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Abstract

Calibration is an indispensable prerequisite for a wide range of multi-sensor fusion ap-
plications. In this thesis, the main focus is on vision-based multi-sensor system. Cameras
have the favorable characteristics of low cost, small size, and low power consumption. More-
over, cameras can perceive rich semantic information in the environment. These appeal-
ing advantages have made cameras popular in robotics, AR/VR, and planetary exploration.
Thus, visual localization becomes ubiquitous. In order to evaluate the accuracy of visual
localization, an additional sensor with higher reference precision needs to be introduced.
Meanwhile, to improve the accuracy and robustness of visual localization, cameras are usu-
ally tightly coupled with other complementary sensors. These demands require solving the
problem of multi-sensor calibration, which is the core topic of this thesis.

The first part of this thesis considers the calibration problem in vision-based relative
localization applications. The focus is on how to use a high-precision global pose sensor to
evaluate visual localization accuracy. To achieve this goal, the spatial-temporal calibration
parameters between the camera and the global pose sensor must be calibrated. Two novel
calibration algorithms are proposed, including target-based and target-less methods. The
principles of these two methods can be applied to any calibration task.

The second part of this thesis investigates the calibration problem in multi-sensor local-
ization with the participation of GPS. More specifically, the observability issue is addressed
for the GPS-VIO system. The existing analysis based on linear observability theory points
out that the rotational extrinsic parameters between GPS and VIO is unobservable. How-
ever, experiments indicate that this is not true. In order to address the discrepancy between
theory and experiment, a novel nonlinear observability analysis is proposed, highlighting the
theoretical contribution of this research.

The third part of this thesis revisits the online extrinsic calibration for the VIO system.
For the common-seen and fundamental pure translational straight line motion, an issue with
respect to the existing observability conclusion is identified. Contrary to the existing con-
clusion, novel proof shows that this motion can lead to the unobservability of the rotational

extrinsic parameter between IMU and camera (at least one degree of freedom). By correct-



ing the existing conclusion, this novel theoretical finding disseminates more precise principle
to the research community and provides explainable calibration guideline for practitioners.

Lastly, this thesis advances the calibration efficiency for IMU-Camera system. Most exist-
ing offline target-based calibration algorithms adopt the continuous-time state representation
based on the B-spline. Although these methods can accurately calibrate spatial-temporal pa-
rameters, they suffer from high computational costs. To address this limitation, an extremely
efficient calibration algorithm that unleashes the power of discrete-time state representation
is designed, which achieves up to 1000x speedup compared to the most popular calibration
toolbox (Kalibr).

Overall, this thesis deepens the calibration research for vision-based multi-sensor sys-
tems. These investigations provide more solid foundations for the state estimation of multi-

sensor systems, from the perspective of system development and theoretical support.
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Chapter 1

Introduction

Visual localization has gained great popularity in the last few decades. Compared to other
exteroceptive sensors such as LiDAR, the camera has the advantages of being low cost,
lightweight, and low power consumption. As a fundamental technology, visual localization
has supported a wide range of intelligent applications such as AR/VR [1, 2, 3, 4], robotics
[5, 6, 7, 8], and planetary exploration [9, 10, 11], as shown in Fig. 1.1. For AR/VR applica-
tions, real-time accurate visual localization for headsets or glasses is crucial for rendering
virtual scenes to real-world environments. The mismatch between virtual and real caused
by incorrect localization could have adverse impacts on user experience and interaction.
For autonomous robotic and planetary exploration applications without human intervention,
visual localization provides critical inputs for downstream modules, for example, high-level
decision-making, planning, and low-level control.

Current visual localization applications can be divided into three categories. The first
type is vision-based relative localization for two agents, which means that one agent uses a
camera to localize another agent and track their relative position expressed in the camera
frame. The second type is multi-sensor localization with the participation of GPS. The third
type is multi-sensor localization without the participation of GPS. A research topic closely
related to localization is calibration, which determines the spatial-temporal relationships be-
tween different sensors. Therefore, calibration is an essential prerequisite for multi-sensor

fusion. This thesis focuses on the calibration problems that need to be solved for these three



Figure 1.1: Top left: Ingenuity Mars Helicopter [11]. Top right: Wearable AR glass [12]. Bot-
tom left: The Astrobee freeflying robots that operate inside the International Space Station
(ISS) [13]. Bottom right: Autonomous driving vehicle [14].

types of visual localization application mentioned above.
In the following sections, | will clearly describe the necessity of calibration and different

research objectives one by one.

1.1 Necessity of Calibration

Calibration Localization Planning and Robotic
Control autonomy

Figure 1.2: The necessity of calibration for autonomous robotic system.

The importance of calibration for robots is presented in Fig. 1.2. Calibration is the starting

point for the development of autonomous robots. For example, Skydio R1 has 12 naviga-



tion cameras’, as shown in Fig. 1.3. The spatial-temporal calibration parameters between
12 cameras and the built-in IMU must be known before bootstrapping multi-sensor fusion,
which is the cornerstone for a wide range of high-level applications®, which are depicted
in Fig. 1.4. Another example is autonomous mapping with a drone [15]. Sensors used for
autonomous 3D colored mapping include IMU, camera, and LiDAR, as shown in Fig. 1.5.
Before operation, the spatial-temporal calibration parameters between these sensors must
be obtained for path tracking and colored mapping (see Fig. 1.6). The path tracking mod-
ule requires localization information depending on the sensor calibration. Colored mapping
needs accurate extrinsics between camera and LiDAR so that color information from RGB

camera could be aligned to point cloud from LiDAR.

- "‘l“‘f\'_‘ il 1 T

/ . _
12 Novigcﬁiqn Cameras

L "*'M

Figure 1.3: Navigation cameras for Skydio R1.

Any multi-sensor localization system, such as Visual-Inertial Odometry (VIO), Lidar-
Inertial Odometry (VIO), or Lidar-Visual-Inertial Odometry (LVIO), will malfunction without
calibration parameters. The necessity of calibration for these localization systems is shown
in Tab. 1.1. Therefore, the localization system cannot work without calibration. The failure
of the localization system can lead to robot crashes. For example, the recent failure of the

RESILIENCE lunar lander from ispace is likely due to the delay of the laser rangefinder®. If

"https://www.youtube.com/watch?v=gsfkG1lSajHQ
2https://www.youtube.com/watch?v=Us6h9Q0-B2k
Shttps://ispace-inc.com/news-en/7p=7664


https://www.youtube.com/watch?v=gsfkGlSajHQ
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https://ispace-inc.com/news-en/?p=7664

3D mapping user interface
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Figure 1.4: Autonomy engine of Skydio R1.

LIVOX Avia LIDAR
DJI L1

Figure 1.5: Sensors for aerial mapping.



Figure 1.6: Autonomous 3D colored mapping with a drone.

Table 1.1: The necessary calibration parameters in different localization systems.

Localization system Sensors The necessary calibration parameters
Spatial-temporal calibration parameters
VIO [16] Camera and IMU between IMU and Camera; intrinsics
. Spatial-temporal calibration parameters
LIO [17] LIDAR and IMU between IMU and LiDAR; intrinsics
LVIO [15] LIDAR, Camera and IMU Spatial-temporal calibration parameters

between IMU, Camera and LiDAR; intrinsics

the measurement delay can be compensated through temporal calibration, then perhaps the
accident would not have occurred. For multi-sensor systems, temporal calibration is critical,
especially when the hardware-synchronization can not be guaranteed.

For a general localization system, there is typically a base sensor and other auxiliary
sensors, as shown in Fig. 1.7. The base sensor can be an IMU, which provides instan-
taneous angular velocity and acceleration measurements. The auxiliary sensor can be a

camera or a LiDAR, etc. The measurement model of the auxiliary sensor is abstracted as

y = h(xp, zc) + ny (1.1)



Where z;, represents the motion state of the base sensor, which may include position,
attitude, and velocity at different timestamps. x. is the set of calibration parameters for the

base sensor and the specific auxiliary sensor.
ze={Th ti,ip,ia} (1.2)

Where Té‘ represents spatial calibration parameter, which is a transformation matrix from
frame {B} to {A}. t4 represents temporal calibration parameter, which is a time offset
between the sensor { B} and the sensor { A}. If the sensors are hardware-synchronized, the
temporal calibration parameter can be ignored. However, the spatial calibration parameter
is still required to ensure the measurements of the auxiliary sensor are valid. iz and i4 are
intrinsic parameters for the base sensor and the auxiliary sensor, respectively. An example
description of the IMU intrinsic parameters* and camera intrinsic parameters® for the VIO

system can be found in Open-VINS [16].

Spatial Relationship

{B}

A}

Temporal Relationship

Clock of A

T | Clock of B

Figure 1.7: (a) A general localization system with a base sensor (B) and an auxiliary sensor
(A). {G} represents the global coordinate frame. (b) The spatial-temporal relationship be-
tween B and A.

If the calibration parameters are missing, it is equivalent to the failure of the auxiliary
sensor because Eq. (1.1) becomes invalid. If only the base sensor can work, then the local-

ization system would diverge in a short period of time. After receiving incorrect localization

“https://docs.openvins.com/propagation_analytical.html
*https://docs.openvins.com/update-feat.html
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information, the planning and control module would output incorrect commands to actuators,
ultimately leading to malfunction and damage to the robot.

If the calibration parameters are inaccurate, it is equivalent to the permanent system-
atic error occurred in the measurement model of the auxiliary sensor, which can lead to
inaccurate localization information. Although the safety of robots can be ensured to some
extent through robust control and other redundant schemes, risks still exist in the system.
In order to reduce risks from the source and provide optimal performance, it is better to
recalibrate sensors or perform online calibration (see Fig. 1.8) to adapt to changes caused
by the environment or its own structure. It should be noted that online self-calibration is not
always effective as the observability of calibration parameters may be affected by different
motion profiles [19, 20, 21]. Therefore, it is necessary to rigorously and carefully explore the

observability of calibration parameters to provide theoretical support for online calibration.

Data from the base
sensor
Data from the Localization
auxiliary sensor system
Offline
. ) Calibration parameters
Calibration fp

Online Calibration

Figure 1.8: Offline and online calibration for localization system.

There are extensive calibration methods for different sensors in the literature. Taking
IMU-Camera calibration as an example, a summary and comparison of IMU-Camera cali-

bration methods are provided in Tab. 1.2



Table 1.2: Summary of IMU-Camera calibration research.

Method Year Continuous? Target-based? Offline? Optimization-based?
[22] 2008 Discrete Target-based  Online Filter-based
[23] 2011 Discrete Target-based  Online Filter-based
[24] 2014 Discrete Target-less Online Filter-based
[25,26] 2013,2016 Continuous  Target-based  Offline  Optimization-based
[27] 2020 Continuous  Target-based  Offline  Optimization-based
[28] 2022 Continuous  Target-based  Offline  Optimization-based
[29] 2024 Discrete Target-based  Offline  Optimization-based
[30] 2025 Continuous Target-less Offline  Optimization-based
[31] 2025 Discrete Target-based  Offline  Optimization-based

1.2 Research Objective |

» Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. “Joint Spatial-Temporal

Calibration for Camera and Global Pose Sensor.” 2024 International Conference on 3D

Vision (3DV 2024).

The first research tackles the calibration question about how to evaluate the accuracy of
vision-based relative localization with an auxiliary sensor. To evaluate the relative localiza-
tion accuracy, an additional high-accuracy sensor is required, for example, a motion capture
system. How to link the camera to the marker frame built by the motion capture system,
which is treated as a global pose sensor? The key is the spatial-temporal calibration param-

eters of the camera and the global pose sensor. In this research, two novel solutions are

proposed for the calibration of these two sensors.

1.3 Research Obijective Il



» Song, Junlin, Pedro J. Sanchez-Cuevas, Antoine Richard, Raj Thilak Rajan, and
Miguel Olivares-Mendez. "GPS-VIO Fusion with Online Rotational Calibration.” 2024

IEEE International Conference on Robotics and Automation (ICRA 2024).

The second research studies the calibration problem in multi-sensor localization with the
participation of GPS, more specifically GPS-aided VIO. This research objective is targeted at
outdoor GPS-aided applications, while Research Objective | is aimed at indoor applications
with the support of a motion capture system. Firstly, the motivation for the GPS-VIO fusion
is introduced. Secondly, an issue regarding the observability of the spatial transformation to
couple both the GPS and the VIO reference frame is discussed. Lastly, a novel analysis is
presented to address this issue, which highlights the theoretical contribution of this research

for multi-sensor localization.

1.4 Research Obijective Il

+ Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Observability Investiga-
tion for Rotational Calibration of (Global-pose aided) VIO under Straight Line Motion.”
(Accepted by IROS 2025).

The third research revisits the online extrinsic calibration problem for the VIO system. Re-
search Obijective Il aims at the calibration of the extrinsics between GPS and VIO. VIO is
treated as a subsystem in Research Objective II. While this research objective is targeted at
the calibration of VIO system itself. Firstly, the motivation for the online extrinsic calibration
of VIO is introduced. Secondly, the issue of the existing observability conclusion is identi-
fied. Lastly, a novel proof is presented to address this issue, which highlights the theoretical

contribution of this research to online extrinsic calibration.



1.5 Research Objective IV

» Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Unleashing the Power
of Discrete-Time State Representation: Ultrafast Target-based IMU-Camera Spatial-
Temporal Calibration.” arXiv preprint arXiv:2509.12846 (2025).

The fourth research advances the offline target-based calibration efficiency for the IMU-
Camera system. As shown in Research Objective Ill, some degrees of freedom are un-
observable for online calibration, which means that offline target-based calibration is still
necessary due to the potential risk of online calibration. Firstly, the motivation for the visual-
inertial fusion is introduced. Secondly, the low efficiency of existing calibration methods is
discussed. Lastly, a novel efficient solution is designed to fill this gap, which highlights the

system contribution of this research for multi-sensor calibration.

1.6 Structure of the thesis
The calibration research in this thesis is summarized in TABLE 1.3.

» Chapter 1 introduces research objectives in this thesis and lists all research papers

that have been accepted or are being submitted during the author’s doctoral studies.
» Chapter 2 provides literature review for each research objective.
» Chapter 3 achieves Research Objective | described in Sec. 1.2.
» Chapter 4 achieves Research Obijective Il described in Sec. 1.3.
» Chapter 5 achieves Research Objective Il described in Sec. 1.4.

» Chapter 6 achieves Research Objective IV described in Sec. 1.5.
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Table 1.3: Summary of calibration research in this thesis.

Chapter Sensors Target-based? Offline? Optimization-based?
3 Camera and Target-based and Offline and Optimization-based and
Global pose sensor Target-less Online Filter-based
IMU, Camera . .
4 and GPS Target-less Online Filter-based
IMU, Camera and Target-less Online Filter-based
Global pose sensor
6 IMU and Camera Target-based Offline Optimization-based

» Chapter 7 summarizes this thesis and provides an overview of the future research

directions.

1.7 Publication and competition

Here are all the research papers that have been accepted or are submitting during the au-
thor’s doctoral studies. The corresponding research paper for each chapter will be indicated
at the beginning of each chapter.

Moreover, a SLAM competition is listed here. In the competition, my submission achieved
good performance compared to other strong academic and industrial teams from around the

world.

1.7.1 Research out in this thesis

» Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Unleashing the Power
of Discrete-Time State Representation: Ultrafast Target-based IMU-Camera Spatial-
Temporal Calibration.” arXiv preprint arXiv:2509.12846 (2025).

+ Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Observability Investiga-
tion for Rotational Calibration of (Global-pose aided) VIO under Straight Line Motion.”
(Accepted by IROS 2025).
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+ Song, Junlin, Pedro J. Sanchez-Cuevas, Antoine Richard, Raj Thilak Rajan, and Miguel
Olivares-Mendez. "GPS-VIO Fusion with Online Rotational Calibration.” 2024 IEEE In-

ternational Conference on Robotics and Automation (ICRA 2024).

+ Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Joint Spatial-Temporal
Calibration for Camera and Global Pose Sensor.” 2024 International Conference on 3D
Vision (3DV 2024).

1.7.2 Other research out not included in this thesis

+ Song, Junlin and Miguel Olivares-Mendez. "Structureless VIO.” (Accepted by the SLAM
Workshop at RSS 2025).

« Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. “Improving Monocular
Visual-Inertial Initialization with Structureless Visual-Inertial Bundle Adjustment.” 2025
IEEE International Conference on Robotics and Automation (ICRA 2025).

» Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. “An Accurate Filter-
based Visual Inertial External Force Estimator via Instantaneous Accelerometer Up-
date.” Accepted by the 40th Anniversary of the IEEE Conference on Robotics and
Automation (ICRA@40).

» Song, Junlin, Pedro J. Sanchez-Cuevas, Antoine Richard, and Miguel Olivares-Mendez.
"GPS-aided Visual Wheel Odometry.” 2023 IEEE International Conference on Intelli-
gent Transportation Systems (ITSC 2023).

» Song, Junlin, Pedro J. Sanchez-Cuevas, and Miguel Olivares-Mendez. "Towards On-
line System Identification: Benchmark of Model Identification Techniques for Variable
Dynamics UAV Applications.” 2022 International Conference on Unmanned Aircraft
Systems (ICUAS 2022).
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1.7.3 ICRA 2022 HILTI SLAM CHALLENGE

* Designed a tightly-coupled Lidar-Visual-Inertial Odometry (LVIO) based on Multi-State
Constraint Kalman Filter (MSCKF). Supported multiple cameras. Accelerated Lidar

measurement update with QR decomposition.

» Ranked 3rd from 100 teams in this competition (see Fig. 1.9). Check my submission
(SpaceR-Junlin) in Hilti SLAM challenge 20228.

LIVE LEADERBOARD 2022

Team Score
1 HKU-MaRS-HBA2 @& 5735
2 CSIRO-Wildcat @Q 563.8
3 SpaceR-Junlin B& R 5305
4  ANYbotics - Pharos SLAM @& & 5019
5 V&R @R 4438
6 XRLab @ 439.2
7 Undisclosed D& & 4381
8 star @@ & 408.2
9  Undisclosed @& 4049
10 HKU-FAST-LIVO2 B&R 4029

Figure 1.9: My current ranking in Hilti SLAM challenge 2022.

https://hilti-challenge.com/leader-board-2022.html
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Chapter 2

Literature Review

2.1 Literature Review for Research Objective |

In the literature, the methods to solve the spatial-temporal calibration are divided into two
categories: target-based methods and target-less methods. The target-based methods are
more accurate than the target-less methods, benefiting from the prior knowledge of the
calibration target. Target-based methods are widely used in multi-sensor calibration tasks
[25, 26, 32]. Target-based spatial-temporal hand-eye calibration was first presented in [33].
The spatial-temporal parameters are calibrated by aligning the motion capture trajectory with
the camera trajectory, which is obtained by the Perspective-n-Point (PnP) algorithm, with the
calibration target. The camera’s intrinsic parameters are assumed to be fixed. Therefore,
the accuracy of [33] is limited by the PnP algorithm, employed on every single image. After
the PnP process, all raw pixels measurements are discarded. The isolation processing of
the motion capture sequence and camera sequence cannot uncover the inherent correlation
between raw pixel measurements and motion capture measurements. Unlike our target-
based calibration algorithm which fully utilizes all the raw sensor data to optimize the spatial-
temporal parameters, camera intrinsic and trajectory simultaneously.

However, these methods are only suitable for offline non-real-time calibration and re-
quire significant amounts of manual effort. Markers attached to the camera may be removed

during experiments, therefore changing the spatial calibration parameter. Moreover, the tem-
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poral calibration parameter would also change due to different clocks, transmission delays,
data jam, jitter, and skew [34]. Therefore, online target-less calibration method is also worth
exploiting, saving human effort and improving the ease of application.

In recent years, online target-less calibration has attracted significant attention in visual-
inertial navigation systems (VINS) [24, 35, 36]. Among them, the EKF-based methods are
the most popular thanks to their computational efficiency. [24] pointed out that given suffi-
cient motion excitation, the spatial-temporal calibration parameters of VINS are observable.
However, under specific motion profiles, some degrees of freedom of the calibration param-
eters would be unobservable [19]. Identifying potential motion degradation, and avoiding

such motion, is crucial to reliably apply these types of algorithms.

2.2 Literature Review for Research Objective Il

Sensor fusion of camera and IMU is a well studied topic [37, 6]. Visual-inertial fusion
algorithms can be broadly classified into two categories i.e., optimization-based methods
and filter-based methods. Optimization-based methods achieve higher theoretical accuracy,
which include VINS-Mono [38], Basalt [39] and ORB-SLAMS [40]. Their high computational
cost is a major disadvantage. In contrast, sliding-window filter-based methods, such as the
Multi-State Constraint Kalman Filter (MSCKF) [41, 42, 16], are more resource efficient and
achieve comparable accuracy.

The combination of a camera and an IMU can only generate relative pose estimation,
resulting in the unobservability of global position and absolute yaw [23]. Therefore, pure VIO
systems tend to drift over time [43]. Recent works have employed GPS measurement to
eliminate this drift. These methods can be divided into loosely-coupled methods and tightly-
coupled methods. VINS-Fusion is a loosely-coupled approach, which fuses GPS position
measurements and output pose of VIO subsystem [44]. However, the fusion algorithm is
unable to improve the VIO subsystem. Therefore, the inner correlations of all measurements
are discarded, causing suboptimal localization results. Gomsf is a similar loosely-coupled

work [45].
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Tightly-coupled methods fully exploit the complementary merits of multi-sensor data, and
are promising to further improve the accuracy. A tightly-coupled estimator based on sliding
window optimization is proposed in [46]. The rotation between the GPS reference frame and
the VIO reference frame is included in the state vector, but the non-synchronization between
GPS timestamp and VIO system timestamp is neglected. [47] describes another tightly-
coupled optimization-based approach. The comparative experiments with VINS-Fusion have
demonstrated that tightly-coupled methods are superior to loosely-coupled methods. How-
ever, the transformation between GPS reference frame and VIO reference frame is not esti-
mated in [47]. The closest to our work is [48], which is a tightly-coupled estimator based on
MSCKEF. The extrinsic parameters between the GPS reference frame and the VIO reference
frame are inserted into the state during initialization, however, marginalized after all states
are transformed from the VIO reference frame to the GPS reference frame [48].

Consequently, the approach of [48] does not estimate the extrinsic parameters between
GPS-VIO online, as they show the extrinsic parameters are unobservable with linear ob-
servability analysis. However, linear observability analysis maybe unreliable for a nonlinear
system. A locally observable system is sure to be globally observable, but a locally unob-
servable system maybe globally observable [49, 50, 51]. Our main contribution in this work is
to point out that rotational extrinsic parameter is globally observable using nonlinear observ-
ability analysis. This novel observability conclusion is similar to our recent accepted work
[52], termed as GPS-VWO. The difference between GPS-VIO and GPS-VWO lies in the dif-
ferent kinematic equations, with the former driven by IMU while the latter driven by wheel
odometer. As the reference frame of VIO is gravity aligned, the rotational extrinsic parameter
of GPS-VIO only has yaw component. Unlike GPS-VIO, the rotational extrinsic parameter
of GPS-VWO is 3DoF in general. To analyze the observability of extrinsic parameter, Lie
derivative is employed for GPS-VIO, like GPS-VWO [52], considering the nonlinearity of this
system.

The unavoidable errors caused by imposing fixed extrinsic parameters after GPS-VIO
initialization lead to miss-calculations of the fusion algorithms in long distances. Without

online calibration, the estimation error of rotational extrinsic parameter at the start will dete-
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riorate the localization accuracy, especially when the GPS noise is relatively large. [46, 53,

] adopt explicitly online calibration of the rotational extrinsic parameter to improve localiza-
tion accuracy. To simplify the state estimation complexity, [54] disables the online estimation
once the rotational extrinsic parameter is converged. However, neither of them provide a
theoretical observability analysis. In this paper, we prove the rotational extrinsic parameter
is observable; hence, including it in the state vector is a promising and theoretically guaran-

teed mean to improve the accuracy of the state estimator.

