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Abstract

The accurate representation of atoms within their environment forms the backbone of any reliable
machine learning force field (MLFF). While modern MLFFs treat atoms of the same type as
indistinguishable, their identities can be further resolved by accounting for the composition of
their chemical environment. This can improve the parameterization of the MLFF model in
chemically diverse systems. In this work, we introduce a novel, data-driven approach designed to
find permutation symmetries in isolated and periodic systems, delivering key insights that enable
the identification of atomic ‘orbits’ atoms that share consistent chemical and structural
environments throughout the dataset. We demonstrate the effectiveness of the orbit representation
by incorporating it into the kernel-based symmetric gradient-domain ML (sGDML) model and
the equivariant message-passing neural network, MACE. For sGDML, trained on ethanol,
1,8-naphthyridine, D-alanine, and D-histidine adsorbed on graphene, we establish a strong
correlation between force prediction accuracy and chemical diversity, quantified by orbit count.
The results for the Ac-Phe-Ala5-Lys molecule further underscore the critical role of orbits in force
reconstruction across various MLFF architectures. Incorporating orbits into MACE enables us to
reduce the model size by an order of magnitude while preserving predictive accuracy, as
demonstrated for the CsPbl; perovskite slab and graphene with a pyridinic-N defect. Overall, our
approach provides a scalable and efficient solution for modeling complex chemical systems with
state-of-the-art MLFFs.

1. Introduction

Machine learning (ML) force fields (FFs), trained on high-quality reference data, have become indispensable
tools for modeling increasingly complex and large-scale systems-enabling applications that were
inconceivable just two decades ago. Early approaches relied primarily on Gaussian process models combined
with atomic environment descriptors such as SOAP and ACSF, offering a balance between predictive
reliability and computational feasibility [1-5]. These methods laid the groundwork for kernel-based models
such as GDML and its symmetric extension symmetric gradient-domain ML (sGDML), which achieved
substantial improvements in accuracy for small- to medium-sized molecular systems by explicitly
incorporating symmetries [6—10]. More recently, the development of invariant and equivariant neural
network (NN) architectures-such as SchNet [11], PaiNN [12], NequlP [13], Allegro [14, 15], PhysNet [16],
ACE-based models [17-19], and SO3krates [20, 21] -has markedly advanced the accuracy and
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generalizability of MLFFs, extending their applicability to chemically diverse and structurally complex
systems. State-of-the-art machine-learning FFs increasingly adopt integrated strategies that combine scalable
fragment-based training with task-specific neural architectures. Unke ef al [22] demonstrated broad
chemical coverage by training a quantum FF on an extensive fragment set, Kabylda et al [23] pretrained an
equivariant model for biomolecular simulations, and the two MACE variants [24, 25] achieved transferable
accuracy across both organic molecules and inorganic materials. Other architectures embed domain
knowledge: the extensible ANI potential [26] attains DFT-level accuracy for organic chemistry,

AIMNet2 [27] extends this paradigm to charged and hybrid systems, feNNix [28] fuses classical force-field
terms with an equivariant network to capture atom-in-molecule properties, and OrbNet [29] leverages
orbital features for accelerated quantum predictions, while the kernel-based FCHL19 representation [30] and
its GPU implementation QML-lightning [31] enable ultrafast training without sacrificing accuracy. These
advanced MLFFs also capture both short- and long-range interactions with high fidelity. For extended solids,
ALIGNN-FF [32], elemental-SDNNFF [33], FIREANN [34] and the deep potential framework [35, 36]
embed explicit long-range physics, whereas the moment tensor potential [37] and SNAP [38] provide
systematically improvable local many-body expansions. Universal graph potentials such as M3GNet [39] and
the survey by Isayev and co-workers [40] highlight strategies for balancing locality and transferability;
active-learning schemes further refine accuracy on-the-fly, as shown by Vandermause et al [41] and the
scalable SevenNet algorithm [42]. Building on these capabilities, on-the-fly MLFFs are already transforming
demanding simulations: Jinnouchi et al obtained entropy-driven phase transitions for hybrid perovskites
within weeks instead of years by combining DFT with on-the-fly ML scheme [43]. Using a symmetry-
incorporated kernel-based model, Sauceda et al successfully performed highly-accurate path integral
molecular dynamics simulations to obtain novel insights into the localization of benzene—graphene dynamics
induced by nuclear quantum effects [9, 10]. Moreover, new developments in ML algorithms facilitate the
automatic identification of molecular building blocks, allowing for the creation of coarse-grained (CG) FFs,
reproducing long-range interactions, and determining reaction coordinates [44—46].

One of the essential elements that enabled the successes mentioned above is exploiting symmetries
present in the systems under study [2, 47-49]. Symmetries are crucial for QC calculations and ML models,
particularly for complex systems. Traditional MLFFs typically rely on full symmetry groups to model atomic
environments. However, recent advances suggest that strategically restricting these symmetry groups can
simplify learning tasks. For example, atom embeddings with restricted permutation symmetry, derived from
fully permutation-invariant NN representations (e.g. SchNet, PaiNN), have been shown to improve
prediction accuracy [50].

