrmion
ground states centered at position i are in general sur-
rounded by a “cloud” of spin-flip fluctuations [21,22,24].
For semiclassical skyrmion profiles one has n, with n;; =
1 and ng j.; = 0 associated with the leading contribution
|Wo| > |Wizo| from the classical order. The precise form of
the other vectors n;,, corresponding to the “quantum
cloud,” remain undetermined and are model-dependent. It
is straightforward to recognize that the local commutation
relation of quantum skyrmion operators is approximately
given by

S N 1) R s L wol
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together with

[@[%,B;’X} = 0 fOI‘ |R/ _RI‘ > re (5)

in which r, denotes the radius of the skyrmion profile. In
summary, the quantum skyrmion operator can be inter-
preted as a bosonic entity with constraints on the local
Hilbert space as dictated by the above relations. Using
matrix product state simulations, we find the exchange
phase is compatible with Eq. (5) (see Appendix). Moreover,
the local “hard-core” constraint of Eq. (4) agrees with the
numerical observation that many-skyrmion ground states
are composed of skyrmion crystals and liquids [24]. The
operator can be used to construct a basis of the Hilbert
space, referred to as the rotated Fock basis (see [26], Sec. I).
The remaining discussion will illustrate for a particular
magnetic model how the ratios of the scalar weights w;/w
allow a truncation of the sum to smaller y values while still
approximating low-lying single-particle quantum skyrmion
states well using I;L{|O>'

Quantum skyrmions in chiral magnets—We investigate a
minimal model of a two-dimensional chiral magnet,

= Z( S 1u81u8 4+ D,y

(ij) Na=xy.z i

where (i) denotes a sum over neighboring site pairs (each

pair summed once). The three vector components of S ; are
spin s = 1/2 operators, and we assume an interfacial
Dzyaloshinskii-Moriya interaction with D;; = De, xr;;/a,
where a is the lattice constant and r;; is the distance vector
between neighboring sites.

A system described by Eq. (6) hosts various quantum
skyrmion ground states [17,19-21,31,32]. For small sys-
tems, finite-size effects are significant, and the properties
of low-energy states vary with boundary conditions. Open
boundary conditions can lead to helical magnetic spirals,
field-polarized states, semiclassical skyrmions, liquids, and
lattices. Periodic boundary conditions can yield a sym-
metric and translation-invariant ground state [17], while a
quantum flake in a classical spin field suppresses helical
states and removes chiral surface twists [31]. To avoid such
boundary effects, we focus on a quantum flake embedded
in a fully polarized classical spin field. Given the full lattice
S, the quantum spins are on a finite subset Q C S, with
Q=1{R;,i=0,...,N — 1}, and are described by Eq. (6).
We add an environment coupling,

Hge = Z( Z JaSi.amj,a +D;;- (Si ij)>7 (7)

(ij) Na=xy.z
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where sites j are in the complement C = S\Q and m; =
(mjy.m;,,m;_) is a classical spin of length s.

For computational convenience, we use finite triangular
lattices with hexagonal Cy symmetry. We refer to the N = 7
flake as a single-shell system and the N = 19 flake as a
two-shell system, which allows us to investigate small Cg
symmetric quantum skyrmions with a maximal radius
r. ~3a. While some quantum properties have been
explored numerically in larger systems with open boundary
conditions [21,24], quantifying quantum fluctuations
and their dependence on microscopic parameters remains
largely unexplored.

In the next section, we examine skyrmion ground states
|¥) obtained by exact diagonalization and perform tomog-
raphy in the rotated Fock basis. This allows us to argue that

|¥) ~ lAJS.Z|O>, where the quality of the approximation is
controlled by y.

