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ABSTRACT. In [30], J. L. Lions considered a reproducing kernel Hilbert space (RKHS) of harmonic functions
on a regular domain with Sobolev traces and obtained a formula that expresses the kernel of this space as an
integral on the boundary of some derivatives of the Green function associated with the Laplace operator and
the homogeneous Dirichlet boundary condition. This result was simplified and extended later by Englis,
Lukkassen, Peetre, and Persson in [10] to more general elliptic systems of even orders. In particular, they
emphasized that the resemblance between Lions’ type formula and the Hadamard variational formula only
appears when the operator is of order 2. In this paper, we investigate some RKHS of a-harmonic functions,
where a in (0, 1) refers to a fractional exponent of the Laplace operator. For such fractional order pseudo-
differential operators, the local nonhomogeneous Dirichlet problem can be addressed by means of some a-
transmission Sobolev spaces, which were introduced by Hörmander in the sixties and recently developed by
Grubb in a series of papers. We deduce from these works a fractional Poisson formula, which is applied to
obtain a Lions’ type formula. We observe, in particular, that despite the order of the operator not being 2,
this formula resembles the Hadamard variational formula that we prove in the companion paper [8]. As a
complementary remark, we observe that for a family of RKHS associated with the steady Stokes system, a
second order system, there is also a Lions’ type formula for their two-point kernels, which turn out not to be
similar to the corresponding Hadamard variation formula.
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1. Introduction

1.1. Reproducing kernel Hilbert space. The notion of reproducing kernel Hilbert space was first
introduced in 1907 by Stanislaw Zaremba for boundary value problems for harmonic and biharmonic
functions, and simultaneously by James Mercer in the theory of integral equations, before being more sys-
tematically tackled by Nachman Aronszajn and Stefan Bergman. These spaces have various applications
in complex analysis, harmonic analysis, quantum mechanics, and statistical learning theory. They are now
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defined as Hilbert spaces of functions in which pointwise evaluations are continuous linear functionals. It
then follows from Riesz’ theorem that each of these functionals can be represented as an inner product
with an element of this Hilbert space. One defines a two-point kernel by considering the inner products of
any pair of such elements.
More precisely, we have the following definition, where Ω, as in all the paper, is a bounded connected

open set of class C∞ in RN .

DEFINITION 1.1. We say that a Hilbert space H of real-valued functions defined on Ω is a reproducing
kernel Hilbert space (RKHS for short) if for any x in Ω, the evaluation mapping Ex defined for any u in H
by Ex(u) = u(x) is linear and continuous from H to R. Then, we denote by Kx the unique element in H
such that for any u in H , Ex(u) = ⟨u,Kx⟩, the inner product of u and Kx in H , given by Riesz’ theorem.
Finally, the two-point kernel is defined for any pair of x and y in Ω by K(x, y) = ⟨Kx,Ky⟩.

Observe that it follows from the properties of the inner product that the kernel K is symmetric and positive
definite. Actually, a famous theorem by E. H. Moore and N. Aronszajn, see [2], states that every symmetric,
positive definite kernel defines a unique reproducing kernel Hilbert space.

1.2. Lions’ formula for a reproducing kernel Hilbert space of harmonic functions. In [30], J.L.
Lions has established an interesting formula for certain reproducing kernel Hilbert spaces of harmonic
functions. To recall his result, let us introduce the following differential operator on functions defined on
the boundary ∂Ω.

DEFINITION 1.2. Let L be the negative of the Laplace-Beltrami operator on ∂Ω, and let M := L + 1.
This operator M is called the smoothed Laplace-Beltrami operator on ∂Ω.

Let L2(∂Ω) the Hilbert space of square integrable functions on ∂Ω with respect to the d − 1-dimensional
measure dσ on ∂Ω. Then the smoothed Laplace-Beltrami operator M is a positive self-adjoint operator in
L2(∂Ω), so that, by Borel functional calculus, it makes sense to speak of its powers of any real order. This
allows us to define some Sobolev spaces on ∂Ω for any s in R as follows.

DEFINITION 1.3. For any s in R, the Sobolev space Hs(∂Ω) is the closure of the smooth functions on ∂Ω
for the norm associated with the scalar product

⟨u, v⟩s :=
〈
M

s
2 u,M

s
2 v

〉
L2(∂Ω)

. (1)

The Dirichlet trace γD on the boundary ∂Ω, defined by

γD : u ∈ C∞(Ω) 7→ u|∂Ω ∈ C∞(∂Ω) (2)

extends in a continuous linear map from the Sobolev space Hs(Ω) to the Sobolev space Hs− 1
2 (∂Ω) for

all s > 1
2 . It does not extend to the negative Sobolev spaces Ht(∂Ω), with t ⩽ 0; with such properties.

