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Abstract

This paper is devoted to the Laplacian operator of fractional order s € (0, 1) in several
dimensions. We consider the equation (—A)*u = f(x, 1) in 2, u = 0 in Q€ and establish a
representation formula for partial derivatives of solutions in terms of the normal derivative
u/8°. As a consequence, we prove that solutions to the overdetermined problem (—A)*u =
f(x,u)in Q,u = 01in Q°, and u/8° = 0 on 92 are globally Lipschitz continuous provided
that 2s > 1. We also prove a Pohozaev-type identity for the Green function and, in particular,
obtain a formula for the gradient of the Robin function, which extends to the fractional setting
some results obtained by Brezis and Peletier (1989) in the classical case of the Laplacian.
Finally, an application to the nondegeneracy of critical points of the fractional Robin function
in symmetric domains is discussed.
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1 Introduction and Main Results
1.1 Introduction

The fractional Laplace operators appear in several disciplines of mathematics: functional
analysis, PDEs, probability theory; in diverse applications issued from biology, ecology or
finance. They also have numerous definitions, based on Fourier analysis, harmonic extensions,
semigroup theory or quadratic form, among others, see [23, 29] and the references therein
for more. One definition of the fractional Laplace operator of order s, with s € (0, 1), in
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N € N, dimensions, is based on the following explicit formula:

. . u(x) —u(z)
(—=A) MU0~==CNJ pV.[éN]}fzéﬂﬁligdL

with

I-(N-E%)

N/2S4S
Ir'(a—s)’

CNs =T ()
where I is the gamma function, and where p.v. refers to the Cauchy principal value. Above u
is a function defined on R" with real values. The reason for the presence of the normalization
constant ¢ s is to match with the Fourier definition which sets the fractional Laplace operator
(—A)* as the Fourier multiplier of symbol |& |%. On the other hand, the operator (—A)* is
naturally associated with the bilinear form:

(. v) = CN.s // (u(y) —u@)(w(y) — U(Z))dydz.
RN xRN

2 |y _Z|N+2s

Throughout this manuscript, we shall denote by H*(R"Y) the set of all those L>(R")
functions u for which & (u, u) < oo and for a given bounded open set @ C RY, we let
H} () be the space of all the elements of H*(RY) for which u = 0 in RY \ Q. In what
follows, unless otherwise stated, €2 will be a bounded open set in RN of class C!'! with
N e N,.

1.2 Representation Formula for Partial Derivatives

Let f : @ — R be a bounded, given source term. The Dirichlet problem for the fractional
Laplacian reads:
(=AY’u=fin Q@ & u=0 in RN\Q. 2)

It is well known that the problem above admits a unique bounded solution which can be
represented by

u(x) 2/ Gs(x,2) f(z)dz forx € Q. 3)
Q

Formula Eq. 3 is rather classical in potential theory, see the works [8, 9, 23, 29] and the
references therein. In the above, G (x, -) stands for the Green function associated with the
operator (—A)?*, that is, the solution to

(=A)Gg(x, ) =8, in D(Q) & Gsx,)=0 in RV\Q. 4)

Here §, denotes the Dirac delta distribution, and D’(2) is the space of distributions on
Q. Formula Eq. 3 plays an important role in the qualitative and quantitative analysis of the
problem Eq. 2. For example, if f € L°°(2), using the estimate on the Green function —see
e.g Eq. 97- one easily derives from Eq. 3 that « is then also in L°°(€2) with [Ju|| o q) <
c|l f Il Le (). Further applications of the formula Eq. 3 arise in regularity theory, but also in the
study of symmetry and sign properties of solutions (see [22]). A generalization of formula
Eq. 3 for solutions with nonzero Dirichlet data can be found in [1]. One may also consult [2]
and the references therein for representation formulas for solutions to higher-order fractional
Dirichlet problems.
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Here we are interested in representation formulas for partial derivatives of solutions in
terms of the source term f. Because of the singularity of the Green function, one cannot
simply apply a derivative to the formula Eq. 3 as one would for a regular integral with a
parameter. In the classical case, and when the data are sufficiently regular, a representation
formula for partial derivatives of solutions can be derived by a simple application of Green’s
third formula, which we recall in what follows. Given u € C2(2) N C1(Q), we have

u(x) :f Gi(x,2)(—A)u(z)dz —/ yN(G1(x, )N (u(z)do, for x € Q,
Q IQ

where G (x, ) is the Green function of the Laplacian with singularity at x and yn (G (x, -)(2)
= V,G(x, z) - v(z) for z € 0Q2 is the Neumann trace.

Indeed, if u is sufficiently regular, say, for instance, u € C3(Q) N C%(Q) so that du €
C?() N C!(Q), then plugging d;u into the identity above and integrating by parts the first
term, we get

Oiu(x) = —/QBZ,.Gl(x,z)(—A)u(z)dz — /;Q Y (G1(x, ) (2)diu(z)do, for x € Q.

Thus, if f € C'(R), Q is smooth enough, and u is the solution of (—A)u = f in © and
u = 0 on €2, then 9;u can be represented by

diu(x) = —/;ZBZiGl(x,z)f(Z)dz — /BQ yN(G1(x, ))(2)0;u(z)do, for x € Q. (5)

Our first result establishes the counterpart of the identity Eq. 5 when the Laplacian is
replaced by the fractional Laplacian (—A)*. To state the result, we let £ : RV x R —
R, (h,q) — f(h,q) with

B N ;
Cloe RY x R), if2s > 1,
fe { loc RY X R), if 25 > for some B € (0, 1). (H)

CLP@®N xRy, if2s <1,
Recall that a function u € C*(RY) N H(2) is a weak solution of

(—A)u=f(xr,u) inQ & u=0 in RV \Q, (©6)

Eu, d) Z/Qf(z,u(z))¢(z)dz,

for all ¢ € C2°(2). Under the above assumptions on f and by regularity theory (see [32,
34]) we know that any weak solution belongs in Clloc(Q). We denote dy,u = du/dx; for
i=1,2,---,N,and v; = v -¢; the i-coordinate of the outward unit normal v to d<2. For the
sake of simplicity, for a sufficiently regular function w, we denote by y; (w) := (w/8*) ’ 90
the fractional Neumann trace; here § := dist(-, d€2) is the distance function to the boundary
092. With these notations, we have:

Theorem 1.1 Let N > 2s and let Q be a bounded open set of RN of class C'' and f -
RN xR — R satisfies Eq. H. Let u be a weak solution of Eq. 6. Then, for all x € 2, we have

Oy, u(x) = —F2(1+S)/ v5 W)y (G (x, )i da—/ 9, Gs(x,2) f(z,u(2)dz, if2s>1.(7)
a0 Q
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In the case 2s < 1, we have

ax,-M(X)=—1“2(1-i-s)/3Q o g (Gs (x, ))v; dU+/Q Gs(x, -)(3h,~f(z, u(z)) + 94 f (z, M(Z))Bz,-u(z)>dz-
®)
In particular, in the case (—A)*u = constin 2 & u =0in RN \ Q, we have

A u(x) = -T2 +s)/ 7o W) vy (Gs(x, Nvido foralls € (0, 1). 9)
a0

As a simple consequence of Theorem 1.1 we have

Corollary 1.2 Let f be as above, and u € C*(RV) N H(S2) be a solution to the problem

(=A)’u = f(x,u(x)) in K,
u=0 in Q°°

)|3Q = 0. Then Vu € L*®(2) provided that 2s > 1.

