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ARTICLE INFO ABSTRACT

AMS 2020 subject classifications: The high dimensionality of the input data can pose multiple problems when implementing
62H11 statistical techniques. The presence of many dimensions in the data can lead to challenges
62H25 in visualizing the data, higher computational demands, and a higher probability of over-
Keywords: fitting or under-fitting in modeling. Furthermore, the curse of dimensionality contributes to
Non-Euclidean spaces these issues by stating that the necessary number of observations for accurate modeling

Principal component analysis
Riemannian manifolds
Spheres

Torus

increases exponentially as the number of dimensions increases. Dimension reduction tools
help overcome this challenge. Principal Component Analysis (PCA) is the most widely used
technique, intensively studied in classical linear spaces. However, in applied sciences such
as biology, bioinformatics, astronomy and geology, there are many instances in which the
data’s support are non-Euclidean spaces. In fact, the available data often include elements of
Riemannian manifolds such as the unit circle, torus, sphere, and their extensions. Therefore,
the terms “manifold-valued" or “directional" data are used in the literature for these situations.
When dealing with directional data, the linear nature of PCA might pose a challenge to achieve
accurate data reduction. This paper therefore reviews and investigates the methodological
aspects of PCA on directional data and their practical applications.

1. Introduction

Nowadays statisticians and data analysts face a significant challenge in analyzing large and complex datasets, typically known
as “big data”. As a result, significant research efforts have focused on high-dimensional challenges in the past several decades.
Richard E. Bellman proposed the term “curse of dimensionality” to describe the challenges encountered in dynamic programming,
as mentioned in his work [1]. It refers to the difficulties of organizing and analyzing data in high-dimensional spaces. In this
sense, feature selection and extraction are employed to address problems resulting from the “curse of dimensionality" [2,3]. Feature
selection aims to select some variables from the entire set of variables based on their relevance. Such feature selection algorithms can
be categorized into four groups: filter methods (such as ANOVA, Pearson correlation, and variance thresholding), wrapper methods
(including forward, backward, and stepwise selection), embedding methods (such as Lasso, Ridge, and Decision Tree), and hybrid
methods (as mentioned by [4]). Feature extraction on the other hand involves reducing the number of dimensions by creating a
smaller collection of linear or non-linear transformations of the input variables. The primary distinction between feature selection
and extraction is rooted in the fact that the former retains a subset of the original features, while the latter creates new ones [2].
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Principal Component Analysis (PCA), also known as proper orthogonal decomposition (POD), is a famous method in feature
extraction to overcome difficulties caused by the curse of dimensionality and has attracted much attention in the literature. Pearson
[5] was the first to introduce it and Hotelling [6] developed it independently. PCA may be described, according to Hotelling [6],
as the orthogonal projection of data onto a lower dimension’s linear space, called the principal subspace, so that the variance of the
projected data is maximized. On the other hand, according to Pearson [5], PCA is described as the linear projection that minimizes
the average projection cost, defined as the mean squared distance between the data points and their projections. It also creates a
linear transformation of variables such that newly combined variables are almost uncorrelated [5]. In some situations, concerns are
related to the use of PCA. For example, when there are outliers in the data, PCA is strongly impacted, which led to the development
of robust PCA in computer vision for images that can be corrupted by noisy pixels. And with non-Euclidean data sets, PCA’s linearity
may be an obstacle to data reduction and compression [3].

The statistical field of directional statistics was explicitly developed for use with observations that are directions supported on
non-Euclidean spaces [7]. A direction, such as the wind direction, observed in the plane R?, can be represented by an angle 6, often
in the intervals [0, 2x) or [-z, z) and measured in a specified direction from a specified origin, or by the unit vector x = (cos 8, sin )"
for which ||x|| = \/ﬁ = 1. These types of data are referred to as circular data because the natural support for such directions is the
circumference of the unit circle S'. The term circular data is also used to distinguish them from data with the real line R (or some
subset of it) as their support, which henceforth we will term as linear data. Observations made in directions in R? can be represented
by pairs of angles that have as natural support the unit sphere, S?> (known as spherical data), or the unit torus, T? = S! xS (referred
to as toroidal data). These forms of data are also known as “non-Euclidean data” or “manifold-valued data” because the natural
supports for the data under consideration are Riemannian manifolds like the unit circle, torus, sphere, and their extensions. Shape
analysis [8-10] is a crucial related field with spherical data where a pre-shape corresponding to a configuration of k > 0 landmarks
in RY can be regarded as a point on S“®-D-1 4 e N.

In the literature, there are many books that cover numerous aspects of directional statistics, including [7,11-19]. In addition,
some articles on the topic review direction statistics. To name two essential ones, Jupp and Mardia [20] conducted a comprehensive
review that covered the vast majority of works on directional statistics between 1975 and 1988, and recently Pewsey and Garcia-
Portugués [21] provided a comprehensive overview of the overall developments in directional statistics over the last two decades.
Despite all these efforts, so far no paper has covered dimension reduction techniques, particularly manifold-valued PCA, in depth.
Of course, this is also due to the recency of many of the essential results in that domain. For example, a concise section (8.1)
in Pewsey and Garcia-Portugués [21] discusses PCA. In shape analysis, Huckemann and Eltzner [22,23] reviewed statistical methods
generalizing PCA to non-Euclidean spaces. Nevertheless, Huckemann and Eltzner [22,23] does not cover other forms of manifold-
valued data such as toroidal data. David and Jacobs [24] and Kitao [25] reviewed the methodological aspects of PCA and related
methods and their applications to investigate protein dynamics. Given the absence of a detailed treatment of the topic, and in view of
the numerous recent developments regarding PCA for directional data, we believe that a review of the latest progress in PCA-related
research for directional data is essential.

In this paper, we will provide an overview of PCA, related methods, and their applications in manifold-valued data sets.
Furthermore, some basic concepts and essential findings obtained during the early years of this field are revisited for the benefit of
non-experts, as well as a review of the latest progress in PCA-related research. The remainder of this paper is organized as follows.
Section 2 describes the classical Euclidean PCA (Section 2.1) and provides guidance for its extension to general manifolds. This
is achieved by reviewing essential concepts of non-Euclidean spaces and manifolds (Sections 2.2-2.3). Then, Section 3 presents
developments for geodesic-based and tangent-based PCA. Sections 4 and 5 review various extensions of PCA for spherical and
toroidal data, respectively. This is followed by Section 6, which contains PCA extensions for particular spaces, such as shape and
symmetric spaces. In addition, Sections 7 and 8 provide a brief overview of available R packages and conclude with final remarks,
respectively. Further results and a comparative example of PCA-related methods are included in the Supplementary Materials.

2. Towards PCA on general manifolds

Before exploring manifold-valued PCA, it is important to review the classical Euclidean PCA and some fundamental concepts of
manifolds, including their intrinsic and extrinsic means.

2.1. Principal component analysis (PCA)

PCA is a widely used technique in lossy data compression, feature extraction, and data visualization [26]. It can be described as
the problem of fitting a low-dimensional affine subspace to a set of data points in a high-dimensional space [5,6].

Consider a random d-vector X = (Xj,..., X d)T. PCA seeks to substitute the collection of d (unordered and correlated) input
variables, X, X,, ..., X, with a smaller set of p < d (ordered and uncorrelated) linear projections Y/, ... .Y, of the input variables
under the form

Y, =bX=by X+ +bjy Xy jELL....p), 2.1
in such a way that we minimize the loss of information (defined as the total variation of the original input variables). The linear
projections (2.1) are known as the first m principal components of X. The jth coefficient vector, b; = (by;, ..., b, j)T, is chosen so
that:
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* The first p linear projections Y; (for j € {l,...,p}) of X are ranked in order of importance through their variances var(Y}),
which are listed in decreasing order of magnitude: var(Y;) > var(Y,) > -+ > var(¥,,).

* Y, is uncorrelated with Y, for k # ;.

The following theorem shows that the principal components of X can be computed from the eigenvectors of its covariance matrix
Xy, a d X d symmetric real-valued matrix.

Theorem 2.1 (Principal Components of a Random Variable [27]). Assume that rank (X y) > p. Then, the first p principal components of a
zero-mean multivariate random vector X, denoted by Y ; for j € {1,...,p}, are given by Y ; = bJTX where b; are p orthonormal eigenvectors
of Xy associated with its p largest eigenvalues A;. Moreover, A; = var(Y;) for j € {1,...,p}.

2.2. Manifold background

As indicated by Karcher [28], a non-Euclidean space can be distinguished by several unique bases. Consequently, the distance
between the points is a function of the bases. Therefore, PCA based on these distances, while ignoring the topological characteristics
of the non-Euclidean space, can be invoked. Directional data live in non-Euclidean spaces, and therefore we use nonlinear
statistics [29] to analyze this kind of data. In other words, the data under consideration are elements of a manifold and the term
manifold-valued statistics is also used in the literature, particularly by Karcher [28]. To explore the notions of measure of centrality
such as mean and median and/or of variability, we review some relevant concepts of manifolds based on Karcher [28], Boothby
[30], Fletcher et al. [31], Pennec [29] and Bishop and Crittenden [32].

Riemannian manifold. To define a Riemannian manifold, it is essential that we take into account a set of fundamental definitions.
These foundational concepts provide the framework for our subsequent formal delineation of a Riemannian manifold.

Definition 2.1 (Manifold). A manifold M of dimension d € N, or d-manifold, is a topological space with the following properties:

i. M is Hausdorff (i.e., if any two distinct points in M can be separated),
ii. M is locally Euclidean of dimension d, and
iii. M has a countable basis of open sets such that for each point x € M there is a neighborhood U of x that is homeomorphic to
R4,

In a manifold, every point x € M has a neighborhood U with a diffeomorphism ¢ : U — R?. The pair (U, ¢) is called a
coordinate chart, and a collection of charts whose domains cover M is called an atlas.

