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In nonequilibrium steady states of Markov jump processes, we derive exact fluctuation-response relations
(FRRs) that express the covariance between any pair of currents in terms of static responses in a notably
simple form, thus generalizing the fluctuation-dissipation theorem far from equilibrium. We begin by
considering perturbations in the symmetric part of the rates. We demonstrate that FRRs imply a hierarchy of
thermodynamic bounds. These hierarchies prove the recently conjectured response thermodynamic
uncertainty relation, which bounds the ratio between any current’s response and its variance by the
entropy production rate (EPR). We furthermore strengthen this bound in two distinct ways, using a partial
EPR in one case and a pseudo-EPR in the other. For perturbations in the antisymmetric part of the rates, we
show that the ratio between any current’s response and its variance is bounded by traffic, a metric
representing the total number of transitions per unit time in the system. As an application, we use FRRs to
explain the origin of positive correlations between currents in Coulomb-blockaded systems previously
observed in experiments.
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Introduction—Fluctuations in nonequilibrium steady
states (NESSs) of Markov jump processes play a central
role in nonequilibrium physics. Close to equilibrium, the
seminal fluctuation-dissipation theorem links equilibrium
fluctuations to the linear response of a system to external
forces [1–5]. This result has been generalized by relating
fluctuations to the linear response in a NESS [6–12].
Another, apparently unrelated, result regarding nonequi-

librium fluctuations are thermodynamic uncertainty rela-
tions (TURs). The original TUR upper bounds the squared
precision of current observables (i.e., the ratio between the
square of the average current J and its variance ⟪J⟫) by
half of the entropy production rate (EPR) σ̇, where the
Boltzmann constant kB ¼ 1 [13–23]. A tighter version also
replaces σ̇=2 by the pseudo-EPR [24]. Another inequality,
the kinetic uncertainty relation (KUR), bounds the squared
precision by traffic, a quantity that measures the total
number of transitions per unit time in the system [25].
A first connection between responses and TURs was

obtained in [21,22] by upper bounding the ratio of the
squared difference between a perturbed and unperturbed
average observable to its unperturbed variance by twice the
Kullback-Leibler divergence between the perturbed and
unperturbed path probability taken by the system. This
bound was tightened in [26] and asymmetric response

relations were also obtained. Recently, a more explicit
connection was found with the response-TUR (R-TUR)
conjectured in [27], but it has not been proven so far. This
result upper bounds the precision of kinetic perturbations to
currents (i.e., the ratio between the squared static response
of a current to perturbations of kinetic barriers and the
current variance) by half the EPR multiplied by the squared
maximal rate of change of kinetic barriers in the system.
Thus, it relates response, fluctuations, and dissipation in the
form of a bound, raising the important question of whether
an exact relation exists between these quantities.
In this Letter, we derive such exact relations and coin

them “fluctuation-response relations” (FRRs). They relate
the covariance between two arbitrary currents to their static
responses to arbitrary perturbations of the transition rate
matrix. Hierarchies of thermodynamic bounds can be
derived from them. For symmetric perturbations of the
rates, we not only prove the R-TUR conjectured in [27],
but also tighten them in terms of partial-EPRs and pseudo-
EPRs. For antisymmetric perturbations of the rates, we
find a related hierarchy of response-KUR (R-KUR)
bounds, but this time in terms of traffic rather than entropy
production. We also show that FRRs straightforwardly
imply the original TUR as well its pseudo-EPR and kinetic
versions. Finally, we apply FRRs to explain the origin of
positive correlations in the currents across a double
quantum dot setup measured in the Coulomb-blockade
regime.
Setup—We consider a continuous-time Markov jump

process among N discrete states. In NESS we have
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dtπ ¼ W · π ¼ 0; ð1Þ

where π ¼ ð…; πn;…Þ⊺ is the vector of state probabilities
πn with

P
n πn ¼ 1. The matrix W is the rate matrix with

off-diagonal elements Wnm ¼ P
e½WþeδsðþeÞmδtðþeÞn þ

W−eδsðþeÞnδtðþeÞm�, where sð�eÞ is the source of edge
�e, and tð�eÞ is the target of edge �e, and diagonal
elementsWnn ¼ −

