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ABSTRACT. We establish pointwise formulas for the shape derivative of solutions to the Dirichlet problem
associated with the fractional Laplacian. Specifically, we consider the equation (−∆)su = h in Ω and u = 0
in Ωc, where the right-hand side h is either a Dirac delta distribution or a Lipschitz function. In both cases,
we prove that the corresponding solution is shape differentiable in every direction and we derive a formula
for the pointwise value of its shape derivative. These formulas involve integral on the domain’s boundary and
fractional Neumann’s traces. This extends to the case of the fractional Laplacian the well-known Hadamard
variational formula for the standard Laplacian. Our argument is in the spirit of [16, 23] and is based on PDEs
techniques.
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1. Introduction and statement of the results

The fractional Laplace operators appear in different disciplines of mathematics: PDEs and probability
theory among others, in various applications, issued from biology or finance, for example. The fractional
Laplace operator (−∆)s of order s ∈ (0, 1) can be defined by its action on real valued functions u, defined
on RN , with N ⩾ 1, through the formula:

(−∆)su(x) := cN,s p.v.

∫
RN

u(x)− u(y)

|x− y|N+2s
dy, (1)

with

cN,s := π−N/2s4s
Γ(N+2s

2 )

Γ(1− s)
,

Key words and phrases. Fractional Laplacian, Shape derivative, Green function, Robin function.
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where Γ is the gamma function, and where p.v. refers to the Cauchy principal value. The reason for the
presence of the normalization constant cN,s is to match with another natural definition, based on the Fourier
transform which sets the fractional Laplace operator (−∆)s as the Fourier multiplier of symbol |ξ|2s. Yet
another viewpoint is to consider the operator (−∆)s as the Euler-Lagrange equations associated with the
quadratic form:

Es(u, v) :=
cN,s
2

∫∫
R2N

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy.

First the latter can be used as the square of the norm of the fractional Sobolev space of order s. We shall
therefore denote by Hs(RN ) the set of all those L2(RN ) functions u for which Es(u, u) < ∞. Moreover
this quadratic form, or rather its associated symmetric bilinear form may be used to define a notion of weak
solution of Dirichlet type problems. Indeed, for a given bounded open set Ω ⊂ RN and for a given source
term h, a classical problem associated with the fractional Laplace operator is{

(−∆)su = h in Ω
u = 0 in RN \ Ω. (2)

Observe that, as opposed to the classical Dirichlet problem for the Laplace operator, the second condition
is set on the whole complement of Ω, rather than solely on its boundary ∂Ω. While the standard Laplace
operator is not sensitive to the remote values of the test function, the fractional Laplace operator is non-
local in nature, as exemplified by the integral formula (1), which leads to such adaptation of the Dirichlet
problem. Letting Hs

0(Ω) be the space of the elements of Hs(RN ) for which u ≡ 0 in RN \ Ω, we say that
u in Hs

0(Ω) is a weak solution to (2) if

Es(u, v) =
∫
Ω
h(y)v(y)dy for all v ∈ Hs

0(Ω).

By standard compactness argument, it is well known that if h ∈ L2(Ω), then there exists a solution and it
is unique by the maximum principle. We refer to the recent nice book [9] for a far more complete overview
of the fractional Laplace operator.

Our aim in this work is to examine the effect of a variation of the domain Ω on the solution to the Dirichlet
problem (2). More precisely, we aim to compute the shape derivative of the solution u with respect to the
variation of the domain Ω along a given vector field Y . We define this notion more precisely, following
[19]. We suppose that the source term h is sufficiently regular in D, where Ω ⋐ D ⊂ RN .

DEFINITION 1.1. Let Y be a globally C1,1 vector field in RN and let (Φt)t∈(−1,1) be a family of diffeo-
morphisms such that

for all t ∈ (−1, 1), the mapping t 7→ Φt ∈ C1,1(RN ,RN ) is of class C2, (3)

with
Φ0 = IdRN and ∂tΦt

∣∣
t=0

= Y.

For any t ∈ (−1, 1), let ut the unique weak solution of the Dirichlet problem:{
(−∆)sut = h in Ωt

ut = 0 in RN \ Ωt,
where Ωt denotes the transformed domain:

Ωt := Φt(Ω).

For t ∈ (−1, 1), let vt the function on Ω defined by vt := ut ◦ Φt. Then the Lagrangian shape derivative
of u in the direction of the vector field Y is defined as

v′ = ∂tvt
∣∣
t=0

.

The Eulerian shape derivative of u in the direction of the vector field Y is then defined as

u′ := v′ −∇u · Y. (4)

We say that u is shape differentiable in the direction of Y if u′(x) exists for all x ∈ Ω.
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The interest of the functions vt is that they are all defined on the same domain, that is the initial domain Ω.
On the other hand the Eulerian shape derivative, which we will simply call the shape derivative in the rest
of the paper, is a more natural notion since by the chain rule we observe that for any x in Ω,

u′(x) := lim
t→0

ut(x)− u0(x)

t
. (5)

We aim to find a pointwise formula for the shape derivative u′ when the data h is sufficiently regular so
that (4) make sense. We will prove that the pointwise values of the shape derivative u′ at any x ∈ Ω
can be written as an integral over ∂Ω of some fractional traces of both u and the Green function GsΩ(·, ·)
associated to the operator (−∆)s. The latter is, by definition, the solution to

(−∆)sGsΩ(x, ·) = δx in D′(Ω) and GsΩ(x, ·) = 0 in RN \ Ω.

Here δx denote the Dirac delta distribution at the position x in Ω. The fractional traces hinted above are
defined in terms of limits of quotients by fractional powers of the distance to the boundary. From now on,
Ω will be a bounded open set of RN of class C1,1. Let δ in C1,1(RN ) which coincides with the signed
distance function near the boundary. Moreover, we assume that δ is positive in Ω and negative in RN \ Ω.
We denote by ν the outward unit normal to the boundary. We recall that by regularity theory (see e.g [18]),
the fractional Neumann traces

γs0(G
s
Ω(x, ·)) :=

(
GsΩ(x, ·)/δs

)∣∣
∂Ω

and γs0(u) :=
(
u/δs

)∣∣
∂Ω

are well defined for each x ∈ Ω.

Our first result can then be stated as follows.

THEOREM 1.2. Let Ω ⊂ RN be a bounded open set of class C1,1 with N > 2s and let s ∈ (0, 1). Let h
be Lipschitz continuous in D, where Ω ⋐ D ⊂ RN and u be the unique weak solution of (2). Let Y be
a globally C1,1 vector field in RN . Then, u is shape differentiable in the direction of Y . Moreover, for all
x ∈ Ω, there holds:

u′(x) = Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(u)Y · ν dσ. (6)

In the above, Γ stands for the classical gamma function and ν denotes the outward unit normal to the
boundary.

The proof of Theorem 1.2, which will be a consequence of a more general result, is given in Section 10.

REMARK 1.3. By standard regularity theory, it is well known that if, for instance, h ∈ L∞(D), then the
Neumann trace γs0(u) exists and therefore the RHS of the identity (6) still make sense. This indicates that,
in principle, it should be possible to extends Theorem 1.2, up to replacing the LHS of (6) by (5) (which
might exist regardless of whether ∇u exists or not) to less regular functions than Lipschitz ones. However,
for technical reasons, in here we only restrict ourselves to the case where the Dirichlet data h is Lipschitz
continuous.

Our second result extends Theorem 1.2 –in some sense– to the case where h = δx is the Dirac delta
distribution so that the corresponding solution u is the Green function GsΩ(x, ·) associated to the operator
(−∆)s. In the case of the classical laplacian, that is, when s = 1, such result were obtained by Hadamard
after his pioneering work [12]. More precisely, let Ωt be defined from the initial domain Ω and a vector
field of the form Y = αν with α ∈ C∞(∂Ω) and ν the outer unit normal, by setting

∂Ωt =
{
y = x+ tα(x)ν(x), x ∈ ∂Ω

}
.

This is a particular case of the domain perturbations given by Definition 1.1. For any x, y ∈ Ω, set

∂tGΩt(x, y)
∣∣
t=0

:= lim
t→0

GΩt(x, y)−GΩ(x, y)

t
, (7)

where GΩt(·, ·) is the Green function of the perturbed domain Ωt associated to the Laplace operator asso-
ciated with homogeneous Dirichlet condition, that is the unique solution to

−∆GΩt(x, ·) = δx in D′(Ωt) and GΩt(x, ·) = 0 on ∂Ωt.
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Then, Hadamard result says that the ratio (7) exists and is given by

∂tGΩt(x, y)
∣∣
t=0

=

∫
∂Ω
γN (GΩ(x, ·))(z)γN (GΩ(y, ·))(z)α(z)dσ(z). (8)

where γN (G1(x, ·))(z) := ∇zG1(x, z) · ν(z) is the Neumann trace. Hadamard proved his result under
the assumption that the weight function α does not change sign. A generalization for signed changing
α′s were later obtained by Schiffer, Schiffer and Garabedian [11, 20] who also considered more general
perturbations. After these pioneering works, shape derivative computations has received significant interest
and several extensions of Hadamard’s formula for more general elliptic boundary values problems. We
refer here to [13, 19] and to [10] for more.

Our next result extends the identity (8) –in some sense– to the fractional Green function GsΩ(·, ·). We
continue to assume that Ω is a bounded open set of class C1,1 of RN . Because the Green function depends
on two variables, the notion of directional shape derivative defined in (4) has to be modified properly.

DEFINITION 1.4. Let s in (0, 1) and Y be a globally C1,1 vector field in RN . We shall say that the Green
function GsΩ(·, ·) is shape differentiable in the direction of Y if for all x, y ∈ Ω with x ̸= y, the limit

DGsΩ(Y )(x, y) := lim
t→0

GsΩt
(Φt(x),Φt(y))−GsΩ(x, y)

t
−∇yG

s
Ω(x, y) ·Y (y)−∇xG

s
Ω(x, y) ·Y (x), (9)

exists and is finite.

We then have the following more general result.

THEOREM 1.5. Let s in (0, 1) and Y be a globally C1,1 vector field in RN with N > 2s. Then the Green
function GsΩ(·, ·) is shape differentiable in the direction of Y . Moreover, for all x, y ∈ Ω with x ̸= y, there
holds:

DGsΩ(Y )(x, y) = Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · ν dσ. (10)

The proof of Theorem 1.5 is given in Section 8.

REMARK 1.6. Formula (10) can be regarded as the fractional analogue of the classical Hadamard formula
(8). Indeed, for every x ̸= y in Ω, we have

GsΩt
(x, y) = GsΩt

(
Φt(·),Φt(·)

)
◦ (Φ−1

t (x),Φ−1
t (y)).

If the mapping
t 7→ GsΩt

(Φt(·),Φt(·)) ∈ C(Ω× Ω \ {(x, x)}) (11)

were differentiable at t = 0 away from the diagonal, then applying the chain rule to the identity above
would give

∂tG
s
Ωt
(x, y)

∣∣
t=0

= DGsΩ(Y )(x, y) = Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · ν dσ (12)

which yields the desired relation. Unfortunately, we are not able to justify the differentiability of the
mapping in (11) at the strength required in order to apply the chain rule: the theorem guarantees differen-
tiability only for the scalar-valued mapping

t 7→ GsΩt

(
Φt(x),Φt(y)

)
∈ R,

which is weaker than the functional differentiability required in (11). Nevertheless, one can show that

t 7→ GsΩt

(
Φt(·),Φt(·)

)
∈ Cloc(Ω× Ω \ {(x, x)})

is differentiable. Consequently, for all x, y ∈ K ⋐ Ω with x ̸= y, the mapping t 7→ GΩt(x, y) is
differentiable at zero and formula (12) holds true.
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As a consequence of Theorem 1.5, we derive a formula for the shape derivative of the Robin function
associated to the fractional Laplacian. Recall that when N > 2s, the Green function GsΩ(x, ·) splits into:

GsΩ(x, ·) = Fs(x, ·)−Hs
Ω(x, ·), (13)

where

Fs(x, ·) :=
bN,s

|x− ·|N−2s
with bN,s := π−N/2 4−s

Γ(N−2s
2 )

Γ(s)
,

is the fundamental solution of (−∆)s and Hs
Ω(x, ·) solves the equation{

(−∆)sHs
Ω(x, ·) = 0 in Ω,

Hs
Ω(x, z) = Fs(x, z) in RN \ Ω. (14)

By standard regularity theory we know that Hs
Ω(x, ·) ∈ C∞(Ω). The Robin function RsΩ ∈ C∞(Ω) is then

defined by
RsΩ(x) := Hs

Ω(x, x).

We then have the following result regarding the fractional Robin function.

COROLLARY 1.7. Let s in (0, 1) and Y be a globally C1,1 vector field in RN with N > 2s. Then, the
Robin function RsΩ is shape differentiable in the direction of Y in the sense that, for all x ∈ Ω, the limit

DRsΩ(Y )(x) := lim
t→0

Hs
Ωt
(Φt(x),Φt(x))−Hs

Ω(x, x)

t
− 2∇xH

s
Ω(x, x) · Y (x),

exists and is finite. Moreover, there holds

DRsΩ(Y )(x) = −Γ2(1 + s)

∫
∂Ω

(
γs0(G

s
Ω(x, ·))

)2
Y · ν dσ. (15)

The proof of Corollary 1.7 is given in Section 9.

2. Notations

For the reader convenience, we record here several notations and recall some classical estimates that will
be used all along the manuscript. All along the paper, except otherwise stated, Ω will be a bounded open set
of class C1,1 in RN and we shall denote by δ := dist(RN \ Ω, ·)− dist(Ω, ·) the signed distance function
to the boundary of the domain Ω.

We fix ρ ∈ C∞
c (−2,+2) such that ρ ≡ 1 in (−1,+1). For any k ∈ N∗, we define

ξk : RN → R, y 7→ ξk(y) := 1− ρ(kδ(y)), (16)

where δ is the signed distance function to the boundary. For a fixed x ∈ Ω, and µ ∈ (0, 1), we also define
the function ϕµx by:

ϕµx : RN → R, y 7→ ϕµx(y) := 1− ρxµ(y), (17)
where

ρxµ(y) := ρ
( 8

δ2Ω(x)

|x− y|2

µ2

)
.

Here δΩ := dist(·, ∂Ω) is the distance function to the boundary of the domain Ω.
Except otherwise stated, Y will be a globally C1,1 vector field in RN , and we define the weight functions

ωY (y, z) :=
cN,s
2

[
div Y (y) + div Y (z)− (N + 2s)

(Y (y)− Y (z)) · (y − z)

|y − z|2
]
, (18)

for all y, z ∈ RN and

ωxY (y, z) :=
cN,s
2

[
2 div Y (x)− (N + 2s)

[DY (x) · (y − z)] · (y − z)

|y − z|2
]
, (19)

for a fixed x ∈ Ω and for all y, z ∈ RN . We also define the deformation kernel κY (·, ·) by:

κY (y, z) := ωY (y, z)|y − z|−2s−N . (20)
5



Next, we let JacΦt be the Jacobian of the transformation Φt defined in (3) and define the family of sym-
metric kernels κt(·, ·) by:

κt(y, z) :=
cN,s
2

JacΦt(y)JacΦt(z)

|Φt(y)− Φt(z)|N+2s
for y, z ∈ RN with y ̸= z. (21)

By direct computation using the hypothesis (3) (see e.g [4, Eq (3.3)]) we have –for |t| ≪ 1– sufficiently
small:

κt(y, z)−
cN,s
2

|y − z|−N−2s − tκY (y, z) = O(t2)|y − z|−N−2s, (22)

uniformly for all y ̸= z ∈ RN where κY (·, ·) is defined as in (20).

In view of (22), it is clear that the kernel κt(·, ·) is uniformly elliptic. In other words, we have:

λ|y − z|−2s−N ⩽ κt(y, z) ⩽ Λ|y − z|−2s−N ∀ y ̸= z ∈ RN , (23)

for some λ,Λ > 0 that are independent of t.

For all β ∈ R, we also have the following asymptotic (for |t| ≪ 1 small enough), see e.g [4]:∣∣Φt(y)−Φt(z)
∣∣β = |y−z|β

(
1+2t

(Y (y)− Y (z)) · (y − z)

|y − z|2
+O(t2)

)β
2 uniformly ∀ y ̸= z ∈ RN . (24)

This, in particular, yields

1

c
|y − z|β ⩽

∣∣Φt(y)− Φt(z)
∣∣β ⩽ c|y − z|β for some c > 0 independent of t. (25)

Finally, the following estimate will be important later on. For |t| ≪ 1 small enough, there holds:∣∣∣|xt − yt|2s−N − |xt − zt|2s−N
∣∣∣ ⩽ Cfx(y, z), (26)

for some constant C > 0 that is independent of t, y and z and where

fx(y, z) =


max

(
|x− y|2s−N , |x− z|2s−N

)
if 2s < 1,∣∣y − z

∣∣max
(
|x− y|2s−N−1, |x− z|2s−N−1

)
if 2s > 1,

|y − z|βmax
(
|x− y|1−N−β, |x− z|1−N−β) for all β ∈ (0, 1) if s = 1/2.

(27)

In the case for 2s < 1, the bound (26) is a easy consequence of the uniform estimate (25). The case 2s > 1
follows by using the elementary estimate

|a2s−N − b2s−N | ⩽ C(N, s))|a− b|max
( 1

aN−2s+1
,

1

bN−2s+1

)
,

with a = |xt − yt| and b = |xt − zt| combine with the uniform estimate (25). The case s = 1/2 follows
similarly by using instead the estimate∣∣∣a1−N − b1−N

∣∣∣ ⩽ C(N, β)max
(
a1−N−β, b1−N−β)|a− b|β for all β ∈ (0, 1),

applied with a = |xt − yt| and b = |xt − zt|.

3. Preliminary estimates

In this section, we collect a couple of preliminary results that will be used later. We start with two fun-
damental lemmas. Their proofs, given respectively in Appendix A and Appendix B, rely on elementary
calculus and the assumption (3).
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LEMMA 3.1. Let Φt satisfy the hypotheses (3) and let β in R. Then, for |t| ≪ 1/2 sufficiently small and
for all y, z ∈ RN , there holds:∣∣∣∣∣Φt(y)− Φt(y + z)

∣∣−β − ∣∣Φt(y)− Φt(y − z)
∣∣−β∣∣∣ ⩽ C|z|1−β, (28)

for some constant C > 0 that is independent of t, y and z. Moreover, letting κt(·, ·) be as in (21), we also
have

|κt(y + h, z + h)− κt(y, z)| ⩽
C|h|

|y − z|N+2s
∀ y, z, h ∈ RN , (29)

for some C > 0 that is independent of y, z, h and t.

LEMMA 3.2. Let κt(·, ·) be given as in (21) and set, for t ̸= 0,

κt(y, z) :=
κt(y, z)− κ0(y, z)

t
for y ̸= z in RN .

Let κto(·, ·) be the odd part of z 7→ κt(y, y + z), i.e.

κt
o(y, z) =

κt(y, y + z)− κt(y, y − z)

2
.

Then there holds ∣∣κto(y, z)∣∣ ⩽ Cmin(|z|−2s−N , |z|1−2s−N ) (30)

for some constant C > 0 that is independent of t, y and z.

The following proposition will play an essential role in the proof of the differentiability of the mapping
t 7→ Hs

Ωt
(Φt(x),Φt(·)) ∈ C(Ω) in Lemma 6.1.

LEMMA 3.3. Let s in (0, 1) and x ∈ Ω be fixed. Consider the function ft[Hs
Ω(x, ·)] : Ω → R defined by:

ft[H
s
Ω(x, ·)](y) := p.v

∫
RN

(Hs
Ω(x, y)−Hs

Ω(x, z))
κt(y, z)− κ0(y, z)

t
dz. (31)

Then, for |t| ≪ 1 sufficiently small, there holds

|ft[Hs
Ω(x, ·)](y)| ⩽ Cδ−sΩ (y). (32)

for some C > 0 that is independent of t and y. Moreover, we have, as t goes to zero,

ft[H
s
Ω(x, ·)] → fY [H

s
Ω(x, ·)] pointwise in Ω. (33)

where we set

fY [H
s
Ω(x, ·)](y) := p.v

∫
RN

Hs
Ω(x, y)−Hs

Ω(x, z)

|y − z|N+2s
ωY (y, z)dz. (34)

with ωY (·, ·) given as in (18). Moreover, for all y in Ω, we have

|fY [Hs
Ω(x, ·)](y)| ⩽ Cδ−sΩ (y). (35)

PROOF. We set

κt(y, z) :=
κt(y, z)− κ0(y, z)

t
.