2.3 Literature Review for Research Objective Il

The success of online extrinsic parameter calibration depends on the observability. Remark-
able works have studied the observability of extrinsic parameter between IMU and camera.
With the help of artificial visual features on the calibration target board, [22] conclude that
extrinsic parameter is observable if the moving platform undergoes at least 2DoF rotational
excitation. An interesting corollary from [22] is that the observability of extrinsic parameter
is independent of translational excitation. However, the conclusion of [22] is limited by the
usage of calibration board, and cannot be applied to real operating environments without
calibration board. [23] further extend the calibration of extrinsic parameter with target-less
approach, and the conclusion is updated. The moving platform should undergo at least
2DoF motion excitation for both rotation and translation, to ensure the observability of extrin-
sic parameter.

The above-mentioned observability studies miss the analysis of degenerate motion pro-
files, which could be occurred and unavoidable in practice. As a supplement, [19] thoroughly
explore the possible degenerate motion primitives and analyze the impact of degenerate
motion on the observability of calibration parameters. We note that the rotational extrinsic
parameter is summarized as observable for all identified degenerate motions (see Table |
in [19]), except for no motion. However, by observing the top subplot of Fig. 2a in [19], we
found that the rotational calibration results exhibit unexpected large RMSE (greater than 1

degree) for the case of pure translational straight line motion, which is clearly different from
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other motion cases. Actually, this distinct curve is an indicator for unobservability.

The inconsistency between the observability conclusion and the calibration results moti-
vates the following research question as the main purpose of this work:

Is the rotational extrinsic parameter of (global-pose aided) VIO observable under

pure translational straight line motion?

2.4 Literature Review for Research Objective IV

To address the offline calibration problem for IMU and cameras, extensive studies have been
conducted in the literature, from theory to practice. Currently, almost all IMU-Camera cali-
bration methods employ a continuous-time state representation based on the B-spline. This
type of method can obtain accurate and consistent calibration results with the aid of a cal-
ibration board, and the representative work is termed Kalibr, developed by [25]. However,
Kalibr suffers from high computational cost due to its B-spline based state representation.
To reduce computational complexity, [27] further derive a novel and efficient derivative cal-
culation method for the B-spline on Lie groups [55].

Except for continuous-time state representation, discrete-time state representation can
also be applied to the spatial-temporal IMU-Camera calibration task. Surprisingly, there has
been rare exploration in this direction in the decade after the release of the Kalibr toolbox.
Many researchers believe that discrete-time state representation is difficult or inferior for
temporal calibration [25, 56, 57]. For example, authors of Kalibr, [25] are concerned that
discrete-time state representation requires a new state at each measurement time, which
could be challenging for the utilization of high-frequency IMU measurements, and subse-
quent estimator design for temporal calibration.

In fact, this concern can be addressed by aggregating IMU measurements over a short
period of time. Inspired by IMU preintegration [58, 59], we propose a novel optimization-
based IMU-Camera calibration method with discrete-time state representation. Several IMU
measurements between two consecutive images are aggregated as one pseudo-measurement,

thus greatly reducing the state dimensions that need to be optimized.
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MVIS [29] is another discrete-time calibration method based on IMU preintegration, with
appealing full calibration capability. However, due to the use of a gravity-aligned reference
frame, MVIS sacrifices efficiency by introducing 3D feature positions in the state vector. In-
stead, our method eliminates features from the state vector by adopting a reference frame
similar to Kalibr and Basalt, thus fully unleashing the efficiency power of discrete-time cali-

bration.
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Chapter 3

Joint Spatial-Temporal Calibration

for Camera and Global Pose Sensor

In robotics, motion capture systems have been widely used to measure the accuracy of
localization algorithms. Moreover, this infrastructure can also be used for other computer
vision tasks, such as the evaluation of Visual (-Inertial) SLAM dynamic initialization, multi-
object tracking, or automatic annotation. Yet, to work optimally, these functionalities require
having accurate and reliable spatial-temporal calibration parameters between the camera
and the global pose sensor. In this study, we provide two novel solutions to estimate these
calibration parameters. Firstly, we design an offline target-based method with high accuracy
and consistency. Spatial-temporal parameters, camera intrinsic, and trajectory are optimized
simultaneously. Then, we propose an online target-less method, eliminating the need for a
calibration target and enabling the estimation of time-varying spatial-temporal parameters.
Additionally, we perform detailed observability analysis for the target-less method. Our the-
oretical findings regarding observability are validated by simulation experiments and provide
explainable guidelines for calibration. Finally, the accuracy and consistency of two proposed
methods are evaluated with hand-held real-world datasets where traditional hand-eye cali-

bration method do not work.

20



3.1 Related paper

« Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Joint Spatial-Temporal
Calibration for Camera and Global Pose Sensor.” 2024 International Conference on 3D

Vision (3DV 2024).

3.2 Relationships to other chapters

This chapter provides two solutions to estimate interested calibration parameters. Both
target-based and target-less methods are considered. These principles can be applied to
any calibration task. For Chapter 4 and Chapter 5, target-less methods are adopt. For

Chapter 6, it is essentially a target-based method.

3.3 Introduction

Nowadays, motion capture systems are widely used to perform 6DoF pose tracking thanks
to their high accuracy (sub-millimeter). In odometry and SLAM research, most datasets
leverage these to provide the ground truth pose [60, 61, 62]. The collection platform from
[61] shown in Fig. 3.1a displays some passive markers typically associated with motion
capture systems. Aside from its application to localization methods, the potential of motion
capture systems in the field of computer vision has not been fully exploited. The key is
the spatial-temporal calibration parameters of the camera and the global pose sensor (see
Fig. 3.1b).

For instance, in Fig. 3.2b, we assume a target tracking or automatic labeling task, per-
formed with the motion capture system. The camera {C} is rigidly linked with the marker
frame {M} tracked by the motion capture system. The target is regarded as a point f.

The motion capture system provides “p; and { Yq %pu } Given the spatial-temporal
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| | — | Clock of MoCap

Marker Frame

Clock of Camera

Figure 3.1: (a) Photo of the sensor setup, taken from [61]. (b) The spatial-temporal relation-
ship between the camera measurements and the global pose measurements.

calibration parameters linked {M} and {C}, the image coordinates of f can be obtained
automatically via rigid body link (f — G — M — C).

The above example illustrates the benefits of having a spatial-temporal calibration be-
tween a camera and a global pose sensor. In the literature, the methods to solve the spatial-
temporal calibration are divided into two categories: target-based methods and target-less
methods. The target-based methods are more accurate than the target-less methods, ben-
efiting from the prior knowledge of the calibration target. Target-based methods are widely
used in multi-sensor calibration tasks [25, 26, 32]. Target-based spatial-temporal hand-eye
calibration was first presented in [33]. The spatial-temporal parameters are calibrated by
aligning the motion capture trajectory with the camera trajectory, which is obtained by the
Perspective-n-Point (PnP) algorithm, with the calibration target. The camera’s intrinsic pa-
rameters are assumed to be fixed. Therefore, the accuracy of [33] is limited by the PnP
algorithm, employed on every single image. After the PnP process, all raw pixels measure-
ments are discarded. The isolation processing of the motion capture sequence and camera
sequence cannot uncover the inherent correlation between raw pixel measurements and
motion capture measurements. Unlike our target-based calibration algorithm which fully uti-
lizes all the raw sensor data to optimize the spatial-temporal parameters, camera intrinsic
and trajectory simultaneously.

However, these methods are only suitable for offline non-real-time calibration and re-

quire significant amounts of manual effort. Markers attached to the camera may be removed
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during experiments, therefore changing the spatial calibration parameter. Moreover, the tem-
poral calibration parameter would also change due to different clocks, transmission delays,
data jam, jitter, and skew [34]. Therefore, online target-less calibration method is also worth
exploiting, saving human effort and improving the ease of application.

In recent years, online target-less calibration has attracted significant attention in visual-
inertial navigation systems (VINS) [24, 35, 36]. Among them, the EKF-based methods are
the most popular thanks to their computational efficiency. [24] pointed out that given suffi-
cient motion excitation, the spatial-temporal calibration parameters of VINS are observable.
However, under specific motion profiles, some degrees of freedom of the calibration param-
eters would be unobservable [19]. Identifying potential motion degradation, and avoiding
such motion, is crucial to reliably apply these types of algorithms.

The contributions of this work are summarized as:

» To our knowledge, this is the first work to simultaneously calibrate spatial-temporal
parameters of the camera and the global pose sensor, with raw monocular camera

pixel measurements and global pose measurements.

» We propose two novel approaches to estimate the spatial-temporal parameters. Both

target-based and target-less methods are considered.

» We provide detailed observability analysis for the proposed target-less calibration method
and identify the degenerated motions that may occur in practice, causing partial cali-

bration parameters unobservable.

» We verify the degenerate motions in simulation and evaluate the accuracy and consis-

tency of two proposed algorithms with hand-held real-world datasets.

» We demonstrate the applicability of online calibration time-varying spatial-temporal pa-

rameters for the target-less method.
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Figure 3.2: (a) Coordinate frames for the target-based method. (b) Coordinate frames for
the target-less method.

3.4 Notation

As shown in Fig. 3.2, {G} represents the global reference frame of the motion capture sys-
tem. {M} and {C} represent the marker frame and the camera frame respectively. In this
paper, “marker” is an equivalent term of “global pose sensor”, as the 6DoF movement of
frame {M} could be tracked by the motion capture system. The 6DoF rigid body transfor-
mation between {M} and {C}, §,T, is the spatial calibration parameter. In our formulation,
the camera time clock is treated as the time reference in the estimators. The time offset
between the marker clock and the camera clock is the temporal calibration parameter ¢,. If
the timestamp at the camera clock is ¢, then the corresponding timestamp at the marker
clock is:

tpy =tc +tg (3.1)

We use © (e) to represent a physical quantity in the frame {G}. The position of a point
M in the frame {G} is expressed as “p,;. The velocity of a point M in the frame {G} is
expressed as “vy;. The local angular velocity of {1/} is denoted as w. A Unit quaternion is
employed to represent the rotation of a rigid body [63]. ¥ ¢ represents the orientation of the
frame {M} with respect to the frame {G}, and its corresponding rotation matrix is 2/ R. [e],,
is denoted as the skew symmetric matrix corresponding to a three-dimensional vector. The

transpose of a matrix is [e]” .
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3.5 Target-based Calibration

A target-based calibration method which adopts offline full-batch nonlinear least squares
optimization is designed to provide high accurate and consistent solutions for calibration
parameters.

We use a grid of AprilTag [64] as the calibration target, as shown in Fig. 3.3b. The
coordinate frames involved in target-based method are depicted in Fig. 3.2a. Compared
with Fig. 3.2b, additional frame {17} is built and fixed on the calibration target.

Suppose that the timestamp of the ith image is t;. The image coordinate of the jth
AprilTag corner f; detected in the ith image is u;;. Its associated 3D coordinates Wpfj in

{W} is known. The optimization variables are defined as:
XZ{gT ‘éVNT %T J\C4T ta g} (3.2)

Where N is the image numbers. x includes the all camera poses gViT,i =1---N, the
rigid body transformation between {IWW} and {G}, the spatial-temporal calibration parame-
ters { T tq } and the vector of camera intrinsic parameters ¢. By integrating all raw
image pixel measurements and global pose measurements, we formulate the least squares

optimization as:
K
X = argmin {Z 21 p(rig) + Z P(ng)}

Tij =T ( ZTWpf], )
rgi = Log (MT (t; + ta) %T%‘ZT%T)
Where K is the corner numbers for each image. p(e) is a robust kernel function [65].
7 (e, ) is a fixed camera projection function [66, 67]. Log () maps the element on a Lie
group to the tangent space vector [55].
MT (t; + tq) is the interpolated global pose measurement. To calculate ¥ T (t; + tq), we
find two closet timestamps over all global pose measurements, t, and t,, which subject to
te < t; +tg < tp. Two corresponding pose measurements are g“T and ng respectively.

Using linear interpolation with two bounding poses, the synthetic measurement at ¢; + ¢, is
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expressed as:
T (ti + ta) = Bap (\Log (THeT~1)) Mo

A= (tz‘ +tq —ta)/(tb —ta)

Ezxp (e) is the inverse operation of Log (e) [55].

Jacobians of residuals in Eq. (3.3) with respect to the optimization variables x are cal-
culated according to the chain rule and provided in Sec. 3.10 of supplementary material.
The Levenberg-Marquardt algorithm is adpot to minimize Eq. (3.3) and update the optimal
estimation iteratively.

Differentiate from [33], the proposed target-based method is able to optimize and refine
the spatial-temporal calibration parameters, the transformation between {WW} and {G}, the

camera intrinsic ¢ and trajectory T i =1--- N simultaneously, without information loss.

3.6 Target-less Calibration

To alleviate the need for calibration target and enable time-varying parameters calibration
during the operation, we provide an alternative online EKF-based target-less calibration

method. Coordinate frames are shown in Fig. 3.2b.

3.6.1 State Vector

The EKEF state vector inspired by MSCKF [41] includes the marker state, the spatial-temporal
calibration parameters, the camera intrinsic parameters, augmented N marker states and

up to L augmented features:

T T
T = [ Thr ‘rcallb c ﬂL‘ }
G

Ty = [ ]\G/IqT Gpﬂ wT }

Lealib = [ ¢ qT Cp%} tqg < } (35)
4 M, T G,T r

xc:|: xz; xZN i| Le; = |: G ‘q P,

el - ]
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Where z), is the current marker state at the camera clock. Calibration parameter x4
includes the 6DoF transformation { Ca “pu } the time offset ¢; and the camera intrinsic
parameters ¢. z. is the augmented marker states, which is obtained by cloning the first
two physical quantities of xj; at different image times. N is the sliding window size, a fixed
parameter. The pose clones in the sliding window are utilized to triangulate environmental
feature points. prj is an augmented feature, or termed as a SLAM feature [68, 69, 16].

Angular and linear velocity (w and “vy;) are included to predict the motion because the
measurements provided by motion capture system may be intermittent. Moreover, they are

needed to estimate time offset (see Eq. (3.9)).

3.6.2 Constant Velocity Propagation

Referring to previous study on trajectory estimation [70, 71], a constant-velocity motion prior
is applied. ), is propagated forward based on the constant velocity motion model. The

kinematic model can be described as:

di=392w ¥e, “pu="vu 56)
W = Ny, GT}M =T
—|W w
Q(w) = [ ]TX . nje represents the zero mean Gaussian noise of [e], which is
—w 0

a hyperparameter. These hyperparameters can be determinated in advance using existing
approaches [70, 72].

By linearizing Eq. (3.6) at the current state estimation, the state transition matrix from
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time ¢, to time ¢, can be analytically calculated as follows:

A 03 B 03
03 I3 03 I3At
Py (s, to) =
03 03 Iz O3 (37)
03 03 03 I3 |

A= g/lkR]\G/IORT

B = Y¥RYRT J, (—wAt) At

Where J, (e) is the right Jacobian of SO(3) [73].

3.6.3 Visual Measurement Update

For a new coming image with the timestamp ¢, we clone the latest marker pose and augment
it to the state vector x to track the camera pose. According to Eq. (3.1), the corresponding

marker timestamp is ¢ + t4. The new cloned marker pose is:

dat+t
anew = “ q ( d) (3'8)

Cpar (4 tq)

T
The state augmentation Jacobian with respectto | Mq7 ¢pT ¢, | is calculated as:

I3 0
Haug = ’ ’ “ (39)

03 I3 Coy
After the state augmentation is completed, we check the sliding window size and marginal-
ize the oldest clone state if the window size exceeds N. The carefully selected feature points
are used to update the poses over the sliding window and the position of the feature points.

The feature measurement model can be written as:

2p =7 (“psi9)

(3.10)
Cpf = J\C/IRgR (pr —%pur ) + oy
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The subset of state variables related to z; is noted as':

T
ggs:[ggq:r GyT €T CpT Gp?:} (3.11)

The feature measurement Jacobian is calculated as:

Hy = a%gfz\%RAG/[R[ Ji —I3 Jp GRMR I3 }
1= [(®ps = “pu)] SR (3.12)
Jo = [(%py — Cpar)] G RY R

More details about feature detection, tracking, outlier rejection, triangulation, sliding win-

dow update scheme and covariance management can be found in [16].

3.6.4 Global Pose Measurement Update

The timestamp of the global pose measurements ¢, provided at the marker clock, are shifted
by t4, t —t4. The corrected global pose measurement is used to update z,;. The global pose
measurement model can be written as:

M

=1 ¢ (3.13)
bwMm

T
The global pose measurement Jacobian with respect to | M¢7" @pT' | is calculated

as:

I3 0
Hy=| " " (3.14)
03 I3

3.7 Observability Analysis

System observability plays an important role in state estimation. To study the potential

calibration failures, we perform observability analysis for the linearized system [74] derived

"The camera intrinsic ¢ is omitted here because it does not affect the subsequent observability analysis in
Sec. 3.7.
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in the target-less calibration. To the best of our knowledge, this is the first time that a paper
studies the observability of the spatial-temporal parameters between the camera and the
marker.

Since the state vector couples both motion variables and calibration parameters together
by covariance matrix. It is expected that the success of calibration depends on motion pro-
files. Identifying the potential degenerate motion profiles that adversely affect the calibration
accuracy can guide the calibration process in practice.

To concise the presentation, we do not consider clone states in the state vector. w and
Guyr are also neglected as their observablity property is consistent with the marker pose.
And only one SLAM feature is kept. The results can be extended to general cases [75, 76].
The system state vector becomes:

T
e= | MaT G G Ol ta ) (3.15)

The state transition matrix becomes:

A
D (tg,t0) = (3.16)
L3
A is defined in Eq. (3.7).
Hayug in Eq. (3.9), Hy in Eq. (38.12) and H, in Eq. (3.14) are stacked to construct the

general Jacobian of the state:

I3 03 O 03 w 03
03 I3 O3 03 GUJVI 03
Hk = J1 —Ig J2 %R%R 03><1 Ig (317)

Is 03 03 03 03x1 O3
03 13 03 03 O3><1 03

The common factor %%Ré{}% in Eq. (3.12) is ignored here because it does not affect
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the observability analysis. Now the observability matrix would be constructed as [74]:

T
Oy = Hy® (ty, o)
A 03 O3 O3 w 03
03 I3 03 03 GUM 03 (318)

= JlA —Ig Jo %RAC/[R O3%1 Ig
A 03 Os 03 O3x1 O3
03 I3 03 03 O3x1 O3

We note that for generic motions, O is a time varying matrix, whose columns are linearly
independent. At this point, we state that the spatial-temporal calibration parameters are
observable with fully excited 6DoF motions.

However, under the special motion situation, the linear independent relationship is no
longer maintained, resulting in some degrees of freedom of the calibration parameters be-

coming unobservable.

Lemma 3.7.1. If the frame {M} performs pure translation (no rotation) motion, “py; is un-

observable. The corresponding right null space of O is:
17
Ni=| Osx9 I3 031 —(§,RYR) ] (3.19)

Proof. The fact that N is indeed the right null space of O can be verified by multiplying O
with N1. O N1 = 0 is hold for any k. And we note that N7 is a constant matrix. Since there
is no rotation, GIR is a constant matrix. Hence, N; belongs to the right null space of O. N;

indicates that the unobservable direction is “p,;. O

Lemma 3.7.2. If the the frame {M } rotates around a constant axis w, during the generic
translation motion, the unobservable directions depend on the projection of w in the frame

{C}, and the corresponding right null space of O is:

T
Ny = { O1x9 (%sz)T 0 —(%RWQ)T } (3.20)
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Proof. Similarly, we verify that O N2 = 0 is hold for any k. Since w and w, are parallel at this

setting, for any given w-, the time derivative of %Rm is given by:

d (§Rws) _ (d (5 7)

i o ) wy = G R[w], w2 =0 (3.21)

This proves that N, is a constant matrix and belongs to the right null space of O. N,
indicates that the unobservable directions are from “p,;, and dependent on the non-zero

components of §, Ruws, or {; Rw. D

There could be some other degeneration motion primitives that have not been consid-
ered, such as constant angular and linear velocities, constant angular velocity and linear
accelerations. We can find these two are special cases for Lemma 3.7.2. In this paper, we
do not derive all degeneration cases where the full column rank condition of O breaks.

As a final remark, we note that the translation calibration parameter p;; is more sensi-
tive to different motions, compared to the rotation and temporal calibration parameter. These
theory findings are important for the calibration, as these degenerate motions are likely to
occur in practice, such as the planer motion of wheeled robot and the pure translation of fly-
ing robot. We run real-world experiments on random generic trajectories with full excitation

to avoid these potential specific degenerate trajectories.

3.8 Experiments

We state again that the inputs of two proposed calibration methods are global pose mea-
surements and monocular image stream. Firstly, the observability analysis in Sec. 3.7 is
verified by generating these measurements in the simulation environment. Then the real-
world datasets are used to test the calibration accuracy and consistency. The target-based
method requires the calibration target to be located in the field of view of the image and
geometric prior about the calibration target. Finally, an example of calibrating time-varying

spatial-temporal parameters is presented with the online target-less method.
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3.8.1 Validation of the Observability Analysis

The simulated environment includes randomly generated 3D points to be captured by im-
ages. The characteristics of the simulated sensors are consistent with those of the actual
sensors used in the real-world. Global pose measurements are reported in 120Hz. Images
are received in 20Hz. The Gaussian noises of the sensors are generated and added into
the synthetic measurements. Fig. 3.3a shows the synthetic feature points and the corre-
sponding reprojected points in one simulated image during the visual update process. The
translation motion of the marker frame is simulated as a sinusoidal trajectory, which is widely
used in calibration tasks [24, 36, 77].

To validate the observability assertion in Sec. 3.7, we set %R as I3, and design five

rotation motion cases.
r T
« Casel:w=| 0.4cos(1.5t) 0.4sin(t) 0 } -
- T
e Case2:w=1|0 0 0 } .
- T
e Case3:w=104 0 0 } )

r T
e Cased:w=1|0 05 0.6} }

- T
*» Caseb5:w=1 0.1 0.2 0.3] .

The calibration results of these cases are presented in Fig. 3.4. The initial rotation error
is | 20° 20° —20° }T. The initial translation error is [ -5 15 —10 ]Tcm. The initial
time offset error is 50 ms. Case1 corresponds to the generic motion with full excitation. It is
clear that the estimation errors of all calibration parameters converge perfectly to near zero
within 10s. All calibration parameters are observable in this case. Case 2 corresponds to
a pure translation (no rotation) motion. The estimation error of the translation calibration
parameter and its 1o bound can not approach 0, thus this parameter is unobservable. While
the rotation and temporal calibration parameters are still observable. Case3, Case4, and

Caseb5 correspond to the constant axis rotational motion. The non-zero components of this
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(a) Tracked features and  (b) The 1st iteration. (c) The 2nd iteration. (d) The 3rd iteration.
reprojected features in
the simulation.

(e) The 4th iteration. (f) The 5th iteration.  (g) Image update in the (h) Image update in
environment with cali- the environment without
bration target. calibration target.

Figure 3.3: Expected feature positions (green) and predicted feature positions (red) in the
image.

axis indicate the unobservable directions. For example, the rotation axis of Case3 only
has non-zero component in the z-axis. Thus, the x-direction of the translation calibration
parameter is unobservable, yet y and z direction are still observable, as shown in Fig. 3.4.

The similar analysis also applies to Case 4 and Case 5.