P
m≠n Wmn. Every transition rate can be

generically parametrized as

W�e ¼ exp½Be � Se=2�; ð2Þ

where Be and Se parametrize the symmetric and antisym-
metric part of the transition rate, respectively. For physical
systems in contact with thermal reservoirs (rates that satisfy
the local detailed balance), the term Be characterizes the
kinetic barriers that can be controlled by varying catalyst
concentrations (e.g., enzymes) [28], applying magnetic
fields (e.g., via the radical pair mechanism in magneto-
reception) [29–32], adjustment of tunnel barriers [33–35],
or potential barriers [36,37] by gate voltages in nano-
electronics, while the term Se, is the change in entropy in
the reservoir due to a transition e that includes changes in
thermodynamic forces and energy landscape [38–40]. The
current through the edge e is je ¼ WþeπsðþeÞ −W−eπtðþeÞ;
all unoriented transitions through the edge e are charac-
terized by a traffic τe ¼ WþeπsðþeÞ þW−eπtðþeÞ. The dis-
sipation in the system is defined by the total EPR,
σ̇ ¼ P

e σ̇e, where σ̇e ¼ je lnðWþeπsðþeÞ=W−eπtðþeÞÞ is
the single edge EPR. A steady state is an equilibrium if
σ̇ ¼ 0 (and thus all je ¼ 0) and a NESS if σ̇ > 0.
To characterize the average and fluctuations of current

observables, we introduce the stochastic counting variable
keðtÞ ¼ kþeðtÞ − k−eðtÞ, where k�eðtÞ is the number of
jumps in the direction�e during the time interval ½0; t�. The
average of an arbitrary current observable J is given by

J ≡ lim
t→∞

t−1
�X

e

xekeðtÞ
�

¼
X
e

xeje; ð3Þ

where x ¼ ð…; xe;…Þ⊺ is an arbitrary vector. The covari-
ance between two arbitrary current observables ⟪J ;J 0⟫,
where J 0 ¼ P

e x
0
eje with x0 ¼ ð…; x0e;…Þ⊺, is in turn

⟪J ;J 0⟫≡ lim
t→∞

t−1
�X

e

xeΔkeðtÞ
X
e0
xe0Δke0 ðtÞ

�
¼ x⊺Cx0;

ð4Þ

where ΔkeðtÞ ¼ keðtÞ − hkeðtÞi and C is the covari-
ance matrix of edge currents with elements Cee0 ¼
limt→∞t−1hΔkeðtÞΔke0 ðtÞi. The exact expression for the
covariance matrix C is given in Eq. (A2) in Appendix A.
Fluctuation-response relations—These are derived in

detail in Appendix A. They link the covariance of currents

to the static response of currents to perturbations in
the rates. The term “static response” means that one
considers the linear response of the steady-state currents
to the perturbation of the rates [41]. From an operational
perspective, it corresponds to measuring the current
responses for a sufficiently long time after introducing
the perturbation of the rates, so that the system has relaxed
to the new stationary state. In the main text, we assume that
the vector x does not depend on the perturbation parameter,
resulting in static responses of the current observable J as
dBe

J ¼ P
e0 xe0dBe

je0 and dSeJ ¼ P
e0 xe0dSeje0 , where

dpje½p;πðpÞ� ¼ ∂pje þ
P

n ∂πnje∂pπn, with p∈ fBe; Seg.
The results for an arbitrary x are shown in Appendix A.
For symmetric perturbations, Be, the FRR reads

⟪J ;J 0⟫ ¼ ∇⊺
BJ · D−1 ·∇BJ 0 ¼

X
e

τe
j2e
dBe

J dBe
J 0: ð5Þ

Here,∇BJ ¼ ð…; dBe
J ;…Þ⊺ andD ¼ diagð…; j2e=τe;…Þ

is the diagonal matrix with the pseudo-EPR as trace,
Π̇ ¼ trD ¼ P

e j
2
e=τe. The pseudo-EPR is a measure of

irreversibility (nonnegative and zero at equilibrium).
It coincides with σ̇=2 close to equilibrium [σ̇e=2 ¼
jearctanhðje=τeÞ ¼ j2e=τe þOðj4eÞ] and plays an important
role in the generalization of TURs [24,42–44]. The current
variance ⟪J⟫ is obtained from Eq. (5) when J ¼ J 0 as