However, it extends to the subspace of harmonic functions of the Sobolev space Hs(Ω) for any s ∈ R,
again as a continuous linear map with values in Hs− 1

2 (∂Ω). Actually, this holds not only for harmonic
functions but also for much more general solutions of elliptic equations, as established by the works of
Lions and Magenes, see [31, 32], by establishing some regularity properties in the case of Sobolev spaces
with positive indexes first, then by using a duality argument and finally interpolation theory. Another
approach, based on the theory of pseudodifferential operators for boundary value problems, emphasized
that such a property can be seen as a variant of the partial hypoellipticity of the elliptic equations and
originated from Hörmander in [26, Theorem 2.5.6] and Boutet de Monvel [3], see also [15, Theorem 11.4]
for a more recent account of the topic. With a slight abuse of notation, we keep the same notation γD for
this trace map, as a continuous linear map from the subspace of harmonic functions of the Sobolev space
Hs(Ω) to Hs− 1

2 (∂Ω) for any s ∈ R.
Now, the space of harmonic distributions considered by Lions is the following.

DEFINITION 1.4. For any s ∈ R, we define Hs(Ω) as the space of harmonic functions u in Hs+ 1
2 (Ω)

whose trace γD(u) on ∂Ω belongs to Hs(∂Ω).
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It follows from the references above that for any s in R, any u in Hs(Ω) is actually a C∞ function in Ω,
and for any x in Ω, we have the Poisson formula:

u(x) =
〈
γD(u), M

−s γN
(
G1(x, ·)

)〉
s
, (3)

where G1 is the Green function, that is the function such that for any x in Ω, G1(x, ·) is the classical Green
function with singularity at x, that is the solution to

−∆G1(x, ·) = δx in D′(Ω) & G1(x, ·) = 0 on ∂Ω, (4)

and where γN
(
G1(x, ·)

)
denotes its Neumann trace, that is

γN
(
G1(x, ·)

)
(z) := ∇zG1(x, z) · ν(z) for z ∈ ∂Ω,

where ν(z) is the outer unit normal at z. In (4), δx denotes the Dirac delta distribution at the position x. In
particular, it follows from elliptic regularity that

∀x ∈ Ω, ∀s ∈ R, M− s
2γN

(
G1(x, ·)

)
∈ L2(∂Ω), (5)

so that the right-hand side of (3) makes sense. Moreover, for any s in R, the mapping that associates any g
in Hs(∂Ω) to the function Ps[g] defined for any x in Ω, by

Ps[g](x) :=
〈
g, M−s γN

(
G1(x, ·)

)〉
s
, (6)

is a one-to-one isometry onto Hs(Ω). This allows us to transport the Hilbert structure from Hs(∂Ω) to
Hs(Ω), that is we equip Hs(Ω) with the scalar product, defined for any u, v in Hs(Ω), by ⟨γD(u), γD(v)⟩s.
Actually, Lions’ result, see [30, Formula (2.13)], is that it is a RKHS with a two-point kernel given as a
boundary integral involving the Green function G1.

THEOREM 1.5. For any s in R, the space Hs(Ω) is a RKHS and its two-point kernel Ks is given, for any
pair of x and y in Ω, by

Ks(x, y) =

∫
∂Ω

(
(M− s

2 γN
(
(G1(x, ·)

))
(z)

(
M− s

2 γN
(
(G1(y, ·)

))
(z) dσ(z). (7)

Let us point out that the integral in (7) makes sense, and is finite, since for any x in Ω, for any s in
R, M− s

2γN
(
(G1(x, ·)

)
is in L2(∂Ω). Actually, Lions dealt with some function spaces associated with

second-order elliptic boundary value problems, see [30]. Lions used a variational approach and obtained
his formula through a penalization limit. Another, more direct approach to Theorem 1.5 was proposed later
in [10], together with some extensions to more general elliptic operators of even orders. We reproduce
below their proof of (7) as a preparation for our extension to the case of fractional Laplace operators.