Definition 2.2 (Smooth Manifold). A smooth manifold is a topological space M together with a maximal atlas. The maximal atlas
is also called a differentiable structure on M.

Lines and circles are one-dimensional manifolds. Manifolds in two dimensions are also known as surfaces. The plane, the sphere,
and the torus are examples. The concept of a manifold is fundamental to numerous aspects of geometry and non-Euclidean spaces
because it allows the characterization of complex structures in terms of the well-understood topological properties of simpler spaces.
According to Karcher [28], for each manifold M c R, it is possible to associate a linear subspace of R? to each point x € M. Such
space is called the tangent space at x, and is written as T, M.

Definition 2.3 (Tangent Space and Metric). The tangent space T, M is the set of tangent vectors of all curves passing through the
point x € M. Intuitively, it is a linear subspace that best approximates the manifold M in a neighborhood of the point x. It is
equipped with an inner product

g T .MxT,M —R

along with a norm metric || - || : 7,M — R defined by ||v|| := 1/g.(v,v) for any v € T, M. In the literature, the metric is sometimes
referred to by brackets (-, -) instead of g, (-, ).

Definition 2.4 (Riemannian Manifold). A Riemannian manifold M is a smooth manifold M equipped with a metric g,, which is a
smoothly varying inner product on the tangent space T, M of M at each point x € M. The family g, of inner products is called a
Riemannian metric.

It is a well-established fact that any Riemannian manifold M can be embedded isometrically into some Euclidean space
with sufficiently high dimension. The dimensional requirements vary based on the nature of the embedding; for continuously
differentiable embeddings (C') [33] and analytic or smooth embeddings of a particular class (C*, k > 3) [34], different upper
bounds are considered. At times, a suitable non-isometric embedding M < R? may be preferred. It is important to note that in the
case of an isometric embedding, the Riemannian metric g, on T, M corresponds to the standard Euclidean inner product.

Definition 2.5 (Riemannian Distance). The Riemannian distance between two points, a,b € M, denoted d(a, b), is defined as the
minimum length over all possible smooth curves between a and b.
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Fig. 1. Illustration of a geodesic y(f) constructed between two points u,x € M, along with the associated tangent space vector v € T, M. The
exponential map Exp, and the logarithmic map Log, are also shown.

The length of the manifold’s shortest curve between a pair of points, known as a geodesic, is defined as follows.

Definition 2.6 (Geodesics and its Curve).

(i) A differentiable or smooth curve y : [a,b] - M assigns to each ¢ € (a,b), a,b € N, a tangent vector y’(r) € TyM. Its length,
L(y), is computed by integrating the norm of the tangent vectors along the curve (i.e., arc length):

b
L) = / Iy @llds.

(i) Given a couple of points on a Riemannian manifold (p, x) € M and the set of all curves y : [a,b] — M such that y(a) = p and
y(b) = x, the geodesic curve ¥ is the curve with the shortest total length L(7) as

L) :=inf{L(y) | v : [a,b] = M,with y(a) = p,y(b) = x}.

In other words, 7 locally minimizes the length between two points.
(iii) A Riemannian manifold M is said to be complete if every geodesic segment y : [a,b] - M can be extended to a geodesic from
all of R to M.

Theorem 2.2 (Hopf-Rinow Theorem [35]). If M is a complete, connected Riemannian manifold, then the distance metric d(-,-) induced
on M is complete. Furthermore, between any two points on M, there exists a geodesic.

This result shows that in the complete manifold M, each geodesic extends indefinitely in both directions (even though it wraps
around itself). This implies that between any two points, there exists a length-minimizing geodesic. For instance, the Euclidean
space RY and the sphere S? are complete, and thus by the Hopf-Rinow Theorem 2.2, there is a geodesic (for antipodal points on S?
the geodesic is not unique in this case).

The tangent space of a Riemannian manifold M and geodesics y have direct relationships through the exponential map and the
logarithmic map. For a tangent vector v € T, M, constructed at point x € M, there exists a unique geodesic y, : [0,1] -» M such
that y,(0) = x and with y/(0) = v as initial velocity. The vector v € T, »M is mapped to the endpoint of the geodesic 7,(1) € M
through the exponential map Exp, : T, M — M such that Exp,(v) = y,(1). The inverse of the exponential map is the logarithmic map
Log, : M — T, M such that Log(y,(1)) = v, which maps the point y,(1) in the neighborhood of x € M to a vector in the tangent
space v € T, M. These functions provide a mapping from the manifold’s surface to the tangent space of a given point. Fig. 1 gives
a schematic representation of these maps.

2.3. Means on manifolds

While various measures of a central point exist in the literature, including the Fermat-Weber point [36], the projection
median [37], and the Tukey center point [38], which are all variants of the geometric median, this paper focuses specifically on
the mean as the central point.

The PCA approaches on manifolds can be classified as extrinsic (based on the tangent space) or intrinsic (geodesic-based). In an
extrinsic approach, the manifold is typically approximated by a linearized space, and the majority of the analysis is performed there
before the results are projected back. In the intrinsic approach, no approximation procedures are used, but instead mathematical
tools are applied directly to the Riemannian manifold [29]. Taking terminology from stepwise multiple linear regression, alternative
approaches to classify manifold PCA is backward versus forward stepwise PCA [39,40]. Typically, in the forward approach, PCA and
approximating subspaces are constructed from lower to higher dimensions, while PCA is constructed in reverse order from the
largest dimension to the lowest dimension in the backward approach [41]. In Euclidean data sets, forward and backward PCA are
equivalent. For further details, the interested reader is referred to Marron et al. [39], Damon and Marron [40], Marron and Alonso
[42], and Pennec [43].

The distances on a manifold play a key role in defining some measures of centrality and dispersion in directional statistics. Thus,
after Definition 2.5 of a distance between two points, extending statistical methods to manifolds is straightforward.
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Definition 2.7 (Intrinsic Mean, Fréchet [44], Karcher [28]). Let x,,x,,...,x, € M be a data set on a manifold M. The intrinsic mean
u is defined as

n
. : 2
yi=arg (Ereul\r} g{ d(a, x;)°, (2.2)

where d(-, -) denotes the Riemannian distance on M.

In a study conducted by Fréchet [44], the intrinsic mean is defined for a general metric space. Accordingly, it is sometimes called
the Fréchet mean. The properties of the intrinsic mean on a Riemannian manifold have been studied by Karcher [28]. Kendall [45]
shows that the intrinsic mean exists and is unique if the data are well-localized. For our case, having the intrinsic mean u, T, M will
be the tangent space to the intrinsic mean. This construction is particularly useful when the statistical analysis cannot be invoked
directly on the manifold. In that case, the tangent space in the vicinity of the intrinsic mean is a suitable place to carry out those
required analyses and project the results back. However, there are numerous benefits to employing mathematical tools directly in
the Riemannian manifold rather than employing any approximation procedure [29].

The intrinsic mean is computed by solving the minimization problem in (2.2). Let us assume that our data x,...,x, lie in a
strongly convex neighborhood (i.e., a neighborhood U such that any two points in U are connected by a unique geodesic contained
completely within U) to guarantee a unique solution. We must minimize the sum-of-squared distance function

f(x) = 21_}1 i:z]d(x,xi)Z,x eEM.

Pennec [46] proposed a gradient descent algorithm to minimize f (for more details about gradient algorithms, see [47,48]). The
gradient descent algorithm takes successive steps in the negative gradient direction. Given a current estimate y;,j > 1, for the
intrinsic mean, the following equation can be used to update the mean by taking a step in the negative gradient direction as

n
k
Hjp1 = Expuj <; ZLOgyj (xi)>7
i=1

where k € N is the step size. Since the gradient descent algorithm only converges locally and the data is assumed to be well-
localized, Fletcher et al. [31] recommended considering initial estimate of y, as one of the data points, say x;, and k = 1 for
spherical data. It is important to note that if M is a vector space, then the gradient descent algorithm with k = 1 simplifies to linear
averaging, resulting in convergence in just one step. Additionally, when M = R*, which represents the Lie group of positive real
numbers under multiplication, the algorithm with k = 1 corresponds to the geometric average, also leading to convergence in a
single step.

The gradient-based approach for calculating means on a manifold, such as that described by Pennec [46], generally demonstrates
linear convergence under certain conditions. However, Cazals et al. [49] provide further insights into convergence behavior
specifically on the unit circle S! when computing the Fréchet mean. By partitioning S! into arc intervals and performing structured
calculations within these intervals, they achieve efficient convergence even for large sample sizes. Additionally, Cazals et al. [49]
address the challenge of local minima by analyzing the mean’s behavior on S! through interval decomposition, ensuring that each
interval contains at most one local minimum. Using a combination of algebraic and transcendental expressions to assess derivatives,
their approach reliably identifies intervals where local minima may occur. In summary, there is the following algorithm for
computing the intrinsic mean of manifold data:

Algorithm 1 Intrinsic Mean

Input: x,....x, € M

Output: y € M, the intrinsic mean

Uy = x;, the initial value;

Do X

AM = ; Z?:l LOgyj(xi)

Hjv1 = Exp, (Ap)

while |4, || > e. [where || - || denotes the Euclidean norm]

Another way of defining the distance on M is to embed it in a Euclidean space and use the Euclidean distance between points.
This notion is called the extrinsic distance on M. Similarly to the above, we can define the extrinsic mean, which depends on the
ambient space and the choice of embedding.

Definition 2.8 (Extrinsic Mean). Given an embedding @ : M — R, the extrinsic mean pg of a collection of points x;,x,, ..., x, € M
is defined as
n

Ho 1= arg min 3" [|d(a) - D(x)II, (2.3)

i=
where || - || denotes the Euclidean norm.