Corollary 1.2 readily follows from Eq. 7 by using that V,G,(x, z) is —uniformly in x—
L'-integrable in €2 provided that 25 > 1, see e.g [11, Lemma 9].

Assume moreover that (u/8*

Remark 1.3 First, by regularity theory (see [32]) for each x € €2, the functions: 9Q2 —
R, z = 5 (Gs(x, -))(2),and z = y; (u)(z) are continuous. Moreover, 3y, Gs(x, ) € LY()
provided that s € (1/2, 1) (see Appendix A). Finally, since 8175Vu € L®(Q) (see e.g[32]),
and 871G, (x,-) € L' (), it is not difficult to check that the second integral in Eq. 8 is
finite. Therefore, all the quantities appearing in the identities above are well defined.

Remark 1.4 When the data are sufficiently regular, it is possible to derive a formula like Eq. 8
by using the following Green’s type identity for the fractional Laplacian (see [1, Proposition
1.2.2]): forany u € Clz(f;“E (€2) such that 8! ~*u is continuous up to the boundary, and
lull 21y, 59) = / $T @u@)|(1 + |z N Fdz < +oo,
RM\Q

with u = 0 in RN \ Q, we have

u(x) :f Gy(x, 2) (=AY u(z)dz +/ 75 (Gs(x, NEu()do forx € Q, (10)
Q 2
where
. u(x) , . P
Eu(o) := Qgm . f Mo(x.o)do’ and Mgq(x,0') = QBI;m /Gs(x, ¥)/8 ().
x—=6 Joq s —0

Indeed, if u solves Eq. 6 with f(x,u) = f(x) € C*(Q), then d;u € CEF(Q)NLIRN\
Q, 8%) solves
(=AY 9ju =0 f in €,
dju=0 in RV\ Q, (11
81_s(x)3ju(x) = sy, (u)(x)v;(x) on 9.
The last identity in Eq. 11 follows from [21, Eq (1.5)]. Using Eq. 10 with d;u and integrating
by parts in the first integral, we get

dju(x) = /Q Gs(x,2)(=A) (0ju)(2)dz + fag Y0 (Gs(x, NO)E@ju)(0)do

=/QGs(x,Z)3jf(Z)dZ+/;Q Y0 (Gs(x, N (0)E@;u)(O)do.
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We arrive at the desired identity once we prove that £(3;u) (o) = T 1+ $)ys@)(o)v;(o)
holds for all o € d€2. Unfortunately, it is not clear how to obtain the latter for an arbitrary
bounded open set 2.

Idea of the Proof of 1.1 To prove Theorem 1.1, given the remark above, we use instead the
following identity (see, e.g [18, Theorem 1.3] or [33, Theorem 1.9]).

/ I v(—A)wdz = —/ BZiw(—A)Svdz—Fz(l +s)/ Yo Wyy (w)vido. (12)
Q Q aQ

Formally, we get Eq. 7 using G(x, -) and u as test functions in Eq. 12. Unfortunately, the
function G (x, -) is too irregular to be admissible in Eq. 12. To overcome this difficulty,
we approximate G, (x, -) by a C2°-function of the form &Y Gs(x, -) where & and ¢} are
suitable cut-off functions which vanish near the boundary 02 and near the singular point
x of the Green function, respectively. Next, we plug & ¢~ G, (x, ) and &u into Eq. 12. We
expand by using the product rule for the fractional Laplacian, and then pass to the limit as
k — +oo and u — O respectively to arrive at the desired identity. For the passage to the
limit with respect to k we follow the analysis done in [17], the novelty here mainly concerns
the passage to the limit with respect to ;. We refer to Section 2 below for more details.

1.3 Representation Formulas for Gradient of te Fractional Robin Function

Let N > 2s. The fractional Green function G can be split into:

Gy(x, ) = Fy(x, ) — Ha(x, -), (13)
where
bN K . 1 .
Fo(x,) = ——— if N > 2s & Fs(x,)=——log|x —+ if N =2s,
|x _ ,|N72s T
(14)
with Voo
r'(=5=)
by =m N4 2 2 15
N.s T I'(s) (15)
is the fundamental solution of (—A)* and Hq(x, -) solves the equation
(=AY Hq(x,) =0 in 2, (16)
Ho(x, 2) = Fi(x,2) n RV \ Q.

In this section, we are interested in a representation formula for the gradient of the fractional
Robin function. We recall that the fractional Robin function associated with the domain €2,
denoted as R : Q — R is given for x in Q by

RE(x) := Hq(x, x), (17)

where Hq(x, -) is the regular part of the Green function G (x, -) as defined in Eq. 16. To
simplify the notation, from now on we simply write R in place of sz Whens = 1, i.e, in
the classical case of the Laplacian, we write R instead of R .

The Robin function plays an important role in various fields of mathematics such as
geometric function theory, capacity theory, and concentration problems (see e.g [4, 12, 24]
and the references therein). In particular, critical points of the Robin function (or the so-called
harmonic centers of €2) appear when studying elliptic boundary value problems involving
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energy concentration [24]. And also for elliptic problems involving critical Sobolev exponent,
the number of solutions is linked to the number of (non-degenerate) critical points of the Robin
function (see e.g [31]). Despite the great importance of the Robin function, many questions
regarding its properties remain unanswered even in the classical case. Below, we prove two
basic properties (integral representation of the gradient and non-degeneracy in symmetric
domains) of the fractional Robin function. First, let us recall the following result obtained by
Brézis and Peletier in [12] that expresses the derivative of the classical Robin function with
respect to the space variable x in terms of an integral of the normal derivative of the Green
function over the domain’s boundary.

Theorem 1.5 [12] Let 2 be a bounded open set of RN (N > 2) and let R be the Robin
function of Q2 associated with the classical Laplacian. Then for any x in ,

VR(x) = /3 (G5, ) v (18)

We recall that v is the outward unit normal to 0€2.
One of our main results extends Theorem 1.5 to the fractional setting. More generally, we
have the following

Theorem 1.6 Lets € (0,1), N > 2s and let Q2 be a bounded open set of RN of class C"!.
Then for any x,y € Q withx # y and foranyi = 1, --- , N, there holds:

3y, Gs(y,x) 4+ 8y, Gs(x, y) = —T2(1 +5) fm 75 (Gs(x, Ny (Gs(y, Nvido.  (19)

The proof of Theorem 1.6 is similar to the proof of Theorem 1.1. To obtain the first, we
simultaneously use the functions RN > R, z — ¢3/ (2)Gs(y, )& () and RN - R, 7 >
o (2) Gy (x, 2)E (2) with x # y as test functions in Eq. 12 and then argue as in the proof of
Theorem 1.1. We refer to Section 3 for more details.

