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ABSTRACT This paper proposes a novel Multiple Access (MA) scheme called Ramanujan Periodic-
subspace Division Multiple Access (RPDMA) for subcarrier sizes N = 2™, m € N, to address the
high Peak-to-Average Power Ratio (PAPR) in Orthogonal Frequency Division Multiple Access (OFDMA).
Building on the properties of Ramanujan subspaces, we design transmitter and receiver models that
allocate users on a subspace-wise basis, ensuring zero inter-user interference, providing inherent frequency
diversity. We analyze the computational complexity of OFDMA, SC-FDMA, and RPDMA, and find that
RPDMA has substantially lower per-user transmitter complexity than both OFDMA and SC-FDMA, while
its receiver complexity is comparable to SC-FDMA and higher than that of OFDMA. We further introduce
a generalized framework, termed Nested Periodic-subspace Division Multiple Access (NPDMA), which
unifies both RPDMA and OFDMA under a common family of multi-carrier MA schemes. We derive the
theoretical PAPR of RPDMA and demonstrate its superiority over OFDMA. The analysis is validated
through numerical simulations under two multi-user scenarios with diverse Quality of Service (QoS)
requirements. The results demonstrate that RPDMA achieves lower PAPR than both OFDMA and SC-
FDMA, with users assigned larger subspaces benefiting from even greater PAPR reduction. We prove that
both the sum and per-user Spectral Efficiency (SE) of RPDMA are identical to those of OFDMA and
SC-FDMA. In terms of Bit Error Rate (BER), SC-FDMA achieves the best performance, while RPDMA
still outperforms OFDMA as the SNR increases.

INDEX TERMS RPDMA, Ramanujan Sum, PAPR.

I. INTRODUCTION

The emergence of demanding wireless applications, from
industrial robotics and autonomous vehicles to advanced
healthcare systems, requires that future 6G networks support
an unprecedented diversity of Quality of Service (QoS) re-
quirements [1], [2]. While advancing the traditional pillars of
mobile broadband, massive machine-type communications,
and ultra-reliable low-latency communications, 6G must also
prioritize sophisticated Multiple Access (MA) schemes to
meet these diverse QoS demands for critical applications [3].
This is particularly crucial for the uplink, since end-user
devices such as smartphones, wearables, and 10T sensors
function under stringent limitations in both power and pro-

cessing capabilities [4]. Therefore, creating energy-efficient
MA schemes for uplink transmission is crucial for meeting
the heterogeneous QoS demands anticipated in 6G networks.

In the literature, MA schemes from 1G to 5G are broadly
classified as Orthogonal Multiple Access (OMA) and Non-
Orthogonal Multiple Access (NOMA) [5]. This work focuses
on OMA techniques, which eliminate inter-user interference
at the receiver by allocating user information orthogonally
across available resources in the time, frequency, code, or
space domains. The fundamental OMA techniques consist
of Frequency Division Multiple Access (FDMA), Time Di-
vision Multiple Access (TDMA) [6], [7], and Code Division
Multiple Access (CDMA). Subsequent evolutionary devel-
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opments introduced more sophisticated OMA techniques,
such as: Orthogonal Frequency Division Multiple Access
(OFDMA) for high Spectral Efficiency (SE) in broadband
systems [8], Single Carrier FDMA (SC-FDMA) [9] for
improved power efficiency in the uplink, and Spatial Di-
vision Multiple Access (SDMA) for multiplexing users in
space. Modern cellular standards such as 4G Long-Term
Evolution (LTE) utilize OFDMA in the downlink and SC-
FDMA in the uplink [9], while 5G New Radio agreed
to use only OFDMA in both the uplink and the down-
link [10]. However, a well-known drawback of OFDMA is
its high Peak-to-Average Power Ratio (PAPR) [11], which
is especially problematic on the uplink because it forces
the power amplifier to operate with a large back-off in its
linear region, resulting in poor power efficiency and reduced
battery life in mobile devices [12], [13]. To address the
high PAPR in OFDMA, numerous reduction techniques have
been proposed, which can be broadly categorized as signal
pre-distortion, multiple signal candidates, coding/precoding,
optimization, and Machine/Deep Learning (ML/DL). Signal
pre-distortion methods, such as clipping, filtering, and com-
panding, that modify the signal before transmission [11],
[14]-[16], often at the cost of in-band distortion and out-of-
band emission. Multiple signal candidate methods, including
Selective Mapping (SLM) and Partial Transmit Sequence
(PTS) [17]-[19], generate several candidate signals from
the same data block and select the one with the lowest
PAPR for transmission, trading reduced PAPR for increased
computational complexity and side information. Coding and
precoding schemes reduce PAPR by incorporating error
correction or specific sequences. Examples include Golay
complementary sequences [20], Fountain codes [21], Sli-
mane’s precoding [22], and Unitary precoder [23]. Some
hybrid approaches that combine PTS with Gray coding are
proposed in [24]. These methods can improve reliability,
but may impose constraints on codebook design or require
Channel State Information (CSI).

Recent studies have applied ML/DL techniques such as
autoencoders [25], convolutional neural networks [26]-[28],
and reinforcement learning [29] to reduce PAPR in OFDM
systems. While these methods can achieve noticeable PAPR
reduction through learned nonlinear signal transformations,
they impose high training complexity, large memory re-
quirements, and limited real-time adaptability. Such over-
heads are particularly unsuitable for uplink transmission,
where user devices operate under strict power, latency, and
hardware constraints. In addition, ML/DL-based approaches
lack theoretical performance guarantees and face challenges
in robust deployment across varying channel and system
conditions [30]. Therefore, despite their potential, DL/ML-
based PAPR reduction methods are beyond the scope of this
work. Instead, this paper focuses on improving uplink power
efficiency through transformation-based waveform design.

Beyond the above techniques, several transform-based
methods have been proposed for PAPR reduction. These

include the Discrete Sine/Cosine/Wavelet/Hartley Trans-
form (DST/DCT/DWT/DHT) [31]-[34], chirp-based OFDM
[35], and DCT-based Orthogonal Time Frequency and Space
(OTFS) modulation [36]. While promising, these alternative
schemes often require further investigation for MA scenarios
[37]. Recently, the Ramanujan Periodic Transform (RPT)
has gained significant attention for its applications in sig-
nal processing [38]-[46]. Employing RPT, a multi-carrier
modulation scheme was introduced in [38], [47], called Ra-
manujan Periodic-subspace Division Multiplexing (RPDM)
[48], [49]. For general non-dyadic block lengths, RPDM has
been shown to achieve higher SE and lower PAPR than
OFDM [48], [49], whereas for the dyadic case RPDM and
OFDM have the same SE while RPDM preserves its low-
PAPR property. However, extending RPDM to an MA setting
remains an open challenge. In this work, we address this gap
by introducing an OMA-based scheme, called Ramanujan
Periodic-subspace Division Multiple Access (RPDMA), and
by analyzing its PAPR characteristics in comparison with
OFDMA and SC-FDMA, the primary MA techniques used
in 4G/5G uplink and downlink standards [10], [50]. The key
contributions of this paper are as follows:

e RPDMA Framework: We propose a novel multi-
carrier MA scheme called RPDMA for subcarrier sizes
N = 2™ m € N. By leveraging the orthogonality
of Ramanujan subspaces, we design transmitter and re-
ceiver blocks that allocate users to unique, interference-
free subspaces, guaranteeing zero inter-user interfer-
ence. A key advantage of this structure is its inherent
frequency diversity, a feature absent in OFDMA.

e Computational Complexity: We analyze the com-
putational complexity of OFDMA, SC-FDMA, and
RPDMA. The analysis reveals that RPDMA achieves
a substantially lower per-user transmitter complexity
than both OFDMA and SC-FDMA. At the receiver, its
computational cost is comparable to that of SC-FDMA
and higher than that of OFDMA, which employs a
single-tap equalizer. This characteristic makes RPDMA
particularly attractive for uplink scenarios, where re-
ducing the computational burden on power-limited user
devices is more critical.