Given the embedding of M, we can also calculate the arithmetic (Euclidean) mean of the embedded points and then project this
mean onto the manifold M. This projected mean is equivalent to the above definition of the extrinsic mean [50]. On the issues
relating to the existence and uniqueness of ug4, see Bhattacharya and Patrangenaru [51].
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3. Geodesic-based and tangent-based PCA

In the past few decades, two broad categories of PCA on manifolds have been developed: tangent-based PCA and geodesic-based
PCA. The former seeks to exploit manifolds’ locally Euclidean property (see Fletcher et al. [31]), whereas the latter removes the
constraint of geodesics passing through the mean (see Huckemann and Ziezold [52]). Geodesic-based and tangent-based PCA have
been applied to many problems, including statistical shape analysis [10,31,53-55], diffeomorphic image registration, Vaillant et al.
[56], tensor field classification in medical image analysis [57,58], wrist rotation in Robotics [59] and neuroimaging data [60].

3.1. Principal geodesic analysis (PGA)

Fletcher et al. [31] introduced Principal geodesic analysis (PGA), which is a generalization of PCA to manifolds. More precisely,
they described the variability of the manifold data in a way analogous to PCA. For this, they used the Riemannian property of the
non-Euclidean space to derive the eigenvectors and eigenvalues on the manifold through the exponential and logarithmic maps.
In PGA, the forward approach is taken to PCA using geodesics in the appropriate manifolds. In other words, the PGA employs an
appropriate mapping to connect the manifold and tangent space. It utilizes the tangent space of the manifold at the geodesic mean
as the linear space. This results in finding the best-fitting geodesic among those passing through the geodesic mean.

PGA aims to represent variability in data on a manifold, similarly to how PCA represents variability in Euclidean space. This
requires addressing the following three key concepts in the manifold setting:

» Variance: Fréchet [44] stated that sample variance is the expected value of the squared Riemannian deviation from the mean.
Given a set of points x|, x,, ..., x, in a complete connected manifold M, the sample variance of the data is defined as

n
1
o2 = - 2 d(;t,x,-)z,
i=1

where y is the intrinsic mean of the x;.

» Geodesic sub-manifolds: A sub-manifold H of M is said to be geodesic at x € H if all geodesics of H passing through x are
also geodesics of M [31].

+ Projection: The projection of a point x € M onto a geodesic submanifold H of M is defined as the point on H that is nearest
to x in Riemannian distance. Thus, we define the projection operator z; : M — H as

m(x) 1= argmind(x, 2.
yeH

Due to the computational cost of non-linear least-squares optimization for the geodesic subspace, and the absence of a closed-form
solution for the projection operator r; on general manifolds, we employ a linear approximation within the tangent space of M for
projecting onto a geodesic submanifold. This approximation, implemented in Algorithm 2, provides a practical approach to PGA. The
algorithm’s core principle, minimizing residual norms or unexplained variance, aligns with the objective of manifold dimensionality
reduction.

Algorithm 2 Principal Geodesic Analysis

Input: x,...,x, € M

Output: Principal directions, v, € T,M
A €ER

u = intrinsic mean of x; (Algorithm 1)
u; = Log,, (x;)

§= % Xy wiul

{vr. A } = eigenvectors/eigenvalues of S

Sommer et al. [61] developed a method for calculating the exact PGA in a wide range of manifolds. Specifically, they proposed an
algorithm for numerically solving optimization problems over geodesic spaces by integrating Jacobi fields and second-order geodesic
derivatives. They investigated linearized and exact algorithms for computing PGA by applying both algorithms to synthetic data.

3.2. Geodesic principal component analysis (GPCA)

The PGA method involves analyzing geodesic subspaces, and it has been noted that the mean value is always found within
these subspaces, even if it falls outside the expected range of values. Huckemann and Ziezold [52] and Huckemann et al. [62] have
proposed Geodesic principal component analysis (GPCA) whereby the first-order component of the analysis is initiated with the
geodesic that best fits the data, without necessarily adhering to the mean value. This alternative approach can help to improve
the accuracy of the PGA procedure when working with data that lie beyond the expected distribution range. In that respect, they
introduced a new notion of the center point, the PC’s mean, which is an intersection of the first two principal geodesics. The main
improvement of GPCA over PGA is that the best fitting geodesic is drawn from the set of all geodesics instead of being constrained
to go through the geodesic mean [62]. Thus, it falls within the framework of a backward approach to PCA.
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To expand on the existing framework that relaxes the assumption that second and higher-order components should cross at
a single point, Sommer [63] has suggested an alternative method for defining these components. Specifically, Sommer [63] has
proposed a parallel transport of the second direction along the first principal geodesic, which is used to establish the second
coordinates. This process is then iteratively repeated to define higher-order coordinates by horizontally developing along the
previous modes. The method was named Horizontal component analysis (HCA). By adopting this, it is possible to achieve a more
flexible method for defining principal components, which can improve the accuracy of subsequent analyses.

3.3. Probabilistic principal geodesic analysis (PPGA)

PGA is an extension of PCA that is designed to work with non-linear manifolds [31]. The method is founded on geometric
principles and utilizes least-squares estimation techniques to determine subspaces that minimize the sum-of-squared geodesic
distances to the available data. Although the original PCA formulation inspired the development of PGA, the current component
analysis techniques for manifolds do not possess a probabilistic interpretation, similar to PCA.

Tipping and Bishop [64] introduced a latent variable model for PCA called probabilistic PCA (PPCA). Roweis also proposed a
similar formulation [65]. Inspired by probabilistic PCA, a latent variable model for PGA was presented in a paper by Zhang and
Fletcher [66] called Probabilistic PGA (PPGA).

The main idea of probabilistic PCA is to model a d-dimensional Euclidean random vector y as

y=u+Bx+e,

where y € RY is the mean of y, x is a p-dimensional latent random vector (p < d) which follows a normal distribution with mean
zero and identity covariance matrix I, the factor matrix B is a d X p matrix that relates x and y, and the error is represented by
e, which follows a normal distribution with mean zero and covariance matrix oI ;. To simplify the factor matrix, it is common
to consider B = W A, where the columns of W are mutually orthogonal and A is a diagonal matrix of scale factors. Tipping and
Bishop [64] demonstrated how the principal axes of a set of observed data vectors may be determined through maximum likelihood
estimation of parameters in a latent variable model closely related to factor analysis. They introduced two methods to estimate the
parameters: matrix decomposition and the EM algorithm.

To apply the model to random variables on Riemannian manifolds, Zhang and Fletcher [66] used a noise model based on the
normal distribution for such manifolds [29]. Consider a random vector y that takes values on a Riemannian manifold M and that
is defined by a probability density function expressed as

1
Py | o) = o o (~5d.y7).

Cu,7) = / exp(—%d(m)z)dy,
M

where C(u,7) is the normalizing constant depending on y € M which is a location parameter on the manifold, and = € R* is
a dispersion parameter that is similar to the precision of a Gaussian distribution. We term this distribution a Riemannian normal
distribution and use the notation y ~ N, (u,7~!) to denote it. Given that there is no explicit formula for the normalizing constant,
this estimation is only applicable to symmetric spaces such as Euclidean space, spheres, Kendall shape spaces, Grassman or Stiefel
manifolds, and so on. Hence, the PPGA model for a random variable y on a smooth Riemannian manifold M is based on

y | x ~ Ny (Exp(p,z),77"), z = Bx,

where x represents a set of latent random variables in R?, y is a base point on M and r is a scale parameter for the noise. In this
model, both B (a linear combination of W and A) and the latent variables x form a new tangent vector z € T,M. Subsequently,
the exponential map is used to move the base point x along the tangent vector z € T, M, resulting in the generation of the location
parameter for a Riemannian normal distribution. It is worth noting that in Euclidean space, the exponential map corresponds to
simple addition, i.e., Exp(u, z) = u + z which coincides with the PPCA model [66].

Zhang and Fletcher [66] proposed a Monte Carlo Expectation Maximization (MCEM) algorithm to estimate the parameters in the
maximum likelihood function. The expectation in this algorithm cannot be computed in closed form and is instead approximated by
Hamiltonian Monte Carlo (HMC) sampling of the latent variables. The MCEM algorithm is used to compute the subspace spanned
by d principal components in PPGA. This algorithm involves iterative steps and the time required for each step depends on the
complexity of certain mathematical concepts such as the exponential map, log map, and Jacobi field. The computational cost of the
gradient algorithm increases with the data size, dimensionality, and the number of samples drawn. Nonetheless, MCEM can work
simultaneously for each data point, thus making it a parallelizable algorithm.

Suppose, we have observed data y;, i € {1,...,n}, on a Riemannian manifold M, where each data point y; is associated with
a corresponding p-dimensional latent variable x; € R” and z; = WAx; where z; € T,M. To sample from the posterior distribution
Pr(x | y;n), where the parameters are denoted as n = (u, W, A, 1), using the HMC method, we compute the log of the posterior
distribution

llx; 11>
. (3.1)

n n
lnHPr(x‘- | yi;m) « —nInC(u, ) — Z %d(EXp(ﬂ, z), yl-)2 -
i i=1

i=1

and use this in the MCEM algorithm to estimate the parameters 5. The procedure contains two main steps:
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step 1: For every x; in the data, generate a set of ¢ samples from the posterior distribution (3.1) using the HMC. In iteration
(k+ 1), with the estimated parameters of iteration k, denoted as r¥, let x; ; represent the jth sample generated for x;. The
Monte Carlo approximation is calculated as follows:

n qg n
1
01 1) = B,y | X 0PrCx; | )] ¢ 2 2 InPrCey |y, 3.2)
i=1

j=li=1

step 2: In this stage, calculate the maximization step to update the parameters n = (u, W, A,7r) by maximizing the HMC
approximation of the Q function as given in (3.2). This procedure involves a gradient ascent algorithm [47,48] since
closed-form solutions are not available for all the parameters.