PROOF. It follows from the Poisson formula (3), (5) and the Cauchy-Schwarz inequality that for any
x in Ω, the evaluation mapping Ex, see Definition 1.1, is continuous from Hs(Ω) to R. Since Hs(Ω) is a
Hilbert space, it follows from Riesz’ theorem that for any x in Ω, there exists Kx in Hs(Ω) such that for
any u in Hs(Ω),

u(x) = ⟨γD(u), Kx⟩s = ⟨M
s
2 γD(u), M

s
2 Kx⟩L2(∂Ω). (8)

Gathering (3) and (8) we deduce that for any u in Hs(Ω),〈
M

s
2 γD(u), M

− s
2 γN

(
G1(x, ·)

)
−M

s
2 Kx

〉
L2(∂Ω)

= 0.

Then by a density argument on u, we conclude that

M
s
2 Kx = M− s

2 γN
(
G1(x, ·)

)
,

almost everywhere on ∂Ω. Therefore, for any x and y in Ω,

Ks(x, y) =
〈
M

s
2 Kx, M

s
2 Ky

〉
L2(∂Ω)

=
〈
M− s

2 γN
(
G1(x, ·)

)
, M− s

2 γN
(
G1(y, ·)

)〉
L2(∂Ω)

,

which is the desired conclusion. □
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1.3. Resemblance with the Hadamard variation formula. An interesting observation in [10] is the
resemblance of (7) with the Hadamard variation formula for the Green function of the classical Laplacian,
which we now recall. This formula expresses the derivative of the Green function G1 with respect to the
domain. More precisely, one considers some perturbations Ωt of the domain Ω in the normal direction by
modifying the boundary ∂Ω of Ω in

∂Ωt =
{
y = x+ tα(x)ν(x), x ∈ ∂Ω

}
,

where α ∈ C∞(∂Ω), and t runs in a open interval containing 0. Let us rename GΩ the Green function G1

associated with the domain Ω, as defined by (4), to emphasize here the dependence on the domain. Then
we define the derivative of GΩ with respect to the domain in α as

DGΩ(α)(x, y) := lim
t→0,t̸=0

GΩt(x, y)−GΩ(x, y)

t
. (9)

Then the pioneering discovery by Hadamard, see [24], is that not only does this limit exist, but it is even
given by the following explicit integral formula: for any x and y in Ω,

DGΩ(α)(x, y) =

∫
∂Ω

γN
(
G1(x, ·)

)
(z) γN

(
G1(y, ·)

)
(z)α(z)dσ(z). (10)

Let us mention that a rigorous proof of Hadamard’s formula was given later on by Garabedian who also
considered more general perturbations. After these pioneering works, shape derivative computations have
received significant interest and several extensions of Hadamard’s formula for more general elliptic bound-
ary value problems were obtained, with various techniques. We refer here to [25, 34] for more.

Following [10], it is now clear that (7) and (10) look very similar, in particular in the case where s = 0 for
which the only difference is the presence of the extra factor α in (10). In [10], it is said furthermore that the
authors ”are of the opinion that the connection between Hadamard variation formula and the reproducing
kernel just indicated, in the classical harmonic case, seems to be an isolated phenomenon peculiar to the
second order case.”

2. RKHS of fractional harmonic functions

In this work, we address the issue of representing the kernel of some reproducing kernel Hilbert spaces
associated with the fractional Laplace operators by some boundary integrals involving the fractional Green
function. This formula will turn out to be very similar to the Hadamard variation formula for the fractional
Green function, invalidating the conjecture made in [10].

2.1. Fractional Laplace operators and their Hadamard variational formula. One quite explicit
formula for the fractional Laplace operator of order a, with a ∈ (0, 1), in N ∈ N∗ dimensions, reads

(−∆)au(z) := cN,a p.v.

∫
RN

u(z)− u(y)

|z − y|N+2a
dy,

with

cN,a := πN/2a4a
Γ(N+2a

2 )

Γ(1− a)
,

where Γ is the gamma function, and where p.v. refers to the Cauchy principal value. Above u is a function
from RN with real values. The reason for the presence of the normalization constant cN,a is to match with
the Fourier definition which sets the fractional Laplace operator (−∆)a as the Fourier multiplier of symbol
|ξ|2a. The Green function Ga(x, y) associated to the operator (−∆)a and the homogeneous Dirichlet
condition is the solution to

(−∆)aGa(x, ·) = δx in D′(Ω) & Ga(x, ·) = 0 in RN \ Ω. (11)

