Pointwise Hadamard variational formula for the fractional Laplacian

Sidy M. Djitte and Franck Sueur

ABSTRACT. We establish pointwise formulas for the shape derivative of solutions to the Dirichlet problem
associated with the fractional Laplacian. Specifically, we consider the equation (—A)*u = hin Qand u =0
in ¢, where the right-hand side h is either a Dirac delta distribution or a Lipschitz function. In both cases,
we prove that the corresponding solution is shape differentiable in every direction and we derive a formula
for the pointwise value of its shape derivative. These formulas involve integral on the domain’s boundary and
fractional Neumann’s traces. This extends to the case of the fractional Laplacian the well-known Hadamard
variational formula for the standard Laplacian. Our argument is in the spirit of [16, 23] and is based on PDEs
techniques.
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1. Introduction and statement of the results

The fractional Laplace operators appear in different disciplines of mathematics: PDEs and probability
theory among others, in various applications, issued from biology or finance, for example. The fractional
Laplace operator (—A)® of order s € (0, 1) can be defined by its action on real valued functions u, defined
on RV, with N > 1, through the formula:

s u(x) — u(y
(=A)*u(z) := cns P.v. /RN Wdy, ey
with Vo
(AL
e —N/2 ys 2
CNs =T s4 Ti—s)’
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where I' is the gamma function, and where p.v. refers to the Cauchy principal value. The reason for the
presence of the normalization constant ¢y g is to match with another natural definition, based on the Fourier
transform which sets the fractional Laplace operator (—A)?® as the Fourier multiplier of symbol |¢|. Yet
another viewpoint is to consider the operator (—A)® as the Euler-Lagrange equations associated with the

quadratic form:
CN.s u(z) —u v(z) —v
)= 2 [ D= alIOAe) o),

First the latter can be used as the square of the norm of the fractional Sobolev space of order s. We shall
therefore denote by H*(R") the set of all those L?(R™) functions u for which & (u, u) < co. Moreover
this quadratic form, or rather its associated symmetric bilinear form may be used to define a notion of weak
solution of Dirichlet type problems. Indeed, for a given bounded open set Q2 C R” and for a given source
term h, a classical problem associated with the fractional Laplace operator is

(=A)*u = h in Q
{ u = 0 in RV\Q. )

Observe that, as opposed to the classical Dirichlet problem for the Laplace operator, the second condition
is set on the whole complement of €2, rather than solely on its boundary 0€2. While the standard Laplace
operator is not sensitive to the remote values of the test function, the fractional Laplace operator is non-
local in nature, as exemplified by the integral formula (1), which leads to such adaptation of the Dirichlet
problem. Letting #;(£2) be the space of the elements of H*(RY) for which u = 0 in R™ \ §, we say that
win HG(§2) is a weak solution to (2) if

Es(u,v) = /Qh(y)v(y)dy for all v € H(2).

By standard compactness argument, it is well known that if b € L?(€2), then there exists a solution and it
is unique by the maximum principle. We refer to the recent nice book [9] for a far more complete overview
of the fractional Laplace operator.

Our aim in this work is to examine the effect of a variation of the domain {2 on the solution to the Dirichlet
problem (2). More precisely, we aim to compute the shape derivative of the solution u with respect to the
variation of the domain €2 along a given vector field Y. We define this notion more precisely, following
[19]. We suppose that the source term  is sufficiently regular in D, where Q € D c RY.

DEFINITION 1.1. Let Y be a globally C1' vector field in R and let (q)t)te(—l,l) be a family of diffeo-
morphisms such that

forallt € (—1,1), the mapping t — ®, € CPY(RYN ,RY) is of class C?, 3)
with
(po = IdRN and 8tq:)t‘t:0 =Y.
Foranyt € (—1,1), let u; the unique weak solution of the Dirichlet problem:

(—A)Sut = h in Qt
ur = 0 in RN\Qt,

where §; denotes the transformed domain:
Qt = q)t(Q)

Fort € (—1,1), let vy the function on <) defined by vy := uy o ®y. Then the Lagrangian shape derivative
of w in the direction of the vector field Y is defined as

’U/ == 8tvt’t:0-
The Eulerian shape derivative of u in the direction of the vector field Y is then defined as
wi=v —Vu-Y. 4)

We say that u is shape differentiable in the direction of Y if u'(z) exists for all x € Q.
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The interest of the functions v; is that they are all defined on the same domain, that is the initial domain 2.
On the other hand the Eulerian shape derivative, which we will simply call the shape derivative in the rest
of the paper, is a more natural notion since by the chain rule we observe that for any z in €2,

1y e i Y(8) = uo()
(o)l

&)

We aim to find a pointwise formula for the shape derivative u’ when the data h is sufficiently regular so
that (4) make sense. We will prove that the pointwise values of the shape derivative v’ at any z € Q
can be written as an integral over 02 of some fractional traces of both u and the Green function Gg,(-, -)
associated to the operator (—A)®. The latter is, by definition, the solution to

(=A¥GYH(z,) =06, in D'(Q) and GiH(z,-)=0 in RY\ Q.

Here d, denote the Dirac delta distribution at the position x in 2. The fractional traces hinted above are
defined in terms of limits of quotients by fractional powers of the distance to the boundary. From now on,
Q will be a bounded open set of RY of class C1''. Let § in C1'(R") which coincides with the signed
distance function near the boundary. Moreover, we assume that § is positive in 2 and negative in RV \ Q.
We denote by v the outward unit normal to the boundary. We recall that by regularity theory (see e.g [18]),
the fractional Neumann traces

1 (Go(x, ) = (Gy(x,-)/6°) ’an and 7§ (u) == (u/6°) ‘aQ are well defined for each x € (2.

Our first result can then be stated as follows.

THEOREM 1.2. Let Q C RY be a bounded open set of class C** with N > 2s and let s € (0,1). Let h
be Lipschitz continuous in D, where Q € D C RY and u be the unique weak solution of (2). Let Y be
a globally CY! vector field in RN . Then, w is shape differentiable in the direction of Y. Moreover, for all
x € S, there holds:

W (z) = T2(1 1 5) /8 (Gl (Y v do ®)

In the above, 1" stands for the classical gamma function and v denotes the outward unit normal to the
boundary.

The proof of Theorem 1.2, which will be a consequence of a more general result, is given in Section 10.

REMARK 1.3. By standard regularity theory, it is well known that if, for instance, h € L*° (D), then the
Neumann trace ~(u) exists and therefore the RHS of the identity (6) still make sense. This indicates that,
in principle, it should be possible to extends Theorem 1.2, up to replacing the LHS of (6) by (5) (which
might exist regardless of whether Vu exists or not) to less regular functions than Lipschitz ones. However,
for technical reasons, in here we only restrict ourselves to the case where the Dirichlet data h is Lipschitz
continuous.

Our second result extends Theorem 1.2 —in some sense— to the case where h = §, is the Dirac delta
distribution so that the corresponding solution w is the Green function G¢,(x, -) associated to the operator
(—A)?®. In the case of the classical laplacian, that is, when s = 1, such result were obtained by Hadamard
after his pioneering work [12]. More precisely, let {; be defined from the initial domain {2 and a vector
field of the form Y = av with a € C°°(92) and v the outer unit normal, by setting

89, = {y =z + ta(2)v(z), = € aQ}.
This is a particular case of the domain perturbations given by Definition 1.1. For any =,y € {2, set

. Go,(z,y) — Ga(x,
G (z.1)],_y = lim o y)t al@y)

(M

where G, (-, -) is the Green function of the perturbed domain €2; associated to the Laplace operator asso-
ciated with homogeneous Dirichlet condition, that is the unique solution to

—AGq,(z,-) =60, in D'() and Go,(z,) =0 on 0.



Then, Hadamard result says that the ratio (7) exists and is given by

aGa, (2, y)|,_y = /8Q W (Galz, ) (2) v (Galy, ) (2)a(z)do(2). ®)

where vy (G1(z,))(2) == V.Gi(x, z) - v(z) is the Neumann trace. Hadamard proved his result under
the assumption that the weight function @ does not change sign. A generalization for signed changing
o' s were later obtained by Schiffer, Schiffer and Garabedian [11,20] who also considered more general
perturbations. After these pioneering works, shape derivative computations has received significant interest
and several extensions of Hadamard’s formula for more general elliptic boundary values problems. We
refer here to [13,19] and to [10] for more.

Our next result extends the identity (8) —in some sense— to the fractional Green function G§(-,-). We
continue to assume that € is a bounded open set of class C''! of R™V. Because the Green function depends
on two variables, the notion of directional shape derivative defined in (4) has to be modified properly.

DEFINITION 1.4. Let s in (0,1) and Y be a globally C' vector field in R™. We shall say that the Green
function G§,(-,-) is shape differentiable in the direction of Y if for all x,y € Q with x # y, the limit

DGH(Y)(,y) = lim G, (P(2), ‘I)tiy)) — G(z,y)

= VG (,y) - Y(y) = VoG (2, y) - Y(x), 9)

exists and is finite.

We then have the following more general result.

THEOREM 1.5. Let s in (0,1) and Y be a globally C*! vector field in RN with N > 2s. Then the Green
function G§(-, -) is shape differentiable in the direction of Y. Moreover, for all x,y € Q with x # vy, there
holds:

DGH(Y ) = T30 +3) | 35l )3 Gty )Y v o (10)
The proof of Theorem 1.5 is given in Section 8.

REMARK 1.6. Formula (10) can be regarded as the fractional analogue of the classical Hadamard formula
(8). Indeed, for every x # y in S}, we have

0. (1:y) = G,(24(-), B4()) o (D7 (), ®7 (1))
If the mapping
Eir G, (@4(), B1(4) € C(Q x @\ {(z,2)}) (an

were differentiable at t = 0 away from the diagonal, then applying the chain rule to the identity above
would give

0:Go, (,y)|,—g = DGH(Y)(2,y) = T*(1 + 5) /aQ (G, )5 (Galy, )Y -vdo  (12)

which yields the desired relation. Unfortunately, we are not able to justify the differentiability of the
mapping in (11) at the strength required in order to apply the chain rule: the theorem guarantees differen-
tiability only for the scalar-valued mapping

t = G, (Pu(z), Pi(y)) €R,
which is weaker than the functional differentiability required in (11). Nevertheless, one can show that
t > GO, (Pe(), () € Croc(Q x Q\ {(z,2)})

is differentiable. Consequently, for all x,y € K € Q with x # vy, the mapping t — Gq,(z,y) is
differentiable at zero and formula (12) holds true.
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As a consequence of Theorem 1.5, we derive a formula for the shape derivative of the Robin function
associated to the fractional Laplacian. Recall that when N > 2s, the Green function G¢(z, -) splits into:

where

—N/2 45 F<N528)

. bN,s
Fs(xv ) F(S) )

= m with bN’s =T

is the fundamental solution of (—A)® and H§(x, -) solves the equation
(—A)PH(xz,-) = 0 in Q,
H§(x,2) = Fy(z,2z) inRY\Q.

By standard regularity theory we know that H,(z, -) € C°°(€2). The Robin function R, € C°°(Q2) is then
defined by

(14)

Rg(x) := Hg(z, x).
We then have the following result regarding the fractional Robin function.

COROLLARY 1.7. Let s in (0,1) and Y be a globally C*' vector field in RN with N > 2s. Then, the
Robin function Ry, is shape differentiable in the direction of Y in the sense that, for all x € S, the limit

HE (®(x), Dy(z)) — HE(x, 2
DRY(Y) () = lim 0, (Pi(x) (t)) 5(x, 7)

— 2V Hi(z,z) - Y(z),
exists and is finite. Moreover, there holds
2
DRy(Y)(x) = ~T2(1+ 5) /m (+6(@32.) Y v do (15)

The proof of Corollary 1.7 is given in Section 9.

2. Notations

For the reader convenience, we record here several notations and recall some classical estimates that will
be used all along the manuscript. All along the paper, except otherwise stated, {2 will be a bounded open set
of class C™! in R™V and we shall denote by ¢ := dist(RY \ ©,-) — dist(€2, -) the signed distance function
to the boundary of the domain 2.

We fix p € C°(—2,+2) such that p = 1in (—1,+1). For any k € N*, we define

&G RY S R,y &(y) =1 - p(kd(y)), (16)

where 0 is the signed distance function to the boundary. For a fixed = € €2, and p € (0, 1), we also define
the function ¢4 by:

Ph RN 5 R,y ph(y) =1 - p(y), (17)
where ,
PLy) == p((%(x) e )

Here dq := dist(-, 0Q2) is the distance function to the boundary of the domain €2.
Except otherwise stated, Y will be a globally C'»! vector field in R, and we define the weight functions

wy (y,2) = % [div Y (y) +divY(z) — (N + 2s) V() \;EZL)P (v = 2)}, (18)
for all y, z € R and
Wy, 2) = C% [2 divY () — (N + 25) 2V @) (yy__;l] = Z)} , (19)

for a fixed z € Q and for all y, z € RY. We also define the deformation kernel £y (-, -) by:

ry (y,2) = wy (y, 2)|y — 2|72, (20)
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Next, we let Jacg, be the Jacobian of the transformation ®; defined in (3) and define the family of sym-
metric kernels (-, -) by:

. CN;s Jva;.t(y)Jva)t(z)
m0:2) = 501800 - B

fory, z € RN with y # z. 21

By direct computation using the hypothesis (3) (see e.g [4, Eq (3.3)]) we have —for |t| < 1- sufficiently
small:

CN _N— _N_—
(Y, 2) = =5 ly — 2TV =ty (y,2) = O(F)ly — 2|77, (22)
uniformly for all y # z € RY where ry (-, -) is defined as in (20).
In view of (22), it is clear that the kernel k. (-, -) is uniformly elliptic. In other words, we have:
ANy =27V <rily,2) <Aly—277Y  Vy#£zeRY, (23)

for some A, A > 0 that are independent of ¢.

For all 8 € R, we also have the following asymptotic (for |¢| < 1 small enough), see e.g [4]:

) _|; Ezi),g' ) +0(t2))§ uniformly Vy # z € RV, (24)

[@(y)—@u(2)|” = ly—2)7 (1+2¢
This, in particular, yields

1
“ly— 2P < |®4(y) — (I)t(z)‘ﬁ <cly—2? for some ¢ > 0 independent of ¢. (25)
c

Finally, the following estimate will be important later on. For |¢| < 1 small enough, there holds:
’|-Tt — g — Jay - Zt|25_N’ < Cfaly, 2), (26)

for some constant C' > 0 that is independent of ¢, y and z and where

max (|z — y|**~, |z — 22 ) if 25 < 1,
fo(y,2) = { |y — 2| max (Jo — y[> N1 |z — 22V if2s > 1, (27)
ly — 2/ max (|Jz — y|' NP |z — 2|'"NF) forall B € (0,1) ifs=1/2.

In the case for 2s < 1, the bound (26) is a easy consequence of the uniform estimate (25). The case 2s > 1
follows by using the elementary estimate

B _ 1 1
a2 N — 2N < O(N, 5))|a — b| max (aN_,Ml, bN_2S+1>,

with a = |zy — y¢| and b = |z; — 2¢| combine with the uniform estimate (25). The case s = 1/2 follows
similarly by using instead the estimate

a N — NI < O(N, B) max (a' NP b NP ja — P forall B € (0,1),

applied with @ = |z; — y;| and b = |z — 2.