Tomography of quantum skyrmions—Using exact diag-
onalization, we obtain the ground state diagram of Eq. (6)
with boundary conditions from Eq. (7), shown in Fig. 2.
This diagram is qualitatively similar to previous work [31]
but warrants further discussion. Our simulations use 19
sites on a triangular lattice, while previous work used nine
sites on a square lattice. Local spin expectation values
distinguish three regions: (i) a field-polarized classical state
with spin norm s = |(S,)| in the yellow region of Fig. 2(a),
(i) a vortex region with large quantum fluctuations
indicated by nearly zero center spin expectation |(S,)|~0
and center Rényi entropy H,( ~ In2 in Figs. 2(b) and 2(c),
and (iii) a quantum skyrmion regime, shown by contour
lines in panels (e) and (f). The quantum skyrmion region is
marked by opposite magnetization compared to the field-
polarized state [dark blue in Fig. 2(a)] and a finite spin
expectation value in panel (b). Field-polarized and quantum

~1/2
1.0

1/2

Hy1/Hj

D/J

FIG. 2. Quantum magnetic skyrmions and other ground states stabilized in a finite-sized “quantum flake.” The quantum flake—a
hexagonal region of the lattice of N spins with s = 1/2—is part of a chiral magnet embedded in a m, = 41/2 polarized classical
environment. The Hamiltonian Eq. (7) models the coupling to the classical environment and Eq. (6) governs the chiral magnet, in which
we use a vanishing Zeeman field B =0 and J, = J, = —J (J > 0) for the exchange couplings. Varying the Dzyaloshinskii-Moriya
interaction amplitude D and the exchange coupling J,, we use exact diagonalization to compute ground state quantities for N = 19 sites:
(a) expectation value of the central spin (S . ); (b) norm of the central spin |(S,)|; (c) center second Rényi entropy H. o; (d) ratio between
off-center and center second Rényi entropies H, | /H, o; probability amplitude magnitudes of the (e) classical magnetic order |w| and
(f) the six leading quantum corrections with equal amplitudes |w| = |w,| = ... = |wg], defined in Eq. (9), from the ground state
expanded in the rotated Fock basis; and (h) topological charge of the ground state magnetization ¢ (defined in [26], Sec. II). In panel (g),
we depict ¢ for an N = 7 quantum flake. Possible ground states: quantum skyrmion [blue region in (a) where <SO.2> ~ —1/2], field-
polarized state [yellow region in (a) where <S‘0> = +1/2], and vortex state [pink region in (a) where (S()) ~ 0 with large quantum
fluctuations indicated in (c)]. Contour lines and N| = E]— ng; in (e) and (f) indicate, respectively, the region and the corresponding
number of down spins. In Fig. 3, we show that the N| = 3 region can be divided into further subregions, distinguished by the
distribution of spin flips in the quantum corrections. Probability amplitudes w, and w; are the weights for constructing the quantum
skyrmion operator.
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skyrmion states are further distinguished by the ratio of
off-center to center Rényi entropy, defined as

1
Ho(pa) = 7 win(pf).  pa = trye[¥)(¥]. (8)

1
where p, is the reduced density matrix for bipartition A C
Q and the trace is over the complement A€. In Fig. 2, panels
(c) and (d) show the second Rényi entropies for a single-
spin bipartition A; = {R;}, ie., Hy; = H,(p,,). Panel
(c) shows H,, for the center spin, and (d) shows the ratio
H,/H, foran off-center spin A; = {R}, |[R|; — Ry| = a.
Because of the sixfold rotation symmetry, the specific spin
choice in the first shell is irrelevant. The ratio H, /H, in
Fig. 2(d) shows that off-center spins are more entangled
than the center spin, consistent with larger systems
[21,24,33]. Field-polarized states are product states with
vanishing Rényi entropy for each spin, while quantum
skyrmion states have small but nonzero Rényi entropy. The
boundaries between vortex and magnetically ordered states
[yellow and blue regions of Fig. 2(b)] shift with system
geometry, but qualitative features in the yellow region
remain unchanged, indicating minor finite-size effects. In
contrast, vortex states in the blue region have near-maximal
center site Rényi entropy [in Fig. 2(c)] and almost vanish-
ing spin expectation values. Previous work identified some
states in the ¢ = —1 lobes of Fig. 2, panels (g) and (h),
of the vortex region as quantum skyrmions due to the
possibility of defining a quantized topological charge [31].
However, the form of the magnetic profile and the resulting
topological charge of the regions with small nonvanishing
spin expectations depend strongly on the geometry of the
quantum system. We thus focus on a detailed investigation
of the unambiguously ordered quantum skyrmion states,
for which the quantum skyrmion operator is most relevant.
Using the angles associated with the local magnetic order,
we expand the wave function in a rotated Fock basis (see
[26], Sec. I), and sort the weights by absolute magnitude.
These weights can be extracted from the state obtained by
exact diagonalization, and are shown in Figs. 2(e),2(f).
Depending on the parameters of the system, we find that the
ground state wave functions assume two qualitatively
different forms, which we denote as |¥;;) and |¥y), i.e