e Generalization: We introduce a broader family of
multi-carrier MA schemes, called Nested Periodic-
subspace Division Multiple Access (NPDMA), and
show that both OFDMA and RPDMA are members of
this family with zero inter-user interference.

e PAPR Analysis: We provide theoretical Worst-Case
(WC) PAPR analysis of RPDMA for N = 2™. Our
results establish that RPDMA provides superior PAPR
performance compared to OFDMA.

e Numerical Simulations: To validate the analysis, we
conduct simulations under two multi-user scenarios,
where users are assigned subspaces according to their
QoS requirements. The results confirm RPDMA’s su-
perior PAPR performance when compared with both
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OFDMA and SC-FDMA. In conventional OFDMA,
PAPR increases with the number of subcarriers allo-
cated to a user. In contrast, in RPDMA, users assigned
to higher-dimensional subspaces (i.e., more subcarriers)
experience lower PAPR than those assigned to lower-
dimensional subspaces (i.e., fewer subcarriers).

e SE and Bit Error Rate (BER) Analysis: We ana-
lytically show that RPDMA attains the same SE as
OFDMA and SC-FDMA. BER simulations show that,
at a probability of 10~%, RPDMA improves perfor-
mance over OFDMA by about 2.5dB, while SC-FDMA
achieves the best BER, with roughly 5dB gain over
OFDMA and 2dB over RPDMA.

The remainder of this paper is organized as follows. Sec-
tion II introduces the preliminaries and problem formulation.
Transmitter and receiver models of RPDMA are presented in
Section III, along with the NPDMA framework. Section IV
provides a theoretical WC-PAPR analysis for RPDMA and
OFDMA. Section V presents simulation results. Section VI
presents the SE and BER analysis of RPDMA and compares
it with that of OFDMA and SC-FDMA. Section VII summa-
rizes the findings and discusses potential extensions. Finally,
the paper is concluded in Section VIII.

We use the following notations throughout this paper. The
sets of integers, natural numbers, real numbers, and complex
numbers are denoted by Z, N, R, and C, respectively. The set
of positive divisors of N is Dy = {¢1,492,-..,44}, Where
d = |Dy| is the cardinality. For functions and operations,
(k,q) represents the Greatest Common Divisor (GCD) of
integers k and g, ©(q) is Euler’s totient function. Specifically,
©(q) counts the number of integers k such that 1 < k < ¢
and (k,q) = 1 [51]. We use ¢ | N to denote divisibility,
E[] for expectation, and lem(qq, g2) for the least common
multiple. We use bold lowercase letters, e.g., x, for vectors
and bold capital letters, e.g., T, for matrices. The asymptotic
upper bound on a quantity is described using O(-). Finally,
CN(0,1) denotes a circularly symmetric complex Gaussian
random variable with zero mean and unit variance.

Il. Preliminaries and Problem Formulation

In this section, we introduce the Ramanujan Sum (RS), the
Ramanujan subspace, and the RPT, and then present the
problem formulation.

A. RS
For any ¢ € N, the integer-valued g-periodic RS c¢4(n) [52]
is defined as

a j2rkn
Z e« , VYnelz, (1)

k=1
(k,q)=1
where the summation is over all integers k£ from 1 to ¢
that are coprime to ¢. For two distinct moduli ¢; # g2,
the sequences cgq, (n) and cq, (n — £) are orthogonal over
a common length-g interval, where ¢ = lem(q1, ¢2), ie.,
i OC(Il( )Ce(n—0€) =0, V€L
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B. Ramanujan Subspace

The ¢(¢)-dimensional Ramanujan subspace S, is spanned
by the vector [c,],,; = [c4(0),¢4(1), .., ce(g—1)]" and its
©(q) — lcircular downshifts [47] Thus, any signal zq(n) €
S, is expressed as x4(n) = \/m Ze 0 ecq(n — 1),
0 < n < g, where ~, are expansion coefficients. Moreover,
for any N € N, subspaces S;, and S;, are mutually
orthogonal whenever ¢; # g2 and both ¢; | N and g2 | N.

C. RPT

Employing the identity > g~ (@) = N, the RPT decom-
poses an N-length signal x(n) into orthogonal components
associated with the divisor subspaces {S,}qn [38], i.e.,

n) :Zacq

q|N €s,

w(q)—1

=2 i 2 et =0,
alN

(2)
where 0 < n < N and {v,,} are the RPT coefficients. Let
Dy ={q1,-..,q4} denote the set of all positive divisors of
N, listed in increasing order such that ¢; < g2 < -+ < qq-

The normalization factor 1 in (2) is uniquely deter-
_ s I (2) s uniquely
mined by the energy of the Ramanujan subspace S,. For an

N-length signal, the energy of the RS ¢,(n) over N samples
is Ny(q) [47]. This normalization ensures: (i) each basis
vector has unit norm, and (ii) energy conservation. The RPT
synthesis in matrix form is

x|nx1 = [Tre1] v o v [Dlysn [YIvx1 = [Tarer][v],

where Trpr is the transformation matrix defined as

c(elan)—1)

0 —1 0
@ el D 0 ol

Trpr = Coloe-

basis for Sg; basis for S,

Tnrpr 1S the normalized Trpr, and ct(f) denotes the

{-times circular downshift of c,. The diagonal matrix

D contains normalization factors. For instance, the nor-

malization factors correspond to a subspace S, are
1 1 .

VNe(ar)’ 7\/th(qk):|1><<p(qk) and ~ is the RPT coef-
ficients vector. Within each subspace S,, the basis vectors
are mutually orthogonal only when N = 2™ [Lemma 2 in
[47]], for some m € N. Consequently, the RPT coefficients
are computed via [Theorem 5 in [38]]

. Tpprx  if N =27 )
if N £ 2m

TNRPTX

D. Problem Formulation

Authors in [48], [49] demonstrated that RPDM, based on
RPT, achieves low PAPR in single-user scenarios. However,
its extension to multi-user uplink MA systems has not yet
been explored. This work addresses this gap by proposing
a multi-user extension of RPDM, termed RPDMA. The
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objective is to develop a framework that facilitates multi-
user access with diverse QoS requirements while inherently
maintaining the low-PAPR characteristic, which is crucial
for power-efficient uplink transmissions.

lll. Multicarrier MA Uplink System

This section introduces the MA system, details the design
of the RPDMA transmitter and receiver with an illustrative
example, examines the frequency diversity of RPDMA,
provides a comprehensive computational complexity analysis
for both ends, and finally presents the NPDMA scheme.

A. MA System Model
Consider an uplink multi-carrier MA system with K users
sharing N = 2™ subcarriers, where m € N. The subcarriers
are partitioned among users through disjoint sets {Qy}~_,,
where Q) € {0,1,...,N —1} and Q; N Q; =0 for i # j.
Let Ny = |Qy| denote the number of subcarriers allocated
to user k, such that Z,If:l N, = N. We assume ideal time
and frequency synchronization at the base station receiver
and neglect any hardware impairments, which is feasible in
4G/5G standards by means of timing advance and carrier
frequency offset compensation mechanisms.