3.8.2 Real-World Experiments

Firstly we present the rationale of dataset selection for real-world experiments. For the
target-less method, the simulation experiments in Sec. 3.8.1 show that it is advised to
choose the fully excited 6DoF trajectory. The experiments in [36] also inspire us to uti-
lize the fully excited hand-held TUM-VI Dataset [61] instead of under-actuated dataset, such

as EuRoC MAV Dataset [60]. TUM-VI Dataset contains multiple sequences with or without
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Rotation error (degree)

Translation error (cm)

Time offset error (ms)

Time (5) ) ) Time (s) Time (s) ) ' Time (s) ' ) Time (s)

Figure 3.4: Errors (solid lines) and 10 bounds (dashed lines) of the spatial-temporal calibra-
tion parameters. z-axis represents time in seconds. Left to right corresponds to Case1 to
Case5in Sec. 3.8.1. The estimation error of the rotation and temporal calibration parameters
perfectly approach to zero for any cases. While the convergence results of the translation
calibration parameter are varied from case to case.

0.5

0.4 1

0.3 1

0.2

0.1 1

0.0 1

Y (meter)

—0.1 1

—0.2 1

_0.3 4

T T T T T
—-04  -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4
X (meter) X (meter)

Figure 3.5: imul is used. GT: groundtruth trajectory output from motion capture system.
PnP: camera trajectory output from PnP algorithm. Ours: refined camera trajectory gT,i =
1---N.
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norm of (dw/dt)

time (second) time (second)

Figure 3.6: Norm of dw/dt.

Table 3.1: Average RMSE of the calibration results (mean value + standard deviation) over
50 Monte-Carlo trials. Method1: target-less method. Method2: target-based method. L: left
camera is used. R: right camera is used.

Rotation (deg) Translation (cm) Time offset (ms)
Sequence
Method1 Method2 Method1 Method2 Method1 Method2

imutl (L) 0.124 +0.051 0.032 + 4.74e-05 0.5724+0.126 0.103 + 1.65e-05 0.543 - 0.128 0.339 + 0.00e-05
imu2 (L) 0.142 4+ 0.043 0.035 + 4.63e-07 0.336 & 0.076 0.090 4 0.00e-07 0.149 + 0.059 0.300 =+ 0.00e-07
imu3 (L) 0.074 +0.038 0.048 + 0.00e-07 0.686 + 0.141 0.146 + 0.00e-07 0.088 + 0.069 0.757 + 0.00e-07
imu4 (L) 0.083 +0.053 0.065 + 3.91e-07 1.014 +£0.115 0.125 + 0.00e-07 1.156 & 0.144 0.960 + 0.00e-07
imu1 (R) 0.075+0.024 0.027 4+ 9.97e-07 1.040 +0.228 0.085 + 0.00e-07 0.432 +0.132 0.335 + 0.00e-07
imu2 (R) 0.180 & 0.044 0.034 4 0.00e-07 0.465 + 0.270 0.075 £ 0.00e-07 0.161 +0.082 0.305 + 0.00e-07
imu3 (R) 0.125 + 0.051 0.038 + 0.00e-07 0.719 +0.101 0.136 4+ 0.00e-07 0.091 + 0.096 0.766 + 0.00e-07
imu4 (R) 0.087 +0.039 0.050 + 3.22e-07 1.077 +£0.119 0.132 £+ 0.00e-07 1.449 + 0.147 0.955 + 0.00e-07
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calibration target. Each sequence provides images at 20Hz, global pose measurements at
120Hz. These raw measurements together with IMU measurements are post-processed to
ensure time-synchronization. Thus it is convenient to set the time offset by manually shifting
the timestamps of the global pose measurements with a certain value. The shifted time
offset is the reference value of the temporal parameter. As [61] has leveraged IMU to align
the marker frame to the IMU frame, the transformation from IMU to camera [27], is also the
reference value of the interested spatial parameter.

For each selected dataset, we run the specific calibration method multiple times to ex-
amine the statistical properties. Reference value is perturbed to perform a Monte-Carlo trial.
The perturbed calibration parameters are set as initial calibration guess. Random errors
drawn from zero-mean Gaussian distributions are added to reference values. For rotation
and translation parameter, 1o values of the error distribution along each axis are 20° and 10

cm respectively. For temporal parameter, the 1o value is set as 50 ms.

Environments with target

Sequence {imul ~ imud} is selected because the environments of these datasets contain
the calibration target.

[33] can not work for these sequences due to the relatively large trajectory noise output
by PnP algorithm, as shown in Fig. 3.5. The absolute trajectory error (ATE) of the PnP
trajectory is 7.29 cm, while the optimized trajectory of our target-based method has an ATE
of only 0.28 cm. Clearly, the accuracy of camera trajectory has significantly improvement by
fully utilizing the raw measurements. Additional comparison results are provided in Sec. 3.11
of supplementary material.

To visualize the estimation accuracy of the calibration parameters of the target-based

method, the predicted feature position linked with calibration parameters is defined as:

z=m(%ps,<)

(3.22)
Cpp=GTHT (t+ta) TV py
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Where f denotes the AprilTag corner. ¢ is the image timestamp. §.7, §,T, t4, and < are
variables from Eq. (3.2).

For a specific run of the target-based method, the iterative update results are visualized
from Fig. 3.3b to Fig. 3.3f. After 5 iterations, all predicted feature positions are perfectly close
to expected feature positions. Fig. 3.3g shows the feature points update of the target-less
method. The predicted feature position is obtained via Eq. (3.10).

When using the left camera, the RMSE of the calibration results are shown in Tab. 3.1.
As expected, the calibration accuracy and consistency of the target-based method are bet-
ter than the target-less method. When using the right camera, the corresponding results
are also shown in Tab. 3.1. Both calibration methods demonstrate similar accuracy and
consistency for left and right camera.

Compared with the target-based method, the target-less method’s accuracy is affected
by imperfect visual feature tracking and numerical precision of the triangulation process of
visual landmarks. In addition, the target-less method is an online estimator, which can not
use all available measurements simultaneously.

It is worth noting that the dataset itself or the trajectory characteristic has impacts on the
calibration accuracy for both methods. For example, the estimation accuracy of the transla-
tion calibration parameter of imu2 is better than that of imu4. Inspired by the observability
analysis in Sec. 3.7 and Sec. 3.8.1, it is reasonable to examine the rotation excitation to
reveal the behind reason. Fig. 3.6 depicts the norm of the angular velocity difference. imu2
has more sufficient rotation excitation, improving the observability of the translation calibra-

tion parameter.

Environments without target

To eliminate the impact of the calibration target on the accuracy of the target-less method,
we conduct experiments on the sequence {room1 ~ room6} without calibration target. The
target-based method can not work at this setting.

The calibration results of the target-less method are shown in Tab. 3.2. Compared with

the sequence with calibration target (see Tab. 3.1), the estimation of the calibration parame-
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Table 3.2: Average RMSE (L / R) of the calibration results over 50 Monte-Carlo trials. L: left
camera. R: right camera. The units for rotation, translation and time offset are in deg, cm

and ms.

Sequence Rotation Translation Time offset
room1 0.033/0.056 0.681/0.584 0.101/0.073
room2 0.136/0.136 0.860/0.758 0.957/0.930
room3 0.036/0.057 0.657/0.550 1.298/1.264
room4 0.042/0.043 0.315/0.385 0.633/0.588
room5 0.033/0.067 0.566/0.484 0.398/0.411
roomeé 0.161/0.180 0.765/0.708 0.601/0.696

ter does not incur loss of performance without the calibration target in the field of view. The
calibration accuracy is still impacted by the trajectory itself. For example, the estimation ac-
curacy of the translation calibration parameter of room4 is better than that of room?2. Fig. 3.6
shows that room4 has more sufficient rotation excitation.

For all the results presented so far, the spatial-temporal parameters are assumed to be
constant, which is also the most common scenario in practice. Considering the vibration or
morphology change of the robot platform [78] and clock drift during the running, it is also
worth investigating the calibration of time-varying spatial-temporal parameters, a more chal-
lenge scenario. room4 is used here for test. To construct time-varying spatial parameters,
the global pose measurements are perturbed. %'T is the designed perturbation. The spatial
parameters are changed accordingly.

Mp=MpMp  Mp_ MMy (3.23)

The time-vary temporal parameter is constructed more straightforward by changing the
timestamps of the global pose measurements with designed time-vary values.

The target-based method can not work as it includes constant calibration parameters in
state vector. And the requirement of facing the calibration target makes it impractical during
the large change of calibration parameters. While EKF-based target-less method could han-

dle dynamic change of state naturally, even without the prior knowledge about such change.

As shown in Fig. 3.7, the time-varying quantity of spatial-temporal parameter is designed to
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Figure 3.7: Groundtruth (solid lines) and estimation (dashed lines) of the time-varying
change of the spatial-temporal parameters.

change linearly with time. The initial rotation and translation errors along each axis are 20°
and 10 cm respectively. The initial time offset error is 60 ms. Despite the significant estima-
tion errors at the beginning, the target-less method could quickly converge to the groundtruth
value and accurately track the time-varying change. After 10s, the average tracking RMSE
of the rotation change, the translation change and the time offset change are 1.754°, 1.346
cm and 4.151 ms respectively. Once dynamic change stage is over, these small errors mean

that good initial guess is provided for follow-up constant parameters calibration.

3.9 Conclusion

In this work, we propose two novel calibration methods to estimate the spatial-temporal pa-
rameters between the camera and the global pose sensor. One is a target-based method,
it adopts offline full-batch nonlinear least squares optimization. Another is a target-less
method based on an online EKF estimator. The observability analysis of the target-less
method shows that the calibration parameters are observable when the system is fully ex-
cited by 6DoF movements. Real-world experiments demonstrate both methods provide ac-
curate and reliable calibration results when traditional hand-eye calibration fails to work.
Moreover, the ability of capturing time-varying parameters, rarely studied in literature, is ver-
ified successfully for the target-less method. Proposed methods can be easily extended to

other global pose sensors besides motion capture system, and different camera models. In
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the future, we plan to improve the accuracy of the target-less method using sliding window

optimization.
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Joint Spatial-Temporal Calibration for Camera and Global Pose
Sensor

Supplementary Material

3.10 Analytical on-manifold Jacobians for the target-based method

The optimization function (Eqg. (3.3)) contains two types of measurement residual, namely
pixel measurement residual and global pose measurement residual. The Jacobians of these
residuals with respect to the optimization variables are provided here. On-manifold formu-
lation of the optimization variables, like SE(3) transformations, allows us to easily calculate
analytical Jacobian which is more accurate and computational efficient than numerical dif-

ferentiation.

3.10.1 Jacobians of pixel measurement residual

Firstly, we analyze the Jacobians involved in the pixel measurement residual r;;:

rij =7 (“pg;,6) — wij

o o (3.24)
P =wl g
The subset of optimization variables related to r;; is noted as:
o ={ ¥ <} (3.25)

The Jacobians of the pixel residual r;; with respect to the 3D point in camera frame

and 85? respectively. Both are determined by the

ori;
acipfj

camera projection model [66, 67]. The Jacobian of the pixel residual r;; with respect to the

“py, and the camera intrinsic ¢ are
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camera pose ¢ T is:

ori; _ ory 9%y ogiT
GE‘CT Bcipfj acv;/iT 3CV!/Z_T
0 ipf_ C, O]
J w
i = (V) (3.26)
oT
w-
oNT I

Where © is an operator for the homogeneous coordinate [73, Sec. 7.1.8].
In summary, the Jacobians of the pixel measurement residual r;; with respect to x,, can

. or;;
be computed via Eq. (3.26) and 5.

3.10.2 Jacobians of global pose measurement residual

Next, we analyze the Jacobians involved in the global pose measurement residual r,; (EQ. (3.3)).

To simplify the description, we define the following intermediate quantities:
T (3.27)

Therefore
roi = Log (MTGTHTS,T)

MP = Exp (A%g 9) Marp (3.28)
A= (ti +tg— ta)/<tb — ta)

The subset of optimization variables related to r,; is noted as:
Xs2 :{ &rT GT GT tq } (3.29)

The Jacobian of r,; with respect to §,7 is:

67" 3 1
a%}gT = J7 (rg) (3.30)

Where J, (e) is the right Jacobian of SE(3) [73].
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The Jacobian of r,; with respect to ¥ T is:

87‘ 3 _ _
= J ! (rg) Ad (5,771) (3.31)
oN'T

Where Ad (e) is the adjoint of SE(3) [73].

The Jacobian of r,; with respect to . 7' is:

aT‘gi
o5 T

= J7 (ry) Ad ((gVTAC;T)‘l) (3.32)

The Jacobian of r,; with respect to g T is:

Orgi 1, MG WG e\
i — J (rgZ)Ad(<G 76T TMT> (3.33)

The Jacobian of 7" with respect to ) is:

afj = Ad (Bap (M720) ) J» (Mie0) 210 (3.34)

The Jacobian of A\ with respect to ¢, is:

a1
Oty ty—tg

(3.35)

Finally, through the chain rule, the Jacobian of r,4; with respect to ¢, is calculated as:

Orgi  Org; OMT OX

9ty agT o oty (3.36)

In summary, the Jacobians of the global pose measurement residual r,; with respect to
Xs, €an be computed via Eq. (3.30), Eq. (3.31), Eq. (3.32) and Eq. (3.36).
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Figure 3.8: Iterative process of calibrating left camera intrinsic from scratch. z-axis repre-
sents iteration steps.
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Figure 3.9: Iterative process of calibrating right camera intrinsic from scratch. z-axis repre-
sents iteration steps.
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3.11 Additional comparison results

Compared to [33], our proposed target-based method has another benefit, in addition to
iterative optimization of camera trajectory. Prior to perform spatial-temporal hand-eye cali-
bration, [33] need to calibrate the camera intrinsic first. While our method does not require
this step, as camera intrinsic is added to the optimization variables. This simultaneously cal-
ibration feature simplifies the calibration process. Moreover, [33] may suffer from the fixed
camera intrinsic. Environmental influences and camera motions may lead to unmodelled er-
rors for camera intrinsic. To address this issue, our method finds the optimal camera intrinsic
parameters that best fit all available measurements for each sequence.

Fig. 3.8 shows the iterative process of calibrating monocular camera intrinsic from scratch
with our target-based method. Left camera is used for the selected sequence {imul ~ imu4}
from TUM-VI Dataset [61], and double sphere camera model [66] is adopted. Regarding the
initialization method and reference values for camera intrinsic parameters, we refer to [66]. In
Fig. 3.8, all estimated intrinsic parameters converge near the reference values, with slightly
difference for each sequence. When using the right camera, the corresponding results are
shown in Fig. 3.9. Final average reprojection error and position error in Eq. (3.3) are smaller
than 0.1 pixel and 0.1 cm for left and right camera from each sequence. Results from Fig. 3.8
and Fig. 3.9 demonstrate the ability of calibrating optimal camera intrinsic from scratch for

each sequence with the target-based method.
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Chapter 4

GPS-VIO Fusion with Online

Rotational Calibration

Accurate global localization is crucial for autonomous navigation and planning. To this end,
various GPS-aided Visual-Inertial Odometry (GPS-VIO) fusion algorithms are proposed in
the literature. This paper presents a novel GPS-VIO system that is able to significantly ben-
efit from the online calibration of the rotational extrinsic parameter between the GPS refer-
ence frame and the VIO reference frame. The behind reason is this parameter is observable.
This paper provides novel proof through nonlinear observability analysis. We also evaluate
the proposed algorithm extensively on diverse platforms, including flying UAV and driving
vehicle. The experimental results support the observability analysis and show increased

localization accuracy in comparison to state-of-the-art (SOTA) tightly-coupled algorithms.

4.1 Related paper

» Song, Junlin, Pedro J. Sanchez-Cuevas, Antoine Richard, Raj Thilak Rajan, and
Miguel Olivares-Mendez. "GPS-VIO Fusion with Online Rotational Calibration.” 2024

IEEE International Conference on Robotics and Automation (ICRA 2024).
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4.2 Relationships to other chapters

Similarly to the principle of target-less method presented in Chapter 3, an online calibration
approach is developed in this chapter to estimate the rotational extrinsic parameter between
the GPS reference frame and the VIO reference frame. It is noted that these two calibration
tasks have a key difference. The spatial calibration parameter in Chapter 3 is assumed to
be rigid and is independent of where the system is initialized. However, in this chapter, the
calibration parameter can be varied for each run, depending on where VIO is initialized.
Here, we assume the spatial-temporal parameters for IMU-Camera system are known. The
online and offline calibration for the IMU-Camera system are discussed in Chapter 5 and
Chapter 6.

4.3 Introduction

The accuracy, robustness and reliability of the pose estimation are essential for the safe
autonomous navigation of mobile robots. In the past few decades, the Global Positioning
System (GPS) has been widely used for localization in outdoor scenes, since it offers a ro-
bust global localization solution without accumulating drift over time. However, due to the
high-level noise of consumer grade GPS sensors, accurate positioning cannot be typically
achieved by using GPS sensors alone. Moreover, in urban scenes, GPS signals are vulnera-
ble to the interference of the local environment, such as signal occlusions, or bounces due to
high-rise buildings, which further degrades the GPS positioning performance. In these GPS-
degraded or -denied scenarios, Visual-Inertial Odometry (VIO) using IMU(Intertial Measure-
ment Unit) and Camera(s), and Simultaneous Localization and Mapping (SLAM) algorithms
are conventionally implemented.

VIO algorithms do not suffer from these interruptions, and provide high-precision and
high-frequency local state estimation, however, these algorithms also have their inherent
drawbacks. For instance, VIO systems cannot provide long-term drift-free localization and

heading. In [23], the authors prove that VIO systems have four unobservable Degrees of
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Freedom (DoF), namely the 3D positions and yaw. SLAM mitigates this drawback using si-
multaneous estimation of the localization, the map, along the execution of the loop-closure,
and map alignment. These mechanisms allow SLAM techniques to decrease the local-
ization uncertainty and the long-term drift. Unfortunately, SLAM techniques demand high
computational and memory resources, which limit their applicability. In general, GPS posi-
tioning and visual inertial navigation system can be combined to provide an accurate, high
frequency, robust localization and long-term drift-free localization. The fusion of the three
sensors involved in this process, GPS, camera and IMU has produced promising results
and can achieve locally accurate and globally drift-free localization.

GPS-aided VIO algorithms have been previously proposed in the literature [48, 47]. The
spatial transformation to couple both the GPS and the VIO reference frame is shown to be
unobservable with linear observability analysis [48, 79]. However, linearization implies that
the derived observability is local and may be unreliable for the original nonlinear system
[80, 49]. Thus, it is necessary to revisit the observable property with the tool of nonlinear
observability analysis. More specifically, we aim to show in this paper that the rotational
extrinsic parameter between GPS reference frame and VIO reference frame is observable.

In this paper, we propose a novel filter-based GPS-VIO system which is specially focused
on including a reliable and accurate estimation of the rotation extrinsic between the GPS

reference frame and the VIO reference frame. Our key contributions are summarized as:

» We propose a novel filter-based estimator to fuse GPS measurements and visual-
inertial data, and simultaneously estimate the rotational extrinsic parameter between

the GPS and VIO frames online.

» We prove that the rotational extrinsic parameter is observable via nonlinear observ-

ability analysis, and support our conclusion with simulations.

» We evaluate the localization accuracy of the proposed algorithm on multiple public
datasets, including small scale flying datasets and large scale driving datasets, and

show the superior performance of our algorithm.
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4.4 Related work

Sensor fusion of camera and IMU is a well studied topic [37, 6]. Visual-inertial fusion
algorithms can be broadly classified into two categories i.e., optimization-based methods
and filter-based methods. Optimization-based methods achieve higher theoretical accuracy,
which include VINS-Mono [38], Basalt [39] and ORB-SLAM3 [40]. Their high computational
cost is a major disadvantage. In contrast, sliding-window filter-based methods, such as the
Multi-State Constraint Kalman Filter (MSCKF) [41, 42, 16], are more resource efficient and
achieve comparable accuracy.

The combination of a camera and an IMU can only generate relative pose estimation,
resulting in the unobservability of global position and absolute yaw [23]. Therefore, pure VIO
systems tend to drift over time [43]. Recent works have employed GPS measurement to
eliminate this drift. These methods can be divided into loosely-coupled methods and tightly-
coupled methods. VINS-Fusion is a loosely-coupled approach, which fuses GPS position
measurements and output pose of VIO subsystem [44]. However, the fusion algorithm is
unable to improve the VIO subsystem. Therefore, the inner correlations of all measurements
are discarded, causing suboptimal localization results. Gomsf is a similar loosely-coupled
work [45].

Tightly-coupled methods fully exploit the complementary merits of multi-sensor data, and
are promising to further improve the accuracy. A tightly-coupled estimator based on sliding
window optimization is proposed in [46]. The rotation between the GPS reference frame and
the VIO reference frame is included in the state vector, but the non-synchronization between
GPS timestamp and VIO system timestamp is neglected. [47] describes another tightly-
coupled optimization-based approach. The comparative experiments with VINS-Fusion have
demonstrated that tightly-coupled methods are superior to loosely-coupled methods. How-
ever, the transformation between GPS reference frame and VIO reference frame is not esti-
mated in [47]. The closest to our work is [48], which is a tightly-coupled estimator based on
MSCKEF. The extrinsic parameters between the GPS reference frame and the VIO reference

frame are inserted into the state during initialization, however, marginalized after all states
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are transformed from the VIO reference frame to the GPS reference frame [48].

Consequently, the approach of [48] does not estimate the extrinsic parameters between
GPS-VIO online, as they show the extrinsic parameters are unobservable with linear ob-
servability analysis. However, linear observability analysis maybe unreliable for a nonlinear
system. A locally observable system is sure to be globally observable, but a locally unob-
servable system maybe globally observable [49, 50, 51]. Our main contribution in this work is
to point out that rotational extrinsic parameter is globally observable using nonlinear observ-
ability analysis. This novel observability conclusion is similar to our recent accepted work
[52], termed as GPS-VWO. The difference between GPS-VIO and GPS-VWO lies in the dif-
ferent kinematic equations, with the former driven by IMU while the latter driven by wheel
odometer. As the reference frame of VIO is gravity aligned, the rotational extrinsic parameter
of GPS-VIO only has yaw component. Unlike GPS-VIO, the rotational extrinsic parameter
of GPS-VWO is 3DoF in general. To analyze the observability of extrinsic parameter, Lie
derivative is employed for GPS-VIO, like GPS-VWO [52], considering the nonlinearity of this
system.

The unavoidable errors caused by imposing fixed extrinsic parameters after GPS-VIO
initialization lead to miss-calculations of the fusion algorithms in long distances. Without
online calibration, the estimation error of rotational extrinsic parameter at the start will dete-
riorate the localization accuracy, especially when the GPS noise is relatively large. [46, 53,

] adopt explicitly online calibration of the rotational extrinsic parameter to improve localiza-
tion accuracy. To simplify the state estimation complexity, [54] disables the online estimation
once the rotational extrinsic parameter is converged. However, neither of them provide a
theoretical observability analysis. In this paper, we prove the rotational extrinsic parameter
is observable; hence, including it in the state vector is a promising and theoretically guaran-

teed mean to improve the accuracy of the state estimator.
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Figure 4.1: Coordinate systems, similar as Fig. 1ain [52].
4.5 Problem Formulation

4.5.1 Reference frames and Notation

The coordinate systems used in this work are shown in the Fig. 4.1. {E} represents the
East-North-Up (ENU) coordinate system, which is the reference frame of GPS position mea-
surements. An arbitrary GPS measurement can be chosen as the origin of { £} frame. {V'}
is the reference frame of the VIO system. After the initialization of the VIO system, the ori-
entation of this coordinate system is gravity aligned. {1} and {C} represent IMU coordinate
frame and camera coordinate system, respectively. G is the position of the antenna of the
GPS receiver.