For z in RN we define the even and odd parts of κt(y, y + z) by

κt
e(y, z) :=

κt(y, y + z) + κt(y, y − z)

2
and κt

o(y, z) :=
κt(y, y + z)− κt(y, y − z)

2
.

With the change of variable z 7→ y + z, we write

ft[H
s
Ω(x, ·)](y) = p.v.

∫
RN

(
Hs

Ω(x, y)−Hs
Ω(x, y + z)

)
κt(y, y + z) dz

= fet (y) + fot (y),

7



where

fet (y) := p.v.

∫
RN

(
Hs

Ω(x, y)−Hs
Ω(x, y + z)

)
κt
e(y, z) dz,

fot (y) := p.v.

∫
RN

(
Hs

Ω(x, y)−Hs
Ω(x, y + z)

)
κt
o(y, z) dz.

We fix y in Ω and set ρ := δΩ(y)/2.

Estimate of the even part. Since κte(y, ·) is even, we may symmetrize:

2fet (y) =

∫
RN

(
2Hs

Ω(x, y)−Hs
Ω(x, y + z)−Hs

Ω(x, y − z)
)
κt
e(y, z) dz.

By [?KN, Lemma A.1], Hs
Ω(x, ·) ∈ C2

loc(Ω), and we also have Hs
Ω(x, ·) ∈ Cs(RN ). Hence there are

constants C1, C2 > 0 (depending on x, but independent of t, y) such that∣∣2Hs
Ω(x, y)−Hs

Ω(x, y + z)−Hs
Ω(x, y − z)

∣∣ ≤ C1|z|21Bρ/2
(z) + C2|z|s1RN\Bρ/2

(z).

Moreover, by (22) we have |κte(y, z)| ≤ C|z|−N−2s. Combining the above estimates yields

|fet (y)| ≤ C

∫
Bρ/2

|z|2−N−2s dz + C

∫
RN\Bρ/2

|z|s−N−2s dz

≤ Cρ2−2s + Cρ−s ≤ CδΩ(y)
−s.

Estimate of the odd part. By [6, Eq. (16)] we have

|κto(y, z)| ≤ Cmin
(
|z|−N−2s, |z|1−N−2s

)
.

Since Hs
Ω(x, ·) ∈ Cs(RN ), we obtain

|fot (y)| ≤ C

∫
RN

|z|smin
(
|z|−N−2s, |z|1−N−2s

)
dz

≤ C

∫
B1

|z|1−s−N dz + C

∫
RN\B1

|z|−N−s dz ≤ C.

In particular, |fot (y)| ≤ C ≤ CδΩ(y)
−s and therefore∣∣ft[Hs

Ω(x, ·)](y)
∣∣ ≤ CδΩ(y)

−s.

Convergence. We use the pointwise convergences following from (22) (for the even part) and [6, Eq.
(16)] (for the odd part), together with the previous integrable domination, and we apply the dominated
convergence theorem. We obtain fet (y) → feY (y) and fot (y) → foY (y), where

feY (y) :=
1

2

∫
RN

2Hs
Ω(x, y)−Hs

Ω(x, y + z)−Hs
Ω(x, y − z)

|z|N+2s
ωeY (y, z) dz,

foY (y) := p.v.

∫
RN

Hs
Ω(x, y)−Hs

Ω(x, y + z)

|z|N+2s
ωoY (y, z) dz,

with

ωeY (y, z) :=
ωY (y, y + z) + ωY (y, y − z)

2
and ωoY (y, z) :=

ωY (y, y + z)− ωY (y, y − z)

2
.

Since fY = feY +f
o
Y , this coincides with the definition of fY [Hs

Ω(x, ·)](y). Moreover, the same domination
yields |fY (y)| ≤ CδΩ(y)

−s.
Finally, the same argument applies on compact subsets of Ω, using the local C2 regularity of Hs

Ω(x, ·), and
we obtain convergence in C0

loc(Ω). □

The following simple result is fundamental. It says that even thoughGsΩ(x, ·) does not have a finite energy,
the dual product g[ψ](t) := ⟨GsΩt

(xt, (·)t), ψ⟩ still make sense for any sufficiently regular function ψ. This
observation will play a crucial for the proof of the results stated above. For the sake of simplicity, we will
adopt the following notation .

zt := Φt(z), gt(xt, zt) := GsΩt
(xt, zt) and g0(x, z) = GsΩ(x, z) for z ∈ RN . (36)
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PROPOSITION 3.4. Let s in (0, 1) and x ∈ Ω. Let ψ in C∞
0 (Ω) and define

g[ψ](t, x) :=

∫∫
R2N

(
gt(xt, yt)− gt(xt, zt)

)(
ψ(y)− ψ(z)

)
|y − z|N+2s

dydz for t ̸= 0, (37)

and

g[ψ](0, x) :=

∫∫
R2N

(
g0(x, y)− g0(x, z)

)(
ψ(y)− ψ(z)

)
|y − z|N+2s

dydz. (38)

Then we have g[ψ](t, x) <∞ for all |t| ≪ 1 sufficiently small.

PROOF. We give the proof of g[ψ](t, x) < +∞ for t ̸= 0. The case t = 0 is similar we therefore skip
its proof and leave it to the interested reader.

We use the decomposition gt(xt, zt) = bN,s|xt − zt|2s−N −Hs
Ωt
(xt, zt) of the fractional Green function,

see (13) to split the quantity at stake into the sum of two quantities:

g[ψ](t, x) = g1[ψ](t, x)− g2[ψ](t, x),

where g1[ψ](t, x) and g2[ψ](t, x) are respectively given by:

g1[ψ](t, x) :=

∫∫
R2N

(
|xt − yt|2s−N − |xt − zt|2s−N

)(
ψ(y)− ψ(z)

)
|y − z|−2s−Ndydz,

g2[ψ](t, x) :=

∫∫
R2N

(
Hs

Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

)(
ψ(y)− ψ(z)

)
|y − z|−2s−Ndydz.

We start by estimating the contribution coming from g1[ψ](t, x). We claim that

|g1[ψ](t, x)| ⩽ C for some C > 0 that is independent of t. (39)

To prove the claim, we recall that in view of (26), we have

|g1[ψ](t, x)| ⩽ C

∫∫
R2N

∣∣ψ(y)− ψ(z)
∣∣

|y − z|N+2s
fx(y, z)dydz, (40)

where

fx(y, z) =


max

(
|x− y|2s−N , |x− z|2s−N

)
if 2s < 1,∣∣y − z

∣∣max
(
|x− y|2s−N−1, |x− z|2s−N−1

)
if 2s > 1,

|y − z|βmax
(
|x− y|1−N−β, |x− z|1−N−β) for all β ∈ (0, 1) if s = 1/2.

(41)

Now observe that RHS of the above identity is always finite. To see this, let R ≫ 1 so that supp(ψ) ⋐
BR/2(0) and write∫∫

R2N

∣∣ψ(y)− ψ(z)
∣∣

|y − z|N+2s
fx(y, z)dydz =

∫∫
BR×BR

· · · dydz + 2

∫
BR/2

∫
RN\BR

· · · dydz. (42)

For y ∈ BR/2 and z ∈ RN \ BR, we can find C1 = C1(R) > 0 so that |y − z| > C1(1 + |z|2)1/2.
Consequently, we have∫

BR/2

∫
RN\BR

∣∣ψ(y)− ψ(z)
∣∣

|y − z|N+2s
fx(y, z)dydz ⩽ C

∫
BR/2

|ψ(y)|
∫
RN\BR

fx(y, z)

(1 + |z|2)
N+2s

2

dzdy,

But

iR(x) :=

∫
BR/2

∫
RN\BR

fx(y, z)

(1 + |z|2)
N+2s

2

dzdy < +∞ for all s ∈ (0, 1). (43)

Indeed, in view of (41), we have, for 2s < 1, that

iR(x) ⩽ C

∫
BR/2

∫
RN\BR

|x− y|2s−N + |x− z|2s−N

(1 + |z|2)
N+2s

2

dzdy

⩽ 2C

∫
BR/2

dy

|x− y|N−2s

∫
RN\BR

1

(1 + |z|2)
N+2s

2

dz < +∞.
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In the case 2s > 1, we have instead

iR(x) ⩽ C1

∫
BR/2

∫
RN\BR

∣∣y − z
∣∣max

(
|x− y|2s−N−1, |x− z|2s−N−1

)
(1 + |z|2)

N+2s
2

⩽ C2

∫
BR/2

∫
RN\BR

|z|
|x− y|N−(2s−1)(1 + |z|2)

N+2s
2

dydz

⩽ C2

∫
BR/2

dy

|x− y|N−(2s−1)

∫
RN\BR

|z|
(1 + |z|2)

N+2s
2

dz < +∞.

And finally if s = 1/2, we have

iR(x) ⩽ C1

∫
BR/2

∫
RN\BR

|y − z|βmax
(
|x− y|1−N−β, |x− z|1−N−β)
(1 + |z|2)

N+2s
2

dz

⩽ C2

∫
BR/2

dy

|x− y|N−(1−β)

∫
RN\BR

|z|β

(1 + |z|2)
N+1

2

dz < +∞.

In all three cases we have proved that iR(x) has a finite value which gives (43).
On the other hand, since ψ ∈ C∞

0 (Ω), it is clear that

jR(x) :=

∫∫
BR×BR

∣∣ψ(y)− ψ(z)
∣∣

|y − z|N+2s
fx(y, z) dy dz ⩽ C

∫∫
BR×BR

fx(y, z)

|y − z|N+2s−1
dy dz < +∞. (44)

The finiteness of the RHS of (44) follows from (27) by checking the integrability near the diagonal y = z
(and the integrability of the mild singularities in y = x or z = x). If 2s < 1, the function fx is locally
bounded on BR × BR and the integrand behaves like |y − z|−N−2s+1, which is integrable around y = z
since 2s < 1. If 2s > 1, we have fx(y, z) ⩽ C|y − z|max

(
|x − y|2s−N−1, |x − z|2s−N−1

)
, hence the

integrand behaves like |y − z|−N−2s+2 and is integrable around y = z since 2s < 2. If s = 1
2 , choosing

β ∈ (0, 1) we have fx(y, z) ⩽ C|y− z|βmax
(
|x− y|−N−β, |x− z|−N−β), so the integrand behaves like

|y − z|−N+β and is integrable around y = z since β > 0.∫∫
R2N

∣∣ψ(y)− ψ(z)
∣∣

|y − z|N+2s
fx(y, z)dydz < +∞. (45)

That g1[ψ](t, x) is finite now follows by combining (40), (42), (43), (44) and (45)

We next show that

|g2[ψ](t, x)| < +∞. (46)

For that aim, we choose K ⋐ K ′ ⋐ Ω with K,K ′ compact and such that suppψ ⊂ K and write

g2[ψ](t, x) =

∫∫
K′×K′

(
Hs

Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

)(
ψ(y)− ψ(z)

)
|y − z|−2s−N dy dz

+ 2

∫
supp(ψ)

ψ(y)

∫
RN\K′

(
Hs

Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

)
|y − z|−2s−N dz dy. (47)

For t sufficiently small, we know by regularity (see e.g [1, Proposition 1.3]) that Hs
Ωt
(xt, ·) ∈ Cs(RN ).

Therefore for some constant C > 0 that might depend on t, we may write, for |t| ≪ 1 small enough:∫∫
K′×K′

∣∣Hs
Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

∣∣∣∣ψ(y)− ψ(z)
∣∣|y − z|−2s−Ndydz

⩽ C

∫∫
K′×K′

|yt − zt|s

|y − z|N+2s−1
dydz

⩽ C

∫∫
K′×K′

dy dz

|y − z|N+s−1
< +∞, (48)
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where we used (25). On the other hand, since |Hs
Ωt
(xt, zt)| ⩽ C|xt − zt|2s−N ⩽ C|x− z|2s−N , we have∣∣∣∣∣

∫
supp(ψ)

ψ(y)

∫
RN\K′

Hs
Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

|y − z|N+2s
dz dy

∣∣∣∣∣
⩽ C

∫
K

∫
RN\K′

( 1

|x− y|N−2s
+

1

|x− z|N−2s

) dy dz

1 + |z|N+2s
< +∞. (49)

Combining (47), (48), and (49) we obtain (46). The estimate (39) together with (46) shows that g[ψ](t, x) <
+∞. The proof is finished and we are done. □

The following lemma will be useful in what follows, as it will allow us, thanks to a regularity result
that we prove along the way, to obtain uniform control over the difference quotient defined in (113). We
continue to use the notation introduced in (36).

LEMMA 3.5. Let x in Ω be fixed and define

gtx : RN → R, y 7→ gtx(y) := bN,s
|xt − yt|2s−N − |x− y|2s−N

t
for t ̸= 0. (50)

Then |gtx(y)| ⩽ C|x − y|2s−N for all y ̸= x in RN . Moreover, for all α ∈ (0, 1) and |t| ≪ 1 sufficiently
small, there holds

|gtx(y)|+
|gtx(y)− gtx(z)|

|y − z|α
⩽ C0 for all y ∈ ∂Ω, z ∈ RN \ Ω, (51)

for some C0 = C0(N, s, α, x,Ω) > 0 that is independent of t.

PROOF. The estimate |gtx(y)| ⩽ C|x − y|2s−N is an easy consequence of (24). Next, let x in RN be
fixed and set

bxt (y) := |xt − yt|2s−N .
Then, up to a positive constant, we may write by the fundamental theorem of calculus that

gtx(y) =
bxt (y)− bx0(y)

t
=

1

t

∫ t

0
∂rb

x
r (y)dr. (52)

Observe that to get (51), it is enough to consider y ∈ ∂Ω and z ∈ BR(0)
⋂
Ωc for some R = R(Ω) ≫ 1

sufficiently large so that Ω ⋐ BR
2
(0).

Indeed, if z ∈ RN \BR(0), then setting

ar(x, y) :=
|∂rxr − ∂ryr|
|xr − yr|

,

A direct calculation gives∣∣∂rbxr (y)− ∂rb
x
r (z)

∣∣
N − 2s

⩽ ar(x, y)
∣∣xr − yr

∣∣2s−N + ar(x, z)
∣∣xr − zr

∣∣2s−N ,
Since ∂rΦr ∈ C1,1(RN ,RN ), and |xr − yr| > C|x− y| by (25), we have ar(x, ·) ∈ L∞(RN ). Moreover,
in view of (25) we also have∣∣xr − yr

∣∣2s−N +
∣∣xr − zr

∣∣2s−N ⩽ C(s,N, x, y) ⩽ C(s,N,Ω, x, α,R)|y − z|α,

for any α ∈ (0, 1) since |y − z| > R/2 > 0. In conclusion we have∣∣∂rbxr (y)− ∂rb
x
r (z)

∣∣
N − 2s

⩽ C|y − z|α for all α ∈ (0, 1),

for some C = C(N, s, x,Ω, R) > 0 that is independent of r. In view of the representation (52), this gives
the estimate (51) for y ∈ ∂Ω and z ∈ RN \BR(0).
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Now if y ∈ ∂Ω and z ∈ BR(0)
⋂
Ωc, we write∣∣∣∂rbxr (y)− ∂rb

x
r (z)

∣∣∣
=
∣∣∣(∂rxr − ∂ryr

)
·
(
xr − yr

)
|xr − yr|N−2s+2

−
(
∂rxr − ∂rzr

)
·
(
xr − zr

)
|xr − zr|N−2s+2

∣∣∣
=
∣∣∣∣∣xr − yr

∣∣2s−2−N −
∣∣xr − zr

∣∣2s−2−N
∣∣∣∣∣∂rxr − ∂ryr

∣∣∣∣xr − yr
∣∣

+

∣∣∣(∂rxr − ∂ryr
)
·
(
xr − yr

)
−
(
∂rxr − ∂rzr

)
·
(
xr − zr

)∣∣∣
|xr − zr|N−2s+2

=: ixr (y, z) + jxr (y, z)

Let β := 2s − 2 − N < 0. Since x in Ω is fixed, we have |x − y|, |x − z| ⩾ δΩ(x) for all y in ∂Ω and
z in RN \ Ω. By (25), the same lower bound holds for the deformed points xr, yr, zr uniformly for r in
[−1

2 ,
1
2 ]. Therefore r 7→ rβ is Lipschitz on [c δΩ(x),∞) for some c > 0 and, by the mean value theorem,∣∣∣|xr − yr|β − |xr − zr|β

∣∣∣ ⩽ C
∣∣∣|xr − yr| − |xr − zr|

∣∣∣
⩽ C|yr − zr| ⩽ C|y − z|.

Consequently,

ixr (y, z) ⩽ C|y − z|.

Since y in ∂Ω and z in BR(0), we have |y − z| ⩽ 2R and thus |y − z| ⩽ (2R)1−α|y − z|α. It follows that

ixr (y, z) ⩽ C|y − z|α,
for some C > 0 that is independent of r.

To control jxr (y, z), we define

mx
r (y) :=

(
∂rxr − ∂ryr

)
·
(
xr − yr

)
and apply the fundamental theorem of calculus to get

jxr (y, z) =

∣∣∣mx
r (y)−mx

r (z)
∣∣∣

|xr − zr|N−2s+2

⩽

∫ 1
0 |∇mx

r (τy + (1− τ)z)||y − z|dτ
|xr − zr|N−2s+2

⩽ C
supr∈[−1/2,+1/2] ∥∇mx

r∥L∞(RN )

|xr − zr|N−2s+2
|y − z|

⩽ C|y − z| ⩽ C|y − z|α,

for some constant C = C(x, y, s,N, α,Ω) > 0 where used that mx
r ∈ C1,1(RN ) and that |xr − zr| ⩾

C|x− z| > δΩ(x)/2. In conclusion we have proved that ∂rbxr : RN \Ω → R satisfies (51) with a constant
that is independent of r. Hence gtx also satisfies (51) as a consequence of the representation (52). The proof
is finished. □

4. A useful regularity estimate

In this section, we establish a regularity result for some nonlocal divergence-type equation with non-zero
Dirichlet data. The proof relies on a recent result in [15]. For the statement of the result, it will be
convenient to make the following definition.

DEFINITION 4.1. We denote by Gs(λ,Λ) the set of operators pointwise defined by

Lw(y) := p.v

∫
RN

(w(y)− w(y + z))κ(y, y + z)dz,

with kernels κ(·, ·) : RN × RN → [0,∞] that are symmetric and uniformly elliptic; that is to say,

λ|y − z|−2s−N ⩽ κ(y, z) = κ(z, y) ⩽ Λ|y − z|−2s−N ∀ y, z ∈ RN , (53)
12



for some λ,Λ > 0 and which, furthermore, satisfies:

|κ(y+h, z+h)−κ(y, z)| ⩽ C
|h|σ

|y − z|N+2s
for all y, z ∈ RN and all h ∈ B1(0), for some σ ∈ (0, s).

(54)

Next, we recall the following result which is essentially contained in [15].

THEOREM 4.2. Let Ω ⊂ RN be a bounded C1,1 domain. Let f be a given function such that

∥f∥X(Ω) := sup
w∈Hs

0(Ω)

∫
Ω |fw|dx
[w]Hs(RN )

< +∞. (55)

Let L be given as in Definition 4.1 and u be a weak solution (see [15, Definition 2.1]) to{
Lu = f in Ω,
u = 0 in RN \ Ω.

Let p in (0, s] and q ∈ ( N
s+p ,

N
p ). Then there holds u ∈ C

s+q−N
p (Ω). Moreover,

∥u∥
C

s+q−N
p (Ω)

⩽ C
(
∥u∥L1

2s(RN ) + ∥f∥X(Ω)

)
, (56)

for some C that depends only on N, s, σ, λ,Λ, p, q and Ω. In the above, the norm ∥ · ∥L1
2s(RN ) is defined by

∥u∥L1
2s(RN ) :=

∫
RN

|u(y)|
1 + |y|N+2s

dy.