The details of this algorithm are summarized in Algorithm 3.

Algorithm 3 MCEM for PPGA

Input: Data set Y € M, reduced dimension p

Initialize n= (u, W, A, 1)

repeat

Sample X and do Hamiltonian Monte Carlo (HMC) method
Update n = (u, W, A, 7) using the gradient ascent algorithm
until convergence.

Zhang and Fletcher [67] proposed a Bayesian inference procedure for the estimation of model parameters and the simultaneous
detection of the effective dimensionality of the latent space. Also, Zhang et al. [68] introduced a PPGA mixture model in
subpopulations, where the parameters of the principal subspaces are automatically estimated by employing an EM algorithm,
and Sommer [69] proposed a solution for a probabilistic model focusing on PGA based on the normal distribution in the manifold
M, derived from the marginal distributions of a diffusion process in M with constant infinitesimal covariance.

3.4. Principal flow

Principal flow, introduced by Panaretos et al. [70], extends the concept of principal curves to Riemannian manifolds. Principal
flows are flexible curves that pass through the mean of the data points and can capture non-geodesic patterns of variation both
locally and globally, making them a powerful tool for analyzing data on manifolds. The Principal Flows move along a path of
maximal data variation subject to smoothness constraints. Specifically, Panaretos et al. [70] studied the problem of constructing a
smooth curve on a manifold passing through a given data center (such as the intrinsic mean) whose tangent velocity at each point
aligns with the eigenvector of the corresponding tangent local covariance matrix, subject to smoothness constraints. In essence, the
curve is defined as a solution to a Euler-Lagrange problem on the manifold.

Suppose that M is a complete Riemannian manifold of dimension p embedded in R?, p < d, and assume that the embedding is
explicitly known, in that M := {x € R? : F(x) = 0} for a given differentiable function F : R? — R?. The corresponding bundle of
tangent spaces Ty M of x € M will be denoted by

TyM = {yeR? : VF(y) = 0}

with associated metric tensor (-,-) and induced Riemannian metric d(-,-). Here, VF is the derivative matrix p X d of F evaluated
at x € M, assumed to be of full rank everywhere in M. Throughout, we assume that a configuration {x,,...,x,} € M is localized
enough that there exists a connected open set B C M covering this configuration and such that the logarithmic map (Logz(x;)) is
well defined for all x € B (x could be a Fréchet mean [44]).

Definition 3.1 (Tangent PCA [70]). Let x,,...,x, € M and B C M be as above. The tangent principal components {e,(%), ..., e.(X)}
at X € B are the basis for Ty M, given by the first p eigenvectors (corresponding eigenvalues are {4,(%),...,4,(x)}) of the d x d
tangent covariance matrix defined by

1y
@) = Z{Log;((x,-) ® Log,(x;),

where the tensor product here is defined by y @ y :=yy'.
It is also possible to define local versions of the tangent covariance matrix X. To do so, a scale parameter 4 > 0 and a smooth
non-increasing univariate kernel K within the range of [0, c0) must be selected.
Definition 3.2 (Local Tangent Covariance [70]). Given h > 0 and
Kp(x, %) 1= K(h™"|| Logz(x = I,

a scale h local tangent covariance matrix X, at x € B is defined as

2, = ! Z Log, (x;) ® Log, (x,)x,(x; X). (3.3)

n -
Z,‘:l Kh(xivx) i=1
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Initially, the focus is on the first principal flow, and for simplicity, the first eigenvector and eigenvalue of a matrix X,(x)
are denoted e(x) and A(x), respectively. These define an orientation field {V(x) : x € B} comprised of orientations of ‘“maximal
variation”, that is,

V(x) = {—A(x)e(x), A(x)e(x) : x € B}.

The fact that the orientation field V' (x) can be converted into a vector field, at least locally, will be crucial in what follows. We can
choose the eigenvectors {e(x) : x € N} to be “pointing in the same direction” within an open neighborhood N c B.

Proposition 1 (Panaretos et al. [70]). Let {x,,...,x,} C M and B C M be as above, and assume that the tangent covariance matrix
%, (x) has distinct first and second eigenvalues for all x € B. Given any X € B, the tangent vector A(X)e(X) can be extended to a tangent
vector field W = {W(x) : x € N(x)} defined over an open neighborhood N (x) of X and such that

+ W (x) is independent of the local coordinates of T, M and can be expressed in coordinates of the ambient space R9.
« S,0W(x) = AW () (e, W(x) € V(x).
*« W : N(%) = RY is a differentiable mapping.

With Proposition 1, we can now understand how to integrate over the orientation field defined by the eigenvectors and describe
the class of functions that are candidates for a principal flow. Given x as a starting point on M, one can define the flow class for
X €M as

Ii,v) = {y ([0,pl > M 1y € CHM), p< 1, y(s) #7(s') for s#s/,
/O =% 7(0)=v, f(y[o,t]):zforallo<z<p<1}

where #(y[0,t]) represents the length of the parametric curve y from y(0) to y(¢), for all 0 < ¢ < 1. Here, v is a unit tangent vector
at the point x in the tangent space Ty M. Specifically, I'(x, v) is the set of all twice differentiable, non-intersecting, and unit-speed
curves on the manifold M. These curves start at x with velocity vector v at X, and their length can be up to 1.

The principal flow is defined as a smooth curve y on the manifold and needs to satisfy a variational problem. The curve y passes
through a given point x (e.g., a Fréchet mean) and has a derivative vector field y that is maximally compatible with the vector field
{V(x) : x € B} of orientations of maximal variation.

Definition 3.3 (Principal Flow at Scale h, [70]). Suppose x € B and { Z,(x) : x € B} have distinct first and second eigenvalues. Let
W be the extension of A(X)e(x) as mentioned in Proposition 1. A principal flow of the set {x,,...,x,} through x at scale  is a union
of two curves y, and y, that meet the conditions

2(r)
y, = arg sup / O, Wy @) dt
vel(x.e(x)) /0

(r)
i= ar inf v (1), W(y(@))) dt.
2 gyel_(xﬁe@)/o GO, W @)

With Proposition 1, the curve y, starts at X and follows the direction of the vector field that extends A(X)e(X), while the curve y,
starts at x and follows the opposite direction —A(x)e(x). The degree of rigidity or flexibility of the flow is determined by the scale
parameter h. For large values of 4, the flow will be insensitive to local variations in the sample, instead focusing on global variation
properties. Conversely, for small values of 4, the flow will be more sensitive to local variations, capturing finer-scale variation
properties.

Panaretos et al. [70] showed that the problem of finding a principal flow can be reformulated as an Euler-Lagrange problem
on the manifold, provided conditions for the existence and uniqueness of a solution, and presented an algorithm for its practical
application. Recently, Liu et al. [71] combined the level set method with the Principal Flow algorithm to obtain a fully implicit
formulation, so that the curves obtained in the manifold fit the data set well.

Fixed Boundary Flow is an extension of Principal Flows that aims to find a flow with fixed starting and ending points for
multivariate data sets lying on an embedded non-linear Riemannian manifold [72]. Unlike principal flows which start from the
center of the data cloud, both points in Fixed Boundary Flow are given in advance using the intrinsic metric on the manifolds. From
a geometric perspective, the Fixed Boundary Flow is defined as an optimal curve that moves within the data cloud, maximizing
the inner product of the vector field, calculated locally, and the tangent vector of the flow at any point on the curve. To achieve
this, an Euler-Lagrange problem is formulated and the solution is reduced to that of a Differential Algebraic Equation. In Yao et al.
[72], conditions for the existence and uniqueness of a solution are given, and an algorithm for its practical implementation is also
presented.

Instead of handing curves with an explicit parameterization in principal flows, Liu et al. [71] combine the level set method with
the Principal Flow algorithm to obtain a fully implicit formulation, so that the obtained surface on the manifold fits the data set
well.
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4. PCA for spherical data

Spherical data typically arise in astronomy (many astronomical observations are points on the celestial sphere; see, e.g., [15,19,
731), earth sciences [19,70,74-76], shape studies [10,77-80], text mining [18,81], archeology [82,83], biology [79,84,85], medicine
(the brain scan for instance [86,87] and cardiology [88,89]) and bioinformatics (Fotouhi and Golalizadeh [55], Hamelryck et al.
[90], Dryden and Mardia [10], Ley and Verdebout [18]).

In geometry, the (p— 1)-dimensional unit sphere (or a hyper-sphere in R?, where p > 3) is denoted as S*~! := {x € R? : ||x| = 1}.
The computation of the spherical mean for a set of data points x,...,x, is defined as ﬁ, where x = - Y| x;. The geodesic
X n

distance d on a unit sphere is defined as:
d(x, y) = arccos (xTy)

where x,y € S”~! and d(x, y) is the geodesic between x and y. Note that the shortest path between two points is unique, except for
T
x'y=-1.

4.1. Principal arc analysis (PAA)

Jung et al. [41] introduced Principal Arc Analysis (PAA) as an extension of PCA on a special class of manifold namely on the
direct product manifold M = M, @ - ® M,,, where each M;, i € {1,...,m}, is a simple manifold such as the unit circle S!, unit
sphere S?, R, and R”. For instance, when multiple 3D directions are considered simultaneously, the sample space is S* @ -+ & S?,
which is a direct finite product manifold. Another illustration is the medial representation of shapes known as m-reps [91], which
is well-known in image analysis. Some necessary background on direct product manifolds can be found in [30].