We use the notation v (e) to represent a quantity in the coordinate frame {V}. The
position of point I in the frame {V} is expressed as Vp;. The velocity of frame {I} in the
frame {V'} is expressed as Vur. Furthermore, we use quaternion to represent the attitude
of rigid body [63]. {.q represents the orientation of frame {I} with respect to frame {V},
and its corresponding rotation matrix is given by {,R. Similar notations also apply to the
other reference frames. [e], denotes the skew symmetric matrix corresponding to a three-

dimensional vector, and [¢]” is used to represent the transpose of a matrix.
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4.5.2 Classical MSCKF-based VIO structure

According to [48, 16], the classic MSCKF-based VIO algorithm usually defines the following
states
T
T
er= Lg" Vol Vol Vel el o] (@.1)

T
Loy = [ {}qT Vp£ ]
where Vp; represents feature position, f, in the VIO reference frame {V'}. To make the
presentation concise, only one feature point is described here. b, and b, are the biases
of the IMU angular velocity and the linear acceleration measurements, respectively. z; in-
dicates the current IMU state. z., is obtained by extracting the first two quantities of x; at
different image times. Then the state of the whole MSCKF system = can be constructed by
augmenting N historical z., in z;.

After successful initialization and setting appropriate initial value and covariance for z,
the VIO system follows the Kalman filter pipeline. IMU measurements are used for the
propagation of x;. Whenever a new image is received, = is augmented with the pose clone
of the current z; and the visual constraints between multiple pose clones are utilized to

update the state. For more details of this part, we refer interested readers to Open-VINS

[16].

4.5.3 GPS Measurement Update

Assuming that the first GPS position measurement as the origin of the { E'} frame, the subse-

quent GPS measurements are denoted as “pg. Each GPS observation can be formulated
1

as

z = EPG + Ngps = EPV + ngpG + Ngps (4 2)

=Fpy + IR (VPI + {/RTIPG) + Ngps

"Measurement equation (4.2) is used here just for the convenience of the observability analysis. In the
implementation, we adopt the interpolation measurement equation as [48].
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where ng,s is a white Gaussian noise. Ip¢ is the position of point G in the IMU frame
{I}. This paper assumes that this quantity is known, since /pg can be obtained from CAD
model or calibrated before the system runs. {.R and Vp,; are quantities expressed in the
VIO reference frame {V'}. py and £R are the transformations between frame {V} and
frame {E'}. Since these two frames are gravity aligned, we can simply use the yaw angle to

parameterize the rotation matrix between them. Therefore, £ R can be expressed as

cosy —siny 0
VR=| siny cosyp 0 (4.3)
0 0 1

where ¢ is the relative yaw angle between GPS reference frame and VIO reference frame.

To make the measurement equation usable, 1> and py- must be known. In [48], these are
calculated in the initialization stage of the GPS-VIO system and are marginalized later. The
main difference between our work and theirs is that we will provide a more suitable nonlinear
observability analysis in Section 4.6.2, to decide the inclusion of observable quantities to the
system state vector for potential online refinement.

To analyze the observability of all the extrinsic parameters between the frame {V'} and
the frame {E}, v and Fpy are included in the state vector. Moreover, the time offset between
the GPS and IMU should also be modeled for the sake of real world experiments. Thus, the
new system state vector then becomes

e=] ol 4T o aT oy FpL Tig ]T (4.4)
where 1 and Fpy, represent the interested extrinsic parameters, and ‘¢, is the time offset
between the GPS and IMU clock?. The subset of system state related to the GPS measure-

ment equation is noted as x4

T

xs=| Lg" Vpl o Epl (4.5)

2As time offset 't calibration is not the focus of this work, it is ignored in following analysis, but considered
in real-world experiments to compensate non-synchronization (Section 4.7.3).
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The measurement Jacobian H is expressed as

07
H=5:= [ ~VRUR ['pc], VR Hy'pe I (4.6)
—siny —cosy O
Hy=| cosy —singy 0 (4.7)

0 0 0

To keep this paper focused and concise, we omit the description of the GPS-VIO system’s
initialization, as well as the proper handling of time-offsets among the different sensors, like

Tta. Interested readers can refer to [48].

4.6 Observability Analysis

4.6.1 Comments on Linear Observability Analysis

The linear observability analysis of the GPS-VIO system has been investigated previously
in [48] and detailed in [79]. However, the unobservable property obtained about extrinsic
parameters in these works may be misleading, as they apply linear observability analysis for
a typically nonlinear GPS-VIO system. As discussed in Section 4.4, a locally unobservable
system maybe globally observable [49, 50, 51]. Moreover, no experiments were performed
in [48, 79] to validate the observability conclusions regarding the extrinsic parameters. In this
work, we employ a more appropriate nonlinear observability analysis for the nonlinear GPS-

VIO system to obtain observable property and provide experiments to solidify the analysis.

4.6.2 Nonlinear Observability Analysis

We now conduct a nonlinear observability analysis, following the standard Lie derivatives

method [51]. Removing the IMU bias and pose clones from the state vector (4.4), to simplify
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the formulation, the state becomes

w=[1q" Vol VPP Vpl ¢ Byl | (4.8)

Following immediately, we write the kinematic equations as

v O4x1 1= (q) O4x3
Vi g 03 I RT
o 1 R P L PP B (4.9)
Vips 031 03 03
¥ 0 O1x3 O1x3
| Epv | | O3x1 | | 03 | | 03 |
fo fi P

where ¢ is denoted as the local gravity vector. w and a are de-biased IMU angular veloc-
ity and linear acceleration measurements, respectively. Here, we use the time derivative
property of quaternions

E(Quw (4.10)

The definition of = (¢) can be found in [63].

Next, we list the usable measurement equations. The camera measurement equation is
hi(z) =“pr = FRLRp + Cp; (4.11)

where p = fo — Vpr. The norm constraint of the unit quaternion is also considered as a
measurement equation

ha () =L¢ g—1=0 (4.12)

The measurement equation of the GPS is

hs (x) = Ppe = Ppy + VR pr (4.13)
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where without loss of generality, we assume ‘pg = 0341 to simplify the expression.
Zeroth-Order Lie Derivatives

The zeroth-order Lie derivative of a function is itself.

£% = “pr + ¢ R{, Rp
£y = {,qT{/q -1 (4.14)
£%3 = Fpy + {RY py

The gradients of zeroth-order Lie derivatives with respect to x are

V£0h1:[X1 03 —SRLR SRLR 031 03}
V"th?:[Q{/qT O1x3 O1x3z O1x3 O 01><3} (4.15)
V£0h3:[03><4 03 ¥R 03 HyVpr 13}

where X represents a quantity that does not need to be computed explicitly, as it does not

affect the observability analysis.

First-Order Lie Derivatives

The first-order Lie derivative of hy with respect to f, is computed as
£5.h1 =V Ly e fo = —FR{R vy (4.16)
The gradient of £ h, with respect to  is
Ve = | Xy ~CRLR 05 05 Opa 05 | (4.17)
The first-order Lie derivative of hy with respect to f; is computed as

1
L1 = VL% 0 fr = S X3E (1q) (4.18)
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where the gradient of £} h; with respect to z is
VL =| X3 Ogxz Xa —Xa Ogxr Ogys (4.19)
The first-order Lie derivative of hs with respect to fj is computed as
£5hs =V £z e fo =GR vy (4.20)
and the gradient of £}0h3 with respect to x is
Vs = | Osxa ER 05 05 HVvr 0y ] (4.21)

Observability analysis

By stacking the gradients of previously calculated Lie derivatives together, the following ob-

servability matrix is constructed

V£,
V£0h,
V.£0hs
VL by
VLY by
| VL hs

] - ] (4.22)
X1 03 *XC/R ‘C/R 03x1 03

20" Oix3  Oixz  Oixs 0 O1x3
O3x4 03 R 03 HyVpr Iz
Xy —JR 03 03 031 O
X3 Ogxz  Xa  —Xg  0Ogx1 Ogxs
O3xa PR 035 03 HypVor 03
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Adding the fourth column to the third column, © becomes

| O3x4

03 03 SR 031
O1x3 O1x3 O1xs 0
03 TR 03 H, ps
-CR 03 03 03x1
Ogxz  Ogxz —Xa  Ogx1
ER 03 03 HyVur

03
O1x3
I3
03
O9x3
03

(4.23)

E R in the third column can be used to eliminate H,," p; in the fifth column and I3 in the

sixth column. Thus, O can be reduced to

X1
2{/qT
O3><4

Xo

X3

| O3x4

03 03 $R 031
O1x3 O1x3 O1x3 0
03 ER 03 031
~JR 03 03 O3x1
Ogxz  Ogxz —Xa  Ogx1
ER 03 03 HyVur

03
O1x3
03
03
O9x3
03

(4.24)

The sixth column corresponds to the translation part of the extrinsic parameter between

frame {V'} and frame {E}. This column is not full rank, so the translation part is unobserv-

able. Finally, we analyze the rotation part of the extrinsic parameter. Let us focus on H," v,

in the fifth column. The fifth column cannot be eliminated by other columns and is full rank in

general case. So the rotational extrinsic parameter is observable. It is worth noting that the

rank of fifth column can become zero if zero velocity motion incurs, more specifically, = and

y direction. Therefore, horizontal velocity excitation affects the observability of the rotational

extrinsic parameter.
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4.7 Results

We develop the proposed algorithm based on Open-VINS [16], which is a state-of-the-art
VIO framework. When GPS information is usable, the system state including the rotational
extrinsic parameter between the GPS reference frame and the VIO reference frame is up-
dated via Section 4.5.3. Since [48] is not open-sourced, we have implemented our own
version by following their paper. In the results presented here, our implementation [48] is
referred as “GPS-VIO-fixed”. The prefix “fixed” comes from the fact that the spatial trans-
formation is marginalized after the initialization of the system. While our algorithm continues
to calibrate the rotational extrinsic parameter online after initialization.

First, we design a simulation environment to verify the observability conclusion. Then,
the proposed algorithm is evaluated on two public datasets. One is the small-scale EuRoC
dataset [60], which has seen extensive use in the VIO research community. Noisy GPS
measurements are simulated by adding Gaussian noise to the groundtruth position. It is
featured by UAV flying. Another one is the large-scale KAIST dataset with real GPS mea-
surements in challenging urban scenes [14]. It is featured by vehicular driving. The path
length and GPS noise of each selected KAIST sequence is longer than 7km and larger than

6m, respectively.

4.7.1 Validation of the Observability Analysis

To verify our observability proof, we build a simulation environment based on Open-VINS
[16]. The groundtruth trajectory of MH_01_easy in EuRoC dataset is used to generate sim-
ulated multi-sensor data, including 400Hz IMU, 10Hz image and 10Hz GPS. The noise of
the GPS sensor is approximated by applying multivariate Gaussian noises with a standard
deviation of 0.2m on the positions.

To verify the convergence capability of discovered observable quantity, the calibration of
the rotation extrinsic parameter is performed with different initial guesses. We start with an
error of 20 degrees and add 50 degrees increment until we reach 170 degrees, we then

reiterate with negative angles from -20 to -170 degrees. Fig. 4.2a shows the convergence
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of the yaw error. Between 21s to 45s, the convergence of yaw error reaches to steady
state because of the stationary motion status. As mentioned in Section 4.6.2, zero velocity
motion leads to the unobservability of rotation extrinsic parameter. At other times, there exist
velocity excitation. Before 21s, the motion space near the starting point is relatively small
compared to GPS noise. After 45s, the moving distance exceeds 10m, which is far greater
than GPS noise.

Fig. 4.2a shows one standard deviation (1 o) of the yaw error. Initial one standard
deviation of the yaw error is set to 4 rad, considering the largest initial yaw error is close
to « rad. The estimation of the yaw error consistently converges to near zero with small
uncertainty, and the convergence process is robust to the relatively large initial error.

Apart from UAV trajectory, we also repeat the above steps with the planer vehicular
trajectory of Urban39 in KAIST dataset. Larger GPS noise and practical GPS noise char-
acteristic are considered. The vertical noise is set to twice the horizontal noise. The GPS
noise is defined as

Ngps ~ N (03x1,diag(1,1,4)) (4.25)
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Figure 4.2: Top: v convergence over time respect to different initial guesses. Bottom: One
standard deviation (1 o) of .
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Fig. 4.2b shows the convergence results with vehicular trajectory. Both yaw error and
its corresponding uncertainty consistently converges to near zero, even for the near = rad
initial error. All these results from Fig. 4.2 support that the rotational extrinsic parameter is

observable.

4.7.2 EuRoC dataset

There are 11 sequences in EuRoC dataset. Each sequence is classified into easy, medium
or hard according to the level of difficulty for the VIO algorithms. Image and IMU data are
available at 20Hz and 200Hz respectively, and the groundtruth position and orientation are
provided at 200Hz. We test all sequences to verify the convergence of the rotational extrinsic
parameter between the GPS reference frame and the VIO reference frame. Similarly to the
previous experiment, the simulated GPS measurements are obtained by adding Gaussian
noise (¢ = 0.2m) to the groundtruth position. The GPS frequency is sampled to be 20Hz.

For the initialization of our GPS-VIO system, it is assumed that we do not have any
accurate initial estimation for 1. And the initial value of ) is naively set as ¢ = 0. £py is set
as the first GPS measurement received after successful VIO initialization. The groundtruth
of v is acquired by querying the groundtruth orientation value at the initialization time.

Fig. 4.3a shows the convergence of ¢ over time. The range of the initial yaw error is
[—178.47°,177.67°]. Estimation error (1/1 — w) of each sequence approaches to near zero
quickly and perfectly. Results verify the observability of .

Table 4.1 shows the Absolute Trajectory Error (ATE) of the different algorithms on all the
sequences. We include the results for GPS positioning, optimization-based VIO (SV0O2.0
[81]), filter-based VIO (Open-VINS [16]), two variants of the tightly-coupled optimization-
based GPS-VIO approach [47], GPS-VIO-fixed [48] and our proposed algorithm. As [47]
relies on manually setting initial rotational extrinsic parameter, we provide two variants: ini-
tializing ¢ as zero as ours, or initializing 1) as groundtruth. Our approach outperforms other
state-of-the-art competitors on most sequences because of online rotational calibration. Re-
garding the first three sequences, we achieve less but close accuracy compared to the

second variant of [47]. The possible reason is that the VIO subsystem of [47], SVO2.0 [&1],
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Figure 4.3: (a) v convergence over time. (b) Horizontal view of aligned trajectory with differ-
ent level of GPS noise.

performs better than our VIO subsystem, Open-VINS [16], in the first three sequences. How-

ever, SV0O2.0 suffers from relatively naive VIO initialization strategy [82] for most sequences.

4.7.3 KAIST dataset

The KAIST datasets are collected in highly complex urban environments. It is very chal-
lenging to achieve high-precision localization in these environments using consumer grade
sensors. Because many moving objects exist in the streets and dense high-rise buildings
corrupt GPS signals. Image, IMU and GPS of KAIST datasets are received at 10Hz, 100Hz
and 5Hz respectively.

We refer to the initialization algorithm of [48] to obtain the initial ¢» and £py,. The initial-
ization distance is set as 20m. Fpy is fixed after initialization and only ¢ is estimated online.
As the groundtruth orientation in the GPS reference frame is unavailable (see Section 4.3
in [14]), (v — o) is plotted in Fig. 4.4a to show the convergence trend over time. v is the
initial value of ¥. The deviation from the initial value is less than 2.5° for each sequence.

Although the calibration of time offset between GPS and IMU, ‘t, is not the focus of

this paper, we still need to deal with it carefully. It has a negative impact on the local-
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Table 4.1: ATE (meter) Comparison with the SOTA on the EuRoC Dataset. The ATE of GPS
trajectory is 0.347m.

ID |[VIO[E1]| VIO[16]] A B C | Ours
MHO1 | 0.064 | 0.084 | 0.137 | 0.031 | 0.114 | 0.036
MHO2 | 0.052 | 0.086 | 0.110 | 0.036 | 0.126 | 0.040
MHO3 | 0.118 | 0.124 | 0.119 | 0.048 | 0.174 | 0.062
MHO4 | 0.203 | 0.169 | 0.292 | 0.068 | 0.080 | 0.061
MHO5 | 0.240 | 0.200 | 0.312 | 0.056 | 0.176 | 0.049
Vi01 | 0.064 | 0.054 | 0.0 |0.041 | 0.039 | 0.037
V102 | 0.082 | 0.046 | 0.312 | 0.048 | 0.050 | 0.037
V103 | 0.066 | 0.048 | 0.365 | 0.068 | 0.091 | 0.041
V201 | 0.085 | 0.041 | 0.106 | 0.038 | 0.098 | 0.035
V202 | 0.111 | 0.040 | 0.123 | 0.046 | 0.042 | 0.033
V203 | 0.156 | 0.067 | 0.154 | 0.098 | 0.073 | 0.044

L A: results of [47] by initializing v as zero.

2 B: results of [47] by initializing v as groundtruth.

3 C: results of GPS-VIO-fixed [48] by initializing + through Section IV in [48], which suffers
from relatively large GPS noise (see Fig. 4.3b). The initialization distance is set as 2m.
4 Qurs: results of proposed method by initializing 1 as zero.

ization accuracy without proper handling, especially when different sensor clocks are not
hardware-synchronized [48]. Fig. 4.4a also shows the time offset calibration results, which
are initialized from 0s. The average final converged values is —0.13 + 0.03s.

Fig. 4.4b shows the repeatability of yaw calibration for different initial values, with Ur-
ban39 dataset. These initial values are obtained by adding different perturbation to . The
range of perturbation is [—70.0°,70.0°].

We evaluate the ATE of GPS positioning, VIO (Open-VINS [16]), GPS-VIO-fixed and our
proposed algorithm. Results are summarized in TABLE 4.2. Our algorithm provides the
highest localization accuracy. VIO suffers from drift issue from long trajectory. Moreover,
the scale information of VIO system is unobservable when the vehicle undergoes constant
acceleration motion [83, 5]. These issues can be solved by fusing GPS measurements once

GPS-VIO system is successfully initialized (see Urban33 in TABLE 4.2).
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Figure 4.4: (a) Top: (v — 1) convergence over time. Bottom: Calibration results of the time
offset between GPS and IMU. (b) 4 convergence over time respect to different initial values.
The labels of legend represent different perturbation values.

4.8 Conclusion

This paper presents a novel tightly-coupled filter-based GPS-VIO algorithm which can ben-
efit from the online estimation of the rotational extrinsic parameter between the GPS and
the VIO reference frame. The proposed algorithm is able to refine the rotational calibration,
thus improve the localization performance. The novel study on the observability of extrinsic
parameter demonstrates that nonlinear observability analysis is more comprehensive and
profound than linear observability analysis, for a nonlinear system. It is advised to validate
the unobservable property derived from linear observability analysis in simulations. In future,
we will investigate if we can obtain better localization results by formulating the estimation

algorithm directly with the GNSS raw observations [53, 84].
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Table 4.2: ATE (meter / degree) Comparison with the SOTA on the KAIST Dataset. — means

trajectory divergence.

Path GPS-VIO-
ID len(km) GPS | VIO[16] fixed [4] Ours
28 11.5 8.66 | 10.78/1.44 | 7.71/1.75 | 4.67 /1.42
31 114 7.26 | 76.87/1.58 | 6.85/1.62 | 5.56 / 1.55
33 7.6 8.95 - 7.77/2.90 | 4.94/1.27
38 11.4 7.09 | 7.583/1.26 | 553/1.25 | 3.86/1.22
39 1.1 6.43 | 8.73/1.93 | 550/1.48 | 2.63/1.24
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Chapter 5

Observability Investigation for
Rotational Calibration of
(Global-pose aided) VIO under
Straight Line Motion

Online extrinsic calibration is crucial for building "power-on-and-go” moving platforms, like
robots and AR devices. However, blindly performing online calibration for unobservable pa-
rameter may lead to unpredictable results. In the literature, extensive studies have been
conducted on the extrinsic calibration between IMU and camera, from theory to practice. It
is well-known that the observability of extrinsic parameter can be guaranteed under suffi-
cient motion excitation. Furthermore, the impacts of degenerate motions are also investi-
gated. Despite these successful analyses, we identify an issue with respect to the existing
observability conclusion. This paper focuses on the observability investigation for straight
line motion, which is a common-seen and fundamental degenerate motion in applications.
We analytically prove that pure translational straight line motion can lead to the unobserv-
ability of the rotational extrinsic parameter between IMU and camera (at least one degree

of freedom). By correcting the existing observability conclusion, our novel theoretical finding
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disseminates more precise principle to the research community and provides explainable
calibration guideline for practitioners. Our analysis is validated by rigorous theory and ex-

periments.

5.1 Related paper

+ Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Observability Investiga-
tion for Rotational Calibration of (Global-pose aided) VIO under Straight Line Motion.”
(Accepted by IROS 2025).

5.2 Relationships to other chapters

Similarly to Chapter 3 and Chapter 4, the online target-less extrinsic calibration between IMU
and camera is presented in this chapter. The offline method developed in Chapter 6 could
provide nominal calibration parameters for the research of this chapter. The observability for

online calibration, particularly rotational calibration, is investigated in this chapter.

5.3 Introduction

In the last two decades, visual-inertial navigation systems (VINS) have gained great popular-
ity thanks to their ability to provide real-time and precise 6 degree-of-freedom (DoF) motion
tracking in unknown GPS-denied or GPS-degraded environments, through the usage of low-
cost, low-power, and complementary visual-inertial sensor rigs [9, 6, 3]. An inertial sensor,
IMU, provides high-frequency linear acceleration and local angular velocity measurements of
the moving platform, with bias and noise. Therefore, integrating only the IMU measurements
to obtain motion prediction inevitably suffers from drift. While visual sensors can estimate
IMU bias and reduce the drift of pose estimation by perceiving static visual features from the

surrounding environment.
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To improve the accuracy, efficiency, robustness or consistency of pose estimation, nu-
merous tightly-coupled visual-inertial odometry (VIO) algorithms have been proposed in the
literature. These algorithms can be broadly divided into two categories: optimization-based
methods and filter-based methods. Optimization-based methods include OKVIS [85], VINS-
Mono [38], and ORB-SLAM3 [40]. Filter-based methods include ROVIO [86], Multi-State
Constraint Kalman Filter (MSCKEF) [41, 16], and SchurVINS [4].

Figure 5.1: Various straight line movements. Top left: Spacecraft entry, descent, and landing
[9]. Bottom left: MAV flight path [87]. Top right: Agrobot movement in a vineyard field [88].
Bottom right: Survey followed by Girona 1000 AUV [89].

Before running, VIO algorithm needs to know the extrinsic parameter between IMU and
camera, including 3DoF translational part and 3DoF rotational part, which is a bridge to link
measurements from different sensors. This extrinsic parameter is also critical for other visual
perception applications, for example loop correction [38], dense map [90], and tracking [91,
92]. These visual perception results are represented in camera frame. To transfer these
results to the body frame (IMU frame) of the robot or vehicle, accurate extrinsic parameter
is desired. A small misalignment in the extrinsic parameter could generate a large drift and
error.

The extrinsic parameter is usually assumed to be rigid and constant, however, this may
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be not the case in practice. Considering that replacement and maintenance of sensors, and
non-rigid deformation caused by mechanical vibration and varying temperature may lead to
the alternation of extrinsic parameter, some researchers propose to add extrinsic parameter
to state vector to perform online calibration [22, 23, 19]. If the extrinsic parameter is an
observable state variable, online calibration can be resilient with poor prior calibration and
converge to true value, which means robustness to the initial value. This feature helps to
build "power-on-and-go” moving platforms without the need for repetitive, tedious, manual
offline calibration.