PROOF. It follows from [15, Theorem 1.7], [15, Remark 3.2], the interior regularity estimate [15,
Proposition 3.5] and a standard covering argument (see e.g. [9, Proof of Corollary 2.6.11]). Since Ω
is C1,1, after flattening ∂Ω and restricting to sufficiently small balls, the Lipschitz constant required in
[15, Theorem 1.7] can be made as small as needed. □

Thanks to the above result, we can now prove the following statement.

PROPOSITION 4.3. Let Ω ⊂ RN be a bounded C1,1 domain. Let s in (0, 1) and let L, κ, λ,Λ be as in
Definition 4.1. Assume moreover that

|κo(y, z)| ⩽ Cmin(|z|−2s−N , |z|1−2s−N ) for all y, z ∈ RN , (57)

where κo(·, ·) is the odd part of the kernel κ(·, ·), that is,

κo(y, z) =
κ(y, y + z)− κ(y, y − z)

2
.

Let f satisfy (55) and assume that g satisfies

|g(y)|+ |g(y)− g(z)|
|y − z|α

⩽ C0 for some α in (s,min{1, 2s}) and for all y ∈ ∂Ω, z ∈ RN \ Ω. (58)

Let u be a weak solution to {
Lu = f in Ω,
u = g in RN \ Ω. (59)

Let p in (0, s] and q ∈ ( N
s+p ,

N
p ). Then there holds u ∈ C

s+q−N
p (Ω). Moreover,

∥u∥
C

s+q−N
p (Ω)

⩽ CC0

(
1 + ∥u∥L1

2s(RN ) + ∥f∥X(Ω)

)
, (60)

for some C that depends only on N, s, σ, λ,Λ, p, q and Ω.

PROOF. The idea is to simply transform the equation (59) to a Dirichlet problem with zero boundary
data and then apply Theorem 4.2. For that aim, we let ḡ ∈ C∞(Ω) ∩ Cα(Ω) be an extension of g to the
whole of RN . One can take for instance ḡ = w in Ω, where w is the solution to the elliptic equation

−∆w = 0 in Ω and w = g on ∂Ω.

We then set ḡ = w in Ω and ḡ = g in RN \ Ω.
13



Note that g ∈ Cα(∂Ω) by the hypothesis (58) and therefore by the standard regularity theory, we have that
w ∈ C∞(Ω) ∩ Cα(Ω). Moreover, we have

|D2w| ⩽ Cδα−2
Ω in Ω.

Next let v = u− ḡ. Then v solves weakly the equation{
Lv = f − L(ḡ) in Ω,
v = 0 in RN \ Ω. (61)

Next we claim that

|Lḡ| ⩽ CC0δ
α−2s
Ω in Ω. (62)

Indeed, let κe(·, ·) and κo(·, ·) denote the even and odd parts of κ(·, ·), respectively; that is,

κe(y, z) =
κ(y, y + z) + κ(y, y − z)

2
and κo(y, z) =

κ(y, y + z)− κ(y, y − z)

2
.

Then we may write

(Lḡ)(y) = p.v

∫
RN

(ḡ(y)− ḡ(y + z))κe(y, z)dz + p.v

∫
RN

(ḡ(y)− ḡ(y + z))κo(y, z)dz

:= (Leḡ)(y) + (Loḡ)(y).

Because κe(·, ·) satisfies the hypothesis [1, Equation (1.3)], we have by [1, Lemma 2.6, (b)] that

|(Leḡ)(y)| ⩽ CC0δ
α−2s
Ω (y). (63)

In order to estimate (Loḡ)(y), we let ρ = δΩ(y) and write

(Loḡ)(y) = p.v

∫
Bρ/2(0)

(ḡ(y)− ḡ(y + z))κo(y, z)dz + p.v

∫
RN\Bρ/2(0)

(ḡ(y)− ḡ(y + z))κo(y, z)dz

= (1)(y) + (2)(y). (64)

Because ḡ ∈ Cα(Ω) for any α ∈ (0, 1), it follows in view of (57), that

|(1)(y)| ⩽
∫
Bρ/2(0)

|z|α|z|1−2s−Ndz ⩽ Cρ1+α−2s. (65)

Next, let y0 ∈ ∂Ω such that |y − y0| = ρ and write

|(2)(y)| ⩽
∣∣∣ ∫

RN\Bρ/2(0)
(ḡ(y)− ḡ(y + z))κo(y, z) dz

∣∣∣
⩽
∫
RN\Bρ/2(0)

(
|ḡ(y)− ḡ(y0)|+ |ḡ(y0)− ḡ(y + z)|

)
|κo(y, z)| dz

⩽ C0

∫
RN\Bρ/2(0)

ρα + |y − y0 + z|α

|z|N+2s
dz

⩽ C0C1

∫
RN\Bρ/2(0)

ρα + |z|α

|z|N+2s
dz

⩽ C0C2ρ
α−2s. (66)

where in the third line we used that ḡ ∈ Cα(Ω) and (58). Combining (64), (65) and (66) gives

|(Loḡ)(y)| ⩽ CC0δ
α−2s
Ω (y). (67)
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The equation (63) together with (67) gives (62) which proves the claim. Next, it is clear that

∥Lḡ∥X(Ω) = sup
w∈Hs

0(Ω)

∫
Ω |L(ḡ)w|dx
[w]Hs(RN )

⩽ C1C0 sup
w∈Hs

0(Ω)

∫
Ω |δα−2s

Ω w|dx
[w]Hs(RN )

⩽ C2C0 sup
w∈Hs

0(Ω)

∫
Ω |δ−sΩ w|dx
[w]Hs(RN )

< C3C0,

where we used that α ∈ (s, 2s). It therefore follows, in view of Theorem 4.2, that

∥v∥
C

s+q−N
p (Ω)

⩽ C
(
∥u∥L1

2s(RN ) + ∥ḡ∥L1
2s(RN ) + ∥f∥X(Ω) + ∥L(ḡ)∥X(Ω)

)
,

⩽ CC0

(
1 + ∥u∥L1

2s(RN ) + ∥f∥X(Ω)

)
.

Consequently, since α > s > s− (Np − q) and ḡ ∈ Cα(Ω), we conclude that

∥u∥
C

s+q−N
p (Ω)

⩽ ∥v∥
C

s+q−N
p (Ω)

+ ∥ḡ∥
C

s+q−N
p (Ω)

⩽ C1

(
∥v∥

C
s+q−N

p (Ω)
+ ∥ḡ∥Cα(Ω)

)
⩽ C2C0

(
1 + ∥u∥L1

2s(RN ) + ∥f∥X(Ω)

)
.

This is what we want to prove. The proof is therefore finished. □

5. Some convergence results

LEMMA 5.1. Let ρ ∈ C∞
c (−2, 2) and let υ ∈ RN \ {0}. Set

a[ρ](µ, υ) :=

∫∫
R2N

∣∣ρ(|y|2)− ρ(|z|2)
∣∣ ∣∣|υ + µy|2s−N − |υ + µz|2s−N

∣∣
|z|N−2s|y − z|N+2s

dy dz. (68)

Then

lim
µ→0+

a[ρ](µ, υ) = 0. (69)

PROOF. We recall that ρ(| · |2) vanishes identically outside the ball B2. For any µ > 0, we decompose

a[ρ](µ, υ) = (1)µ + (2)µ + (3)µ,

where

(1)µ :=

∫∫
B4×B4

∣∣ρ(|y|2)− ρ(|z|2)
∣∣ ∣∣|υ + µy|2s−N − |υ + µz|2s−N

∣∣
|z|N−2s|y − z|N+2s

dy dz,

(2)µ :=

∫
B2

ρ(|y|2)
∫
RN\B4

∣∣|υ + µy|2s−N − |υ + µz|2s−N
∣∣

|z|N−2s|y − z|N+2s
dz dy,

(3)µ :=

∫
B2

ρ(|z|2)
|z|N−2s

∫
RN\B4

∣∣|υ + µy|2s−N − |υ + µz|2s−N
∣∣

|y − z|N+2s
dy dz.

We first observe that (1)µ → 0 as µ → 0+. Indeed, for µ < |υ|/8 and all y, z in B4 we have |υ + µy| ⩾
|υ|/2 and |υ + µz| ⩾ |υ|/2, hence the map w 7→ |w|2s−N is Lipschitz on B|υ|/2(υ), with a Lipschitz
constant bounded independently of µ. Using also that ρ(| · |2) is Lipschitz, we obtain

(1)µ ⩽ C µ

∫∫
B4×B4

∣∣ρ(|y|2)− ρ(|z|2)
∣∣ |y − z|

|z|N−2s|y − z|N+2s
dy dz

⩽ C µ

∫∫
B4×B4

dy dz

|z|N−2s|y − z|N+2s−2
→ 0 as µ→ 0+.
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Next we treat (2)µ. We fix α in (2s/(N + 2), 2s/(N + 1)) and we set

γN,s(α) := N − 2s+ α. (70)

We use the elementary estimate

|aβ − bβ| ⩽ C
|a− b|α

aγN,s(α) + bγN,s(α)
, β = 2s−N, (71)

valid for all a, b > 0. For µ < |υ|/8, all y in B2 and all z in RN \B4, we have |υ+µy| ⩾ |υ|/2 and hence∣∣|υ + µy|2s−N − |υ + µz|2s−N
∣∣ ⩽ C µα|y − z|α

( 1

|υ + µy|γN,s(α)
+

1

|υ + µz|γN,s(α)

)
⩽ C µα

(
1 + |z|α

)(
1 +

1

|υ + µz|γN,s(α)

)
.

Since |z| > 4 and y in B2, we also have |y − z| ⩾ |z|/2, hence

(2)µ ⩽ C µα
∫
RN\B4

1 + |z|α

(1 + |z|2)
N+2s

2

(
1 +

1

|υ + µz|γN,s(α)

)
dz

=: i(µ, υ) + j(µ, υ).

Since 1+|z|α

(1+|z|2)
N+2s

2

is integrable and i(µ, υ) = O(µα), we have i(µ, υ) → 0. We now estimate j(µ, υ).

Assume µ < |υ|/8 and introduce the sets

Aµ :=
{
z ∈ RN \B4 :

∣∣z + υ/µ
∣∣ ⩾ |υ|

2µ

}
,

Bµ :=
(
RN \B4

)
\Aµ = B |υ|

2µ

(
− υ

µ

)
.

On Aµ we have |υ + µz| = µ|z + υ/µ| ⩾ |υ|/2, hence

µα
∫
Aµ

1 + |z|α

(1 + |z|2)
N+2s

2

dz

|υ + µz|γN,s(α)
⩽ C(υ)µα

∫
RN

1 + |z|α

(1 + |z|2)
N+2s

2

dz → 0.

On Bµ we make the change of variables w = z + υ/µ. Then |υ + µz| = µ|w| and, since |w| ⩽ |υ|/(2µ),
we have |z| =

∣∣w − υ/µ
∣∣ ⩾ |υ|/(2µ) and |z| ⩽ 3|υ|/(2µ). Consequently,

1 + |z|α

(1 + |z|2)
N+2s

2

⩽ C(υ) |z|−N−2s+α ⩽ C(υ)µN+2s−α for all z ∈ Bµ.

Using also that γN,s(α) < N because α < 2s/(N + 1), we obtain

µα
∫
Bµ

1 + |z|α

(1 + |z|2)
N+2s

2

dz

|υ + µz|γN,s(α)
⩽ C(υ)µN+2s−γN,s(α)

∫
B |υ|

2µ

(0)

dw

|w|γN,s(α)

⩽ C(υ)µN+2s−γN,s(α)
( |υ|
2µ

)N−γN,s(α)
⩽ C(υ)µ2s → 0.

This proves j(µ, υ) → 0 and hence (2)µ → 0.
The term (3)µ is treated in the same way by exchanging the roles of y and z. Altogether, we conclude that
a[ρ](µ, υ) → 0 as µ→ 0+. □

LEMMA 5.2. Let x, y in Ω with x ̸= y and recall the definition of ωxY (·, ·) in (19). Next let ρ ∈ C∞
c (−2, 2),

and set

aY [ρ](x) := bN,s

∫∫
R2N

(
ρ(|q|2)− ρ(|p|2)

)(
|p|2s−N − |q|2s−N

)
|p− q|N+2s

ωxY (p, q) dp dq. (72)

For γ > 0 we set
gγ(x, z) := g0(x, z)ϕ

γ
x(z). (73)
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where ϕγx := 1− ρxγ and ρxγ is defined in (17). Let k > 0 and define

BY [ϕ
µ
x, g0(x, ·)](k, γ, y) :=

∫∫
R2N

ξk(q)gγ(y, q)
(
ϕµx(p)− ϕµx(q)

)(
g0(x, p)− g0(x, q)

)
κY (p, q) dp dq,

(74)

and

CY [ϕ
µ
x, gγ(y, ·)](k, x) :=

∫∫
R2N

ξ2k(q)g0(x, q)
(
ϕµx(p)− ϕµx(q)

)(
gγ(y, p)− gγ(y, q)

)
κY (p, q) dp dq.

(75)

Then we have

lim
µ→0+

lim
k→∞

CY [ϕ
µ
x, gγ(y, ·)](k, x) = 0, (76)

and
lim
γ→0+

lim
µ→0+

lim
k→∞

BY [ϕ
µ
x, g0(x, ·)](k, γ, y) = g0(x, y)aY [ρ](x). (77)

REMARK 5.3. We note that the integrals in (74) and (75) are well defined. This can be proved in the same
way as in Lemma 3.4.

PROOF. We first prove (77). By dominated convergence, we have

lim
k→∞

BY [ϕ
µ
x, g0(x, ·)](k, γ, y) = BY [ϕ

µ
x, g0(x, ·)](γ, y),

where

BY [ϕ
µ
x, g0(x, ·)](γ, y) :=

∫∫
R2N

gγ(y, q)
(
ϕµx(p)− ϕµx(q)

)(
g0(x, p)− g0(x, q)

)
κY (p, q) dp dq.

Following [6, Lemma 2.2], to compute limµ→0+ BY [ϕ
µ
x, g0(x, ·)](γ, y), it suffices to restrict the integral to

balls around x. Let ε > 0 be such that B2ε(x) ⊂ Ω and define

BY [ϕ
µ
x, g0(x, ·)](ε, γ, y) :=

∫∫
Bε(x)×B2ε(x)

gγ(y, q)
(
ϕµx(p)− ϕµx(q)

)(
g0(x, p)− g0(x, q)

)
κY (p, q) dp dq.

(78)

Then
lim
µ→0+

BY [ϕ
µ
x, g0(x, ·)](γ, y) = lim

µ→0+
BY [ϕ

µ
x, g0(x, ·)](ε, γ, y). (79)

We set µ̃ := δΩ(x)µ/(2
√
2) and we change variables p = x− µ̃p and q = x− µ̃q in (78), then we rename

the new variables (p, q). This yields

BY [ϕ
µ
x, g0(x, ·)](ε, γ, y) =

∫∫
R2N

gγ(y, x− µ̃q)F yx (ε, µ̃; p, q) dp dq, (80)

where

F yx (ε, µ̃; p, q) := 1Bε/µ̃(0)(p) 1B2ε/µ̃(0)(q) µ̃
N−2s

(
ρ(|q|2)− ρ(|p|2)

)(
g0(x, x− µ̃p)− g0(x, x− µ̃q)

)
κY (µ̃; p, q)

and

κY (µ̃; p, q) := |p− q|−2s−NωY (x− µ̃p, x− µ̃q). (81)

We now show that the integrand in (80) is dominated by an integrable function independent of µ. We note
that gγ(y, ·) is bounded on B2ε(x) because x ̸= y. Hence there exists C > 0, independent of µ, such that

|gγ(y, x− µ̃q)| ⩽ C for all q ∈ B2ε/µ̃(0). (82)

Recall that

ωY (y, z) =
cN,s
2

(
div Y (y) + div Y (z)− (N + 2s)

(
Y (y)− Y (z)

)
· (y − z)

|y − z|2
)
. (83)
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Since (x− µ̃p)− (x− µ̃q) = µ̃(q − p), we have

ωY (x− µ̃p, x− µ̃q)

=
cN,s
2

(
div Y (x− µ̃p) + div Y (x− µ̃q) + (N + 2s)

(
Y (x− µ̃p)− Y (x− µ̃q)

)
· (p− q)

µ̃|p− q|2
)
.

In particular, ωY (x− µ̃p, x− µ̃q) is bounded uniformly in µ, hence∣∣κY (µ̃; p, q)∣∣ ⩽ C|p− q|−2s−N . (84)

Using also that g0(x, x− µ̃·) is Hölder continuous away from the origin, we obtain

µ̃N−2s
∣∣g0(x, x− µ̃p)− g0(x, x− µ̃q)

∣∣ ⩽ C
∣∣|p|2s−N − |q|2s−N

∣∣+ Cµ̃N−2s+1|p− q|. (85)

To justify (85), we write

µ̃N−2s
∣∣g0(x, x− µ̃p)− g0(x, x− µ̃q)

∣∣
= µ̃N−2s

∣∣∣bN,s(|µ̃p|2s−N − |µ̃q|2s−N
)
−
(
Hs

Ω(x, x− µ̃p)−Hs
Ω(x, x− µ̃q)

)∣∣∣
⩽ bN,s

∣∣|p|2s−N − |q|2s−N
∣∣+ µ̃N−2s

∣∣Hs
Ω(x, x− µ̃p)−Hs

Ω(x, x− µ̃q)
∣∣.

By [?KN, Lemma A.1], for all x, p in Ω we have |∇pH
s
Ω(x, p)| ⩽ C δΩ(x)

2s−N−1. Hence, by the funda-
mental theorem of calculus,

µ̃N−2s
∣∣Hs

Ω(x, x− µ̃p)−Hs
Ω(x, x− µ̃q)

∣∣ ⩽ Cµ̃N−2s+1|p− q| ⩽ C|p− q|.
Combining (82), (84) and (85) we deduce∣∣gγ(y, x− µ̃q)F yx (ε, µ̃; p, q)

∣∣ ⩽ ∣∣ρ(|p|2)− ρ(|q|2)
∣∣

|p− q|N+2s

(∣∣|p|2s−N − |q|2s−N
∣∣+ |p− q|

)
. (86)

The right-hand side is integrable on R2N , hence dominated convergence applies in (80). We also note that

lim
µ→0+

gγ(y, x− µ̃q)F yx (ε, µ̃; p, q) = gγ(y, x)bN,s

(
ρ(|q|2)− ρ(|p|2)

)(
|p|2s−N − |q|2s−N

)
|p− q|N+2s

ωxY (p, q),

(87)

where the limit of ωY follows from the Taylor expansion of Y at x. Therefore, we obtain

lim
µ→0+

BY [ϕ
µ
x, g0(x, ·)](ε, γ, y) = gγ(y, x)aY [ρ](x). (88)

Combining (79) and (88) yields

lim
µ→0+

lim
k→∞

BY [ϕ
µ
x, g0(x, ·)](k, γ, y) = gγ(y, x)aY [ρ](x).

Letting γ → 0+, we have gγ(y, x) → g0(y, x) = g0(x, y) since x ̸= y, which proves (77).
We now prove (76). By dominated convergence, we have

lim
k→∞

CY [ϕ
µ
x, gγ(y, ·)](k, x) = CY [ϕ

µ
x, gγ(y, ·)](x),

where

CY [ϕ
µ
x, gγ(y, ·)](x) :=

∫∫
R2N

g0(x, q)
(
ϕµx(p)− ϕµx(q)

)(
gγ(y, p)− gγ(y, q)

)
κY (p, q) dp dq. (89)

Using again [6, Lemma 2.2], it suffices to restrict the integral to balls around x. With the same ε > 0 as
above, we define

CY [ϕ
µ
x, gγ(y, ·)](ε, x) :=

∫∫
Bε(x)×B2ε(x)

g0(x, q)
(
ϕµx(p)− ϕµx(q)

)(
gγ(y, p)− gγ(y, q)

)
κY (p, q) dp dq,

so that
lim
µ→0+

CY [ϕ
µ
x, gγ(y, ·)](x) = lim

µ→0+
CY [ϕ

µ
x, gγ(y, ·)](ε, x). (90)

With the same change of variables p = x− µ̃p and q = x− µ̃q as above (and renaming (p, q)), we obtain

CY [ϕ
µ
x, gγ(y, ·)](ε, x) =

∫∫
R2N

µ̃N−2sg0(x, x− µ̃q)Gyx(ε, µ̃; p, q) dp dq, (91)
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where

Gyx(ε, µ̃; p, q) := 1Bε/µ̃(0)(p) 1B2ε/µ̃(0)(q)
(
ρ(|q|2)− ρ(|p|2)

)(
gγ(y, x− µ̃p)− gγ(y, x− µ̃q)

)
κY (µ̃; p, q).