Each user k transmits an uncorrelated M -QAM symbol
vector d € CN+*1 Through subcarrier mapping, the k*"
user’s global frequency-domain vector X3 € CV*! is

X = Mpdg “)
where the mapping matrix My, € {0, 1}V *Nx is defined by
1 ifi= Qk(y)

0 otherwise

Mk(laj) = {

where MM = 0 for k # j. The time-domain transmit
signal for user k is generated as

~ EmXg, (%)
where P, is the transmit power for user k and E,,, € CV*N
is the modulation matrix. Assuming Cyclic Prefix (CP)-
based transmission over frequency-selective channels [53],
the received signal at the base station after CP removal is

K
Y= HerpxXp + w. 6)

k=1
Here Hgrr = circ ([hf, O1x(n_p)]") is the circulant

channel matrix for user k, hy € CL*! is the channel
impulse response with L-taps following i.i.d. Rayleigh fading
coefficients ~ CA(0,1), and w ~ CN(0,0°I) is additive
white Gaussian noise. Demodulation at the base station
(receiver) yields

K
_ Py _
y=Egy = E a EHg v Ep, X + Eqw,
k=1 k —
k

where E; € CV*V is the demodulation matrix and Hj, is
the effective channel matrix for user k. After decoupling,
user k’s data yj is extracted as follows:

Py,

Vi =Mly = ~ MIH, M, d;, + ML E w
kb \— N ——

G Wi,

inter-user interference
The effective channel matrices are G, € CN+*Nk (desired
signal) and G, € CNv*Ni (interference) with wy ~
CN (0,0>MIE,EF M) be the effective noise vector.
Let Sy x(n) = \/Lﬁejmn/N, 0 <n < N — 1. Then,
the N x N normalized DFT matrix is

Txorr = [Sn0(n), Sna(n), ..., Snv—1(n)]. (1)

If E,, = Tnprr and E; = TIJ\LIIDFT’ then the system
corresponds to conventional OFDMA. Since DFT matrices
diagonalize circulant matrices, we obtain G = Aj (a

diagonal matrix) and G ; = 0, which implies
Py
Vi =1/ —Ard Wi 8
Ve =\ N, kdr + Wi ®)
B. RPDMA

Building on the RPT framework discussed in Section II,
we propose RPDMA for N = 2™, a novel MA scheme
leveraging the orthogonal decomposition properties of RPT.
Unlike conventional OFDMA that allocates arbitrary sub-
carriers, RPDMA assigns each user k to a distinct divisor,
say qg, of N, where ¢q; € Dy = {¢1,q92,.-.,q4} with
d = |Dx| = m+ 1. Here, indices 1 to d serve only as labels
and do not imply any ordering of the elements. Consequently,
user k exclusively occupies ¢ (gi) subcarriers belong to S, .
The maximum number of supported users is K < d, with
ZZ:1 ©(gqx) = N ensuring complete basis utilization.

1) Transmitter and Receiver Design

Each user k transmits an M-QAM symbol vector di €
C#(@)*1 The global QAM vector x;, € CN*! is con-
structed through subspace mapping as x; = Mjdy, where
My, € {0, 1}NX*"(‘1"') maps dy to the indices of subcarriers
belong to S, . The time-domain signal is synthesized using
the normalized modulation matrix TngrpT:
iTNRPTfik- )
¢(ar)

After inserting the CP, x;, is transmitted over the frequency-
selective channel. At the base station, the received signal,
following CP removal and subsequent demodulation, is

K

_ Py _

y= Z \/ ( )TERPTHcir,kTNRPTxk + TXRpTW.
e | Pl

(10)

X =
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FIGURE 1. Block diagram of a typical transform-domain uplink MA scheme. By selecting E,,, and E, appropriately, the same architecture realizes
OFDMA (E,, = Tnprts Eq = Tﬁ{)FT), RPDMA (E,,, = TnrpT; Eq = TERPT), or, more generally, an NPDMA scheme with an arbitrary NPM T.

User k’s signal is extracted via the demapping matrix as
yi=Miy = indk—FZ — =G pd; + Wy
g vla S\ ele) T
1D

where the desired and interference channel matrices are
[Gi] 12)
(Gj.k] (13)

From Proposition I in [48], the circulant channel is block
diagonalized in the RPT domain:

TmT
= M;, TyrprHeir,s TnrpTM,

TmT
=5 Mk TNRPTHCII’,]TNRPTMJ .

w(ar)xe(qr)

w(ar)xe(a;)

Byx O - 0

; 0 By - 0

TyrprHeir, s TNrPT = : : . :
0 0 By«

= blkdiag(Bg, k.-, Bg, k),

where [Bg,, kLP(Qi)XSD(Qi) is the channel matrix for subspace
Sy, with skew circulant matrix structure. By the orthogonal-
ity of Ramanujan subspaces, G, = By, 1, G =0, Vj #
k. Thus, RPDMA achieves zero inter-user interference, and
the extracted signal for user k£ becomes

B
©(qr)

where B,, , € C#(2)x¢(ax) g the effective channel matrix
for S, and wj, ~ CN(0,0%L,,)). The block diagram
representation of the RPDMA transmitter and receiver is
illustrated in Fig. 1. In subsection III-C, we generalize this
view using Nested Periodic Matrices (NPMs) and define
the resulting NPDMA framework, for which OFDMA and
RPDMA arise as special cases.

ye =My = By, xdr + Wi

2) lllustrative Example

Consider an RPDMA system with N = 4 and divisors
Dy = {1,2,4}. Suppose user k is assigned divisor ¢ = 4,
corresponding to the ¢(4) = 2 dimensional S4. In this

VOLUME ,

setting, the orthonormal matrix is:

1
0.5 0.5 7 (1)
0.5 —-0.5 0 —
[TNRPT) 5y = 1 V2
X 0.5 0.5 ~7 01

0.5 —-0.5 0 -

The mapping matrix M selects the symbol vector di =
[d1, di2]? to the global basis as %X, = Md, =
[0, 0, di1, dr]T. Assume user k’s channel impulse response
h;, = [0.8,0.6]T (L = 2). The circulant channel matrix
H.,;, i transforms under the normalized RPT as

. 0.8 —0.6
TgRPTHcir,kTNRPT = blkdlag [].4]7 [02], |:O 6 0.8 :|

~—~ . .
By, Boy S~
By
The received signal for user k becomes yj, = 1/ 2 By pdj+

Wy, where W, ~ CN(0,0%I,). Crucially, there is zero
interference from users in S; or So due to the orthogonal
subspace structure.

3) Frequency Diversity and Diversity Order

The frequency diversity in RPDMA arises from the spectral
structure of Ramanujan subspaces. For a divisor gy, the basis
functions in S, i.e., ¢ (n) and its circular shifts, have
DFTs with exactly ¢(gx) non-zero components located at

N
By, ={<k) mod N |1 <k < g, (/ﬁCIk):l}’
qk

which are non-adjacent and spaced by at least N/g; bins.
In the dyadic case N = 2™, we have |B,, | = ¢(qx) =
qx/2, and the family {B,},n forms a disjoint partition
of {0,1,...,N — 1}. In the proposed RPDMA scheme,
each symbol in dj distributes its energy across the o(qx)
non-adjacent frequencies in B,,. The following theorem
formalizes the corresponding diversity order.

Theorem 1 (Frequency diversity order of RPDMA):
Consider user k assigned to the subspace S, in the uplink
system of Section III-A, with an L-tap frequency-selective
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channel modeled by the circulant matrix Hc;, 5 in (6), whose
taps are iid. CA(0,1). Let Hy(n) denote the N-point
DFT of the channel impulse response, and collect the ¢(gy)

components indexed by By, in H, = [Hi(n)], _, €
ax

C#(ak)*1 Then the available frequency diversity order for
user k is dy = min {¢(qx), L}.

The proof is given in the Appendix. Theorem 1 shows that
RPDMA can exploit up to dr, = min{y(qy), L} independent
frequency dimensions per symbol. When ¢(qx) > L, user
k attains the full L-tap frequency diversity offered by the
channel, whereas for smaller subspaces the diversity order
increases linearly with ¢(qx). Therefore, RPDMA achieves
an inherent frequency diversity without requiring explicit
coding like SC-FDMA [8] and SLM in OFDM [17].

4) Computational Complexity Analysis

We now provide a detailed computational complexity analy-
sis of the proposed RPDMA scheme, quantifying the number
of Real Multiplications (RM) and Additions (RA) required
at both the transmitter and receiver. The analysis leverages
the unique sparse structure of Txgpr for N = 2™ and the
properties of the effective channel matrices.