The success of online extrinsic parameter calibration depends on the observability. Re-
markable works have studied the observability of extrinsic parameter between IMU and cam-
era. With the help of artificial visual features on the calibration target board, [22] conclude
that extrinsic parameter is observable if the moving platform undergoes at least 2DoF rota-
tional excitation. An interesting corollary from [22] is that the observability of extrinsic param-
eter is independent of translational excitation. However, the conclusion of [22] is limited by
the usage of calibration board, and cannot be applied to real operating environments without
calibration board. [23] further extend the calibration of extrinsic parameter with target-less
approach, and the conclusion is updated. The moving platform should undergo at least
2DoF motion excitation for both rotation and translation, to ensure the observability of extrin-
sic parameter.

The above-mentioned observability studies miss the analysis of degenerate motion pro-
files, which could be occurred and unavoidable in practice. As a supplement, [19] thoroughly
explore the possible degenerate motion primitives and analyze the impact of degenerate
motion on the observability of calibration parameters. We note that the rotational extrinsic
parameter is summarized as observable for all identified degenerate motions (see Table |
in [19]), except for no motion. However, by observing the top subplot of Fig. 2a in [19], we
found that the rotational calibration results exhibit unexpected large RMSE (greater than 1
degree) for the case of pure translational straight line motion, which is clearly different from
other motion cases. Actually, this distinct curve is an indicator for unobservability.

The inconsistency between the observability conclusion and the calibration results moti-
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Table 5.1: Observability Investigation for Rotational Calibration of (Global-pose aided) VIO
under Straight Line Motion.

Pure VIO Global-pose aided VIO
[19, 20] Our novel finding [19, 20] Our novel finding
Pure translational straight line motion | observable | at least one unobservable DoF | observable | at least one unobservable DoF
Pure translational straight line motion
with constant velocity

Motion

observable fully unobservable observable | at least one unobservable DoF

vates the following research question as the main purpose of this work:

Is the rotational extrinsic parameter of (global-pose aided) VIO observable under
pure translational straight line motion?

Straight line motions are quite common and fundamental in vehicle driving [14], agricul-
ture [88], coverage survey [87, 89], and planetary exploration [11] (see Fig. 5.1 and Fig. 5.2).
According to [19], if the rotational extrinsic parameter is observable, it is expected that prac-
titioners would straightforward add this parameter to the state vector to perform online cali-
bration, which has been integrated in numerous open-sourced VIO frameworks, like OKVIS
[85], VINS-Mono [38], ROVIO [86], and Open-VINS [16].

However, according to our novel finding (see Tab. 5.1), the rotational extrinsic parameter
has at least one unobservable DoF when the moving platform undergoes pure translational
straight line motion. This implies that performing online rotational calibration is risky, as
unobservability can lead to unpredictable and incorrect calibration results. Meanwhile, the
misleading observability conclusion in [19] may have adverse effect on future research. For
example, Table Il in [20] is directly inherited from [19]. Therefore, it is vital to convey more
precise principle to the community, otherwise incorrect conclusion would continue to mislead
researchers. Next, we will verify our observability investigation through rigorous theory and

solid experiments.

5.4 Notation

The main purpose of this paper is to investigate the observability of rotational extrinsic pa-

rameter between IMU and camera presented in [19]. When the moving platform follows a

71



(a) Dataset collection vehicle. (o) GPS trajectory. (c) Image from left camera.

Figure 5.2: Representative pure translational straight line motion from Urban22 sequence in
KAIST dataset [14].

pure translational straight line motion (no rotation), our observability conclusion regarding
this rotational extrinsic parameter is different from [19]. Like [19], we consider online calibra-
tion of rotational extrinsic parameter (rotational calibration) with two configurations, one is
pure VIO and the other is global-pose aided VIO. In the following sections, we will directly
analyze the observability matrix in [19]. As for the construction details of system model,
measurement model, and observability matrix, interested readers are advised to refer to
[19, 76].

The state vector considered in this paper is

T
x:[IGqT bL GoT T Cpl GqT Gp}“ (5.1)

where Lq represents the orientation of IMU frame {I} with respect to global frame {G},
and its corresponding rotation matrix is given by L R. Gyr and p; refer to the velocity and
position of IMU in frame {G}. b, and b, represent the gyroscope and accelerometer biases.
%ps is augmented feature, or SLAM feature [16].

Icq is rotational calibration parameter, and its corresponding rotation matrix is ?R. Com-
pared to equation (1) in [19], = does not include “p; and t4, as the online calibration of
translational extrinsic parameter, as well as the time offset between IMU and camera, are
not the focus of this paper. Our analysis is independent of “p; and t,.

In following sections, [e], is denoted as the skew symmetric matrix corresponding to a
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three-dimensional vector. To simplify the description, the hat symbol (;) is omitted, which
does not affect observability analysis. Other notations are consistent with [19]. By assuming
that the direction of straight line is denoted as d in the IMU frame {I}, we are ready for
observability investigation now.

5.5 Observability Investigation for Pure VIO

Referring to equation (21) of [19], in the configuration of pure VIO, the observability matrix is

My, =

[1]

e (5.2)

Ek
EFk:[Fl FQ —Ig(gtk Fg —13 F4 13

Compared to equation (21) of [19], the element iRICR corresponding to “p;, and the
element I's corresponding to ¢4, have been removed in Zr,. The expressions of I'y ~ I'y in
Zr, are

¢R

x I

Iy = [“py — Cpr, — Cvp, 6tk + 199647 ]
Ty = [“py — “p1], 7 R®ra — ®rs2
'3 =—Py54
Ly = [“ps = “pr ] FRCR
The expression of 'y in [19], equation (22), has small typos. We have corrected it by
referring to equation (53) in [76].
In the context of pure translational motion, i.e. no rotation, the orientation of the moving
platform does not change at any time. Therefore, g.)R can be directly represented by ?R

(constant). Referring to equation (114) in [76]

Fg = —@[54 = ttlk j;sl ngTdS
= (¥R) [* [ (1)drds = 1¢Rot}
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The expressions of I'y ~ I'y in Ep, become

I = [pr — Cpp, — Cop, 5ty + %Gg(Sti] X?R

Ty = [Cps — “p1]  FR®112 — P50 (5.5)
I3 = 3¢ Rét}

Ly = [“ps = “pr] FRCR

Lemma 5.5.1. If pure VIO system undergoes pure translational straight line motion, the
unobservable directions of ¢ R depend on the projection of d' in the camera frame {C}. The

corresponding right null space of My, is

O15%1
Ny = ¢Rd (5.6)

~[“ps = “pn] FRd

Proof. Straight line motion indicates the following geometric constraint
["p1] d=0 (5.7)
Given the above constraint, we first verify that V; belongs to the right null space of =r, .

Zr, N1 =T4§Rd — [“ps — “p1,] FRd
= [ps = “pr,] FRd — [ps — Cpp,] F Rd (5.8)

= —[“p1, — “pr,] xIGRd
One geometric relationship can be utilized

“pr, = %pr, + G ROy, = Cpr, + FRpy, (5.9)

"The definition of d is described in the last paragraph of Sec. 5.4.
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Subsequently
Er, N1 = —[“pr, — “pr ] Rd

= —[¢RNp;,] FRd (5.10)
= —{R["py] FRFRd
= 7 R["py],d=0
Finally
= MpN; =ExEr, N1 =0 (5.11)

Hence, N; belongs to the right null space of M. N indicates that the unobservable

directions of ¢ R are dependent on the non-zero components of ¢ Rd. O

Lemma 5.5.2. If pure VIO system undergoes pure translational straight line motion with
constant velocity, the 3DoF of ¢ R are all unobservable. The corresponding right null space
of My, is
LR
03
03
Ny = | —LR[%], (5.12)
03
~YRLR
03

Proof. Straight line motion with constant velocity indicates the following geometric constraint
Gp]k = Gpjl + GUII(Stk (513)
Given the above constraint, we first verify that NV, belongs to the right null space of =r, .

Er,No =[1LR - TsLR[%]  —T4¥RLR
= [%ps — “pr, — Yo, 6ty + 59g0t7]
= 3(%g) 0tk = [“pr = “p1]

= [pr, — “pr, — Cvr, 0t] =0

(5.14)
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Finally

Hence, N, belongs to the right null space of M. N, indicates that the 3DoF of ¢ R are

all unobservable. ]

Remark. We note that the rotational extrinsic parameter ?R has at least one degree of
freedom that is unobservable when the platform undergoes pure translational straight line
motion. More specifically, when moving with constant velocity, the 3 degrees of freedom of
?R are completely unobservable. When moving with variable velocity, at least one degree

of freedom is unobservable as ||¢ Rd|| # 0.

5.6 Observability Investigation for Global-pose aided VIO

Like [19], the observability of rotational extrinsic parameter is also discussed in the configu-
ration of global-pose aided VIO. Our conclusion is different from [19]. Referring to equation

(40) of [19], the observability matrix is

(9) _ =(9)=(9)
M =EVER,
I'y Iy —I36t, TI's —I3 I'y I3
» (5.16)
=y = | em P2 03 03 03 O3 O

Or51 Prs2 Prs3 Pyss I3 03 03

The last two rows of E(ng) in [19] is incorrect. We have corrected it by multiplying the mea-
surement Jacobian matrix with the state transition matrix. Detailed derivations are provided

in Sec. 5.9 of supplementary material [21].

Lemma 5.6.1. If global-pose aided VIO system undergoes pure translational straight line
motion, the unobservable directions of ¢ R depend on the projection of d in the camera

frame {C'}. The corresponding right null space of M. ,gg ) is Nj.

Proof. A naive way of finding the corresponding right null space for M,gg) is to test the product
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of E(ng) and vV
I§Rd - [pr — Gph] X?Rd
=N = 031 (5.17)
03x1

According to Theorem 5.5.1
=N =0 (5.18)

Finally

= MYN, === N, =0 (5.19)

Hence, N; belongs to the right null space of M,Eg). N indicates that the unobservable

directions of ¢ R are dependent on the non-zero components of ¢ Rd. O

Lemma 5.6.2. If global-pose aided VIO system undergoes pure translational straight line
motion with constant velocity, the unobservable directions of ¢ R depend on the projection of

d in the camera frame {C'}. The corresponding right null space of M ,gg ) i still Ny.

Proof. A naive way of finding the corresponding right null space for M,§9> is to test the product
of E(ng) and N,
OGR - TLR[Cg), ~ Tif RER
=N, = ®11LR (5.20)
51 LR~ @154IGR[G9] «

According to Theorem 5.5.2

03
=N, = Ol R (5.21)
P51 LR — @54 R[C 9]

X

Referring to equation (46) in [76], ®;11 # 0, it is clear that E(ng)Ng # 0. Therefore, the un-
observable direction N, is no longer hold due to the inclusion of global pose measurement.
It is worth noting that Theorem 5.6.2 is a special case of Theorem 5.6.1. Hence, V; still

belongs to the right null space of M,Eg). N, indicates that the unobservable directions of ¢ R
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are dependent on the non-zero components of ¢ Rd. O

Remark. We note that the rotational extrinsic parameter ¢ R has at least one degree of
freedom that is unobservable when the platform undergoes pure translational straight line
motion, regardless of variable velocity or constant velocity. In the case of constant velocity,
the unobservable directions can be decreased with the aides of global pose measurement,
compared to the pure VIO configuration. More specifically, in the global-pose aided VIO
configuration, the worst case is three degrees of freedom are unobservable, while the best
case is only one degree of freedom is unobservable. The difference between our conclusion
and [19] is marked in Tab. 5.1.

5.7 Results

We conduct verification experiments based on Open-VINS [16]. As this paper focuses on
the observability investigation of the rotational extrinsic parameter, we only perform online
calibration for the rotational extrinsic parameter and set the translational extrinsic parameter

and time offset as true values, referring to our state vector (Eqg. (5.1)).

5.7.1 Comments on results in [19]

Table | from [19] show that the rotational extrinsic parameter is observable for pure transla-
tional motion. However, we find that [19] actually did not perform theoretical analysis on the
rotational calibration (§ R). Besides that, it can be seen from the top subplot of Fig. 2a in
[19], if the simulation trajectory is a pure translational straight line motion with constant ve-
locity, the calibration result of the rotational extrinsic parameter shows large RMSE (greater
than 1 degree). Regarding the inconsistency between observability assertion and simula-
tion result, no ablation experiments were conducted, by calibrating the rotational extrinsic
parameter only and turning off the calibration of the translational extrinsic parameter and
time offset. Moreover, Section VI of [19] did not validate the convergence consistency with

different initial ¢ R. Section VII of [19] missed the verification of pure translational straight
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Table 5.2: Final calibration results of the rotational extrinsic parameter for pure VIO system
undergoes pure translational straight line motion with variable velocity. The absolute errors
of roll, pitch, and yaw at 60s, are recorded with different perturbations.

Perturbations of Case-1 Case-2 Case-3
(roll, pitch, yaw) "moi pitch Yaw Roll Pitch Yaw Roll Pitch Yaw

(2, -4, -5) 11.31 0.04 0.03 528 217 0.05 467 1.83 2.21
(-4, 3, 3) 0.37 0.05 0.02 216 091 0.03 404 169 1.69
(5, -2, -1) 13.38 0.04 0.02 7.02 289 0.09 1.01 0.41 0.53
(-1, -5, -3) 896 0.03 0.02 267 1.10 0.01 499 194 223

(3,0, 1) 955 0.04 0.01 460 189 0.06 040 0.19 0.20

(1,2,-4) 7.34 0.06 0.04 352 144 0.05 598 244 263
0,5, 2) 251 005 0.02 160 0.64 0.07 122 0.57 0.52

(-3,4,0) 1.58 0.05 0.03 0.63 0.28 0.03 482 198 2.08
(-5, 1, 4) 0.44 0.04 0.01 320 1.35 0.02 6.09 250 253
(4,-1,5) 9.20 0.02 0.01 449 184 0.05 112 039 0.51
(-2, -3, -2) 736 0.04 0.02 0.77 030 0.01 589 234 2.56
Avg 6.55 0.04 0.02 327 1.35 0.04 3.66 148 1.61

line motion in real-world experiments.

5.7.2 Numerical Study

Employing the Open-VINS simulator and importing the desired 6DoF trajectory, realistic
multi-sensor data are generated for experiments under two different configurations. For the
pure VIO configuration, we generate IMU measurements at 400 Hz and image measure-
ments at 10 Hz. For the global-pose aided VIO configuration, additional 10 Hz global-pose

measurements are generated. The global-pose measurement noises are defined as

ny ~ N (ngl,azlg) ,op = 0.1m

(5.22)
Ny NN (03><170'313) , 09 = 0.1rad

where n, and ny represent Gaussian noises for global position and orientation measure-
ment, respectively.
This paper focuses on pure translational straight line motion, therefore the orientation of

the input trajectory, L R, is set as I;. To validate the observability assertion summarized in
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Figure 5.3: Calibration results for pure VIO system undergoes pure translational straight line
motion with variable velocity. y-axis represents errors of the rotational calibration parameter
over time respect to different initial guesses. z-axis represents time in seconds. Top to
bottom corresponds to Case-1 to Case-3 in Sec. 5.7.2.
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Tab. 5.1, two types of straight line motion with different velocity profiles are designed as

T
« Trajectory-1: Cp; = [ 2 cos (%t) 00 } )

T
« Trajectory-2: Cp; = [ 05t 0 0 } .

Trajectory-1 corresponds to variable velocity motion, while Trajectory-2 corresponds to

constant velocity motion. The direction vector corresponding to both these two trajectories
T

isd = [ 1 00 } . As the unobservable directions of ¢ R may depend on the non-zero

components of ICRd, three types of groundtruth ICR are designed as

+ Case-1:
100 1
fR=10 10|, fRi=]0
00 1 0
+ Case-2:
0.707  0.707 0 0.707
fR=| -0.707 0707 0 |,{Rd=| —0.707
0 0 1 0
» Case-3
05 0.707 —0.5 0.5
YR=1| —05 0707 05 |,YRd=| —05
0707 0  0.707 0.707

For each case, we initialize ¢ R by adding different perturbations to the three degrees of
freedom of ¢ R (roll, pitch, and yaw), and collect calibration error with respect to groundtruth
?R. The range of perturbation is [—5.0°,5.0°]. If a certain degree of freedom is observable, it
should be robust to different perturbations, namely, the calibration error should consistently
converge to 0. On the contrary, if it is unobservable, the calibration error can not converge
to 0 and is expected to be sensitive to the initial value.

Firstly, we analyze the calibration results for Case-1 of Trajectory-1 in the pure VIO con-
figuration, as shown in the Tab. 5.2. Pitch and yaw exhibit observable characteristic, while

roll not. This is because the non-zero component of ¢ Rd corresponds to roll. For Case-2,
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Table 5.3: Numerical Study Results for Rotational Calibration of (Global-pose aided) VIO
under Straight Line Motion.

Motion

Pure VIO

Global-pose aided VIO

calibration results

conclusion

calibration results

conclusion

Trajectory-1

Tab. 5.2 and Fig. 5.3

at least one unobservable DoF

Tab. 5.6 and Fig. 5.7 in

at least one unobservable DoF

in Sec. 5.7.2 supplementary material [21]
_TraJectory—z Tab. 5.7 and Fig. 5'.8 n fully unobservable Tab. 5.8 and Fig. 5'.9 n at least one unobservable DoF
in Sec. 5.7.2 | supplementary material [21] supplementary material [21]

yaw exhibits observable characteristic, while roll and pitch not. This is because non-zero

components of ¢ Rd correspond to roll and pitch. For Case-3, roll, pitch, and yaw all ex-

hibit unobservable characteristic. This is because none of the three components of ¢ Rd

are zero. The calibration results over time are shown in the Fig. 5.3. Similar analysis also

applies to different combinations of configurations and trajectories, please refer to Tab. 5.3

and Sec. 5.10 of supplementary material |

] for other results. These results successfully

validate that our novel observability conclusions are correct. Overall, observable degree

of freedom shows deterministic behavior, i.e. converging to groundtruth over time, while

unobservable degree of freedom exhibits unpredictable behavior.

5.7.3 Real-world Dataset
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Figure 5.4: Velocity profiles of Urban34 (a) and Urban22 (b).

Straight line motions are quite common in real-world scenarios. On one hand, straight

line cruise is the most efficient and energy-saving trajectory for most robot applications. On
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the other hand, substantial artificial scenarios have specific constraints on motion, such as
applications in agriculture, warehousing, logistics, and transportation.

The KAIST urban dataset [14] contains the driving scenario on the highway, as shown
in the Fig. 5.2. Urban34 and Urban22 from this dataset are leveraged to confirm our ob-
servability finding, as these two sequences represent variable velocity motion and constant
velocity motion, respectively. The vehicle used to collect data follows the same lane during

driving, so its trajectory can be regarded as a pure translational straight line. Corresponding
—0.00413
YRdis YRd= | —0.01966

0.99980
The velocity curve of Urban34 sequence (see Fig. 5.4a) is variable over time. Fig. 5.5

shows the calibration results with the pure VIO configuration and the global-pose aided VIO
configuration. Roll and pitch exhibit observable characteristic, while yaw not. This is because
the non-zero component of ¢ Rd is dominated by the yaw component (0.99980). The velocity
curve of Urban22 sequence (see Fig. 5.4b) is approximately constant. Fig. 5.6 shows the
calibration results of Urban22. In the pure VIO configuration, roll, pitch, and yaw all exhibit
unobservable characteristic due to constant velocity motion. In the global-pose aided VIO
configuration, unobservable degrees of freedom are reduced from 3 to 1 (yaw). Interestingly,
the convergence error of pitch is larger than that of roll, which can be attributed to the fact
that the absolute value of pitch component (0.01966) is larger than that of roll (0.00413).

Furthermore, we evaluate the localization accuracy with calibration (w. calib) and without
calibration (wo. calib), under different perturbations on the rotational extrinsic parameter.
Since real-world data is more sensitive than simulation data, the perturbation amplitude is
reduced to half of its value listed in the Tab. 5.2. The Absolute Trajectory Error (ATE) results
are reported in Tab. 5.4 and Tab. 5.5.

In the pure VIO configuration (Tab. 5.4), calibration significantly improves the localization
accuracy for Urban34, as model error from two degrees of freedom (roll and pitch) of the
rotational calibration parameter can be corrected to near 0, thanks to online calibration (see

top of Fig. 5.5). Urban22 exhibits large localization error as scale becomes unobservable
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Figure 5.5: Calibration results for Urban34. Top: Results for pure VIO system. Bottom: Re-
sults for global-pose aided VIO system. y-axis represents errors of the rotational calibration
parameter over time respect to different initial guesses. x-axis represents time in seconds.

under constant velocity motion [11]. And it is observed that performing calibration further
degrades the localization due to the fully unobservable property of the rotational calibration
parameter (see top of Fig. 5.6). In the global-pose aided VIO configuration (Tab. 5.5), the
localization accuracy is mainly dominated by global pose measurements, thus the calibration

of rotational extrinsic parameter has negligible impact on the accuracy.

Remark. If the calibration parameter is observable, online calibration typically brings posi-
tive benefits to localization [8]. However, if it is unobservable, the impact of calibration on
localization is unpredictable (negative, no impact or positive). In other words, we cannot

determine the observability of the calibration parameter from localization accuracy.

5.8 Conclusion

We investigate the observability from [19, 20], and prove that the common-seen pure transla-
tional straight line motion can lead to the unobservability of the rotational extrinsic parameter
between IMU and camera (at least one degree of freedom). Our novel finding is carefully
verified through rigorous theory, numerical study, and real-world experiment. This finding

makes up for the shortcomings of the existing research conclusions. When the observability
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Figure 5.6: Calibration results for Urban22. Top: Results for pure VIO system. Bottom: Re-
sults for global-pose aided VIO system. y-axis represents errors of the rotational calibration
parameter over time respect to different initial guesses. x-axis represents time in seconds.

Table 5.4: ATE (meter) Comparison for Pure VIO.

Urban34 Urban22
w. calib wo. calib w. calib wo. calib

(1.0, -2.0, -2.5) 2.49 13.27 257.52 212.16
(-2.0, 1.5, 1.5) 4.24 108.88  258.47 88.39
(2.5,-1.0,-0.5) 2.90 106.31 268.02  308.66
(-0.5,-2.5,-1.5) 2.38 53.36 125.40 90.07
(1.5,0.0,0.5) 10.23 36.76 282.57 119.22

(0.5,1.0, -2.0) 9.78 5.31 238.12 102.42
(0.0, 2.5,1.0) 7.65 49.58 266.51 128.76

(-1.5,2.0,0.0) 2.30 80.54 198.29 54.08

(-2.5,0.5, 2.0) 5.54 112.60 78.57 97.87

(2.0,-0.5,2.5) 39.81 127.98 248.98 335.19

(-1.0,-1.5,-1.0) 2.37 45.99 94.43 56.92
Avg 8.15 67.33 210.63  144.89

Perturbations

Table 5.5: ATE (meter) Comparison for Global-pose aided VIO.

, Urban34 Urban22
Perturbations
w. calib wo. calib w. calib wo. calib
Avg 0.41 0.42 0.19 0.19
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conclusion is inconsistent with the numerical study results (see our comments in Sec. 5.7.1),

we recommend:

+ Perform ablation experiments to eliminate the influence of other calibration parameters.

« Try different initial values to test the convergence consistency of the interested calibra-

tion parameter.

Mathematical derivations of this paper and [19] require delicate search for the null space
of the observability matrix. And this process is case by case, which prompts us a research
question for future work. Is there an automatic and natural way to find degenerate motion and
corresponding unobservable degrees of freedom, thus avoiding potential manual missing or

mistake?
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Observability Investigation for Rotational Calibration of
(Global-pose aided) VIO under Straight Line Motion

Supplementary Material

5.9 Correction of the observability matrix for global-pose aided
VIO

The observability matrix plays a key role for the observability analysis of a linear or nonlinear
state estimator. According to the Section II.E of [19], the measurement Jacobian matrix and
state transition matrix need to be calculated in advance to construct the observability matrix.