(92)

Since g0(x, ·) vanishes identically outside Ω, we have

µ̃N−2s|g0(x, x− µ̃q)| ⩽ C|q|2s−N . (93)

Write υ := x− y. We estimate, for p, q in B2ε/µ̃(0),∣∣gγ(y, x− µ̃p)− gγ(y, x− µ̃q)
∣∣ = ∣∣g0(x− µ̃p, y)ϕγy(x− µ̃p)− g0(x− µ̃q, y)ϕγy(x− µ̃q)

∣∣
⩽ A(µ̃; p, q) +B(µ̃; p, q),

where

A(µ̃; p, q) :=
∣∣g0(x− µ̃p, y)− g0(x− µ̃q, y)

∣∣,
B(µ̃; p, q) :=

∣∣ϕγy(x− µ̃p)− ϕγy(x− µ̃q)
∣∣ |g0(x− µ̃q, y)|.

Since ϕγy = 1− ρyγ , we have

B(µ̃; p, q) =
∣∣ρyγ(x− µ̃p)− ρyγ(x− µ̃q)

∣∣ |g0(x− µ̃q, y)|.

Using the definition of ρyγ in (17), the mean value theorem and the fact that |x − µ̃p − y| stays bounded
away from 0 for p, q in B2ε/µ̃(0) (since x ̸= y), we obtain

B(µ̃; p, q) ⩽ C µ̃|p− q|. (94)

On the other hand,

A(µ̃; p, q) =
∣∣∣bN,s(|υ + µ̃p|2s−N − |υ + µ̃q|2s−N

)
−
(
Hs

Ω(y, x− µ̃p)−Hs
Ω(y, x− µ̃q)

)∣∣∣
⩽ bN,s

∣∣|υ + µ̃p|2s−N − |υ + µ̃q|2s−N
∣∣+ ∣∣Hs

Ω(y, x− µ̃p)−Hs
Ω(y, x− µ̃q)

∣∣.
Since Hs

Ω(y, ·) is Lipschitz on B2ε(x), we get

A(µ̃; p, q) ⩽ C
∣∣|υ + µ̃p|2s−N − |υ + µ̃q|2s−N

∣∣+ C µ̃|p− q|. (95)

Combining (84), (94) and (95), we obtain∣∣µ̃N−2sg0(x, x− µ̃q)Gyx(ε, µ̃; p, q)
∣∣ ⩽ C

W y
x (µ̃; p, q)

∣∣ρ(|p|2)− ρ(|q|2)
∣∣

|q|N−2s|p− q|N+2s
, (96)

where

W y
x (µ̃; p, q) := µ̃|p− q|

(
1 + |υ + µ̃q|

)
+
∣∣|υ + µ̃p|2s−N − |υ + µ̃q|2s−N

∣∣.
We claim that

lim
µ̃→0+

R(µ̃, υ) = 0. (97)

Here

R(µ̃, υ) :=

∫∫
R2N

1Bε/µ̃(0)(p) 1B2ε/µ̃(0)(q)
W y
x (µ̃; p, q)

∣∣ρ(|p|2)− ρ(|q|2)
∣∣

|q|N−2s|p− q|N+2s
dp dq.

Indeed, by the definition of W y
x we can write R(µ̃, υ) = R1(µ̃, υ) +R2(µ̃, υ), where

R1(µ̃, υ) :=

∫∫
R2N

1Bε/µ̃(0)(p) 1B2ε/µ̃(0)(q)

∣∣ρ(|p|2)− ρ(|q|2)
∣∣ ∣∣|υ + µ̃p|2s−N − |υ + µ̃q|2s−N

∣∣
|q|N−2s|p− q|N+2s

dp dq,

R2(µ̃, υ) := µ̃

∫∫
R2N

1Bε/µ̃(0)(p) 1B2ε/µ̃(0)(q)

(
1 + |υ + µ̃q|

)∣∣ρ(|p|2)− ρ(|q|2)
∣∣

|q|N−2s|p− q|N+2s−1
dp dq.

Since the indicators are bounded by 1, we have R1(µ̃, υ) ⩽ a[ρ](µ̃, υ), hence R1(µ̃, υ) → 0 by Lemma
5.1.
To estimate R2, we note that |q| ⩽ 2ε/µ̃ implies 1 + |υ + µ̃q| ⩽ 1 + |υ|+ 2ε. Moreover, since ρ(| · |2) is
Lipschitz and bounded, there exists C > 0 such that∣∣ρ(|p|2)− ρ(|q|2)

∣∣ ⩽ Cmin{1, |p− q|} for all p, q ∈ RN .
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Therefore,

R2(µ̃, υ) ⩽ C µ̃

∫∫
R2N

1Bε/µ̃(0)(p) 1B2ε/µ̃(0)(q)
min{1, |p− q|}

|q|N−2s|p− q|N+2s−1
dp dq.

Since ρ(| · |2) is supported in B√
2(0), the integrand is nonzero only if p ∈ B√

2(0) or q ∈ B√
2(0).

Accordingly, we write R2 ⩽ Cµ̃(I1 + I2) with

I1 :=

∫
B√

2(0)

dq

|q|N−2s

∫
Bε/µ̃(0)

min{1, |p− q|}
|p− q|N+2s−1

dp,

I2 :=

∫
B√

2(0)
dp

∫
B2ε/µ̃(0)\B√

2(0)

dq

|q|N−2s|p− q|N+2s−1
.

For I1, since q stays bounded and p ranges in a ball of radius ε/µ̃, we have∫
Bε/µ̃(0)

min{1, |p− q|}
|p− q|N+2s−1

dp ⩽ C

∫
Bε/µ̃+2(0)

min{1, |r|}
|r|N+2s−1

dr ⩽ C
(
1 +

( ε
µ̃

)max{0,1−2s})
,

(with the obvious log(ε/µ̃) modification in the borderline case 2s = 1). Since
∫
B√

2(0)
|q|−(N−2s) dq <∞,

it follows that µ̃I1 → 0.
For I2, since p is bounded and |q| ⩾

√
2, we have |p− q| ⩾ |q|/2, hence

I2 ⩽ C

∫
B√

2(0)
dp

∫
B2ε/µ̃(0)\B√

2(0)

dq

|q|2N−1
⩽ C

∫ 2ε/µ̃

√
2

r−N dr,

which is bounded uniformly in µ̃ if N ⩾ 2, and grows at most like log(1/µ̃) if N = 1. In both cases,
µ̃I2 → 0. Thus R2(µ̃, υ) → 0, which proves (97). Combining (96), (97) and dominated convergence in
(91), we obtain

lim
µ→0+

CY [ϕ
µ
x, gγ(y, ·)](ε, x) = 0. (98)

Finally, (90) and (98) yield (76). □

With a similar argument as above, we also prove the following which will be used in the proof of Lemma
7.2 as well. We keep using the notations introduced in the section above:

LEMMA 5.4. Fix x, y in Ω with x ̸= y. Let u := ξkgγ(y, ·) and v := ξkϕ
µ
x . Then

lim
γ→0+

lim
µ→0+

lim
k→∞

DY [v](γ, y) = g0(x, y)aY [ρ](x), (99)

where

DY [v](γ, y) = p.v.

∫∫
R2N

(
v(p)− v(q)

)(
u(q)g0(x, p)− u(p)g0(x, q)

)
κY (p, q) dp dq. (100)

PROOF. We first expand(
v(p)− v(q)

)(
u(q)g0(x, p)− u(p)g0(x, q)

)
= u(q)

(
v(p)− v(q)

)(
g0(x, p)− g0(x, q)

)
+ g0(x, q)

(
v(p)− v(q)

)(
u(q)− u(p)

)
, (101)

and we use the decomposition

v(p)− v(q) = ϕµx(p)
(
ξk(p)− ξk(q)

)
+ ξk(q)

(
ϕµx(p)− ϕµx(q)

)
. (102)

We also set gµ(x, ·) := g0(x, ·)ϕµx(·). Then

ϕµx(p)
(
g0(x, p)− g0(x, q)

)
= gµ(x, p)− gµ(x, q) + g0(x, q)

(
ϕµx(q)− ϕµx(p)

)
.

Inserting the last identity into (101), we obtain

DY [v](γ, y) = EY [gµ]− FY [ϕ
µ
x] +GY [u] +HY [ϕ

µ
x, g0(x, ·)] + IY [ϕ

µ
x, u],
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where

EY [gµ](γ, y) := p.v.

∫∫
R2N

u(q)
(
ξk(p)− ξk(q)

)(
gµ(x, p)− gµ(x, q)

)
κY (p, q) dp dq, (103)

FY [ϕ
µ
x](γ, y) := p.v.

∫∫
R2N

u(q)g0(x, q)
(
ξk(p)− ξk(q)

)(
ϕµx(q)− ϕµx(p)

)
κY (p, q) dp dq,

(104)

GY [u](γ, y) := p.v.

∫∫
R2N

ϕµx(p)g0(x, q)
(
ξk(p)− ξk(q)

)(
u(q)− u(p)

)
κY (p, q) dp dq,

(105)

HY [ϕ
µ
x, g0(x, ·)](γ, y) := p.v.

∫∫
R2N

ξk(q)u(q)
(
ϕµx(p)− ϕµx(q)

)(
g0(x, p)− g0(x, q)

)
κY (p, q) dp dq,

(106)

IY [ϕ
µ
x, u](γ, y) := p.v.

∫∫
R2N

ξk(q)g0(x, q)
(
ϕµx(p)− ϕµx(q)

)(
u(q)− u(p)

)
κY (p, q) dp dq.

(107)

We claim that
lim
k→∞

EY [gµ] = lim
k→∞

FY [ϕ
µ
x] = lim

k→∞
GY [u] = 0. (108)

Indeed, since gγ(y, ·) is bounded and gµ(x, ·) is Hölder continuous on Ω, Lemma D.1 yields∣∣EY [gµ](γ, y)∣∣ ⩽ C

∫
Ω
g0(x, q)δΩ(q)

−s dq <∞,

and dominated convergence gives limk→∞EY [gµ] = 0.
Since g0(x, ·) and u vanish identically outside Ω, we have∣∣FY [ϕµx](γ, y)∣∣ ⩽ C

∫
Ω
g0(x, q)δΩ(q)

−s dq <∞,

hence dominated convergence gives limk→∞ FY [ϕ
µ
x] = 0.

Finally, we use the splitting

u(p)− u(q) = gγ(y, p)
(
ξk(p)− ξk(q)

)
+ ξk(q)

(
gγ(y, p)− gγ(y, q)

)
. (109)

Using (109), we bound∣∣GY [u](γ, y)∣∣ ⩽ C

∫∫
R2N

|g0(x, q)ϕµx(p)|
∣∣ξk(p)− ξk(q)

∣∣2 dp dq

|p− q|N+2s

+ C

∫∫
R2N

|g0(x, q)ϕµx(p)|
∣∣ξk(p)− ξk(q)

∣∣ |gγ(y, p)− gγ(y, q)|
|p− q|N+2s

dp dq.

Both integrals are finite and tend to 0 as k → ∞ by Lemma D.1 and dominated convergence, hence
limk→∞GY [u] = 0. This proves (108).
We now treat the remaining terms. Since u = ξkgγ(y, ·), we have ξk(q)u(q) = ξ2k(q)gγ(y, q) and therefore

HY [ϕ
µ
x, g0(x, ·)](γ, y) = p.v.

∫∫
R2N

ξ2k(q)gγ(y, q)
(
ϕµx(p)− ϕµx(q)

)(
g0(x, p)− g0(x, q)

)
κY (p, q) dp dq.

Letting k → ∞ and using dominated convergence, we obtain

lim
k→∞

HY [ϕ
µ
x, g0(x, ·)](γ, y) = p.v.

∫∫
R2N

gγ(y, q)
(
ϕµx(p)− ϕµx(q)

)(
g0(x, p)− g0(x, q)

)
κY (p, q) dp dq,

which coincides with limk→∞BY [ϕ
µ
x, g0(x, ·)](k, γ, y). Therefore, by (77),

lim
γ→0+

lim
µ→0+

lim
k→∞

HY [ϕ
µ
x, g0(x, ·)](γ, y) = g0(x, y)aY [ρ](x). (110)

Next we write

u(q)− u(p) = ξk(q)
(
gγ(y, q)− gγ(y, p)

)
+ gγ(y, p)

(
ξk(q)− ξk(p)

)
,
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so that IY [ϕ
µ
x, u] = IY,1 + IY,2 with

IY,1 := p.v.

∫∫
R2N

ξ2k(q)g0(x, q)
(
ϕµx(p)− ϕµx(q)

)(
gγ(y, q)− gγ(y, p)

)
κY (p, q) dp dq,

IY,2 := p.v.

∫∫
R2N

ξk(q)g0(x, q)
(
ϕµx(p)− ϕµx(q)

)
gγ(y, p)

(
ξk(q)− ξk(p)

)
κY (p, q) dp dq.

Since IY,1 = −CY [ϕµx, gγ(y, ·)](k, x), Lemma 5.2 gives

lim
µ→0+

lim
k→∞

IY,1 = 0. (111)

The term IY,2 contains the factor ξk(q)− ξk(p) and is handled in the same way as FY [ϕ
µ
x] by Lemma D.1;

in particular,
lim
k→∞

IY,2 = 0. (112)

Combining (108), (110), (111) and (112) yields (99). □

Having gathered all necessary preliminary results, we are ready to prove the main results.

6. Differentiability of the mapping t 7→ Hs
Ωt
(Φt(x),Φt(y))

Here we prove that, for all x, y ∈ Ω, the real valued functionmy
x : t 7→ Hs

Ωt
(Φt(x),Φt(y)) is differentiable

at zero. More generally, we will prove the following

LEMMA 6.1. Let s in (0, 1) and x ∈ Ω be fixed. Then, there exists γ ∈ (0, s) such that, the mapping

Hx : t→ Cγ(Ω), t 7→ Hs
Ωt

(
Φt(x),Φt(·)

)
,

is differentiable at 0.
In particular, for any y ∈ Ω, the real valued function my

x : t 7→ Hs
Ωt
(Φt(x),Φt(y)) ∈ R is differentiable

at zero.

PROOF. For simplicity, we shall use the notation

zt := Φt(z) for z ∈ RN .

For a fixed x in Ω, we consider the function

Stx : RN → R, y 7→ Stx(y) :=
Hs

Ωt
(xt, yt)−Hs

Ω(x, y)

t
for t ̸= 0. (113)

We are going to prove that Sxt can be controlled uniformly in Cγ(Ω) for some γ ∈ (0, s).

For that aim, we define the family of t-dependent uniformly elliptic operators Lt by〈
Lt[u], v

〉
:=

∫∫
R2N

(u(y)− u(z))(v(y)− v(z))κt(y, z)dydz. (114)

where the kernel κt(·, ·) is given by (21). We also set κ0 := κt=0, i.e. κ0(y, z) =
cN,s

2 |y − z|−N−2s.

For t ̸= 0, we consider the two functions ft[Hs
Ω(x, ·)] : Ω → R and gtx : RN \Ω → R defined respectively

by:

ft[H
s
Ω(x, ·)](y) := p.v

∫
RN

(Hs
Ω(x, y)−Hs

Ω(x, z))
κt(y, z)− κ0(y, z)

t
dz, (115)

gtx(y) := bN,s
|xt − yt|2s−N − |x− y|2s−N

t
. (116)

With these notations, we easily check that Stx ∈ Cs(Ω) is a weak solution of{
Lt[Stx] = ft[H

s
Ω(x, ·)] in Ω,

Stx = gtx in RN \ Ω. (117)
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In other words, we have Stx(y) = gtx(y) for all y ∈ RN \ Ω and〈
Lt[Stx], ψ

〉
=

∫
Ω
ft[H

s
Ω(x, ·)](y)ψ(y) dy ∀ ψ ∈ C∞

0 (Ω), (118)

To check the identity (118), we note that if ψ ∈ C∞
0 (Ω) then ψt := ψ ◦ Φ−1

t ∈ C1,1
0 (Ωt). Using the latter

as a test function into the equation{
(−∆)sHs

Ωt
(xt, ·) = 0 in Ωt,

Hs
Ωt
(xt, z) = Fs(xt, z) in RN \ Ωt.

(119)

and changing variables, we get, for |t| ≪ 1 small enough,

0 =

∫
Ωt

ψt(−∆)sHs
Ωt
(xt, ·)dy =

∫
RN

ψt(−∆)sHs
Ωt
(xt, ·)dy,

=
cN,s
2

∫∫
R2N

(
Hs

Ωt
(xt, y)−Hs

Ωt
(xt, z)

)(
ψt(y)− ψt(z)

)
|y − z|N+2s

dydz,

=
cN,s
2

∫∫
R2N

(
Hs

Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

)(
ψ(y)− ψ(z)

)JacΦt(y)JacΦt(z)

|yt − zt|N+2s
dydz,

=

∫∫
R2N

(
Hs

Ωt
(xt, yt)−Hs

Ωt
(xt, zt)

)(
ψ(y)− ψ(z)

)
κt(y, z)dydz,

As above, we note that the integrals above are all well defined by Proposition 3.4. On the other hand, we
also have

0 =

∫∫
R2N

(
Hs

Ω(x, y)−Hs
Ω(x, z)

)(
ψ(y)− ψ(z)

)
κ0(y, z)dydz,

for all ψ ∈ C∞
0 (Ω). Equating the above two identities and rearranging leads to (118) The second equation

in (117) follows immediately from the second equation in (119). This proves the claim.

Next, we let Gs,tΩ (x, ·) and Ps,tx be respectively the Green function with singularity at x and the Poisson
kernel associated to the operator Lt. Then by [15, Theorem 1.1 and Corollary 9.6], we have the estimate

Gs,tΩ (x, y) ⩽ C1|x− y|2s−N min
(
1,
δΩ(x)

|x− y|

)s
min

(
1,

δΩ(y)

|x− y|

)s
for x, y ∈ Ω, (120)

P s,t(y, z) ⩽ C2|y − z|−N
δsΩ(y)

δsΩ(z)
(
1 + δΩ(z)

)s , for y ∈ Ω and z ∈ RN \ Ω (121)

for some C1, C2 = C(N, s, λ,Λ,Ω) > 0 where λ,Λ are the elliptic constant given in (23).

It is a standard argument in potential theory that the solution Stx to the equation (117) can be written, for
y ∈ Ω, as:

Stx(y) =

∫
Ω
ft[H

s
Ω(x, ·)](z)G

s,t
Ω (y, z)dz +

∫
RN\Ω

gtx(z) P
s,t(y, z)dz. (122)

In view of (120) and (121) and recalling Lemma 3.3 and Lemma 3.5, we obtain the bound

|Stx(y)| ⩽
∫
Ω
|ft[Hs

Ω(x, ·)](z)|G
s,t
Ω (y, z)dz +

∫
RN\Ω

|gtx(z)|P s,t(y, z)dz,

⩽ C3

∫
Ω

dz

|y − z|N−s + C4δ
s
Ω(y)

∫
RN\Ω

dz

δsΩ(z)|x− z|N−2s|y − z|N
,

⩽ C5 + C6δ
s
Ω(y)

∫
RN\Ω

dz

δsΩ(z)|y − z|N
. (123)
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To estimate the last integral, we let rΩ = 1 + diam(Ω) and write∫
RN\Ω

dz

δsΩ(z)|y − z|N
=

∫
BrΩ

(y)\Ω

dz

δsΩ(z)|y − z|N
+

∫
RN\BrΩ

(y)

dz

δsΩ(z)|y − z|N
.

On the other hand, by [14, Lemma 2.3], we have∫
BrΩ

(y)\Ω

dz

δsΩ(z)|y − z|N
⩽ C7(1 + δ−sΩ (y)).