In modern MLFFs, atoms of the same chemical element are typically treated as identical, permitting
intricate structural and chemical transformations. However, in complex systems, atoms of the same element
often participate in various interaction patterns, such as forming single and double bonds with neighboring
atoms of differing types. In these cases, restricting the full symmetry group by defining identical particles
based on shared chemical neighborhoods may be advantageous, thus simplifying the learning task for ML
models. This approach aligns with strategies used for decades in empirical FFs, where, for example, the bond
order of carbon atoms determines their interaction parameters [51, 52]. However, to achieve broad
applicability, it is crucial to go beyond identifying symmetries tied to specific chemical compositions and
geometries. Instead, symmetries should be defined across the entire relevant chemical and configurational
space.

This work presents a novel data-driven symmetry search method that can reveal all relevant
permutations in molecules and materials present in a given dataset. These permutations are used to
differentiate atoms based on their surrounding chemical environments, allowing us to improve the accuracy
of MLFFs by adjusting the level of symmetry exercised by the model. We start from a cloud of disconnected
vertices that represent atoms and establish connections between them for all representative configurations in
a given dataset using the van der Waals radii and interatomic angles. Only the most frequent links are used to
build the final graph. In the case of the multicomponent system, the symmetry independence of separate
components is analyzed by a CG procedure, and the final graph is modified accordingly. The final graph
serves as an input for the graph automorphism search algorithm [53—-57]. This algorithm produces three
primary outputs: (i) the total number of permutational symmetries, (ii) a minimal set of symmetry
operations sufficient to generate all permitted permutations of vertices, and (iii) the orbits—equivalence
classes of the graph’s vertices under the permitted permutations. Additionally, the constructed graph
representation facilitates the analysis of local atomic environments, particularly useful in cases where reliance
on global symmetries leads to overly complex or inadequate descriptions of the system.

We demonstrate the applicability of the developed approach on examples of a kernel-based model
(sGDML) and a message-passing equivariant NN architecture (MACE) [9, 18, 19]. The sGDML model
employs a global representation that treats the system as a whole rather than partitioning it into localized
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atomic contributions. The model ensures permutational invariance by explicitly symmetrizing its predictions
through integration over the permutation group of a system. Consequently, incorporating permutational
symmetries into the model requires obtaining a comprehensive list of these symmetries. The current
implementation uses a spectral graph-matching algorithm limited to non-periodic systems. Our method
extends this approach to periodic systems such as those featuring organic molecules interacting with a
graphene surface [58—61]. In order to achieve this, a number of unique challenges presented by the periodic
graph isomorphism problem have to be addressed.

We investigate atomic force reconstruction heterogeneity using results from the TEA Challenge 2023,
revealing how employing orbits—atoms with persistent neighborhood chemical compositions-provides new
insights into force prediction errors for the Ac-Phe-Ala5-Lys molecule [62]. This analysis, which yields
consistent results across various deep learning architectures and kernel-based ML models, including MACE,
SO3krates, and sGDML models, highlights the limitations of classifying atoms solely by their elemental
identity [7, 18, 19, 21].

To improve the accuracy and efficiency of MACE, we extend its architecture by explicitly incorporating
atomic orbits-groups of atoms identified by permutational symmetry analysis as sharing equivalent chemical
environments-as distinct atomic types. As a demonstration, we select two systems: the cesium lead iodide
perovskite slab and graphene with pyridinic-N defect. We demonstrate that the proposed symmetry search
method notably enhances FF reconstruction for complex systems when combined with the message-passing
graph NN architecture. This benefits systems where atoms of the same species can be classified into multiple
groups with varying neighborhood chemical compositions. For example, for graphene with a pyridinic-N
defect, the presence of the defect produces different carbon environments based on proximity to the defect
site, while in the CsPbl; perovskite slab system, the presence of surfaces and internal layers leads to different
atomic environments for the same atomic species.

The article’s structure is the following: section 2 provides a comprehensive breakdown of each step within
the proposed graph-based symmetry search algorithm. In section 3, we present the results for the sGDML
model trained for four organic molecules adsorbed on a graphene substrate, followed by an analysis of
atomic force reconstruction heterogeneity based on TEA Challenge 2023 results for the Ac-Phe-Ala5-Lys
molecule. Lastly, in the section, we explore the performance of the MACE model incorporating
permutational symmetries, applied to a graphene system featuring a pyridinic-N defect and the CsPbl;
perovskite slab. Section 4 concludes our study.

2. Methodology

The representation of a system as a graph, where the vertices represent atoms and the edges represent the
links between them, is widely used in chemistry and crystallography [63, 64]. The permutational symmetries
of the system form the graph automorphism group, i.e. they preserve the edge-vertex connectivity.
Consequently, the graph representation reduces the problem of finding symmetries in a system to finding
elements of an automorphism group, a well-studied problem in the field of graph theory [65, 66]. However,
building a representative graph encompassing the symmetries in a given relatively complex system along its
finite temperature evolution is not straightforward. This work proposes a procedure for constructing such
graph representation that describes an entire dataset of configurations rather than one particular structure.

The first step establishes edges between individual atoms at distances smaller or equal to their respective
elements’ van der Waals radii to account for all physically and chemically relevant neighbors for each
individual configuration, as shown in figure 1(I). This provides a system representation resembling chemical
bonds in which neighboring atoms become directly connected.

Some edges created during the first step form sharp angles that are not chemically or physically
meaningful. Therefore, the second step is to remove the longer of the two edges that form such angles, as
depicted in figure 1(II). The threshold defining sharp angles differs from system to system and should be set
manually. We found that taking this threshold as half of the smallest angle formed by translation vectors of a
super-cell in the case of a periodic system is an excellent choice to obtain a structural-informative graph.
After performing the first two steps, a graph representation is formed for each system configuration at our
disposal. In practice, we can use only a limited number of representative structures, making the method
easily applicable for large datasets.