Such a Green function plays the same role for the operator (−∆)a as the Green function G1 for the classical
Laplace operator. In the companion paper [8], we computed the following Hadamard-type variational
formula for the fractional Green function Ga(x, y): for any x and y in Ω,

DGa(α)(x, y) = Γ2(1 + a)

∫
∂Ω

(
γa0 (Ga(x, ·))

)
(z)

(
γa0 (Ga(y, ·))

)
(z)α(z) dσ(z). (12)
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Above, Γ2(1 + a) denotes the square of Γ(1 + a) while γa0 denotes the fractional trace of order a, that is

γa0 (Ga(x, ·) := γD
(Ga(x, ·)

da
)
,

where d is the distance function to the boundary ∂Ω. The right-hand side of (12) makes sense because by
boundary regularity, for any x in Ω, γa0 (Ga(x, ·)) is C∞ on ∂Ω, see [22, Equation (2.14)]. Let us point out
that the analysis performed in [8] allows for more general perturbations. We also refer to the earlier works
[5, 6] on the subject.

2.2. Toward some Sobolev spaces of a-harmonic functions. The counterpart of the spaces Hs(Ω)
of Theorem 1.5, which we are going to use for the fractional Laplace operator of order a, are some Sobolev
spaces that have been introduced in the theory of nonhomogeneous Dirichlet-type problems for pseudodif-
ferential operators with non-integer orders. Indeed, there is a well-known calculus initiated by Boutet de
Monvel for integer-order pseudodifferential operators with the 0-transmission property (preserving the C∞

regularity up to the boundary), including boundary value problems for elliptic differential operators and
their inverses. Theories for operators without the transmission property have subsequently also been devel-
oped, see [11]. A intermediate category of pseudodifferential operators are the ones satisfying a so-called
µ-transmission property, where µ can be any complex number. This has been initiated by Hörmander in
[27] and further developed by Grubb in [16–23]. This category includes the fractional Laplacian (−∆)a,
for which the µ-transmission property is satisfied with µ = a, and this theory has allowed to obtain some
solvability results for nonhomogeneous Dirichlet-type problems in large scales of Sobolev spaces. These
spaces are the a-transmission Sobolev spaces Ha(t)(Ω), where a, t ∈ R.

2.3. The a-transmission Sobolev spaces. We recall here a few facts on the a-transmission Sobolev
spaces and their roles in the solvability of nonhomogeneous Dirichlet problem for the fractional Laplacian
operator. We refer here to the series of papers [16–23] by Grubb for this material. We use below the Fourier
transformation with the following normalization:

Fu(ξ) = û(ξ) =

∫
RN

e−ix·ξu(x) dx.

It is invertible from the space L2(RN ) onto L2(RN ), and the inverse operator is

(F−1v)(x) = (2π)−N

∫
RN

e+ix·ξv(ξ) dξ.

The classical Sobolev spaces over RN are defined by

Hs(RN ) = {u ∈ S ′(RN ) | ⟨ξ⟩sû ∈ L2(RN )}, with norm ∥F−1(⟨ξ⟩sû)∥L2 ,

where ⟨ξ⟩ = (1 + |ξ|2)
1
2 . Next, we associate with Ω two types of Sobolev spaces (the notations originate

from Hörmander’s books).

DEFINITION 2.1. For any s ∈ R, we define the restricted Sobolev space of order s:

H
s
(Ω) = r+Hs(RN ),

where r+ denotes restriction to Ω, and the supported Sobolev space of order s:

Ḣs(Ω) = {u ∈ Hs(RN ) | suppu ⊂ Ω}.

Let us state a few elementary properties of the restricted and supported Sobolev spaces.

PROPOSITION 2.2. We have the following properties.

• For all s ∈ R, Hs
(Ω) and Ḣ−s(Ω) are dual spaces, with a duality bracket consistent with the

L2-scalar product.
• The space C∞

0 (Ω) of smooth functions with compact support in Ω is dense in Ḣs(Ω) for all
s ∈ R.

• The space H
s
(Ω) coincides with Ḣs(Ω) when |s| < 1

2 .
• For any 0 < a < 1, the operator r+(−∆)a continuously maps Ḣa(Ω) into H

−a
(Ω).
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Above restriction and support have to be understood in the sense of the theory of distributions.
To study the nonhomogeneous Dirichlet problem for the fractional Laplacian operator (−∆)a, some other
Sobolev-type spaces are going to be introduced. We first consider the case where the operator acts on
functions defined in a half-space. The following auxiliary pseudo-differential operators are instrumental.