On the other hand, we may findC8 > 0 such that δΩ(z) ⩾ C8|y−z| for all z ∈ RN \BrΩ(y). Consequently∫
RN\BrΩ

(y)

dz

δsΩ(z)|y − z|N
⩽ Cs8

∫
RN\BrΩ

(y)

dz

|y − z|N+s

⩽ Cs8

∫
RN\BrΩ

(0)

dz

|z|N+s
⩽ C9.

In conclusion, we have ∫
RN\Ω

dz

δsΩ(z)|y − z|N
≤ C10(1 + δ−sΩ (y)).

Plug this into (123) gives
∥Stx∥L∞(Ω) ⩽ C11, (124)

for some C11 > 0 that is independent of t.

By (23), Lemma 3.1, and the definition (21), the family of kernels κt(·, ·) satisfies the assumptions in
Proposition 4.3 (in particular, (29) and (57)) uniformly for |t| ≪ 1. Moreover, Lemma 3.5 shows that the
exterior datum gtx satisfies (58). We can therefore use the latter to get, for p ∈ (0, s] and q ∈ ( N

s+p ,
N
p ), that

∥Stx∥
C

s+q−N
p (Ω)

⩽ C1C0

(
1 + ∥Stx∥L1

2s(RN ) + ∥ft[Hs
Ω(x, ·)]∥X(Ω)

)
,

⩽ C2C0

(
1 + ∥Stx∥L∞(Ω) + sup

w∈Hs
0(Ω)

∫
Ω |ft[Hs

Ω(x, ·)](z)||w(z)|dz
[w]Hs(RN )

)
⩽ C3C0

(
1 + ∥Stx∥L∞(Ω) + sup

w∈Hs
0(Ω)

∫
Ω δ

−s
Ω (z)|w(z)|dz
[w]Hs(RN )

)
⩽ C4, (125)

for some C4 > 0 that is independent of t. In the second line we used that ∥Stx∥L1
2s(RN ) ⩽ C

(
1 +

∥Stx∥L∞(Ω)

)
. Indeed, since Ω is bounded and Stx = gtx on RN \ Ω, Lemma 3.5 yields |gtx(y)| ⩽ C|x −

y|2s−N and therefore

∥Stx∥L1
2s(RN ) ⩽

∫
Ω
|Stx(y)| dy +

∫
RN\Ω

|gtx(y)|
1 + |y|N+2s

dy

⩽ C∥Stx∥L∞(Ω) + C

∫
RN\Ω

|x− y|2s−N

1 + |y|N+2s
dy ⩽ C

(
1 + ∥Stx∥L∞(Ω)

)
,

where the last integral is finite because |x − y| ⩾ δΩ(x) for y in RN \ Ω and the integrand behaves like

|y|−2N at infinity. In the last line we used (124) and that
∫
Ω δ

−s
Ω (z)|w(z)|dz ⩽ |Ω|1/2

( ∫
Ω δ

−2s
Ω (z)|w(z)|2dz

)1/2
⩽

|Ω|1/2C[w]Hs(RN ) by the classical Hardy inequality.

Then by the Arzelà–Ascoli theorem, there exists Sx0 ∈ C
s+q−N

p (Ω) such that, up to passing to a subse-
quence (St

′
x )t′ , we have:

St
′
x → S0

x in Cβ(Ω) for all 0 ⩽ β < s− (
N

p
− q). (126)

Next, we need to find the equation that the limiting function solves. For that, we recall that
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∫∫
R2N

(St
′
x (y)− St

′
x (z))(ψ(y)− ψ(z))κt′(y, z) dy dz =

∫
Ω
ft′ [H

s
Ω(x, ·)](z)ψ(z) dz. (127)

By (33) and (35), we know that

|ft′ [Hs
Ω(x, ·)](z)| ⩽ Cδ−sΩ (z) and ft′ [H

s
Ω(x, ·)](z) → fY [H

s
Ω(x, ·)](z) as t′ → 0.

It therefore follows by the Lebesgue dominated convergence theorem that∫
Ω
ft′ [H

s
Ω(x, ·)](z)ψ(z) dz →

∫
Ω
fY [H

s
Ω(x, ·)](z)ψ(z) dz as t′ → 0. (128)

On the other hand, because ψ is compactly supported in Ω, we may write:∫∫
R2N

(St
′
x (y)− St

′
x (z))(ψ(y)− ψ(z))κt′(y, z) dy dz

=

∫∫
Ω×Ω

(St
′
x (y)− St

′
x (z))(ψ(y)− ψ(z))κt′(y, z) dy dz

+ 2

∫
supp(ψ)

ψ(y)

∫
RN\Ω

(St
′
x (y)− St

′
x (z))κt′(y, z) dz dy. (129)

In view of (126) and the smoothness of ψ, for every β in (0, s− (Np − q)) there holds

|St′x (y)− St
′
x (z)| |ψ(y)− ψ(z)| |κt′(y, z)| ⩽ C|y − z|β+1−N−2s for all y, z in Ω.

Choosing β > 2s− 1 (which is possible since s < 1 and we may take β close to s), the right-hand side is
integrable on Ω× Ω. Since κt′(y, z) → κ0(y, z) pointwise as t′ → 0 by (21), the dominated convergence
theorem gives that

lim
t′→0

∫∫
Ω×Ω

(St
′
x (y)− St

′
x (z))(ψ(y)− ψ(z))κt′(y, z) dy dz

=

∫∫
Ω×Ω

(S0
x(y)− S0

x(z))(ψ(y)− ψ(z))κ0(y, z) dy dz. (130)

On the other hand, using that Stx = gtx in RN \ Ω, we get –for y ∈ supp(ψ) ⋐ Ω and z ∈ RN \ Ω– that

|St′x (y)− St
′
x (z)||κt′(y, z)| = |St′x (y)− gt

′
x (z)||κt′(y, z)|

⩽ C1(1 + |x− z|2s−N )|y − z|−2s−N

⩽ C2(1 + |x− z|2s−N )(1 + |z|2)−
2s+N

2

Again, since ∫
Ω

∫
RN\Ω

(1 + |x− z|2s−N )(1 + |z|2)−
2s+N

2 dzdy < +∞,

we deduce again by the Lebesgue dominated convergence theorem that

lim
t′→0

∫
supp(ψ)

ψ(y)

∫
RN\Ω

(St
′
x (y)− St

′
x (z))κt′(y, z) dz dy

=

∫
supp(ψ)

ψ(y)

∫
RN\Ω

(S0
x(y)− gxY (z))κ0(y, z) dz dy. (131)

Next define

Sx(z) :=

{
S0
x(z) if z in Ω,

gxY (z) if z in RN \ Ω,
where

gxY (z) = (2s−N)bN,s
(x− z) · (Y (x)− Y (z))

|x− z|N−2s+2
.
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Combining (127), (128), (129), (130) and (131), we get

cN,s
2

∫∫
R2N

(Sx(y)− Sx(z))(ψ(y)− ψ(z))

|y − z|N+2s
dydz =

∫
Ω
fY [H

s
Ω(x, ·)](z)ψ(z) dz for all ψ ∈ C∞

0 (Ω).

In other words, the limiting function Sx is a distributional solution of{
(−∆)sSx = fY [H

s
Ω(x, ·)] in Ω,

Sx = gxY in RN \ Ω. (132)

To recap, we have proved that along a subsequence t′,

St
′
x :=

Hs
Ωt′

(Φt′(x),Φt′(·))−Hs
Ω(x, ·)

t′
→ Sx in Cβ(Ω) for all β ∈

(
0, s− (

N

p
− q)

)
. (133)

and that Sx solves (132) in the sense of distribution. By the standard maximum principle [9, Theorem
2.6.12], we know that the latter has a unique solution. Therefore every convergent subsequence of (Stx)
must converge to Sx. Since we already have a convergent subsequence, we conclude that the whole se-
quence Stx converges to Sx in Cβ(Ω). In other words, we have proved that, the mapping

Ht
x : (−ϵ0,+ϵ0) → Cβ(Ω), t 7→ Hs

Ωt
(Φt(x),Φt(·)) (134)

is differentiable at zero for all β ∈ [0, s+ q − N
p ) and p ∈ (0, s], q ∈ ( N

s+p ,
N
p ) sufficiently close to N/p.

The proof is therefore finished. □

7. First step toward the derivation of the formula (10)

Consider the function gs(x, ·) : RN → R defined, for y ∈ Ω, by

gs(x, y) = ∂t

[
GΩt(Φt(x),Φt(·))

]∣∣
t=0

(y), (135)

and extended by zero outside of Ω. In this section we look for the equation that gs(x, ·) : RN → R
solves. This is the first step toward the derivation of the formula (10) in Theorem 1.5. We note that
gs(x, ·) ∈ L1(Ω) as a consequence of Lemma 6.1 and the decomposition (13). In fact, we have even more.
We have indeed

gs(x, ·) ∈ L1(Ω; δ−sΩ ) :=
{
u : Ω → R : u(·)δ−sΩ (·) ∈ L1(Ω)

}
. (136)

This follows from the decomposition (13), Lemma 6.1 and the fact that∣∣∣δ−sΩ (·)∂t|Φt(x)− Φt(·)|2s−N
∣∣∣
t=0

∣∣∣ ⩽ Cδ−sΩ (·)|x− ·|2s−N ∈ L1(Ω),

and this fact will be used in the proof of Lemma 7.2 below.
For the sake of simplicity, we let

EY
(
u, v
)
:=

∫∫
R2N

(
u(y)− u(z)

)(
v(y)− v(z)

)
κY (y, z) dydz, (137)

for any sufficiently regular functions u, v and where κY (·, ·) is given as in (20).

LEMMA 7.1. Let s in (0, 1) and x ∈ Ω be fixed. Let gs(x, ·) : RN → R be given as above. Then, for all
ψ ∈ C∞

0 (Ω), we have ∫
Ω
gs(x, ·)(−∆)sψ dz = −EY

(
GsΩ(x, ·), ψ

)
. (138)

We note that since κY (y, z) is comparable to |y − z|−N−2s, the RHS of the identity above is well defined
thanks to Lemma 3.4. Moreover, since (−∆)sψ ∈ L∞(Ω), we also know that the LHS is well defined by
because gs(x, ·) ∈ L1(Ω).
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PROOF OF LEMMA 7.1. Let x in Ω be fixed. For the sake of simplicity, we set

gt(xt, zt) := GsΩt
(Φt(x),Φt(z)) and g0(x, z) = GsΩ(x, z) for all z ∈ RN .

Next, we consider the function qtx : RN → R defined by

qtx(z) :=
gt(xt, zt)− g0(x, z)

t
for t ̸= 0. (139)

For any ψ ∈ C∞
0 (Ω), we also define〈
qtx, ψ

〉
:=

∫∫
R2N

(
qtx(y)− qtx(z)

)(
ψ(y)− ψ(z)

)(
κt(y, z)− κ0(y, z)

)
dydz, (140)

〈
g0(x, ·), ψ

〉
t
:=

∫∫
R2N

(
g0(x, y)− g0(x, z)

)(
ψ(y)− ψ(z)

)κt(y, z)− κ0(y, z)

t
dydz. (141)

Then, observe that∫
Ω
qtx(−∆)sψ dy = −

〈
qtx, ψ

〉
−
〈
g0(x, ·), ψ

〉
t

for all ψ ∈ C∞
0 (Ω). (142)

To see this, for ψ ∈ C∞
0 (Ω), we set

Et(x) :=
∫∫

R2N

(
gt(xt, yt)− gt(xt, zt)

)(
ψ(y)− ψ(z)

)
κt(y, z)dydz,

where we recall that κt is the kernel defined in (21). We note that the integral above is finite for t small by
Proposition 3.4. Then, we note that for any x in Ω and for any small t, we have

ψ(x) = Et(x). (143)

Indeed, by using the Green representation formula in the domain Ωt, since ψt := ψ ◦Φ−1
t ∈ C1,1

0 (Ωt), we
have

ψ(x) =

∫
Ωt

GsΩt
(xt, y)(−∆)sψt(y)dy,

=

∫∫
R2N

(
GsΩt

(xt, y)−GsΩt
(xt, z)

)(
ψt(y)− ψt(z)

)
κ0(y, z) dydz,

which, by changing variables, leads to (143).

Now to see (142), we are going to compute in two different ways the following ratio:

Et(x)− E0(x)
t

for t ̸= 0 (144)

The first way is very easy: it follows from (143) that the ratio in (144) is 0 since the left hand side of (143)
does not depend on t. Next, we claim that the ratio in (144) is also equal to〈

g0(x, ·), ψ
〉
t
+
〈
qtx, ψ

〉
+

∫
Ω
qtx(y)(−∆)sψ(y)dy (145)

Indeed, the ratio in (144) is equal to

t−1

∫∫
R2N

{(
gt(xt, yt)− gt(xt, zt)

)
κt(y, z)−

(
g0(x, y)− g0(x, z)

)
κ0(y, z)

}(
ψ(y)− ψ(z)

)
dydz,

=

∫∫
R2N

(
g0(x, y)− g0(x, z)

)(
ψ(y)− ψ(z)

)κt(y, z)− κ0(y, z)

t
dydz,

+

∫∫
R2N

(
qtx(y)− qtx(z)

)(
ψ(y)− ψ(z)

)
κt(y, z)dydz

=
〈
g0(x, ·), ψ

〉
t
+

∫∫
R2N

(
qtx(y)− qtx(z)

)(
ψ(y)− ψ(z)

)
κ0(y, z)dydz +

〈
qtx, ψ

〉
, (146)

what leads to (145). Combining (143), (144), (145), and (146) gives (142).
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We are now going to pass to the limit as t→ 0 into (142). We start with the first term. By (22), we have

κt(y, z)−
cN,s
2

|y − z|−N−2s − tκY (y, z) = O(t2)|y − z|−N−2s (147)

uniformly for all y ̸= z ∈ RN . Consequently, and since∫∫
R2N

∣∣g0(x, y)− g0(x, z)
∣∣∣∣ψ(y)− ψ(z)

∣∣|y − z|−N−2sdydz < +∞ (by Proposition 3.4),

we get by the Lebesgue dominated convergence theorem that

lim
t→0

〈
g0(x, ·), ψ

〉
t
= lim

t→0

∫∫
R2N

(
g0(x, y)− g0(x, z)

)(
ψ(y)− ψ(z)

)κt(y, z)− κ0(y, z)

t
dydz,

=

∫∫
R2N

(
g0(x, y)− g0(x, z)

)(
ψ(y)− ψ(z)

)
κY (y, z)dydz,

= EY
(
g0(x, ·), ψ

)
= EY

(
GsΩ(x, ·), ψ

)
(148)

Next, since gt(xt, zt) = bN,s|xt − zt|2s−N −Hs
Ωt
(xt, zt), we may write

|qtx(z)| =
∣∣∣gt(xt, zt)− g0(x, z)

t

∣∣∣
⩽ bN,s

∣∣∣ |xt − zt|2s−N − |x− z|2s−N

t

∣∣∣+ ∣∣∣Hs
Ωt
(xt, zt)−Hs

Ω(x, z)

t

∣∣∣
⩽ C(1 + |x− z|2s−N ), (149)

where we used (24) and (124). Since |x − ·|2s−N ∈ L1(Ω), we may use the Lebesgue dominated conver-
gence theorem that

lim
t→0

∫
Ω
qtx(−∆)sψ dz =

∫
Ω
gs(x, ·)(−∆)sψ dz. (150)

And finally we claim that

lim
t→0

〈
qtx, ψ

〉
= 0. (151)

The identity (138), tested with the function ψ, then follows by combining (142), (148), (150) and (151), so
that, up to proving (151) the proof of Lemma 7.1 is finished.

Proof of (151): We use the decomposition of the fractional Green function GsΩ(x, ·) into the sum of the
fundamental solution bN,s|x− ·|2s−N and of the Hs

Ω(x, ·) and write qtx = gtx − Stx so that〈
qtx, ψ

〉
=
〈
gtx, ψ

〉
−
〈
Stx, ψ

〉
(152)

where gtx and Stx are respectively defined in (50) and (113). We start by estimating
〈
Stx, ψ

〉
which we break

into two pieces as follows:∣∣〈Stx, ψ〉∣∣ := ∣∣∣ ∫∫
R2N

(
Stx(y)− Stx(z)

)(
ψ(y)− ψ(z)

)(
κt(y, z)− κ0(y, z)

)
dydz

∣∣∣,
⩽
∫∫

Ω×Ω

∣∣∣(Stx(y)− Stx(z)
)(
ψ(y)− ψ(z)

)(
κt(y, z)− κ0(y, z)

)∣∣∣dydz,
+ 2

∫
Ω
|ψ(y)Stx(y)|

∫
RN\Ω

|κt(y, z)− κ0(y, z)|dydz. (153)

By (134), we know that Stx ∈ Cβ(Ω) for all 0 ⩽ β < s− (Np − q) with p ∈ (0, s] and q ∈ ( N
s+p ,

N
p ) suffi-

ciently close to N/p. Moreover, ∥Stx∥
C

s−(Np −q)
(Ω)

⩽ C for some C > 0 independent of t. Consequently,

we have∣∣∣(Stx(y)− Stx(z)
)(
ψ(y)− ψ(z)

)(
κt(y, z)− κ0(y, z)

)∣∣∣ ⩽ C|y − z|s−(N
p
−q)|y − z|−2s−N |ψ(y)− ψ(z)|
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for some constant C > 0 independent of t, y and z where we used that
∣∣κt(y, z) − κ0(y, z)

∣∣ ⩽ C|y −
z|−2s−N the latter being a simple consequence of (22). We also have that∣∣∣(Stx(y)− Stx(z)

)(
ψ(y)− ψ(z)

)(
κt(y, z)− κ0(y, z)

)∣∣∣ ⩽ C
∣∣κt(y, z)− κ0(y, z)

∣∣ → 0.

Since ∫∫
Ω×Ω

|y − z|s−(N
p
−q)|y − z|−2s−N |ψ(y)− ψ(z)|dydz < +∞,

we may use the Lebesgue dominated convergence theorem to conclude that∫∫
Ω×Ω

∣∣∣(Stx(y)− Stx(z)
)(
ψ(y)− ψ(z)

)(
κt(y, z)− κ0(y, z)

)∣∣∣dydz → 0 as t→ 0. (154)

On the other hand, since ∥Stx∥L∞(Ω) ⩽ C, we also have∫
Ω
|ψ(y)Stx(y)|

∫
RN\Ω

∣∣κt(y, z)− κ0(y, z)
∣∣dz dy

⩽ C

∫
Ω

∫
RN\Ω

∣∣κt(y, z)− κ0(y, z)
∣∣dydz → 0 as t→ 0. (155)

Combining (153), (154) and (155) we get∣∣〈Stx, ψ〉∣∣ → 0 as t→ 0. (156)

It remains to estimate
∣∣〈gtx, ψ〉∣∣. For this, first note that since t−1

∣∣κt(y, z)− κ0(y, z)
∣∣ ⩽ C|y − z|−2s−N ,

we have ∣∣〈gtx, ψ〉∣∣ := ∣∣∣ ∫∫
R2N

t
(
gtx(y)− gtx(z)

)(
ψ(y)− ψ(z)

)
t−1
(
κt(y, z)− κ0(y, z)

)
dydz

∣∣∣,
⩽
∫∫

R2N

t
∣∣gtx(y)− gtx(z)

∣∣∣∣ψ(y)− ψ(z)|y − z|−2s−Ndydz. (157)

Next observe that, by (26), we have:

t
∣∣gtx(y)− gtx(z)

∣∣ = bN,s

∣∣∣|xt − yt|2s−N − |x− y|2s−N −
(
|xt − zt|2s−N − |x− z|2s−N

)∣∣∣
⩽
∣∣∣|xt − yt|2s−N − |xt − zt|2s−N

∣∣∣+ ∣∣∣|x− y|2s−N − |x− z|2s−N
∣∣∣

⩽ Cfx(y, z), (158)

for some constant C > 0 independent of t, y and z where

fx(y, z) =


max

(
|x− y|2s−N , |x− z|2s−N

)
if 2s < 1,∣∣y − z

∣∣max
(
|x− y|2s−N−1, |x− z|2s−N−1

)
if 2s > 1,

|y − z|βmax
(
|x− y|1−N−β, |x− z|1−N−β) for all β ∈ (0, 1) if s = 1/2.