Note that the curvature of direct product manifolds is mainly due to the spherical part, which motivated Jung et al. [41] to
define the principal circles and the principal circle mean when the manifold is S?. They suggested transforming the data points in
S? into the linear space by a special mapping utilizing the principal circles for more complex direct product manifolds. Regarding
other components of the manifolds, logarithmic mapping can be used to map the data to a linear space as done in Fletcher et al.
[31]. Once directional data are mapped onto the linear space, the classical PCA can be applied to find principal components in the
transformed linear space. In their real data application, Jung et al. [41] use principal arcs to model the prostate in medical images.

4.2. Principal nested spheres (PNS)

Jung et al. [92] suggested a decomposition technique called Principal Nested Spheres (PNS) that can be seen as an extension of
the PAA approach to spheres. PNS was developed in response to concerns that geodesic based methods might not give an effective
decomposition of the space when non-geodesic variation is major. Instead, PNS can be viewed as a backwards generalization of PCA,
a method that sequentially reduces the dimension of the fitted sphere through iterative steps. PNS yields a sequence of submanifolds
Ay, Ay, ..., Ay_p of S?71 such that

A CAyC...CA,;,CS !,
where a subsphere A4,_, of S?~! is defined by an axis v and a distance r € (0, 7/2] as
Ay, ) = {x €S : d(x,v) = r}.

The subsphere 4,_, can be mapped onto the unit hypersphere S?~2 through an invertible mapping f; (see Jung et al. [92]);
therefore, it can be identified with S92 and treated as a unit sphere. The next subsphere A,_; can then be built from S92 (given
a new axis v* € S9~% and a new distance r* € (0, 7/2]) and identified with a submanifold of S¢~! via f;!(4,_3) C A,_,. Continuing
this process, the (d — k)-dimensional nested sphere of S?~! is defined as

-1 -1 i —
Ay = flloof L(Ag) ifk=3,....d-1
Ay if k=2,

where the f,’s are the consecutive invertible mappings linking subspheres A,_;_; with unit spheres Sd-i-1,

From a practical point of view, suppose that we have a sample x,, ..., x, with values on S¢~!. The residual of a point x € S~!
for the subsphere A;_,(v;,r,) is defined as the signed length of the geodesic that connects x to A,_,(v,r), given by d(x,v,) — ry.
The best fitting least squares subsphere is obtained after determining

n
(0,7)=  argmin Y (d(x;,0) =)’ (4.1)
(NESI=I%(0.7/2]) i=1
The selection of the objective function in Eq. (4.1) is not unique, and using different types of objective functions may enhance
the robustness of the estimator. The empirical nested sphere A,_,, which has a dimension of (d — 2), is represented by the symbol
Ay_o(D, 7). Next, the data are projected onto this nested sphere along the minimal geodesic connecting each observation to A,_,.
The same process as described in Eq. (4.1) is then applied to these projected data to obtain the second best fitting sphere A,_; and
hence A, 5 c A;_, c S9°1.
As an extension of PNS for addressing m-rep data, Pizer et al. [93] proposed the method of composite principal nested spheres.
Their approach consists of sphere decomposition in the data using PNS and then combining the scores into a Euclidean vector that
is then analyzed by PCA. For further details, the interested reader is referred to Huckemann and Eltzner [22,23].

10
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4.3. Barycentric subspace analysis of PCA

The geodesic based methods such as PGA and GPCA consist of a reference point (e.g., intrinsic mean) and k tangent vectors at
that specific point. This assigns a special role to the reference point, unlike in higher-dimensional descriptors. Additionally, while
these spaces are entirely geodesic at the reference point, they generally are not elsewhere. This asymmetry might not be optimal
for multimodal distributions lacking a single ‘pole’.

In order to have a symmetric and ‘multi-pole’ description of subspaces, Pennec [43] introduced a novel and general set of
subspaces in manifolds, known as barycentric subspaces. These subspaces are implicitly defined as a locus of weighted means of k + 1
reference points with positive or negative weights summing up to one. Barycentric subspaces provide a natural nesting property,
enabling the construction of nested subspaces that may be used for creating forward or backward nested subspaces to approximate
data points. Depending on the definition of the mean, the Fréchet, Karcher, or exponential barycentric subspaces (FBS/KBS/EBS)
are used.

Consider a Riemannian manifold M with a Riemannian metric on each tangent space T, M and a logarithmic map Log, : M —
T, M. In addition, suppose x, ..., x;, € M be k + 1 distinct reference points and 7, ..., 7, € R be k + 1 weights such that }, z; # 0,
and define %" = {(n, ..., )T € R**! such that ¥, x; # 0}. The (normalized) weighted variance at point x with weight = € % is

k k
1 _ 1 ;
2(x, 1) = 3 Z”idz(x’ x;) = 3 Z Zk_'”d2(x, x;)
i=0 i=0 Lij=0%j

where we call 7; = kL normalized weights. The Fréchet barycentric subspace (FBS) is the locus of weighted Fréchet means of
ra

j=0"Jj
these points, i.e., the set of absolute global minima of the weighted variance:
FBS(xg,...,x;) = argminaz(x, ), T € ‘@k*'
xeM

The Karcher barycentric subspace (K BS) is defined similarly with local minima instead of global ones. The exponential barycentric
subspace (EBS) generated by the affinely independent reference points (xy, ..., x,) € M is defined as

k
EBS(xq,....x) = {x € M |3z e R**! 1 3 7, Log,(x;) = 0}.
i=0
According to Pennec [43], the definition is only valid for points x that lie outside the reference points’ cut locus.
Barycentric subspaces can be characterized similarly to the Euclidean case, either through the singular value decomposition of a
specific matrix or via the diagonalization of the covariance and Gram matrices [43]. Pennec [43] illustrated the use of barycentric
subspaces in cardiac imaging with the estimation, analysis and reconstruction of cardiac motion from sequences of images.

4.4. Spherical coordinate-based kernel PCA

Guo and Ling [94] introduced an extension of PCA based on kernel PCA [95,96] using spherical coordinates. In this method, the
kernel function refers to a nonlinear transform from the Cartesian coordinate system to the spherical coordinate system. To be more
precise, the vectors originally represented in the Cartesian coordinate system are converted into vectors defined in the spherical
coordinate system. Subsequently, the rotational angles or vector radii are reset to their corresponding mean values. Finally, the
obtained vectors in the spherical coordinate system are transformed back into the Cartesian coordinate system. As the degrees of
freedom of the processed vectors decrease in the spherical coordinate system, the dimension of the manifold of the processed vectors
in the Cartesian coordinate system also reduces. The computational cost of the spherical coordinate-based kernel PCA is significantly
lower compared to the PCA and kernel PCA methods. This makes it important for applications such as real-time video processing,
where computational complexity is crucial. As a result, spherical coordinate-based kernel PCA outperforms both PCA and kernel
PCA in dealing with Euclidean data such as video process applications.

4.5. Spherical Rotation Component Analysis (SRCA)

Luo et al. [97] presented Spherical Rotation Component Analysis (SRCA), a method that employs spheres to represent high-
dimensional data in low-dimensional spaces while preserving the geometric structure and cyclic nature of biological processes. This
rotation-based method utilizes a geometric-induced loss function to minimize the point-to-sphere distance between the original and
target spaces. This method is an essential part of the process of revealing the structure of and performing additional biological
research on large biological datasets, such as single-cell RNA sequencing data.

11
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5. PCA for toroidal data

Toroidal data are an extension of circular data on a torus and play a critical role in various scientific fields, such as
astronomy [98], bioinformatics [19,21,98-105], meteorology [106], environmental science [107] and medicine [105,108]. In
Supplementary Material (Section SM-1), we provide an example comparing different PCA-related methods.

In geometry, a torus is a surface of revolution that is produced by rotating a circle in a three-dimensional space about a coplanar
axis. Let the radius from the center of the hole to the center of the torus tube be R, and let the radius of the tube be r. The parametric
equations for a torus are

x =(R+rcosy)cos¢p
y=(R+rcosy)sing

z=rsiny

where the angles (v, ¢) € [0,2x]. Depending on the relative sizes of R and r, three types of torus, known as standard tori, are

feasible: R > r corresponds to a ring torus, R = r corresponds to a horn torus which is tangent to itself at the point (0,0,0)", and

R < r corresponds to a self-intersecting spindle torus. When R = 0, the torus degenerates into the sphere. In topology, a ring torus is
homeomorphic to the Cartesian product of two circles, that is, T?> = S' x S'.
The d—torus (hyper-torus) is the d—fold product group T¢ = S! x --- x S'.
———

d times

5.1. Dihedral angles principal component analysis (dPCA)

Mu et al. [99] and Altis et al. [100] proposed dihedral angles principal component analysis (APCA) as an extension of PCA
for dihedral angles in protein structures. Dihedral angles seem highly advantageous when considering biomolecules because other
internal coordinates like bond lengths and bond angles usually do not change large amplitude. PCA utilizing Cartesian coordinates
does not produce the correct rugged free-energy landscapes [99] as a result of the mixing of internal and overall motion. It is worth
noting that a study of free-energy landscapes provides an understanding of how proteins fold and function [109-111].

To avoid problems arising from the circularity of these variables, trigonometric functions are applied to dihedral angles.
Subsequently, Mu et al. [99] used this method to describe the energy landscape of small peptides in the protein structure. The
basic idea of the dPCA is to perform PCA on sin- and cos-transformed dihedral angles

@j_y =cosb;, qy;=sinb;, 0; €[0,2x] and j e {l,...,n}

where n is the total number of peptide backbone and side-chain dihedral angles used in the analysis. Hence, the covariance matrix of
the dPCA uses 2n variables g;-In Altis et al. [100], it was shown that the dPCA provides a one-to-one representation of the original
angle distribution. Furthermore, its principal components can be readily characterized by the corresponding conformational changes
of the peptide.