For ease of description, recall our state vector (Eq. (5.1))

T
x:[éqT b_lj; G'U? bg Gp%’ ?qT Gp}’ (523)

According to the Section II.D of [19], the measurement Jacobian matrix corresponding

to global pose measurement can be calculated as

Hy, =

k

(5.24)

I3 03 03 03 03 03 O3
03 03 03 03 I3 03 O3

Combining the measurement Jacobian matrix corresponding to visual measurement,

Hg, , the overall measurement Jacobian matrix can be denoted as

He,
Hy,

Hy = (5.25)

87



Referring to equation (5) of [19], the expression of our state transition matrix is

[ B Pps 03 03 03 03 O
03 I3 03 03 03 03 O
Pr31 Prs2 I3 Pz 03 03 O3

Ok, 1)=1| 03 03 03 I3 03 03 03 (5.26)

@r51 Prs2 Prsz Prsa I3 03 O3
03 03 03 03 03 I3 O3
O3 O3 03 03 03 03 I3

Finally, the observability matrix for global-pose aided VIO can be constructed by multi-

plying the measurement Jacobian matrix with the state transition matrix

L (5.27)

0 Ig

I Iy —I36t, TI's —I3 Ty I3
X | @1 P2 03 03 03 03 O3
P51 Prs2 Prsz Prsa I3 03 03

This completes the correction for the equation (40) of [19].

5.10 Additional results on numerical study

In this section, we will analyze additional calibration results described in Tab. 5.3 to complete
the validation of our observable conclusions.

Tab. 5.6 shows the final calibration results of Trajectory-1 in the global-pose aided VIO
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configuration. For Case-1, pitch and yaw exhibit observable characteristic, while roll not.
This is because the non-zero component of ?Rd corresponds to roll. For Case-2, yaw
exhibits observable characteristic, while roll and pitch not. This is because non-zero com-
ponents of ¢ Rd correspond to roll and pitch. For Case-3, roll, pitch, and yaw all exhibit
unobservable characteristic. This is because none of the three components of ¢ Rd are
zero. The calibration results over time are shown in the Fig. 5.7.

Tab. 5.7 shows the final calibration results of Trajectory-2 in the pure VIO configuration.
For Case-1, Case-2, and Case-3, roll, pitch, and yaw all exhibit unobservable characteristic.
This can be explained by Theorem 5.5.2, which indicates constant velocity motion lead to
the fully unobservable property of the rotational extrinsic parameter. The calibration results
over time are shown in the Fig. 5.8.

Tab. 5.8 shows the final calibration results of Trajectory-2 in the global-pose aided VIO
configuration. We can still observe that the convergence of the rotational extrinsic parameter,
depends on which components of ¢ Rd are 0. The calibration results over time are shown in
the Fig. 5.9.

These calibration results, and the corresponding observability conclusion they supported,
are summarized in Tab. 5.3. Extensive experimental results demonstrate the correctness of

our novel theoretical finding (see Tab. 5.1).
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Table 5.6: Final calibration results of the rotational extrinsic parameter for global-pose aided
VIO system undergoes pure translational straight line motion with variable velocity. The
absolute errors of roll, pitch, and yaw at 60s, are recorded with different perturbations.

Perturbations of Case-1 Case-2 Case-3
(roll, pitch, yaw) - "moi pitch Yaw Roll  Pitch Yaw Roll Pitch Yaw

(2, -4, -5) 0.89 0.07 0.01 400 173 0.02 498 184 215

(-4, 3, 3) 1249 0.08 0.01 944 398 0.12 0.89 0.28 0.37
(5, -2, -1) 122 0.08 0.01 1.05 050 0.01 734 271 3.21
(-1, -5, -3) 582 0.08 0.01 6.82 289 006 362 1.33 1.55
(3,0, 1) 4.31 0.08 0.01 287 126 0.02 6.01 222 262
(1, 2, -4) 533 008 001 483 207 003 292 1.06 1.25
(0,5,2) 868 0.08 0.01 559 239 005 298 1.08 1.29
(-3, 4, 0) 10.75 0.08 0.01 853 360 0.10 1.28 0.43 0.53
(-5, 1, 4) 13.39 0.08 0.01 10.38 4.37 0.14 092 0.29 0.38
(4, -1, 5) 449 0.08 0.01 188 0.85 0.01 8.02 296 3.52
(-2, -3, -2) 750 0.08 001 780 330 0.08 323 1.18 1.38
Avg 6.81 0.08 0.01 574 245 0.06 3.84 1.40 1.66
5]
. 5 5941 0.075 1 .4 —-0.02 4
gg o :%’ | o.osn—rM‘ g 5 o041
[ —4
-154, =51 .
0 20 40 60 0 20 40 60 0 20 40 60
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2 _10] S . = 4]
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Figure 5.7: Calibration results for global-pose aided VIO system undergoes pure transla-
tional straight line motion with variable velocity. y-axis represents errors of the rotational
calibration parameter over time respect to different initial guesses. z-axis represents time in
seconds. Top to bottom corresponds to Case-1 to Case-3 in Sec. 5.7.2.
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Table 5.7: Final calibration results of the rotational extrinsic parameter for pure VIO system
undergoes pure translational straight line motion with constant velocity. The absolute errors
of roll, pitch, and yaw at 60s, are recorded with different perturbations.

Perturbations of Case-1 Case-2 Case-3
(roll, pitch, yaw) 'moi pitch Yaw Roll Pitch Yaw Roll Pitch Yaw

(2, -4, -5) 0.46 565 481 463 3.70 2.06 129 10.38 4.34
(-4, 3, 3) 277 182 3.77 7.74 202 203 597 239 6.96
(5, -2, -1) 540 666 141 7.18 341 0.20 2148 10.81 1.41
(-1,-5,-3) 240 6.27 212 0.61 273 027 0.72 223 0.53

(3,0, 1) 502 6.24 0.77 321 099 094 766 16.23 4.27
(1,2, -4) 0.13 423 448 3.18 037 2.77 6.71 1027 3.55
0,5, 2) 0.86 099 297 220 187 118 239 11.00 6.96

4,0) 1.63 3.45 0.41 357 204 025 233 393 1.67

1, 4) 336 293 4.19 886 206 3.06 593 0.16 9.01
4,-1,5) 583 3.71 464 112 161 4.09 1051 893 1147

3, -2) 257 6.09 125 0.77 156 017 292 272 1.42
Avg 277 437 280 391 203 155 6.17 719 4.69
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Figure 5.8: Calibration results for pure VIO system undergoes pure translational straight line
motion with constant velocity. y-axis represents errors of the rotational calibration parameter
over time respect to different initial guesses. z-axis represents time in seconds. Top to
bottom corresponds to Case-1 to Case-3 in Sec. 5.7.2.
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Table 5.8: Final calibration results of the rotational extrinsic parameter for global-pose aided
VIO system undergoes pure translational straight line motion with constant velocity. The
absolute errors of roll, pitch, and yaw at 60s, are recorded with different perturbations.

Perturbations of Case-1 Case-2 Case-3
(roll, pitch, yaw) 'moi pitch Yaw Roll Pitch Yaw Roll Pitch Yaw

(2, -4, -5) 190 0.01 0.01 438 1.83 0.01 030 0.13 0.1
(-4, 3, 3) 45 0.00 0.02 239 1.00 0.00 882 322 3.90
(5, -2, -1) 1.88 0.00 0.01 6.66 276 0.083 9.69 3.57 422
(-1,-5,-3) 439 0.01 000 225 095 0.02 442 167 1.84

(3,0, 1) 0.70 0.00 0.01 433 1.79 0.01 939 348 4.11

(1,2, -4) 1.07 0.00 0.00 245 1.02 0.083 4.05 152 1.76
0,5, 2) 0.09 0.01 0.01 056 022 0.01 6.75 253 295

(-3,4,0) 3.47 0.01 001 146 061 001 406 152 1.76
(-5, 1, 4) 6.06 0.00 0.02 267 1.12 0.01 984 3.58 4.33

(4,-1,5) 1.60 0.00 0.02 4.82 198 0.03 1431 5.16 6.35

(-2, -3, -2) 478 001 0.01 096 041 0.02 250 093 1.04
Avg 277 001 0.01 299 124 0.02 6.74 248 294

wu
L

Yaw error (degree)
o

Roll error (degree
o
Pitch error (degree)
o

0 20 40 60 0 20 40 60 0 20 40 60
10 5]
. 4 0.025 7
T @ 1 e 0.000 o
5 54 o 1 5 24
=3 S & :
< 2 K 50 60
= — 0O e < of
S o e J S - ]
T @ @
= = =z —2
= = &
54 & -5 = _a
0 20 40 60 0 20 0 60 0 20 40 60
5 10

Roll error (degree)
= =
w o u
1 T
Pitch error (degree)
b oo

Yaw error (degree)

0 20 40 60 0 20 a0 60 0 20 a0 60
time (second) time (second) time (second)
Figure 5.9: Calibration results for global-pose aided VIO system undergoes pure transla-
tional straight line motion with constant velocity. y-axis represents errors of the rotational
calibration parameter over time respect to different initial guesses. z-axis represents time in
seconds. Top to bottom corresponds to Case-1 to Case-3 in Sec. 5.7.2.
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Chapter 6

Unleashing the Power of
Discrete-Time State Representation:
Ultrafast Target-based IMU-Camera

Spatial-Temporal Calibration

Accurate state estimation is crucial for various intelligent and autonomous applications, such
as robot navigation and augmented reality. Among different multi-sensor fusion options,
visual-inertial fusion is widely deployed thanks to its lightweight and low-power character-
istics. To bootstrap and achieve optimal state estimation, the spatial-temporal displace-
ments between IMU and cameras must be calibrated in advance. Most existing calibration
methods adopt continuous-time state representation, more specifically the B-spline. Despite
these methods achieve precise spatial-temporal calibration, they suffer from high computa-
tional cost caused by continuous-time state representation. To this end, we propose a novel
and extremely efficient calibration method leveraging discrete-time state representation. Ex-
perimental results demonstrate that the calibration accuracy of our method is comparable
to that of the most popular calibration toolbox, Kalibr. More surprisingly, in terms of op-

timization time, our method can even accelerate up to 1000x compared to Kalibr. Exten-
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sive evaluations show that our calibration method has no adverse effect on the accuracy
of visual-inertial odometry (VIO). With the increasing production of cellphones, drones and
other visual-inertial platforms, if one million devices need calibration around the world, sav-
ing one minute for the calibration of each device means saving 2083 work days in total. To

benefit both the research and industry communities, our code will be open-source.

6.1 Related paper

» Song, Junlin, Antoine Richard, and Miguel Olivares-Mendez. "Unleashing the Power
of Discrete-Time State Representation: Ultrafast Target-based IMU-Camera Spatial-
Temporal Calibration.” arXiv preprint arXiv:2509.12846 (2025).

6.2 Relationships to other chapters

Similarly to the principle of target-based method presented in Chapter 3, an efficient calibra-
tion approach is developed in this chapter to estimate the spatial-temporal displacements
between IMU and cameras. Offline calibration for IMU-Camera system should be done in
advance to support Chapter 4 and Chapter 5, as these calibration parameters are indispens-

able for VIO system.

6.3 Introduction

State estimation is a fundamental research topic in the robotics and computer vision com-
munities. There have been tremendous advances over the past few decades, from single
sensor to multi-sensor fusion. In practice, the use of a single sensor may be limited by
inherent flaws, such as scale ambiguity in monocular simultaneous localization and map-

ping (SLAM). Different sensors can complement each other, thus significantly improving the
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overall localization and perception capability. Among different multi-sensor fusion schemes,
visual-inertial fusion has attracted great attention, as visual-inertial sensor suite has several
advantages: small size, low power consumption, and low cost. Nowadays, visual-inertial
odometry (VIO) is widely used in AR/VR [12, 4], robotics [5, 6, 7, 93], and planetary explo-

ration [10, 11, 94].

Spatial Relationship

Camera Frame

Temporal Relationship

l l l ...................... l Clock of IMU

IMU Frame

Clock of Camera

Figure 6.1: (a) Stereo visual-inertial sensor prototype of the TUM-VI dataset [61]. (b) The
spatial-temporal relationship between IMU and camera.

The successful running of a VIO system relies on the good quality of initialization, and
the first prerequisite for visual-inertial initialization is the spatial-temporal calibration for IMU
and cameras (see Fig. 6.1). The spatial calibration parameter plays the role of aligning the
coordinate frames for different sensor measurements. The temporal calibration parameter
aligns different clocks, which timestamp the measurements. Temporal calibration is espe-
cially critical when strict hardware synchronization is unavailable.

To address the calibration problem for IMU and cameras, extensive studies have been
conducted in the literature, from theory to practice. Currently, almost all IMU-Camera cali-
bration methods employ a continuous-time state representation based on the B-spline. This
type of method can obtain accurate and consistent calibration results with the aid of a cal-
ibration board, and the representative work is termed Kalibr, developed by [25]. However,
Kalibr suffers from high computational cost due to its B-spline based state representation.
To reduce computational complexity, [27] further derive a novel and efficient derivative cal-
culation method for the B-spline on Lie groups [55]. As IMU-Camera calibration method

proposed by [27] has been integrated into Basalt project [66, 39, 27], hereafter, we also use
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Table 6.1: State dimensions comparison of different calibration methods on the EuRoC [60]
and TUM-VI [61] calibration sequences. For TUM-VI dataset, imul is used as an example
sequence here. Image frequency is decreased from 20hz to 10hz, and 5hz.

Dataset | Duration (s) | Methods Image frequency (hz)

20 10 5
Kalibr [25] | 64888 64888 64888
EuRoC 71.9 Basalt [27] | 43256 43256 43256

Ours | 12747 6375 3198
Kalibr [25] | 46846 46846 46846
TUM-VI 51.9 Basalt[27] | 31232 31232 31232
Ours 9345 4683 2352

Basalt to refer to the calibration method presented in [27].

Except for continuous-time state representation, discrete-time state representation can
also be applied to the spatial-temporal IMU-Camera calibration task. Surprisingly, there has
been rare exploration in this direction in the decade after the release of the Kalibr toolbox.
Many researchers believe that discrete-time state representation is difficult or inferior for
temporal calibration [25, 56, 57]. For example, authors of Kalibr, [25] are concerned that
discrete-time state representation requires a new state at each measurement time, which
could be challenging for the utilization of high-frequency IMU measurements, and subse-
quent estimator design for temporal calibration.

In fact, this concern can be addressed by aggregating IMU measurements over a short
period of time. Inspired by IMU preintegration [58, 59], we propose a novel optimization-
based IMU-Camera calibration method with discrete-time state representation. Several IMU
measurements between two consecutive images are aggregated as one pseudo-measurement,
thus greatly reducing the state dimensions that need to be optimized (see TABLE 6.1).

MVIS [29] is another discrete-time calibration method based on IMU preintegration, with
appealing full calibration capability. However, due to the use of a gravity-aligned reference
frame, MVIS sacrifices efficiency by introducing 3D feature positions in the state vector. In-
stead, our method eliminates features from the state vector by adopting a reference frame
similar to Kalibr and Basalt, thus fully unleashing the efficiency power of discrete-time cali-

bration (see TABLE 6.2). More differences between MVIS and our method are further illus-
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trated in Section 6.4.

Key contributions of this work can be summarized as:

» We propose a novel IMU-Camera calibration method based on discrete-time state rep-
resentation. Our method jointly determines the spatial-temporal calibration parameters
between IMU and cameras, IMU motion states (poses, velocities, and biases), and
gravity. To the best of our knowledge, this is the first method that performs the gravity

estimation with IMU preintegration model.

» The significance of Midpoint-based IMU preintegration for time offset estimation is
highlighted, which has not been revealed in previous work. Our derivations with vivid
graphs greatly mitigate the difficulty of understanding the preintegration process, which

could be easily extended to other high-frequency sensors.

» Extensive experimental results demonstrate that our method offers unparalleled effi-
ciency compared to the currently available implementations adopted continuous-time
state representation, while maintaining competitive calibration accuracy. Moreover, our

method does not cause accuracy loss for VIO.

+ We will open-source code to facilitate the benchmark between discrete-time state rep-
resentation and continuous-time state representation in other state estimation tasks,

and to benefit the research and industry communities.

6.4 Related work

Over the past two decades, there have been numerous studies on VIO techniques ded-
icated to provide 6 degree-of-freedom (DoF) motion tracking in unknown GPS-denied or
GPS-degraded environments. Stereo VIO is commonly used in practice, as it offers a
more stable scale metric than monocular VIO [5, 11]. Existing Stereo VIO methods can
be broadly divided into two categories, optimization-based methods and filter-based meth-
ods. Optimization-based stereo VIO include OKVIS [85], Basalt [39] and ORB-SLAMS [40].
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Table 6.2: Comparisons between representative offline IMU-Camera calibration methods
and our method.

Method Year  Continuous?  Target-based? IMCUOEiS;gts? Open-Source?  Optimization efficiency
Kalibr[25] 2013  Continuous Target-based No Yes baseline
Basalt[27] 2020  Continuous Target-based Yes Yes a}gsptr:rxm:r:e%ﬂg:
MVIS [29] 2024 Discrete Target-based No No 2 ;Z?;?ﬁgitﬁglif

- . Slower than Kalibr
iKalibr [30] 2025  Continuous Target-less Yes Yes due to heavy STM [

(300-1000)x
faster than Kalibr

Ours 2025 Discrete Target-based Yes Yes b

2 The relevant code of MVIS [29] (https://github.com/yangyulin/mvis.git) is unavailable.
b Our code will be available after the paper publication.

IMU Stream

Camera Stream VIO

Offline Calibration }—F Calibration parameters

t

Online Calibration
Figure 6.2: Offline calibration and online calibration for VIO applications. The focus of this

paper is highlighted in red. Please note, some VIO estimators do not have online calibration
functionality, for example Basalt [39], ORB-SLAMS [40] and SchurVINS [4].
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Filter-based stereo VIO include ROVIO [86], Multi-State Constraint Kalman Filter (MSCKF)
[41, 16], and SchurVINS [4]. To avoid deteriorating the state estimation performance of VIO,
it is vital to feed accurate spatial-temporal calibration parameters for the estimator, to align
IMU and camera measurements.

The spatial-temporal calibration between multiple sensors is essentially a state esti-
mation problem. Observability determines whether an interested state can be recovered
through available measurements. Profound theoretical research has been conducted on the
observability of spatial parameters between IMU and cameras. With the help of artificial
visual features on a calibration board, [22], and [23], conclude that spatial parameters are
observable when the moving platform undergoes at least 2DoF rotational excitation. An in-
teresting corollary from [22] is that the observability of spatial parameters is independent
of translational excitation. These two theoretical works indicate that practitioners need to
apply sufficient rotational excitation to the visual-inertial sensor suite. However, [22] and [23]
cannot handle the case of temporal misalignment, as IMU and cameras are assumed to be
precisely synchronized. To address temporal misalignment issue, [24], and [35], propose
online temporal calibration for IMU and monocular camera, based on MSCKF and fixed-lag
sliding window optimization, respectively. Online target-less calibration [24, 35, 16] typically
requires good initial guess, otherwise the state estimator could be easily converged to lo-
cal minima or even diverged, especially for spatial calibration parameters. Moreover, online
calibration may suffer from motion degradation [19].

Compared to the online target-less calibration, offline taget-based calibration has the po-
tential to offer more accurate and consistent results, benefitting from full-batch optimization
and geometric prior of the calibration board. Hence, offline target-based calibration is indis-
pensable for many applications (see Fig. 6.2), especially the commercial product, such as
cellphones, drones, autonomous vehicles, and AR glasses. Currently, the most popular of-
fline taget-based calibration toolbox is Kalibr [25]. This work represents the estimated state
as a continuous function of time, more specifically the B-spline. One disadvantage of Kalibr
is its high computational cost. In order to reduce computational complexity and accelerate

optimization, [27] propose a novel formulation to speed up time derivatives and Jacobian
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computation for B-spline on Lie groups. In addition, some studies [96, 97] have investigated
whether it is better to represent state as one spline in SE(3), or rather use a split represen-
tation of two splines in R? and SO(3). In general, split representation is recognized better, in
terms of trajectory representation and computational efficiency. Motivated by [96, 97], [27]
employ split representation in their implementation for further acceleration. Experimental
results in [27] prove that this split representation indeed improves computational efficiency.

For more applications of the B-spline and other continuous-time state representation,
readers are referred to [57]. On the one hand, continuous-time state representation has
been increasingly employed in robotic state estimation over the last years, following the effi-
cient B-spline developed by [27]. On another hand, compared to continuous-time state rep-
resentation, discrete-time state representation showcases competitive or even better state
estimation performance on some public benchmarks, for example, the odometry leader-
board! of KITTI [98], and the SLAM challenge leaderboard? of HILTI [99]. Those excellent
works in leaderboards demonstrate that discrete-time state representation is still promising
for many applications, even though it does not have the generality as continuous-time state
representation. Meanwhile, we notice in the supplementary material of [100] that the IMU-
LiDAR calibration using the discrete-time state representation exhibits superior efficiency
performance than the method based on continuous-time state representation [77].

The above observations on different state representations prompt us to consider if it is
possible to leverage discrete-time state representation to implement a more efficient cali-
bration toolbox for IMU and cameras. This novel toolbox is supposed to be matchable in
accuracy compared to its competitors [25, 27], but superior in efficiency. The efficiency ad-
vantage of discrete-time state representation is likely to be achieved with the advance of IMU
preintegration on Lie groups [101, 58, 59, : ]. By aggregating IMU measurements
between two consecutive images, state dimensions become linearly dependent on the num-
ber of images used for optimization, instead of the number of IMU measurements. As a

counterpart, state dimensions of the continuous-time state representation based methods,

"https://www.cvlibs.net/datasets/kitti/eval_odometry.php
2https://hilti-challenge.com/leader-board-2023.html
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Kalibr [25] and Basalt [27], are linearly dependent on the number of IMU measurements
(much more than images), as IMU raw measurements are utilized to construct residuals for
optimization. [27] make some effort to reduce the state dimensions. In practice, a data
sequence used for the offline IMU-Camera calibration typically takes about 1 minute. By
assuming IMU biases remain unchanged in a short period of time, IMU biases are modeled
from time-varying state variables in Kalibr [25], to time-invariant state variables in Basalt
[27]. Unfortunately, limited by mathematical formulation, both Kalibr [25] and Basalt [27] are
unable to reduce the state dimensions to the extent of our method (see TABLE 6.1).

The closest to our work is MVIS [29], which is a discrete-time calibration method based
on IMU preintegration. Like many existing IMU preintegration approaches [59, 39, , 1
[29] adopts Euler integration scheme. According to a recent benchmark study [56] and our
extensive experiments in Section 6.7, merely using Euler integration can not make discrete-
time method comparable to continuous-time method in terms of time offset estimation. To
address this issue, we further improve IMU preintegration with Midpoint integration. To the
best of our knowledge, this is the first work to reveal the significance of Midpoint integration
for time offset estimation. Moreover, our method repeats the integration for each iterative
step, which is different from all previous preintegration methods. This strategy improves
the accuracy of IMU constraints by decreasing the linearization error due to the change of
IMU biases, with little computing cost. Benefitting from these schemes, our method could
overcome a larger time offset (150 ms) than what was reported in MVIS (5 ms).

The second difference between [29] and our method is the initialization of the IMU-
Camera extrinsics. In [29], these parameters need to be decided manually. In contrast,
all calibration parameters are automatically initialized in our method, without extra manual
effort.