By (45), we also know that ∫∫
R2N

|ψ(y)− ψ(z)|
|y − z|N+2s

fx(y, z)dydz < +∞. (159)

And finally we have

t|gtx(y)− gtx(z)|
bN,s

⩽
∣∣∣|xt−yt|2s−N−|x−y|2s−N

∣∣∣+∣∣∣|xt−zt|2s−N−|x−z|2s−N
∣∣∣ → 0 as t→ 0. (160)

Combining (157),(158), (159) and (160) we get by the Lebesgue dominated convergence theorem that∣∣〈gtx, ψ〉∣∣ → 0. (161)

Combining (152), (156) and (161) we get (151). This finishes the proof of the lemma. □
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We end this section with the following convergence result. For the sake of simplicity, we shall use the
following notations:

hs(x, ·) : Ω → R, y 7→ hs(x, y) := ∂t

[
Hs

Ωt

(
Φt(x),Φt(·)

)]∣∣∣
t=0

(y), (162)

fs(x, ·) : Ω → R, y 7→ fs(x, y) := (2s−N)bN,s
(x− y) · (Y (x)− Y (y))

|x− y|N−2s+2
. (163)

Note that gs(x, ·) = fs(x, ·)−hs(x, ·) ∈ C0(Ω\{x}). With this, we can now state and prove the following
result:

LEMMA 7.2. Let x, y in Ω with x ̸= y, and recall the notation gγ(y, ·) := GsΩ(y, ·)ϕ
γ
y and gs(x, ·) : RN →

R defined by (135). Next, we set

bY [ρ](x) := bN,s(N − 2s)

∫
RN

[DY (x) · z] · z
|z|N−2s+2

(−∆)s(ρ ◦ | · |2)(z)dz (164)

and defined

Jkµ,γ(x, y) :=

∫
Ω
gs(x, ·)(−∆)s

(
ξ2kgγ(y, ·)ϕµx

)
dz. (165)

Then we have

lim
γ→0+

lim
µ→0+

lim
k→∞

Jkµ,γ(x, y) = gs(x, y) +GsΩ(x, y)bY [ρ](x). (166)

For the proof, we will need the following result the proof of which follows by a similar argument as in
[6, Lemma 2.4].

LEMMA 7.3. Fix x in Ω and let j(x, ·) ∈ C(Ω \ {x}). Then for all y ∈ Ω with y ̸= x, there holds

lim
γ→0+

∫
Ω
j(x, ·)(−∆)sgγ(y, ·)dz = j(x, y). (167)

With this lemma at hand, we can now proceed with the proof of Lemma 7.2.

PROOF OF LEMMA 7.2. We recall the product rule for the fractional Laplacian:

(−∆)s(uv) = v(−∆)su+ u(−∆)sv − Is[u, v], (168)

where

Is[u, v] := cN,s p.v.

∫
RN

(u(·)− u(y))(v(·)− v(y))

| · −y|N+2s
dy. (169)

We use the product rule above to write

(−∆)s
(
ξ2kϕ

µ
xgγ(y, ·)

)
= ξ2kϕ

µ
x(−∆)sgγ(y, ·) + gγ(y, ·)(−∆)s

(
ξ2kϕ

µ
x

)
− Is

[
ξ2kϕ

µ
x; gγ(y, ·)

]
. (170)

First observe that since gs(x, ·) ∈ C
(
Ω \ {x}

)
, then Lemma 7.3 yields

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
ξ2k(z)ϕ

µ
x(z)gs(x, z)(−∆)sgγ(y, ·)(z)dz

= lim
γ→0+

lim
µ→0+

∫
Ω
ϕµx(z)gs(x, z)(−∆)sgγ(y, ·)(z)dz

= gs(x, y). (171)

Next we claim that

lim
k→∞

∫
Ω
gs(x, ·)(z)Is

[
ξ2kϕ

µ
x; gγ(y, ·)

]
(z)dz = 0. (172)
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To prove the claim, we write

Is
[
ξ2kϕ

µ
x; gγ(y, ·)

]
(z) = cN,s

∫
RN

ξ2k(p)

(
ϕµx(z)− ϕµx(p)

)(
gγ(y, z)− gγ(y, p)

)
|z − p|N+2s

dp

+ ϕµx(z)Is
[
ξ2k; gγ(y, ·)

]
(z)

=: Lk,yµ,γ(x, z) + ϕµx(z)Is
[
ξ2k; gγ(y, ·)

]
(z). (173)

There holds:

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
gs(x, ·)(z)Lk,yµ,γ(x, z)dz = 0. (174)

Proof of (174): By the Lebesgue dominated convergence theorem, we have

Lk,yµ,γ(x, z) → Is
[
ϕµx, gγ(y, ·)

]
(z) as k → ∞,

for every z in RN , and therefore

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
gs(x, z)L

k,y
µ,γ(x, z)dz = lim

γ→0+
lim
µ→0+

∫
Ω
gs(x, z) Is

[
ϕµx, gγ(y, ·)

]
(z) dz.

We set µ̃ := δΩ(x)µ/(2
√
2). We fix ε > 0 such that B2ε(x) ⊂ Ω and y /∈ B2ε(x). For µ > 0 small, the

support of ρxµ is contained in Bε(x), hence ϕµx ≡ 1 on Ω \Bε(x).
We split the integral into∫

Ω
gs(x, z) Is

[
ϕµx, gγ(y, ·)

]
(z) dz =

∫
Bε(x)

· · ·+
∫
Ω\Bε(x)

· · · .

If z in Ω \Bε(x), then ϕµx(z) = 1 and ϕµx(p) = 1 unless p in supp(ρxµ) ⊂ B√
2µ̃(x). Thus∣∣∣Is[ϕµx, gγ(y, ·)](z)∣∣∣ ⩽ C

∫
B√

2µ̃(x)

|gγ(y, z)− gγ(y, p)|
|z − p|N+2s

dp ⩽ C µ̃N ,

and therefore∫
Ω\Bε(x)

|gs(x, z)|
∣∣∣Is[ϕµx, gγ(y, ·)](z)∣∣∣ dz ⩽ C µ̃N∥gs(x, ·)∥L1(Ω) → 0 as µ→ 0+.

For the integral over Bε(x), we use that x ̸= y and B2ε(x) ⊂ Ω imply that gγ(y, ·) is C1 on B2ε(x),
uniformly for γ > 0 small. In particular,

|gγ(y, p)− gγ(y, q)| ⩽ C|p− q|, p, q inB2ε(x).

For z = x− µ̃p in Bε(x), we change variables in the definition of Is and obtain

Is
[
ϕµx, gγ(y, ·)

]
(x− µ̃p) = cN,sµ̃

−2s

∫
RN

(ρ(|q|2)− ρ(|p|2))
(
gγ(y, x− µ̃p)− gγ(y, x− µ̃q)

)
|p− q|N+2s

dq.

Hence ∣∣∣Is[ϕµx, gγ(y, ·)](x− µ̃p)
∣∣∣ ⩽ C µ̃1−2s

∫
RN

|ρ(|q|2)− ρ(|p|2)|
|p− q|N+2s−1

dq =: C µ̃1−2sA(p).

By the decomposition gs(x, ·) = fs(x, ·)− hs(x, ·) and the boundedness of hs(x, ·), we also have

|gs(x, x− µ̃p)| ⩽ C µ̃2s−N |p|2s−N + C.

Therefore∫
Bε(x)

|gs(x, z)|
∣∣∣Is[ϕµx, gγ(y, ·)](z)∣∣∣ dz ⩽ C µ̃

∫
RN

|p|2s−NA(p) dp+ C µ̃N+1−2s

∫
RN

A(p) dp.

Both integrals in the right-hand side are finite because ρ is smooth, compactly supported, and equals 1 near
0. We conclude that the right-hand side is o(1) as µ→ 0+, uniformly in γ > 0 small, which proves (174).

On the other hand, by Remark D.2, we know:∣∣∣Is[ξ2k; gγ(y, ·)](z)∣∣∣ ⩽ Cδ−sΩ (z) and lim
k→∞

Is
[
ξ2k; gγ(y, ·)

]
(z) = 0.
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And because gs(x, ·)δ−sΩ (·) ∈ L1(Ω) (recall (136)), we may use the Lebesgue dominated convergence
theorem to conclude that

lim
k→∞

∫
Ω
gs(x, ·)(z)Is

[
ξ2k; gγ(y, ·)

]
(z)dz = 0. (175)

The claim (172) follows from (173), (174) and (175). In view of (170), (171), and (172), to finish the proof
of (166) it is sufficient to prove that

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
gs(x, ·)(z)gγ(y, z)(−∆)s

(
ξ2kϕ

µ
x

)
(z)dz (176)

= GsΩ(x, y) bY [ρ](x).

To see this, we use the product rule (168) once more to split:

(−∆)s
[
ξ2kϕ

µ
x

]
= ξ2k(−∆)sϕµx + ϕµx(−∆)sξ2k − Is[ξ2k, ϕµx].

By Lemma D.1 and Remark D.2, we have the estimates:∣∣∣ϕµx(z)(−∆)sξ2k(z)− Is[ξ2k, ϕµx](z)
∣∣∣ ⩽ C

[
δ−2s
Ω (z) + δ−sΩ (z)

]
⩽ Cδ−2s

Ω (z).

Next, since ϕyγ vanishes identically near y, then in view of the standard estimate o the Green function (see
e.g (280) in the appendix), we have

δ−sΩ (·)gγ(y, ·) ∈ L∞(Ω).

Combining the above two estimates, we get∣∣∣gs(x, ·)gγ(y, ·)[ϕµx(−∆)sξ2k − Is[ξ2k, ϕµx]
]∣∣∣ ⩽ Cδ−sΩ (·)gs(x, ·) ∈ L1(Ω).

Since
ϕµx(z)(−∆)sξ2k(z)− Is[ξ2k, ϕµx](z) → 0 as k → ∞,

we may apply the Lebesgue dominated convergence theorem to get that

lim
k→∞

∫
Ω
gs(x, ·)(z)gγ(y, z)

[
ϕµx(−∆)sξ2k − Is[ξ2k, ϕµx]

]
(z)dz = 0. (177)

Next, recalling the decomposition gs(x, ·) = fs(x, ·)− hs(x, ·) we write:∫
Ω
ξ2k(z)gs(x, ·)(z)gγ(y, z)(−∆)sϕµx(z)dz =

∫
Ω
ξ2k(z)fs(x, ·)(z)gγ(y, z)(−∆)sϕµx(z)dz

−
∫
Ω
ξ2k(z)hs(x, ·)(z)gγ(y, z)(−∆)sϕµx(z)dz. (178)

As already remarked, when computing the limits, the integrals above can be reduced to an arbitrary small
neighborhood of x, i.e,

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
ξ2k(z)fs(x, ·)(z)gγ(y, z)(−∆)sϕµx(z)dz,

= lim
γ→0+

lim
µ→0+

∫
Ω
fs(x, ·)(z)gγ(y, z)(−∆)sϕµx(z)dz,

= lim
γ→0+

lim
µ→0+

∫
Bε(x)

fs(x, z)gγ(y, z)(−∆)sϕµx(z)dz, (179)

and

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
ξ2k(z)hs(x, z)gγ(y, z)(−∆)sϕµx(z)dz

= lim
γ→0+

lim
µ→0+

∫
Ω
hs(x, z)gγ(y, z)(−∆)sϕµx(z)dz

= lim
γ→0+

lim
µ→0+

∫
Bε(x)

hs(x, z)gγ(y, z)(−∆)sϕµx(z)dz, (180)
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for all ε > 0. Next using (179) and changing variables, we get

lim
γ→0+

lim
µ→0+

∫
Ω
fs(x, z)gγ(y, z)(−∆)sϕµx(z)dz

= − lim
γ→0+

lim
µ→0+

∫
B ε

µ̃
(0)
µ̃N−2sfs(x, x− µ̃z)gγ(y, x− µ̃z)(−∆)s

(
ρ ◦ | · |2

)
(z)dz,

where we recall that gγ(y, ·) ∈ L∞(Ω). Now since∣∣∣µ̃N−2sfs(x, x− µ̃z)gγ(y, x− µ̃z)
∣∣∣ ⩽ C|z|2s−N ,

and ∫
RN

|z|2s−N
∣∣(−∆)s

(
ρ ◦ | · |2

)
(z)
∣∣dz < +∞,

it follows from the Lebesgue dominated convergence theorem that

= − lim
γ→0+

lim
µ→0+

∫
B ε

µ̃
(0)
µ̃N−2sfs(x, x− µ̃z)gγ(y, x− µ̃z)(−∆)s(ρ ◦ | · |2)(z)dz

= GsΩ(x, y) bY [ρ](x). (181)

where we used that

µ̃N−2sfs(x, x− µ̃z) → (2s−N)bN,s
[DY (x) · z] · z
|z|N−2s+2

as µ→ 0+,

and
lim
γ→0+

lim
µ→0+

gγ(y, x− µ̃z) = lim
γ→0+

lim
µ→0+

GsΩ(y, x− µ̃z)ϕγy(x− µ̃z) = GsΩ(y, x).

Proceeding as above and using hs(x, ·) ∈ C(Ω) ∩ L∞(Ω) (see e.g Lemma 6.1), we easily see that

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Bε(x)

ξ2k(z)hs(x, ·)(z)gγ(y, ·)(z)(−∆)sϕµx(z)dz = 0. (182)

By combining (178), (179), (180), (181) and (182), we conclude that

lim
γ→0+

lim
µ→0+

lim
k→∞

∫
Ω
ξ2k(z)gs(x, ·)(z)gγ(y, ·)(z)(−∆)sϕµx(z)dz

= GsΩ(x, y) bY [ρ](x). (183)

Combining (177) and (183), we obtain (176) and therefore the proof of (166) is finished. □

8. Derivation of the formula (10) and Proof of Theorem 1.5

Here we complete the proof of the Theorem 1.5. The first part of the theorem follows from Lemma 6.1
and the decomposition (13). Indeed, by Lemma 6.1, we know that the function t 7→ HΩt(Φt(x),Φt(y))
is differentiable at zero for all x, y ∈ Ω. It is also plain that the function t 7→ |Φt(x) − Φt(y)|2s−N is
differentiable for all x ̸= y. Therefore, since

GsΩt
(Φt(x),Φt(y)) = bN,s|Φt(x)− Φt(y)|2s−N −Hs

Ωt
(Φt(x),Φt(y)),

we conclude that the function t 7→ GsΩt
(Φt(x),Φt(y)) is differentiable at zero for all x ̸= y. By standard

regularity result, we also know that GsΩ(·, ·) is smooth off the diagonal. Hence the directional shape
derivative as defined in (9) is well defined. To finish the proof of the theorem it therefore remains to
establish the formula (10) which we restate in the lemma below for the reader convenience

LEMMA 8.1. Let x, y in Ω and let gs(x, y) be given as in (135). Then, the following formula holds.

gs(x, y)−∇xG
s
Ω(x, y) · Y (x)−∇yG

s
Ω(x, y) · Y (y)

= Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · νdσ. (184)
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PROOF. Let x, y in Ω such that x ̸= y and defined

W x
y (·) := ξ2kgγ(y, ·)ϕµx := ξ2k(·)GsΩ(y, ·)ϕγy(·)ϕµx(·) for µ, γ ∈ (0, 1), (185)

where ξk and ϕµz are defined as in (16) and (17). Clearly, we have W x
y ∈ C∞

0 (Ω), and thus it is admissible
as a test function into (138). Hence∫

Ω
gs(x, ·)(−∆)s(W x

y )dz + EY
(
GsΩ(x, ·),W x

y

)
= 0. (186)

Note that since W x
y ∈ C∞

0 (Ω), and gs(x, ·) ∈ L1(Ω) –see e.g (136)– then by Lemma 3.4, the quantities in
the identity above are well defined.

For a real valued function u, and two positions p and q, set [u] := u(p) − u(q). Then we observe that for
any triple of functions u, v, w,

[uv][w] = [u][vw] + [v]
(
u(q)w(p)− u(p)w(q)

)
. (187)

To establish this, it is only a matter of developing on both sides. The left-hand side then contains four
terms, the right-hand side contains twice as many, but we may observe that two terms with different signs
of u(q)v(p)w(p) cancel out as well as two terms with different signs of u(p)v(q)w(q). The remaining
terms match, hence the identity above. Therefore

EY
(
uv,w

)
= EY

(
u, vw

)
+ p.v.

∫∫
R2N

(
v(p)− v(q)

)(
u(q)w(p)− u(p)w(q)

)
κY (p, q) dp dq. (188)

Applying the identity above with

w = g0(x, ·), v = ξkϕ
µ
x and u = ξkgγ(y, ·) :

gives

EY
(
g0(x, ·),W x

y

)
= EY

(
g0(x, ·), ξ2kgγ(y, ·)ϕµx

)
= EY (ξkgµ(x, ·), ξkgγ(y, ·)

)
+Rkµ,γ(x, y), (189)

where the error term Rkµ,γ is given by

Rkµ,γ(x, y) = p.v.

∫∫
R2N

(
v(p)− v(q)

)(
u(q)w(p)− u(p)w(q)

)
κY (p, q) dp dq,

with u, v, w defined above. Since ξkgµ(x, ·) and ξkgγ(y, ·) are in C∞
0 (Ω), we may apply [5, Lemma 2.1]

with two different coordinates to get:

EY
(
ξkgµ(x, ·), ξkgγ(y, ·)

)
= −

∫
Ω
Y · ∇(ξkgµ(x, ·))(−∆)s(ξkgγ(y, ·))dz

−
∫
Ω
Y · ∇

(
ξkgγ(y, ·)

)
(−∆)s(ξkgµ(x, ·))dz,

:= −Akµ,γ(x, y)−Bk
µ,γ(x, y). (190)

Applying the product rule (168) we decompose again each of the two terms above into two terms:

Akµ,γ(x, y) =

∫
Ω
Y · ∇(ξkgµ(x, ·))

{
gγ(y, ·)(−∆)sξk − Is

[
ξk, gγ(y, ·)

]}
dz

+

∫
Ω
ξkY · ∇(ξkgµ(x, ·))(−∆)sgγ(y, ·)dz,

:= Ak,1µ,γ(x, y) +Ak,2µ,γ(x, y), (191)

and

Bk
µ,γ(x, y) =

∫
Ω
Y · ∇(ξkgγ(y, ·))

{
gµ(x, ·)(−∆)sξk − Is

[
ξk, gµ(x, ·)

]}
dz

+

∫
Ω
ξkY · ∇(ξkgγ(y, ·))(−∆)sgµ(x, ·)dz,

:= Bk,1
µ,γ(x, y) +Bk,2

µ,γ(x, y). (192)
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With these notations, the identity (186) becomes

Ckµ,γ(x, y)−Ak,2µ,γ(x, y)−Bk,2
µ,γ(x, y) +Rkµ,γ(x, y) = Ak,1µ,γ(x, y) +Bk,1

µ,γ(x, y), (193)

with

Ckµ,γ(x, y) :=

∫
Ω
gs(x, z)(−∆)s

(
ξ2kgγ(y, ·)ϕµx

)
(z)dz. (194)

First using [4, Proposition 2.2] and then passing to the limit as µ→ 0+ and then as γ → 0+, we get

lim
γ→0+

lim
µ→0+

lim
k→∞

Ak,1µ,γ(x, y) =
Γ2(1 + s)

2

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · νdσ, (195)

lim
γ→0+

lim
µ→0+

lim
k→∞

Bk,1
µ,γ(x, y) =

Γ2(1 + s)

2

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · νdσ, (196)

where ν denotes the outward unit normal. Moreover, a similar argument as in [6, Lemma 2.4] yields

lim
γ→0+

lim
µ→0+

lim
k→∞

Ak,2µ,γ(x, y) = ∇yG
s
Ω(x, y) · Y (y), (197)

lim
γ→0+

lim
µ→0+

lim
k→∞

Bk,2
µ,γ(x, y) = ∇xG

s
Ω(x, y) · Y (x). (198)

On the other hand, appealing to Lemma 5.4 and Lemma 7.2, and recalling Lemma C.1. we also have:

lim
γ→0+

lim
µ→0+

lim
k→∞

[
Ckµ,γ(x, y) +Rkµ,γ(x, y)

]
,

= GsΩ(y, x)bN,s

∫∫
R2N

(
ρ(|y|2)− ρ(|z|2)

)(
|y|2s−N − |z|2s−N

)
|y − z|N+2s

ωxY (y, z) dydz,

+ gs(x, y) + bN,s(N − 2s)GsΩ(x, y)

∫
RN

[DY (x) · z] · z
|z|N−2s+2

(−∆)s(ρ ◦ | · |2)(z)dz,

= −GsΩ(y, x)bN,s(N − 2s)

∫
RN

[DY (x) · z] · z
|z|N−2s+2

(−∆)s(ρ ◦ | · |2)(z)dz,

+ gs(x, y) + bN,s(N − 2s)GsΩ(x, y)

∫
RN

[DY (x) · z] · z
|z|N−2s+2

(−∆)s(ρ ◦ | · |2)(z)dz,

= gs(x, y). (199)

We conclude by combining (193), (194), (195), (196), (197), (198), and (199). The proof is finished. □

9. Proof of Corollary 1.7

We first note that (15) is a simple consequence of (10). Indeed, observe that

∂t(|xt − yt|2s−N )
∣∣∣
t=0

−∇x(|x− y|2s−N ) · Y (x)−∇y(|x− y|2s−N ) · Y (y) = 0. (200)

Therefore, by writing

GsΩt
(xt, yt) = bN,s|xt − yt|2s−N −Hs

Ωt
(xt, yt)

and recalling (200), we reduce the identity (10) to:

− ∂tH
s
Ωt
(xt, yt)

∣∣
t=0

+∇xH
s
Ω(x, y) · Y (x) +∇yH

s
Ω(x, y) · Y (y)

= Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · ν dσ.