To systematically construct a low-dimensional free-energy landscape of RNA from a classical molecular dynamics simulation, Ric-
cardi et al. [112] investigated the performance of various other variants of PCA, including a PCA on the Cartesian coordinates
of all atoms (cPCA) and an angular PCA (aPCA) based on applying PCA to toroidal data centered on their circular means.
It was shown that the conformational heterogeneity of RNA hairpins could only be resolved by dPCA, not by the PCA using
Cartesian coordinates [112,113]. Furthermore, cPCA completely failed to reproduce the qualitative features of the folding free-
energy landscape. On the other hand, the free-energy landscape obtained from the aPCA appears quite similar to the results for the
dPCA. This is because, in this case, the dihedral angles of the RNA hairpins stay close to their circular mean, for which the aPCA is
a correct representation.

The dPCA has various drawbacks. To name but a few, it requires double the number of variables, neglects the identity
cos20 +sin’0 = 1, 0 € [0,2x], and disregards the topological space of angles. These limitations motivate researchers to find
other extensions of the dPCA. Moreover, when determining the minimal dimensionality of free-energy landscapes, Maisuradze et al.
[114] showed that trajectories with large fluctuation amplitudes require multidimensional landscapes to accurately capture folding
dynamics. This is due to the complex hierarchical structure often observed in the first few PCs, with each component capturing
only a small portion of the fluctuations. Consequently, for trajectories with substantial fluctuation amplitudes, not all peaks in these
hierarchical PCs represent distinct conformational states. Therefore, a careful examination of the structures in each local minimum
is essential.

Complex dPCA. Altis et al. [100] proposed Complex dPCA as an alternative extension to the sin/cos transformation in dPCA which
maps n angles on 2n real numbers. They suggest transforming the angles 6; into complex numbers using Euler’s formula

z; = % e, j €{l,...,n}, where i denotes the complex number.
The covariance matrix corresponding to the complex variables z; is defined as
Crj =z = (2N} = (2],
where k,j € {1,...,n}, z* is the complex conjugate of z, and (-) denotes the average over all sampled conformations. The matrix

C = (Cy;) is a Hermitian matrix with » real-valued eigenvalues 4; and n complex eigenvectors v;, where the eigenvectors are unique
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up to a phase 6, € [0,2x]. The complex principal components are Y = v' z. Despite its similarity to the sin/cos dPCA, the Complex
dPCA might be advantageous because the representation of n angular variables yields directly n eigenvalues and n eigenvectors
(i.e., there is no duplication of variables as in the sin/cos dPCA) and it may enable their direct interpretation in terms of simple
physical variables [100].

PCA on torus (dPCA+). The dPCA+ is an extension of dPCA for protein data [115]. The main idea is that the (periodicity-induced)
projection error can be minimized by transforming the data so that the maximal gap of the sampling is shifted to the periodic
boundary. After that, the covariance matrix and its eigen-decomposition can be computed in a standard manner. This method
preserves the topological feature of the torus by defining the data points’ correct neighborhoods. In this regard, the main assumption
underlying dPCA+ is that the data indeed show a significant gap in their distribution. In general, there are many ways to maximize
the gap between data points by selecting the optimal cut. For instance, one can (1) increase the squared distance of the cut from
the nearest points, (2) minimize the number of data points within a corridor surrounding the cut, (3) utilize Molecular Dynamics
simulations, which generate trajectories illustrating atomic motions by presenting atomic coordinates at specific time intervals,
provide the ability to examine changes over time trajectories, and select a cut that minimizes the number of crossings, as outlined
by [115]. For the description of maximal gaps in the dihedral distributions of proteins, [115] have chosen a procedure based on
the second approach. To highlight some shortcomings of dPCA+, it should be noted that a significant gap in data distribution is a
limitation, in general, and this method is relatively comparable to aPCA [112] in its practical application.

GeoPCA. Inspired by GPCA (see Section 3.2), Sargsyan et al. [116] proposed GeoPCA as a developed tool for multivariate analysis
of dihedral angles based on principal component geodesics. GeoPCA uses a noninjective mapping from T to S that equates toroidal
angles in [, )¢ to hyperspherical coordinate angles, even though the latter are defined in [0, z]Y~! x[-z, x), and then applies PGA.
Furthermore, Sargsyan et al. [116] applied the principal component geodesic approach in the clustering of RNA conformations.
Later, Sargsyan et al. [117] developed a Python package called Clustangles to analyze and cluster conformations of molecular
dynamics trajectories using angular data.

Mixture modeling of dihedral angles. Understanding the distributions of dihedral angles in proteins has been a central focus in
protein structural and biophysical research [118-120]. A significant advancement in this area was proposed by Mardia et al. [121],
who introduced a model based on mixtures of bivariate von Mises distributions. This model provides a way to characterize the
secondary structures of proteins through their conformational angles, often visualized in a Ramachandran plot [122].

Expanding on previous work, Amarasinghe et al. [123] applied a Bayesian model selection criterion (that is Minimum
Message Length (MML) [124]) to model mixtures of von Mises distributions. MML is a Bayesian approach for hypothesis/model
selection. By applying it, Amarasinghe et al. [123] demonstrated that mixture models based on MML are less prone to common
issues of under- or over-fitting. This approach thus represents a robust alternative to model the distribution of protein dihedral
angles. Ameijeiras-Alonso and Ley [125] introduced sine-skewed toroidal distributions to model amino acid dihedral angles via
mixtures. Furthermore, Jung et al. [126] developed a clustering method for toroidal data using conformal prediction sets. This
method applies a mixture of model-based prediction sets to identify clusters and assign cluster memberships, outperforming simple
modifications of standard clustering algorithms for toroidal data. More recently, Xu and Wang [127] proposed a semiparametric
mixture model for estimating multidimensional toroidal data, showing that their mixture-based density estimator generally
outperforms the kernel density estimator.

5.2. PCA for the wrapped normal torus model

Kent and Mardia [128] suggested a trigonometric moment characterization of the covariance matrix in a wrapped normal model
on T¢, applying PCA on it. Suppose that 6 is a vector of angles following a wrapped normal torus distribution, that is, § ; = X; mod 2z,
j€{l,...,d}, where X ~ N(0, X) with ¥ a d x d symmetric positive definite real-valued matrix. Then it can be shown that

Var(cos ) = DAD — cc', Var(sin6) = DBD, Cov(cos6,sin8) =0, (5.1)

where the elements of the vector ¢ and matrices A, B are given by

a; = cje cosh(Z), by = cjesinh(Xy) with ¢; =exp {—%ij} Vjand ke {1,...,d}

and D = diag(c) is a d x d matrix with vector ¢ along its main diagonal. Thus, X can be recovered from the trigonometric moments
through the equation

2 =sinh /(D™ !'Var(sing)D71), (5.2)
where sinh™!(u) = log (u+ Vu? + 1) for u € R. This means that the inverse sinh function is applied to each element of the matrix.

These results suggest a method to estimate X from a n x d matrix of toroidal data:

i. Calculate the first-order trigonometric moments of the sample for the d angles, and rotate each angle so that the resultant
vector points towards the positive horizontal axis, leading to an estimate of D.
ii. Calculate the sample second trigonometric moments to get an estimate corresponding to Var(sin ) as (5.1).
iii. Now, use (5.2) to produce an estimate of X.

Similarly, we can estimate ¥ from Var(cos #) using X = cosh™ (D~'Var(cos )D~")+ 117, where 1 is a d—dimensional vector of ones.
By pooling the cosine and sine information, one can obtain a pooled estimate of X, as suggested by [128].
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5.3. Dihedral angles principal geodesic analysis (dPGA)

Nodehi et al. [102] introduced dihedral angles principal geodesic analysis (APGA) as an extension of PGA designed specifically
for dihedral angles within protein structures, employing a forward approach. The primary objective of this method is to effectively
capture the variability of a dataset situated on a torus, with a specific emphasis on dihedral angles. To achieve this, the method
involves the derivation of logarithmic and exponential maps on the torus. A torus, defined topologically as the product of two circles,
requires the approximation of current maps using the logarithmic and exponential maps of a circle.

Expanding on this foundation, Nodehi et al. [102] advocated for the seamless integration of dPGA into the statistical toolkit
for molecular dynamics simulations, which generate intricate high-dimensional molecular structure data. The efficacy of dPGA is
assessed by applying it to a real data set, and a comparative analysis with existing methods is performed.

Both the PCA for the wrapped normal torus model and dPGA yield principal directions that almost surely wrap around infinitely.
Addressing this issue, Kent and Mardia [128] discussed desirable properties for Principal Component Curves (PCC) in [-z, 7)2.

5.4. Torus principal component analysis (TPCA)

Eltzner et al. [103] proposed TPCA as an extension of PCA to toroidal data. This method deforms the torus into a sphere and then
uses PNS [92]. Moreover, TPCA involves the small sphere fitting step, providing a test to avoid overfitting. However, deforming the
torus into a sphere creates singularities. To address this problem, they introduce a data-adaptive preclustering technique. In detail,
the authors proposed two data-driven orderings of variables, SI ordering and SO ordering, corresponding to sorting the variables in
terms of decreasing and increasing circular spread, respectively. However, Zoubouloglou et al. [98] showed that SI ordering and SO
ordering yield significantly different outcomes that may affect subsequent analyses (as depicted in Figure SM-1 in the Supplementary
Material for a detailed discussion, see Section 5.2 in [98]). Furthermore, they evaluated the performance of TPCA with two RNA
structures. Recently, Mardia et al. [105] have provided some applications of TPCA on clustering for multivariate analysis. Although
there is a principled approach in TPCA, the transformation in TPCA is not invariant under the permutations of variables. Furthermore,
as described in Remark 2.3 of Eltzner et al. [103], TPCA is only applicable when there are structural data gaps in all angles except
for at most two. This limitation arises due to the formation of a singularity set, which forms a subtorus of dimension d —2. Moreover,
deformation to S~!, which is designed to cut the torus at a point with minimal distortion, may induce artifacts in particular data
sets. These deformation artifacts can create inaccurate cluster structures in datasets containing no cluster structures (See Figure
SM-2 in the Supplementary Material for a graphical overview, or Section 5.1 of [98] for a more comprehensive understanding).