DEFINITION 2.3. For any t ∈ R we define the order-reducing operators:

Ξt
± = Op((⟨ξ′⟩ ± iξN )t), where ⟨ξ′⟩ := (1 + |ξ′|2)

1
2 ,

with (ξ′, ξN ) being the splitting of ξ in RN−1 × R.

Below we give two elementary properties of the order-reducing operators which help to understand their
roles.

PROPOSITION 2.4. For all s, t ∈ R, the pseudo-differential operator Ξt
± is a linear continuous mapping

from Hs(RN ) onto Hs−t(RN ) with inverse Ξ−t
± . Moreover, Ξt

+ preserves support in RN
+ and is a linear

continuous mapping from Ḣs(RN
+ ) onto Ḣs−t(RN

+ ) with inverse Ξ−t
+ .

Let us mention that (⟨ξ′⟩ ± iξN )t) are actually not classical symbols. There is a more refined choice of the
so-called order-reducing operators, corresponding to some classical symbols, and which enjoy the same
properties. We refer here to [16] and the reference therein to more on this issue.
We can now define the a-transmission Sobolev spaces in the half-space RN

+ .

DEFINITION 2.5. Let a in (0, 1). For all t ∈ R with t − a > −1
2 , we define the a-transmission Sobolev

spaces
Ha(t)(RN

+ ) := Ξ−a
+ e+H

t−a
(RN

+ ),

where e+ indicates the extension by zero from RN
+ to RN .

For a more general domain, such as Ω, the a-transmission Sobolev spaces are defined from the half-space
case by using local coordinates as follows.

DEFINITION 2.6. For all a in (0, 1), for t > a − 1/2, the a-transmission Sobolev space Ha(t)(Ω) is
defined over Ω by localization in such a way that u is in Ht on compact subsets of Ω, and for every x0 in
∂Ω has an open neighborhood U and a C∞-diffeomorphism in RN mapping U ′ to U such that U ′ ∩RN

+ is

mapped to U ∩Ω, and u is pulled back to a function u′ in Ha(t)(RN
+ ) locally (i.e., φu′ ∈ Ha(t)(RN

+ ) when
φ ∈ C∞

0 (U ′)).

Another presentation of these spaces is given in [18]. Let us state a few elementary properties of the a-
transmission Sobolev spaces for some particular values of t and a, for which we point out [17, Formula
(13)] [19, Formula (2.12)] and [20, Lemma 2.2].

PROPOSITION 2.7. Let a in (0, 1) and t ∈ R, we have the following properties.
• For −1

2 < t− a < 1
2 ,

Ha(t)(Ω) = Ḣt(Ω).

• For t− a > 1
2 ,

Ha(t)(Ω) ⊂ Ḣt(−ε)(Ω) + dae+H
t−a

(Ω),

where ε > 0 if t− a− 1
2 is an integer or zero otherwise.

• For any 0 < a < 1, for any s > −a − 1
2 , the operator r+(−∆)a continuously maps the a-

transmission Sobolev space H(a)(s+2a)(Ω) onto H
s
(Ω).

We have the following result about fractional traces, which are weighted trace mappings with a weight
corresponding to a power of the distance to the boundary. It follows from a direct application of [18,
Theorem 5.1] with parameters µ = a− 1, M = 1, and p = 2.

THEOREM 2.8. [18, Theorem 5.1] For all a in (0, 1), for t > a− 1/2, the fractional trace map γa−1
0 u =

γD(u/d
a−1) extends into a continuous linear map

γa−1
0 : H(a−1)(t)(Ω) → Ht−a+ 1

2 (∂Ω),

which is surjective, with kernel Ha(t)(Ω).
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Above, γD denotes the classical Dirichlet trace on the boundary ∂Ω, see (2). We have the following
existence and uniqueness result for the nonhomogeneous Dirichlet conditions, for which we refer to [18,
Equation (2.26)].

THEOREM 2.9. Let a in (0, 1). For any φ ∈ Hs+a+1/2(∂Ω), for all s > −a− 1
2 , there is a unique solution

u ∈ H(a−1)(s+2a)(Ω) of the nonhomogeneous Dirichlet problem

(−∆)au = 0 in Ω, γa−1
0 u = φ on ∂Ω and suppu ⊂ Ω. (13)

Observe that we have the maximal regularity authorized by the trace theorem, since s+ 2a plays here the
role of t = s+ 2a in Theorem 2.8.