As a corollary of Theorem 1.6 we obtain the following result for the Robin function.

Corollary 1.7 Lets € (0, 1) and let 2 be a bounded open set of RN of class C'! with N > 2s.
For any x € Q, we have

2
VRs(x) = I2(1 + 5) / (yg(Gs(x, .))) vdo. (20)
aQ

The proof of Corollary 1.7 is given in Section 4.

Remark 1.8 Formula Eq. 20 is consistent with Eq. 18 as the latter can be obtained by formally
sending s to 1~ in Eq. 20.

As a further corollary, we obtain the following result in the case where the domain enjoys
some symmetries. It is inspired by [25] and proved, thanks to formula Eq. 20, in Section 5.

Corollary 1.9 Let Q2 be a bounded open set of class C' of RN with N > 2. Assume that there
is j €{1,2,---, N} such that Q is symmetric with respect to the hyperplane H; := {x €
RN . X; = 0} and that 0 is in Q. Then 0;R(0) = 0. If, moreover, thereisi € {1,2,---, N},
withi # j, such that Q is also symmetric with respect to the hyperplane H;, then 0;;R(0) =
0.

Remark 1.10 In the case of the Laplace operator, it is known that the classical Robin function
of a convex domain in two dimensions is convex and admits only one non-degenerate critical
point, see [14] by Caffarelli and Friedman and [26] for an alternative complex variable proof.
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Both proofs use that, for simply connected domain, the classical Robin function satisfies the
Liouville equation, as a consequence of the Riemann conformal mapping theorem. Since
such an equation is not available for the fractional Robin function, the question of whether or
not a similar convexity property holds as well in the fractional setting is an interesting open
problem. In the particular case N = 1, @ = (—1, 1) and s = 1/2, direct computations show
that 0 is the only non-degenerate critical point of R/ since in this case the Robin function
is simply given by Ry/2(x) = %log 2(1 — x?) (see, e.g [13]).

The remainder of the paper is organized as follows. In Section 2 we present the proof of
Theorem 1.1. Section 3 is devoted to the proof of Theorem 1.6, and the last two sections are
devoted to the proofs of Corollary 1.7 and of Corollary 1.9.

2 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. In Section 2.1 we give the scheme of
the proof of Theorem 1.1. Two intermediate results are necessary in the course of the proof:
Lemma 2.4 and Lemma 2.5, which are proved, respectively, in Section 2.3 and in Section
2.5.

2.1 Scheme of the Proof
The starting point of the proof of Theorem 1.1 is the following identity:

/ 9, v(—A)wdz = —f aziw(—A)svdz—Fz(l +s)/ Yo Wy (w)vido.  (21)
Q Q aQ

which has been established for enough regular functions v and w in [18, Theorem 1.3] and
[33, Theorem 1.9].

Formally, to get the formula, the idea is to use G(x, -) and u as test functions into Eq. 21.
However, for any x € €, the function G (x, -) is too irregular to be admissible in Eq. 21 in
both these results. To overcome this difficulty, we approximate G, (x, -) by a C2°(£2)-function
of the form & ¢4 G (x, -) where & and ¢ are suitable cut-off functions which vanish near the
boundary 9€2 and near the singular point x of the Green function, respectively. More precisely,
let p € C°(—2,2) besuchthat0 < p < land p = lin (-1, 1). Next, we fix§ € C"!(R")
so that § coincides with the signed distance function §(x) = dist(x, RN\ ©) — dist(x, Q)
near the boundary of Q. Moreover, we assume that § is positive in £ and negative in RV \ .
Then, for any k € N, u € (0, 1) and x € €, the cut-off functions & and g/),’f are respectively
defined by:

G :RY > R,y &O0)=1-pks (), (22)
8 |x—yP
nw.mN n 1 _
B RN SRy gt0) =1 p( 55 ). 23)
Note that thanks to the normalizing constant 8/82(x), the function
8 |x— .|2>
By = =), 24
O =50 (24)

is C* with compact support in Bsw (x) € €. This will be important to ensure that
2

o ()G (x, ) satisfies the hypothesis of Lemma 2.3 further below.
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We have the following result regarding a double integral which involves the function p. It
is used below in the proof of Lemma 2.4 and of Lemma 3.1. Its proof is given in Section 2.2.

Lemma 2.1 Let p € C°(—2,42) such that p = 1 in (=1, +1) and define

2 2 2s—N 2s—N
— z z —
avalp] bN’sCNJ// (o(yP) — p(lz) (2] P a2,
RN xRN

|Z _ y|N+2s
and
1 p(y) — p(1z1%) (log |y| — log|z| .
ay slpl :=——c112 // ( 1 5 )dde if N=2s=1
7 RxR lz — I
Then, for all s € (0, 1), we have
ay slpl = 2. (25)

We recall that by  is defined in Eq. 15 and ¢y  is defined in Eq. 1. Let us now recall the
fractional product rule:

(=AY (wv) = v(=A)’u + u(—A)*v — Zy[u, v], (26)
where
(u() —u(y) () —v(y)
Islu, v] :=cy5 p.V. A;N Ty dy. 27

The following lemma contains some important properties of the cut-off function ¢} . These
properties will be used repeatedly throughout this manuscript.

Lemma2.2 Let ¢ be defined as above. Then the following properties hold true:
(i) Forall y € RN we have
8(x)

(—AY () = T > (=AY (ool P)(2 /;x) where ii= g (29)

(ii) Let Gs(x, -) be the Green with singularity at x. Then
(D) (p ()G (x, ) € L¥(Q).

(iii) Let Zg[-, -] be the bilinear form defined in Eq. 27 and let & be given by Eq. 22. Then,
forall e > 0, we have

lim lim / S;?(Z)Biu(Z){Gx(x,-)(—A)‘dﬂf—L[¢i‘,Gs(x,-)]}dz (29)
Q

n—>0t k—-+o0

= lim lim sf(zwm(z){Gs(x,-)(—A)S«ﬁ,fi—Is[¢§;,Gs(x, -)]}dz.
n—0t k—+o00 B, (x)

Here we used the notation d; = 9/0z;.