5.5. Torus probabilistic PCA (TPPCA)

Nodehi et al. [104] introduced Torus Probabilistic PCA (TPPCA) as an extension of PCA designed for toroidal data which are
represented as a latent variable model modulo 2x, assuming Gaussianity for the latent variables. An EM algorithm is developed
to estimate the parameters within the model and introduced a Likelihood Ratio Test (LRT) to determine the optimal number of
components.

Let X € R be a real random variable and define a circular random variable as @ = X mod 2z € [0,2z) or X = O + 2zk for
k € Z. The TPPCA is a latent variable model that seeks to relate a d-dimensional observation vector @ € T? to a corresponding
p-dimensional vector of latent (or unobserved) variables Z € R? (p < d), that is,

O = X mod 2
X=pu+WZ+e, (5.3)

where W is a (d X p) matrix that relates the two sets of variables, @ = (@,,...,0,)T € T%, X = (X,,....X,)T € R?, Z ~ N,(0,1,)
is a p-dimensional Gaussian latent vector with zero mean and covariance I,, and € ~ N,(0, 621,) is a d-dimensional zero-mean
Gaussian-distributed noise vector with covariance ¢?I,. Assume that Cov(Z,€) = 0 and there exists a random vector K such that
O = X - 27K € T¢. For a given point x € R?, define a parameter vector k € Z¢ so that @ = x — 2zk € T¢, then

f@0,x,z,k) = f(0,k|x,2) f(x|2) f(2) = f(0,k|x)f(x]|2)f(z)
where

. d _x—6
f(9,k|x)=]1(0,k,x)={ 1 if6eeT?and k= 7

0 otherwise.

The conditional distribution f(x|z) is modeled as N,(u + W Z, 621 ). This leads to the joint distribution

d
F0,x,2,k) « 10, x,k)(0?) 2%
O+27k—Wz—p)TO@+2nk-Wz—p) z'z
Xp 4§ — - — -
202 2
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Let 9 =(6,,...,0,) be a sample of size n and K = (ky, ..., k,) a set of missing values from the random vector K. The logarithm of
the likelihood function, denoted as #(u, W, ¢2, K), is given by

n
E(uW.o% K) =Y Inf(0;,x;,2,k;)
j=1
o[ o G mWE - W w2
“Z; —5 o’ - - - 5 | X 1Ok x)).
=

TPPCA now involves calculating the expectation of the log-likelihood with respect to latent variables based on the data and initial
values (for more in-depth information, we refer the reader to [104]). The overall procedure can be summarized as follows.

Step 0: Initial values for all the parameters are given by a procedure described in Section 4.3 in Nodehi et al. [104].

Step 1: In this step, u is updated, the missing values of K are imputed using the Classification Expectation-Maximization algorithm
(CEM algorithm), as described by Nodehi et al. [129].

Step 2: After obtaining updated values for u and K, the next step is to update the estimates of W and ¢?. This is done by
maximizing the log-likelihood function with respect to these parameters.

Step 3: Repeat Step 1 and Step 2 until convergence. Convergence happens when there are no significant changes in the parameters
or the log-likelihood function.

5.6. Scaled torus principal component analysis (ST-PCA)

Zoubouloglou et al. [98] recently proposed scaled torus principal component analysis (ST-PCA) to multivariate toroidal data. The
ST-PCA seeks a data-driven map from a torus to a sphere with the same size and radius as the torus. This method was inspired by
the work of Eltzner et al. [103], who demonstrated that spherical embeddings are often more suitable than Euclidean ones for data
on T?. The analyses are primarily conducted on spheres, and upon identifying the optimal data fit, the results can be inverted back
to the torus. This optimal fit is achieved through Multidimensional Scaling, which minimizes the discrepancies between pairwise
geodesic distances on both the torus and the corresponding sphere.

As highlighted in Zoubouloglou et al. [98], the foundation of ST-PCA is based on TPCA [103], with several key reasons supporting
the use of spherical embeddings.

1. The spherical space S¢ allows for the embedding of arbitrary distance matrices under specific conditions, unlike a Euclidean
space. Schoenberg [130] provided the fundamental conditions necessary for embedding arbitrary distances isometrically into
a sphere, a result further formalized in Theorem 3.22 by Pekalska and Duin [131].

2. For all d € N, both S and T? are compact Riemannian manifolds, which makes them different from R? with the Euclidean
distance.

3. The topology of S¢ also allows for an isomorphic subspace to S!, helping to preserve the periodicity inherent in T¢. This
contrasts with R, where periodic structures are not supported.

4. As discussed in Cox and Cox [132], convex hulls in S¢ and T present challenges compared to R?. This is because on Euclidean
space, convex hulls have a natural notion of a boundary.

5. From a statistical perspective, the use of PNS within S¢ provides better clustering compared to applying PCA in R?. For
example, when there are three clusters, S? can effectively represent all clusters through a one-dimensional periodic mode of
variation (specifically, S'), which is challenging in R? unless the clusters have colinear centers. Embedding data in S¢ and
using PNS thus provides a more flexible and accurate representation of clusters than embedding in R and using PCA.

As previously introduced, let S¢ := {a € R?*! : ||a|| = 1}, where || - || is the Euclidean norm, and T¢ := (§')? := S x --- x S! or
— ——

equivalently T¢ = [z, 7)?. The geodesic distance on S¢ (denoted as 6g) is given by 7 thmes

bga (a, b) = arccos @'b), abes’.

For angular coordinates on S!, 81 (¢, w) = min{| ¢ —y |,22— | ¢ —w |}, &,y € [-x, z). The distance on T¢ is defined as

1
d 3
614 (@,¥) 1= <2 sy’ | . ®WeT! =[-x,n).
i=1
Given a sample x,,...,x, € T9, ST-PCA runs in three main steps as follows:

1. Transform the original sample on T¢ to a similar configuration of points on a d—dimensional sphere by using Spherical
MultiDimensional Scaling (SMDS) [132,133]. SMDS is an optimization procedure designed to minimize the squared differences
between the sample pairwise geodesic distances on T¢ and the corresponding pairwise geodesic distances of the transformed
sample on a d—sphere. In other words, a configuration J,, ..., J, € S is obtained by solving the SMDS problem

. N . 1 5
Prs--s D) = arg min (O (x;, X ) — 65a (¥, ¥))”
1 n (yly.-.,y,,)G(Sd)n n(n—1) ; T i Sd\Vi» Vj
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2. Obtain S/, j =d —1,..., 1, the nested sequence of subspaces that are isomorphic to S’ and that best fit p,, ..., §, according to
PNS.
3. Optionally, “invert” S' through a reverse SMDS problem to obtain a principal curve on T¢.

One key limitation of ST-PCA arises from its dependence on SMDS. The SMDS optimization process, crucial for finding the “best
fit” sphere onto which toroidal data projects, becomes increasingly computationally intensive as the dataset size grows [98]. This
limitation poses challenges in applying ST-PCA to large-scale toroidal datasets, necessitating careful consideration of computational
resources and potential optimization strategies.

5.7. Toroidal PCA via density ridges

Toroidal Ridge PCA (TR-PCA) is a recent extension of PCA for bivariate toroidal data that utilizes density ridges as a flexible
analog to the first principal component [134]. Garcia-Portugués and Prieto-Tirado [134] have shown that two reference toroidal
distributions, the Bivariate Sine von Mises (BSvM) and the Bivariate Wrapped Cauchy (BWC), provide stable connected components
that pass across the distributions’ modes by applying this method to bivariate data. This method derives PCA-like scores by obtaining
signed distances along the ridge, signed projections onto the ridge, and Fréchet means within the ridge. Facilitated by Fourier
approximations of the ridge curve, these operations are executed with a fast analytical approach. In their data application, Garcia-
Portugués and Prieto-Tirado [134] demonstrated the usefulness of TR-PCA in the study of ocean currents at the coast of Santa
Barbara.

Density ridges are higher-dimensional extensions of the mode concept, offering valuable insights into the essential features of a
density distribution. A mode, defined as a local maximum of the density function f, is identified by a null gradient and negative
Hessian eigenvalues-excluding degenerate cases. The eigen-decomposition of the Hessian matrix of a density function f, evaluated
at a point ¢ € R?, is expressed as Hf(t) = Ut)A(®)(U(t))", where U(t) = (u(?), ..., uy (1)) is a matrix with columns representing the
eigenvectors of Hf (r), and A(t) = diag(4,(), ..., 44(1)), arranged in descending order, comprises their corresponding eigenvalues.
Denoting Ug_;(t) = (u,(¥), ..., u,(t)) and defining the projected gradient on (u,(t), ..., u,(t)) as V@D f(t) = Ug_1(O(Ug_1 )T X V£ (1),
where V f(¢) denotes the column vector gradient, the density ridge is defined by [135] as follows.

Definition 5.1 (Density Ridge [135]). The density ridge of f is the set

R(f) = {teRd L [verrof =0, Az(t),...,id(t)<0}.