Transmitter Complexity: At the transmitter, each user
k performs two primary operations: subcarrier mapping
and RPT modulation. The subcarrier mapping operation
X, = Mydy is a simple selection process that requires
no arithmetic operations. The subsequent RPT modulation
TNrpTX) is highly efficient due to the sparsity of Tngrpr-
Crucially, each row of Tnxgrpr contains exactly log, N + 1
non-zero elements, and only one of these corresponds to the
user’s assigned subspace S, . Consequently, generating the
time-domain signal for user k requires exactly 2N RM and
no additional RA for the matrix—vector product itself. Prior
to this, scaling the symbol vector d by / Pk /®(qx) requires
4¢(qr) RM and 2¢(qi ) RA. Therefore, the per-user transmit-
ter complexity for RPDMA is 2N +4p(qx) RM and 2¢(qx)
RA, which is O(N). The total transmitter complexity for all
K users is O(KN), which, given K < m+1 = log, N+1,
is O(N log, N).

In an OFDMA transmitter, user k£ maps its data symbols
onto N, allocated subcarriers and performs modulation using
an N-point Inverse Fast Fourier Transform (IFFT). Although
the IFFT is computationally efficient, it operates on the
full N-length vector irrespective of the number of allocated
subcarriers. As a result, the per-user transmitter complexity
of OFDMA is O(N log, N), corresponding to approximately
2N logs N RM and 3N log, N RA. For a system with K
users, the total transmitter complexity therefore scales as
O(K N log, N).

In SC-FDMA, the transmitter follows a similar
processing chain to OFDMA [9], but includes an
additional DFT precoding stage of size ¢(qr) before
subcarrier mapping and the N-point IFFT. The ¢(gx)-
point DFT precoder can be implemented using FFT,

which requires approximately 2¢(gy)logs ©(qx) RM
and 3¢(qx)log, v(gr) RA. Together with the N-point
IFFT, the per-user SC-FDMA transmitter complexity
for user k becomes (2Nlog, N + 2¢(gx)logy ¢(qx))
RM and (3Nlogy N + 3¢(qy)logy o(qr)) RA  which
is still O(Nlogy, N) since ¢(gr) < N. For a system
with K users, the total SC-FDMA transmitter complexity

is (2KN loga N 4+ 238 o(qi) log, <p(qk)> RM and

3KNlogy N + 35K o(q)log, @(qk)) RA  which
scales as O(K N log, N) overall.

Receiver Complexity: At the base station, the RPDMA
receiver first performs a global RPT demodulation, y =
TLrpry. Leveraging the matrix sparsity, this operation
requires 2N (logo N 4+ 1) RM and 2N logs N RA, result-
ing in a complexity of O(N log, N). The signal for each
user k is then extracted via the projection y;, = M7y,
which involves no arithmetic computations. The final step
is equalization to solve ¥ = /Pi/¢(qx)Bg, xdr + Wi.
Exploiting the skew-circulant structure of B, , with an
FFT-based solver results in a per-user equalizer complex-
ity of O(p(qr)log; ¢(ar)), specifically 4p(qx)log, ¢(qr) +
4p(gr) RM and 6¢(gx) logs ©(gr)+2¢(gx) RA. The total re-
ceiver complexity is O(N logy N+, ¢(qxr) logy v(qr)).

At the OFDMA receiver, the processing starts with a
single N-point FFT applied to the received signal, which has
a computational complexity of O(N log, N). The receiver
then performs subcarrier demapping for each user through
a simple selection operation. For Linear Time Invariant
(LTI), OFDMA results in single-tap equalizers, which is
a per-subcarrier scalar operation, resulting in a per-user
equalizer complexity of O(1). Each subcarrier equalization
requires approximately 6 real multiplications (RMs) and 2
real additions (RAs), leading to a total receiver complexity
of O(N logy N+ N). In SC-FDMA, the receiver follows the
same processing steps as OFDMA but includes an additional
IDFT post-processing stage of size ¢(qx). Hence, for k"
user the IDFT complexity is O(p(gx) logs ¢(qx)). Summing
over all K users and using Zszl »(qx) = N, the overall
SC-FDMA receiver complexity becomes (’)(N logo N +

K
21 P(ar) 10gs 9(ar)).

Complexity Comparison: The computational load of all
schemes is summarized in Table 1 for N = 2™. From which
we draw the following conclusions:

o Comparison with  OFDMA: RPDMA reduces the
per-user transmitter complexity to O(N) compared
to OFDMA’s O(NlogN). This lower complex-
ity eases the computational load on user devices.
Since Zszl ©(gr)logy p(gx) > N, RPDMA re-
sults in higher receiver computational complexity than
OFDMA, which benefits from single-tap equalization.

o Comparison with SC-FDMA: RPDMA achieves lower
transmitter complexity than SC-FDMA while maintain-
ing comparable receiver complexity.
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TABLE 1. Computational complexity of OFDMA, SC-FDMA, and RPDMA for N = 2™,

Metric RPDMA OFDMA SC-FDMA

Per-User Transmitter Complexity | O(N) O(N logy N) O(N logy N)

Total Transmitter Complexity O(Nlogy N) O(KNlogy N) O(KNlogy N)

Per-User Equalizer Complexity O(p(qr) logs v(gr)) O(1) O(1)

Total Receiver Complexity O(Nlogy N+3F (k) logs v(ar)) | O(Nlogy N+ N) | O(Nlogy N+ K | w(ar)logs wlar))

C. NPDMA

In this subsection, we show that both OFDMA and RPDMA
belong to a unified framework called NPDMA, characterized
by the use of NPMs for modulation and demodulation. From
a system perspective, NPDMA can be viewed as the generic
version of the architecture in Fig. 1: each user k is assigned
to a Nested Periodic Subspace (NPS) P,, , its data vector dy,
is first placed into the corresponding coordinates via My,
and a common NPM T (implemented by the “MCM” block
E,,) maps all users’ symbols to the time-domain signal.
At the base station, the inverse transform T~! (the “MC
Demodulation” block E;), followed by demapping with
MY, recovers each user’s signal for subsequent equalization
and decoding. Different choices of T therefore generate
different MA schemes within the same architecture.

Definition 1 (NPM [54]):

Consider the divisor set Dy = {q1,42,-..,qa}- A matrix
T € CV*N s called an NPM if it can be expressed as T =
(T4, Tqy,-- ., Ty,], and satisfies the following conditions:
1) Each submatrix T,, € CN¥*#(%) has rank ¢(g;). The
©(g;)-dimensional subspace spanned by T, is called NPS,
denoted as P,,. 2) T is a full-rank matrix. 3) Each column
of Ty, is a g;-periodic sequence.

From (7), the period of the kM column is ﬁ, which
is always a divisor of N. For each divisor ¢; € Dy, the
number of columns in Tnppr having period exactly g; is
©(q;). Let T, is the submatrix constructed using these ¢(g;)
linearly independent columns. Since }° y¢(q;) = N,
the columns of T'xppr can be partitioned into submatrices
as Txprr = [Tqy, Ty, .., Tg,]. By orthogonality and
periodicity of the DFT basis, Tnppr satisfies all conditions of
an NPM. Therefore, the DFT matrix is a member of the NPM
family. Similarly, one can verify that Tgrpr also lies within
the NPM family. In addition to the DFT and RPT, other trans-
forms such as the Complex Conjugate Periodic Transform
(CCPT) [55]-[57], Orthogonal CCPT (OCCPT) [42], [58],
Natural Basis Matrices (NBMs) [54], and Random Periodic
Matrices (RPMs) [54] are also members of the NPM family.