Proof The first item is a simple consequence of the integral definition of the operator (—A)*.
To check the second item, we write

PGy (x, 2) = b b @Ix — 2N = Ho(x, 2) — pf (1) Ho(x, 2),
where we recall the notation Eq. 24. It is clear that ¢X (-)|x — |~V € C®°@RN) N L®(RY)
and therefore (—A)S(tt),’f(~)|x - ~|25—N) € L*°(2). We also have (—A)*Hg(x,:) = 0
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in Q by definition. Finally, since py (-)Hq(x,-) € C>°(Bsw (x)), one can easily check
2

that (—A)* (,off(-)HQ(x, -)) € L°°(R2). To check the last item, we expand and examine,
separately, the two terms corresponding to the integrals on the complement set 2 N B (x).
First, if |[x — z| > ¢ for some ¢ > O fixed, then for © > 0 sufficiently small, we have
¢ (z) = 1. Thus for > 0 sufficiently small, we get

1— ¢ (y) / 8 |x—y? N2
/]RN |z — y|N+2s Y B,;(x)p 82(x) p? )lZ Yl y
8 |X — y|2 ~N=2
<| o Jix = vy
»/88/4()() 62(x) le

8 -y -
<C iy < Eo. N
(&) Bgja(x) '0<82(x) M_Z > y (e) ( )

B(X)

where [t = . Moreover, by Eq. 30 we have 11muﬁo( A)*¢¥ (z) = 0 by the dominated

convergence theorem. Next, since G (x, -)d;u € L' (Q2\ Bs(x)), we deduce by the dominated
convergence theorem that

lim lim EjkG (x, )oju(—A)’¢pldz = 31
n—0k—4o00 Q\ B (x)

Similarly, if |x — z| > ¢, then for u > O sufficiently small we have

1 — ¢ ())(Gs(x, 2) — G (x,
00", Gy(x, )1(2)| = )p.v. /RN (1 — ¢x (G (x, 2) (x y))dy‘

ly — Z|N+2s
—v|2
| / (25 520) (6000 - Gs(x,y>)d
_ y
Bi(x) |y _Z|N+25

8 x—yP
<c@ o) (14166 <o,

and Z,[¢¥, G(x, )](z) = Oas u — 0. Since dju € L'(€), we deduce by the dominated
convergence theorem that

lim lim / £ @u@LpL. Gy(x, )(x)dz = 0. (32)
n—0t k—4o00 Q\ B¢ (x)
Claim Eq. 57 follows by combining Eqs. 31 and 32. O

From now on, let also the integer i be fixed equal to 1 or 2 or - -- or N. For any k € N,,
we use Eq. 21 with &u € C} (Q) and £ Gy(x, ) € C2°(R2) instead of v and w; we arrive
at the identity:

/Q 0 6 (— A)° (8694 G (x, ) )dz = - /Q 0 (60l Gy (v, ) (—A) (G dz, (33)

where we write 9; = % .Letus highlight that there is no boundary term since &« is compactly
supported. On the one hand we apply the product law Eq. 26 to v = & and w = G, (x, -)p%
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21 Page 10 0of 25 S. Djitte and F. Sueur

to obtain that the left hand side of Eq. 33 also reads as
[ @@y (g6 ) @z
Q
= /Q 0; (§xu) (2) {(ﬁ)’st(x, W=A) & — Iy [&, Gs(x, )9l ] }dz

+ /Q £ (G0 () (~A) (B G (x, ) )dz. (34)

On the other hand, we apply the product law Eq. 26 to v = u and w = &; and rewrite the
right hand side of Eq. 33 as

/Q 0 (810G x ) ) (=)' (G dz = /Q 0 (et Gox. ) ) (=28 = To(w, §0) ) dz

+ f 80, (594 Go(x, )) (A u@dz. (39)
Q

Let us set for any 1 € (0, 1), for any k € N+,
A= [ 600 6@ (66, ) @z
B0 = [ e @0 Gux, 176~ T 0 Gotr, ]z,
Chi) == /Q 80 (894G (v, ) (—A) u(2)dz,

DE(r) o= / i (84t )) [u- 008 — Tolu, £z
Q
Therefore, combining Eqs. 33, 34 and 35, we arrive at
k k _ k k
Aﬂ(x) + Cu(x) = —Bﬂ(x) — Dﬂ(x). (36)

Note that all the quantities above are well defined. The rest of the proof of Theorem 1.1
consists in passing to the limit, as 4 — 0T and k — +00, in all the terms of Eq. 36.

For the first terms in these r.h.s. we apply the following result from [17, Proposition 2.4]
or [18, Proposition 2.2].

Lemma 2.3 Let 2 be a bounded open set of class C' and v, w be suchthatv =0 = w in
RN\ Q. Moreover, assume that w € CS(RN), v/8%, w/8* € CP(Q) and

Sl_ﬁV(v/Ss) is bounded near the boundary a2 for some B € (0, 1). (37)

Then forall Y € COL(RN RM),

r2(1
tim [ V&) ¥[w-ars - Lls. | | s - vao
k—+o00 Jo 2 Ple)
(38)

where v is the outward unit normal to the boundary.

We apply this result to both the couples (v, w) = (u,d%Gs(x,-)) and (v, w) =
(¢§LGS(x, D), u) withY =e; =(0,---0,1,0,---,0), and then pass to the limit as u — 0T
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to obtain that

_ ) ‘ 21 +s) s s
lim lim B,(x) = T /B o Yo W) (2 (G (x, ) (v (2)do (2), (39)

pu—0t k—+o0

. . k Fz(l +) s s
lim lim D, (x) = — /asz Yo ) (@) (Gs(x, ) (2)vi(2)do (2). (40)

n—0t k—+o00

We note that the couple (u, oY Gy(x, ) satisfies the hypothesis of the Lemma above by
regularity theory (see [21, 32]). Now, regarding the passage to the limit of Aﬁ(x) and Cﬁ (x)
we have the following pair of results which are, respectively, proved in Section 2.3 and in
Section 2.5.

Lemma2.4 Forall x € Q,

lim lim A (x) = 9, u(x). 41)

u—0t k—+4o00
Lemma 2.5 Forall x € Q, we have

lim lim C,(x) :/ 9;,Gy(x, )(=A)udz :/ 0,Gs(x,2)f(z,u(z))dz, if 2s > 1,
n—>0t k=400 Q Q
42)

lim _ lim ck,u(x>=—/ Gs(x,-){ahif(z,u(z)>+aqf(z,u(z)>aziu<z>}dz, if 25 < 1.
n—0F k—+o0 Q
(43)

In the case f = const, we have

lim lim Cy,(x) =0 foralls € (0,1). 44)

u—0t k—4o00

Therefore, combining Eqs. 36, 39, 40, 41, 42 and 43, we arrive at Eqs. 7 and 8. Up to the
proofs of Lemma 2.4 and Lemma 2.5 the proof of Theorem 1.1 is thus given.

2.2 Proof of Lemma 2.1

Proof We first consider the case N > 2s. We start by showing that ay s[p] is well defined.
For that aim, we let B, be the Euclidean ball centered on 0 with radius » > 0. We decompose
the integral into two parts, depending on whether both x and y belong to the ball B4 or if
only one of them does:

2y _ 2 25—N _ |y 25—N
f/ (p(Uy1?) = pz)(Iz] Iyl )dydz
RN xRN

|Z _ y|N+2x

N 2 25—N _ |y|25—N
f (o) = pUP) (e — 1y ) | 45)
Byx By

|Z _ y|N+2x

) |Z|2s7N _ |y|2s7N
+2/ Pzl )(f e dy)dz
B> RN\ By |z — y|N+2S

Since
/N 2PN A+ 12N )TNz < oo,
R

it is clear that the last integral is finite. To continue the proof, we distinguish two cases.
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Case 1: 2s < 1. In this case, we estimate

2y 2 2s—N __ 2s—N
'/'/ (pUy1) = pUz1) (2 Iyl )dydz
B4 x By

|Z _y|N+2s

|Z|2v N + |y|2r
- = dydz < 0. (46)
\//1;4><B4 |Z_}’|N+zs !