The third difference is the choice of reference coordinate frame for the state vector. [29]
uses gravity-aligned reference frame, like many VIO estimators. This choice eliminates the
necessity of estimating the gravity direction. However, 3D feature positions become un-
known with respect to this frame. Inserting them into the state vector increases the dimen-

sions for optimization. There are two main disadvantages:
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 The efficiency of optimization is decreased due to larger state dimensions. According
to [29], the speedup of [29] over Kalibr is only around 3x. In contrast, our method can

even accelerate up to 1000x.

» The estimator of [29] leads to 4 unobservable directions, i.e., the global yaw rotation
and the global translation [76]. However, our method does not have these unobserv-
able directions, as our reference frame is attached to the calibration board, and all 3D
feature positions are known in this frame. For detailed observability analysis, we refer

interested readers to [22].

In contrast to [22, 29], we develop a novel discrete-time IMU constraint, which allows
gravity estimation with the IMU preintegration model, thus relaxing the strictly gravity-aligned
setup for the calibration board [22], and eliminating all 3D feature positions from the state
vector [29].

As Basalt [27] is about 10x faster than Kalibr, it can be inferred that [29] is not faster
than the fastest continuous-time method. While, our efficiency outperforms Basalt by a large
margin. To the best of our knowledge, our method is the first discrete-time spatial-temporal
calibration method that can truly surpass existing continuous-time methods in efficiency, un-
leashing the efficiency power of discrete-time state representation. Comparisons between
representative offline IMU-Camera calibration methods and our method are provided in TA-
BLE 6.2.

One more difference is the camera measurement model. [29] uses interpolation model
that requires two bounding IMU poses. This choice may not be applicable for low-frequency
cameras, such as 5Hz, with a gap of up to 200 ms between two images. Instead, we
introduce a different model approximated by constant velocity motion. With the convergence
of time offset, this approximation becomes more and more accurate. For experiments, our
model can perfectly handle low-frequency camera measurements, which was not thoroughly
tested in [29].

The aim of this work is to explore the efficiency boundary of offline target-based ap-

proach. Therefore, the joint calibration for all parameters [29] is not our current focus. Intrin-
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sic parameters of IMU and cameras are assumed to be precalibrated individually, like [30].
Observability analysis also beyonds our scope, as sufficient motion excitations are assumed
to be guaranteed for target-based approach. Differentiate from the online calibration dur-
ing the running of VIO, the trajectory during offline calibration is typically pre-designed with
full excitations on all degree of freedoms, especially for factory calibration. Thus, degener-
ate motion profiles could be avoided with under-controlled trajectories. Instead, for online
calibration, degenerate motions could occur or even dominate, such as pure translational
motion for ground vehicles and drones. To avoid potential risks, online calibration is not inte-

grated for some VIO estimators, for example Basalt [39], ORB-SLAM3 [40] and SchurVINS
[4]-

6.5 Notation

Figure 6.3: Coordinate frames for the IMU-Camera calibration with a calibration board.

Our calibration method is illustrated with an example of spatial-temporal calibration be-
tween IMU and stereo camera. Fig. 6.3 shows all coordinate frames involved in the calibra-

tion. {W} represents the world reference frame attached to the calibration board, which is
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static during calibration. {I} represents IMU coordinate frame, {Cy} and {C;} denote left
and right camera coordinate frames, respectively. {I}, {Cy} and {C;} are assumed to be
rigidly linked.

We use "V (e) to represent a physical quantity in the frame {1¥'}. The position of a point
I in the frame {W} is expressed as "Wp;. The velocity of a point I in the frame {IW} is
expressed as "v;. The local angular velocity of {I} is denoted as w. A rotation matrix is
employed to represent the rotation of a rigid body. ' R represents rotation from frame {I} to
frame {W}. T represents 6DoF rigid body transformation from frame {I} to frame {W}

YR Wp;

0 1

W = WReSO@B),VT e SE(3) (6.1)

The 6DoF transformations between two camera frames and IMU frame are noted as
spatial calibration parameters {,, T\, ¢, T'}. In our formulation, IMU time clock is treated
as time reference in the estimator. The stereo camera is assumed to be already time-
synchronized. The time offset only exists for camera clock and IMU clock, which is the
temporal calibration parameter t4. If the image timestamp at camera clock is ¢, then the

corresponding timestamp at IMU clock should be shifted with time offset
tr =tc +1g (6.2)

The interested spatial-temporal calibration parameter set involved in this problem setting
is {&,T.¢, T ta}- [o], is denoted as the skew symmetric matrix corresponding to a three-

dimensional vector. The transpose of a matrix is [e]” .

6.6 Methodology

Traditional IMU-Camera calibration methods typically uses continuous-time state represen-
tation (B-spline) and constructs IMU measurement model using raw measurements. Due

to the high frequency of IMU measurements, continuous-time state representation leads to
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high-dimensional state and expensive computational cost. The key idea and main contribu-
tion of this paper is to leverage discrete-time state representation to explore how far we can
accelerate the spatial-temporal calibration between IMU and cameras, without compromis-
ing accuracy. This exploration is of great significance with the vast usage of visual-inertial
sensors. Inspired by on-manifold IMU preintegration [58, 59], multiple IMU raw measure-
ments between two adjacent images are aggregated into a single pseudo-measurement,
significantly reducing the state dimensions of discrete-time state representation. The only
concern is the impact on calibration accuracy, which could be addressed by a novel design
presented in Section 6.6.1.

Like most target-based calibration methods (Kalibr [25] and Basalt [27]), we use a grid
of AprilTag [64] as the calibration board, as shown in Fig. 6.7. The coordinate frames
involved in calibration are depicted in Fig. 6.3. The timestamp of the ith image is ¢;. The
image coordinate of the ith AprilTag corner f; detected in the ith image of the nth camera
is "u;. Its associated 3D coordinates in {W}, Wpy,, is known as geometric prior from the
calibration board. When performing calibration, it is required to wave the sensor rig in front of
a calibration board and apply sufficient motion excitation, especially in rotation [22, 23]. The
optimization variable set x of our calibration method can be defined as a vector of several

discrete-time state variables

T
xrr [:1:10 xy 7, }
— | WwpT W, T W,T T

xr; [IiR vy, py, }

(6.3)

T
mcalil):{é«oT‘T élTT tq bz; bg 0 (Z):|

Where M is the index of the last image. x includes the IMU motion states at different im-
age timestamps, x;, as well as the calibration state, x..;5- IMU motion state corresponding
to the ith image =, includes both pose and velocity {}" R,V vr,," ps, }, which are expressed
in world frame {1W}. Calibration state x.,;;; contains both a set of spatial-temporal calibra-

tion parameters {ICOT, &, T,tq}, and IMU biases {b.,, ba}- b., and b, represent the gyroscope
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bias and the accelerometer bias, respectively. As the duration of a calibration sequence is
typically short (about 1 minute, see TABLE 6.1), IMU biases can be assumed to be time-
invariant, like Basalt [27] and iKalibr [30], as shown in TABLE 6.2.

As gravity is included in accelerometer measurement model, and unknown in our case,
it is necessary to estimate gravity Vg, which is also expressed in world frame {W}. The
norm of gravity can be assumed to be known and remain constant®, thus Vg € S2. We use

straightforward and simple spherical coordinate to parameterize gravity

cos (0) sin (¢)
Wg2Wg(p,0,6)=p | sin(6)sin(¢) (6.4)
cos (¢)

By utilizing prior knowledge of gravity norm, p = ||Wg|| = 9.81m/s?, the dimension of
gravity to be optimized can be reduced from 3 to 2. Therefore, we only include {6, ¢} in
T.qip FOr other parameterization methods of element on S2, interested readers are referred
to [104, 86, I

6.6.1 IMU pseudo-measurement model

To achieve the goal of reducing the state dimension, multiple IMU measurements between
two adjacent images are aggregated into a single pseudo-measurement, which is accom-
plished by IMU preintegration. On-manifold IMU preintegration is originally designed for a
VIO estimator [58, 59]. In this section, we implement a novel on-manifold IMU preintegration
to cater for the calibration task. Our pseudo-measurement model has several differences

from many existing IMU preintegration approaches [59, 39, , I:

1. These existing preintegration models adopt Euler integration. We empirically find it is

not sufficient to ensure that our calibration accuracy is comparable to Kalibr [25] and

3With the increasing interest and investment on the robotic exploration of extraterrestrial space [10, 11, 94],
IMU-Camera calibration maybe executed on other celestial body in the future, like the Moon or Mars. The gravity
norm should be adapted accordingly. If gravity norm is unknown, full 3DoF gravity can be easily included in Eq.
6.3.
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Basalt [27]. Therefore, we derive Midpoint integration to improve integration accuracy,

producing more accurate IMU constraints.

2. These existing preintegration models do not need repeated IMU integration during the
iteration process of optimization, because IMU and camera are assumed to be time-
synchronized. In contrast, our IMU pseudo-measurement model designed for joint
spatial-temporal calibration inevitably requires integration from scratch, as temporal
calibration can lead to the shift of image timestamps, thus changing the IMU integration

interval, as shown in Fig. 6.4.

3. These existing preintegration models do not optimize gravity with the residual model
(see Eq. 6.18), because gravity is assumed to be known at the VIO initialization stage.
While, our IMU pseudo-measurement model supports gravity optimization, addressing
the unknown gravity direction with respect to the world frame built on the calibration
board.

4. Lastly, these existing preintegration models require different IMU biases for different
IMU factors. While, our IMU pseudo-measurement model supports the same IMU
biases for all IMU factors, further reducing the state dimensions that need to be opti-

mized.

(k) th iteration

l l Image timestamp
t t

i

i+l

(k +1) th iteration

1 l Image timestamp

1+, t,tt,

Figure 6.4: Time shift of images due to the time offset ¢, between camera and IMU.

Next, we will detail how to build our IMU pseudo-measurement model, as well as the
formulation difference with existing preintegration models. [59] is referred as an example.

All IMU measurements from frame ¢ to frame i + 1 are collected for integration, with an
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integration interval of [t;,t;4+1]. The IMU measurements at two image timestamps, ¢; and
t;+1, can be obtained by linear interpolation if necessary. The preintegration items [59] are
connected with two IMU motion states. And this connection is used to build IMU constraints.
Therefore, preliminary knowledge about preintegration items should be introduced at the

beginning. The IMU preintegration items of frame i are denoted as

AR; i1
Ai,i—H = Avi7i+1 (65)

Apiit1

By equivalently modifying the equation (33) from [59], the calculation of preinegration

items over [t;, t;+1] can be expressed as an iterative formulation

ARi,jJrl == ARi’jEl'p (ijt)
AUZ}J’-H = AUiJ + AR@jCLjAIf (6.6)
Apm'_;,_l = Api,j + A’UZ‘J'At -+ %ARZ'JCLJ'Aﬂ

Where At is the time interval between two consecutive IMU measurements, At = t;,1 —

t;. And t; represents IMU sampling timestamp, starting from ¢; = ¢;. During iteration, ¢,
subjects to

ti <tj <tjy1 <tipa (6.7)

w; and a; in Eq. 6.6 represent de-biased IMU angular velocity and linear acceleration

measurements
wj = (I)j — bw

(6.8)

aj:aj—ba

w; and a; are raw IMU angular velocity and linear acceleration measurements, respec-
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tively. The initial value of A; ;1 is set as

AR;; I3x3
Az’,i = A’Um‘ = 03%1 (69)
Ap;; 03x1

Eq. 6.6 is used for iterative calculation until t; .1 = t; 1. Atthistime A; ;1 is determinate.
Please note, this iterative process is essentially Euler integration [59]. During the integration
interval [t;,t;41], only the IMU measurement at ¢; is used. The formulation adopted in [39]

is different from Eq. 6.6. For example, the rotation integration is calculated as
AR@j.;.l = ARZ'J‘E.’L']Q (wj+1At) (61 0)

But in this case, only the IMU measurement at ¢;; is used. In order to improve the
integration accuracy, an effective idea is to adopt a higher order integration method, such as
Midpoint integration. Specifically, the average value of two IMU measurements is utilized to
better approximate the integration. The corresponding iterative equation is improved from
Eq. 6.6 to

AR; j+1 = AR; jExp () j11At)
Av; 1 = Avij + aj 1At (6.11)
Ap; jr1 = Ap;j + Av; jAL + %ELMHAtQ

Where @, ;11 and a; ;1 denote the average IMU angular velocity and linear acceleration

measurements

Bjj1 = 5 (wj +wjr1) (6.12)
ajjr1 = % (AR; ja; + AR; j11aj41)
For a clear mathematical model, Eq. 6.11 and Eq. 6.12 are abstracted as a function

Aiaj+1 = f (Aiaj7 @]7 (’Dj-i-l) djv a’j-ﬁ-l? bw, ba) (61 3)

Using the simpler form above, the Jacobian of A; ;1 with respect to IMU biases can be
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clearly expressed with a recursive formulation

OAij41 _ _Of 0A; of
6bw - aAi.’j 8bw 8bw 6 14
OAij41 _ _Bf 0Ay; + of (6:14)
Oba 0A;; Obs | Oba

Please note, the index in the above equation runs from j to j + 1. The corresponding

initial Jacobian is set as

. — Y9x3

Ob (6.15)
Oii

o6, = Oox3

We adopt left perturbation to calculate Jacobian for the element on Lie group [55]. With
the iteration of Eq. 6.11, IMU noise generated from {A; ;,&;, @41, a;,a;41} (see Eq. 6.13)

is propagated as

T T

of af of

2 )T +(#5) Zw(awm)T (6.16)
of of of of

+ (3&1') “(3%’) + (3&j+1) 2“(5&j+1>

Where 3, and ¥, represent noise covariance for IMU angular velocity and linear accel-

eration measurements. Given this iterative formulation, the covariance of A; ;11, X; 41, IS
obtained together when the integration of A, ;1 is finished. The initial value of ¥; ; is set
as

2ii = Ogxo (6.17)

To avoid distracting from the model, the analytical on-manifold Jacobian of f (Eq. 6.13)
with respect to all involved variables, {A; ;,&;,&;41,a;5,a41,by,b.}, are provided in Ap-
pendix 6.10. Given these derivatives, Eq. 6.14 and Eq. 6.16 become computable now.
The whole integration process is summarized in Algorithm 1.

The relationship between A; ;.1 and two consecutive IMU states (z, and x;

..1» See Eq.

6.3) models motion constraint via IMU integration. The corresponding IMU residuals* are

4The formulation of our residual is different from the equation (45) in [59], as we do not incorporate IMU
biases update described in Section VI.C of [59]. Instead, we perform reintegration for each iteration (see Fig.
6.4).
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Algorithm 1: Midpoint-based IMU preintegration
Input: Two image timestamps (¢; and t;+1), current estimate of the time offset ¢,
between camera and IMU
Output: Preintegrated terms (A, ;+1), preintegrated Jacobians (a%gi“, 8%@;;“), and
preintegrated covariance (¥; ;1)

/* Time shift of image timestamps due to the time offset t; */

t; < t; +tg;

tiv1 < tip1 +ta;

Obtain a set of {wj, a;}, subjects to Eq. 6.7;

Initialize relevant variables, according to Eq. 6.9, Eq. 6.15, and Eq. 6.17;

while tiv1 <t do
update preintegrated items for residual evaluation, according to Eq. 6.12 and Eq.

6.11

update preintegrated Jacobians for IMU biases estimation, according to Eq. 6.14
update preintegrated covariance for residual weight, according to Eq. 6.16

end

constructed as

_ W TW
AR = Log (ARMH W RTY R)
_ WpT (W w w
TAvi1 =1, B ( Ve — VL — gdt) — Avji

TApiit1 — }/IZZRT (WPI¢+1 - Wpli - ijidt - %ngﬂ)

—Api i1 (6.18)
TAR; ;41
T'Liiya = Tliisa (xli7x1i+1’bw?ba707 ¢>) = | TAvii
TAp; i1

Where Log (o) maps the element on a Lie group to the tangent space vector [55]. dt is
the time gap between two images, dt = t;.; — t;. For the Jacobian of residual ry, ., with
respect to x;, and z;,, ,, we adopt left perturbation for the element on Lie group, as previous

derivatives of f (Eqg. 6.13). The Jacobian of r; with respect to IMU biases, {b.,, b, }, can

iit1

be obtained from Eq. 6.14. Finally, the Jacobian of r,

.11 With respect to the gravity direction
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IMU biases and gravity direction {b,.,.6.4}

IMU motion state X,

L
L
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Spatial-temporal calibration parameters {(’TT p‘;T.,ra}

IMU factor
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Visual factor

Time evolution Time evolution
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Figure 6.5: (a) Factor graph of our calibration method, if b, is included in the state variable
set of camera measurement model. The dashed dot line illustrates the influence of b, on
the factor graph. (b) Factor graph of our calibration method, if b, is excluded from the state
variable set of camera measurement model. (c) State variables are denoted as circles.
Measurement factors are denoted as squares. IMU factor and visual factor are detailed in
Section 6.6.1 and Section 6.6.2, respectively.

{6, ¢} can be computed according to the chain rule

T
[0 o]
5 ¢ (6.19)
"1 _ O 9Wg
dgs - 9Wg 0Ogs

Up until now, we complete the mathematical details of the IMU pseudo-measurement
model between two adjacent frames. By using vivid graphs in Appendix 6.10, we greatly
mitigate the difficulty of understanding the preintegration process, enhancing the readability

of the paper.

6.6.2 Camera measurement model with time offset

The IMU pseudo-measurement model described in the previous section can only constrain
IMU states, IMU biases, and gravity direction (see Eq. 6.3 and Eq. 6.18). And it is unable
to link to interested spatial-temporal calibration parameters. To this end, we introduce a
camera measurement model with time offset, to provide additional constraints on both the

spatial and temporal calibration parameters

O—— (ICanlyiVT(ti n td)*lwpﬁ) — Ty (6.20)
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m () is a fixed camera projection function [66, 67]. The camera intrinsic parameters are
assumed to be pre-calibrated. "r;; represents the pixel residual (reprojection error) obtained
by the nth camera, observing the Ith AprilTag corner at the ith frame. The corresponding
measurement covariance is typically set by engineering experience, such as fixed at 1 pixel.

Eq. 6.20 models the effect of time offset t; on the IMU state. Due to temporal misalign-
ment, the IMU pose corresponding to the ith frame is shifted from ny (t;) to Q’T (ti +tq).

According to Eq. 6.1, the notation of |V T (¢;) is

WR Wp]i
Yr@)y=Yr=1" (6.21)

0 1

Similarly, the expression of ‘I’E’T (ti +tq) is

WRt+ty) Vor(ti+t
I;E/T(ti—Ftd)!IZ( @) "pr it ta)

0 1
I R (ti +ta) = [V RExp (wita)

Wor, (ti +ta) = Wpr, + Wortg

(6.22)

w; is the IMU angular velocity at ¢;, and can be directly obtained by the de-biased gyro-
scope measurement (see Eq. 6.8). Wy, is the IMU linear velocity at ¢;, including in the state
vector (Eq. 6.3). EVT (t; + tq) is approximated by a constant velocity motion model.

By analyzing Eq. 6.20 and Eq. 6.22, state variables linked to the camera measurement

model can be obtained. These state variables are denoted with a set
2o = {5 T,V R W pr, b, Wor,, ta} (6.23)

We empirically find that excluding b,, and " v;, from x, does not influence the conver-
gence of b, (see Fig. 6.8, Fig. 6.9 and Fig. 6.10), but greatly simplifies the factor graph

model for calibration, from Fig. 6.5a to Fig. 6.5b. Therefore, new z; becomes
vs = {6, 1.1 R,V pr,.ta} (6.24)
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The analytical on-manifold Jacobian of "r;; with respect to all involved variables in x; are
provided in Appendix 6.11.
6.6.3 Full-batch nonlinear least squares optimization

By integrating all raw image pixel measurements and IMU pseudo-measurements, we for-

mulate the full-batch nonlinear least squares optimization as

x:argmin{i > 5 p(Iral,)

n=0i=01eK,,

M-1 9
+ ZO HTIi,iJrl‘ Zi,i+1} (625)
1=
Trg = (ICnT”H’T(ti + td)_lwpfl) — "uil

A
Tfi,i+1 — T]j7i+1 ($117$Ii+1>bwabaaea¢)

Where M is the index of the last image. "r; is the pixel residual from the nth camera.

rr is the IMU pseudo-measurement residual. Detailed definitions of these two types of

i1
residuals are provided in Section 6.6.1 and Section 6.6.2. K,; represent the set of corner
points observed by the nth camera at the ith frame. p(e) is a robust kernel function [65].
Typically, robust Huber kernel function is used to mitigate the impact of pixel observation
outliers.

The factor graph for this nonlinear least squares optimization is shown in Fig. 6.5b.
Levenberg-Marquardt algorithm is adopted to minimize Eq. 6.25 and update the optimal
estimation iteratively.

At the end of each iteration, the timestamps of all images are shifted with the current
estimate of time offset

ti b+ tg (6.26)

As shown in Fig. 6.4, the integration interval for each IMU pseudo-measurement at the

next iteration should be updated accordingly
[ti, tira] < [t + ta) , (L1 + ta)] (6.27)
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Since IMU motion states (z; in Eq. 6.3) are dependent on image time, they are shifted

together in time domain with the update of time offset, as depicted in Fig. 6.6.

(k) th iteration
xI; x1.+1
l l Image timestamp
t, ,

i+l

(k +1) th iteration

xI: xIH»l

1 l . Image timestamp
t t

i+

Figure 6.6: Time shift of each IMU motion state corresponding to image. After the time shift
of images, t; and t;1 become t; and t;_ |, respectively. t; = t; + tq, t; | = tiy1 + ta.

6.6.4 State initialization

Nonlinear least squares optimization requires setting reasonable initial guess for state vari-
ables to ensure convergence. Firstly, we compute initial 6DoF camera trajectory with PnP
algorithm

{& Tine{0,1},ie{0,---,M}} (6.28)

n is the camera index and i is the image index. Leveraging the initial estimation of cam-
era rotation, the camera angular velocity can be obtained by differentiating two consecutive
estimates. Furthermore, by aligning the camera angular velocity with the IMU angular ve-

locity, the initial rotational extrinsic parameter is produced

gligz Héanm- —wy, (6.29)
Where w,,; denotes the angular velocity of the nth camera at the ith frame. @, is the

corresponding IMU angular velocity measurement at ¢;. This estimate is rough because it

ignores the influence of gyroscope bias (see Eq. 6.8), and the differential error from w,,;.
The initial translational extrinsic parameter is set as zero. Based on the initial 6DoF

extrinsic parameter between IMU and camera, and camera trajectory, the initial pose of an
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IMU motion state (z,, see Eq. 6.3) is calculated as

-1
1T =¢ T(,T) (6.30)
The initial velocity of an IMU motion state is inferred by differentiating two consecutive
IMU poses. Like the initialization of translational extrinsic parameter, the initial IMU biases
and time offset are set to zero.

According to the accelerometer measurement model
a=1R"'"War, —"g) +b, (6.31)

Where Wa,, is the acceleration of IMU frame at ¢;. By assuming " a;, ~ 0 and using the

initial guess of b,, a rough estimate of gravity can be obtained via
Wg=—-"R(a—b,) =] Ra (6.32)

Then, g is normalized with the prior knowledge about gravity norm (9.81m/s?)

w981y,

9= g (6.33)

According to Eq. 6.4, {0, ¢} can be initialized. At this point, we complete the initialization
for all state variables.