3. Preliminary estimates

In this section, we collect a couple of preliminary results that will be used later. We start with two fun-
damental lemmas. Their proofs, given respectively in Appendix A and Appendix B, rely on elementary
calculus and the assumption (3).
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LEMMA 3.1. Let ®, satisfy the hypotheses (3) and let 3 in R. Then, for |t| < 1/2 sufficiently small and
forall y, z € RN, there holds:

[@:(9) = @iy +2)[ 7 = [u(y) = Duly — )| 7| < 12, (28)

for some constant C > 0 that is independent of t,y and z. Moreover, letting (-, ) be as in (21), we also
have

Clh|

N
<m Vy,z,hER s (29)

|Kt(y + hv z+ h) - ’it(yv Z)|
for some C > 0 that is independent of y, z, h and t.
LEMMA 3.2. Let (-, ) be given as in (21) and set, for t # 0,

Kt(ya Z) - Ko(ya Z)
t

Let ®°(+,-) be the odd part of z — Fi(y,y + z), i.e.

Re(y, 2z) == fory # z in RV,

Fe(y,y + 2) — Fe(y,y — 2)

R’ (y,2) = 5

Then there holds
|2 (y, 2)| < Cmin(|z| 7277, [ 727) (30)
for some constant C' > 0 that is independent of t, y and 2.

The following proposition will play an essential role in the proof of the differentiability of the mapping

t = He (@), @4(+)) € C(£2) in Lemma 6.1.
LEMMA 3.3. Let s in (0,1) and x € 2 be fixed. Consider the function f;[H(x,-)] : Q — R defined by:

ke(y, 2) — koly, 2
R )0) = po [ (o) — Hife, ) 022002 g, 61)
Then, for |t| < 1 sufficiently small, there holds
|fe[H (@, )](y)] < Cog°(y). (32)
for some C > QO that is independent of t and y. Moreover, we have, as t goes to zero,
FlHy @, = fy[Ha(x, )] pointwise in Q. (33)

where we set

s . Hé(l‘,y) _Hfsl(xwz)
fY[Hﬂ(xv )](y) =pu /RN |y—Z|N+2S wY(:U? Z)dZ. (34)
with wy (-, -) given as in (18). Moreover, for all y in ), we have
[fy[He(z,)](y)| < Cg°(y)- (35)

PROOF. We set

Kt(ya Z) — lio(y, Z) )
t

For z in RY we define the even and odd parts of &;(y, y + z) by

Fe(y, 2) i=

2y, 2) = Re(y,y + 2) J2r Relyy—2) 9y, 2) = Re(y,y + 2) = Ry, y —2)

With the change of variable z — y + z, we write

A, )0) = pv. [ (Halan) = By + )+ 2) ds
= Ii () + 7 (),



where

i) = v [ (Haog) = Hilay -+ 2))m(0.2) de.

F20) = v [ (o) = Hilay -+ 2))7(0.2) d

We fix y in © and set p := dq(y)/2.

Estimate of the even part. Since %;°(y, -) is even, we may symmetrize:
24700 = [ (2Haw) ~ Haoy+ 2) — Hiloy - 2 (0. 2) d=.
By [?KN, Lemma A.1], H(z, ) € C2

2 (), and we also have Hg(x,-) € C*(RY). Hence there are
constants C'1, Cy > 0 (depending on z, but independent of ¢, ) such that
2Hg (2, y) — Hi(z,y + 2) — Hy(2,y — 2)| < Cil21p,,(2) + Colz*1gm 5, , (2).
Moreover, by (22) we have [F;¢(y, )| < C|z|~V=2%. Combining the above estimates yields
Fwl<c [ PP te 2N 2
By/2 RN\BP/2
< CpP 2 4 Cp~® < Cog(y) .

Estimate of the odd part. By [6, Eq. (16)] we have
[F°(y, 2)] < Cmin (J2] 772, 27V 7%).
Since HE(x,-) € C*(RY), we obtain
@I C [ e min (o2 a7V ds
RN
<C 12175 Ndz 4 C 2|7V dz < C.

B RN\B,
f2(y)] < C < Céq(y)~* and therefore

| felHe (2, )] (y)| < Coaly)~>.

Convergence. We use the pointwise convergences following from (22) (for the even part) and [6, Eq.
(16)] (for the odd part), together with the previous integrable domination, and we apply the dominated
convergence theorem. We obtain f{(y) — £y (y) and f?(y) — fy(y), where

In particular,

1 [ 2H4(z,y) — Hy(x,y + 2) — Hy(z,y — 2)
frly)=3 /RN 2[N+2s wy (y,2) dz,
v (y) :==p.v. x |2|N+2s wy (y, z) dz,
with
Wy, 2) = YWY ERATvlyy =2 g ey oy By R —wrlyy —2)

2 2
Since fy = fy + f{, this coincides with the definition of fy[H(z, -)](y). Moreover, the same domination
yields [ fy (y)| < Cda(y)~".
Finally, the same argument applies on compact subsets of €2, using the local C? regularity of H, &(x, ), and
we obtain convergence in CP (€2). O

The following simple result is fundamental. It says that even though G¢,(x, -) does not have a finite energy,
the dual product g[¢](t) := (G, (w4, (*)¢), ) still make sense for any sufficiently regular function . This
observation will play a crucial for the proof of the results stated above. For the sake of simplicity, we will
adopt the following notation .

2o = Py(2),  gi(we, 20) = G, (24, 2¢) and  go(w,2) = Go(x,2) forz e RV, (36)
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PROPOSITION 3.4. Let s in (0,1) and x € Q. Let ¢ in C§°(2) and define

) [ s oo DO VD gy o,
and
o10.2) = //]Rmv (QO(x,y) - f;(j:’z?\?f;i(y) — w(Z)) dydz. (38)

Then we have g[y](t, z) < oo for all |t| < 1 sufficiently small.

PROOF. We give the proof of g[¢](t,z) < +oo for t # 0. The case t = 0 is similar we therefore skip
its proof and leave it to the interested reader.

We use the decomposition g;(x¢, 2¢) = by, |z — zg|2N — H§, (x¢, z¢) of the fractional Green function,
see (13) to split the quantity at stake into the sum of two quantities:

glv](t, x) = p[¥](t, 2) — g2[¥](E, ),
where g1 [¢] (¢, x) and g2[v](¢, z) are respectively given by:

I(t,z) // (20— 92 = g — 2> ) () — 9())ly — 1> Ndydz,

galiltta) = [ [ | (i v ) = Hy v 20) (900) = 002l = 7Ny,

We start by estimating the contribution coming from g1 [¢](¢, z). We claim that

lg1[¥](t,x)] < C  forsome C > 0 that is independent of ¢. (39
To prove the claim, we recall that in view of (26), we have
lg1[¥](¢, ) C//RZN = Z’NHS)‘fz(y, z)dydz, (40)
where
max (|z — y[*~, |z — 22 ) it 2s < 1,
fo(y,2) = 4 |y — 2| max (Jo — y[*~ N1, |z — 22N if2s > 1, 41)

ly — 2|’ max (|z — y|' "N |a — 2|'"NF) forall B € (0,1) ifs=1/2.

Now observe that RHS of the above identity is always finite. To see this, let R > 1 so that supp(¢)) &
Bp/2(0) and write

// — N+23)‘ fa(y, 2)dydz = // < dydz + 2/ / - dydz. (42)
R2N |Z/ 2| BRXBR Br/a IRN\BR

For y € By and z € RN \ Bg, we can find C; = C1(R) > 0 so that [y — z| > C1(1 + |z] H1/2,
Consequently, we have

o) - v(2)] Fol,2)
+(y, 2)dyd C —Md dy,
/B y / N\BR Bl ) < ) Lo, T e dedy

/ / J2 (v, z)v+2s dzdy < 400 forall s € (0,1). “43)
Brys JRN\Bg (1 + |2|?) 72

Indeed, in view of (41), we have, for 2s < 1, that

_ |2s—N 2s—N
C’/ / = | i |Qf\,+23 ?| dzdy
Bry» RN\BR 1+ [2]2) 72

1
N+25

Bry Ix*yIN % /RN\BR (1+]2)2)" %
9

<20 dz < +00.




In the case 2s > 1, we have instead

y — z| max |x _ |2st71 |x _ Z‘stNfl
:.U) < Cl/ / ‘ } ( N+2S )
Bgr/2 JRN\Bg (T+22) 2

||
Cg/ / ~dydz
Brys RN\BR\x-— yIN=Cs=D(1 4 |22) 5
Ed

CQ/ 2]/ —2
And ﬁnally if s = ]./2, we have

8 1-N-8 1-N-8
— z|P max (|x — Jlr—z
.’l‘) < Cl/ / ‘y ‘ (‘ y‘ N+23’ | )dZ
Brjs JRN\Bg (1 + |z|2) 2

dy El
gC’g/ / B RPN
Bryo [T = yN=0=B) Jpwip, (14 |2(2)75

In all three cases we have proved that i () has a finite value which gives (43).
On the other hand, since ¢ € C§°(€2), it is clear that

|[9(y) —¥(2)| // fe(y, 2)
2 (y,2)dydz < C dydz < 4o0. (44)
//BRXBR — z|N+2s foly:2) dy BrxBr [V — |y — z|N+2s—1 Y

The finiteness of the RHS of (44) follows from (27) by checking the integrability near the diagonal y = 2
(and the integrability of the mild singularities in y = z or z = x). If 2s < 1, the function f, is locally
bounded on By x Bp, and the integrand behaves like |y — 2|~V ~25%1, which is integrable around y = z
since 2s < 1. If 2s > 1, we have f(y,2) < Cly — z|max (Jo — y[* N1, |z — 2[>*7V=1), hence the
integrand behaves like |y — 2|~V ~25%2 and is integrable around y = z since 2s < 2. If s = %, choosing
B € (0,1) we have f,(y,2) < Cly — z[ max (|z — y|~V =P, |z — 2|~V =F), so the integrand behaves like
ly — z|~N*5 and is integrable around y = z since 3 > 0.

dz < +o00.

[ OO s < o .

That g1 [¢](t, x) is finite now follows by combining (40), (42), (43), (44) and (45)

We next show that
|92[¥] (¢, )| < +o0. (46)
For that aim, we choose K € K’ € Q with K, K’ compact and such that supp ¢ C K and write

oaliltta) = [ (o) = Hi o)) (6000 = 02)) by = ol dy s
+ 2/ Y(y) / (HE, (x,ye) — HY, (x4, %)) [y — 2| 7> N dz dy. (47)
supp(¥) RN\K

For t sufficiently small, we know by regularity (see e.g [1, Proposition 1.3]) that Hg) (7¢,-) € C*(RM).
Therefore for some constant C' > 0 that might depend on ¢, we may write, for |¢| < 1 small enough:

J ) = Gl [ot) = (e ly = =72V ayas

Zt|
<]

dydz
<C 48
e = s < 0 B
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where we used (25). On the other hand, since |H§ (74, 2)| < Clzt — 2> N < Ol — 2|V, we have

/ zb(y)/ Hg, (e, ye) — Hp, (e, 21) i dy
supp(v) RN\ K’ |y - Z|N+28

1 dydz
<C ) < +oo. 49
Je Jone s+ s ) s < “
Combining (47), (48), and (49) we obtain (46). The estimate (39) together with (46) shows that g[¢] (¢, z) <
+o00. The proof is finished and we are done. O

The following lemma will be useful in what follows, as it will allow us, thanks to a regularity result
that we prove along the way, to obtain uniform control over the difference quotient defined in (113). We
continue to use the notation introduced in (36).

LEMMA 3.5. Let x in S be fixed and define

t|25—N = y‘Qs—N

|2y —
gL RY SR,y gh(y) = bns .

Then |gL(y)| < Clz — y|>*=» forall y # x in RN. Moreover; for all o € (0,1) and |t| < 1 sufficiently
small, there holds

fort 0. (50)

195 (y) — g2(2)]
ly —2|*
for some Cy = Cy(N, s, v, z, ) > 0 that is independent of t.

|95 (v)| + < Gy forally € 99, z € RV \ Q, 51)

PROOF. The estimate |g%,(y)| < C|z — y|>*~ is an easy consequence of (24). Next, let z in RY be
fixed and set

bf (y) = [ae =y,

Then, up to a positive constant, we may write by the fundamental theorem of calculus that

ba: _ bx
gh(y) = b — %) / A,b% (y (52)

Observe that to get (51), it is enough to consider y € 9Q and z € Br(0) () Q¢ for some R = R(Q2) > 1
sufficiently large so that Q@ € Br(0).
2

Indeed, if z € RV \ Bg(0), then setting

‘8 Ty — ryr|

z,y
( ) ’xr yr|

)

A direct calculation gives
0,62 (y) — 8,b2(2)|
N —2s

Since 0,®, € CLY RN, RY), and |z, — y,| > C|z — y| by (25), we have a,.(z,-) € L>®(RY). Moreover,
in view of (25) we also have

‘2S—N

<ar(%y)‘xr_yr‘QS_N+ar($az)|xT_zr )

’25—N ‘QS—N

|z — yr + |zr — 2 < C(s,N,z,y) < C(s,N,Q, z,0, R)|y — 2|,

for any o € (0, 1) since |y — z| > R/2 > 0. In conclusion we have
10,05 (y) — 0,07 ()|
N —2s

for some C' = C'(N, s, x,Q, R) > 0 that is independent of 7. In view of the representation (52), this gives
the estimate (51) for y € 9Q and z € RY \ Bg(0).

< Cly — z|@ forall « € (0,1),




Now if y € 9Q and z € Bg(0) [ Q2¢, we write
0,55 (y) — 0,7 (2)|
(Orzr = Ovyr) - (xr =) (Orr = Opzr) - (2 — 2)

’.1‘7« - yr|N_2s+2 ’:Er - ZT|N_2S+2
= |x7’ - yr}25727N - ‘1'71 - Zr‘28727N |a7"xr - aryr{ ‘xr - yr‘
‘(arxr —Oryr) - (zr —yr) — (Ormy — Orzy) - (27 — 27)
+ ‘xr _ ZT’N_25+2

=i (Y, 2) + 37 (y, 2)
Let § :=2s —2— N < 0. Since z in {2 is fixed, we have |x — y|, |x — z| > dq(x) for all y in OS2 and
z in RN \ €. By (25), the same lower bound holds for the deformed points z;, y,, z, uniformly for 7 in
[-1 5 2] Therefore r — 7@ is Lipschitz on [c § (), o) for some ¢ > 0 and, by the mean value theorem,
|2y — yr’ =& — ZT’B‘ X C“xr Yr| = lor — 2|
< C|yr Zr| C|y—z|
Consequently,
ir(y,2) < Cly — 2],
Since y in 99 and z in Bg(0), we have |y — 2| < 2R and thus |y — z| < (2R)'~%|y — 2| It follows that
Zr (y7 Z) = C|y - Z‘a7

for some C' > 0 that is independent of r.
To control 57 (y, z), we define

my(y) = (arxr - 87’%) ’ (377‘ - yr)
and apply the fundamental theorem of calculus to get

i (y) = mz(2)]

]r(yvz = |$T—Z ’N 25+2

fo |Vmi(ry + (1 —7)2)[ly — 2[d7
|2y — 2, |V 25+2

SUDre[-1/2,+1/2] varHLOO(RN)
|z, — 2 |N—25F2

<COly -2 < Cly — 2|7,

for some constant C' = C(z,y,s, N,a,§) > 0 where used that m? € CT1(RY) and that |z, — 2| >
C|z — z| > dq(z)/2. In conclusion we have proved that 9,7 : R \ @ — R satisfies (51) with a constant
that is independent of 7. Hence g’ also satisfies (51) as a consequence of the representation (52). The proof
is finished. 0

<C

ly — 2|

4. A useful regularity estimate

In this section, we establish a regularity result for some nonlocal divergence-type equation with non-zero
Dirichlet data. The proof relies on a recent result in [15]. For the statement of the result, it will be
convenient to make the following definition.

