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Abstract—Before any processing, radar signals need to be
digitized using Analog-to-Digital Converters (ADCs). Recently,
the Unlimited Sensing Framework (USF), where modulo-ADCs
replace classic ADCs, has been studied in radar systems to
alleviate the stringent requirements on the acquisition chain when
encountering high dynamic range (HDR) scenes. In USF, the
recovery of a signal from its modulo measurements relies on
the embedded redundant information. This redundancy often
appears through oversampling or the collections of modulo mea-
surements of the same signal using different modulo thresholds.
In this paper, we leverage, using the Hilbert Transform, the
structure between channels of radars equipped with quadrature
or IQ coherent demodulation to design a computational system
that does not require oversampling nor the multiple acquisition of
the same signal. We introduce a new algorithm, namely Hilbert-
Pencil of Function (Hilbert-PoF), and we show theoretically and
through simulations that it achieves perfect reconstructions in
this challenging setting.

Index Terms—Radar, Unlimited Sensing, High Dynamic Range

I. INTRODUCTION

The inverse-square law naturally limits the use of radio-
frequency (RF) sensors, such as radars [1]. This law charac-
terizes the amplitude of the received echoes from targets as
decreasing according to the square of the distance from the
sensor. This high variability of the targets’ echoes generates
received signals that, after demodulation, exhibit a High Dy-
namic Range (HDR). This simple fact and an “acquire then
process” approach to radar system design [2] lead to added
complexity when designing the sensors’ architecture.

Directly acquiring HDR signals using conventional acqui-
sition chains introduces quantization errors that compromise
digital resolution, thereby affecting signal processing perfor-
mance. The mapping from the analog to the digital domain is
carried out by Analog-to-Digital Converters (ADCs). This con-
version operates within a defined dynamic range and at a fixed
resolution, typically specified in terms of bits. Consequently,
for a given bit budget, there is a trade-off between allocating
resources to either HDR or digital resolution. Such a trade-off
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Fig. 1: Representation of the modulo acquisition .#(y(t)) in red
with a dynamic range )\, compared to the classic ADC in blue with
a finite dynamic range

has significant implications. Signals that exceed the dynamic
range—such as high-amplitude targets—are clipped, saturating
the ADC and causing a permanent loss of information, as
illustrated in Fig.1 in blue. Conversely, variations in the signal
that fall below the least significant bit of the ADC are lost in
quantization noise [3].

The added complexity of the “acquire then process” ap-
proach in traditional RF-sensor architectures is most evident
in systems that attempt to manage the dynamic range of re-
ceived signals just before their acquisition. For instance, some
radars dynamically adjust their sensitivity using modules like
Sensitivity Time Control (STC) or Automatic Gain Control

(AGC) [1]. However, for these auxiliary systems to perform
as intended, strong assumptions must be made about the
characteristics of the scene being measured (such as minimum
and maximum ranges, velocity, etc.).

Recently, the Unlimited Sensing Framework (USF) [4] has
been introduced as a new paradigm to solve the HDR acqui-
sition challenge while maintaining digital resolution. Unlike
traditional methods that decouple hardware and algorithms,
the USF leverages a hardware-software co-design:

e Hardware. A modulo operation is introduced before the
ADC in the analog domain, see Fig.1 in red. This ensures
that the HDR signal before it is sampled lies within the
acquisition range of the ADC, that is £+, rendering the
use of the previous strategies superfluous. Additionally, this
amplitude compression provides higher digital resolution as
one does not need to resolve the ambient HDR signal, rather,
just quantize the range of 2\. This new framework and its
efficacy has been demonstrated in practice using prototype



modulo ADCs [5], [6].

e Algorithms. The folded signal is algorithmically unfolded
using a growing number of reconstruction methods linked
with different application areas [2]-[5], [7]-[13]. These
algorithms leverage the redundancy that can be found either
in the time domain when over-sampling, e.g., [2], [4], [5],
[12], or across channels sampling the same signal [7],
[8], [13], to reconstruct the HDR signal from its modulo
measurements.

Motivation. These algorithms and strategies, however, only
tackle the reconstruction of a single HDR signal at a time,
independently of the structure, and thus redundancy, that might
exist between different channels of a single sensor. Leaving
this redundancy out of the reconstruction strategy is a missed
opportunity that this paper seeks to remedy. In this paper, we
tackle the reconstruction of HDR radar signals by leveraging
the interplay between the In-Phase and Quadrature signals
generated by a coherent, also called quadrature, demodulator
used in Continuous Wave systems [1].