DEFINITION 2.10. Let a in (0, 1), s > −a− 1/2 and

θ :=
s

2
+

a

2
+

1

4
. (14)

We define the mapping Pa,s which maps any φ in H2θ(∂Ω) to Pa,s[φ] := u in H(a−1)(s+2a)(Ω)
the unique solution of (13).

It follows from Theorem 2.8 and Theorem 2.9 that, for any a ∈ (0, 1) and for any s > −a− 1
2 , the mapping

Pa,s is a one-to-one mapping from H2θ(∂Ω) with θ given by (14), into H(a−1)(s+2a)(Ω) whose inverse is
the trace mapping γa−1

0 .

2.4. Some Hilbert spaces of a-harmonic functions with Sobolev traces and a fractional Poisson
formula. We are now ready to define some appropriate Sobolev spaces Ha,s(Ω) of a-harmonic functions
that will play the same role as the spaces Hs(Ω) played for the classical Laplace operator. Recall that in
Definition 1.4, we defined Hs(Ω) as the space of harmonic distributions u in Ω with traces in Hs(∂Ω), see
also (1). Similarly, the mappings Pa,s allow us to define some spaces Ha,s(Ω) of a-harmonic functions as
follows and to transport the Hilbert structure from H2θ(∂Ω) to Ha,s(Ω).

DEFINITION 2.11. Let a in (0, 1), s > −a−1/2, and θ be given by (14). We define Ha,s(Ω) as the Hilbert
space of the functions u in the a-transmission Sobolev space H(a−1)(s+2a)(Ω) such that (−∆)au = 0 in
Ω, and suppu ⊂ Ω, equipped with the scalar product of H2θ(∂Ω) for the trace γa−1

0 (u), that is〈
u, v

〉
Ha,s(Ω)

:=
〈
γa−1
0 (u), γa−1

0 (v)
〉
2θ
. (15)

With this definition, the mapping Pa,s is a one-to-one isometry from H2θ(∂Ω), with θ given by (14), onto
Ha,s(Ω), and satisfies both γa−1

0 ◦ Pa,s = Id on H2θ(∂Ω), and Pa,s ◦ γa−1
0 = Id on Ha,s(Ω).

The next result provides an explicit representation formula for functions in Ha,s(Ω).

LEMMA 2.12. Let a ∈ (0, 1), s > −a− 1
2 , and θ be given by (14). Let x ∈ Ω and u ∈ Ha,s(Ω). Then

u(x) = Γ(a)Γ(a+ 1)
〈
γa−1
0 (u), M−2θγa0 (Ga(x, ·))

〉
2θ
. (16)

PROOF. Let u in Ha,s(Ω). Recalling that γa−1
0 (u) is in H2θ(∂Ω), by density, we have a sequence

(gn)n∈N in C∞(∂Ω) such that
gn → γa−1

0 (u) in H2θ(∂Ω). (17)

By Theorem 2.9, for any n in N, we set un := Pa,s[gn]. This is the unique un in H(a−1)(s+2a)(Ω) solution
of

(−∆)aun = 0 in Ω & γa−1
0 (un) = gn on ∂Ω.

We fix x in Ω. Let ρ in C∞
0 (RN ) with ρ ≥ 0 and

∫
RN ρ = 1, and set ρε(z) := ε−Nρ(z/ε). For ε > 0

small enough so that supp ρε(· − x) ⊂ Ω, we define

vx,ε(z) :=

∫
Ω
Ga(z, y)ρε(y − x) dy. (18)

Then vx,ε = 0 in RN \ Ω, and in D′(Ω) we have

(−∆)avx,ε = ρε(· − x). (19)
7



Moreover, since ρε(· − x) is smooth with compact support in Ω, the function vx,ε is regular enough for
the hypotheses of [17, Theorem 5.1]. We apply Grubb’s exact Green formula to the pair (un, vx,ε). Since
(−∆)aun = 0 in Ω and (−∆)avx,ε = ρε(· − x) in Ω, we obtain∫

Ω
un(y)ρε(y − x) dy = Γ(a)Γ(a+ 1)

∫
∂Ω

gn(z) γ
a
0 (vx,ε)(z) dσ(z). (20)

We now let ε → 0. Since gn in C∞(∂Ω), the solution un is smooth in Ω, hence
∫
Ω un(y)ρε(y − x) dy →

un(x). On the other hand, for each z in ∂Ω, we have by definition

γa0 (vx,ε)(z) = lim
t→0+

vx,ε(z + tν(z))

ts
= lim

t→0+

∫
Ω

Ga(z + tν(z), y)

ts
ρϵ(y − x)dy.