DEFINITION 4.1. We denote by Gs(\, A) the set of operators pointwise defined by
Lw(y) :=pwv /RN (w(y) —wly + 2))k(y,y + 2)dz,

with kernels k(-,-) : RN x RN — [0, oc] that are symmetric and uniformly elliptic; that is to say,

My — 272N < kly,2) = k(z,9) <Ay — 2|2 vy,zeRY, (53)
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for some A\, A > 0 and which, furthermore, satisfies:

h o
|k(y+h,z+h)—rK(y, 2)| < Cy—z||N+2S forally,z € RY and all h € By(0), for some o € (0, s).
(54
Next, we recall the following result which is essentially contained in [15].
THEOREM 4.2. Let Q C RY be a bounded C** domain. Let f be a given function such that
| fwldz
Iflx(@ = sup lolfuldr (55)
weHE () [w]HS(RN)
Let L be given as in Definition 4.1 and u be a weak solution (see [15, Definition 2.1]) to
Lu = f inQ,
u = 0 inRN\Q.
Letpin (0,s] and q € (%, %) Then there holds u € C*t9" % (). Moreover;
el ooy g < € (g ) + 17 xc@)- (56)

for some C' that depends only on N, s, 0, \, A\, p, q and Q). In the above, the norm || - ||L%S(RN) is defined by

_ |u(y)]
lull gy @y = /RN Wdy

PROOF. It follows from [15, Theorem 1.7], [15, Remark 3.2], the interior regularity estimate [15,
Proposition 3.5] and a standard covering argument (see e.g. [9, Proof of Corollary 2.6.11]). Since §2
is C'b1, after flattening OS2 and restricting to sufficiently small balls, the Lipschitz constant required in
[15, Theorem 1.7] can be made as small as needed. U

Thanks to the above result, we can now prove the following statement.

PROPOSITION 4.3. Let  C RY be a bounded C*' domain. Let s in (0,1) and let Lk, \, A be as in
Definition 4.1. Assume moreover that

|K°(y, 2)| < C'min(|z| 727N, |z[172~N) forally,z € RY, (57)
where k°(-, ) is the odd part of the kernel k(-,-), that is,

Ko(y’ Z) — ’%(yvy + Z) ; H(yay — Z)

Let f satisfy (55) and assume that g satisfies
o) — 9

lg(y)| + = 2] for some o in (s, min{1,2s}) and for all y € 99, z € RV \ Q. (58)
Let u be a weak solution to ’ -
{5 20 e 9
Letpin (0,s] and q € (%, %) Then there holds u € C*t9™ % (). Moreover;
[l ot g < CCo(1+ llullzy, v + Il x) ) (60)

for some C' that depends only on N, s, 0, \, A\, p, q and ().

PROOF. The idea is to simply transform the equation (59) to a Dirichlet problem with zero boundary

data and then apply Theorem 4.2. For that aim, we let g € C'°°(Q2) N C*(2) be an extension of g to the
whole of RY. One can take for instance § = w in §2, where w is the solution to the elliptic equation

—Aw=0 inQ and w=g¢g ondfd.
We thenset g = win Qand g = gin RV \ Q.



Note that g € C*(0€2) by the hypothesis (58) and therefore by the standard regularity theory, we have that

w e C*°(2) N C*(£2). Moreover, we have

|D*w| < C6%7% in Q.

Next let v = u — g. Then v solves weakly the equation

Lv = f—L(g) inQ,
{ v =0 in RN\ Q. ©D
Next we claim that
|Lg] < CCu6& 2 in Q. (62)

Indeed, let x°(-, -) and k°(-, -) denote the even and odd parts of (-, -), respectively; that is,

Ky, 7) = n(y,y+z)—2m(y,y— 2) ad KOy, 2) = k(y,y + 2) ; k(y,y — z)'

Then we may write

(o) =po |

RN
= (L°9)(y) + (£°9)(y).

Because k€(+, -) satisfies the hypothesis [1, Equation (1.3)], we have by [1, Lemma 2.6, (b)] that

(9(y) — g(y + 2))k"(y, 2)dz + pv /RN (9(y) — 9(y + 2))K°(y, 2)d=

|(£9) ()] < CCodg™ (1) (63)
In order to estimate (L£°g)(y), we let p = dq(y) and write
€ =po [ (@) - g+ D@ 4po [ (glo) - gl + 2D, )
B,/2(0) RN\B,,/5(0)
= (W(y) + 2)(v)- (64)

Because § € C%(Q) for any a € (0, 1), it follows in view of (57), that
@I [ RN < optta, 65)
Bp/2(0)
Next, let yo € OS2 such that |y — yo| = p and write
@WI<| [ 60 - g+ D) &
RN\B/J/2(0)
<

< (1) = w0l + la(wo) = 9y + )1 ) Iy, )| d=
RN\B,2(0)

“+ly —yo+ 2|

S CO/ £ |y N-‘yg-/205 ‘

RN\B, 5 (0) |2|

(0% (07
< | i,
RN\ B, /5(0) |2|

< CoCyp™™ 2. (66)

dz

where in the third line we used that g € C“(€2) and (58). Combining (64), (65) and (66) gives

(£°9) ()] < CCodg > (y). (67)
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The equation (63) together with (67) gives (62) which proves the claim. Next, it is clear that
_ |L(g)w|dx
gl = sup JalC@wldr
weHE(Q) [w] Hs(RN)
504—25 d
< C1Cy  sup M

weH(Q) [w]HS(RN)

0o °wld
< CyCy  sup M

< 03007
weH(Q) [w]Hs(RN)

where we used that o € (s, 2s). It therefore follows, in view of Theorem 4.2, that
90l g < € (Il ) + 1y, vy + 17 Lxcey + 1£@) xce)):

< CO(1+ ull g @y + 1l xc@))-

N

Consequently, since v > s > s — (%

—¢q) and g € C*(Q2), we conclude that

il SHollgora-a g 180 gora- 2

T E @) » (@)

< Cl(Hchwfg@ +lalon)
< CaCo (1 + lull g, @) + 1 xion )

This is what we want to prove. The proof is therefore finished. U

5. Some convergence results

LEMMA 5.1. Let p € C°(—2,2) andletUERN\{O} Set

// lp(ly]?) )] o+ py| ™ — v+ pz|*N| dyd 68)
R2N ’Z|N723|y _ Z|N+25 :

Then
lim_alp](p,v) = 0. (69)

u—0t
PROOF. We recall that p(| - |) vanishes identically outside the ball Bs. For any . > 0, we decompose
alpl(p,v) = (V) + (2)p + By,

b= o) = o) [0+ g2 — fo 4 el
g Bix By ’2’N—25‘y _ z’N—i—Qs s

v+ py> N — o + paP ]
2), = 2 ‘ dz d
(2)u /32 p(|yl >/RN\B4 |2[N=2s]y — 2| N+2s z ay,

2 o+ 125N — o+ pal25-N
3, ::/ p(lz] )/ [[v + nyl v + pz] Idydz_
B 12172 Jrv\, ly — 2|V +2s

We first observe that (1), — 0 as g — 0. Indeed, for 1 < |v|/8 and all y, z in By we have |v + py| >
|v|/2 and |v + pz| > |v|/2, hence the map w + |w|?*~™ is Lipschitz on Bjy|/2(v), with a Lipschitz
constant bounded independently of 1. Using also that p(| - |?) is Lipschitz, we obtain

p(ly*) = p(121*)] ly — 2|
< Cu// ‘ dy dz
a BixX By |Z’N_25‘y - Z‘N+28

dydz
Cu// -0 as pu— 0.
B4><B4 |z’N 2S‘y - Z’N+2S 2

where




Next we treat (2),. We fix v in (2s/(N + 2),2s/(N + 1)) and we set
Ins(a) =N —2s + a. (70)
We use the elementary estimate

|la —b*

B _ B
|a b | < CG/'YN,S(Q) —+ b’YN,s(O‘)

; B=2s—N, (71)

valid for all a, b > 0. For 1 < |v|/8, all y in By and all z in RV \ By, we have |v + uy| > |v|/2 and hence

1 1

2s—N 2s—N « «

v+ — v+ pz <C —z < + )
v+ pyl v+ pz| | 1y — z| v+ py[ V(@) |y 4 pz|Nes(@)

«a o !
<O p*(1+ |z )(1+\U+MZM)

Since |z| > 4 and y in Bo, we also have |y — z| > |z|/2, hence
1 @ 1
(2), < C p® + |21 (1 + ) dz

RN\ By (1 + |Z’2)N§25 |U + qu|'YN,s(Oé)

=:i(p, v) + j(p,v).

Since % is integrable and i(u, v) = O(u®), we have i(p, v) — 0. We now estimate j(u, v).
2

(1+[2?)
Assume p < |v|/8 and introduce the sets

A= {zERN\B4 : ‘z—l—v/u‘ > g:l},
v
B, = (RN\B4) \AH:BM(——).
2p ILL
On A, we have |v + pz| = p|z 4+ v/u| > |v|/2, hence

1 @ d 1 @
,Ua/ - |Z|N+25 - () S C(U) :ua/ % dz — 0.
An (1t [2) 5 [o o+ e BN (1+ [42) %

On B,, we make the change of variables w = z 4+ v/u. Then |v + pz| = pjw| and, since |w| < |v|/(2p),
we have |z| = ’w - U/,u| > |v|/(2p) and |z| < 3|v|/(21). Consequently,

1 6
izwzs < C(v) |Z|7N72s+a < C(v) plVH2s—a forall z € B,.
(1+[2%)
Using also that vy s(a) < N because o < 2s/(IN + 1), we obtain
1+ |z[* dz _ dw
IU’O‘/ N+2s N5 (@) < C(U) MN+28 IN,s () / T@
B (L4 [22) 5% o+ paf s By ) w0

2p

< C(v) MN+2S_'7N,5(O¢) (M) N—yn,s(c)

< C(v) p® — 0.
o (V) p=* —

This proves j (4, v) — 0 and hence (2),, — 0.
The term (3),, is treated in the same way by exchanging the roles of y and z. Altogether, we conclude that
alp](u,v) — 0as u — 0. O

LEMMA 5.2. Let x,y in Q with x # y and recall the definition of wi, (-, -) in (19). Next let p € C°(—2,2),

and set
2y 2 2—N _ |, 25—N
ovblte) = [ A=A GEZ W) g tpar. 2

For v > 0 we set

gy(2, 2) = go(x, 2) Py (2). (73)
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where ¢g =1 — p5 and p3 is defined in (17). Let k > 0 and define

By ¢k, go(z, )] (k,7,y) / &:(0)9+(y, q) (04 (p) — ¢%(q)) (90(z, p) — go(, q)) Ky (p, q) dpdg,

(74)

and

Cy (o, gy(y, ))(k,z) := / o & (a)g0(z, q) (04 (p) — #2(a)) (9+(y, p) — 9+(y. @)y (p, q) dp dg.
(75)
Then we have
lim lim CY[¢xag’Y(y7 )](k7x) = 07 (76)
pn—0t k—o0

and

lim lim lim By[¢k, go(,-)](k,7,y) = go(x, y)ay[p](x). (77)

y—0t p—0t k—o0

REMARK 5.3. We note that the integrals in (74) and (75) are well defined. This can be proved in the same
way as in Lemma 3.4.

PROOF. We first prove (77). By dominated convergence, we have
lim BY[ 57 gO(wv )](kv Y y) = BY[ 5790(1}7 )}(’77 y)7
k—o0

where
By ¢k, go(z // 9y (1, @) (24 (p) — 4(0)) (90(z, p) — go(z, q)) Ky (p, q) dp dg.

Following [6, Lemma 2.2], to compute lim,,_,o+ By [¢, go(, -)] (7, y). it suffices to restrict the integral to
balls around z. Let € > 0 be such that By, () C 2 and define

By ok (e (e, 7.0) = [ / ey B D)~ 6400 (00 ) — ol )y (. 0) dpela
(78)

Then
Jlim. By[¢z, g0(z,-))(v,9) = lim, By[éz, go(w,)](,7,y)- (79)

We set [i := 6o ()p/(2v/2) and we change variables p = 2 — fip and ¢ = x — Jig in (78), then we rename
the new variables (p, ¢). This yields

By [¢k, go(z,-)|(g,7,y // 94y, — pq) FY (e, i; p,q) dpdg, (80)

where

FY(e, 115 p,q) = 1B_,0)(P) 15, 0)(@) B> (p(la1*) = p(Ip[*)) (90(z, = — ip) — go(, & — i) ky (5 p, q)
and

‘—QS—N

Ky (15 p,q) == |p—q wy (x — fip,  — fiq). (81)

We now show that the integrand in (80) is dominated by an integrable function independent of 1. We note
that g (y, -) is bounded on By, (z) because = # y. Hence there exists C' > 0, independent of 1, such that

9 (y, 2 — pg)| < € forall g € By /5(0). (82)
Recall that

(Y(y) —Y(2) - (y— 2) ) 83)

wy (y, 2) = 01\2[—’8<divY(y) FdivY(2) — (N +2s) p

17



Since (z — pip) — (x — fiq) = fi(q — p), we have
wy (z — fp, v — fiq)

— (v Y (o ip) + div Y (o ig) + (N + 29

(Y (z — fip) = Y (z — ig)) - (p — q))
filp — q|?
In particular, wy (z — p, x — fuq) is bounded uniformly in i, hence

|y (71, q)| < Clp — g 727N, (84)
Using also that go(x, z — f-) is Holder continuous away from the origin, we obtain
N2 go(z, & — fip) — go(z, = — fg)| < C|lp|** N — |g* V| + CuV =t p—ql. (85
To justify (85), we write
N 2s

|g0(x, © — fip) — go(x, = — fig)|

= Vb (|ap> N = |agl* ™) — (Hg(z, x — iip) — HE (2, x — ﬁq>)‘
’25

|23 N‘+~N 2s

S b —lg |H (@, 2 — fip) — H(x,x — fig)|-

By [?KN, Lemma A.1], for all z, p in Q we have |V,HE(z,p)| < Cq(x)?*~V~1. Hence, by the funda-
mental theorem of calculus,

N H (v, @ — fip) — H(z,2 — ig)| < CEN "2 p—q| < Clp — gl

Combining (82), (84) and (85) we deduce

~ _ p(Ip?) = p(lq/?) _ _
|9, (y, = — [ig) F¥ (e, [i;p, q)| < | g |<Hp\2s N g N+ \p—q\). (86)