1) NPDMA Transmitter and Receiver Design

Consider an NPM T. In NPDMA, each user k is assigned
to an NPS, P,, . Thus, the NPDMA scheme exploits the
structural properties of T to enable user multiplexing. In
this setting, the NPDMA transmit signal is given by xj; =

VOLUME

7¢%g) TMydy, where My maps di to the indices of

subcarriers belong to Pg, . At the base station, user £’s data
is obtained as:

Vi =\ 505 Baorde + Y\ 5i By dy + Wi, (14)
N———————

j#k

desired signal
inter-user interference

where qu-,j = MzT’chirﬁjTMj. When T = Tpgr or
Tnrer. the subspaces {Py, }4, v reduce to {Sy, }q. v [54].
In this case, qu,j = 0 for j # k, eliminating inter-
user interference. For non-orthogonal NPMs (e.g., CCPT,
NBMs, and RPMs), inter-user interference arises due to
B, i 7 0. In such cases, advanced interference cancellation
or detection schemes are required at the receiver. In this
work, we focus on OFDMA and RPDMA, with the following
sections presenting both theoretical and numerical analyses
of their PAPR performance.

IV. PAPR Analysis
In an MA system, the PAPR for user £ is defined as
max

2
ocmax |k (n)]

Eflzk(m)?]
where xj(n) is the n™ sample of user k’s signal Xy
(5). Let the average power of an M-QAM symbol be
a? = E|[|di(-)|*] and the worst-case peak power occurs
for the corner symbol 8 = (v M — 1) + j(~/M — 1) with
|8|> = 2(v/M —1)2. With this setting, we have the following
theorem.

PAPR,, =

5)

Theorem 2 (Worst-Case PAPR (WC-PAPR)):

Let N = 2™ with m € N. Consider user k£ with modulated
signal x;, derived from an uncorrelated M-QAM data vector
dy. Then:

1) In OFDMA with N subcarriers allocated to user k:

PNy |82 |5‘2
WC-PAPRopMA & = # = Nj v (16)
N
2) In RPDMA with user k assigned to S, :
Pe|B|? |5|2
WC-PAPRRrppMA & = Pi\;z =z a7n
N

The proof is given in the Appendix. Notably, while the peak
power in OFDMA scales linearly with [V, the peak power
in RPDMA remains independent of ¢(gx). In both cases,
however, the average power remains the same.
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Remark: Theorem 2 characterizes the deterministic WC-
PAPR under the amplitude constraint |dy ()| < |S|, which
is attained when all symbols take the corner value S. This
configuration is extremely unlikely for random M-QAM
data, so the resulting WC-PAPR values should be interpreted
as conservative upper bounds rather than typical operating
points. Later, we complement this result with probabilistic
WC-PAPR bounds based on Hoeffding’s inequality and with
Complementary Cumulative Distribution Function (CCDF)
versus PAPR simulations that capture the statistical behavior
under i.i.d. M-QAM signaling.

In Theorem 2, the derivation of the WC-PAPR assumes
a? = El[|dk(-)|?], which holds under the idealized as-
sumption of infinitely long symbol sequences. However,
practical implementations with finite symbol sequences may
experience deviations between the empirical average power
@? and the theoretical value . This mismatch leads to a gap
between theoretical WC-PAPR predictions and simulation
results. To overcome this issue, we employ concentration
inequalities, specifically Hoeffding’s inequality [59], which
provides a probabilistic bound on the deviation of the sample
mean from its expected value.

Throughout this subsection, we model the entries of dy
as independent and identically distributed (i.i.d.) M-QAM
symbols drawn uniformly from the constellation. Conse-
quently, the random variables X; = |dx(i)|?, i =1,..., Ly,
are i.i.d., real-valued, and bounded as 0 < X; < |6|2, with
common mean E[X;] = o?. The empirical mean power is
a? = Lik Zfz"l X;. Thus, Hoeffding’s inequality is applied
directly to the sequence {X;} of squared symbol magnitudes,
which satisfies the required independence and boundedness
conditions. Hoeffding’s inequality states that for any € > 0,
the probability that @? deviates from its expectation by more
than ¢ is bounded as [59]

2
Pr(|a2 —042’ > e) < 2exp<—2|lg|rz ) (18)

Here, € is a deviation threshold. To obtain an explicit
deviation bound for a desired confidence level 1 — §, we
invert (18) by setting the right-hand side equal to §, which

yields
1 2
m In (S) .

Substituting this into (18), we obtain

e(Ly,0) = |B? (19)

Pr(a® —€e(Ly,8) < @ < o®+e(Lg,0)) > 134,
which guarantees that the empirical mean power &2 remains
within €(Ly, &) of its expectation a? with probability at least
1—4. In particular, this ensures with high confidence that the
denominator of the WC-PAPR expression does not deviate
too far from a?. By extending this reasoning, we obtain:

Theorem 3 (Probabilistic WC-PAPR):

Let N = 2™ and consider user k transmitting independent
M-QAM data. Define the sample size

Nkv
L, =
©(qr),

For confidence level 1 — 4, where ¢ € (0, 1), with e(Lg, 9)
defined in (19), if a® > €(Lg,§), then the empirical mean
a2 satisfies

(OFDMA)
(RPDMA).

a? > o —e(Ly,9)

with probability at least 1 — §. Consequently, the following
probabilistic WC-PAPR upper bounds hold with probability
at least 1 — 9:

WC-PAPRorpMA 1 (6) < _ NelpP (20)
' ~ a2 — (N, 9)’
1B?
WC-PAPRRppMA k(6) < (21)

a? —€(p(qr), 0)

If a® < €(Ly,6), then the bound becomes vacuous because
the denominator in (20)—(21) is non-positive. In this case,
one must relax the confidence level by choosing a larger 4.

Remark: Hoeffding’s inequality applies to any collection
of independent bounded random variables and does not
require identical distributions. In scenarios where the symbol
energies {|d(i)|?} are independent but not identically dis-
tributed, the same argument holds by defining X; = |dj,()|?
with possibly different means E[X;] and replacing o2 in
Theorem 3 with the overall average p = Lik Z{;"l E[X;].
In this paper, we focus on the i.i.d. case, which matches the
simulation setup and simplifies notation.

This probabilistic WC-PAPR accounts for the deviation
of the empirical average power from the expectation o2
and establishes rigorous probabilistic bounds on the WC-
PAPR of OFDMA and RPDMA. Table 2 summarizes the
probabilistic WC-PAPR bounds for OFDMA and RPDMA
with N = 512, as the active subspace dimension Lj varies.
The Hoeffding correction appears in the form a? — ¢, which
serves as the effective lower bound on the empirical average
power. The key observations are:

e As L, increases, o — € approaches the nominal mean

power a? = 1, resulting in progressively tighter WC-
PAPR bounds.

e For OFDMA, WC-PAPR exhibits a rapid increase with
Ly, reflecting its sensitivity to larger subspace sizes. In
contrast, RPDMA shows a decay in WC-PAPR as Ly
grows, highlighting its robustness against peak power

fluctuations.
e The impact of the confidence level ¢ is evident: a
smaller value (§ = 0.001) yields more conservative

WC-PAPR bounds compared to § = 0.01.

e Opverall, the results confirm that RPDMA consistently
outperforms OFDMA in terms of PAPR performance,
even under probabilistic guarantees.
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TABLE 2. Probabilistic WC-PAPR bounds of OFDMA and RPDMA with Hoeffding correction for different sample sizes L; for N = 512.