Then, using the standard estimate on the Green function (see e.g [29]), we get for t > 0 sufficiently small
that t−sGa(z+ tν(z), y) ⩽ C|y− z|s−N ∈ L1(Ω). Since ρε(· − x) is bounded, it therefore follows by the
Lebesgue dominated convergence theorem that

γa0 (vx,ε)(z) =

∫
Ω
ρε(y − x) γa0 (Ga(y, ·))(z) dy.

Next, by the smooth dependence of γa0 (Ga(y, ·)) on y in compact subsets of Ω (in particular
y 7→ γa0 (Ga(y, ·))(z) is smooth for each z in ∂Ω), we have for each z in ∂Ω

γa0 (vx,ε)(z) =

∫
Ω
ρε(y − x) γa0 (Ga(y, ·))(z) dy → γa0 (Ga(x, ·))(z) as ε → 0+. (21)

Therefore, passing to the limit in (20), we obtain

un(x) = Γ(a)Γ(a+ 1)

∫
∂Ω

gn(z) γ
a
0 (Ga(x, ·))(z) dσ(z). (22)

This regularization argument is similar to the one used in [9] to justify Green-type identities in the presence
of an interior singularity.
Using Definition 1.3 of the Sobolev scalar product on ∂Ω, we arrive at:

un(x) = Γ(a)Γ(a+ 1)
〈
M θgn, M

−θγa0 (Ga(x, ·))
〉
L2(∂Ω)

= Γ(a)Γ(a+ 1)
〈
gn, M

−2θγa0 (Ga(x, ·))
〉
2θ
.

For all x in Ω, by (17), un(x) converges to w(x), where the function w : Ω → R is defined by

w(x) = Γ(a)Γ(a+ 1)
〈
γa−1
0 (u), M−2θγa0 (Ga(x, ·))

〉
2θ

(23)

On the other hand, the sequence (un) converges in Ha,s(Ω) to u. By the interior elliptic regularity of
the pseudo-differential operator (−∆)a, this entails that for all x in Ω, un(x) converges to u(x). By the
uniqueness of the limit, this yields the desired conclusion that u(x) = w(x). □

Let us point out that, as a corollary, we deduce that for any φ in H(a−1)(s+2a)(Ω), for any x in Ω,

Pa,s[φ](x) = Γ(a)Γ(a+ 1)
〈
φ, M−2θγa0 (Ga(x, ·))

〉
2θ
.

2.5. A fractional counterpart of Lions’ formula. Our main result establishes a counterpart of Theo-
rem 1.5 in the case of a-harmonic functions by showing that, for an appropriate range of indexes, the spaces
Ha,s(Ω) are RKHS with two-point kernels given by a boundary integral of some derivatives of the Green
function Ga(x, ·) of the fractional Laplacian with a singularity at x. We recall that M is the smoothed
Laplace-Beltrami operator on ∂Ω, see Definition 1.2.

THEOREM 2.13. Let a ∈ (0, 1), s > −a− 1
2 , and θ be given by (14). Then the space Ha,s(Ω) is a RKHS,

and its two-point kernel, which we denote Ka,s, is given, for any x and y in Ω, by

Ka,s(x, y) = Γ2(a)Γ2(a+ 1)

∫
∂Ω

(
M−θ γa0 (Ga(x, ·))

)(
M−θ γa0 (Ga(y, ·))

)
dσ. (24)
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Therefore, the formula (24) is very similar to the Hadamard variation formula (12) for the Green function
Ga, proving that the connection in [10] between the classical Hadamard variation formula and the repro-
ducing kernel associated with the classical Laplace operator, and for a large class of second order elliptic
systems, also holds true for some elliptic operators of fractional order 2a, invalidating the conjecture made
in [10].

REMARK 2.14. One may easily check that the formula (24) is consistent with the classical Lions formula
(7) for the Laplace operator; since, as a → 1−, for any pair of x and y in Ω, for any s > −3

2 ,

Ka,s(x, y) → Ks+3/2(x, y).

which corresponds to the fact that the space Hs(Ω) corresponds to the scalar product in the Sobolev space
Hs(∂Ω), whereas the space H1,s(Ω), obtained from Definition 2.11 by substituting a = 1, corresponds to
the scalar product in the Sobolev space Hs+3/2(∂Ω).