During the third step, we sum the adjacency matrices of the constructed graphs, obtaining the
frequencies of edge formations. Only the edges whose frequencies are above some predefined threshold
become a part of the candidate for the final graph, as illustrated in figure 1(III). This eliminates the edges that
are not characteristic of most configurations. The eliminating threshold value varies from system to system
and depends on both the softness of the system and the presence of transient states and should be set
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Figure 1. An illustrative description of the main components of the graph-based symmetry search procedure. The procedure
consists of six steps: (I) creating of edges between atoms using van der Waals radii as cutoff; (II) filtering out the longest of two
created edges if the formed angle between them is greater than the threshold angle; (III) filtering edges by occurrence frequency in
the dataset; (IV) estimating the number of disconnected components; (V) coarse-graining the disconnected components; (VI)
performing the graph automorphism search.

manually. A good choice is between 70% and 90%. After the threshold is applied, the candidate for the final
graph is constructed.

As shown in figure 1(IV), the fourth step is determining the number of non-connected components in
the candidate’s final graph. It is common for these components to arise from subsystems either distant from
one another or moving quickly enough to prevent them from forming stable edges. If the candidate for the
final graph has no separate components, it is considered the final graph. At this point, one can proceed
directly to the search for its automorphisms.

However, if the candidate for the final graph contains disconnected subgraphs, a fifth step, shown in
figure 1(V), is necessary to analyze the relationships between them. This step begins by replacing all
fragments-represented by disconnected subgraphs, except the largest-with CG particles positioned at each
fragment’s center of mass. The initial four steps are then repeated on this semi-CG system dataset to create a
new graph with CG vertices corresponding to CG particles. The radius for edge creation around each CG
particle is defined as the distance from its center of mass to its most distant atom plus the van der Waals
radius of that atom. Once these steps are complete, each CG vertex is replaced by its original disconnected
subgraph, with new connections added to each subgraph’s vertices based on the CG vertex links. By the end
of the fifth step, any previously missed interatomic connections are re-established, and the distinct fragments
are identified.

Whether the final graph was obtained after the fourth or the fifth step, it can be modified manually
before searching for symmetries. Manual modifications can offer advantages in systems like the chemisorbed
Pd/MgO-surface, see figure 2. In this scenario, when a palladium atom becomes trapped in one of the
numerous local minima, it can introduce bias into the final graph. Accordingly, the biased final graph does
not have information associated with other local minimum configurations missing in the dataset. However,
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Figure 2. The example of manual modifications of the final graphs for the chemisorbed Pd/MgO-surface. All edges of the final
graph that are not connected to the palladium atom are hidden in both (a) and (b). (a) Illustration of the final graph before the
manual modifications, where permutational symmetries are biased toward single local minima. (b) Illustration of the final graph
after the manual modifications, where permutational symmetries take into account other possible locations of a palladium atom.

manual modifications applied to the final graph can help to restore the absent information in the trajectory
to train a robust MLFF model. Therefore, being an optional step, the manual modifications can both
compensate for insufficient configurational space sampling and include physical and chemical intuitions.

The group theory-based graph automorphism search algorithm implemented in the nauty package
efficiently determines the total size of the permutation group and its generators without requiring the
explicit generation of all possible permutations [67]. Moreover, the information on orbits—the equivalence
classes of the graph’s vertices under the action of the automorphisms—can be obtained without additional
computations. Different orbits represent atoms with distinct global neighborhood chemical compositions.
Compared to the number that can be expected for a given system, a large number of different orbits reveals
that the dataset is insufficiently representative or that a transition state is present, requiring careful
construction of the dataset to capture its behavior accurately.

For the final multicomponent graph, the graph automorphism search is applied to each component
separately to examine subsystem symmetries. As the number of components increases, the total number of
symmetries grows exponentially and equals the product of the number of symmetries of each non-connected
part. On the other hand, the total number of orbits shows a linear growth and is equal to the sum of the
number of atoms with distinct neighborhood chemical compositions in each component. For instance, the
system consisting of a 7 x 7 graphene sheet and 1,8-naphthyridine molecule has a total of 1176
permutational symmetries. Specifically, 588 of these symmetries come from graphene, while two come from
the 1,8-naphthyridine molecule. However, this system has ten distinct neighborhood chemical compositions,
consisting of one orbit from graphene and nine orbits from the 1,8-naphthyridine molecule.

The presence of local symmetry perturbations in the final graph representation reduces the number of
permutational symmetries while inflating the number of orbits. Focusing on local neighborhood chemical
compositions-rather than relying exclusively on global orbits-can be more advantageous. The extent of these
environments is determined by the number of nearest neighbors considered, a choice guided by the range of
relevant interactions in the system. In the subsequent section, we will showcase a graphene system with a
pyridinic-N defect to illustrate this scenario.

The sGDML architecture enforces permutation invariance by explicitly enumerating all symmetry-
equivalent atomic permutations provided by the proposed method during dataset preprocessing.
Incorporating orbit information into an MPNN also requires no changes to the model architecture. The
modification is applied at the data level: each atomic species label is replaced with its corresponding orbit
identifier, effectively redefining species based on neighborhood chemical compositions.

Although the graph-based symmetry search procedure was discussed in the context of data produced by
QC methods, it can be applied to any data represented by atomic species and their coordinates, including
those sourced from an experiment.