⟪J⟫ ¼
X
e

τe
j2e
ðdBe

J Þ2: ð6Þ

For antisymmetric perturbations, Se, the FRR for the
covariance reads

⟪J ;J 0⟫ ¼ 4∇⊺
SJ · T−1 ·∇SJ 0 ¼

X
e

4
τe
dSeJ dSeJ

0; ð7Þ

and the FRR for the variance is

⟪J⟫ ¼
X
e

4
τe
ðdSeJ Þ2: ð8Þ

Here, ∇SJ ¼ ð…; dSeJ ;…Þ⊺, and T ¼ diagð…; τe;…Þ is
a diagonal matrix with total traffic as trace, T ¼
trT ¼ P

e τe. Note that even for single edge currents,
J ¼ je, the right-hand sides of Eqs. (5)–(8) include
contributions from all edges of the network. We note that
Eqs. (5) and (6) still hold at a stalling edge where both the
denominator, je, and the numerator, τedBe

J dBe
J 0, tend to

zero, because their ratio remains finite [41].
FRRs close to equilibrium—We now parametrize the anti-

symmetric part of Eq. (2) as Se ¼FeþEsðþeÞ−EtðþeÞ,
where En can be interpreted as state energies and Fe as
nonconservative thermodynamic forces [38]. At steady state
σ̇ ¼ j⊺F, where F ¼ ð…; Fe;…Þ⊺. For F ¼ 0, the system
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steady state is an equilibrium state πeqn ¼ expð−EnÞ=P
m expð−EmÞ. In the close-to-equilibrium regime, the

forces Fe are small. Currents can be linearly expanded in
forces as j ¼ LF, where L ¼ L⊺ is the positive semidefinite
Onsager matrix; see the explicit form in [45] and [46].
Comparing, on one hand, the response calculated as J ¼
x⊺LF → ∇⊺

SJ jF¼0 ¼ x⊺L and, on the other hand, the
response calculated by Eq. (A4) as ∇⊺

SJ jF¼0¼1
2
x⊺PeqT eq,

we find L ¼ 1
2
PeqT eq, where Peq is the equilibrium projec-

tion matrix (P2
eq ¼ Peq); see Eq. (A3). Inserting this

expression for the response into Eq. (7), we find

⟪J⟫eq ¼ x⊺PeqT eqP
⊺
eqx ¼ x⊺P2

eqT eqx ¼ x⊺2Lx; ð9Þ

where we used 2L ¼ PeqT eq ¼ T eqP
⊺
eq ¼ 2L⊺. From

Eq. (9), we find that equilibrium covariance matrix
Ceq ¼ 2L, which is the fluctuation-dissipation theorem
[45]. Using x ¼ F, we consider the EPR as the current
observable σ̇ ¼ F⊺j ¼ F⊺LF. Inserting x ¼ F and J ¼ σ̇ in
Eq. (9), we also find ⟪σ̇⟫eq ¼ 2F⊺LF ¼ 2σ̇ [15]. In
Sec. SIII of [47], we show that the FRR can also be used
to derive the fluctuation-dissipation relation valid far from
equilibrium but at stalling, originally derived in [9].
Proving and generalizing R-TUR—We now show how

FRRs can be used to derive thermodynamic bounds. We
introduce the parameters ε and η, which respectively
control BeðεÞ and SeðηÞ, and the current responses

dεJ ¼
X
e

bedBe
J ; dηJ ¼

X
e

zedSeJ ; ð10Þ

with perturbation rates be ¼ ∂εBe and ze ¼ ∂ηSe.
Two hierarchies of bounds are derived by combining

Eq. (10) with the FRRs (6) and (8), respectively. For the
first hierarchy, we use Jensen’s inequality to prove
2ða − bÞ2=ðaþ bÞ ≤ ða − bÞ lnða=bÞ, which implies that
τe=j2e ≥ 2=σ̇e, and from Eq. (6), we arrive at