REMARK 2.15. Let us also mention that the formula (24) could be useful to determine the boundary
behavior of the reproducing kernel, thanks to the knowledge of the boundary behavior of the Green function
Ga.

PROOF. Let x be in Ω. As a consequence of Lemma 2.12 and the Cauchy-Schwarz inequality, the
evaluation mapping Ex from Ha,s(Ω) to R that linearly maps u to Ex(u) = u(x) is continuous. Since
Ha,s(Ω) is a Hilbert space, it follows from Riesz’ theorem that there exists Kx in Ha,s(Ω) such that for
any u in Ha,s(Ω),

u(x) =
〈
γa−1
0 (u), γa−1

0 (Kx)
〉
2θ

=
〈
M θγa−1

0 (u),M θγa−1
0 (Kx)

〉
L2(∂Ω)

.

Then, proceeding as in the proof of Theorem 1.5, by identification with (16) and by using a density argu-
ment, we conclude that

M θ γa−1
0 (Kx) = Γ(a)Γ(a+ 1)M−θ γa0 (Ga(x, ·)) a.e. on ∂Ω.

Then, for any x and y in Ω,

Ka,s(x, y) =
〈
γa−1
0 (Kx), γ

a−1
0 (Ky)

〉
2θ

=
〈
M θ γa−1

0 (Kx), M
θ γa−1

0 (Ky)
〉
L2(∂Ω)

= Γ2(a)Γ2(a+ 1)
〈
M−θ γa0 (Ga(x, ·)), M−θ γa0 (Ga(y, ·))

〉
L2(∂Ω)

.

This provides the formula (24) and ends the proof of Theorem 2.13. □

3. RKHS associated with the steady Stokes problem

As a complementary remark regarding the similarity, or lack thereof, of Lions’ type formula for the two-
point kernel of RKHS with the Hadamard variation formula, let us highlight that there are some second
order systems for which the two formulas do not appear quite the same. Indeed, let us restrict ourselves
here to the case where N = 3, so that Ω is a C∞ bounded connected open set in R3. For any s in R,
consider the space Hs of the traces on ∂Ω of solutions to the steady Stokes problem:{

−∆u+∇p = 0
div u = 0

in Ω, (25)

endowed with the scalar product of the Sobolev space Hs(∂Ω;R3).
We recall that the system (25) aims to describe steady, incompressible fluids with a zero-Reynolds number.
In particular, the second equation encodes the incompressibility of the fluid velocity field u, which is
vector-valued, and this incompressibility constraint translates into the presence of the gradient of the fluid
pressure in the first equation, the fluid pressure p being itself scalar-valued. We refer to [14] for more.
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We also recall the following classical Poisson formula: for any solution (u, p) of the steady Stokes problem
(25) we have

u(x) =

∫
∂Ω

(Σ(G(x, ·),P(x, ·))n) · u dσ. (26)

where
Σ(u, p) = 2D(u)− pI3 where 2D(u) := ∇u+ (∇u)T , (27)

and I3 is the 3 × 3 identity matrix and (G(x, ·),P(x, ·)) is the Green function associated with the Stokes
system that is, the unique tensor such that for any b ∈ R3, (u, p) := (G(x, ·)b,P(x, ·)b) is the unique
solution to the problem: {

−∆u+∇p = bδx
div u = 0

in Ω,

with
u = 0 on ∂Ω.

A reasoning similar to the ones above leads to the conclusion that the space Hs is a RKHS with the
following Lions type formula for its 2-points kernel Ks:

Ks(x, y) =

∫
∂Ω

(
(M− s

2 γD
(
Σ(G(x, ·),P(x, ·))n

))
(z) ·

(
M− s

2 γD
(
Σ(G(y, ·),P(y, ·))n

))
(z) dσ(z).

On the other hand, it is known since some works by Simon, see for instance [33] and the recent works by
[13, 28], that the Hadamard variation formula in the case of the Stokes equations reads: for any b ∈ R3,

D(Gb)(α)(x, y) =

∫
∂Ω

γN
(
G(x, ·)b

)
(z) γN

(
G(y, ·)b

)
(z)α(z)dσ(z),

where α ∈ C∞(∂Ω).
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