Case 2: 25 > 1. In this case we decompose the integral in Eq. 45 into two parts, depending
on whether both x and y do not belong to the ball B; or if only one of them does:

2y _ 2 2s—N __ 2s—N
// (p(Uy1*) = p(z)(Iz] |yl )dydZ
B4><B4

|z — y|NF2s
_ f / (oUy®) = pQz1») (12~ — |y|2s_N)dydz 47)
(B4\B1)x(B4\B)) =y
(pUyP) = p(z®) (12N = y*~")
+2// dydz. 48
B x(B4\Bj) Iz —y|N+25 . .

Since z > |z|>*~N is C*°(B4 \ By), by Taylor expansion we easily check that the integral

in Eq. 47 is finite. Next, we recall the following elementary estimate: for any b, ¢ > 0 and
b # 0, we have
6P — P < P8y max (1, (¢/b)P)Ib — cl. (49)

We apply thisto 8 =2s — N, b = |z| and ¢ = |y| yields

2s—N

[N — @ N <Cly® NV z—y| foryeB) & zeBs\Bi. (50

Now using Eq. 50 and that p € C2°(R), it is straightforward to check the integral in Eq. 48
is finite provided that 2s > 1. It remains the case s = 1/2. For this we used the estimate: for
b > 1land g € (0, 1) there holds:

_ pl-N b b -
L:/Z—thg(/ dtﬁ</ “TFdt ¢
1)

b
t
1
B X _ N \I-B
<(b— =
e=0'(f )
8 1-8 )1—/5'

<e-0"(y75

Z

We apply this to | | with y € By and z € By \ B; gives

|1—N

1-N
—12l'¥|

‘ly
== ()
[yl

<N - 1)|y|1"v(||i—|| - 1)’3(%)1%

<y NPz -yl
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It follows that

N 2 1=N _ |y 1=N
// (p(y1») = pz1»)(Iz] [yl )dydz
By x(B4\By)

|z — y|N+l

dz
< c/ |y|1—N—f’/ E —_— (51)
B B4\ B |y _Z| B

In conclusion, we have

// (pUy1») = pUz») (12N = |y[»~N)
RN xRN

|Z_y|N+2s

dydz < oo. (52)

Then, by Fubini’s theorem, we have that

2y 2 2s—N __ 2s—N
by sen s // (pUy1» = pz1) (2l [¥] )dydz
RN xRN

|Z _ y|N+25

N _Z/N by sl N (=AY (p ol P)dz = -2, (33)
R

by using an integration by parts over the full space RY, that by s|z|>*~" is the fundamental
solution of (—A)® in R" and the value of p(0). This finishes the proof for N > 2s.

For N = 2s, the same argument goes through except that in here, to estimate the prob-
lematic term, which is

AN »2 1 -1
A /‘/ (oUy1» = pUzH)( (2>g |z] 0g|y|)dydz,
B x(Bs\B1) |z — ¥l

we simply write

2 2

— 1 —1

[/ (/0(|y| ) — p(zl ))( og |z| 0g|Y|)dde
B2 x(B4\B1)

lz —yI?
p(y») = p(Iz|»)(log |z| — log |yl
+// (p(ly )(2g gy)dydZ
(B1\B1/2)x(B4\B)) |z =yl

It is clear that the first integral is finite since |z — y| > 1/2. The second integral is also finite
since z > log |z| is Lipschitz away from the origin. The proof is therefore finished. O

2.3 Proof of Lemma 2.4

We shall need the following result in the proof of Lemma 2.4 below.

Lemma2.6 Let N > 25, w € C(R2) and x € Q2 be fixed. Let G4(x, -) be the Green function
with singularity at x and ¥ be defined as in Eq. 23. Then forall ¢ > 0 such that B> (x) C S,
we have

lim w(2)Gy(x, 2) (=AY PH (2)dz = —w(x), (54)
u—0" J B, (x)

lim w(@D)ZL[Gs(x, ), ¢ ](2)dz = —2w(x). (55)
n=0%J B, (x)

The proof of Lemma 2.6 is given in Section 2.4.
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Remark 2.7 Up to choosing ¢ > 0 sufficiently small, the assumption w € C(£2) in the lemma
above can be reduced to assuming the continuity of w at x.

Recall that x € 2 is given and that for any p € (0, 1) and any k € Nx,

Ak (x) == /Q (20 (Ee) ()~ A)° [ # G (v, ) |z,

By Leibniz’ rule, we have
A ) = fQ ELD0 U (~A) [ @Gy (x, ) | (@)dz

+k /Q U (D) (k8 A2 (—A) @G x, ) | @)z

Next, using the product rule Eq. 26 with u = ¢ff, v = Gg(x,-), and also using
(=A)’Gs(x,) =0in Q\ B, (x), we get

fgsfaiu(—A)S[ﬁGs(x,->]dz:/Qs,faiu{Gs(x,-x—A)%i‘—Is[¢§‘,Gs<x, ->]}dz~

By combining the two identities above, we arrive at
Al (x) = /Qs,gaiu{c;s (x, V(=AY @l — (ol Gs(x, ) }dz

+k fQ uE (D) k)03 (=)' ($4 Gy (v, )z, (56)

The rest of the proof of Lemma 2.4 consists in passing to the limit, as © — 0" and
k — 400, in the two terms on the right hand side of Eq. 56. We start with a result regarding
the double-limit of the first term, which by Lemma 2.2 can be reduced to the one of the same
integral on an arbitrarily small ball centered at x. That is,

lim  lim /E;?(Z)aiu(Z){Gs(x, -)(—A)S¢i‘—Is[¢ff’Gs(x,-)]}dz (67
Q

u—0t k—+4o00

= lim lim sf(z)a,-u(z){Gs(x,-)(—A)quff—Is[cbi‘sz(x’ ')]}dZ-
n—0t k—4o00 B, (x)

In view of Egs. 56 and 57 and applying Lemma 2.6 with w = d;u € C(£2), we get

lim lim A (x)
u—0t k—+4o00

= lim lim Skz(z)aiu(z){Gs(x, -)(—A)quff—IS[¢)’C*,GX(x,-)]}dZ
u—0t k—+o00 Be(x)

+ lim lim / usk(z)s’(ka)(z)a,»S(z)(—A)f(¢§:Gs(x,-))dz
Q

u—0* k—+o0

= lim 3[“(1){Gs(x, =AY ¢t — I [(b)’f, Gs(x, -)]}dZ
u—=0%JB, (x)

+ lim lim /uék(z)é’(ké)(Z)3i5(z)(—A)s(¢§LGs(x,-))dz
Q

pu—0F k—+o0

= Qju(x) + lim  lim k/ M?Ek(Z)E'(k5)(2)3z’3(Z)(—A)S(¢5Gs(x, -))dz.
+ k—+400 Q

n—0
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Thus, to deduce Lemma 2.4 it suffices to prove that

lim lim k/ uEk(z)E’(k(S)(z)Bi(S(z)(—A)s( ;;Gs(x,.))dzzo. (58)
Q

n—0t k—+o00

To see Eq. 58, we note that since (—A)* [4))’6‘(;Y (x, .)] € L®(Q) (see Lemma 2.2) and
lu(z)| < C8%(z) we have

‘k /Q uk (E (k) (03 () (— A [#Go (x| @z

< C(wk / 10/ (SIS ()dz
Q2\Q2)
k k
< C(w) SS_I(Z)|p/(k5(Z))|dZ — 0 as k > +o0 59)

by the dominated convergence theorem. This ends the proof of Eq. 58. In the third line, we
used thatif z € Q% \ Q% then 1 < k8(z) < 2. The proof of Lemma 2.4 is therefore finished.