The right-hand side is integrable on R?", hence dominated convergence applies in (80). We also note that

(p(al®) = p(lp1*)) (1>~ — [g[**~")

li s T Fy ) - ) b y ) )
i, 94y, — ng) FY (e, 1130, q) = g4(y, ©)bn s o= gN wy (P, q)
(87)
where the limit of wy follows from the Taylor expansion of Y at x. Therefore, we obtain
lim BY[ /‘;7 gO(«T7 ')](67 v, y) = g’Y(yJ x)aY[p](l’) (88)
u—0t
Combining (79) and (88) yields
lim lim By[¢}, go(,")|(k,v,y) = gy(y, x)ay[p](z).
u—0t k—o0
Letting v — 0T, we have g, (y, z) — go(y, z) = go(z,y) since = # y, which proves (77).
We now prove (76). By dominated convergence, we have
lim Cy|¢f, g4(y, (K, ) = Cy [k, g4 (y, )l(2),
k—o0
where
Cy ok, 9+(y,-) // g0(z,q) (04 (p) — 4(0)) (9+(y,p) — 9v(, @)y (p, @) dpdg.  (89)

Using again [6, Lemma 2.2], it suffices to restrict the integral to balls around z. With the same € > 0 as
above, we define

Cy ok, 94 (y, )l(e, ) // e (z,q) (¢4 (p) — ¢4(0)) (94 (v, ) — 9+(y, @) Ky (p, @) dp dg,

so that
lim Cy[dk, g,(y,)](z) = lim Cy[¢h, g,(y,)](e, z). (90)
u—0t u—0t

With the same change of variables p = x — ip and ¢ = x — J1q as above (and renaming (p, ¢)), we obtain

Cy ok, g4(y, )] (e, ) //sz (z, 2 — pnq)GY (e, i; p,q) dpdg, 91)



where

GY(e, 155 p,q) = 1p_,,0)(0) 18, () (p(lal*) = p(IpI*)) (9 (y & — ) — 9 (v, & — 1)) ko (75 P, @)
92)

Since go(x, -) vanishes identically outside €2, we have
A% go(a, @ — fig)| < Ol ¥, (93)
Write v := z — y. We estimate, for p, g in By, /5(0),
|9+ (y, z — fip) — g4 (y, = — ig)| = |go(z — fip, y) by (x — [ip) — go(x — [ig, y) ) (z — fiq)|
< A p,q) + B p, q),

where

A3 p,q) == |go(z — fip,y) — go(z — fig, )|,

B(f;p, q) := | ¢y (x — fip) — &) (x — [1q)| |go(x — fig, y)]-
Since ¢y = 1 — pY, we have

B(;p, q) = |p4(x — iip) — p4(x — 11g)| lgo(x — fig, y)|-

Using the definition of p¥ in (17), the mean value theorem and the fact that |z — fip — y| stays bounded
away from 0 for p, g in By, /(0) (since = # y), we obtain

B(z;p,q) < Cilp — gl (94)
On the other hand,
A p,q) = )bzv,s(lv + ip* N = o+ fg ) = (Hy(y, @ — fip) — Hy(y, = — [ig)) ’
<ol lo+ >N — o+ ag** N | + |HE (v, © — fip) — HE(y, = — fiq)|.
Since H¢(y, -) is Lipschitz on Bo.(x), we get
A(fi; s q) < Cllo + ip*>™ — v + fig|* N[ + Cilp — gl. 95)
Combining (84), (94) and (95), we obtain

N2 ~ N W2 (5 p:q) |p(p*) — p(lal?)
[N go(w, & — fig) G4 (e, s q)| < C |q|ml|p_q|ws ‘, (96)

where

W (50, 9) = flp — al (1 + v+ fgl) + |[o+ mp|* ™ — v + fg*~"].
‘We claim that

n—0t
Here

i Wi p, ) [o(pl2) — plal)|
R0 = ([ 1500) 15,50 e L dpda

Indeed, by the definition of W we can write R(j1,v) = Ry (i1, v) + Ra(f, v), where

- |o(1p1*) = p(lal®)| [lv + >~ — |v + fg|* |
Ri(p,v) = //R?N 135/;1(0) (p) 1B2s/ﬁ(0)(Q) |g|N=25|p — ¢|N+2s dp dg,
o (1+ v+ fgl) [p(Ip*) — p(al)]
Ralico) = [ | | Lo u09) L 0 (0) it 2 e o dpda

Since the indicators are bounded by 1, we have Ry (z,v) < a[p](jz, v), hence Ry (i, v) — 0 by Lemma
5.1.

To estimate Ry, we note that |q| < 2¢/f implies 1 + |v + fig| < 1+ |v| + 2¢. Moreover, since p(| - |?) is
Lipschitz and bounded, there exists C' > 0 such that

lp(Ip1?) = p(lg|?)] < Cmin{l,[p—q|}  forallp,qeRY.
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Therefore,

~ min{l,]p—q]}
U) < CM//RQN ]-Bg/ﬁ(O) (p) 1Bzg/ﬁ(0)(Q) |q|N725|p — q|N+2571 dp dq

Since p(| - |?) is supported in B /5(0), the integrand is nonzero only if p € B 5(0) or ¢ € B, /5(0).
Accordingly, we write Ry < Cpu([y + I2) with

dq min{1, |p —q}
o[ [ b,
B0 a7 Jp, ) Ip—qN!

I / dp / dq
2= —2s s—1"
By0) By m(0\B 50) |2V 7D — [N

For I, since ¢ stays bounded and p ranges in a ball of radius ¢/, we have

max{0,1—2s
/ min{1, |p — q|} C’/ min{1, m}drgC(l—k (i) { }>’
E/u+2(0

E/H(O) |p_q|N+28 1 |r’N+23 1 1

(with the obvious log(e/f) modification in the borderline case 2s = 1). Since [ B_5(0) lq|~N=2%) dg < oo,
2

it follows that ;27 — 0.
For I, since p is bounded and |q| > v/2, we have |p — q| > |q|/2, hence

v
dq < C’/ r— NV dr,
V2

L<C [T

dp /
B /5(0) By /7 (0\B,/5(0)

which is bounded uniformly in z if N > 2, and grows at most like log(1/x) if N = 1. In both cases,
pls — 0. Thus Ra(,v) — 0, which proves (97). Combining (96), (97) and dominated convergence in
(91), we obtain

Finally, (90) and (98) yield (76). O

With a similar argument as above, we also prove the following which will be used in the proof of Lemma
7.2 as well. We keep using the notations introduced in the section above:

LEMMA 5.4. Fixz,yin Qwithx # y. Let u := ,94(y, ) and v := &Pk Then

lim lim lim Dy[v](7,y) = go(, y)ay[pl(2), 99)
y—0F p—0+
where
Dylelr) = pv. [ [ (0) = @) (w(@)golep) ~ up)goler, )y ) dpda. - (100)

PROOF. We first expand
(v(p) = v(9) (w(@)go(x, p) — u(p)go(x, q)) = u(q) (v(p) — v(q)) (g0(x, p) — go(x,q))
+90(z, ) (v(p) — v(q)) (ulg) — u(p)), (101

and we use the decomposition

v(p) —v(q) = ¢ () (& (p) — &k (a)) + &k (a) (D4 (p) — D4 (0))- (102)
We also set g, (z, ) := go(,)@%(+). Then

¢k () (g0(x,p) — 90(z,q)) = gu(2,p) — gu(x, @) + go(x, q) (¢5 (q) — ¢5 (p))-

Inserting the last identity into (101), we obtain

Dy [v](7,y) = Ey|gu] — Fy[¢h] + Gy [u] + Hy [¢4, go(z, )] + Iy [#, u],
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where

By(g(,v) == pv. // u(g) (6(p) — €:(0)) (9 2) — g0, 0)) iy (. q) dpdq,  (103)
Fy[¢](,9) = p.v. / / 090z, 0) (€:(0) — &(0)) (6(a) — ¢ () kv (0, q) dp da,

(104)
Gy[u](v,y) == p.v. / A OMIC) (&r(p) — &k()) (ulq) — u(p))ry (p, q) dpdg,
(105)
Hy (¢4, go(@, )](7,y) == p.v. // &k(a (p) — #4(a)) (90(, p) — go(x, q)) v (p. q) dp dg,
(106)
Iy[¢h, ul(v,y) = p.v. / | S(@oo(.a) (¢5(p) — #%(a)) (ulg) — ulp))ky (p, ) dp dg.
(107)
We claim that
lim Eylg,) = lim Fy[¢h] = lim Gy[u] = 0. (108)
k—o00 k—o00 k—o0
Indeed, since g-(y, -) is bounded and g, (z, -) is Holder continuous on 2, Lemma D.1 yields
| By (9] (7, y)| < C/ng(m,Q)%(Q)‘s dq < oo,
and dominated convergence gives limy_, Ey[g,] = 0.
Since go(x, -) and u vanish identically outside €2, we have
Fyl2lr)| < € [ oo a)dn(a) " do < .
hence dominated convergence gives limy_,o, Fy [¢%] = 0.
Finally, we use the splitting
u(p) —u(q) = g+(y,0) (&x(p) — &(@)) + &(@) (9+(y:P) — 94(y, ) (109)
Using (109), we bound
2 dpdq
|Gy [u)(v,y C// l90(z, )0k (P)| | €k (p) — €k(q)| Ip—qN+2s

o [ oo e - o) DL B0 g, g,

Both integrals are finite and tend to 0 as K — oo by Lemma D.1 and dominated convergence, hence
limy 00 Gy [u] = 0. This proves (108).
We now treat the remaining terms. Since u = &g+ (y, -), we have & (q)u(q) = £2(¢)g+(y, q) and therefore

Hy ¢, go(z,)](7,y) = p-v. / o & (@0)9v(y, ) (¢4 (p) — () (90(x, p) — go(x, q)) Ky (p, q) dp dg.

Letting £ — oo and using dominated convergence, we obtain

Jim Hy ¢, 9o(,))(7,9) = p-v. // 9v(y, ) (04 (p) — 4(9)) (90(, p) — g0(, q)) kv (p, q) dp dg,
—00 R2N

which coincides with limy_, By [¢%, go(z, -)](k, v, y). Therefore, by (77),

lim lim lim Hy[¢~, go(z,)](7,y) = go(z,y)ay [p](x). (110)
~y—0F p—0+ k—oo

Next we write

u(q) — u(p) = & () (9(y, @) — 9+(y,p)) + 9+(y, ) (& () — &(D)),
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so that Iy [¢%,u] = Iy + Iy with
Iy = Dp.v. //Rw & (@)g0(x,q) (¢4 (p) — () (94(y: q) — 9, (v, p)) Ky (p, q) dp g,
Iy :=p.v. //sz &r(q)g0(x, q) (04 (p) — ¢4(a)) 9+(y, p) (& () — &(p)) Ky (p, q) dp dg.

Since Iy;; = —Cy|[¢%, g,(y,)](k, z), Lemma 5.2 gives
lim lim Iy = 0. (111)

p—0t k—oo

The term Iy > contains the factor & (g) — & (p) and is handled in the same way as Fy [¢%] by Lemma D.1;
in particular,

lim Iys = 0. (112)
k—oo
Combining (108), (110), (111) and (112) yields (99). O

Having gathered all necessary preliminary results, we are ready to prove the main results.

6. Differentiability of the mapping ¢ — H{ (Pi(z), P:(y))

Here we prove that, for all -,y € €, the real valued function mj. : t — Hg (®¢(x), ®¢(y)) is differentiable
at zero. More generally, we will prove the following

LEMMA 6.1. Let sin (0,1) and x € Q) be fixed. Then, there exists v € (0, s) such that, the mapping

Hy:t— CY(Q), t H (Pi(x), Pe(:)),

is differentiable at 0.
In particular, for any y € Q, the real valued function mj : t — H§ (®4(x), ®4(y)) € R is differentiable
at zero.

PROOF. For simplicity, we shall use the notation
zt = Py(2) for »z ¢ RY.

For a fixed z in €2, we consider the function

~Hg, (me,y) — Hp (2, y)
t

We are going to prove that S can be controlled uniformly in C7 () for some « € (0, s).

SL.RY 5 R,y Si(y): fort # 0. (113)

For that aim, we define the family of ¢-dependent uniformly elliptic operators £; by

(i o= [[ | (o) = u(:))wl) = o)l iy (14)

CN,s

where the kernel (-, -) is given by (21). We also set kg := kg, i.€. ko(y, 2) = L2 |y — 2|7V =2,

For t # 0, we consider the two functions f;[Hg&(x,-)] : @ — Rand g}, : RV \ Q — R defined respectively
by:

s s s Rie\Y,2) — Kol\Y, =
a0 = po [ (o) — (o) 022002 g, 1)
T — 2s—N __ T — 2s—N
ghly) = bN,s| ] . '] (116)
With these notations, we easily check that St € C*(€) is a weak solution of
LifS;) = filHy(@,)] inQ,
{ St = gt in RV \ Q. (117)



In other words, we have S’ (y) = gL (y) forally € RY \  and

(L[St ) = /Q FlHS @ NW)ew) dy Y e CP(9), (118)

To check the identity (118), we note that if 1) € C5°(Q) then ¢y := ¢ o ®; ! € Cé’l(Qt). Using the latter
as a test function into the equation

{(—A)sﬂét(mtw) =0 in )y, (119)

H§ (w4,2) = Fg(wg,2) in RN\ Q.
and changing variables, we get, for |t| < 1 small enough,
0= [ Yu(=A)Hg, (21, )dy = | dhe(=A)Hg,(2¢,)dy,
Qy R

_ CNgs (Hgszt(xta y) — Hfzt(xh Z)) (W(y) - ¢t(z))
2 //RQN

|y _ Z‘N-i—?s

dydz,

__ CNs s s JaC<I>t (y)]acq% (Z)
=B ([ — 1 G 0) (000) — 0(2) ST gz,

— //RQN (HS, (w1, ye) — HY, (21, 2)) (¢(y) — 9(2)) ke (y, 2)dydz,

As above, we note that the integrals above are all well defined by Proposition 3.4. On the other hand, we
also have

0= //Rw (H(z,y) — H&(x, 2)) (¥(y) — ¥ (2))ko(y, 2)dydz,

for all » € C§°(2). Equating the above two identities and rearranging leads to (118) The second equation
in (117) follows immediately from the second equation in (119). This proves the claim.

Next, we let Gg’t(w, -) and P! be respectively the Green function with singularity at  and the Poisson
kernel associated to the operator £;. Then by [15, Theorem 1.1 and Corollary 9.6], we have the estimate

_ . (5Q(Q?> s 5Q(y) S
Gt < Cylz — gy 1 1 fi 0 120
Q(x>y) 1’$ y’ mln( 7‘x_y‘> mln( 7‘$_y‘> orx,y € i, ( )
55
Py, z) < Coly — 2|7V a(y) fory € Qand z € RV \ (121)

65 (2) (1 + 59(2))3 7
for some C,Cy = C'(N, s, A\, A, Q) > 0 where A, A are the elliptic constant given in (23).