Clearly, two cases imply that t € RY satisfies V{@=D f(r) = 0. The first is Vf(t) = 0. In this case, if A,(?), ..., A;(t) <0, ¢ is either a
local maximum or a saddle point. The second is that V £ (¢) is perpendicular to Ug_;(t)(Ug_;(t))T, meaning that the gradient is parallel
to u;(1). In this case, the directions of maximum ascent (gradient) and “minimum signed curvature” (u;) coincide. Two important
properties of density ridges are “ridge invariance to translations and rotations” and “ridges for elliptically symmetric densities",
as established in Garcfa-Portugués and Prieto-Tirado [134]. These properties have several important consequences. Firstly, they
simplify the computation of density ridges by focusing on those centered at a specific origin, providing insights into utilizing the
symmetries of f to reduce computational costs in evaluating % (f). Secondly, there is a close connection between % (f) and the first
principal component of PCA for elliptically symmetric densities, as the subspace generated by the latter direction is included in it.
Thirdly, like the first principal component, the density ridge includes the center in elliptically symmetric distributions. The TR-PCA
is defined in three main steps as represented in Algorithm 4.

Algorithm 4 Toroidal PCA via density ridges

Input: x,,...,x, € T?

Step 1: Modeling

(i) Fit the BSYM and/or BWC models with maximum likelihood estimation. If both models are fit, select the one with the smallest
Bayesian Information Criterion (BIC).

(ii) Inspect edge cases using LRTs (Sections 3.1 and 4.1 in Garcia-Portugués and Prieto-Tirado [134]) at 5% significance level.

(iii) Retrieve f, i (location parameter), and j (index of the lowest concentration).

Step 2: Ridge computation

Determine a grid of R(f) with the implicit equation approach (using Fourier approximations of the ridge curve).

Step 3: Scores and the Proportion of variance Explained (PVE) computation as described in Sections 5.2 and 5.3 in
Garcia-Portugués and Prieto-Tirado [134].

The limitation of TR-PCA to bivariate cases poses a substantial challenge. The complexity arises when attempting to extend this
method to multivariate toroidal models. In the multivariate von Mises distribution, obtaining an equivalent of the implicit equation
is more challenging, so one may need to rely on the (computationally expensive) Euler algorithm [134]. Also, currently, there does
not exist a multivariate extension of the BWC.

6. Application to shape spaces and symmetric spaces

This section explores extensions of PCA and unique techniques for shape and symmetric spaces, emphasizing how these
techniques improve the efficiency of PCA in obtaining information from spaces with unique geometric characteristics.
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6.1. Statistical shape analysis

Shape, as defined by [136], refers to the geometry of objects that remains invariant under scaling, rotation, and translation. In
this framework, a shape is a point on a high-dimensional, non-linear manifold called a shape space, which can be characterized
as a hypersphere. To approximate the manifold, a linearized tangent space is commonly used, derived from the tangent plane at
a specific point on the shape space. Due to the complexity of working directly in the tangent space of the shape space [137], the
tangent space to the pre-shape sphere is considered, identifying the “horizontal part” that is invariant to rotation.

PCA on shape space can be categorized into various types based on different tangent coordinates [10]. The pioneering work
of Goodall and Mardia [138], Cootes et al. [139], and Kent [140] marked the initial applications of PCA to shape tangent
space. Goodall and Mardia [138] and Cootes et al. [139] employed Procrustes residuals, while Kent [140] proposed using PCA of
partial Procrustes coordinates. Larsen and Hilger [141] extended PCA on the tangent space at the full Procrustes mean to describe
noise variance across landmarks. For symmetric shape analysis, Kolamunnage and Kent [142] proposed a PCA extension in Procrustes
tangent coordinates. Additionally, PCA on quotient spaces derived from an isometric Lie group action on a Riemannian manifold
was proposed by Huckemann et al. [62]. Abboud et al. [143] studied outlier detection and robust tangent PCA, while Severn et al.
[144] further computed PCA in tangent space, projecting it back onto the shape. For foundational concepts in shape statistics, the
readers are encouraged to consult Dryden and Mardia [10] for a thorough introduction.

There are lots of applications in diverse areas where it is important analyze shape data using PCA, such as 3D model face shape
variation [145-147], human sex classification from laser-scanned human heads [148], distinguishing between healthy and diseased
cardiac ventricles [149], the female facial attractiveness [150], exploring the variability of DNA molecules in shape space [55],
morphometric variation of fish scales [151], femur Shape variability in female patients with Hip dysplasia [152], shape clustering
in the human body [153], classification of fishes using the Procrustes analysis, clustering the peptides in the dynamic molecule
[78].

6.2. Lie group action and symmetric space analysis

An essential tool in image analysis is diffusion tensor magnetic resonance imaging (DT-MRI). DT-MRI generates a 3D diffusion
tensor, a 3 x 3 symmetric and positive-definite matrix, for each voxel in an imaging volume. Notably, the space of diffusion tensors
does not constitute a vector space, making standard linear statistical procedures inapplicable. In other words, standard PCA does
not preserve the positive definiteness of diffusion tensors. Addressing this challenge, Fletcher and Joshi [154] demonstrated that
diffusion tensors exist on a Riemannian symmetric space, and developed methods for producing statistics like mean and modes of
variation within this space.

A Lie group is a mathematical structure that combines the properties of an algebraic group G with those of a differentiable
manifold. In a Lie group, the operations of multiplication and inversion are smooth mappings. Fletcher and his colleagues also
introduced PGA to compute the modes of variation of data in Lie groups [155].

Subsequently, Huckemann et al. [62] introduced PCA on quotient spaces arising from an isometric Lie group action on a
Riemannian manifold. As the PGA relies on reference points like intrinsic mean and does not account for the curvature of the
manifold, Curry et al. [156] introduced a specialized variant known as principal symmetric space analysis, based on nested sequences
of totally geodesic submanifolds of symmetric spaces. These submanifolds provide excellent approximating spaces, being the flattest
or most straightforward possible lower-dimensional data representations.

6.3. Principal curve

A principal curve is a smooth one-dimensional curve that passes through the “middle” of a d-dimensional data set, providing a
summary of a nonlinear data set. It is a set of points that effectively represents the mean of data densities. Various definitions of
principal curves have been proposed in the literature. Hastie and Stuetzle [157] introduced one of the earliest definitions, based on
‘self-consistency,” where the curve coincides at each position with the expected value of the data projected to that position. Tibshirani
[158] proposed a probabilistic approach, defining the principal curve as one that minimizes a penalized log-likelihood measure
using Gaussian mixtures and generalized EM algorithms. Kégl et al. [159] and Verbeek et al. [160] provided alternative definitions,
describing principal curves as continuous curves of a specified length that minimize the expected squared distance between the
curve and randomly chosen points from a given distribution.

Since their introduction by Hastie and Stuetzle [157], principal curves have been developed and applied across various fields. To
name but a few, for example, they have been used to identify the outlines of ice floes in satellite images [161], construct a principal
curve clustering algorithm for spatial point patterns [162], and analyze the nonlinear quality of life index for 171 countries by
finding a principal curve through a 4D dataset and using the projections for ranking [163]. In addition, the principal curves have
shown close connections to self-organizing maps (SOM) [164,165], captured patterns of variation in seismological data [70], and
defined functional data clustering [166].
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7. R software

In the past, the use of directional statistics was limited due to the lack of software that could implement its methodology.
However, this issue has been partially resolved with the emergence of the R statistical computing environment and its related
packages. Currently, several packages are available that support directional statistics. Pewsey and Garcia-Portugués [21],Pewsey
[167] provided an overview of many of these packages. The circular and directional packages in R are essential tools that
offer a range of functions for handling, summarizing, visualizing, simulating, modeling, and analyzing circular data. These packages
provide the foundational functionality required to work with such data.

The available software for handling spherical and toroidal data is limited. Specifically, the Principal Nested Spheres method can
be implemented using the pns function in the shapes package [79]. Additionally, implementing tangent-based Shape PCA in the
shapes library is straightforward. The necessary calculations are carried out using the procGPA command, and the results are
displayed using shapepca. Furthermore, Sargsyan et al. [117] released the Python library Clustangles for performing GeoPCA.
Toroidal ridge PCA is implemented in the R package ridgetorus [134] and principal curves are available in the R package
princurve [168]. Moreover, PGA can be applied using the PGA function within the spherepc package [169]. Currently, we are
not aware of any R package that supports all methodologies, highlighting a potential gap for further research.

8. Conclusions

This paper thoroughly explores various PCA developments for directional data, as summarized in Supplementary Table SM-2.
Furthermore, Supplementary Table SM-3 outlines the advantages and disadvantages of PCA-related techniques for directional data.
Together, these tables provide a comprehensive reference that details the various PCA methods discussed throughout the paper.
This resource is meant to be a valuable guide for both experienced researchers and newcomers, facilitating the exploration of PCA
applications within directional data analysis.

We wish to stress that, while most directional data sets lie on the respective manifolds by their nature (e.g., angles on circles),
sometimes the manifold assumption model is not met in practice, and data can resemble a stratified space rather than a manifold.

Our review contributes to the literature on directional statistics, shedding light on the practical uses of PCA and providing a
foundation for further exploration and application of PCA within the intricate field of directional statistics. We aim to inspire future
research work and the development of novel approaches designed to address the unique challenges presented by directional data.
In doing so, this review contributes to the ongoing dialog within the research community on the analysis of directional data sets.

Finally, we acknowledge the potential value of a comprehensive software package that unifies the methods discussed in this
survey. Currently, this represents a significant gap in the literature, as no integrated framework exists to make these approaches
easily accessible for researchers. Developing such a resource, while beyond the scope of this manuscript, would be a valuable
contribution to the field. We consider this gap a promising area for future work and a potential focus for further development.
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