⟪J⟫ ≥
X
e

2
σ̇e

ðdBe
J Þ2 ¼

X
e

2
b2eσ̇e

ðbedBe
J Þ2: ð11Þ

Sedrakyan’s inequality,
P

i a
2
i =bi ≥ ðPi aiÞ2=ð

P
i biÞ,

which holds for real ai and positive bi, implies

X
e

ðbedBe
J Þ2

b2eσ̇e
≥
ðPebedBe

J Þ2P
eb

2
eσ̇e

¼ ðdεJ Þ2P
eb

2
eσ̇e

; ð12Þ

where we used Eq. (10) for the last equality. Noticing that

X
e

b2eσ̇e ¼ b2maxσ̇β ≤ b2maxσ̇ω ≤ b2maxσ̇; ð13Þ

where bmax ¼ maxe jbej, σ̇β ≡P
e β

2
eσ̇e is the weighted

EPR with βe ¼ be=bmax, σ̇ω is the partial EPR [52] for the

set ω of perturbed edges (i.e., the set of edges for which
be ≠ 0), and where we used β2e ≤ 1 for the first inequality.
Intuitively, bmax characterizes the most abrupt change in
barriers resulting from a perturbation in the physical
parameter. Inserting Eqs. (10), (12), and (13) in Eq. (11)
we find the first hierarchy

ðdεJ Þ2
b2max⟪J⟫

¼ ðPeβedBe
J Þ2

⟪J⟫
≤
σ̇β
2
≤
σ̇ω
2

≤
σ̇

2
; ð14Þ

which proves and generalizes the R-TUR conjectured in
[27]. Using the fact that for single edge perturbation ε ¼ Be
and thus bmax ¼ 1, we find

ðdBe
J Þ2

⟪J⟫
≤
σ̇e
2
; ð15Þ

which bounds the response by the single edge EPR. Since
Eq. (14) holds for arbitrary βe, using βe ¼ sign dBe

J for the
last inequality in Eq. (14), we also find the bound

ðPejdBe
J jÞ2

⟪J⟫
≤
σ̇

2
; ð16Þ

which is tighter than the bound derived from the edge
summation of Eq. (15).
To derive the second hierarchy, we start from Eq. (8)

⟪J⟫

4
¼

X
e

ðzedSeJ Þ2
z2eτe

≥
ðPezedSeJ Þ2P

ez
2
eτe

¼ ðdηJ Þ2P
ez

2
eτe

; ð17Þ

where we used Sedrakyan’s inequality and Eq. (10) for the
last equality. As for Eq. (13), we have

X
e

z2eτe ¼ z2maxT ζ ≤ z2maxT φ ≤ z2maxT ; ð18Þ

which, with Eq. (17), results in the R-KUR hierarchy

ðdηJ Þ2
z2max⟪J⟫

¼ ðPeζedSeJ Þ2
⟪J⟫

≤
T ζ

4
≤
T φ

4
≤
T
4
; ð19Þ

where zmax ¼ maxejzej, T ζ ¼
P

e ζ
2
eτe is the weighted

traffic with ζe ¼ ze=zmax, and T φ ¼ P
e∈φ τe for the set

φ defining the perturbed edges (ze ≠ 0). We note that the
hierarchy of bounds in Eq. (19) can be alternatively
obtained using information geometry approach [53].
Since η ¼ Se implies zmax ¼ 1, using Eq. (19), we obtain
the single edge R-KUR

ðdSeJ Þ2
⟪J⟫

≤
τe
4
: ð20Þ

Repeating the procedure leading to Eq. (16), the last
inequality in Eq. (19) can be rewritten as
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ðPejdSeJ jÞ2
⟪J⟫

≤
T
4
; ð21Þ

which is tighter than the one derived from the edge
summation of Eq. (20).
Introducing the squared precision ϕ ¼ J 2=⟪J⟫ and the

sensitivity of the current observable dp lnJ ≡ dpJ =J , the
single edge R-TURs, Eqs. (15) and (20), take the compact
form

σe ≥ 2ðdBe
lnJ Þ2ϕ; τe ≥ 4ðdSe lnJ Þ2ϕ: ð22Þ

These results show that dissipation and traffic impose a
trade-off between precision and sensitivity.
Pseudo-EPR forms of R-TUR and TUR—Multiplying

both sides of Eq. (6) by Π̇ and using the Cauchy-Schwarz
inequality ðPi a

2
i Þð

P
i b

2
i Þ ≥ ðPi jaibijÞ2, we arrive at

Π̇⟪J⟫¼
�X

e

j2e
τe

�X
e

ðdBe
J Þ2 τe

j2e
≥
�X

e

jdBe
J j

�
2
: ð23Þ

We note that since Π̇ ≤ σ̇=2, the bound in Eq. (23) is tighter
than Eq. (16). Since the response dεJ in Eq. (10) is
bounded as