It is a standard argument in potential theory that the solution S to the equation (117) can be written, for
y € (), as:

Se(y) = / filH (2, )](2) G (y, 2)dz + / 9:(2) P!y, 2)dz. (122)
Q RN\Q
In view of (120) and (121) and recalling Lemma 3.3 and Lemma 3.5, we obtain the bound

S0 < [ ARG 0+ [P 2

dz dz
<C /+C O¢ / )
A e N YOI e L ey

(123)



To estimate the last integral, we let rq = 1 4 diam(€2) and write
/ dz B / dz / dz
v 02y — 2N S e 052y — 2V - BN\B,, (y) 06 (2)|y — 2|V
On the other hand, by [14, Lemma 2.3], we have

dz
——— < C7y(14+65°(w)).
/Brg(y)\ﬂ 08 (2)ly — 2N 7( o ()

On the other hand, we may find Cg > 0 such that 5o (2) > Cs|y—z| forall z € R\ B, (y). Consequently

/ dz <Cs/ dz
RN\By, (v) 06 (2)y — 2|V S RN\ By, (y) ly — z|N+s

dz
< Cs/ < Cy.
® Jrm\s,,0) 1217+

In conclusion, we have
dz
1 < Cio(1465°(y)).
/RN\Q 03 (2)ly — 21N “

15| Loe () < Cha,s (124)
for some C'1; > 0 that is independent of ¢.

Plug this into (123) gives

By (23), Lemma 3.1, and the definition (21), the family of kernels x.(,-) satisfies the assumptions in
Proposition 4.3 (in particular, (29) and (57)) uniformly for |¢| < 1. Moreover, Lemma 3.5 shows that the

exterior datum g, satisfies (58). We can therefore use the latter to get, for p € (0, s] and ¢ € (2= stp P ) that
1850 gera iy < OrC0 (14 1SE g, o) + IelHRG Mlxcon):
HE(x,)](2)||w(z)|dz
€ CoCo(1 4+ 5t iy + sup AoVl
weH () (W] frs vy
06°(2)|w(2)|dz
<C3CO<1+||S;HLOO(Q)+ sup fQ Q ( )| ( )’ )
weHs (@) W@y
< Cy, (125)
for some Cy > 0 that is independent of #. In the second line we used that ||S.|| ey S C (1+
1SL ]| Lo () Indeed, since €2 is bounded and S% = g% on RY \ €, Lemma 3.5 yields |g(y)| < Clz —
y|?*~ and therefore
t
15423, ey < [ 155001 dy + o T
. ‘QS—N .
< OS5 pee C 7d S C(1+ IS, oo () s
Itmey +€ [ S 4 < O I8tmge)
where the last integral is finite because |z — y| > dq(z) for y in RY \ Q and the integrand behaves like

1/2
|y| =2 atinfinity. In the last line we used (124) and that [, 6, (z)|w(2)|dz < |Q]1/2<f9 6525(2)\w(z)\2dz> <
1Q|1/2C [w] e (rN) by the classical Hardy inequality.

s+q—%

Then by the Arzela—Ascoli theorem, there exists S5 € C () such that, up to passing to a subse-

/
quence (SL )y, we have:

st

T

- S0 in CP(Q) forall 0 < § < s — (];[ - q). (126)

Next, we need to find the equation that the limiting function solves. For that, we recall that
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/ / (57 (y) — 5 (2))((y) — $(2))me (y, 2) dy dz = / fol () (2)e(2) dz (27)
R2N Q
By (33) and (35), we know that

FolHa(@, ()| < C5°(=)  and  fulHa(w, )](2) = fy[Haw,))(z) ast — 0.
It therefore follows by the Lebesgue dominated convergence theorem that

/ fo[Hy(x, )](2)Y(2)dz — / fy[HG(z, )] (2)Y(2) dz as t' — 0. (128)
Q Q

On the other hand, because 1 is compactly supported in €2, we may write:
[ 850 = SN0 — v ) dy
=[] (8t = SLE ) ~ vk () dy s

+2 / (y) / (S5 (v) = S5 (2))mw (y, 2) dzdy. (129)
supp() RN\Q
In view of (126) and the smoothness of v, for every 5 in (0, s — (% — ¢)) there holds

1S5 (y) = St ()| [ (y) = ¥ () ke (y, )] < Cly — 2" forally, z in Q.

Choosing 8 > 2s — 1 (which is possible since s < 1 and we may take 3 close to s), the right-hand side is
integrable on 2 x Q. Since kv (y, z) — Ko(y, z) pointwise as t' — 0 by (21), the dominated convergence
theorem gives that

lim / /Q (8L = SL D) — v, dy ds

t'—0
=[] (820 = 2D 00) ~ vl 2 dy o)
X
On the other hand, using that ng = 9; in RY \ Q, we get —for y € supp(¢)) € Q and z € RN \ Q- that

S8 (y) — SE (2) ||k (v, 2)] = S (y) — g (2)| e (9, 2)]
S Ci(1+ |z — 2|2 Ny — 272N
2s+N

< Cy(l+ |z — z|257N)(1 + \z|2)7 2

Again, since
/ / (14 |z — 2> M) (1 + |22~ 3 dady < +o0,
Q JRN\Q

we deduce again by the Lebesgue dominated convergence theorem that

i [ v [ (SEw) S e ey
supp
= [ [ (80— g o) ddy (130
supp
Next define
| S(2) ifzinQ,
Sal2) = {g{,(z) if zin RV \ Q,
where v v
gy (2) = (25 — N)bNﬁ &= Eﬂ) _(z|z(vx)2s_+2 )
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Combining (127), (128), (129), (130) and (131), we get

o [[ S=SEGO =V dya. — [ it @) = forats € GR(@)

In other words, the limiting function S, is a distributional solution of

(=A)*S, = fy[H&(z,-)] in Q,
{ Se = gy in RV \ Q. (132)
To recap, we have proved that along a subsequence ¢/,
. Hp (B(@), () — Hya, ) _ N
st = b, (2r(®) ;() @ & S, inCAQ)forall B e (O,s—(;—q)). (133)

and that S, solves (132) in the sense of distribution. By the standard maximum principle [9, Theorem
2.6.12], we know that the latter has a unique solution. Therefore every convergent subsequence of (SZ)
must converge to S,. Since we already have a convergent subsequence, we conclude that the whole se-
quence S% converges to S, in C”(€2). In other words, we have proved that, the mapping

HE : (=€, +€0) = CP(Q), t = HY, (B4(z), () (134)

is differentiable at zero for all 5 € [0,s + ¢ — %) andp € (0,s], q € ( %, %) sufficiently close to N/p.

The proof is therefore finished. O

7. First step toward the derivation of the formula (10)

Consider the function g,(z,-) : RY — R defined, for y € 2, by
9s(w,y) = 01 G, (@1(2), B:())] |,y v), (135)

and extended by zero outside of . In this section we look for the equation that gs(z,-) : RN — R
solves. This is the first step toward the derivation of the formula (10) in Theorem 1.5. We note that
gs(z,-) € LY(Q) as a consequence of Lemma 6.1 and the decomposition (13). In fact, we have even more.
We have indeed

gs(z,7) € LY (Q:65%) == {u CQ SR u(-)5() € Ll(ﬂ)}. (136)
This follows from the decomposition (13), Lemma 6.1 and the fact that
95" (VoH|@e() = @, (VY| | < 0og*()a — 2V e 219,

and this fact will be used in the proof of Lemma 7.2 below.
For the sake of simplicity, we let

By (u,v) = //RQN (u(y) — u(2)) (v(y) — v(2)) Ky (y, 2) dydz, (137)
for any sufficiently regular functions u, v and where Ky (-, -) is given as in (20).
LEMMA 7.1. Let s in (0,1) and x € (Q be fixed. Let gs(x,-) : RN — R be given as above. Then, for all

P € C5°(R2), we have

/Qgs(x, V(=AY dz = —Ey (G (z,-),v). (138)

We note that since ky (y, z) is comparable to |y — 2|~V =25, the RHS of the identity above is well defined
thanks to Lemma 3.4. Moreover, since (—A)%y € L>°(2), we also know that the LHS is well defined by
because gs(x,-) € L'().
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PROOF OF LEMMA 7.1. Let z in 2 be fixed. For the sake of simplicity, we set
ge(ze, 2t) 1= G, (D4(x), ¢(2)) and  go(z,2) = G{H(z,2) forall z € RY.
Next, we consider the function ¢!, : R — R defined by

q;(z) — ge(xe, 2t) t— go(z, 2)

fort # 0.

For any ¢ € C§°(£2), we also define
(ahov) = [ (ah0) = h(2) () = 012) (el 2) = ol )y,

(vt 00, = [ (anlens) = o) (010) = (2)) LD gy

t
Then, observe that

/ (=AY dy = —{gh ) — (golx, ), ), forall € C5(S2).

To see this, for 1) € C§°(£2), we set

// (90t v2) — e, 20)) () — (=), 2)dyd,

(139)

(140)

(141)

(142)

where we recall that «; is the kernel defined in (21). We note that the integral above is finite for ¢ small by

Proposition 3.4. Then, we note that for any « in {2 and for any small ¢, we have

P(x) = &),

(143)

Indeed, by using the Green representation formula in the domain €2, since ¢; := ¢ o le C’é -1 (), we

have

Y(z) = th(% Y)(—A)* Y (y)dy,

/ /R (G ) — Gy, 2)) () — a2)) oy, =) dyi,
which, by changing variables, leads to (143).

Now to see (142), we are going to compute in two different ways the following ratio:

Ei(z) — E(x)

; fort #0

(144)

The first way is very easy: it follows from (143) that the ratio in (144) is O since the left hand side of (143)

does not depend on ¢t. Next, we claim that the ratio in (144) is also equal to

<go(w,~),w>t+<qi,w>+/gqi(y)(—A)W(y)dy

Indeed, the ratio in (144) is equal to

(145)

LA @) = ooz . 2) = (a0e.9) = sl ) ro(w. )} (060 = ()

= [ 0~ st ) 00) — ) MDD gy,
+ //RQN (¢4 (y) — d4(2)) (V(w) — ¥(2)) ke y, 2)dyd-=

= a0+ [ (b = ) (600) = 00Dl )y + (),
what leads to (145). Combining (143), (144), (145), and (146) gives (142).
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We are now going to pass to the limit as ¢ — 0 into (142). We start with the first term. By (22), we have

Yy — z|7N*2S —tky(y,2) = O(tQ)\y — z[ﬁN*QS (147)

N,s

2
uniformly for all y # z € R™. Consequently, and since

//RQN ‘go(:n,y) — go(z, Z)H@Z)(y) - T/)(Z)“y — 2|™V"%dydz < +00  (by Proposition 3.4),

’it(ya Z) -

we get by the Lebesgue dominated convergence theorem that

t (om0, =l [ (antionn) ol 2) (000) — 0(2) 12Ty

t—0 ;
— //R?N (90(,y) — go(z, 2)) (V(y) — ¥(2)) ky (v, 2)dydz,
= By (9o(z,),¥) = By (Gir(x, ), ¥) (148)

Next, since g;(z¢, 2¢) = by s|zt — 2|25 N — H§, (¢, 2¢), we may write

gi(we, 2) — go(z, 2)
g4(2)] = | ]
— 5 |25=N _|p — 5|25—N H (x4, 2¢) — HE(x, 2)
Ty — 2 T —z a, (&, 2 Q
< s |zt — 24| t | | ’_%’ : t )

<O+ |z — 22N, (149)

where we used (24) and (124). Since |z — -|>*=" € L'(Q), we may use the Lebesgue dominated conver-
gence theorem that

t—0

i [ g8 vds = [ gl (-2 de (150)
Q Q

And finally we claim that

. t -

lim (g3, ) = 0. (151)

The identity (138), tested with the function ¢, then follows by combining (142), (148), (150) and (151), so
that, up to proving (151) the proof of Lemma 7.1 is finished.

Proof of (151): We use the decomposition of the fractional Green function G¢,(x, -) into the sum of the
fundamental solution by 5|z — -|>~ and of the H§(z, -) and write ¢ = g, — S so that

{(gh, ) = (gh, ) — (SL, ) (152)

where g¢, and S¢ are respectively defined in (50) and (113). We start by estimating <S§E, ¢> which we break
into two pieces as follows:

[(St,w)] = | / /R (St = S (90) — 902)) (9. 2) — ol )
</ (500 = 81461 () — ¥() (s 2) = ol 2) [,

)

2 / (y)St (4)| / Ike(y, 2) — Koy, 2)|dyd=. (153)
Q RN\Q

By (134), we know that S!. € C?(Q) forall 0 < 8 < s — (% —q) withp € (0,s] and g € (%, %) suffi-

ciently close to N/p. Moreover, HS};HCk (N < C for some C' > 0 independent of ¢. Consequently,
P

we have

|(St(y) = S4() () = ¥(2)) (maly 2) = k0w, 2)) | < Cly = 215y — 272 Nu(y) - v(2)|
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for some constant C' > 0 independent of ¢,y and z where we used that ‘K;t(y, z) — ko(y, z)‘ < Cly —
2|725=N the latter being a simple consequence of (22). We also have that

[(S4(y) = S52)) (6(y) = (=) (ke 2) = roly,2))| < Clrely,2) = ol 2)| = 0.
Since

s—(X - —os
S =5y N ) — ey < +oc,
QxQ

we may use the Lebesgue dominated convergence theorem to conclude that
1850 = S (600 ~ 002 (e 2) = w2 fddz 0 ase 0. (154
X

On the other hand, since ||.S% | 1o () < C, we also have

/ () St (v)| / kel 2) — roly, )| d= dy
Q RN\Q

< C/ / |ke(y, 2) — Ko(y, 2)|dydz  — 0 ast—0. (155)
RN\

Combining (153), (154) and (155) we get
[(SL,y) — 0 ast—0. (156)

It remains to estimate |(gZ,v)|. For this, first note that since ¢~ ‘/it(y, z) — ko(y, z)| < Cly — 272N
we have

b= [ b0 = @) (0l) = 962 (sl ) = ol ) dud].
< / /R @) = ()| ) = v (2)ly — 217V dydz. (157)

Next observe that, by (26), we have:

t|gh(y) — gL (2)| = bns|lze — v >N — o —y|* N — (Jz — 2

’2st . |x o z‘stN)‘

< ‘|$t . yt|2s—N . ‘xt . Zt‘ZS_N‘ 4+ ‘|l‘ . y|23—N . |$ . Z‘QS—N’
< Chaly.2), (158)
for some constant C' > 0 independent of ¢, y and z where
max (|z — y|*~, |z — 2/ if 25 < 1,
fe(y, 2) = S |y — z| max (o — y|> V7 |z — 227N if 2s > 1,

ly — z[fmax (|Jz — y|' "N B, |z — 2[=NF) forall B € (0,1) ifs=1/2.
By (45), we also know that

¥(2)]
//RQN 1y — Z‘N—i—?s — " fa(y, 2)dydz < +00. (159)
And finally we have
t t _ 4t
’gz‘(yl)) g:c(z)’ < ‘|$t—yt‘QS_N—|£U—y|28_N‘+‘|.’L‘t—Zt|28_N—|l‘—Z|25_N 5 0 ast—0. (160)
N,s

Combining (157),(158), (159) and (160) we get by the Lebesgue dominated convergence theorem that
(gL, )| — o (161)
Combining (152), (156) and (161) we get (151). This finishes the proof of the lemma. U
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We end this section with the following convergence result. For the sake of simplicity, we shall use the
following notations:

ha(w,) s Q= R, y = hala,y) = 0 [ Ha, (00(2), 2:0)) || _ @), (162)

Fo) Qo R, s fulny) = (25— N)bys oo f’;'f;fﬁz;f(y)). (163)

Note that gs(z, ) = fs(,-) —hs(z,-) € C°(Q\ {x}). With this, we can now state and prove the following
result:

LEMMA 7.2. Let z,y in Q with x # y, and recall the notation g(y,-) == G (y, )¢y and gs(z,-) : RN —
R defined by (135). Next, we set

byl i= oV - 20) [ EEELEE Cappo P a)a: (164
and defined
Tt i= [ ol )(-A) (6o 0. )0%) = (165)
Then we have
lim lim lim Jj (2,9) = gs(z,y) + G&(z, y)by [o](x). (166)

y—0* p—0t k—oo

For the proof, we will need the following result the proof of which follows by a similar argument as in
[6, Lemma 2.4].