3. Results

3.1. Organic molecules absorbed on graphene

sGDML is a global kernel ridge regression model designed for efficient FF reconstruction of extended
systems [9]. It leverages permutational symmetries to enhance data efficiency and employs a periodic
Coulomb descriptor to capture system periodicity accurately. To demonstrate the capabilities of the
developed graph-based symmetry search algorithm in combination with global kernel model, we selected

5



10P Publishing Mach. Learn.: Sci. Technol. 6 (2025) 035005 A Charkin-Gorbulin et al

Table 1. Accuracy of the sGDML model, along with the number of permutational symmetries and atoms with distinct neighborhood

chemical compositions (orbits), for molecule/graphene systems. The models were trained on 400 configurations and tested on 12 000
configurations for each system.

: : keal keal
# Permutational symmetries  Force ( m) Energy (m)

# Orbits Graphene Molecule MAE RMSE MAE RMSE

Ethanol/graphene 7 588 6 0.31 0.54 0.53  0.67
1,8-naphthyridine/graphene 10 588 2 0.45 0.72 0.61  0.78
D-alanine/graphene 11 588 6 0.55 1.07 1.07  1.39
D-histidine/graphene 19 588 4 0.59 1.20 1.35 1.92

Force MAE -

0.36
3.1

w
<
=
)
%)
A
o
L

N o
o |

Force MAE :

Figure 3. 3D visualizations of molecule/graphene systems, where the first column shows atoms colored according to orbit
classifications, reflecting distinct neighborhood chemical compositions, and the second column shows atoms colored by their
mean average force error in kcal (mol-A) ~! as predicted by the sGDML models. Figures correspond to: (a) ethanol, (b)
1,8-naphthyridine, (c) D-alanine, and (d) D-histidine molecules in the respective molecule/graphene systems.

four periodic systems in which a 7 x 7 graphene surface interacts with various organic molecules: ethanol,
1,8-naphthyridine, D-alanine, and D-histidine (details provided in the supplementary information). For
each system, we extracted 400 configurations from DFT-generated molecular dynamics trajectories to
identify permutational symmetries and integrate them into the sGDML model in closed form training
process [68-70].

Table 1 presents the mean absolute error (MAE) and root mean squared error (RMSE) values for the
sGDML models applied to molecular systems on graphene, along with the number of orbits and
permutational symmetries [9]. The results show that the force MAE remains below 1 kcal (mol-A)~! across
all systems. While both permutational symmetries and orbits influence the accuracy of sGDML models, the
impact of orbits appears to be more significant. Notably, the MAE strongly correlates with the number of
orbits, representing atoms in distinct neighborhood chemical compositions. Furthermore, the increasing
disparity between RMSE and MAE for forces with a growing number of orbits suggests that atomic force
prediction errors are highly heterogeneous, likely due to variations in interaction patterns for different orbits.

Figure 3 presents the molecules with atoms color-coded according to two criteria: their classification into
orbits, representing distinct neighborhood chemical compositions, and their individual force MAE, averaged
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Figure 4. A snapshot of the Ac-Phe-Ala5-Lys molecule geometry. C(1)—C(*) represent sets of carbon atoms belonging to four
different orbits.

over the entire test set [71, 72]. As illustrated by the example of hydrogen atoms in ethanol shown in
figure 3(a), three distinct types of hydrogen atoms can be identified based on their neighborhood chemical
compositions. Hydrogen atoms in the R-CHj3 group share the same neighborhood chemical composition and
thus belong to the same orbit (blue). In contrast, hydrogen atoms bonded to the adjacent carbon (orange) or
to the oxygen atom (green) form distinct orbits, reflecting differences in their local chemical surroundings.
Although these three types of hydrogen atoms exhibit intrinsically similar MAEs, their values differ
depending on their specific neighborhood chemical compositions, as highlighted by the orbit-based
classification. The impact of neighborhood chemical compositions on the distribution of errors is
particularly evident in 1,8-naphthyridine, shown figure 3(b). Reflection symmetry inherent to the molecule
ensures that symmetrically positioned atoms share identical neighborhood chemical compositions, resulting
in similar MAEs. Consistent conclusions are observed when applying similar analyses to each atom in the
other systems examined.

Opverall, the analysis suggests that while the sGDML model accounts for symmetries by considering the
complete set of all possible permutations in the system—without explicitly distinguishing orbits—integrating
orbit-based approaches could enhance performance in architectures capable of leveraging this distinction.

3.2. Ac-Phe-Ala5-Lys

To further explore the influence of orbits on atomic force reconstruction across various chemical systems and
MLFF architectures, we analyze the results from the TEA Challenge 2023 [62]. The TEA Challenge 2023 is a
benchmarking initiative that evaluates MLFF performance across diverse molecular systems, systematically
assessing models with various architectures such as MACE, SO3krates, sGDML, SOAP/GAP, and FCHL19*
[1,6-8, 18-21, 30]. The test systems included two biomolecular structures (alanine tetrapeptide and
N-acetylphenylalanyl-pentaalanyl-lysine), a 1,8-naphthyridine/graphene interface, and a methylammonium
lead iodide perovskite. The challenge focused on key tasks, including the reconstruction of potential energy
surfaces, the handling of incomplete reference data, the modeling of multi-component systems, and the
simulation of complex periodic structures. The results revealed pronounced heterogeneity in atomic force
prediction errors, with worst-to-best atomistic MAE ratios ranging from 5:1 to 6:1, consistently observed
across different architectures. Here, we selected the Ac-Phe-Ala5-Lys molecule (100 atoms) to investigate the
origin of this heterogeneity using orbits identified through the developed permutational symmetry search
method.