5
1) = Ro (wollo) + 1 3 C03) + 13 ) +
=0
5
1#0) = o (wal1o) Fn Yl )+ )

where we retained the classical magnetic configuration wy
as well as up to 12 leading quantum corrections w; with
parameter-dependent weights w; = |wy| that can differ by a
relative phase ¢;. Cs denotes the operator associated with
a /3 rotation of the Fock state (defined in [26], Sec. I).

1.0
0.5 1
~
3 0.0 1
—0.5 1
-1.0
FIG. 3. Regions of different quantum skyrmions, distin-

guished by their leading quantum corrections [second terms
in Eq. (9)]. The Fock states contributing to these corrections are
equal up to Cg rotations, but differ in the distribution of the
down spins, indicated by the graphical notation. States in
subregions 2 and 4 do not have mirror-symmetric partner
states, i.e., |35) = |3}) = 0. The black region corresponds to
the N| = 1 region of Fig. 2(f) with states |'¥y), and the other
regions are subregions of N = 3.

The notation |1) indicates a state with a single spin down
at the center site, |1;) a state with a spin-down in the first
shell surrounding the center, whereas |3;) and |3}) are states
with three down spins distributed around and including the
center site in four different configurations. The regimes
where these different projections contribute to the ground
state are presented in Fig. 3.

Notably, the rotated Fock state expansion reveals that the
dominant quantum corrections involve only an odd number
of down spins, as visible in the N| = {1,3} regions of
panel (f). More interestingly, the leading quantum correc-
tions can take two qualitatively different forms: the leading
quantum corrections in |¥;;) are generated from N| =3
states, whereas in |Wy;), the leading corrections stem from
N, =1 states. Therefore, we conclude that the skyrmion
phase hosts at least two different types of quantum sky-
rmions, which have the same classical order but differ in
their quantum corrections. Compared to the classical
ordered state, the fluctuations in the subleading term of
|¥;;) involve flipped spins surrounding the skyrmion
center, whereas in |¥) they include the spin at the
skyrmion center and one of its neighboring spins. In
Fig. 2, panels (e) and (f), we respectively plot |wy| and
|wi| together with the associated sum of down spins
N =), n ;. Contour lines mark the domains of different
N sectors, where wy with Nj = 1 extends over the full
skyrmion region in the state diagram. Given that the results
reveal only comparatively small quantum fluctuations
around an ordered state, on the order of |w;/wy|~
1-10% [see Fig. 2, panels (e) and (f)], it would be
interesting to compare the results presented here with the
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outcomes of spin wave theory calculations, in particular
magnon squeezed states [34-36].