Contributions. Our contributions to this new problem of
exploiting the redundancy in multi signals systems are the
following: (i) through careful modelling, we leverage the
link between the I and Q radar channels via the Hilbert
transform and introduce a new algorithm Hilbert-Pencil of
Function (Hilbert-PoF) to solve the recovery in this setting,
(if) we prove that this algorithm can perfectly reconstruct
any HDR radar signal from its IQ modulo measurements
provided that the number of combined folding instant from
both modulo channels represent less than 33% of the samples
of one channel, (iif) this is achieved without oversampling the
signals or using multiple sampling of a signal with different
modulo thresholds, (iv) we illustrate this performance through
simulations and showcase a reconstruction error of —118dB.

The paper is structured as follows: Sec.Il introduces the
1Q radar system model, Sec.III the modulo-based acquisition
model, Sec.IV presents our reconstruction strategy with its
associated recovery guarantee, and finally, Sec.V showcases
the simulations results before concluding in Sec.VI.

Notations. c is the speed of light, v—1 =i, A is the finite
difference of order 1, S is the anti difference or cumulative
sum operator, vectors (e.g., z[n] € R™) are represented in bold
as x, the Discrete Fourier Transform of a vector & € CY is
defined as .7 (x,w) = ZnNz_Ol x[i]e~* with the inverse DFT
Z (-, N) defined accordingly with N being the number of
samples, © is the pointwise multiplication of vectors, |- | is the
lower floor operator, the shifted delta &' € ZN-1 is defined
as §'[i] = 1 and zero elsewhere. The subscripts -1, -g, and ¢
represent, respectively, for complex signals the real (In phase)
part, the imaginary (Quadrature phase) part, and the whole
complex signal. HA (x) defines the M x N Hankel matrix
created from the vector x. The first-order finite difference is
defined as Aalk] = a[k + 1] — alk].
II. SYSTEM MODEL: RADARS WITH I/Q DEMODULATION
We consider complex radar signals resulting from the coher-
ent demodulation (sometimes also called quadrature demodu-
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Fig. 2: 1Q-based or Quadrature architecture for (FM)CW radars. The
bridge between the analog and digital performed by the modulo
operator . thanks to the co-design approach is highlighted.

lation or IQ demodulation) as depicted in Fig.2 ignoring for
now the modulo operation .#)(-). For the sake of brevity,
we will focus on a simple mono-frequency continuous wave
(CW) Doppler radar in this paper. However, our approach is
fully compatible with other radar systems, RF sensors, and
various modulation schemes.

Let us consider a radar with one transmit and receive
antenna transmitting at a carrier frequency at f. Considering
a target located at a range R and approaching the radar with
a radial velocity v, the received signal is

C

r(t) = acos (27r(f0 + 2fov)t +¢— 2cR>’
where the shift in frequency 27070” is simply the Doppler shift
and « is the received power from the target. Sampling this
signal directly results in an extremely demanding sampling
rate requirement, as 2ng1} < fo.

Coherent demodulation enables the acquisition of only the
changes around the carrier, i.e., the signal resulting from
the Doppler effect (fp = 21070”). The coherent demodulator
outputs the following zero-mean signals

ri(t) = acos 2w fpt + ), ro(t) = asin 27 fpt + ).

Combining these two channels, one can obtain the complex
baseband signal

re(t) = ri(t) + irg(t) = ae®e®™Irt,

The signal’s bandwidth to be acquired is now only proportional
to the target’s Doppler effect fp. This model can be easily
extended for a scene with K targets

K

'r(c(t) = rﬂ(t) + irQ(t) — Z Oékeiwkemﬂ—kat,
k=1

)

Once r¢(t) has been acquired (or recovered), the target detec-
tion process reduces to a spectral estimation problem, with all
the associated conditions on the acquisition for its successful
estimation.
III. ACQUISITION MODEL: UNLIMITED SAMPLING
We consider the following non-linear modulo acquisition

z1[n] = A\(r1(nT5)), 2qln] = A\(ro(nTs)),

with T, the sampling rate, and .#)(y) = 2\ (% — |82
the modulo operator with a modulo threshold +\ (see Fig.1).