Since orbits are defined as sets of vertices that remain indistinguishable under all graph automorphisms,
applying graph automorphism analysis directly to complex molecules can lead to an excessive number of
chemically distinct environments, even for atoms that should be treated identically based on chemical
intuition. Distinguishing atomic species based on their local neighborhood chemical compositions is more
effective than relying solely on global permutational symmetry in such systems. Therefore, while orbits
traditionally refer to global permutations, hereafter, we extend the term to include atoms characterized by
distinct local environments.

Figure 4 presents a molecular snapshot highlighting four sets of carbon atoms that form orbits with
identical neighborhood chemical compositions up to the second nearest neighbors, considering only orbits
containing multiple atoms. Table 2 reports the MAEs for atomic force reconstruction using two MPNN
architectures, MACE and SO3krates, along with the kernel-based sGDML model. The errors are evaluated on
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Table 2. Normalized atomistic force MAE (in %) for Ac-Phe-Ala5-Lys molecule. Orbits correspond to carbon atoms highlighted in
figure 4. For details on the MLFF architectures and different test sets (complete (com), incomplete (incom), and unknown (unkn)),
refer to reference [62].

MACE SO3krates sGDML
Orbit com incom unkn com incom unkn com incom unkn
c® 0.85 0.74 1.08 2.22 2.10 2.79 8.40 7.44 13.42
0.73 0.63 0.99 1.98 1.80 2.59 8.11 7.07 13.35
0.72 0.63 0.94 1.87 1.72 2.41 8.24 7.21 13.78
0.68 0.61 0.82 1.74 1.64 2.05 7.92 7.14 12.03
0.71 0.64 0.90 1.90 1.73 2.37 8.04 7.10 13.37
0.83 0.72 1.11 2.28 2.13 2.89 8.30 7.33 13.38
c® 0.50 0.45 0.60 1.25 1.22 1.46 5.55 491 8.70
0.51 0.45 0.59 1.24 1.21 1.45 5.53 4.89 8.62
c® 0.40 0.35 0.44 0.98 0.97 1.09 5.06 4.46 7.70
0.39 0.34 0.44 0.96 0.93 1.10 5.00 437 7.84
0.38 0.33 0.41 0.88 0.85 0.93 4.95 4.41 7.48
c® 0.65 0.57 0.79 1.73 1.62 2.13 8.62 7.72 14.05
0.63 0.55 0.76 1.66 1.56 2.00 8.45 7.47 14.40
0.58 0.52 0.68 1.51 1.43 1.73 8.16 7.27 13.08
0.61 0.55 0.74 1.62 1.53 1.87 8.43 7.39 14.05
0.69 0.61 0.84 1.86 1.74 2.27 8.51 7.47 13.90

the same test set and model prediction data used to generate table 1 in [62]. To account for variations in force
magnitudes across the molecule, MAEs are expressed as percentages of the averaged norm of the true force
acting on an atom. Carbon atoms within the same orbit are grouped together, revealing a clear pattern:
relative atomic force MAEs remain highly consistent within each orbit but differ significantly across different
orbits. Similar results can be observed for absolute atomic force MAE values, as well as for other chemical
elements and systems benchmarked in the TEA Challenge 2023.

This trend aligns with our findings for smaller molecules on graphene in the previous subsection, further
emphasizing the limitations of treating all atoms of a given chemical element identically in ML models,
despite their diverse bonding environments.

3.3. Graphene with pyridinic-N defect

Beyond providing insight into the origin of force reconstruction heterogeneity observed across all ML
models and chemical systems analyzed, orbits can also be directly leveraged to improve the performance of
state-of-the-art MLFF architectures. As a demonstration, we considered a 15 x 15 graphene lattice
containing a pyridinic-N defect, shown in figure 5(a), which disrupts the symmetry among carbon atoms.
For this study, we choose the MACE model, an equivariant MPNN, and employ orbits (atoms with persistent
neighborhood chemical compositions) extracted using the developed graph-based symmetry search
algorithm to enhance training efficiency and predictive performance. [18, 19] The standard MACE
architecture has three hyperparameters that are critical for accuracy and ultimately define the model’s size:

e The maximum order of irreducible representations (irreps) that determine the complexity of the internal
feature space;

e The number of channels, i.e. features belonging to each hidden irreps, indicates the dimensionality of the
internal representation at a given symmetry level.

o The design of the multilayer perceptron (MLP) that defines the radial resolution of the model.

The default configuration for the MACE model incorporates hidden representations up to the second order,
with each order containing 128 features (*128x0e + 128x1o'). Additionally, the radial MLP comprises
three fully connected layers, each with 64 neurons. However, for experiments with models’ sizes that were
changed with by varying channel counts, the radial MLP consists of three fully connected layers, each with
only 8 neurons, since that was enough to obtain error below 1 kcal (mol-A)~!. All MACE models were
trained under identical conditions, employing early stopping on the validation loss with a patience of 2048
epochs to ensure convergence.