L. Ideal Ideal 6 =0.01 6 = 0.001
WC-PAPRorpMa | WC-PAPRRppMA 2. WC-PAPRoppMa | WC-PAPRRppMA 2. WC-PAPRorpMa | WC-PAPRRppMA
(dB) (dB) (dB) (dB) (dB) (dB)
16 14.59 2.55 0.2676 20.3196 8.2784 0.1227 23.7042 11.6630
32 17.60 2.55 0.4821 20.7729 5.7214 0.3797 21.8100 6.7585
64 20.61 2.55 0.6338 22.5951 4.5333 0.5614 23.1220 5.0602
128 23.62 2.55 0.7410 24.9264 3.8543 0.6898 25.2373 4.1652
256 26.63 2.55 0.8169 27.5135 3.4311 0.7807 27.7104 3.6280
V. Results users. The subcarrier allocations for N = 256 and N = 512

In this section, we numerically evaluate and compare the
PAPR of OFDMA, SC-FDMA, and RPDMA. In practical
wireless systems, user devices often exhibit highly diverse
QoS requirements, ranging from delay-tolerant applications
such as messaging and sensor updates to high-throughput
services like voice calls, augmented reality, and ultra-HD
video streaming [2]. Efficient MA schemes must therefore
support flexible and QoS-aware resource allocation across
heterogeneous users while maintaining favorable signal prop-
erties such as low PAPR for energy-efficient transmission. To
accommodate these requirements, we consider two scenarios.
Scenario 1 captures a baseline case where each user is
assigned a single Ramanujan subspace, enabling a structured
allocation aligned with incremental QoS levels. Scenario 2,
on the other hand, represents a more practical setting in next-
generation systems, where users with stringent QoS demands
may need to aggregate multiple subspaces to meet their
high data-rate and low-latency requirements. Together, these
scenarios provide a meaningful framework for evaluating
the robustness of RPDMA against OFDMA and SC-FDMA
under QoS-driven resource allocation, thereby highlighting
its potential in meeting the heterogeneous service demands
of 5G/6G uplink IoT systems [60].

For a fair comparison, each k™M user in RPDMA, OFDMA,
and SC-FDMA is assigned to the subcarrier set S, and
all unassigned subcarriers are set to zero, such that the
number of subcarriers allocated to user k is Ny = ¢(qx)
with localized mapping within the N subcarriers. For each
user, we compute the CCDF of the PAPR for N = 256
and N = 512 using 16-QAM modulation, based on 106
realizations of the MCM symbolsWith this setup, we analyze
the two scenarios below.

Scenario-1: In this scenario, users are assigned a sin-
gle Ramanujan subspace according to their QoS require-
ments. Higher QoS users are allocated larger subspaces
(i.e., more subcarriers). For example, in a system with
N = 256 = 2% subcarriers, the set of divisors is Dasg =
{1,2,4,8,16, 32,64, 128,256}, supporting up to nine users,
each mapped to a distinct divisor subspace. Users are indexed
in ascending order of QoS demand, so the k™ user has lower
QoS than the (k + 1) user. Accordingly, User 9, with the
highest QoS, is assigned Sa56 of dimension ¢(256) = 128.
Similarly, for N = 512 = 29 the system accommodates ten
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are summarized in Table 3. Fig. 2 and Fig. 3 show CCDF

TABLE 3. Subcarrier mapping to users for N = 256 and N = 512.

ar 1|20 48|16 32 | 64 | 128 | 256 | 512
olgr) |1 21 4| 8 16 | 32 64 | 128 | 256
Mapping | 0| 1[2-3[4-7|8-15|16-31 |32-63 | 64- | 128 | 256-
Indices 127 255 511
Eth user |1(2] 3| 4| 5 6 7 8 9 -

(N = 256)

Eth user |1(2] 3| 4| 5 6 7 8 9 10

(N =512)

TABLE 4. Divisor Subspaces Grouping For N = 256 and N = 512.

N = 256
qk 112|4]8]16]/32 64 128 256
w(qr) 1(1(2]|4|8]16 32 64 128
-15 16-63 64-255
kth (Low QoS) | (Medium QoS) (High QoS)
Users User 1(N3=16) | User 2 (N2=48) User 3 (N1=192)
N =512
qr 11214]8]16|32 64 128|256 512
w(qr) 1(1(2]|4|8]16] 32 64 | 128 256
0-3T 32-127
kth User (Low QoS) (Medium QoS) | 128-511(High QoS)
Users User 1 (N3=32) User 2 (N2=96) User 3 (IN1=384)

versus PAPR for OFDMA, SC-FDMA, and RPDMA with
N = 256 and N = 512, respectively. The performance of
each user can be identified with the respective notions on
top of each subplot in Fig. 2 and Fig. 3. Note that users 1
and 2 have low QoS requirements and are therefore assigned
to &1 and Sa, each containing only a single subcarrier. As a
result, their corresponding PAPR values remain close to zero,
independent of N, and are omitted for brevity. From these
figures, we conclude that users 3 to 9 for N = 256 and users
3 to 10 for N = 512 RPDMA demonstrate superior PAPR
performance compared to both OFDMA and SC-FDMA. In
SC-FDMA, a DFT precoder of configurable size N precedes
subcarrier mapping. To maintain the same SE, we considered
the same subspace allocation with Ny = ¢(qx) in SC-FDMA
for both scenarios 1 and 2. Moreover, as the QoS requirement
increases, the PAPR gap between OFDMA and SC-FDMA
widens, typically by about 2-3dB at a CCDF of 104
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FIGURE 2. Scenario 1: CCDF versus PAPR performance of OFDMA, RPDMA, and SC-FDMA for N = 256.
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FIGURE 3. Scenario 1: CCDF versus PAPR performance of OFDMA, RPDMA, and SC-FDMA for N = 512.

This gap is less than conventional OFDM and SC-FDMA
systems, which is typically 3-5 dB. This is because the same
number of subcarriers is allocated to all OFDM, SC-FDMA,
and RPDM systems. Nevertheless, RPDMA consistently
achieves a lower PAPR than both schemes in these scenarios.

Additionally, Fig. 4a-4b show that OFDMA and SC-
FDMA exhibit an increasing PAPR trend as the number of al-
located subcarriers (subspace size) grows, whereas RPDMA

generally shows a decreasing PAPR trend for users assigned
to larger subspaces. For N = 512, at a CCDF of 1073,
the RPDMA PAPR decreases from 4.8 dB (User 4) to 3.3
dB (User 10), while the corresponding values for OFDMA
increase from 6.1 dB to 10.7 dB and for SC-FDMA from
5.8 dB to 8.7 dB, as seen in Fig. 4b.

It is worth noting that, for RPDMA, a slight non-
monotonic behavior appears for Users 3—5. The PAPR first
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FIGURE 4. (a)-(b) Scenario 1: PAPR of RPDMA, SC-FDMA, and OFDMA for
N = 256 and 512, respectively, at CCDF of 1075,

Usert User6  User7

increases and then starts to decrease from User 6 onward.
This is a finite-block-length effect: RPDMA’s PAPR for
user k is essentially the ratio of the largest symbol energy
in the block to the empirical average symbol energy over
»(qr) QAM symbols. When ¢(qx) is small (Users 3-5),
this empirical average has high variance, and rare blocks
containing one or more high-energy corner symbols together
with several low-energy symbols can yield atypically large
PAPR values. As (qy) increases (Users 6-10), the empirical
average power concentrates around its nominal value o2, sta-
bilizing the denominator and causing the PAPR to decrease
toward the bounded value |3|?/a?, in agreement with the
probabilistic WC-PAPR bounds in Table 2.

Scenario-2: Here, multiple subspaces are allocated to each
user according to their QoS requirements. We illustrate this
with three service types, each represented by an user:

e User 3 (High QoS): A high-definition video streaming
user, requiring high data rates and low latency, is allo-
cated 75% of the available subcarriers, i.e., N; = %.

e User 2 (Medium QoS):A voice call user, requiring
moderate data rates and low latency, is allocated 75% of
the remaining subcarriers, i.e., Ny = M = %.

e User 1 (Low QoS): A text messaging user, with

minimal rate requirements and high delay tolerance, is
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FIGURE 5. (a)-(b) Scenario 2: CCDF versus PAPR performance of OFDMA,
SC-FDMA, and RPDMA for N = 256 and N = 512, respectively.
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FIGURE 6. (a)-(b) Scenario 2: PAPR of RPDMA, SC-FDMA, and OFDMA for
N = 256 and 512, respectively, at CCDF of 1075,

User3

allocated the remaining subcarriers, N3 = N — N; —
Ny =%

11
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FIGURE 7. PAPR of OFDM, RPDM, and SC-FDMA for N = 256 with
N, = {32, 64, 128} selected carriers

Thus, subcarriers are hierarchically allocated in a 3 : 1 ratio,
applied sequentially across QoS classes. The resulting user
allocations for N = 256 and N = 512 are summarized in
Table 4.