LEMMA 7.3. Fix z in Q and let j(x,-) € C(Q\ {x}). Then for all y € Q with y # x, there holds

lim [ j(z, )(=A)°gy(y,)dz = j(z,y). (167)
=0t Jao

With this lemma at hand, we can now proceed with the proof of Lemma 7.2.
PROOF OF LEMMA 7.2. We recall the product rule for the fractional Laplacian:
(—A)°(uv) = v(—=A)°u+ u(—A)°v — Ls[u, v], (168)

where

(u() ~ ul) (o) ~ vl)

’ . _y|N+2$

Ts[u,v] :=cn s p.v./ (169)

RN
We use the product rule above to write

(—A)*(&hoy(y, 7)) = G (=D 94(y, ) + gy (y, ) (=) (Eiok) — Ts [k 94(y. )] (170)
First observe that since gs(x,-) € C(Q\ {z}), then Lemma 7.3 yields

lim lim lim /Q E2(2) 0 (2) g5, 2) (— )05 (3, ) ()2

=0t p—0t k—oo

~ lim lim /Q ()95, 2) (= D) gy, ) (2)dz

y—0F p—0+

= gs(7,y). (171)
Next we claim that
Jmf ge(@,)(2) s [&hdhs 94(y, )] (2)dz = 0. (172)
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To prove the claim, we write

T [Goks 94(y, )] (2) =ens | €

200 (¢k(2) — &% (D)) (9+(y, 2) — 94 (y. D))

RN |z — p|N+2s

+ Ok (2)Ts [ 94 (v, )] (2)
= LY (2, 2) + 04 ()T [€7; 94(y, )] (2)-
There holds:

lim lim i z)LFY dz = 0.
5 g i, f 9o M )

Proof of (174): By the Lebesgue dominated convergence theorem, we have

Lﬁf’y(w,z) — ZS[¢g,g«,(y, )](z) as k — oo,

for every z in RY, and therefore

lim lim lim [ gs(z,2)LEY(z, 2)dz = lim lim [ gs(z,2) Zs[¢k, g4 (y,")] (2) d=.

¥—=0t u—0t+ k—oo Jo y—0t u—0+ Jo

dp

(173)

(174)

We set i := do(z)1/(2v/2). We fix € > 0 such that Bo.(x) C Qand y ¢ Bo.(z). For z > 0 small, the

support of p’ is contained in B (), hence ¢% = 1 on Q \ B.(z).
We split the integral into

/Qgs(m,z)Is[ g,gw(%.)](z)dzz/

19+(y,2) — g4(y, D)l
Is d)g?g (yv ) (Z) < C dp
[42:0,(v. ) ’ B@ 12— PN

and therefore

/ 19s(, 2)|
Q\Be ()

L,[0 9y )] (2)| d2 < C iV lgu(a, Y3 oy = 0

S
B () Q\Be(z)

If 2in Q \ B.(z), then ¢5(z) = 1 and ¢ (p) = 1 unless p in supp(pj;) C B, jz;(x). Thus

w— 0.

For the integral over B:(x), we use that # # y and Ba.(z) C € imply that g,(y,-) is C' on Ba.(x),

uniformly for v > 0 small. In particular,

19y, p) — 94y, )| < Clp—4ql,  p,qinBs().
For z = & — pip in B.(x), we change variables in the definition of Z; and obtain

(p(al?) = p(p*) (94 (y, = — fip) — g4 (y. = — fiq))

1 . — ) = 28
Is [¢x7gw(ya )] (.%' ,Up) - CN,SIU /RN ’p _ q’N+25

Hence

gy |p— gVt

By the decomposition gs(x,-) = fs(z,-) — hs(z, -) and the boundedness of h(z, -), we also have

\gs(z, x — fip)| < C >N |p/* N 4 C.

Therefore

/ 952, 2)]
B.(z)

L[k o)) ()] d= < O [ PN Ay dp+ 0V [

2\ _ 2
Is[ 5797(3,/, )] ($—ﬁp)‘ < Cﬁl—Qs/ ’p(’ﬂ ) p(’p\ )‘ dq :ICﬁl_QSA(p).

N

dq.

A(p) dp.

Both integrals in the right-hand side are finite because p is smooth, compactly supported, and equals 1 near
0. We conclude that the right-hand side is o(1) as g — 0, uniformly in vy > 0 small, which proves (174).

On the other hand, by Remark D.2, we know:
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And because gs(z,-)dg°(-) € LY(€2) (recall (136)), we may use the Lebesgue dominated convergence
theorem to conclude that

lim [ gs(x,)(2)Zs [6F; 94(y,-)] (2)dz = 0. (175)

k—oo Jq

The claim (172) follows from (173), (174) and (175). In view of (170), (171), and (172), to finish the proof
of (166) it is sufficient to prove that

lim lim lim [ gs(z,)(2)gy(y, 2)(—A)° (&r k) (2)dz (176)

y—0F u—0t k—oo Jo

= G{(x, y) by [p](@).
To see this, we use the product rule (168) once more to split:

(—A)*[Gidh] = E(=A)°dh + $h(=A)€E — L&, o).
By Lemma D.1 and Remark D.2, we have the estimates:

OL(2)(~A)VEH(2) ~ TLleh k()] < C[65%(2) + 657(2)] < Cog(2).

Next, since ¢¥ vanishes identically near y, then in view of the standard estimate o the Green function (see
e.g (280) in the appendix), we have

00" ()gy(y, ) € L=(Q).
Combining the above two estimates, we get

gS(IB, ')g’y(yu ) {‘bg(_A)sgl% - Is[&%a ¢g]] ’ < 0555()g5($, ) € Ll (Q)

Since
() (A& (2) — TileR, dhl(z) = 0 as k= oo,

we may apply the Lebesgue dominated convergence theorem to get that

lim [ gs(z,-)(2)95(y, 2) [cﬁé:(—A)Sfi — L&, ¢>§f]] (2)dz = 0. (177)

k—oco JO

Next, recalling the decomposition gs(x, ) = fs(z, ) — hs(x, ) we write:
/glﬁﬁ(Z)gs(ﬂf, )(2)g7(y, 2)(—A)° ¢ (2)dz = / () fs(, ) (2) gy (y, 2) (—A)° B (2)d>
- [ @Emia )G A Gk (78

As already remarked, when computing the limits, the integrals above can be reduced to an arbitrary small
neighborhood of z, i.e,

lim lim_lim / €2(2) £o(, ) (2)95 (s 2)(—A) 8 (2)d2

y—0t1 p—0+ k—o0

— lim lim / Fol, ) (2) gy (1, 2) (— D) ¢ (2)d=

y—0t p—0+t

— lim_lim Fi(@, 2)gy (y, 2) (~A)* @t (2)dz, (179)
7=0F u—=0% JB_(2)
and

lim lim lim /fk (7,2)gy(y, 2)(—A) ¢k (2)dz

y—0* p—0t k—oo

= lim lim [ hs(z,2)gy(y, 2)(—A)°Pk(2)dz

y—0t u—0t J

= lim lim hs(x,2)gy(y, 2)(—A) Pk (2)dz, (180)

y=0t p—=0% J B, ()
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for all € > 0. Next using (179) and changing variables, we get

lim lim /Q £, 2)0n (4, 2)(—A) 0k (2)d=

y—0t p—0t

= — lim_lim N2 fo (e x — fiz)gy (y, @ — i2) (~A) (po | - 1?) (2)dz,
=0t u—=0% J B (0)
I

where we recall that g, (y, ) € L>(£2). Now since
N2 (@, m = i)y (g, — i2)| < Ol 7Y,
and
LAy (ool B @]z < +ox,

it follows from the Lebesgue dominated convergence theorem that

=— lim lim N7 fo(@, w0 — f12) gy (y, 2 — fi2) (=A)*(po | - |?)(2)dz
y—0t p—0+ Be (0)
n
= Ga(z,y) by [p)(). (181)
where we used that
~N—9s ~ DY (x)-z]-z
N (e — i) — (2SN)bN7S[|Z|§V)2s+]2 as pw— 0t

and

lim lim ,r—nz) = lim lim G&(y,x — nz)o)(x — nz) = G4y, x).
Jim, B, gq(y, @ — fiz) = lim, lim, Go(y, @ = i2)¢, (v = fiz) = Galy, o)

Proceeding as above and using hs(z,-) € C(2) N L>(R) (see e.g Lemma 6.1), we easily see that
lim lim lim E2(2)hs(,)(2) g (y, ) (2) (D)@t (2)dz = 0. (182)

Y=0F =0t k=00 JB_(2)
By combining (178), (179), (180), (181) and (182), we conclude that
lim lim lim /sz(z)gs(l‘, V(2)gy(y, ) (2)(=A) Ph(2)dz
)

=0t p—0+ k—oo
= Go(z,y) by [p)(2). (183)
Combining (177) and (183), we obtain (176) and therefore the proof of (166) is finished. U

8. Derivation of the formula (10) and Proof of Theorem 1.5

Here we complete the proof of the Theorem 1.5. The first part of the theorem follows from Lemma 6.1
and the decomposition (13). Indeed, by Lemma 6.1, we know that the function t — Hgq, (®:(x), ®:(y))
is differentiable at zero for all z,y € €. It is also plain that the function t — |®4(z) — ®;(y)[>*~V is
differentiable for all = # y. Therefore, since

Gy, (Pe(), Pe(y)) = bv,s|®e() — Pu(y)[*~N — H, (@4(x), 4(y)),

we conclude that the function ¢ — G¢), (®¢(x), ®+(y)) is differentiable at zero for all z # y. By standard
regularity result, we also know that G{§,(-,-) is smooth off the diagonal. Hence the directional shape
derivative as defined in (9) is well defined. To finish the proof of the theorem it therefore remains to
establish the formula (10) which we restate in the lemma below for the reader convenience

LEMMA 8.1. Let z,y in Q) and let g5(x,y) be given as in (135). Then, the following formula holds.
gs(a:, y) - VxGL;)(xa y) ' Y(x) - vyG?](xv y) ’ Y(y)

~T2(1+ ) /8 3G )5(Galy. )Y - v (184)
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PROOF. Let z,y in €2 such that x = y and defined

where &), and ¢/ are defined as in (16) and (17). Clearly, we have Wy € Cg°(£2), and thus it is admissible
as a test function into (138). Hence

/Qgs(a:, N=A)(W)dz + By (Gg(z,-), W) = 0. (186)

Note that since W/ € C§°(€2), and gs(z, -) € L'(2) —see e.g (136)— then by Lemma 3.4, the quantities in
the identity above are well defined.

For a real valued function u, and two positions p and g, set [u] := u(p) — u(g). Then we observe that for
any triple of functions u, v, w,

[wel[w] = [ulfow] + [v] (u(g)uw(p) — u(p)w(g)): (187)

To establish this, it is only a matter of developing on both sides. The left-hand side then contains four
terms, the right-hand side contains twice as many, but we may observe that two terms with different signs
of u(q)v(p)w(p) cancel out as well as two terms with different signs of u(p)v(q)w(q). The remaining
terms match, hence the identity above. Therefore

By (uv,w) = By (w,ou) +pv. [ (o0) = () (u(@)w(p) ~ ulp)w(@))ny (p.0) dpda. (158)

Applying the identity above with
w=go(x,), v==E&¢ and u==Egy(y,"):

gives
EY (gO(fL', ‘)7 W;) = EY (90(‘7;7 ’)7 é.l%g’y(ya )(bg) = EY(fkgu(wv ')7 §k97(3/7 )) + R/]i,y(.%', y)a (189)
where the error term Rfm is given by
R ta) =vev [[ (o) = 0(@)) (u(@)0) = u(p)a) )y () dpda

with u, v, w defined above. Since g, (z,-) and £,g4(y, -) are in C§°(§2), we may apply [5, Lemma 2.1]
with two different coordinates to get:

By (&rgu(@, ), Erg7(y, 7)) = _/QY'v(ékgu(xv'))<_A)S<§k97(y7'))dz

- /Q Y -V (Exg (9, ) (~ D) (g, ))dz,
= —Aﬁﬂ(x,y) - Bﬁﬁ(az,y). (190)

Applying the product rule (168) we decompose again each of the two terms above into two terms:
Al (x,y) = /Q Y - V(&rgu(, ')){97(% N=A)*& — L [&k, 94 (v, )] }dz

+ / Y - T (Exgp (2, ))(— D)0y (1, )iz,
Q

. Ak k,2
T A,u,'y(xay) +Au,fy(x7y)7 (191)

and

Bo(e.) = [V V(&g (1) {0 N6 = 6o, )] o

4 / Y - V(Egy () (~A) g, )z,
Q

= BYL (x,y) + Bi2 (2,y). (192)
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With these notations, the identity (186) becomes
with

Ck (,y) = / gal, 2)(— A (25 (4, V8t) (2)d=. (194)
Q

First using [4, Proposition 2.2] and then passing to the limit as 4 — 0" and then as v — 0T, we get

I2(1+s)
lim lim lim A®! :/ S(GE(z, NV (GE(y, )Y - vdo, 195
Wi,%iugéhkggo u,’y(xvy) 2 8970( Q(x ))70( Q(y )) vao ( )
I'2(1+s)
lim lim lim B¥!(z, :/ S(Go(z, NYS(Go(y, )Y - vdo, 196
Vi%ﬂui%ﬂkggo 1y (T 9) 5 89’)’0( a(@, ) (Galy, )Y -vdo (196)

where v denotes the outward unit normal. Moreover, a similar argument as in [6, Lemma 2.4] yields

. . . k,2 . s ]
71551+ Mlggg Jim Ay (@, y) = VyGo(z,y) - Y(y), (197)
lim lim lim Bﬁfy(a:, y) = V.Go(z,y) - Y (z). (198)

y—0t p—0t k—oo

On the other hand, appealing to Lemma 5.4 and Lemma 7.2, and recalling Lemma C.1. we also have:

lim lim lim [Cﬁﬂ/(m,y)%—Rﬁﬁ(x,y)],

y—0+ p—0t+ k—o0

2\ _ 22 2s—N __ Z2S—N
Gt [ LoD )

ly — 2|+
F o) + bV = 250Gt [ PEDE Ay (o | P
—~Ghl eV - 29) [ ETELEE Ayl P)end,
F o) + bV - 260Gt [ PEDEE Ay (o | P
= 0.2, (199)

We conclude by combining (193), (194), (195), (196), (197), (198), and (199). The proof is finished. [

9. Proof of Corollary 1.7

We first note that (15) is a simple consequence of (10). Indeed, observe that

0|z — yel ) o~ Vallz— ™) Y (@) = Vy(lz =y ™) - Y(y) = 0. (200)

Therefore, by writing
G, (me,ye) = b s|we — e — HE (x4, 1)
and recalling (200), we reduce the identity (10) to:
— O H, (1, ut)|,_g + VaHoy (2, ) - Y (2) + Vy HE (2, y) - Y (y)
=I*(1+s) /8Q (G, )5 (Galy, )Y - v do.