As an equivariant model, MACE captures symmetries by translating discrete permutation symmetry into
a continuous representation governed by rotational equivariance. This approach enables efficient
parameterization through the use of irreps of the rotation group SO(3). However, this conversion also
introduces a limitation: the model is constrained to operate within the full rotation group and cannot
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Figure 5. Graphene with a pyridinic-N defect system is represented using three approaches: (a) default, (b) first- and
second-neighbor (142NN), and (c) first-neighbor structural encoding (1NN). (d)—(f) Distributions of mean absolute error
(MAE) in force predictions, in kcal (mol-A)~!, for MACE models applied to the graphene system with pyridine-type defect. Solid
green lines represent the default MACE architecture, red dashed lines indicate the first and second-neighbor-based model, and
purple dashed-dotted line denote the first-neighbor-based model. (d) Force MAE distributions calculated for all atoms in the
system, for the MACE models trained on 100, 300, and 500 reference geometries. (e) and (f) Force MAE distributions specifically
for nitrogen, carbons bonded to nitrogen, and other carbon atoms in the system using MACE models trained on 500
configurations, where default MACE architecture compared with (e) the first and second-neighbor-based MACE model, and with
(f) the first-neighbor-based MACE model.

explicitly emphasize specific symmetry subgroups, such as particular atom permutations. By preserving a
direct encoding of permutation symmetry, it becomes possible to treat both discrete permutation and
continuous rotational symmetries explicitly and independently, offering greater flexibility and potentially
improved inductive bias in the model. By maintaining an explicit connection to permutation symmetry-
specifically by partitioning atoms into equivalence classes based on their local chemical environments-the
model can separately and directly encode both discrete permutation and continuous rotational symmetries.
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In this framework, permutation invariance within each equivalence class is enforced a priori, allowing the
network to concentrate its capacity on learning rotational equivariance within each class. This approach
offers finer control over symmetry treatment and improves both the accuracy and efficiency of MACE. By
organizing atoms into classes with stable neighborhood chemical environments, the model reduces
hypothesis space complexity, accelerates convergence, and lowers generalization error. Crucially, it focuses
the network on learning meaningful geometric correlations rather than rediscovering redundant
permutation symmetries.

To further explore how these equivalence classes influence model performance, we assessed the impact of
different orbit-based structural encodings on MACE’s performance by constructing three datasets containing
200, 600, and 1000 configurations each. For every dataset, we trained three types of models using standard
hyperparameter settings: one with default atomic species (formally classified as a ONN model) and two
incorporating INN and 1 4 2NN structural encodings. Training process followed a 50/50 split between
training and validation datasets.

The default structural encoding of the system shown in figure 5(a) distinguishes only carbon and
nitrogen atoms. It is then refined by adjusting the number of nearest neighbors that define each atom’s
neighborhood chemical composition, capturing a more detailed view of local symmetries. For example,
including first and second neighbors into consideration (1 + 2NN) yields four additional inequivalent orbits
for carbon. Specifically, C(!) is unaffected by the defect, C?) has one nitrogen atom among its second
neighbors, C®) has two nitrogen atoms among its second neighbors, C*) has one nitrogen atom as a first
neighbor, and C(®) has one nitrogen atom as a first neighbor plus another as a second neighbor. In contrast,
figure 5(c), which considers only first-neighbor structural encoding (1NN), introduces just two inequivalent
orbits for carbon: C") = CD UC® U C®), unaffected by the defect, and Cc® = C@® U CO), which has one
nitrogen atom as a first neighbor.

The MACE models that were trained on default (ONN), INN, and 1+ 2NN structural encodings use a
5 A cutoff and two interaction blocks, effectively increasing their effective interaction range to 10 A. In the
considered defective graphene system, every atom’s third-nearest neighbors lie within 4 A. Thus, orbit
partitioning does not extend the model’s spatial reach under any encoding, but simply reorganizes the same
local information into symmetry-informed classes, letting the network focus on geometric features rather
than relearning permutation invariance.

Figure 5(d) illustrates the force MAE distributions predicted for ONN, 1NN, and 142NN models, each
trained on 100, 300, and 500 structures, respectively. The force MAE distributions for graphene with a
pyridinic-N defect display a single Gaussian-like peak across all dataset sizes. For 100 training points, the
default model yields a force MAE distribution peaking around 0.40 kcal (mol-A) ! with RMSE of
0.59 kcal (mol-A)~!. In contrast, the 1NN and 1 + 2NN models produce noticeably narrower
distributions that peak near 0.38 and 0.30 kcal (mol-A) !, with corresponding RMSE values of 0.57 and
0.50 kcal (mol-A) ™!, respectively. As the number of training points increases, the relative performance
ranking of the models remains consistent, while the error distributions shift toward smaller values. With 500
training points, the RMSEs decrease to 0.35, 0.40, and 0.44 kcal (mol-A)~! for the 1 + 2NN, INN, and
default MACE models, respectively.

To go deeper into the effects of different structural encodings on specific subsets of atoms, we separately
analyze the precision of the predicted forces for nitrogen atoms (N), carbons bonded to nitrogen (C?)), and
all other carbons (C(l)). Figures 5(e) and (f) show the force MAE distributions for those atoms, illustrating
the influence of the local pyridinic-N defect on the performance of MACE models when trained with 500
configurations. By examining these subsets individually, one finds that orbits-based models outperform the
default one most noticeably for C(')—the largest subset of atoms. For C!"), the MAE distributions of the
models narrow and shift toward smaller errors, reducing the RMSE from 0.43 (ONN) to 0.39 (1NN) and 0.35
(1 + 2NN) keal (mol-A)~".