ðdεJ Þ2 ¼
�X

e

bedBe
J
�

2

≤ b2max

�X
e

jdBe
J j

�
2

; ð24Þ

using Eqs. (23) and (24) together with Π̇ ≤ σ̇=2, we find

ðdεJ Þ2
⟪J⟫

≤ b2maxΠ̇ ≤
b2maxσ̇

2
: ð25Þ

By bounding the precision of current response to sym-
metric perturbations using the pseudo-EPR instead of the
EPR, this result constitutes a tighter version of the R-TUR.
To recover the standard TUR, we relax Eq. (23) by

omitting the absolute value inside summations,

Π̇⟪J⟫ ≥
�X

e

dBe
J
�

2
¼ J 2; ð26Þ

where in the last step we used
P

e dBe
je0 ¼ je0 , which is a

special case of the summation response relations [54].
From Eq. (26), we find

J 2

⟪J⟫
≤ Π̇ ≤

σ̇

2
: ð27Þ

For the standard TUR, our derivation of Eq. (27) is
complementary to the method [24] based on the Cramér-
Rao inequality and Fisher information; see also [43,44].
The second inequalities in Eqs. (25) and (27) are saturated
if and only if j2e=τe ¼ σ̇e=2 for ∀ e, namely close to

equilibrium. It explains the simulations in Ref. [27] observ-
ing tight bounds only close to equilibrium, even for
optimized TUR and R-TUR. Furthermore, since je ≤ τe,
we find that Π̇ ≤ T , which using Eqs. (25) and (27) implies
that

ðdεJ Þ2
⟪J⟫

≤ b2maxT ;
J 2

⟪J⟫
≤ T : ð28Þ

The right inequality is the kinetic-TUR derived in [25]
using the method of [21]. The left inequality constitutes a
kinetic version of the R-TUR.
Application of FRRs—We consider two examples illus-

trating our approach: the Coulomb-blockaded system
based on the quantum dots in the main text and chemical
reactions obeying mass action law in Appendix B. Both
examples show how perturbations in FRRs can be con-
trolled by the physical parameters. The quantum dots
example focuses on the analysis of the exact FRR. In the
chemical example, we discuss the inference of the EPR and
traffic. There, analogously to standard TURs and KURs,
we use R-TURs and R-KURs to infer the minimum value
of the EPR or of traffic using current fluctuations and
responses. We illustrate that the EPR and traffic can be
inferred using only partial rather than full knowledge of the
model. Furthermore, we derive the bounds for the reaction
activity and the ratio of the concentrations of chemical
species that have recently attracted attention [55–57].
In the context of the quantum dot example, we show that

FRRs explain the observation, made in [58,59], of positive
cross-correlations in Coulomb-blockaded systems, which
are normally negative. To do so we consider the dynamical
channel blockade model [60,61]. This model consists of
two single level quantum dots (QDs) with energy levels
ϵu ¼ ϵd ¼ 0. The QDs exchange electrons with two
electrodes (reservoirs), which have the same temperature
T and chemical potentials μL ¼ −μR ¼ V=2, creating a
bias V for the left to the right; see Fig. 1(a). Electron
transitions between the two QDs are impossible, but the
two occupied QDs interact with each other through a
Coulomb repulsion energy EC. We consider the limit of
EC ≫ fV; kBTg where the probability of finding both QDs
filled is negligible. Thus, the Markov network for this
model consists of three states (both QDs are empty, u is
filled but not d, and vice versa); see the graph in Fig. 1(b).
The transition rates assigned to the edges e∈ f1; 2; 3; 4g
are W�e ¼ Γef1þ exp½∓V=ð2kBTÞ�g−1, where Γe are the
tunneling rates. Therefore, the symmetric parameters Be ¼
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WþeW−e

p
depend on both Γe and V, while the anti-

symmetric parameters Se ¼ lnðWþe=W−eÞ ¼ V=ð2kBTÞ
depend only on V. Thus, to perturb only the symmetric
parameters, one needs to control the tunneling rates Γe.
To study the covariance C24 ≡ ⟪j2; j4⟫, describing corre-
lations between the different currents on the right elec-
trode, we use the FRR (5) for symmetric perturbations
(parameters Be),
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C24 ¼
X4
e¼1