Now that we got rid of the singularity, we can take z = y in the identity above to derive (15).
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10. Proof of Theorem 1.2

We start by proving two preliminary lemmas that will be essential for the proof. We begin with the follow-
ing which is a consequence of [2, Lemma 3.1.3].

LEMMA 10.1. Let f in CO(0S2) and 1) € L>°(S)). Then we have

[ (] ~iGate Do) uteris = [ fonie)ois
where we set

W) = w/6  and  ¢(x) = /Q Gt 9 ()dy.

PROOF. We note that the integrals above are all well defined. Indeed, it is a classical result in potential
theory that [5,(G§(z,)/6%)(c)do < C5*~*(x) and clearly [, 6° ' (2)(x)dx < co. We also know that

@/0% € L>®(Q2) by boundary regularity (see e.g [18]) and therefore the RHS of the identity is also well
defined.

We now proceed with the proof of the identity. Set v := ¥&. Then 1y is bounded and compactly
supported in 2. We apply [2, Lemma 3.1.3] with ¢ = 1)}, to get

[ ([ (ot o) f@)de)in@ds = | fori(n(o)do Qon)
Q o0 o0
with

ou(o) = [ Gala)uilu)dy
We note that although the statement of [2, Lemma 3.1.3] assumes ¢ € C§°(€2), only the fact that v has
a compact support in € is relevant for the proof. We can therefore apply it with 1. We now pass to the

limit as k tends to infinity in (201). On the other hand, we have by the Lebesgue dominated convergence
theorem that

/g)(/aﬂ'Yg(Ga(x, -))(U)f(0>d0>1/}k(m)dx—>/g(/ 78((}’5(3;,.))<J)f(a)da)w(x)dm. (202)

o0
On the other hand, because

(—A)P(¢p—¢) =Y —=—pxp InQ and G —¢=0 in RV\Q,

then by the standard boundary regularity theory (see e.g [7, Corollary 1.2]), we have, for any p > N/s,
that

(&1 = 8)/8°l oy < Clox — SllL2) + loxtlle()
Clorll 2 + loxtlley) =0 ask — oo,

where in the last line we used the classical fact that the L2-norm of the solution is controlled, up to a
constant, by the L?-norm of the right-hand side. It therefore follows that

<
<

flong(¢e)(o)do = [ f(o)v5(d)(o)do. (203)
20 20

Combining (201), (202) and (203) we get the result and the proof is finished. O

LEMMA 10.2. Let h be a globally Lipschitz continuous function in €} and u be the classical solution of the
equation

{(A)Su = h in (204)

u = 0 in RV\Q,
Let Y be a globally Lipschitz vector field in ). Then for all x € (), there holds

/QGssz(x,y) OliV(fﬂ/)der/Q (VyG?z(fv,y)'Y(y)+VxG§z(w7y)‘Y(x)> h(y)dy = Vu-Y(z). (205)
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PROOF. We note that the LHS of the identity above is well defined. Indeed, the first integral is clearly
finite. And also, since Y is globally Lipschitz continuous, we have that V,G§,(z,-) - Y (-) + VG (z, ) -
Y (z) € L'(). This follows since

= s - M) 9 a0 V() - VaHla ) V(o) € LHE)

Since h is bounded, it follows that the second integral is also finite.
We now proceed with the proof. We distinguish two different cases depending on whether 2s > 1 or
2s < 1.
Case 1: 25 < 1. By [6, Theorem 1.6], we have, forall j = 1,2, --- N, that
00, G2, y) + 0y, G (w,y) = —T%(1 + 5) /(99 10(Ga(,)0(Galy, ))vido.

Consequently,

VoGo(,y) Y (2) = =V, Gh(a,y) - Y (2) = T*(1 + 5) /m %(Ga (@, )5 (Galy, )Y (x) - v do.

It follows, in view of Lemma 10.1, that

/Q <VyG?z(:v> y) - Y(y) + Vo Go(z,y) - Y(ﬂﬁ)) h(y)dy

— %14 /Q ( /8 3G 5(Chly. )Y (@) vda) h(y)dy

+ [ 9,Galw) - (V) - Y (@)hiy)dy
Q
=-TI*(1+5) /BQ Y6 (Ga(z, ) (w)Y (x) - vdo + /Q VyGo(z,y) - (Y(y) — Y(z))h(y)dy. (206)
It is not difficult to see that
/QVysz(wvy) -(Y(y) = Y(2)h(y)dy = —/Qsz(w?y)[diV(Yh) —Vh(y)-Y(z)]dy.  (207)

Indeed, for every € > 0, we have by integration by parts

) -Y@) @),

[ VG () - Y@y = [ Galy) . () do)
O\B.(x) 9B.(x) |z — yl
[ Ghw)[dvYh) - VhG) Y(@lds @08
N\ Be(z)
It is clear that
1iI(I)1+ Go(x,y) [div(Yh) — Vh(y) - Y(w)]dy = / Go(x,y) [div(Yh) — Vh(y) - Y(x)]dy.
e=0% JO\B.(z) Q 209

In the other hand, we also have
[, GAo) (76) =Y @)~ (e =yl — ol h(y) do)

< C/ lz —y|' T2 Ndo(y) = CeP2N|9B.| < Ce?* -0 ase - 07, (210)
OB ()
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Combining (208), (209) and (210) we get (207). Next, plug (207) into (206) to finally obtain
/Q (VyG?z(:c, y) - Y(y) + VaGo(z,y) - Y(UC)) h(y)dy

= / Goy(,y) - div(hY)dy — T*(1 + S)/ 10(Gale; ) W)Y () - vdo
Q o0N

+ / Gt (2, 9)Y () - Th(y)dy.
Q

In other words,
/QG?z(x,y)-diV(hY)der/Q <VyG?z(w,y)-Y(y)+Vfoz(w7y)-Y(w)> h(y)dy

=-T%(1+35) /aQ 10(Ga(z; ) (W)Y () -vdo +/§2G5(ﬂf,y)Y($) - Vh(y)dy
=Vu-Y(z)

where in the last line we used [6, Eq (8), Theorem 1.1]. This proves the claim in the case 2s < 1.

Case 1: 25 > 1. We first integrate by parts and write

| Gt div(w¥)dy =~ [ V,Girfe) - Y)ho)dy.
Q Q

Note that the RHS of the identity above is well defined since the gradient of the Green function is integrable
for 2s > 1. In view of this, the proof of the claim reduces into proving that

Vu-Y () = /Q V.G ) - Y (2)h(y)dy. @11

The identity (211) is an easy consequence of [6, Theorem 1.1], [6, Theorem 1.6] and Lemma 10.1
Indeed, by [6, Theorem 1.1] we have

Vu-Y(z) = ~I%(1+s) /a (G )Y () v~ /Q V,Gia,y) - Y (@h(y)dy. (212)
in the other hand, by [6, Theorem 1.6] we also have
ViGo(x,y) - Y (x) = =V,Go(z,y) - V() —T?(1+s) /BQ (G, )6(Galy, )Y (2) - vdo.

Multiply the latter by h(y) and integrate over €2 with respect to y and use Lemma 10.1 (with ¢ = h and
[ = fr = (G, )Y (x) - v € CO(99) to get

/Q V.Gh(y,7) - Y (2)h(y)dy
— %14 /Q ( /8 (Gl (Gl )Y (1) vda> h(y)dy — /Q V, G, 4) - Y (@)h(y)dy

=T+ [ 3(niGhle )Y (@) vdo — [ ,Ghlen)-Y(@hl)dy @13)
Comparing (212) and (213) we get (211) which is what we want to prove. U
We are now ready to complete the proof of Theorem 1.2.

PROOF OF THEOREM 1.2 (COMPLETED). Let u; be the unique weak solution of
{ (=A)uy = h in O
ug = 0 in RN\ €y,
It is a classical result in potential theory that for all = € €2, we have

ut(r) = | G, (x,y)h(y)dy.
Q

(214)
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It follows that, for z € €, there holds:

up o Py(x) = ; G?zt(@t(w),y)h(y)dyz/Qgt(:ct,yt)h(@t(y))Ja%t(y)dy. (215)

where, as above, we set
ge(xt,yt) = G?lt(q)t(x)v Di(y)) and  z = Dy(2) for z € RV,
By (149), we know that
t gt ye) — go(@,y)| < CA+ o -y V) € LY(Q),
In view of this, we may differentiate (215) to get

V(@) = 0w o) o) = [ gl )by + | Gae.s) [Vh-Y + haivY]ay

= [ sy + | Gote.y)aiv(ny ).
By Lemma 8.1, we know that
9s(w,y) = VyGo(z,y) - Y(y) + Vo Go(z,y) - Y(z)

FI2(4) [ 3Gl )6(Galy, )Y - v
o0

Next, multiply the above identity with h and integrate over €2 to get

() = /Q 95, ) (y)dy + /Q G, ) div(hY )dy
—T2(1 4 3) /Q < /a (G DG Y uda> h(y)dy

-l-/Gf—z(:z:,y)div(hY)dy—F
Q

S~

(VyG?z(fr, Y)Y (y) + VaoGo(x,y) - Y(ﬂ?)) h(y)dy

~T2(1 4 5) /8Q WGy (@, )Y - vdo + Vu- Y (2)

where we used Lemma 10.1 with ¢ = hand f = f, 1= 7§(G§(z, )Y - v € C°(9Q) and Lemma 10.2.
This is the identity we want to prove. The proof of Theorem 1.2 is therefore finished. U

Appendix A. Proof of Lemma 3.1

LEMMA A.1. Let Q and {®t},e(—1/2,1/2) satisfy Assumption 3. Then for all 3 in R, there exist C' > 0 and
to > 0 such that, for all t in (—tg, to) and all y, z, h in RN, the following estimates hold:

D4(y) — ey + 2)| 77 — |@e(y) — ey — 2)| 7P| < CJ2[* 7P, (216)

|h
[ke(y + hyz 4+ h) — ke(y, 2)] < C‘y_z’NJrgsa

(217)
where Kk, is defined in (21).
PROOF. We first recall that, for ¢ # 0, we may write
Dy(z) =z + tYy(x), (218)

where Y; := (®; — Id)/t. Assumption 3 implies that the family {Y;};c(—1/2,1/2) is uniformly Lipschitz
and that { D®; }4¢c(_1/2.1/9) is uniformly Lipschitz. In particular, there exists C' > 0 such that for all ¢ in
(—1/2,1/2) and all u, v in RY,

Yi(u) = Yi(0)| < Clu—v|,  [[DP¢(u) — DPy(v)]| < Clu —vl. (219)
Moreover, shrinking ¢ty > 0 if needed, (25) yields the uniform bi-Lipschitz bounds
C Mu —v] < |®(u) — B1(v)] < Clu—v|,  t€ (—tgto). (220)
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We now prove (216). For fixed ¢ in (—tg, o), v in RY and z # 0, we set

Ap(y,2) = Quly) = ey +2),  A-(y,2) = Pu(y) — Puly — 2), (221)
and 7+ (y, 2) := |A+(y, 2)|. Using (220), we have
C?2* <rely,2) < C?lz. (222)
Moreover,
r(y,2) = r-(y,2) = (A (y. 2) = A(y.2)) - (A4 (y, 2) + A_(y, 2)). (223)

By (220), |[A+(y,2) — A_(y, 2)| = |Pi(y — z) — P4(y + 2)| < C|z|. On the other hand, the Lipschitz
bound on D®, in (219) implies the second-difference estimate

Ay, 2) + A-(y, 2) = [204(y) — Co(y + 2) — Doy — 2)| < O/ (224)
Combining (223) and (224) gives |r (y, z) — r_(y, 2)| < C|z|>.
We apply the mean value theorem to the function f(r) := r~?/2 on (0, +-00). Using (222) we obtain

A4 ()7 = 1A= (9, 2) 7| = | £ (5,2)) = £ (. 2)

< '? sup (0r4(y.2) + (1 - 0)r—(y,2) "N ra(y,2) - r_(y.2)]
0€(0,1)
<Ol P2 |2 = Ol 7, (225)

which is (216).
We now prove (217). Recall that

__ CN,s JaC@t(y)JaC@t(z)
Kft(y7 Z) T 9 |(I)t(y) _ q)t(z)|N+2s'

(226)

We write

ki(y+h,z4+h) —re(y,z) = A + By, (227)
where
en,s Jace, (y + h)Jace, (2 + h) — Jacs, (y)Jace, (2)

2 |®¢(y + h) — Py(z + h)|NF2s ’

By i= 5 Jaca, (y)Jaca, (=) (|@(y + h) = @iz +h)| V7 = |@i(y) — @(2) V7). @28)

.At =

The Jacobian map y — Jacg, (y) is Lipschitz uniformly in ¢ (since D®; is uniformly Lipschitz), hence
|Jace, (v + h)Jacs, (z + h) — Jace, (y)Jace, (2)| < C|h|. Together with (220), this gives
|

Ad < Cr— 7

(229)

For B;, we set a := ®4(y) — ®4(2) and b := 4 (y + h) — P1(z + h). By the fundamental theorem of
calculus and the Lipschitz bound on D®; in (219),

1
b—a| = ’ / (D®y(y + 0h) — D, (= + 9h))hd9’ < Cly — 2| |hl. (230)
0
Since |a| ~ |y — 2| and |b|] =~ |y — 2| by (220), the mean value theorem applied to 7 +— r~¥ =25 yields
_N— _N— CN—92s— |h
b 72 — Ja N=2| < Oy — 27N ol < Op— e (231)
Using the uniform boundedness of Jacg,, (231) implies
B, < o (232)
NS Ty =R
Combining (227), (229), and (232) proves (217). U
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Appendix B. Proof of Lemma 3.2
We recall the statement of the lemma for the reader convinience
LEMMA B.1. Let k¢(-,-) be given as in (21) and set

ke (y,y + 2) — Koy, y + 2)

Fi(y,2) == ; fort #0, (233)
Let %¢°(+, -) be the odd part of ¢ (-, ), i.e,
K/ito(y,z): K:t(y7y+z);/<‘:t(y7y_z) (234)

Then, there holds
|72 (y, 2)| < C'min[2[ 727, [2]727Y), (235)
for some constant C' > 0 that is independent of t and .