Finally, we want to highlight that our Fock state
expansion could be used as a variational ansatz for the
wave function of semiclassical quantum skyrmions, which
potentially leads to performant numerical optimization
algorithms. The classical magnetic order is captured by
two rotation angles per site, resulting in 38 parameters for
the 19-site quantum flake that, for the initial state, can be
chosen to minimize the classical energy, i.e.,

E. = min(¥.(0.)|H|¥. (0. ). (10)

In addition to the local order, y complex weights represent
the quantum fluctuations. In the semiclassical skyrmion
regime, we recognize from Eq. (9) and Fig. 2, panels (e)
and (f), that, by using crystalline symmetries, only two
different weights are needed to approximate the quantum
mechanical ground state with high fidelity, as the decrease
of wy is compensated by a simultaneous increase of wy. The
simulation could then be performed by an independent
iteration between the optimization of the angles and the
weights until convergence is reached. For comparison, we
can estimate the number of variational parameters of an
unconstrained matrix product state (MPS) simulation. We
find that comparable wave function fidelities are reached
with bond dimension M = 3, which corresponds to MPSs
with 302 complex variational parameters. We checked that
truncating the Fock state expansion leads to a more efficient
representation for bigger skyrmion ground states and
higher fidelities as well (see [26], Sec. IV).

Summary and conclusion—In this Letter, we introduced
a variational ansatz to represent quantum skyrmions as
bosonic operators. The form of this operator is determined
by the desire to represent faithfully two fundamentally
different aspects of quantum skyrmions: the classical
magnetic order and a “quantum cloud” of local spin-flip
excitations around the classical magnetic order. Using a
minimal model for a chiral magnet in two dimensions, we
found two distinct regions in the single-skyrmion phase:
one where the leading quantum corrections around the
classical magnetic order contain a flip of the center spin and
one where they only contain spin flips around the skyrmion
center. We argued that the Fock basis of spin flips around
the classical order can be particularly useful for numerical
algorithms based on the variational principle, because
limiting the allowed number of spin flips truncates the
dimension of the numerical Fock space and thus reduces
the amount of free parameters in the simulations. We expect
that such approaches can be fruitful when applied to or
combined with tensor network simulations. For this reason,
it will be very interesting to investigate quantum skyrmions
stabilized by antiferromagnetic frustration with similar
techniques as the ones presented in this work. Our work
therefore paves the way toward a coarse-grained bosonic

description of many-skyrmion quantum phases such as
quantum skyrmion liquids that, unlike other approaches,
incorporates individual skyrmions’ microscopic quantum
fluctuations.
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End Matter

Appendix:  Exchange  angle—One  characteristic
quantity related to the elementary form of a quantum
mechanical many-body wave function is the statistical
phase after particle exchange. A wave function of two
bosons (fermions) ¥(x;,x,), with x; # x, the different
positions of two identical particles, acquires a statistical
phase +1 (—1) after particle exchange ¥(x;,x,) —
W(x,,x;) = £¥(xy,x,). The exchange phase can be
understood geometrically through the Berry phase
[37,38]. To compute the Berry phase, we add to the
Hamiltonian in Eq. (6) of the main text the following
pinning potential:

N 2 2

- IR; —x; (M) ¢

V() =V > exp (— i AL AR S S, (A1)
j=1 i=1

In the resulting Hamiltonian H(1), if the exchange
couplings are tuned such that the ground state is
polarized to the external field, using Vy>J pins
exactly two semiclassical skyrmion profiles around the
center-of-mass positions x;(4) and x,(4). Smoothly
deforming the pinning potential so that d(4):=
x,(A) —x(4) rotates by =z in the interval A€ [0, 1]
defines a closed path in the parameter space of H (1)
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where the two identical skyrmions exchange positions.
Suppose A(#) is changed adiabatically in time. In that
case, we can assume that the ground state |¥) follows
the parameter deformation instantaneously, such that
B (1) = [®[A()]).