τe
j2e
dBe

j2dBe
j4 ¼

X4
e¼1

CðeÞ
24 ; ð29Þ

where CðeÞ
24 are the contributions to the covariance from the

edge responses. In Sec. SIVof [47] we derive the following
inequalities for the terms in Eq. (29):

Cð1Þ
24 ≤ 0; Cð2Þ

24 ≥ 0; Cð3Þ
24 ≤ 0; Cð4Þ

24 ≥ 0; ð30Þ

which indicate that the positive correlations originate from
the current responses to the perturbation of coupling to the
right electrode (the barriers fB2; B4g). The summation of
the terms of different signs in Eq. (29) makes both positive
and negative correlations C24 possible. This can be seen in
Figs. 1(c) and 1(d), where we plot the terms of Eq. (29) as
functions of the bias V in Fig. 1(c), and the tunneling rate
Γ4 in Fig. 1(d). We see a positive covariance between the
currents for sufficiently small rate Γ4 and large potential V.
Conclusions—FRRs in Eqs. (5)–(8) reveal a fundamental

and general relation between static response and fluctuations
giving rise to hierarchies of R-TURs and R-KURs. These
findings are relevant to any domain utilizing Markov jump

processes, as well as the growing body of research on static
responses in nonequilibrium systems [40,41,53,62–78].
Static response is crucial for understanding transport proper-
ties in nanoelectronic devices, such as quantum dots, where
it helps characterize responses to changes in tunneling
barriers or voltage biases [33–35], and in CMOS devices
subject to shifts in potential barriers or voltage biases
[36,37]. In biochemistry, static response plays a pivotal
role in quantifying processes like proofreading and sensing
[40,67,79], and in analyzing how metabolic fluxes shift due
to changes in enzyme concentrations, as seen in metabolic
control analysis [80], or to changes in thermodynamic forces
[65]. Furthermore, static response is instrumental in opti-
mizing loss functions in nonequilibrium physical computing
[72,74]. Future studies may concern the application of FRRs
in the context of EPR and traffic inference [81,82], non-
Markovian processes [83,84], dynamic responses [85,86],
and continuous-space Langevin dynamics [75,76].

Note added—We notice that, the authors of [53] used
information theory to derive the R-KUR bound for arbitrary
trajectory observables (including current observables) at
the transient regime. However, this result does not provide
exact FRRs and does not cover the R-TUR. Also, several
works related to the present Letter have recently appeared.
On the one hand, at the level of static response, we
extended FRRs to state-based observables in [87], and
the authors of [88] generalized this FRR to “strong
perturbations.” On the other hand, R-KURs have been
generalized to discrete-time Markov processes [89] or open
quantum systems [90–92]. Additionally, Ref. [90] provided
an alternative proof of the R-TUR [our Eq. (15)], and
generalized it to state observables, as well as to transient
regimes. We emphasize that the fluctuation-response rela-
tions (FRRs) for covariance, which constitute the primary
contribution of our Letter, are identities that cannot be
obtained using the approaches of Refs. [53,89–92], which
are based on the Cramér-Rao inequality that bounds
covariances.
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FIG. 1. (a) The scheme of two QDs, u and d (up and down),
where every QD is connected to the left and right electrodes
(L and R) with temperature T and chemical potentials
μL ¼ −μR ¼ V=2. Purple and blue arrows depict the electron
transfer between QDs and the left and right electrodes, respec-
tively. Wavy curve depicts the Coulomb repulsion with energy EC
between filled QDs. (b) The corresponding Markov network in
the limit EC ≫ fV; kBTgwith three states: 00, QDs are empty; 10
or 01, only the up or down QD is filled. The arrows depict the
directed jumps between the states. Purple and blue arrows are
assigned to left and right electrodes, respectively. (c) Dashed red
line shows the covariance C24 ≡ ⟪j2; j4⟫ as function of the
nondimensional potential V=ðkBTÞ calculated via Eq. (29) for
Γ1 ¼ Γ2 ¼ Γ3 ¼ 1 and Γ4 ¼ 0.2. Colored solid curves are four
terms from the left side of Eq. (29), where purple, blue, green,
yellow correspond to e∈ f1; 2; 3; 4g, respectively. (d) The same
as in (c), but functions of Γ4 with V ¼ 5kBT.
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End Matter