2.4 Proof of Lemma 2.6

In this subsection, we prove Lemma 2.6. We start with the proof of Eq. 54. Using the scaling
law Eq. 28 and changing variables 7 = )‘%, we obtain:

—/ w(2)Gs(x, 2)(=A) ¢ (2)dz

Be(x)

= ;’2‘25/ Gs(x.x — Dwlx — (=AY (p o - P)(=)dz
B:(0) 22

= /B o ﬁN—szS(x,x — ﬁz)w(x — ﬁz)(—A)S(p ol- |2)(Z)dz. (60)

- o0
Since w € L7,

(2), we have ’135'(0) Dwx — ﬁz)| < C. Moreover, by the standard
n

estimates on the Green function, see e.g Eq. 97, one has |ﬁN’2“G3 (x,x— ﬁz)| < Clz|»N.
Now, since w is continuous at x and

/R PN A (oo |- )z < oo,

we have by the Lebesgue dominated convergence theorem that

lim / NG (v x = iwx — i) (=A) (p o | - P)dz
B (0)
m

u—0t
) [ bwadeP N8 (ol P Q)
Here we used: IV =2 G, (x, x — Jiz) = IzT’I‘\’]fz-" — N Hy(x, x — [iz) — bys)z|* N as

u — 0T since Hy(x, -) € C(RQ). Finally, as we have already seen above, since by g |z|—N
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is the fundamental solution of (—A)* in R and p o | - |> € CX®(RY), we deduce by an
integration by parts over the entire space RV that:

[, sl oy (ool Pz = p0) = 1. 62

Combining Eqs. 62 and 61 we obtain Eq. 54. The proof of Eq. 55 is somehow similar
to the proof of Eq. 54 with some minor differences, but for completeness, we give the full
details of the argument.

We first observe that

ulinth klir‘ll*loo B (x) w(IL[g), Gs(x, )](@)dz
(@% () — ¢ @)(Gs(x, y) — Gy(x, 2))
— lim ey, dydz. (63
MLHOIJ’ . /Bg(x) W) Bae (x) ly — z|N+2s ydz.  (63)

Indeed, for . € (0, 1) sufficiently small and |x — y| > &, we have ¢} (y) = 0 and thus
recalling Eq. 97, we have
By al _
/ w(z)f (@x (y) — Px (2))(Gs(x, y) — Gy (x, Z))dydz’
Be(x) RN\ B (x)

|y _ Z|N+25

lx —z|?

dy
D (64
2@ 12 )/RN\BW)lHyW“Y ¢ &)

< C(e, Q. N, v)/ (1+1Gs(x, z)l)lw(z)}p(

The r.h.s of Eq. 64 converges to zero as u — 0+ which proves the claim Eq. 63.

Next, applying the change of variables: 7 = M fandy = , we get
/ N ECAOE ¢E(z>)<csl(vx,2y> G, ©5)
Be(x) B (x) ly —z|V+s
_ (p0zP) = o)) (BY 2 Gy x, x = fiy) = V2G5 — fi2) )
N / : we = p2) By (0) ly — z|N+2s dydz.
(66)

We are going to split the integral on the right hand side above into two parts according to
the decomposition:

AN E Gy (x, x — y) — AV Gy (x, x — [i2)
= by s (1= = 122 7N) = BV (Hy(x, x — fy) — Hy(x, x — f2)).
Since H,(x, -) is s-harmonic, we know V H; (x, y) is locally bounded in 2. Consequently

|Hy(x, x — [Ly) — Hy(x, x — fiz)| < C(x, )[ily — z| forallz € B: (0) & forall y € Bz (0).
14

Thus, we have

W (pU2P) = p(yP) (72 Ho(x, x = fiy) = BY 2 Hy (v, x = i) )
Be (())XBZP ©

|y _ Z|N+2S dydz
2
z|7) — -
< CloiN-2+! lp(z?) — p(yP]I yldydz L 0w a0t (67)
|y_Z|N+2:

Be (o xXB>
=(0) £
1 7O
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On the other hand, by Lemma 2.1 and the Lebesgue dominated convergence theorem,

(002 = p(3P) ) (B,sly PN = by lz~V)
lim // ) ) dydz
=0t Be(o)szg(O) ly —z|V+=s
. (002 = oy (v~ - |z|2HV)d ) )
= w(x = w(x
(on.s //RNxRN ly —z|N+2s Y CN,s 0
(68)

Thus, combining Eqgs. 67 and 68 we get
(002 = pUyP)) (Y2 G, x = i) = IV 2Gx, x — fi2))
Mlin(;c/v:/;bm)w(x—uz)f‘i ly — z[V+2 aydz
I3

= —2w(x). (69)

Combining Eqgs. 63, 66 and 69 we arrive at Eq. 55.

2.5 Proof of Lemma 2.5
Let us recall that
Crpn(x) i= / &0, <5k¢,’st(X, -))(—A)‘Yu(z)dz for x € Q. (70)
Q

We consider the two different cases separately.
Case 1: 2s > 1. By Leibniz rule, we have

Cropu(x) = ];Zéf(z)W(z)aiGs(x, (=A)'u(z)dz
+ /;2 E(2)Gs(x, 2); (1 ¢h ) (D) (= A) u(z)dz (711)
Using that (—A)*u € L*°(2) and recalling Eq. 97, we estimate

tim tim | [ @066, -8  udz]
Q

n—0t k—+

X —2)-¢ 8 |x—z[? _
( 2) i /( . | 2| |)€—Z|2s NdZ
2z 3(x) u

S CX) ILH& 5(x) 5(x)
I B(x. 22 1 )\B(x. f")

1 8 —z)?
< C@) lim N @)‘M—ZFPM
pn—>0* (x Mu)\b’(x,‘zj(—\;%u) 128 3 (x) u
8(x)
2
< C(x) lim MZS*I/ =o' (r?)|dr = 0, (72)
2

since 25 > 1. A similar argument as in Eq. 58 gives

lim lim /Ek(z)dﬁi‘aiék(z)Gs(x,Z)(—A)Su(z)dz=0. (73)

u—>0t k—+
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The first identity in the Lemma follows by taking the limit in Eq. 71 and using Egs. 72
and 73.
Case 2: 25 < 1. In this case, we have, by an integration by parts, that