For skyrmion profiles with radius r.~3a, a well-
separated two-skyrmion magnetization profile already
requires system sizes that cannot be investigated by exact
diagonalization. Instead, we proceed by using MPS sim-
ulations for larger quantum systems, which are known to
faithfully capture the properties of quantum skyrmion
ground states [24,33]. The Berry phase is then extracted
by (i) using variational MPS to evaluate the ground states of
a discrete sequence in the adiabatic deformation loop, i.e.,

{|¥,) == |¥(nAl)),n=0,...,N, — 1} with A1=1/N,,
and (ii) evaluating the Berry phase through a Wilson loop,
nl‘Pn 1

where |¥y,) = |¥y). It is easy to recognize that the Berry
phase ¢ obtained by the Wilson loop is invariant under
gauge transformations |¥,) — €?|¥,) by definition, as
every state occurs exactly twice in ¢, thereby canceling the
arbitrary complex phase ¢,,, such that we do not need to fix
a gauge for the numeric simulations. We deform the
skyrmion along a Cg hexagonal path and the distance d
is defined as the diagonal of the hexagon. The adiabatic
sequence is chosen along the six lines forming the path,
with a discretization step of a/8 that guarantees sufficiently
large wave function overlaps |(¥,|¥,. )| = 0.86 for all
simulations. To embed the two-skyrmion state in a suffi-
ciently large polarized environment, we perform simula-
tions on a rhomboid grid of size L; = L, = d + 11a (from
17 x 17 to 23 x 23) with the boundary conditions of
Eq. (7). In Fig. 4 panel (a), we depict some spin expectation
values from the adiabatic sequence of d = 6a. For a given
set of MPS parameters, 72 (for d = 6a), 96 (8a), 120 (10a),
and 144 (12a) individual simulations approximate the
ground states that form the overlap elements of the
Wilson loop.

Memory constraints limit the possibility of running these
simulations in parallel, and long run times result from a slow
energy convergence: between 100 and 1000 sweeps are
needed to converge the energy up to the 12th significant
digit—the chosen criterion after which the simulations are
stopped. The system parameters for the braiding protocol are
thus deliberately chosen so that the quantum skyrmion states
carry weak quantum fluctuations. This allows us to reach
high-fidelity approximations at moderate computational
effort, i.e., up to a maximum bond dimension M = 256.
The exchange angle ¢, numerically computed at various
skyrmion separations d, is shown in Fig. 4. Although the
simulations overestimate the true exchange angle, we find a

@ “fmn
Tth

i
M”'

il
ﬂﬁ”'

i
Tt}m

i
mmm
N T
P

A 16 > 64 + 256

FIG. 4. Panel (a) visualizes the braid of two quantum skyrmions
by a deformation of the pinning potential for d = 6a. The result
of the exchange angle for different d (system sizes are 17 x 17,
19 x 19, 21 x 21, and 23 x 23) is shown in (b), for V, =4J,
Jy=J,=J,=-J=03D,0 =a,and B = 2De; and different
bond dimensions M (triangles and crosses). We recognize that
M — oo approaches an exponentially vanishing trend in the
distance d, compatible with an approximately bosonic two-
skyrmion wave function. A product state approximation (black
circles) of two classical skyrmions quantitatively recovers the
exponential trend of the exchange angle on large distances. On
short distances, differences are caused by quantum fluctuations
surrounding the skyrmion core.
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trend compatible with an exponential decay—most strik-
ingly revealed by a product state approximation of the two-
skyrmion state (black circles in Fig. 4). The numerical results
thus demonstrate the feasibility of Eq. (3) with a strongly
truncated y (y = 1 for product states), and the bosonic nature
of quantum skyrmions at distances Z2r,.

On large distances, interskyrmion interactions are neg-
ligible and one may apply Eq. (3) for the individual entities,

clearly exhibiting the bosonic algebra of Eq. (5). It is
reasonable to argue that the two skyrmions behave as
bosonic quasiparticles, provided they are separated over
large distances.

On short distances comparable with the skyrmion radius
d ~2r., the exchange phase does not vanish, which is
expected because the rotation operators associated with the
classical magnetic order overlap [39].
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