Appendix A: Derivation of covariance matrix
and FRRs—Here, we find an exact expression for the
covariance matrix C and then use it to derive the FRRs
shown in Eqs. (5)–(8). To find C, we use the scaled
cumulant generating function method [48,93,94]
and define the “tilted” matrix WϕðqÞ with nondia-
gonal elements Wϕ

ijðqÞ ¼
P

e½Wþe expðqeÞδsðþeÞjδtðþeÞi þ
W−e expð−qeÞδsðþeÞiδtðþeÞj� and diagonal elements the
same as W. It implies that Wϕð0Þ ¼ W is the rate
matrix. We calculate the elements of C as

Cee0 ¼
∂

∂qe

∂

∂qe0
λðqÞ

����
q¼0

; ðA1Þ

where λðqÞ is eigenvalue of the matrix WϕðqÞ with the
largest real part. In [47], Sec. SI, we calculate Eq. (A1)
to derive an exact expression,

C ¼ PTP⊺; ðA2Þ

with

P ¼ 1 − ℾ̂ðM̂ ℾ̂Þ−1M̂; ðA3Þ

where the matrices M̂ and ℾ̂ , are defined for the
oriented graph G describing the transitions (edges) E
between the states (nodes) S. Then, M̂ ¼ ½δntðþeÞ −
δnsðþeÞ�fn≠N; ∀ eg is the (reduced) incidence matrix of

the graph G with the removed Nth node; and ℾ̂ ¼
½Γen − ΓeN �f∀ e;n≠Ng is defined by the scaled incidence

matrix Γen ¼ WþeδnsðþeÞ −W−eδntðþeÞ. The matrix M̂ ℾ̂
is invertible; see proof in [41]; the matrix P is the
projection matrix P2 ¼ P, which was studied in the
context of the response theory [41].
Finally, we derive FRRs. The key object here is

the matrix P that also defines the static response of J
to perturbations of the arbitrary vector parameter
p ¼ ð…; pi;…Þ controlling the rates WðpÞ. Indeed, fol-
lowing Ref. [41], we find

∇⊺J ¼ ð…; dpi
J ;…Þ ¼ x⊺PG; ðA4Þ

where G ¼ ½∂pi
je�∀ e;i∈P is the Jacobian defined in terms

of the partial derivatives and which are known from the
rates model WðpÞ. If the number of parameters equals the
number of edges and they are independent, the Jacobian is
invertible (G−1 exists). Therefore, using Eqs. (4), (A2), and
(A4), we find

⟪J ;J 0⟫ ¼ x⊺PGG−1TðG−1Þ⊺ðx0 · PGÞ⊺
¼ x⊺∇⊺

pj · U · ðx0⊺∇⊺
pjÞ⊺; ðA5Þ

where the vector x⊺∇⊺
pj ¼ ð…;

P
e0 xe0dpe

je0…; Þ and
where
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U ¼ G−1TðG−1Þ⊺: ðA6Þ

Equation (A5) is the general result at the core of FRRs. In
general case, the vector x could be arbitrary implying that

dpe
J ¼

X
e0
ðdpe

xe0 Þje0 þ
X
e0
xe0dpe

je0 ;

ðx⊺∇⊺
pjÞe ¼ dpe

J − ΔeJ ; ðA7Þ

where we introduced ΔeJ ¼ P
e0 ðdpe

xe0 Þje0 , the response
due to dpe

x. Inserting Eq. (A7) into Eq. (A5), we find the
general form of FRR as

⟪J ;J 0⟫¼
X
e;e0

Uee0 ðdpe
J −ΔeJ Þðdpe0J

0−Δe0J 0Þ: ðA8Þ

In the main text we assume that x does not depend on p.
Using dpe

x ¼ 0 in Eq. (A8) we arrive at

⟪J ;J 0⟫ ¼ ∇⊺JU∇J 0: ðA9Þ

If p ¼ ð…; Be;…Þ⊺, we find G ¼ diagð…; je;…Þ and
U ¼ D−1, which gives Eqs. (5) and (6). If
p ¼ ð…; Se;…Þ⊺, we find G ¼ T=2 and U ¼ 4T−1, which
gives Eqs. (7) and (8).