Now that we got rid of the singularity, we can take x = y in the identity above to derive (15).
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10. Proof of Theorem 1.2

We start by proving two preliminary lemmas that will be essential for the proof. We begin with the follow-
ing which is a consequence of [2, Lemma 3.1.3].

LEMMA 10.1. Let f in C0(∂Ω) and ψ ∈ L∞(Ω). Then we have∫
Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))(σ)f(σ)dσ

)
ψ(x)dx =

∫
∂Ω
f(σ)γs0(ϕ)(σ)dσ,

where we set

γs0(w) := w/δs and ϕ(x) =

∫
Ω
GsΩ(x, y)ψ(y)dy.

PROOF. We note that the integrals above are all well defined. Indeed, it is a classical result in potential
theory that

∫
∂Ω(G

s
Ω(x, ·)/δs)(σ)dσ ⩽ Cδs−1(x) and clearly

∫
Ω δ

s−1(x)ψ(x)dx <∞. We also know that
ϕ/δs ∈ L∞(Ω) by boundary regularity (see e.g [18]) and therefore the RHS of the identity is also well
defined.

We now proceed with the proof of the identity. Set ψk := ψξk. Then ψk is bounded and compactly
supported in Ω. We apply [2, Lemma 3.1.3] with ψ = ψk to get∫

Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))(σ)f(σ)dσ

)
ψk(x)dx =

∫
∂Ω
f(σ)γs0(ϕk)(σ)dσ, (201)

with

ϕk(x) =

∫
Ω
GsΩ(x, y)ψk(y)dy.

We note that although the statement of [2, Lemma 3.1.3] assumes ψ ∈ C∞
0 (Ω), only the fact that ψ has

a compact support in Ω is relevant for the proof. We can therefore apply it with ψk. We now pass to the
limit as k tends to infinity in (201). On the other hand, we have by the Lebesgue dominated convergence
theorem that∫

Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))(σ)f(σ)dσ

)
ψk(x)dx→

∫
Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))(σ)f(σ)dσ

)
ψ(x)dx. (202)

On the other hand, because

(−∆)s(ϕk − ϕ) = ψk − ψ = −ρkψ in Ω and ϕk − ϕ ≡ 0 in RN \ Ω,

then by the standard boundary regularity theory (see e.g [7, Corollary 1.2]), we have, for any p > N/s,
that

∥(ϕk − ϕ)/δs∥C0(Ω) ⩽ C
(
∥ϕk − ϕ∥L2(Ω) + ∥ρkψ∥Lp(Ω)

)
⩽ C

(
∥ρkψ∥L2(Ω) + ∥ρkψ∥Lp(Ω)

)
→ 0 as k → ∞,

where in the last line we used the classical fact that the L2-norm of the solution is controlled, up to a
constant, by the L2-norm of the right-hand side. It therefore follows that∫

∂Ω
f(σ)γs0(ϕk)(σ)dσ →

∫
∂Ω
f(σ)γs0(ϕ)(σ)dσ. (203)

Combining (201), (202) and (203) we get the result and the proof is finished. □

LEMMA 10.2. Let h be a globally Lipschitz continuous function in Ω and u be the classical solution of the
equation {

(−∆)su = h in Ω
u = 0 in RN \ Ω, (204)

Let Y be a globally Lipschitz vector field in Ω. Then for all x ∈ Ω, there holds∫
Ω
GsΩ(x, y) div(hY )dy+

∫
Ω

(
∇yG

s
Ω(x, y) ·Y (y)+∇xG

s
Ω(x, y) ·Y (x)

)
h(y)dy = ∇u ·Y (x). (205)
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PROOF. We note that the LHS of the identity above is well defined. Indeed, the first integral is clearly
finite. And also, since Y is globally Lipschitz continuous, we have that ∇yG

s
Ω(x, ·) · Y (·) +∇xG

s
Ω(x, ·) ·

Y (x) ∈ L1(Ω). This follows since

∇yG
s
Ω(x, ·) · Y (·) +∇xG

s
Ω(x, ·) · Y (x)

= (2s−N)
(x− ·) · (Y (x)− Y (·))

|x− ·|N−2s+2
−∇yH

s
Ω(x, ·) · Y (·)−∇xH

s
Ω(x, ·) · Y (x) ∈ L1(Ω).

Since h is bounded, it follows that the second integral is also finite.
We now proceed with the proof. We distinguish two different cases depending on whether 2s > 1 or

2s ⩽ 1.

Case 1: 2s ⩽ 1. By [6, Theorem 1.6], we have, for all j = 1, 2, · · ·N , that

∂xiG
s
Ω(x, y) + ∂yiG

s
Ω(x, y) = −Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))νi dσ.

Consequently,

∇xG
s
Ω(x, y) · Y (x) = −∇yG

s
Ω(x, y) · Y (x)− Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y (x) · ν dσ.

It follows, in view of Lemma 10.1, that∫
Ω

(
∇yG

s
Ω(x, y) · Y (y) +∇xG

s
Ω(x, y) · Y (x)

)
h(y)dy

= −Γ2(1 + s)

∫
Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y (x) · ν dσ

)
h(y)dy

+

∫
Ω
∇yG

s
Ω(x, y) · (Y (y)− Y (x))h(y)dy

= −Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(u)Y (x) · ν dσ +

∫
Ω
∇yG

s
Ω(x, y) · (Y (y)− Y (x))h(y)dy. (206)

It is not difficult to see that∫
Ω
∇yG

s
Ω(x, y) · (Y (y)− Y (x))h(y)dy = −

∫
Ω
GsΩ(x, y)

[
div(Y h)−∇h(y) · Y (x)

]
dy. (207)

Indeed, for every ε > 0, we have by integration by parts∫
Ω\Bε(x)

∇yG
s
Ω(x, y) · (Y (y)− Y (x))h(y)dy =

∫
∂Bε(x)

GsΩ(x, y)
(Y (y)− Y (x)) · (x− y)

|x− y|
h(y) dσ(y)

−
∫
Ω\Bε(x)

GsΩ(x, y)
[
div(Y h)−∇h(y) · Y (x)

]
dy. (208)

It is clear that

lim
ε→0+

∫
Ω\Bε(x)

GsΩ(x, y)
[
div(Y h)−∇h(y) · Y (x)

]
dy =

∫
Ω
GsΩ(x, y)

[
div(Y h)−∇h(y) · Y (x)

]
dy.

(209)

In the other hand, we also have∣∣∣ ∫
∂Bε(x))

GsΩ(x, y) (Y (y)− Y (x)) · (x− y)|x− y|−1 h(y) dσ(y)
∣∣∣

⩽ C

∫
∂Bε(x)

|x− y|1+2s−Ndσ(y) = Cε1+2s−N |∂Bε| ⩽ Cε2s → 0 as ε→ 0+. (210)
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Combining (208), (209) and (210) we get (207). Next, plug (207) into (206) to finally obtain∫
Ω

(
∇yG

s
Ω(x, y) · Y (y) +∇xG

s
Ω(x, y) · Y (x)

)
h(y)dy

= −
∫
Ω
GsΩ(x, y) · div(hY )dy − Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(u)Y (x) · ν dσ

+

∫
Ω
GsΩ(x, y)Y (x) · ∇h(y)dy.

In other words,∫
Ω
GsΩ(x, y) · div(hY )dy +

∫
Ω

(
∇yG

s
Ω(x, y) · Y (y) +∇xG

s
Ω(x, y) · Y (x)

)
h(y)dy

= −Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(u)Y (x) · ν dσ +

∫
Ω
GsΩ(x, y)Y (x) · ∇h(y)dy

= ∇u · Y (x)

where in the last line we used [6, Eq (8), Theorem 1.1]. This proves the claim in the case 2s ⩽ 1.

Case 1: 2s > 1. We first integrate by parts and write∫
Ω
GsΩ(x, y) div(hY )dy = −

∫
Ω
∇yG

s
Ω(x, y) · Y (y)h(y)dy.

Note that the RHS of the identity above is well defined since the gradient of the Green function is integrable
for 2s > 1. In view of this, the proof of the claim reduces into proving that

∇u · Y (x) =

∫
Ω
∇xG

s
Ω(x, y) · Y (x)h(y)dy. (211)

The identity (211) is an easy consequence of [6, Theorem 1.1], [6, Theorem 1.6] and Lemma 10.1
Indeed, by [6, Theorem 1.1] we have

∇u · Y (x) = −Γ2(1 + s)

∫
∂Ω
γs0(u)γ

s
0(G

s
Ω(x, ·))Y (x) · ν dσ −

∫
Ω
∇yG

s
Ω(x, y) · Y (x)h(y) dy. (212)

in the other hand, by [6, Theorem 1.6] we also have

∇xG
s
Ω(x, y) · Y (x) = −∇yG

s
Ω(x, y) · Y (x)− Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y (x) · ν dσ.

Multiply the latter by h(y) and integrate over Ω with respect to y and use Lemma 10.1 (with ψ = h and
f = fx := γs0(G

s
Ω(x, ·))Y (x) · ν ∈ C0(∂Ω)) to get∫

Ω
∇xG

s
Ω(y, x) · Y (x)h(y)dy

= −Γ2(1 + s)

∫
Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y (x) · ν dσ

)
h(y)dy −

∫
Ω
∇yG

s
Ω(x, y) · Y (x)h(y)dy

= −Γ2(1 + s)

∫
∂Ω
γs0(u)γ

s
0(G

s
Ω(x, ·))Y (x) · ν dσ −

∫
Ω
∇yG

s
Ω(x, y) · Y (x)h(y)dy. (213)

Comparing (212) and (213) we get (211) which is what we want to prove. □

We are now ready to complete the proof of Theorem 1.2.

PROOF OF THEOREM 1.2 (COMPLETED). Let ut be the unique weak solution of{
(−∆)sut = h in Ωt

ut = 0 in RN \ Ωt,
(214)

It is a classical result in potential theory that for all x ∈ Ωt, we have

ut(x) =

∫
Ωt

GsΩt
(x, y)h(y)dy.
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It follows that, for x ∈ Ω, there holds:

ut ◦ Φt(x) =
∫
Ωt

GsΩt
(Φt(x), y)h(y)dy =

∫
Ω
gt(xt, yt)h(Φt(y))JacΦt(y)dy. (215)

where, as above, we set

gt(xt, yt) := GsΩt
(Φt(x),Φt(y)) and zt := Φt(z) for z ∈ RN .

By (149), we know that

t−1
∣∣gt(xt, yt)− g0(x, y)

∣∣ ⩽ C(1 + |x− y|2s−N ) ∈ L1(Ω),

In view of this, we may differentiate (215) to get

v′(x) := ∂t(ut ◦ Φt)
∣∣
t=0

(x) =

∫
Ω
gs(x, y)h(y)dy +

∫
Ω
GsΩ(x, y)

[
∇h · Y + hdiv Y

]
dy

=

∫
Ω
gs(x, y)h(y)dy +

∫
Ω
GsΩ(x, y) div(hY )dy.

By Lemma 8.1, we know that

gs(x, y) = ∇yG
s
Ω(x, y) · Y (y) +∇xG

s
Ω(x, y) · Y (x)

+ Γ2(1 + s)

∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · νdσ.

Next, multiply the above identity with h and integrate over Ω to get

v′(x) =

∫
Ω
gs(x, y)h(y)dy +

∫
Ω
GsΩ(x, y) div(hY )dy

= Γ2(1 + s)

∫
Ω

(∫
∂Ω
γs0(G

s
Ω(x, ·))γs0(GsΩ(y, ·))Y · νdσ

)
h(y)dy

+

∫
Ω
GsΩ(x, y) div(hY )dy +

∫
Ω

(
∇yG

s
Ω(x, y) · Y (y) +∇xG

s
Ω(x, y) · Y (x)

)
h(y)dy

= Γ2(1 + s)

∫
∂Ω
γs0(u)γ

s
0(G

s
Ω(x, ·))Y · ν dσ +∇u · Y (x)

where we used Lemma 10.1 with ψ = h and f = fx := γs0(G
s
Ω(x, ·))Y · ν ∈ C0(∂Ω) and Lemma 10.2.

This is the identity we want to prove. The proof of Theorem 1.2 is therefore finished. □

Appendix A. Proof of Lemma 3.1

LEMMA A.1. Let Ω and {Φt}t∈(−1/2,1/2) satisfy Assumption 3. Then for all β in R, there exist C > 0 and
t0 > 0 such that, for all t in (−t0, t0) and all y, z, h in RN , the following estimates hold:∣∣∣|Φt(y)− Φt(y + z)|−β − |Φt(y)− Φt(y − z)|−β

∣∣∣ ⩽ C|z|1−β, (216)

|κt(y + h, z + h)− κt(y, z)| ⩽ C
|h|

|y − z|N+2s
, (217)

where κt is defined in (21).

PROOF. We first recall that, for t ̸= 0, we may write

Φt(x) = x+ tYt(x), (218)

where Yt := (Φt − Id)/t. Assumption 3 implies that the family {Yt}t∈(−1/2,1/2) is uniformly Lipschitz
and that {DΦt}t∈(−1/2,1/2) is uniformly Lipschitz. In particular, there exists C > 0 such that for all t in
(−1/2, 1/2) and all u, v in RN ,

|Yt(u)− Yt(v)| ⩽ C|u− v|, ∥DΦt(u)−DΦt(v)∥ ⩽ C|u− v|. (219)

Moreover, shrinking t0 > 0 if needed, (25) yields the uniform bi-Lipschitz bounds

C−1|u− v| ⩽ |Φt(u)− Φt(v)| ⩽ C|u− v|, t ∈ (−t0, t0). (220)
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We now prove (216). For fixed t in (−t0, t0), y in RN and z ̸= 0, we set

A+(y, z) := Φt(y)− Φt(y + z), A−(y, z) := Φt(y)− Φt(y − z), (221)

and r±(y, z) := |A±(y, z)|2. Using (220), we have

C−2|z|2 ⩽ r±(y, z) ⩽ C2|z|2. (222)

Moreover,

r+(y, z)− r−(y, z) =
(
A+(y, z)−A−(y, z)

)
·
(
A+(y, z) +A−(y, z)

)
. (223)

By (220), |A+(y, z) − A−(y, z)| = |Φt(y − z) − Φt(y + z)| ⩽ C|z|. On the other hand, the Lipschitz
bound on DΦt in (219) implies the second-difference estimate

|A+(y, z) +A−(y, z)| = |2Φt(y)− Φt(y + z)− Φt(y − z)| ⩽ C|z|2. (224)

Combining (223) and (224) gives |r+(y, z)− r−(y, z)| ⩽ C|z|3.
We apply the mean value theorem to the function f(r) := r−β/2 on (0,+∞). Using (222) we obtain∣∣∣|A+(y, z)|−β − |A−(y, z)|−β

∣∣∣ = ∣∣f(r+(y, z))− f(r−(y, z))
∣∣

⩽
|β|
2

sup
θ∈(0,1)

(
θr+(y, z) + (1− θ)r−(y, z)

)−β/2−1|r+(y, z)− r−(y, z)|

⩽ C|z|−β−2 |z|3 = C|z|1−β, (225)

which is (216).

We now prove (217). Recall that

κt(y, z) =
cN,s
2

JacΦt(y)JacΦt(z)

|Φt(y)− Φt(z)|N+2s
. (226)

We write

κt(y + h, z + h)− κt(y, z) = At + Bt, (227)

where

At :=
cN,s
2

JacΦt(y + h)JacΦt(z + h)− JacΦt(y)JacΦt(z)

|Φt(y + h)− Φt(z + h)|N+2s
,

Bt :=
cN,s
2

JacΦt(y)JacΦt(z)
(
|Φt(y + h)− Φt(z + h)|−N−2s − |Φt(y)− Φt(z)|−N−2s

)
. (228)

The Jacobian map y 7→ JacΦt(y) is Lipschitz uniformly in t (since DΦt is uniformly Lipschitz), hence
|JacΦt(y + h)JacΦt(z + h)− JacΦt(y)JacΦt(z)| ⩽ C|h|. Together with (220), this gives

|At| ⩽ C
|h|

|y − z|N+2s
. (229)

For Bt, we set a := Φt(y) − Φt(z) and b := Φt(y + h) − Φt(z + h). By the fundamental theorem of
calculus and the Lipschitz bound on DΦt in (219),

|b− a| =
∣∣∣ ∫ 1

0

(
DΦt(y + θh)−DΦt(z + θh)

)
h dθ

∣∣∣ ⩽ C|y − z| |h|. (230)

Since |a| ≃ |y − z| and |b| ≃ |y − z| by (220), the mean value theorem applied to r 7→ r−N−2s yields∣∣∣|b|−N−2s − |a|−N−2s
∣∣∣ ⩽ C|y − z|−N−2s−1 |b− a| ⩽ C

|h|
|y − z|N+2s

. (231)

Using the uniform boundedness of JacΦt , (231) implies

|Bt| ⩽ C
|h|

|y − z|N+2s
. (232)

Combining (227), (229), and (232) proves (217). □
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Appendix B. Proof of Lemma 3.2

We recall the statement of the lemma for the reader convinience

LEMMA B.1. Let κt(·, ·) be given as in (21) and set

κt(y, z) :=
κt(y, y + z)− κ0(y, y + z)

t
for t ̸= 0, (233)

Let κto(·, ·) be the odd part of κt(·, ·), i.e,

κt
o(y, z) =

κt(y, y + z)− κt(y, y − z)

2
. (234)

Then, there holds ∣∣κto(y, z)∣∣ ⩽ Cmin(|z|−2s−N , |z|1−2s−N ), (235)
for some constant C > 0 that is independent of t and z.

PROOF. The fact that |κto(y, z)| ⩽ C|z|−2s−N follows from the expansion (22). To get the other
bound, we use the fundamental theorem of calculus and write:

2κt
o(y, z) = κt(y, y + z)− κt(y, y − z)

=
κt(y, y + z)− κ0(y, y + z)

t
− κt(y, y − z)− κ0(y, y − z)

t

= t−1

∫ t

0
∂τ

[
κτ (y, y + z)− κτ (y, y − z)

]
dτ. (236)

We are going to prove that the quantity under the integral sign can be controlled uniformly in t and z by
the power function |z|1−2s−N . It will be convenient to use from now on the following notation.

zt := Φt(z) for z ∈ RN .
For the sake of simplicity, we also set

Λτ (y, y + z) := (2s+N)
(
∂τyτ − ∂τ (y + z)τ

)
· (yτ − (y + z)τ )|yτ − (y + z)τ |−2−2s−N ,

Ψτ (y, y + z) :=
(
∂τyτ − ∂τ (y + z)τ

)
· (yτ − (y + z)τ ),

Γτ (y, y + z) := JacΦτ (y)∂τ JacΦτ (y + z) + JacΦτ (y + z)∂τ JacΦτ (y).