However, the MAE distributions and RMSE for the C?) subset remain largely unchanged in both
orbit-based models, likely due to its role as a ‘force outlier’ for carbon atoms. By employing orbits, the larger
C™ subset is effectively decoupled from smaller and chemically distinct c®, allowing orbit-based models to
significantly enhance force reconstruction for c, Similarly, nitrogen atoms also exhibit improved force
predictions when orbit-based models are used. This can be attributed to the fact that, in the default MACE
model, the nitrogen subset initially has the highest error, 0.60 kcal (mol-A) ~!, making it more responsive to
orbit-based encoding. As a result, its MAE distributions improve, ultimately aligning the nitrogen atoms and
C® RMSEs at 0.56 kcal (mol-A)~!.

These findings indicate that orbits with the greatest impact on the loss function-typically those containing
the largest subset of atoms or exhibiting the highest errors-experience the most substantial improvements.

To validate that the 1 + 2NN orbit-based model accurately captures key physical properties, we compare
the I'-point phonon spectrum of the system with that obtained from the default MACE model. Although the
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default model has approximately 1.6 times more parameters, both models achieve nearly identical force
RMSE and MAE. As shown in figure SI 2, the phonon frequencies at the I"-point closely align across all
vibrational modes, demonstrating that the orbit-based model reproduces vibrational behavior with accuracy
comparable to the default, despite its significantly reduced complexity.

3.4. CsPbl; perovskite slab

To validate our conclusions regarding the advantages of incorporating orbits in MLFFs across different
system sizes, we extend our analysis to a larger system-a CsPbl; perovskite slab with 216 atoms per unit cell.
As shown in figure 6(a), the CsPbl; perovskite slab exhibits only reflective symmetry along the z-axis,
resulting in three distinct, non-equivalent layers of Pbl, and Csl: the outer layer, the in-between layer, and
the middle layer. Consequently, despite containing only three chemical elements, the system features 12
distinct orbits defined by global permutational symmetry-six for iodine, three for cesium, and three for
lead-providing a more granular structural representation for MACE models. By enforcing these orbits, the
orbit-based variant effectively extends its receptive field beyond the nominal 13 A with 6.5 A cutoff, allowing
it to capture longer-range structural information that the default model cannot access.

To assess the impact of orbits on data efficiency and model accuracy, we assembled three DFT-based
datasets, comprising 600, 1000, and 2000 configurations each [73—79]. Subsequently, two MACE models
with standard hyperparameter settings were trained for each dataset—one utilizing default atomic species
and the other incorporating orbits. The training process used a 50/50 split for training and validation
subsets. For experiments on model size, four distinct models were trained for each model type and channel
count using a cross-validation procedure on 2000 configurations, with a 50/50 split between training and
validation datasets. Additionally, early stopping on the validation loss with a 2048-epoch patience was used
to guarantee full convergence for all models. All obtained ML models were tested on the test sets consisting of
8000 configurations, ensuring the stability and reliability of our results.

Figure 6(b) illustrates the distribution of the MAE of forces predicted on the same test set by the MACE
models trained on 300, 500, and 1000 structures, respectively. For all training set sizes except 1000, two
distinct peaks are shown in the distribution. The left and right peaks in the low and high MAE regimes
highlight the existence of properly sampled and under-sampled regions of the configuration phase space,
respectively. For 300 training points, the right-side peak is centered at 0.54 kcal (mol-A) ™! for the model with
default species and thus has slightly better accuracy for those under-sampled regions than the model with
orbits, which shows a broader right-side peak centered at 0.58 kcal (mol-A)~!. The difference between the
two models is highlighted in well-sampled regions of configurational space. For the left-side peak, the model
with orbits has higher accuracy than the default model with a peak centered around 0.23 kcal (mol-A) ! as
opposed to 0.30 kcal (mol-A) L. In total, the two models present similar overall accuracies, with the
inclusion of orbits favoring the well-sampled regions.

With the increasing number of training points, the right-side peak vanishes faster for the models with
orbits than for those with default species, pushing the overall accuracy in the orbits’ favor. At 1000 training
points, both models demonstrate a single peak distribution. The MACE model with orbits is narrower, with a
peak of around 0.08 kcal (mol-A) ~! compared to the MACE model with default species presenting a broader
distribution and a peak at around 0.18 kcal (mol-A) 1.

Figure 6(c) depicts the distributions of the MAE across configurations for three lead orbits separately.
This analysis pertains to both types of models trained on 500 configurations, thereby showcasing the
individual contribution of each lead’s orbit to the overall force MAE distribution. Including orbits in the
model yields more significant improvements in accuracy for both the outer and in-between layers than for
the middle layer. This difference is attributed to the middle layer having two times fewer lead instances than
other layers. Other chemical elements within the system show similar trends and distributions.