Appendix B: Application to chemical reactions—Here,
we consider a simple example of chemical reaction
networks shown in Fig. 2, where the network includes
three internal chemical species, X1, X2, and X3,
interconverted by three reactions. One of these reactions
is driven by the conversion of an external fuel, F, into
waste, W. The concentrations of F and W, denoted cF
and cW , respectively, are externally regulated using
chemostats. In biological terms, F and W could represent
ATP and ADP, respectively, and the system in Fig. 2
could be a simplified model of a molecular motor.
Assuming mass action law (the lack of molecular

interaction between species [95]), the reaction currents read

j ¼ ðkþ1π1cF − k−1π2cW; kþ2π2 − k−2π3; kþ3π3 − k−3π1Þ⊺;
ðB1Þ

where πi is the scaled concentration of the component Xi
such that

P
i πi ¼ 1; k�ρ > 0 are reaction constants for

ρ ¼ 1, 2, 3. In NESS, the system satisfies

∂tπ ¼ Wπ ¼ 0; ðB2aÞ

J ¼ jρ ≠ 0; ðB2bÞ

with

W¼

0
BB@
−kþ1cF−k−3 k−1cW kþ3

kþ1cF −k−1cW−kþ2 k−2
k−3 kþ2 −k−2−kþ3

1
CCA; ðB3Þ

which plays the role of the rate matrix for the Markov jump
processes corresponding to Fig. 2.
The symmetric and asymmetric parts of transition rate

Wþ1 can be then expressed as B1 ¼ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ1k−1cFcW

p
and

S1 ¼ ln½kþ1cF=ðk−1cWÞ�. Consequently, using chain rule
for derivatives, the response to symmetric and antisym-
metric perturbations of the reaction ρ ¼ 1 can be expressed
explicitly in terms of current responses to concentrations
(cf. Ref. [40]),

dJ
dB1

¼ cF
dJ
dcF

þ cW
dJ
dcW

; ðB4aÞ

dJ
dS1

¼ 1

2

�
cF

dJ
dcF

− cW
dJ
dcW

�
: ðB4bÞ

Inserting the above expressions into Eqs. (15) and (20), one
can bound the entropy production and traffic of reaction
ρ ¼ 1, σ1, and τ1, measuring the current fluctuations ⟪J⟫
and empirical responses to concentrations cF and cW ,

σ̇1 ≥
2

⟪J⟫

�
cF

dJ
dcF

þ cW
dJ
dcW

�
2

; ðB5aÞ

τ1 ≥
1

⟪J⟫

�
cF

dJ
dcF

− cW
dJ
dcW

�
2

: ðB5bÞ

We emphasize that we only used the network topology
and mass action law, and did not need to know the reaction
constants k�ρ.
In the case where the current J is known, Eq. (B5a)

can be used to bound the edge affinity A1 ¼ σ̇1=J .
Moreover, from Eqs. (B1) and (B2b), and τ1 ¼ kþ1π1cF þ
k−1π2cW we further have τ1 ¼ 2cFπ1kþ1 − J and
τ1 ¼ 2cWπ2k−1 þ J . Inserting those expression into

FIG. 2. An example of pseudounimolecular reactions
ρ∈ f1; 2; 3g; Xi are internal species, F and W are external
(chemostatted) species.
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Eq. (20) and using πi ≤ 1, we obtain bounds for reaction
constants k�1,

kþ1 ≥
1

2cF

�
4

⟪J⟫

�
dJ
dS1

�
2

þ J
	
; ðB6aÞ

k−1 ≥
1

2cW

�
4

⟪J⟫

�
dJ
dS1

�
2

− J
	
: ðB6bÞ

If the ratio kþ1=k−1 is known, one can bound the
ratio of concentrations π2=π1 using the relation
A1 ¼ lnðkþ1cFπ1=k−1cWπ2Þ. Indeed, for the graph orien-
tation with J > 0, we find

π1
π2

≥
k−1cW
kþ1cF

exp

�
2

J⟪J⟫

�
cF

dJ
dcF

þ cW
dJ
dcW

�
2
	
: ðB7Þ
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