Then a direct calculation gives

∂τκτ (y, y + z) = |yτ − (y + z)τ |−2s−NΓτ (y, y + z)− JacΦτ (y)JacΦτ (y + z)Λτ (y, y + z).

Consequently, we have

∂τ

[
κτ (y, y + z)− κτ (y, y − z)

]
= JacΦτ (y)

[
JacΦτ (y − z)− JacΦτ (y + z)

]
Λτ (y, y − z)

+ JacΦτ (y)JacΦτ (y + z)
[
Λτ (y, y − z)− Λτ (y, y + z)

]
+
[
|yτ − (y + z)τ |−2s−N − |yτ − (y − z)τ |−2s−N

]
Γτ (y, y + z)

+ |yτ − (y − z)τ |−2s−N
[
Γτ (y, y + z)− Γτ (y, y − z)

]
. (237)

Next, we rewrite the second contribution from the above expansion as:
1

2s+N

∣∣∣Λτ (y, y − z)− Λτ (y, y + z)
∣∣∣

=
∣∣∣ Ψτ (y, y − z)

|yτ − (y − z)τ |N+2s+2
− Ψτ (y, y + z)

|yτ − (y + z)τ |N+2s+2

∣∣∣
=
∣∣Ψτ (y, y − z)

∣∣∣∣∣|yτ − (y − z)τ |−2−2s−N − |yτ − (y + z)τ |−2−2s−N
∣∣∣

+ |yτ − (y + z)τ |−2s−2−N
∣∣∣Ψτ (y, y − z)−Ψτ (y, y + z)

∣∣∣. (238)
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The last term in (238) can also be rewritten as:∣∣∣Ψτ (y, y − z)−Ψτ (y, y + z)
∣∣∣ = ∣∣∣(2∂τyτ − ∂τ (y + z)τ − ∂τ (y − z)τ

)
·
(
yτ − (y − z)τ

)
+
(
∂τ (y + z)τ − ∂τyτ

)
·
(
2yτ − (y + z)τ − (y − z)τ

)∣∣∣
⩽
∣∣∣2∂τyτ − ∂τ (y + z)τ − ∂τ (y − z)τ

∣∣∣∣∣yτ − (y − z)τ
∣∣

+
∣∣∂τ (y + z)τ − ∂τyτ

∣∣∣∣∣2yτ − (y + z)τ − (y − z)τ

∣∣∣. (239)

By using the fundamental theorem of calculus and the hypothesis (3), we see that (see proof of Lemma
3.1) ∣∣∣2yτ − (y + z)τ − (y − z)τ

∣∣∣ = ∣∣∣2Φτ (y)− Φτ (y + z)− Φτ (y − z)
∣∣∣ ⩽ C|z|2, (240)∣∣∣2∂τyτ − ∂τ (y + z)τ − ∂τ (y − z)τ

∣∣∣ = ∣∣∣2∂τΦτ (y)− ∂τΦτ (y + z)− ∂τΦτ (y − z)
∣∣∣ ⩽ C|z|2. (241)

By (25) we already know that ∣∣yτ − (y − z)τ
∣∣ ⩽ C|z|, (242)

for some C > 0 independent of τ, z, and also∣∣∂τ (y + z)τ − ∂τyτ
∣∣ ⩽ C|z|. (243)

Hence

|Ψτ (y, y + z)| =
∣∣∂τyτ − ∂τ (y + z)τ

∣∣|yτ − (y + z)τ | ⩽ C|z|2. (244)

By Lemma 3.1 we also know that∣∣∣|yτ − (y + z)τ |−2−2s−N − |yτ − (y − z)τ |−2−2s−N
∣∣∣ ⩽ C|z|−1−2s−N , (245)

and ∣∣∣|yτ − (y + z)τ |−2s−N − |yτ − (y − z)τ |−2s−N
∣∣∣ ⩽ C|z|1−2s−N . (246)

Since JacΦτ (z) = det(Id + τDYτ (z)) and we know that the determinant is globally Lipschitz continuous
in bounded sets of matrices, then in view of (219), we have, for all u, v ∈ RN , that∣∣∣JacΦτ (u)− JacΦτ (v)

∣∣∣ = ∣∣∣det(Id + τDYτ (u))− det(Id + τDYτ (v))
∣∣∣

⩽ C∥DYτ (u)−DYτ (v)∥
⩽ C|u− v|, (247)

for some C > 0 that is independent of τ . It follows that∣∣∣JacΦτ (y − z)− JacΦτ (y + z)
∣∣∣ ⩽ C|z|, (248)

for some C > 0 that is independent of τ and z. Next using the classical identity

∂t det
(
Id + M(t)

)
= det

(
Id + M(t)

)
tr
[(
Id + M(t)

)−1
M ′(t)

]
,

we write

∂τ JacΦτ (z) = ∂τ det(Id + τDYτ (z))

= ∂τ det
(

Id +

∫ τ

0
D(∂rΦr)(z)dr

)
= det

(
Id + τDYτ (z)

)
tr
[(

Id + τDYτ (z)
)−1

D(∂τΦτ )(z)
]

= JacΦτ (z) tr
[(

Id + τDYτ (z)
)−1

D(∂τΦτ )(z)
]
. (249)
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By the hypothesis (3) we clearly have

∥D(∂τΦτ )∥L∞(RN×RN ) ⩽ sup
τ∈[−1/2,+1/2]

∥∂τΦτ∥C0,1(RN ,RN ) ⩽ C. (250)

And also, since the mapping τ 7→ D(∂τΦτ ) ∈ C0,1(RN ,RN ) is continuous, then we have

∥D(∂τΦτ )(u)−D(∂τΦτ )(v)∥L∞(RN ) ⩽ sup
τ∈[−1/2,+1/2]

∥D(∂τΦτ )∥C0,1(RN ,RN )|u−v| ⩽ C|u−v|, (251)

for all u, v ∈ RN . And finally, using the identity(
Id + τDYτ (z)

)−1
=

∞∑
k=0

(−1)kτk(DYτ (z))
k,

we have, first ∥∥∥(Id + τDYτ (z)
)−1
∥∥∥
L∞(RN×RN )

⩽
∞∑
k=0

|τ |kCk0 ⩽ 2 for |τ | < 1/(2C0). (252)

On the other hand, we have in view of (219), that∥∥∥(Id + τDYτ (u)
)−1 −

(
Id + τDYτ (v)

)−1
∥∥∥

⩽
∞∑
k=0

(−1)k|τ |k
∥∥∥(DYτ (u))k − (DYτ (v))

k
∥∥∥

⩽
∞∑
k=0

(−1)k|τ |k
∥∥∥DYτ (u)−DYτ (v)

∥∥∥ k−1∑
j=0

∥∥∥DYτ (v)∥∥∥k−1−j∥∥∥DYτ (u)∥∥∥j
⩽ C0|u− v|

∞∑
k=0

|τ |kkCk−1
0

⩽ |u− v| C0|τ |
(1− C0|τ |)2

⩽ 2|u− v| for |τ | < 1/(2C0), (253)

for all u, v ∈ RN . Combining (249), (250), (251), (252) and (253) we get∣∣∣∂τ JacΦτ (y − z)− ∂τ JacΦτ (y + z)
∣∣∣ ⩽ C|z|. (254)

Combining (236)–(248) and (254) we get∣∣∣∂τ (κτ (y, y + z)− κτ (y, y − z))
∣∣∣ ⩽ C|z|1−2s−N , (255)

for some C > 0 that is independent of τ and z. Use this into (236) gives

|κto(y, z)| ⩽ C|z|1−2s−N ,

as wanted. □

Appendix C. A useful integral identity involving the kernel ωxY (·, ·)

Recall the definition of ωxY in (19). For a fixed x in Ω, we set

Ỹx(y) := DY (x) · y, (256)

so that Ỹx is a linear (hence globally Lipschitz) vector field on RN .

LEMMA C.1. For all x in Ω and all w in C∞
0 (RN ), we have∫∫

R2N

(
w(y)− w(z)

)(
|y|2s−N − |z|2s−N

)
|y − z|N+2s

ωxY (y, z) dy dz

= −(N − 2s)

∫
RN

[
DY (x) · z

]
· z

|z|N−2s+2
(−∆)sw(z) dz. (257)
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PROOF. Let η in C∞(R) satisfy 0 ⩽ η ⩽ 1, η ≡ 0 on (−∞, 1], and η ≡ 1 on [2,+∞). For µ > 0 and
R > 0, we set

ηµ(y) := η
( |y|
µ

)
, η̃R(y) := η

( |y|
R

)
, aRµ (y) := |y|2s−Nηµ(y)η̃R(y). (258)

Since w has compact support, dominated convergence gives∫∫
R2N

(
w(y)− w(z)

)(
|y|2s−N − |z|2s−N

)
|y − z|N+2s

ωxY (y, z) dy dz

= lim
µ→0+

lim
R→+∞

∫∫
R2N

(
w(y)− w(z)

)(
aRµ (y)− aRµ (z)

)
|y − z|N+2s

ωxY (y, z) dy dz. (259)

Applying Lemma C.2 with v = aRµ , we get∫∫
R2N

(
w(y)− w(z)

)(
aRµ (y)− aRµ (z)

)
|y − z|N+2s

ωxY (y, z) dy dz

= −
∫
RN

∇w(y) · Ỹx(y)(−∆)saRµ (y) dy −
∫
RN

∇aRµ (y) · Ỹx(y)(−∆)sw(y) dy. (260)

We claim that the first term on the right-hand side vanishes as µ → 0+ and R → +∞. Indeed, since
Ỹx(y) = DY (x) · y, the factor ∇w(y) · Ỹx(y) vanishes at y = 0, and (−∆)saRµ converges (in the sense of
distributions) to a multiple of δ0 as µ→ 0+ and R→ +∞. Therefore,

lim
µ→0+

lim
R→+∞

∫
RN

∇w(y) · Ỹx(y)(−∆)saRµ (y) dy = 0. (261)

For the second term, we use ∇aRµ (y) → ∇(|y|2s−N ) for all y ̸= 0, and

∇(|y|2s−N ) = −(N − 2s)
y

|y|N−2s+2
. (262)

Since (−∆)sw is smooth and satisfies the decay bound |(−∆)sw(y)| ⩽ C(1 + |y|)−N−2s, another appli-
cation of dominated convergence yields

lim
µ→0+

lim
R→+∞

∫
RN

∇aRµ (y) · Ỹx(y)(−∆)sw(y) dy

= −(N − 2s)

∫
RN

[
DY (x) · y

]
· y

|y|N−2s+2
(−∆)sw(y) dy. (263)

Combining (259)–(263) proves (257). □

LEMMA C.2. For all x in Ω and all w, v in C∞
0 (RN ), we have∫∫

R2N

(
w(y)− w(z)

)(
v(y)− v(z)

)
|y − z|N+2s

ωxY (y, z) dy dz

= −
∫
RN

∇w(z) · Ỹx(z)(−∆)sv(z) dz −
∫
RN

∇v(z) · Ỹx(z)(−∆)sw(z) dz. (264)

In particular, when w = v we obtain∫∫
R2N

(
w(y)− w(z)

)2
|y − z|N+2s

ωxY (y, z) dy dz = −2

∫
RN

∇w(y) · Ỹx(y)(−∆)sw(y) dy. (265)

PROOF. For x in Ω, we consider the linear vector field Ỹx defined in (256). By construction, ωxY = ω
Ỹx

in the notation of (18). Therefore, the left-hand side in (264) is precisely E
Ỹx
(w, v) as defined in (137).

Since Ỹx is globally Lipschitz and w, v are compactly supported, we may apply [5, Lemma 2.1] with the
vector field Ỹx and obtain (264). Taking w = v gives (265). □
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Appendix D. Estimates on the cut-off function ξk
The following results are consequences of the estimates in [4, Lemma 6.7 and Lemma 6.8]. They were
used in the proof of Lemma 5.4 and Lemma 7.2.

LEMMA D.1. Let Ω be a bounded open set of class C1,1. Let ρ in C∞
c (−2, 2) such that 0 ⩽ ρ ⩽ 1 and

ρ ≡ 1 in (−1, 1). For any k ∈ N∗ we recall (16). Then for all x ∈ Ω, there holds:

|(−∆)sξ2k(x)| ⩽ C(N, s,Ω)δ−2s
Ω (x) and (−∆)sξ2k(x) → 0 as k → ∞, (266)

Let h in Cs(Ω) and h = 0 in RN \ Ω. Then for all x ∈ Ω, there holds∫
RN

|ξk(x)− ξk(y)||h(x)− h(y)|
|x− y|N+2s

dy ⩽ C(N, s,Ω)δ−sΩ (x). (267)

Moreover, we have ∫
RN

|ξk(x)− ξk(y)||h(x)− h(y)|
|x− y|N+2s

dy → 0 as k → ∞. (268)

REMARK D.2. Since |ξ2k(x)− ξ2k(y)| ⩽ 2|ξk(x)− ξk(y)|, it follows that∫
RN

|ξ2k(x)− ξ2k(y)||h(x)− h(y)|
|x− y|N+2s

dy ⩽ C(N, s,Ω)δ−sΩ (x). (269)

and ∫
RN

|ξ2k(x)− ξ2k(y)||h(x)− h(y)|
|x− y|N+2s

dy → 0 as k → ∞. (270)

PROOF. This follows by adapting the argument used in [4, Lemma 6.8, Proposition 6.3]. We briefly
sketch the proof and refer to [4] for details. Let 0 < υ in C∞

0 (RN ) such that
∫
RN υ = 1 and let υt(·) :=

t−Nυ( ·t). Let x in Ω be fixed. Then for t > 0 sufficiently small, we may write[
υt ∗ (−∆)sξ2k

]
(x) =

∫
RN

(−∆)sξ2k(y)υt(x− y)dy

=

∫
Ω
(−∆)sξ2k(y)υt(x− y)dy

=

∫
Ω\Ωε

+

(−∆)sξ2k(y)υt(x− y)dy +

∫
Ωε

+

(−∆)sξ2k(y)υt(x− y)dy

:= Aεk(t, x) +Bε
k(t, x) (271)

where in the above we let Ωε+ := {x ∈ Ω : 0 < dist(x, ∂Ω) < ε} for every ε > 0 small. Next, we claim
that for k sufficiently large, we have

∥(−∆)sξ2k∥L∞(Ω\Ωε
+) ⩽ C and (−∆)sξ2k(y) → 0 as k → ∞, (272)

for some C > 0 independent of k. Indeed, let K ⊂ Ω be a compact subset of Ω \ Ωε+. Then we have

1

cN,s
(−∆)sξ2k(x) =

∫
RN\K

1− ξ2k(y)

|x− y|N+2s
dy for x ∈ Ω \ Ωε+ and k sufficiently large

where |1 − ξ2k(y)||x − y|−N−2s ⩽ C(1 + |y|−N−2s) for x ∈ Ω \ Ωε+ and k sufficiently large where C is
independent of k. Since 1− ξ2k → 0 almost everywhere in RN , the claim (272) follows. Consequently, for
k sufficiently large and t sufficiently small, we have∣∣Aεk(t, x)∣∣ ⩽ C for some C > 0 that is independent of k and t (273)

where we used that
∫
RN υt = 1. Moreover, there holds

lim
k→∞

lim
t→0+

Aεk(t, x) = 0. (274)

To estimate Bε
k(t, x), we define the mapping Ψ : ∂Ω× (0,+ε) → Ωε := {y ∈ Ω : 0 < δ(y) < ε} by

Ψ(σ, r) := σ − rν(σ),
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where ν denotes the outward unit normal to the boundary. Next, we change variables using the transfor-
mation above and write

Bε
k(t, x) =

∫
Ωε

+

(−∆)sξ2k(y)υt(x− y)dy

= k−1

∫ kε

0

∫
∂Ω

(−∆)sξ2k(Ψ(σ,
r

k
))υt(x−Ψ(σ,

r

k
))j(σ,

r

k
)drdσ (275)

Quoting [4, Proposition 6.3] we know that there exists ε′ > 0 with the property that∣∣∣[(−∆)sξ2k
](
Ψ(σ,

r

k
)
)∣∣∣ ⩽ C

k2s

1 + r1+2s
⩽ C

k2s

1 + r2s
for k ∈ N, 0 ⩽ r ⩽ kε′, σ ∈ ∂Ω, (276)

for someC > 0 independent of k. Indeed, we have (−∆)sξ2k = −2(−∆)sρk+(−∆)sρ2k = −2(−∆)sξk+

(−∆)s(1 − ρ2k). Then by [4, Proposition 6.3] we know
∣∣[(−∆)sξk

](
Ψ(σ, rk )

)∣∣ ⩽ C k2s

1+r2s
. But the

same argument applies without any change to (−∆)s(1 − ρ2k)(Ψ(σ, r/k)) since ρ2k and ρk have the same
regularity required for the proof.

Plugging (276) into (275) we get, for k large enough and t sufficiently small that

|Bε′
k (t, x)| ⩽

C

k
k2s
∫ kε′

0

∫
∂Ω

υt(x−Ψ(σ, r/k))

1 + r2s
j(σ,

r

k
)drdσ

⩽
C

k

∫ kε′

0

∫
∂Ω

υt(x−Ψ(σ, r/k))

(r/k)2s
j(σ,

r

k
)drdσ

⩽ C

∫ ε′

0

∫
∂Ω

υt(x−Ψ(σ, r))

r2s
j(σ, r)drdσ

⩽ C

∫
Ωε

+

υt(x− y)

δ2s(y)
dy ⩽ C

∫
Ω

υt(y)

δ2s(x− y)
dy

⩽ Cδ−2s(x) (277)

for some C > 0 that is independent of k and t. On the other hand, using instead the bound∣∣[(−∆)sξ2k
](
Ψ(σ, rk )

)∣∣ ⩽ C k2s

1+r1+2s , we also have

|Bε′
k (t, x)| ⩽

C

k
k2s
∫ kε′

0

∫
∂Ω

υt(x−Ψ(σ, r/k))

1 + r1+2s
j(σ,

r

k
)drdσ

⩽
C

k

∫ kε′

0

∫
∂Ω

υt(x−Ψ(σ, r/k))

r(r/k)2s
j(σ,

r

k
)drdσ

⩽
C

k

∫ ε′

0

∫
∂Ω

υt(x−Ψ(σ, r))

r1+2s
j(σ, r)drdσ

⩽
C

k

∫
Ωε

+

υt(x− y)

δ1+2s(y)
dy ⩽

C

k

∫
Ω

υt(y)

δ1+2s(x− y)
dy

⩽
C

k
δ−1−2s(x) → 0 as k → ∞. (278)

Combining (271), (273), (274), (277) and (278) we end up with∣∣[υt ∗ (−∆)sξ2k
]
(x)
∣∣ ⩽ Cδ−2s(x) and lim

k→∞
lim
t→0+

[
υt ∗ (−∆)sξ2k

]
(x) = 0, (279)

for some C > 0 that is independent of k and t. Now since

|(−∆)sξ2k(x)| = lim
t→0+

∣∣[υt ∗ (−∆)sξ2k
]
(x)
∣∣,

we conclude that

|(−∆)sξ2k(x)| ⩽ Cδ−2s(x) and (−∆)sξ2k(x) → 0 as k → ∞,

which conclude the first claim (266). The second claim (267) is proved similarly by using [4, Proposition
6.8] and the fact that |ξ2k(x)− ξ2k(y)| ⩽ 2|ξk(x)− ξk(y)|.
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□

Appendix E. Estimates on the Green function

The following estimates on the Green function are repeatedly used throughout this manuscript. Let Ω be a
bounded open set of RN of class C1,1. Then for all x, y ∈ Ω with x ̸= y, there holds (see e.g [17, 21])

GsΩ(x, y) ≤ c1min

{
1

|x− y|N−2s
,

δs(x)

|x− y|N−s ,
δs(y)

|x− y|N−s

}
, for a.e. x, y ∈ Ω, (280)

for some constant c1 > 0.
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