PROOF. The fact that [7;°(y, )| < C|z|727 follows from the expansion (22). To get the other
bound, we use the fundamental theorem of calculus and write:

28:°(y, 2) = Fi(y, y + 2) — Fe(y, y — 2)
_ ryy+2) —roly,y+2)  mey,y—2) = roly,y — 2)
t t
t
— ¢! / O [/{T(y, y+2)— ke (y,y — z)] dr. (236)
0

We are going to prove that the quantity under the integral sign can be controlled uniformly in ¢ and z by
the power function |z|'~2="_ It will be convenient to use from now on the following notation.

2 = Py(z2) for z € RY.
For the sake of simplicity, we also set
Ar(y,y+2) = (25 + N)(0ryr — 0-(y + 2)7) - (yr — (y + 2)r)lyr — (y +2), 727270
Uy, y +2) 1= (Oryr — 0r(y + 2)) - (yr — (y +2)7),
I (y,y + 2) := Jace, (y)0rJace, (y + z) + Jace, (y + 2)0rJace, (y).

Then a direct calculation gives

Orkir(Y,y +2) = lyr — (y + 2)7| 7> Tr(y, y + 2) — Jace, (y)Jace, (y + 2)Ar(y,y + 2).
Consequently, we have

0 [K&T(y, y+2) = he(y,y — Z)}

= Jaca, (y) [Jaca, (y — ) = Jaca, (y + )| Ar(y,y = 2)
+Jaca, (y)Jace, (y + ) [ Ar(y,y — 2) — Arly,y + 2)]

+ [l = (22N = lye = (g = 272D lyy + 2)

lyr = (9= 22V [Delyy +2) = oy - 2)]. @37)

Next, we rewrite the second contribution from the above expansion as:
1
2s+ N

‘AT(y,y —z) = A (y,y + z)‘

:’ Urlyy—2)  V(yy+2) ‘
lyr — (y — 2)7NT25+2 |y, — (y + 2),|N25+2

= ’\IJT(y,y — Z)‘MyT _ (y _ Z)T’_2_2S_N _ |yT _ (y + Z)T|—2—2$—N‘

Ly = o+ 272 2Ny = 2) — Uelyy + 2)| (238)
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The last term in (238) can also be rewritten as:
lyy = 2) = Uely,y+2)| = | (20000 = 0y + 2)r = 0,y = 2): ) - (s — (w = 2)s)
+ (87(1/ + Z)T - TyT) : (2% - (y + Z)T - (y - Z)’F)

< ’257% - 37(?/ + Z)’T' - a‘r(y - Z)T

‘y’l' - (y - Z)’T"

+ !37(3/ +2)r — OTyT‘ 2ur — (y+2)r — (y — 2)7|- (239)

By using the fundamental theorem of calculus and the hypothesis (3), we see that (see proof of Lemma
3.1)

‘2% —W+2)r—(y—2)|= (2<I>T(y) — @, (y+2) — O-(y — 2)| < C|z]?, (240)

‘287'%' - a7'(3/ + Z)T - aT(y - Z)T = ‘287(I)T(y) - afq)‘r(y + Z) - 87'(1)7'(:‘/ - Z)‘ < C|Z|2' (241)

By (25) we already know that

lyr = (y — 2)-| < Cl4, (242)
for some C' > 0 independent of 7, z, and also
|0-(y + 2)7 — Ory-| < Clz]. (243)
Hence
Ve (y,y + 2)| = |0ryr = 0r(y + 2)z|lyr — (y + 2)7| < Oz (244)
By Lemma 3.1 we also know that
7 =+ 2)r 272N —Jyr = (y— ), 22N < Opa BN, (245)
and
19 = (@ + 2021727 = Jyr = (y = 2)o 727N | < CPam2 N, (246)

Since Jacg, (z) = det(Id + 7DY;(2)) and we know that the determinant is globally Lipschitz continuous
in bounded sets of matrices, then in view of (219), we have, for all u,v € R, that

‘Ja&pT (u) — Jacs, (v)’ - ( det(Id + 7DY; (u)) — det(Id + 7DY; (v))
< C|[DY; (u) - DY, (v)]
< Clu — |, (247)
for some C' > 0 that is independent of 7. It follows that
‘JaccpT(y—z) —Jac@T(y—Fz)’ < (7|, (248)
for some C' > 0 that is independent of 7 and z. Next using the classical identity
Ordet (Id + M(1) = det (Id+ M(1)) tr[(1a+ M)~ M'(1)]
we write
O0-Jacg_(z) = Or det(Id + 7DY;(2))
= 0, det (Id + /0 ' D(E)r@r)(z)dr)
= det (Id + 7DY;(2)) tr [(Id + TDYT(Z))_lD(aT(I)T)(Z)}

= Jac (2) tr [(Id + TDYT(Z))”D(aT@T)(z)} . (249)
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By the hypothesis (3) we clearly have
[ D(0rP7) | Loo NV xrNY <

And also, since the mapping 7 — D(9,®,) € C% (RN, R¥) is continuous, then we have
|’D(6T¢T)(u)_D(aTcI)T)(U)HLN(RN) < sup

Te[—-1

for all u,v € RY. And finally, using the identity

(Id +7DY,(

we have, first

H (1d + TDYT(Z))_IHLOO(RNxRN)

On the other hand, we have in view of (219), that

|0+ 7DY; () ! = (1d 4+ DY ()|

< S DY) -

<0k pye

(o)
< Colu—v] Y |r[*kCE™!
k=0

<u— v\icow
b (1=Colr))? =

k—1
—DYT(U)H z%‘

< 2Ju —

sup ||aT¢T||CO,1(RN’RN) < C.
T€[-1/2,+1/2]

+1/2]

o0

k:O

8

< IrlFCE <2 for |r] < 1/(2C)).
k

=0

(DYr(v))*

DY, (v)

1D(87®+) [l co.r (rv ey [u—

()",

I

v|  for |7| < 1/(2C)),

for all u,v € RY. Combining (249), (250), (251), (252) and (253) we get

Combining (236)—(248) and (254) we get

Ay = 2) = drJaca, (y + 2)| < 2|

for some C' > 0 that is independent of 7 and z. Use this into (236) gives

< C|Z|17257N7

%y, 2)|
as wanted.

orof

(ke (Y, y + 2) — Ke(y,y — Z))‘ < Oz 727N,

Appendix C. A useful integral identity involving the kernel wy (-, -)

Recall the definition of wy in (19). For a fixed x in 2, we set

Yo(y) =

DY (z)-y

so that Y, is a linear (hence globally Lipschitz) vector field on RY.

LEMMA C.1. For all x in 2 and all w in C§°(RYN), we have

|25 _ |Z

|25—N)

Jlon =

DY (x)-z| -
= —(N —2s) /RN [ ’z‘g\f—)23+2

|-
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v(y,2) dydz

(—A)’w(z) dz.

(250)

< Clu—vl|, (251)

(252)

(253)

(254)

(255)

(256)

(257)



PROOF. Letnin C*°(R) satisfy 0 <7 < 1,7 =0on (—o0o, 1],andn = 1 on [2, +00). For x > 0 and
R > 0, we set

Mu(y) :Zn(‘zl)? r(Y) :=n<‘g)7 al(y) == [y* V. () ir(y)- (258)

Since w has compact support, dominated convergence gives

w —w(z 25—N _ |,|2s—N
//sz( S (Iy))—(‘zllNHs - )W?/(y,Z)dydz

2)) (af(y) — afi(z
= lim lim //Rzzv w(z)( n ()~ ay ( ))w%/(y, z)dydz. (259)

u—0+t R—4o00 ]y — Z|N+2S
Applying Lemma C.2 with v = af? > e get
Z>) (0 (W) —4/(2))
//]R2N ’N+25 Luy(y,z) dy dz
=, Vw< ) V) A afw)dy — [ Vo) V) -A) i)y @60

We claim that the first term on the right-hand side vanishes as p — 0" and R — +oo. Indeed, since
Y. (y) = DY (x) -y, the factor Vw(y) - Yz (y) vanishes at y = 0, and (—A)saR converges (in the sense of
distributions) to a multiple of &y as u — 0™ and R — +oc. Therefore,

o s R —
Mli%{r RETOO . Vw(y) - Yz (y)(—A)°a, (y)dy = 0. (261)

For the second term, we use Vaff(y) — V(|y|>*~N) for all y # 0, and

Y

V(ly* ) = —(N - QS)W-

(262)

Since (—A)*w is smooth and satisfies the decay bound |(—A)*w(y)| < C(1 + |y|)~ 2, another appli-
cation of dominated convergence yields

lm i \V Yo (y)(—A)w(y) d
Tt [ af() - V) (-4 u() dy

DY (x) - y| -
— (N —25) /RN W(—A)sw(y) dy. (263)
Combining (259)—(263) proves (257). U
LEMMA C.2. Forall x in Q and all w,v in C°(RY), we have
//Rzzv T _Z)z)&g) ~D g .2y dy s
=— | Vw(2) Ya(2) (=AY v(z)dz — | Vou(z)- Ya(z)(—A)w(z)dz. (264)
RN RN

In particular, when w = v we obtain

(w(y) ~ ()" , - e
//Rzzv |y — z|NH2s wy(y,2)dydz = =2 | Vuw(y) - Ya(y)(=A) w(y) dy. (265)

RN

PROOF. For x in 2, we consider the linear vector field i}; defined in (256). By construction, wy = Wy~

in the notation of (18). Therefore, the left-hand side in (264) is precisely 537 (w, v) as defined in (137).
Since i/; is globally Lipschitz and w, v are compactly supported, we may apply [5, Lemma 2.1] with the

vector field Y, and obtain (264). Taking w = v gives (265). U
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Appendix D. Estimates on the cut-off function &,

The following results are consequences of the estimates in [4, Lemma 6.7 and Lemma 6.8]. They were
used in the proof of Lemma 5.4 and Lemma 7.2.

LEMMA D.1. Let Q2 be a bounded open set of class C*:*. Let p in C3°(—2,2) such that 0 < p < 1 and
p =1in(=1,1). Forany k € N* we recall (16). Then for all x € Q, there holds:

[(—A)* €2 (2)] < C(N, 5,265 (x) and (—A)*¢H(x) =0 as k— oo, (266)
Let hin C*(2) and h = 0 in RN \ Q. Then for all = € Q, there holds
&k (2) = & ()l[A(z) = h(y)] s
< .
| ey < O 5. 255" 267)

Moreover, we have

/ €k (@) = & @)lIA(x) = h(y)] dy —0 as k— co. (263)
RN

‘x _ y’N+2s
REMARK D.2. Since |€2(x) — £2(y)| < 2/, (x) — & (y)

2 _ 2 _
/RN S é’“%ﬂﬁiiﬁ "Wy < o, 5,205 @), (269)

, it follows that

and

/ @) = G =P, we kS oo (270)
RN

‘SL’ _ y’N+2s

PROOF. This follows by adapting the argument used in [4, Lemma 6.8, Proposition 6.3]. We briefly
sketch the proof and refer to [4] for details. Let 0 < v in C§°(RY) such that [ v = 1 and let vy(-) =
t~Nu(3). Let  in © be fixed. Then for ¢ > 0 sufficiently small, we may write

ors (A€ (@) = | (A Wt —n)dy
- /Q (AP (y)ur(z — y)dy
- / (—AYE (vl — y)dy + / (—AYE (g — y)dy
o\0: Qs
= Aj(t,z) + Bj(t,x) (271)

where in the above we let Q5 := {z € Q : 0 < dist(z,0f) < €} for every ¢ > 0 small. Next, we claim
that for k sufficiently large, we have

I(=A)&llze@es) SC  and  (A)E(y) =0 ask — oo, (272)

for some C' > 0 independent of k. Indeed, let K C €2 be a compact subset of €2 \ €25 . Then we have

1 1-&(y) -
—A)Ei(z) = / —kEdy  forx € Q\ QF and k sufficiently large
CN,S( ) gk( ) RV\K ‘.%' - y\N+25 Y \ + y g
where |1 — &(y) ||z — y[7V 72 < C(1 + |y|N72%) for x € Q \ QF and k sufficiently large where C is
independent of k. Since 1 — 5,3 — 0 almost everywhere in RV, the claim (272) follows. Consequently, for
k sufficiently large and ¢ sufficiently small, we have

|A(t,z)| < C for some C > 0 that is independent of k and ¢ (273)

where we used that fR ~ Ut = 1. Moreover, there holds
lim lim A%(t,z) = 0. 274
Fovo0 10 (t @) e

To estimate B (t, z), we define the mapping ¥ : 9Q x (0,4+¢) — Q°:={y € Q:0 < d(y) < ¢} by

U(o,r):=0 —rv(o),
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where v denotes the outward unit normal to the boundary. Next, we change variables using the transfor-
mation above and write

Bi(t.o) = [ (~Areulz— iy

ke
—it [ [ CArEue ute - Vo Dile, pdrde @79
o Joa k k k
Quoting [4, Proposition 6.3] we know that there exists ¢’ > 0 with the property that
k,ZS k,23 ,

(A7) (o )| S COp s SCpg for kEN, 0<r<ke o€ (76)
for some C' > Oindependent of k. Indeed, we have (—A)*¢2 = —2(—A)* pk+( A)p? = —2(—A)5£k+
(=A)*(1 — p2). Then by [4, Proposition 6.3] we know H A)&] (Y (o, 1) )‘ < C’1+ . But the
same argument applies without any change to (—A)*(1 — p2)(¥(o,7/k)) since p? and p, have the same

regularity required for the proof.
Plugging (276) into (275) we get, for k large enough and ¢ sufficiently small that

B (1) < /’“/m N (o, 7 ardo

1 +r25
C he! v (z (o,1/k))
/ /m T/k (o Fyardo

<C/ / W_—Qsam))j(gvT)deg
0 JoQ r

’Ut( /
<C <C
QE 528 (52

< Co %(z) (277)

for some C' > 0 that is independent of k£ and ¢. On the other hand, using instead the bound
2s
[[(=A)&] (¥(o, 7)) < CHI;W’ we also have

1B (t,2)] < / /BQ“””_ (0. 1/8) o k)drda

1 + 7"1+28

/ e /;2;”/ D o, ydrdo

v — ,T
/ /69 il r1+2s ))j(a,r)drda
vr(x — y) c vt (y)

O ey, Cf v
k Joz 0'125(y) ISTE Joomma -y
< 052w 50 ask oo (278)

Combining (271), (273), (274), (277) and (278) we end up with
|[ve % (—A)°F] (z)| < C57**(x)  and lim lim [ve* (—A)¢E](z) =0, (279)

k—oco t—0t

for some C' > 0 that is independent of k£ and ¢. Now since

(-8 @) = lim [[vrs (~A)€] )],

we conclude that
(A& (@) < C5 () and (-A)°E(x) =0 as k — oo,

which conclude the first claim (266). The second claim (267) is proved similarly by using [4, Proposition
6.8] and the fact that |} () — & (y)] < 2[&k(z) — & (y)|-
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Appendix E. Estimates on the Green function

The following estimates on the Green function are repeatedly used throughout this manuscript. Let €2 be a
bounded open set of RY of class C'»!. Then for all z,y € Q with = # 7, there holds (see e.g [17,21])

Giey) < min{ ! #@) &)

|z —y V=27 o — y| N7 o — y|N s
for some constant ¢; > 0.

} , forae. x,y €, (280)
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