We consider here identical thresholds for both channels to
clearly highlight the difference with [7], see Fig.2. However,
our proposed scheme is actually agnostic to the thresholds
used, as will be made more explicit in the next section. Of
course, in a practical setting, the measurements zy and zq
will be digitized with a finite resolution ADC. We postpone
the study of the effect of quantization on our proposed system
to a later publication and omit thus the quantization noise from
our acquisition model.

Any modulo measurements z = .#(r) € RY can be
expressed as

z=ul\(r)=r—¢, 2)

with the residue € € 2AZ%. From (2), recovering the HDR
signal 7 € RY amounts to estimating the residue € from z.

We finish this section by introducing a rapid overview of the
mechanics behind the recovery of [7], which will contextualize
our reconstruction strategy using IQ radar signals. In [7],
redundancy is achieved by sampling the signal twice with two
different modulo thresholds A, Ao. The residues are estimated
thanks to (2) by computing .#, (1) —.#,(r) = €1 — €. The
unknown HDR signal = is subtracted and only the residues
remain to be estimated thanks to a relationship between \;
and ). It is the subtraction of shared, and thus redundant,
signals between zj = #(r1) and zg = #\(rg) that we
leverage our in recovery strategy.

IV. RECONSTRUCTION STRATEGY: HILBERT-POF

Our reconstruction strategy follows the common scheme
laid out in [4], [5], [7], which is: (i) leveraging the system’s
structure to remove the unknown HDR signals from the
modulo measurements 2y, 2, (ii) estimating the residues. In
the context of IQ radar systems, we carry out this first step
thanks to the following relationship:

Lemma 1 (Hilbert transform for Quadrature demodulation).
For received signals as defined in (1) sampled for a whole
period at % > 2fDwe With fp, > 0, the discrete Hilbert
transform F(-) gives

c%ﬂ("ﬁ(@) =Tn

with the Discrete Hilbert transform of a vector € € CV is
defined as

H(x) =.F ' (iF (x,wn) O sign(wy),N),
with wy = [2#% —m,.. .,277% — 7, 7.

Combining Lemma 1 with the recovery strategy of [7], we
can observe that

Z1 — <9iﬂ(ZQ) = jf((—i@) — €]. (3)

We see in (3) that imposing the periodicity and positive (or
negative) only Doppler frequency allows us to access r1 from
the modulo measurement zq, i.e., to leverage the redundancy
across different signals.

To estimate the residues from (3), we propose to recast the
problem into a frequency estimation problem. This echoes

the Fourier Prony algorithm [5], but without the need for
oversampling. We do so by applying the finite difference
operator to (3).

g=A(z1— H(zq)) = A (eq) — Ae€y. 4

We then notice that the residues being simple functions, their
first order difference can be expressed as a sum of deltas
located at their folding instants. For the I channel, it can be
expressed as A€y = ) i, 6icﬁ, with ¢} € 2)\Z being the
coefficient corresponding to the folds occurring at indexes in
M. In the frequency domain, (4) becomes

F(gw)=FAAS Y cfdh)— > de™. (5
qEMo T1EM

Given the definition of the discrete Hilbert transform in
Lemma 1, one can see, .7 (J(-),w) = isign(w).Z (-, w).
Thus, by addressing each part of the spectrum separately, (5)
becomes

yt =F(g,w>0)=i Z c(‘éeiq“’ - Z el

qGM@ 1EM;g
Yy = F(g,w<0)=—i Z Céeiq‘“ - Z cf[e”“’.
qEMg 1EMy

On these reduced domains, the Hilbert transform manifests
itself as a phase-shift =i = e*'Z on the sum of exponential
corresponding to the residue €g. Equation (5) is now a sum of
|IMc| = |Mj U Mg| exponentials whose frequencies define
an index, and its real part its contribution to €} and imaginary
part to €g. One can notice that the frequency content remains
the same on both sides of the spectrum, only the coefficients
change.

We use the Generalized Pencil of Function method, also
called Matrix Pencil method [14], [15] to identify the complex
exponentials from the two restricted spectrums and associate
them to their corresponding folds in Ae; and Aeg. We
extend the classic rectangular Hankel matrices used to estimate
the eigenvalues, which are then linked to frequencies, by
considering both sides of the spectrum y*,y~ € (oF3 by
leveraging their common frequency content. We concatenate
the corresponding two (4 — L) x L+ 1 Hankel matrices built
from each part of the spectrum as one 2(§ — L) x L + 1
matrix. We then set pencil parameter L as % — 1 to maximize
the number of folds (i.e., |[Mc]|) that can be recovered. This
gives us the following recovery guarantee.