Cen) i = [ 80 (58Gutr. ) AV u(@)d:
Q
= [ a(80t6.00) @80 Gouted:
Q
—— [ &0t 6o 06 Cu)) @z
a
—— [ gotGicn, -){a—,fxz, u(@) + 0,/ M(z))ay,-u(z)}dz

—k/gék(z)cbi‘(Z)Gs(x,z)p’(ka(z))aiS(Z)f(z,M(Z))dz (74)

On the one hand, an argument similar to the proof of Eq. 58 gives

kEka/SZSk(Z)fbﬁ(z)Gs(x, 2)p' (k8(2)3;8(2) f (z, u(z))dz = 0. (75)

On the other hand, by the Lebesgue dominated convergence theorem we have:

lim lim / Ekzq&)’fGS(x, ~){8h,.f(z, u(z)) + 94 f (2, u(z))%{(z)}dz
Q ;

u—0t k—4o00

a9
= /Q Gs(x, Z){ahif(& u(z2)) + 94 f(z, u(z))af;(z)}dz- (76)

In view of Egs. 75 and 76, we get the desired identity by taking the limit as k — 400 and
as u — 07 in Eq. 74. Finally, to see Eq. 44 we use the Leibniz’ rule to write

lim lim C,(x)= lim lim / Skai($k¢§‘Gs(x,v)>(—A)"u(z)dz
Q

u—0t k—+o0 u—0t k—+o0
=c lim [ 3 <¢;‘Gs(x,-)) 4¢ lim lim k/ £ (k8)3; 891Gy (x, -)dz.
Q

n—0T Jo n—>0t k—+o00

Since ¢k Gy (x, ) = 0 on 92, it is clear that the first limit in the above identity is zero by
the divergence theorem. We also know from the above that the second limit is zero as well.
Consequently, we have lim, _, g+ limg— 400 Cx, . (x) = O which proves Eq. 44. The proof of
Lemma 2.5 is therefore finished.

3 Proof of Theorem 1.6

This section is devoted to the proof of Theorem 1.6. We start with the proof of Eq. 19, for
which an intermediate result is necessary: Lemma 3.1. Its proof is postponed to Section 3.2.
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3.1 Proof of Eq. 19
First, we use the functions R¥Y — R, z — qb;f (2)Gs(y, 2)&k(z) and RN 5> R, z >
ot (2)Gy(x, 2)E (z) with x # y as test functions in Eq. 21 and expand to obtain that
E]'l:’y(xa )’) + G;:’y(xa )’) = _F];u”y(x! )’) - H]il”y(xa )})’ (77)
with
ES (x,y) = /Q%“k(z)f?i (&kdy G (v, )) (@) (=A)* [¢,’5Gs()€, -)](z)dz,
Fol(x,y) = /Q 0 (5kpl G (x, -))(z)[%Vsz(y, V=AD& — Ty [&d) . Gy, ')]}dz,
617 o) = [ &0 (80 6o ) (-0 [# 6ol |z
Q

[ (x,y) = /Q 0 (8t Gox, )) {81 Gor (=28 — T [9Gox, ). 01z,

On the one hand, we applied the lemma 2.3 to the couple (¢} Gy (y, -), ¢ G (x, -)) and
then passed to the limit, first as ; — O and then as ¥ — 0V to get that

2
lim lim  lim F7 () = 1"(1+s)/ %0 (Gs(x, D@y (G (v, N(@vi(R)do (2), (T8)

y—>0t u—>0t k—>+

2
lim tim lim H{ (e, ) = r (1“) / V(G D@ (Gs (v N@vi()do @) (T9)

y—0t p—0t k—+

where v is the outward unit normal to the boundary. On the other hand, Lemma 2.4 applied
with u = ¢ G4 (y, -) yields

lim  Tim E (x,y) = 3y, (9] G5 (v, ) (x)

n—0t k—+

16 (x—y) e ( 8 |x—y|2).

— &) —
= ¢y ()0 Gs(y, x) 82()C) yz 52()5) 7/2

lx—y[
82(x)  y?

Passing to the limit as y — 0™, and observing that p ( ) vanishes when y > 0

is sufficiently small, we get

lim lim lim Ek (x,y):&xiGs(y,x). (80)

y—0t u—0t k—>+

In view of Egs. 77, 78, 79 and 80, the formula announced in Eq. 19 follows once we prove
the following result.

Lemma3.1 Lets € (0, 1). Then for any x, y € Q with x # y, there holds:
lim lim hm G” Y(x, y) =0y, Gy(x, y). (81)

y—0t u—0t k—+

3.2 Proof of Lemma 3.1

First we note that since (—A)*G(y,+) = 01in Q2 \ B:(y) for all ¢ > 0, and we apply the
fractional product law Eq. 26 to obtain:

G (xy) = /Q ska,-(sk¢5Gs(x,~)){Gs(y, N=8)'¢] — L[Gs(y, ~>,¢§]}dz. (82)
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Let x, y € Q such that x # y and let G(x, -) and G4(y, -) be the Green functions with
singularity x and y respectively. Recall

8 |z—y? 8 |z—x|?
Vi) =1 <7 d ¢l =1— (—7)f e, ).
#D=1-r(5305 7 ) and ¢4 (i 2 ) for e @D
By Leibniz rule, we have
G (x,y) =Gl (3 + G (x, ), (83)

where

Gl (x,y) = /Q 820, (#:Gy (v, -)){Gs<y, V=AY ! —T[Gs(y, ), ¢! ]}dz,

G2 (. y) =2k /Q 820 (68)i0(2) (64 G (. ) (=) (] G (2, ))dz.

Next, arguing as in the proof of Eq. 29 in Lemma 2.2 we have:

lim lim lim G{/(x,
y—0* u—0t k—>+o0 k1 . )
s . . 2 A AH . N AV Y ) . 14
= limlm i Bg(y)sk(zw,(m G (x, ))(z){Gm, (=AY #) — T [G(y, ),¢y]}dz,
(84)
for all ¢ > 0. To proceed further, we pick
B — .
£ = £ := min (%) X 2y|) >0 sothat Byy(y) C Q. (85)

By the choice of &g, we know that if z € B, (y), then |[x —z| > 27 !|x — y| > 0 and hence
|G (x, z)| < C(ep) forall z € By, (y). Consequently

‘ / Gs(x,z>al~¢5(z){6s(y, N=A)¢) —L[Gs(y,-)w]}dz
Bso(y)

e
< Cleo, 2, 7) lz—y[* N —|p
Bey (») M

( 8 |lx—zp
82(x)  p?

)‘dz—>0 as pw— 0" (86)

Indeed, since by the choice of &9 > 0 we have |x — z| > 27lx — y| > 0 for all
8 |x—zf?
82(x)  p?