In MPNN models, the increase in atom types correlates with a rise in trainable parameters. However, our
findings demonstrate that the observed improvement of MACE models within the proposed approach is
more than just a result of an increased number of parameters. Figure 7(a) illustrates the accuracy of these
models as a function of the number of channels, which represent the dimensionality of the internal
representation at a specific symmetry level. Each model type and channel count underwent training and
testing on four distinct datasets, with the resulting variability in accuracy depicted as error bars. Graphs for
all model types exhibit linear trends in the logarithmic scale, where the models treating all atoms as the same
species have the lowest accuracy. In contrast, orbit models display the highest accuracy for the same number
of channels. Notably, the difference in accuracy among these models remained nearly constant when plotted
on a logarithmic scale. This suggests that increasing the number of parameters for a given tensor
representation can provide sufficient capacity to capture the neighborhood chemical composition, even
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Figure 6. (a) The perovskite CsPblj slab system in the zx projection. (b) and (c) Distributions of mean absolute error (MAE) in
force predictions, in kcal (mol-A) =1, for MACE models applied to the CsPbl; perovskite slab system. Solid green lines represent
the default MACE architecture, while red dashed lines indicate the orbit-based MACE models. (b) Force MAE distributions
calculated for all atoms in the system, for the MACE models trained on 300, 500, and 1000 reference slab geometries. (c) Force
MAE distributions specifically for lead atoms, analyzed across different slab layers, using MACE models trained on 500
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without considering specific atom types. This is particularly true in systems where the neighborhood

chemical composition remains consistent during the system’s evolution.
Any MPNN, including MACE, is invariant under permutation of the same chemical species, using the

same function for force predictions. Employing orbits expands the number of different chemical species in
the models, increasing the number of distinct functions used. To benefit from such an increase, the training
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Figure 7. Force prediction accuracy of MACE models in the CsPbl; slab system as a function of the models’ size. The root mean
square error (RMSE) is evaluated across three model architectures: the default RMSE architecture (blue), an orbit-based MACE
architecture (red), and a MACE architecture treating all atoms as identical (orange). Uncertainty was quantified using
cross-validation testing. (a) The RMSE as a function of the number of channels in hidden irreducible representations, with other
model parameters held constant. (b) The RMSE as a function of the total number of trainable parameters.

set needs to be large enough for every orbit to be well sampled; otherwise, the parameters of those functions
cannot be accurately trained. As a demonstration, figure 7(b) shows a relationship between the accuracy of
different types of the MACE models and the total number of trainable parameters they have, where the
variability in accuracy is depicted as error bars. The figure corresponds precisely to the same models as
figure 7(a). Notably, orbit-based MACE models achieve comparable accuracy with significantly fewer
parameters than the default MACE models. For example, to reach a target accuracy of 0.4 kcal (mol-A)~!, an
orbit-based MACE model requires approximately 9 x 10* parameters. In contrast, the default MACE model,
which relies on atomic species, requires around 7 x 10> parameters-an order of magnitude more.

Our results show that while increasing the number of trainable parameters in MPNN models generally
improves prediction accuracy, the proposed orbit-based approach achieves comparable or even superior
accuracy with significantly fewer parameters. This suggests that explicitly incorporating chemically distinct
atomic environments through orbits enables a more efficient parameterization, reducing model complexity
without sacrificing accuracy.

4. Conclusion

We have developed a graph-based method for identifying permutational symmetries, applicable to both
periodic and non-periodic chemical systems. Our approach systematically uncovers symmetries across the
entire configurational space by analyzing atomic positions from a dataset of configurations. It outputs the
size and generators of atomic permutation sets, along with a classification of atoms into chemically distinct
environments (orbits). Notably, this information is determined prior to explicitly computing permutations.
Our method has been successfully integrated with the kernel-based sGDML framework and the equivariant
MPNN MACE model.

The practical utility of our approach was demonstrated by training accurate machine-learning FFs for
four organic molecules: ethanol, 1,8-naphthyridine, D-alanine, and D-histidine adsorbed on a pristine
graphene substrate using the sGDML architecture. We established that the accuracy of atomic force
predictions is strongly influenced by the number of orbits in a system. Greater chemical diversity (resulting
in more orbits) leads to increased force reconstruction heterogeneity and larger MAE and RMSE values. This
trend was further validated across multiple MLFF architectures, including MACE, SO3krates, and sGDML,
for the N-acetylphenylalanyl-pentaalanyl-lysine using the results of the TEA Challenge 2023 benchmark.

By incorporating orbit information into the MACE training process, we observed significant
improvements over the default MACE architecture, which relies solely on atomic types. The tests were run
for the graphene with pyridinic-N defect and CsPbl; perovskite slab. For example, to achieve a target
accuracy of 0.4 kcal (mol-A) ! for the CsPbl; slab (sufficient for multiple practical applications), an
orbit-based MACE model required approximately 9 x 10* parameters-an order of magnitude fewer than the
7 x 10° parameters needed for the default MACE model. The advantages of using orbits become more
pronounced as system complexity and dataset size increase. Our results consistently demonstrate that
orbit-based models outperform standard approaches in force prediction accuracy, owing to their more
efficient parameterization.
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In this work, we have focused on a structurally well-defined benchmark system to demonstrate the
accuracy improvements enabled by explicit permutation-symmetry encoding. Extending orbit-based
symmetry methods to fully dynamic settings, where atoms may alter their local chemical environments
through processes such as defect migration, bond breaking and formation, or other structural
transformations, will require the development of dynamic orbit assignments. In particular, future MLFF
architectures should smoothly embed atomic neighborhoods to allow orbit labels to evolve consistently
throughout MD trajectories. We consider this a critical and promising direction for future research.

In summary, the proposed graph-based symmetry search method represents a significant step forward in
modeling large, complex, and chemically diverse systems using state-of-the-art MLFFs. By leveraging orbits,
our approach enhances predictive accuracy and computational efficiency, making it a valuable tool for future
applications in computational chemistry and materials science.
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