Recovery Guarantee Given signals 7 and rg, whose struc-
ture follows Lemma 1, a sufficient condition for recovery using
Hilbert-PoF, defined in Alg.1, from zp, zq is that the number
of combined folding instants respects |[Mc¢| < %

From Alg.1, several things can be noted. First, the algorithm
relies on the structure of the signal enclosed between ry(t)
and rg(t) and nothing else for its reconstruction. Indeed,
Alg.1 is agnostic to the modulo thresholds used. Second, the
reconstruction takes place at the sampling rate required for
the acquisition of either r1(¢) or rg(¢) (which is twice as high
as the one for r¢(t)). In this context, neither the Unlimited



Algorithm 1: Hilbert-PoF

Data: z;,zg € RN, L=5 —1,M =
Result: r; = zj + €, Q—ZQ+€Q

g =A(z1 — H(zq)); estimating (4)
Yyt =Z(g,w>0),y = F(g,w<0); DFTs
Y = [H%FlL(y )T HY S (y7) 7)™ Hankel mat*
€& +iég =GPoF(Y,L) ; using [14]

Sampling algorithm [4] nor the Fourier-Prony algorithm [5]
would yield successful reconstructions.

V. SIMULATIONS

In this section, we compare our bespoke algorithm for
IQ radar systems to other modulo-unfolding algorithms and
demonstrate our recovery guarantee in a non-oversampled
setting. We do so by generating a 1-periodic bandlimited
analytic signal, its real and imaginary part being equivalent
to 71(t) and ro(t) in Fig.3. A modulo operation . (-) with a
modulo threshold A = 2.4V is then applied to both channels
before being sampled at the Nyquist rate with respect to one
of the channels, giving N = 100 samples. The combined
number of folding instants in both modulo channels in Fig.3
is IMc|=30<%.

Samples|n]

Fig. 3: The analog signals ri(t) ( ) and rg(t) ( ), and their
modulo equivalent .Z(r1(t)) (——), Ax(ro(t))

sampled signals zg () and zg (?) at a rate T%

To highlight the complex reconstruction setting of recov-
ering (ry, rg) from (21, zg), given the lack of oversampling,
we showcase the reconstruction obtained from mono-channel
algorithms. In this setting, the sampling requirement of the
classic mono-channel recovery Unlimited Sampling [4] al-
gorithm is not met. This algorithm reduces to the classic
Unwrapping algorithm [16], which fails to recover the signals,
Fig.4. The Fourier-Prony algorithm [5] cannot be used in this
setting as it relies on oversampling to separate the residue from
the signal. The same goes for techniques based on multiple
thresholds (e.g., [7], [8], [13]) as the thresholds used on both
channels are identical. The signal corresponding to equation
(4), which is central to this work, is presented in Fig.5 along
with the residues Aep and Aeg to estimate. One can notice that
folds of more than the modulo’s dynamic range, 2\, have to
be recovered. It is from this signal that the spectral estimation
is performed. Finally, Fig.6 shows the recovered signals from
the modulo measurements using Alg.1. The NMSE, defined as

Samples[n]

Fig. 4: The analog signals 7y ( ) and 7 ( ), the recon-
structed signals using the US algo [4] 71 (—=—) and 7g (——)

0 20 40 60 80 100

Samples[n]

Fig. 5: Eq.(4) (—), the residues to estimate Aej (®) and Aeg (©)

sllre =73 llrell2? + 5llmo — #ol3llrglly exceeds ~118dB;
the recovery is perfect.
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Fig. 6: The analog signals ri(t) ( ) and rg(t) ( ), and the
reconstruction using Alg.1 7 () and g (), the corresponding dashed
line are the sinc interpolations

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we demonstrated how redundancy between
different signals can be leveraged in USF. We showcased this
in the context of 1Q, also called Quadrature, radars equipped
with coherent demodulation. Our dedicated algorithm, Hilbert-
PoF, thanks to one assumption on the radar scene that links
the IQ channels through the Hilbert transform, can provably
recover 1Q signals of unknown dynamic range from their
modulo measurements without any over-sampling, given a
condition on the combined number of folding instants. The
algorithm’s accuracy was showcased using simulations and
compared to the US algorithm, as other algorithms cannot
operate in the considered setting. An NMSE of below —118dB
was demonstrated. This work should be seen as proof of
concept for applying USF to multi-channel sensors without
hinging the recovery on oversampling or redundant modulo
acquisitions.
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