For Scenario 2, RPDMA again demonstrates superior
PAPR performance compared to both OFDMA and SC-
FDMA, as shown in Fig. 5a and Fig. 5b for N = 256 and
512, respectively. The trend of reduced PAPR with larger
subspace sizes, observed in Scenario 1, is also valid for
Scenario 2, which is consistently evident across all users,
as shown in Fig. 6a and Fig. 6b. Notably, the PAPR values
in both scenarios remain well within the theoretical bounds
provided in Table 2.

Remark: In SC-FDMA, reducing the DFT size N,
equal to the number of allocated data subcarriers, spreads
each symbol across fewer subcarriers, which smooths the
time-domain envelope and lowers PAPR. Fig. 7 plots the
CCDF of PAPR for OFDMA, SC-FDMA, and RPDMA with
N = 256; the SC-FDMA curves correspond to DFT sizes
N; = 128, 64, and 32. Relative to OFDMA, SC-FDMA
achieves about 2 — 3dB lower PAPR at a CCDF of 104
Further reducing the DFT size offers diminishing returns;
decreasing N, from 128 to 32 yields little additional PAPR
reduction, while incurring a loss in data rate and SE.

VI. SE and BER Analysis

To validate RPDMA further, in this Section, we analyze both
SE and BER of RPDMA and compare them with those of
OFDMA.

A. SE

We compare the achievable SE of OFDMA, SC-FDMA, and
RPDMA for N = 2™. In all schemes, user k is assigned to
subcarriers in S;, such that N, = ¢(gx), i.e., in OFDMA
and SC-FDMA we constrain Q) = By, . With Gaussian
signaling, the instantaneous mutual information for user &
is [53]

Cr = log, {det (INk + % GkaH )} bits/channel-use,
(22)

TABLE 5. OFDMA versus RPDMA for N = 2™, m € N.

Feature RPDMA OFDMA

Basis RSs (integer-valued) Complex
exponentials

Basis Orthogonality Yes Yes

User Allocation Subspace-wise Arbitrary

Max Users m+1,m=1logy, N | N

Inter-User Interference | None None

User k Effective Chan- | Skew-circulant Diagonal

nel Matrix

Frequency Diversity Inherent Requires coding
PAPR Low High
Transmitter Complex- | Low High

ity

Receiver Complexity High Low

Per-User Equalizer | O(¢(gx)logs ©(gqr)) | O(1) (scalar di-
Complexity (matrix inversion) vision)

and the ergodic capacity is Cj, = E[C}]. Here o2 is the per-

complex-dimension AWGN variance, and Gy is the effective

per-user channel after demodulation and user extraction.
OFDMA: Since the DFT diagonalizes circulant channels,

CPrPMA | $° 1og2(1+ﬁ|ﬂ(n)\2) - (23)

n€By,

Here Ay [B,,] = diag({Hy (n)}nequ) (refer to (8)) collects
the per-bin frequency responses of the kth user’s channel,
restricted to the indices in B, .

SC-FDMA: In SC-FDMA, user k first applies an Np-
point unitary DFT precoder F, to its data vector, and
then maps the resulting symbols onto the same subcar-
rier set B, . After CP removal, an N-point FFT, and
subcarrier demapping, the effective channel between the
precoded symbols and the receiver input for user k is
GROFDMA — A, [B,, ] Fy,, and after applying F& at the
receiver, the overall effective channel becomes

GROTPMA = P, Ak[By, ] F,.

Since Fy, is unitary, the matrices G3CFPMAGCFDMAH
and Ay [B,, ]A{ [B,,] have the same eigenvalues, and unitary
invariance of the determinant in (22) yields

CRPMA — B | 3™ togy (1+ Sl [Hi(n)?)
neBq,
(24)

Thus, under Gaussian signaling and the same subcarrier
set By, , SC-FDMA and OFDMA achieve the same ergodic
capacity.

RPDMA: For N = 2™, Txgpr is orthonormal. Using the
selector M, and the index set B, , the RPT basis restricted
to Sy, admits the unitary change of basis

TrxrprMi = Trorr(s, Bg,) Ug,, (25)
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FIGURE 8. Per-user SE of OFDMA, SC-FDMA, and RPDMA with N = 256
for scenario-1.

where U,, € Celar)x¢(ar) js unitary; explicitly, U, =
T et (, By, ) Tnrpr M. Employing (25) simplifies (12)
as GRFPMA = U A4 [B,, ] U,,, and unitary invariance of
the determinant yields

CRPPMA — | 3™ logy (1+ 5z [Hi(n)?) | . (26)

ne€By,
Accounting for the CP of length L — 1, the per-user SE is
N
M OON+L-1
and the system SE is n{n = S 77,(6'). From the above
analysis, we state the following:

C\) bits/s/Hz, Q7

Theorem 4:

Let N = 2" and assign each user k a divisor subspace S,
where g, | N with Ny = ¢(qi) in OFDMA, SC-FDMA,
and RPDMA. Then, for every k, COFPMA — OSC-FDMA

C«RPDMA and nOFDMA nSC-FDMA _ nRPDMA Hence
OFDMA SC- FDMA RPDMA
nsum - nbum - nbum

To validate the theory, we consider scenario-1 with N = 256
and compute the per-user SE of both OFDMA and RPDMA
for SNRs from 0 to 20 dB, as shown in Fig. 8. The user
subspace assignment is given in Table 3. For simulation, we
consider an i.i.d. Rayleigh channel with L = 8 taps, 02 = 1,
P =1, and average over 2000 channel realizations per SNR
point. The simulated curves confirm that the per-user SE of
OFDMA, SC-FDMA, and RPDMA is the same.

B. BER Analysis

This subsection numerically evaluates the uncoded BER
performance of RPDMA, OFDMA, and SC-FDMA with
N =256 and N = 512 for Scenarios 1 and 2. We generate
10° bits, apply 16-QAM modulation, and perform multi-
carrier modulation using all the above-mentioned schemes.
Then the signal is transmitted over a quasi-static frequency-
selective channel with L = 8 i.i.d. Rayleigh distribution

VOLUME ,

(zero mean, unit variance) along with CP of length L — 1.
At the receiver, after removing the CP, Zero-Forcing (ZF)
equalization is applied by assuming perfect CSI and syn-
chronization without any hardware impairments to detect the
final information of the users at the base station. Under this
setup, sweeping SNR from 0 to 30 dB and for each SNR
point, we run 100 Monte-Carlo trials. The results in Fig. 9a
and Fig. 9b show that, at a BER of 10~%, RPDMA improves
performance over OFDMA by approximately 2.5dB, while
SC-FDMA achieves about 5dB gain over OFDMA and 2dB
over RPDMA. Additionally, allocating multiple Ramanujan
subspaces to a user (see scenario-2) increases the BER.

Under the common CP-based framework described above,
OFDMA with localized allocation maps each data symbol
to an independent individual subcarrier, whereas RPDMA
spreads each symbol across dependent subcarriers that of-
fer diversity. This enables the exploitation of frequency
diversity more effectively for RPDMA than OFDMA. As
a result, RPDMA exhibits improved BER performance as
SNR increases compared to OFDMA. In contrast, SC-
FDMA with localized mapping and spreading introduced
by DFT pre/post-coding distributes each user’s symbols
across multiple frequency components that achieves better
diversity compared to OFDMA and RPDMA. Consequently,
SC-FDMA offers better BER compared to both RPDMA
and OFDMA. Here, we use the BER curves primarily as a
sanity check rather than as a full BER analysis. A detailed
analytical study of the BER performance of RPDMA, in both
coded and uncoded settings, is an interesting topic on its own
and will be pursued as future work.