Z € Bg,y(y), therefore p’ ( ) = 0 when p > 0 is sufficiently small. In Eq. 86 we

@ Springer



A Brezis and Peletier Type Result for the Fractional. .. Page210f25 21

used that (—A) ¢} € L®(RY) and Z,[ G (y, ), ¢7 | € L™(Bg,(»)). In view of Eqgs. 84 and
86, we have

lim i lim GV (x,

Jrb, e, lim G ()

— 1 ; ; 2 A HH . N AV Y . 4
=t S @ (#Gs x, >)<z>{cs(y, )(=8)' 8]~ L[Gs (. >,¢y]}dz

= lim_lim o (4G, -))(z){Gs<y, N=A)¢) ~T[Gy(y. ). ] ]}dz

y—0t u—0t Bey (¥)

= lim aiGs(x,-)(z){Gs(y, W=D)'¢} — T[Gs(y, -),dﬁ]}dz- (87
y=0"JBey ()

Using the scaling law Eq. 28 (with y instead of 1), we get

- ./ Gs(y, 2)9, Gy (x, Z)(_A)S¢;‘/ (2)dz,
Beo(y)

. z

=7 23/ Gi(y.y = 20, G(x, y = (=AY (p o | - P)(5)dz.
By (0) v
- ;Nf’b‘/ ) Gs(y.y — 72)0;,Gs(x, y = V)(=A) (p o | - I*) (2)dz,
Be (
14

= f oF Gy - 729|065, y = 72 = 0, Go(x. 0 [ (=) (0 0 |- P)(2)dz,
Ba
14

+

G ~SN—2s N
3 (x, y) PVEG (v, y — v (=D (po |- 1*)()dz. (88)
Vi Beg (0)
Y

By the choice of g and since G (x, ) € C22.(Q \ {x}), we have

loc

;G (. y = 72) = 8, Gy (x. )| < PCCeo)lal| Yz € By (0).

Using this and that ‘VN_szx(y, y— yz)‘ < Clz|» N, we get

‘ / PG,y = 709 Gstry = 72 = 0, 6o ) [ (=8 (p o |- P2z
Bgyg(O)

dz
< C(e0)Y 0 ot. 89
(£0)¥ /RN ZV-2-1(1 + |2 ]N+2) —vay— (89)

On the one hand, we know by Eq. 62 that

tim [ PGy~ P8 (ool P @z = 1 ©0)
y=0% JBey (0)

14
Passing into the limit in Eq. 88 and taking into account Eqs. 89 and 90, we end up with

lim 0;,Gy(x, 2)Gs(y, (= A)*d] (2)dz = =0, G (x, y). 9N
y=0"J By ()
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A similar argument, as in the proof of Eq. 55 above, also yields

lim | 8, Gs(x. L[ Gs(y. 2). ¢y ] (2)dz
Q

y—0

= lim 3, Gs(x, ) [Gs (v, 2), ¢} | (2)dz
y=0"J By ()

= —20;,Gs(x,y). (92)
In view of Egs. 83, 87, 91 and 92, we are done once we know that
2

lim lim lim G2 (x,y)
y—0t u—0+t k—+o0 wy Y

= lim lim lim 2k / gk(z)p’(ks)a,»a(z)(¢§;Gs(x,.))(_A)S(M Gy(z,))dz
y—0t u—0t k—+400 Q
=0.

The later follows by a similar argument as in Eq. 58. The proof of Lemma 3.1 is therefore
finished.

4 Proof of Corollary 1.7

This section is devoted to the proof of Corollary 1.7. Assuming N > 2s, we note that
3, (e = y[2 ™) + 8y, (e — y* =) = 0.

Now recalling the decomposition Eq. 13, the identity Eq. 19 becomes: for any (x, y) in 2 x €2,
with x # y,

Oy Hy (y, x) + By, Hy (x, y) = —=T*(1 4 5) /asz Y0 (Gs(x, N(@) ¥ (Gs (y, N (@i (2)do (2).

But now that we have removed the singular part, we can let y go to x, and since
ax,- Rs(x) = ax,' H(x, x) + ay,' H(x, x),

we arrive at Eq. 20. This proves the identity in the case N > 2s. The case N = 25 = 1
follows similarly by using again the decomposition Eq. 13 and that

dx; (log|x — y|) + 9y, (log|x — y[) = 0.

5 Proof of Corollary 1.9

This section is devoted to the proof of Corollary 1.9. The proof is an adaptation of the
proof given in [26] on the corresponding problem for the classical case of the Laplacian. For
jef{l,2,---, N}, weset

Hj:={x eRY : x; =0} and Q;:=H;NQ,

and we assume that 2 is symmetric with respect to the hyperplane H; and that 0 is in .
We call Tj : RY — RY the reflection with respect to the hyperplane H;. We start with the
following simple lemma regarding the symmetry of the fractional Green function.
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Lemma5.1 Fix j €{l1,2,---,N}andlety € Q. Then we have
Gs(y, Tj(x)) = Gs(y,x) foraex € RV, (93)

Proof We have, on the one hand, that
fﬂ Gy, (=AY D@z = $() Vo € CE(®). 94)

On the other hand, using the symmetry of 2 and the definition of fractional Laplacian, we
have that for any ¢ € C2°(2), for any z € Q,

(=AY (@ o Tj)(2) = (=AY )(T(2)

By changing variables and using Eq. 94 with ¢ o T instead of ¢, we deduce that

/QG.s(y, Tj(@) (=AY ¢(2)dz = ¢(y). 95)

where we recall that 7;(y) = y. Comparing Egs. 94 and 95, and by a density argument,
we get the result. (]

Now, for all y € 2, by Theorem 1.6,

2
0y, Ry(3) = T2(1 +5) /3 (5650, ) @y (ordo (%)

Using the symmetry of €2, Eq. 93 and the fact that the normal vector satisfies v; (T (o)) =
—v; (o), we deduce that 8ijS(y) = 0. If, moreover, there isi € {1,2,--- , N}, withi # j,
such that Q2 is also symmetric with respect to the hyperplane H;, then one can differentiate
the previous identity in the direction i so that 9;; R (y) = 0.

Appendix A

The following properties of the Green function were used throughout the manuscript.
Let  be a bounded open set of RY of class C'*!. Then for all x, y € Q with x # y, we
have (see [27, 28])

1 85 ()8 () P Gs(x,y) . )
N 25" N ) < ¢cpmin (
lx — yl [x — ¥ YN.s

1 8 (x)8* (y)
M—yWJVIX—HN>

o7
for some constant ¢, ¢ > 0 and an explicit constant yy ;. Moreover, for any arbitrary
bounded open subset 2 of RY | we have (see e.g [10, Corollary 3.3]):

cl min(

Gs(x,y)

VyGs(x, )| K N——Mm—————,
VG | min{|x — y|, §(y)}

forall x,y € Q with x # y. (98)

It follows from Eqs. 97 and 98 that if <2 is of class Cland x € Q, then VyGy(x,y)is
—uniformly in x— L'-integrable in  provided that s € (1/2, 1), see e.g [11, Lemma 9].
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