VII. Discussion

Table 5 summarizes the key findings of this work and com-
pares them with those of OFDMA. In summary, RPDMA
has two critical advantages that are paramount for uplink
scenarios: firstly, a lower per-user transmitter complexity,
which reduces the computational burden on user equipment.
Secondly, it provides low PAPR and inherent frequency
diversity, eliminating the need for additional and complex
coding schemes that OFDMA requires to achieve similar ro-
bustness. This makes RPDMA particularly advantageous for
power-limited Internet of Things (IoT) and mobile devices,
where energy efficiency is the primary design constraint.
Beyond the presented results, several extensions are possible:

e Limited number of users: The RPDMA proposed in
this work considers the subspace-wise user allocation,
which restricts the maximum number of users to the
number of divisors of N. To overcome this limitation,
one could allow arbitrary user allocation, similar to
OFDMA, by assigning multiple users within the same
subspace. Additionally, multiple users share a complete
subspace similar to the NOMA principle [5] instead
of individual subcarriers. However, this inevitably in-
troduces inter-user interference, necessitating efficient
equalization strategies to separate user signals reliably.
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FIGURE 9. (a)-(b) BER of RPDMA, SC-FDMA, and OFDMA for N = 256
and 512.

We also anticipate that RPDMA could be combined
with ML/DL-based receivers to further enhance per-
formance and scalability; for example, multiple users
multiplexed within the same Ramanujan subspace could
be separated at the receiver using learned multi-user de-
tectors, such as algorithm-unrolling networks inspired
by sparse recovery. A detailed design and optimization
of such hybrid RPDMA-ML architectures is left for
future investigation.

Generality for arbitrary N € N: The PAPR analysis
in this paper was restricted to N = 2. A valuable
extension is to investigate both the theoretical and nu-
merical performance of RPDMA for arbitrary N € N,
which would provide a more complete characterization
of its applicability. Moreover, since the RPT matrix is
not orthogonal when N # 2™, computations become
more demanding in such cases. This limitation can be
mitigated by employing orthogonal Ramanujan bases
as discussed in [61].

Practical Implementation Challenges: RPDMA is a
linear transformation—based waveform design, similar
to OFDMA. As discussed in this work, both RPDMA
and OFDMA belong to the family of NPDMA schemes.
Therefore, existing synchronization and channel es-
timation techniques developed for OFDMA systems
can be naturally extended to RPDMA. Nevertheless, a
detailed investigation of these practical implementation
challenges is left for future work.

e Receiver Complexity Optimization: While RPDMA
reduces transmitter complexity, it increases receiver
processing compared to OFDMA. This trade-off is
well-suited to uplink scenarios where base stations
have greater computational resources than user de-
vices. However, reducing receiver complexity remains
important for deployments with processing-constrained
base stations. As mentioned in Section III-B, the ef-
fective channel matrix has a skew-circulant structure
in RPDMA. Consequently, existing fast inverse com-
putation algorithms for skew-circulant matrices may be
exploited to reduce receiver complexity [62].

VIIl. Conclusion

In this paper, we proposed a novel MA scheme, RPDMA,
that extends RPDM to multi-user systems. We demonstrated
that subspace-wise allocation ensures zero multi-user in-
terference and provides inherent frequency diversity. We
demonstrated through analytical derivations that RPDMA
achieves lower PAPR than OFDMA for subcarrier sizes
N = 2™. We further analyzed computational complexity
and showed that RPDMA reduces transmitter complexity at
the expense of moderately higher receiver complexity. We
introduced a generalized framework, NPDMA, which in-
cludes both RPDMA and OFDMA as special cases. We vali-
dated our analysis through simulations, which confirmed that
RPDMA significantly outperforms OFDMA and SC-FDMA
in terms of PAPR performance, especially for users assigned
higher-dimensional subspaces. Finally, we showed that the
SE of RPDMA matches that of OFDMA and SC-FDMA,
and the BER simulation results reveal that SC-FDMA attains
a lower BER than both alternatives, while RPDMA outper-
forms OFDMA as the SNR increases. Although SC-FDMA
shows better BER performance, the inherent diversity, low
PAPR characteristics, and lower transmitter computational
complexity of RPDMA makes it as a promising candidate
for next-generation uplink wireless systems.

Appendix

Proof of Theorem 1: Since the channel is circulant after CP
removal (see Section III-A), its N-point DFT diagonalizes
the convolution, and

L—1
Hk(n)Zth(f)e_jQTmz/N, 0<n<N-1.
£=0

Stacking the entries for n € B, gives H,, = Fg, hy,
where hy € CE*! is the channel impulse response and
F,, € C#@)xL has (i ¢)-th entry e 72™¢/N with n; €
Bg,.. Thus, F,, is a (truncated) Vandermonde matrix eval-
uated at distinct frequency points; its rank is rank(F,, ) =
min{y(gx), L}. Hence Hy, lies in an rj-dimensional sub-
space with 7, = rank(F,) = min{¢(qs), L}, so there
are r, statistically independent fading coefficients across the
©(qx) frequencies in B,, . From the RPDMA input—output

VOLUME ,

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Open Journal of Vehicular Technology. This is the author's version which has not been fully edited and

content may change prior to final publication. Citation information: DOI 10.1109/0JVT.2026.3661153
]

— IEEE Open Journal of
V1D Vehicular Technology
relation For ¢, = 2", we have Zf:(g")_l leg (n — D2 = ©*(qr).
Vi = % By, kdi + W, Using this, we get
each symbol in dj, is linearly spread across all entries of E 2 Pra? 3
H,, via a unitary transform. Consequently, each symbol [lzx ()] = N @37

effectively experiences 7 independently faded components;
we therefore take dy, = r, = min{¢(qx), L} as the available
frequency diversity order for user k.

Proof of Theorem 2: OFDMA Derivation- The time-
domain signal for user k is

B -\ _j2min
x(n) =4/ N;;V Z d (i)e?2m /N

1€Qk
The WC-PAPR occurs when all d (i) = 8 and at n =0

2
Py|B)? PNy |BI?
max [z, (n)|* = sz,ﬁ S = ]f['m :

1€Q%

(28)

(29)

Employing the uncorrelated nature of M-QAM symbols, the
average power is

P

- Pkaz
NN '

> E{lde(i)*} =
1€Qx
Using (29) and (30), we get (16).

RPDMA Derivation- The time-domain signal for user &
is synthesized as

E|zx(n)[*] = (30)

P, elqr)—1
zE(n) =4/ —— d lé(l)n7 31
k(1) e ; k(1) &g (n)
where E,(]lk) (n) = L__c,.(n — 1) are normalized basis

vV Ne(ar)
functions. The WC-PAPR occurs when all dj(I) = § and at

n=20

2
(qr)—1
PSP [~
2 _ b o )
max |z (n c
o) e(qr) ; a ()
2
(qr)—1
_ BBl 1 Mﬁ: o)
ola) \ VNo(a) = "
(33)
For ¢, = 2", r € N, the RS satisfies f:(g*‘)’l e (l) =
©(qx). This implies
2
P.|BI? P32
max |z (n)|? = k18] ©(qr) _ k|ﬁ| (34)
" Plar) Neo(qr) N

Using the uncorrelated nature of M-QAM symbols, the
average power is

P, e(qr)—1 "
E 3= E[|di(D)|?] |& 235
[[zk(n)]7] ) ; [di (D7 eg, ()] (35)
Pua? w(qr)—1 ,
=— leq, (n — D)= (36)
Ne*(qr) ; !
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Leveraging (34) and (37), we get (17).
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