As the focus of this work is on estimator design for calibration, we perform relatively
coarse initialization. However, this simple scheme works effectively in all of our experi-
ments. The only concerned point is the extremely large time offset, for example 1.0 second.
Possible improvements on the initialization of temporal and rotational calibration parameters

are discussed in Section 6.8.
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6.7 Results

We benchmark the calibration accuracy and computational efficiency of the proposed method
with two state-of-the-art (SOTA) baseline methods, Kalibr [25] and Basalt [27], both of which
adopt continuous-time state representation. Compared to Kalibr, Basalt accelerates calibra-
tion through split B-spline representation and advanced derivative calculation method. De-
fault optimized configurations for them are used for fair comparison, like the experiments in
MVIS [29]. To demonstrate the performance of our method, experiments are designed to

address the following questions

1. Is the spatial-temporal calibration accuracy of the proposed method comparable with

Kalibr and Basalt?

2. Is the optimization time of the proposed method much less than that of Kalibr and

Basalt?

3. As illustrated in Section 6.6.1, do we need to replace Euler integration with Midpoint

integration?
4. Is the proposed method robust to large IMU biases?
5. Is the proposed method robust to large time offset?

6. Does VIO incur accuracy loss by using the proposed calibration method?

Question 1) and 2) are used to evaluate if our method achieves the key objective. Ques-
tion 3) and 4) are designed to demonstrate the effectiveness of the IMU pseudo-measurement
model (Section 6.6.1). While question 5) is designed to validate the effectiveness of the
camera measurement model with time offset (Section 6.6.2). Question 6) can demonstrate
whether our calibration method has an adverse effect on the accuracy of VIO.

We perform experiments with IMU-Camera calibration sequences from three popular
VIO datasets, EuRoC [60], TUM-VI [61] and UZH-FPV [62]. EuRoC and TUM-VI datasets
provide stereo image and IMU data at 20Hz and 200Hz, respectively. For the UZH-FPV
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Table 6.3: Timestamp shifting for IMU data.

Perturbation | Value (ms)
oty 50
Oty 40
dt3 30
Sty 20
ots 10
dte 0
Sty -10
ot -20
dtg -30
dt1o -40
dt11 -50

dataset, the acquisition frequencies of the camera and the IMU are 30Hz and 500Hz, re-
spectively. As shown in Fig. 6.7, both indoor and outdoor scenarios have been taken into
account. To demonstrate the calibration performance at different camera frequencies, new
calibration sequences are generated by reducing the original image frequency from 20Hz
(or 30Hz) to 10Hz, and 5Hz.

The reference value of the temporal calibration parameter can be obtained from the
dataset providers. It is convenient to reset the desired time offset by manually shifting the
timestamp of IMU data with a certain value (see TABLE 6.3). The shifted time offset modifies
the new reference value of the temporal calibration parameter. The reference value of the
spatial calibration parameter is obtained by calibrating the original sequence (20Hz or 30Hz
image) with Kalibr.

The proposed calibration method is evaluated with two variants with different IMU integra-
tion methods for the IMU pseudo-measurement model (Section 6.6.1). If the IMU pseudo-
measurement model uses Euler integration, our method is referred to as ”Ours (Euler)”.
Specifically, the integration model in [39] is used. If Midpoint integration (see Eq. 6.12 and
Eq. 6.11) is employed, our method is referred to as ”Ours (Midpoint)”.

All the experiments are conducted on a laptop computer with an Intel(R) Xeon(R) W-
10855M CPU @ 2.80GHz, and 16 GB of RAM.
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Table 6.4: Average metrics of different calibration methods on the EuRoC dataset. Eval-
uation metrics include the average RMSE results of spatial-temporal calibration (rotation,
translation, time offset), reprojection error, optimization time and speed up of our method
compared to SOTA baselines.

Metrics (unit) Methods 20 Hz 10Hz 5Hz
Camera Cy Camera C; Camera Cy Camera C1 Camera Cy Camera C;
Kalibr 0.000 + 0.000 0.000 £ 0.000 0.009 +0.000 0.009 £ 0.000 0.024 +0.000 0.024 £ 0.000
Rotation (degree) Basalt 0.497 +£0.622 0.502 +£0.621 0.486 + 0.621 0.492 £ 0.620 0.437 +0.649 0.444 + 0.648
Ours (Euler) 0.012 +0.000 0.023 £ 0.000 0.014 +0.000 0.028 £ 0.000 0.090 + 0.000 0.103 £ 0.000
Ours (Midpoint) | 0.015 4+ 0.000 0.014 + 0.000 0.009 + 0.000 0.015+ 0.000 0.041 4+ 0.000 0.047 + 0.000
Kalibr 0.000 + 0.000 0.000 £ 0.000 0.025 +0.000 0.025 £ 0.000 0.078 +0.000 0.078 £ 0.000
Translation (cm) Basalt 0.870 +1.117 0870 £1.116 0.798 +1.054 0.798 £ 1.052 0.506 4+ 0.604 0.506 + 0.602
Ours (Euler) 0.045 + 0.000 0.049 £0.000 0.073+0.000 0.075+0.000 0.3014+0.000 0.296 + 0.000
Ours (Midpoint) | 0.039 + 0.000 0.048 + 0.000 0.039 + 0.000 0.050 £+ 0.000 0.047 4+ 0.000 0.058 + 0.000
Kalibr 0.035 + 0.000 0.044 + 0.000 0.066 + 0.000
Time offset (ms) Basalt 12.971 £ 17.839 11.397 + 15.590 10.529 + 16.550
Ours (Euler) 2.456 + 0.000 2.449 + 0.000 2.483 + 0.000
Ours (Midpoint) 0.043 + 0.000 0.068 + 0.000 0.158 + 0.000
Kalibr 0.373 £+ 0.000 0.375 + 0.000 0.374 + 0.000
Reprojection error Basalt 0.263 £ 0.071 0.266 + 0.072 0.246 £ 0.060
(pixel) Ours (Euler) 0.208 -+ 0.000 0.210 + 0.000 0.217 + 0.000
Ours (Midpoint) 0.209 + 0.000 0.211 + 0.000 0.213 £ 0.000
Kalibr 144.170 + 0.837 108.134 + 0.496 51.255 + 0.419
Optimization time Basalt 14.919 + 2.495 15.064 + 2.284 15.730 + 3.027
(s) Ours (Euler) 0.289 + 0.004 0.136 + 0.015 0.189 + 0.338
Ours (Midpoint) 0.290 + 0.004 0.140 + 0.012 0.081 + 0.001
Speedup of Ours (Midpoint) 497.138x 772.386x 632.778x
compared to Kalibr
Speedup of Ours (Midpoint) 51.445x 107.600x 194.198x
compared to Basalt

6.7.1 EuRoC dataset

For each sequence with specific image frequency, we shift the timestamp of IMU data from
-50ms to 50ms, with 10ms increment. In this way, the number of calibration sequences
for each image frequency is increased to 11, as shown in TABLE 6.3. The average RMSE
results (rotation, translation, time offset) of spatial-temporal calibration with different methods
are summarized under different image frequencies in TABLE 6.4. When the image frequency
is 20Hz, the rotation and translation RMSE of Kalibr is 0 degree and 0 cm, respectively. This
is because the reference value of spatial calibration parameter is obtained via Kalibr itself.
The time offset RMSE of Kalibr is only 0.035 ms. With the decrease of image frequency,
Kalibr’'s spatial-temporal calibration results gradually deviate from the reference value. This
deviation is very small. Specifically, the rotation deviation is less than 0.05 degree, the
translation deviation is less than 0.1 cm, and the time offset deviation is less than 0.1 ms.
These results demonstrate Kalibr’'s excellent and reliable calibration accuracy.

Another baseline, Basalt, exhibits large RMSE results for spatial-temporal calibration.
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(9) The 1st iteration. (h) The 2nd iteration. (i) The 4th iteration.

Figure 6.7: (a-c) Representative image from EuRoC dataset. (d-f) Representative image
from TUM-VI dataset. (g-i) Representative image from UZH-FPV dataset. Expected corner

positions (green) and predicted corner positions (red) in the image. Please zoom in 300% to
view convergence details.
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Table 6.5: Average metrics of different calibration methods on the TUM-VI dataset. Eval-
uation metrics include the average RMSE results of spatial-temporal calibration (rotation,
translation, time offset), reprojection error, optimization time and speed up of our method
compared to SOTA baselines.

Metrics (unit) Methods 20 Hz 10Hz 5Hz
Camera Cy Camera C; Camera Cy Camera C1 Camera Cy Camera C;
Kalibr 0.000 £ 0.000 0.000 + 0.000 0.001 & 0.000 0.001 & 0.000 0.002 & 0.000  0.002 + 0.000
Rotation (degree) Basalt 0.002 £+ 0.000  0.003 & 0.000 0.002 & 0.000  0.003 & 0.000  0.002 & 0.000  0.003 + 0.000
9 Ours (Euler) 0.002 + 0.000  0.003 & 0.000 0.003 & 0.000  0.002 4 0.000  0.004 + 0.000  0.002 + 0.000
Ours (Midpoint) | 0.003 4+ 0.000 0.002 4+ 0.000 0.004 + 0.000 0.001+ 0.000  0.005 + 0.000  0.001 + 0.000
Kalibr 0.000 + 0.000 0.000 + 0.000 0.007 & 0.000 0.007 & 0.000 0.013 & 0.000 0.013 & 0.000
Translation (cm) Basalt 0.069 £+ 0.000 0.077 & 0.000 0.069 + 0.000  0.077 & 0.000  0.069 & 0.000  0.077 + 0.000
Ours (Euler) 0.011 £ 0.000 0.007 & 0.000 0.015 4 0.000  0.009 & 0.000  0.020 4 0.000  0.014 + 0.000
Ours (Midpoint) | 0.017 +0.000 0.014 4+ 0.000 0.021 +0.000 0.017 +0.000 0.027 + 0.000  0.022 + 0.000
Kalibr 0.165 £ 0.000 0.163 + 0.000 0.167 £ 0.000
Time offset (ms) Basalt 0.168 + 0.000 0.168 + 0.000 0.168 + 0.000
Ours (Euler) 2.341 £+ 0.000 2.341 £ 0.000 2.339 + 0.000
Ours (Midpoint) 0.165 + 0.000 0.164 + 0.000 0.165 + 0.000
Kalibr 0.085 + 0.000 0.085 + 0.000 0.085 + 0.000
Reprojection error Basalt 0.087 £ 0.000 0.087 + 0.000 0.087 £ 0.000
(pixel) Ours (Euler) 0.087 + 0.000 0.087 + 0.000 0.087 + 0.000
Ours (Midpoint) 0.087 + 0.000 0.088 + 0.000 0.088 + 0.000
Kalibr 100.420 + 5.842 63.454 £+ 4.071 44.640 + 2.465
Optimization time Basalt 5.890 + 0.651 5.901 + 0.686 5.959 + 0.899
(s) Ours (Euler) 0.201 £+ 0.013 0.093 + 0.011 0.049 + 0.005
Ours (Midpoint) 0.196 + 0.020 0.094 + 0.011 0.050 + 0.005
Speedup of Ours (Midpoint) 512.347x 675.043x 892.800x
compared to Kalibr
Speedup of Ours (Midpoint) 30.051x 62.777x 119.180x
compared to Basalt
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Figure 6.8: Convergence results of the IMU biases under different perturbations (TABLE
6.6) with EuRoC dataset. z-axis represents iteration steps. The units for b, and b,, are in
m/s2 and rad/s. The estimation error perfectly approach to zero for each component of IMU
biases, with only 8 steps.
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Particularly, the time offset RMSE of Basalt is greater than 10 ms for all image frequencies.
The large calibration error indicates that Basalt performs unreliable calibration, although its
reprojection error is smaller than Kalibr. By carefully examining the implementation of Kalibr
and Basalt, we found that the poor performance of Basalt can be attributed to its coarse
initialization for time offset. Basalt initializes the time offset to 0 ms. While Kalibr initializes
the time offset with cross-correlation algorithm [106], which is able to reduce the initial error
of time offset to less than 1 ms typically. This finer initialization strategy provides better initial
guess for time offset, making Kalibr robust to different time offsets.

The RMSE results of Ours (Euler) are better than Basalt, and validate that our method is
robust to different time offsets, although we initialize the time offset to 0 ms, like Basalt. This
may be explained by the lower state dimensions and complexity of our method, as shown
in TABLE 6.1. The higher complexity of the whole system may cause the optimization more
vulnerable to poor initial guess. We note that the time offset RMSE (around 2.5 ms) of
Ours (Euler) is greater than Kalibr, even though it is already less than the measurement
period of IMU (5 ms). Time offset estimation issue for discrete-time state representation
is also reported in a recent SLAM benchmark study [56], which adopts Euler integration
for IMU preintegration [59]. Another variation of our method, Ours (Midpoint), successfully
addresses this issue by reducing the time offset RMSE to less than 0.2 ms. In addition, the
rotation RMSE of Ours (Midpoint) is less than 0.05 degree, and the translation RMSE of Ours
(Midpoint) is less than 0.1 cm. Impressive numerical results demonstrate that the calibration
accuracy of Ours (Midpoint) is comparable to Kalibr, and the necessity of upgrading IMU

integration from Euler integration to Midpoint integration (Section 6.6.1).

Advantages on efficiency

Apart from the accuracy metric, TABLE 6.4 also shows the efficiency metric, more specifi-
cally, the optimization time of each calibration method. When the image frequency is 20Hz,
the average optimization time of Kalibr is 144.17 s, which is approximately twice the duration
of the calibration sequence (71.9 s). Kalibr decreases the optimization time by reducing the

image frequency, because camera measurements become less. The optimization time of
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Basalt can be reduced to around 15 s. While Ours (Euler) is much faster than both Kalibr
and Basalt, reducing the optimization time to less than 0.3 s. Our method significantly ben-
efits from the lower state dimension, as shown in TABLE 6.1. The optimization time of Ours
(Midpoint) is further improved. When the image frequency is 5Hz, the optimization time is

even reduced to 0.081 s. On average, Ours (Midpoint) is 634x faster than Kalibr.

Robustness to large time offset

To verify the robustness of Ours (Midpoint) to large time offset, we shift IMU timestamp with
150 ms for the original calibration sequence. The spatial-temporal calibration results are
similar to TABLE 6.4. Fig. 6.7 shows the process of predicted corner points approaching
expected corner points, visualizing how the reprojection error gradually converges to the
sub-pixel level. If the cross-correlation of Kalibr is disabled, both Kalibr and Basalt cannot
converge when the time offset exceeds 30 ms. These experiments demonstrate the effec-
tiveness of the camera measurement model (Section 6.6.2), and the larger convergence

radius of our estimator for time offset, compared to Kalibr and Basalt.

Robustness to large IMU biases

To verify the robustness of Ours (Midpoint) to large IMU biases, we manually add differ-
ent bias perturbations to the raw IMU measurements of the original calibration sequence.
IMU biases are modified with the given perturbations. Assuming the original IMU biases
obtained through Basalt® are {b,,b,}, the given perturbations are {6b,,,6b,}, and the IMU
biases obtained from Ours (Midpoint) are {Bw, Ea}, then the estimation error of IMU biases
is calculated as

by = by — b, — Oby,

. (6.34)

by = by — b

As shown in TABLE 6.6, for 6b,,, the perturbation range of each component is designed as

[—5, 5] rad/s. Maximum absolute perturbation value (5 rad/s) is much larger than practical

®Both Basalt and our method adopt a time-invariant model for IMU biases.
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Table 6.6: Perturbations on IMU biases.

Perturbation 2% (m/s®) | 6by (rad/s)
X y z X y Z

oby 5 5 5|5 5 5

by 1 -1 111 -1 -1

dbg 2 2 2|2 2 2

dbg 3 3 -3/-3 -3 -3

dbio 4 -4 -4|-4 -4 -4
0b11 5 5 5|5 5 5

value (typically in the level of 1e-2), as we want to challenge the convergence basin of our
method. For db,, the perturbation range of each component is [—5, 5] m/sQ. The estimation
error of IMU biases under different perturbations is shown in Fig. 6.8. After just 8 iterations,
both b, and b, can converge to zero perfectly. The numerical results of spatial-temporal
calibration are similar to TABLE 6.4. These results validate the effectiveness of the IMU
pseudo-measurement model (Section 6.6.1), and the robustness of our method to large
IMU biases.

Impact on VIO accuracy

To evaluate the influence of spatial-temporal parameters obtained by different calibration
methods on the localization accuracy of VIO, a SOTA VIO estimator, Open-VINS [16], is used
for the localization experiments. Open-VINS has the capability to perform online spatial-
temporal calibration. If online calibration is enabled, Open-VINS is denoted as Open-VINS
(w. calib). Otherwise, Open-VINS is denoted as Open-VINS (wo. calib). Absolute trajectory
error (ATE) [107] is utilized as an accuracy metric of VIO, and obtained by aligning the
estimated trajectory with the groundtruth trajectory in posyaw mode. Results are reported

in TABLE 6.7. This table demonstrates that using our calibration method does not cause
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Table 6.7: ATE (meter) Comparison on the EuRoC Dataset with different calibration param-
eters from Kalibr, Basalt and Ours (Midpoint), respectively.

Open-VINS (w. calib) | Open-VINS (wo. calib)
Kalibr Basalt Ours | Kalibor Basalt Ours
MH_01_easy 0.056 0.053 0.053 | 0.035 0.036 0.042
MH_02_easy 0.058 0.057 0.062 | 0.046 0.046 0.052
MH_03_medium | 0.067 0.056 0.052 | 0.055 0.056 0.050
MH_04 _difficult | 0.068 0.076 0.069 | 0.056 0.053 0.048
MH_05_difficult | 0.051 0.047 0.055 | 0.045 0.045 0.047
V1_01_easy 0.106 0.088 0.124 | 0.133 0.130 0.097
V1_02_medium | 0.105 0.071 0.072 | 0.072 0.079 0.065
V1_03_difficult | 0.110 0.183 0.168 | 0.127 0.131 0.103
V2. 01_easy 0.127 0.159 0.139 | 0.123 0.111 0.102
V2_02_medium | 0.370 0.170 0.220 | 0.182 0.225 0.163
V2_03_difficult | 0.364 0.271 0.271 | 0.226 0.195 0.202

| Avg [0.135_ 0.112 0.117 [ 0.100 0.101 0.088 |

Sequence

accuracy loss for VIO, compared to Kalibr or Basalt.

6.7.2 TUM-VI dataset

The collection platform of the TUM-VI dataset is shown in Fig. 6.1. Like the experiments
for EuRoC dataset, we perform augmentation operation for calibration sequence by shifting
IMU timestamp manually. The average RMSE results of spatial-temporal calibration with
different methods are presented in TABLE 6.5. The rotation and translation RMSE results
of four methods are very small, and these results show that their accuracy is comparable to
each other. Inspecting the temporal calibration results, Ours (Midpoint) is almost the same
as Kalibr and Basalt. While Ours (Euler) exhibits a larger RMSE (around 2.3 ms), which
once again demonstrates the necessity of Midpoint integration. The reprojection error is

approximately 0.09 pixel for all methods.
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Figure 6.9: Convergence results of the IMU biases under different perturbations (TABLE
6.6) with TUM-VI dataset. z-axis represents iteration steps. The units for b, and b,, are in
m / 52 and rad/s. The estimation error perfectly approach to zero for each component of IMU
biases, with only 5 steps.

Advantages on efficiency

Comparing the optimization time of different methods, on average, Ours (Midpoint) is 693x
faster than Kalibr, and 71x faster than Basalt. TABLE 6.5 shows that our method is compa-

rable to Kalibr and Basalt in accuracy, and has remarkable improvement in efficiency.

Robustness to large time offset and IMU biases

Similar to EuRoC dataset, we perform additional experiments to verify the robustness of our
method. Fig. 6.7 visualizes the sub-pixel level convergence of the reprojection error under
large time offset (150ms). Fig. 6.9 shows the robustness of Ours (Midpoint) to large IMU
biases. All numerical results of spatial-temporal calibration are similar to TABLE 6.5. These

results validate the robustness and effectiveness of Ours (Midpoint).

Impact on VIO accuracy

The impact of different calibration methods on VIO accuracy is presented in TABLE 6.8.

This table again shows that our calibration method generates comparable VIO accuracy, as
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Table 6.8: ATE (meter) Comparison on the TUM-VI Dataset with different calibration param-
eters from Kalibr, Basalt and Ours (Midpoint), respectively.

Open-VINS (w. calib) | Open-VINS (wo. calib)
Kalibr Basalt Ours | Kalibr Basalt Ours
roomf 0.058 0.064 0.054 | 0.052 0.066 0.058
room2 0.090 0.102 0.104 | 0.055 0.063 0.056
room3 0.083 0.083 0.076 | 0.092 0.071 0.077
room4 0.030 0.033 0.042 | 0.036 0.032 0.032
roomb 0.089 0.088 0.095 | 0.109 0.092 0.090

[ Avyg [0.070 0.074 0.074]0.069 0.065 0.063

Sequence

Kalibr or Basalt.

6.7.3 UZH-FPV dataset

To test the versatility of different calibration methods, in this section, we choose a dataset
collected in outdoor environments, UZH-FPV [62]. This dataset aims to benchmark the
performance of different VIO algorithms in high-speed agile motion scenarios.

Like in the previous two sections, we perform an augmentation operation for the calibra-
tion sequence by shifting the IMU timestamp. The average RMSE results of spatial-temporal
calibration with different methods are presented in TABLE 6.9. All four methods show very
small RMSE. Basalt exhibits relatively larger RMSE results for spatial-temporal calibration,
indicating that Basalt performs unreliable calibration, although its reprojection error is smaller
than Kalibr. In terms of the temporal calibration results, Ours (Midpoint) is almost the same
as Kalibr. In contrast, Ours (Euler) exhibits a larger RMSE (around 0.9 ms), which once

again demonstrates the necessity of Midpoint integration.

Advantages on efficiency

Comparing the optimization time of different methods, on average, Ours (Midpoint) is 797x
faster than Kalibr, and 63x faster than Basalt. TABLE 6.9 shows that our method has a re-

markable improvement in efficiency. We noticed an unexpected increase in the optimization
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Table 6.9: Average metrics of different calibration methods on the UZH-FPV dataset. Eval-
uation metrics include the average RMSE results of spatial-temporal calibration (rotation,
translation, time offset), reprojection error, optimization time and speed up of our method
compared to SOTA baselines.

Metrics (unit) Methods 30 Hz 10Hz 5Hz
Camera Cy Camera C; Camera Cy Camera C1 Camera Cy Camera C;
Kalibr 0.000 & 0.000 0.000 & 0.000 0.012 &+ 0.000 0.012 & 0.000 0.015 4 0.000  0.015 + 0.000
Rotation (degree) Basalt 0.046 + 0.042  0.050 & 0.035 0.029 & 0.012  0.035 4 0.009  0.033 & 0.024  0.037 &+ 0.015
9 Ours (Euler) 0.024 + 0.000 0.032 & 0.000 0.026 + 0.000  0.035 4 0.000  0.030 & 0.000  0.031 + 0.000
Ours (Midpoint) | 0.024 4+ 0.000 0.034 4+ 0.000 0.030 + 0.000 0.034 + 0.000 0.035 + 0.000  0.028 + 0.000
Kalibr 0.000 + 0.000 0.000 + 0.000 0.024 & 0.000 0.024 4 0.000 0.042 & 0.000  0.042 + 0.000
Translation (cm) Basalt 0.180 £ 0.274 0.198 +0.273  0.109 & 0.061  0.127 +0.060 0.176 & 0.278 0.194 &+ 0.276
Ours (Euler) 0.024 + 0.000  0.040 & 0.000 0.034 & 0.000  0.043 & 0.000  0.049 4 0.000  0.054 + 0.000
Ours (Midpoint) | 0.029 4+ 0.000 0.040 4+ 0.000  0.044 + 0.000 0.049 + 0.000 0.058 + 0.000  0.060 + 0.000
Kalibr 0.042 + 0.000 0.010 + 0.000 0.007 + 0.000
Time offset (ms) Basalt 0.404 + 0.665 0.142 + 0.174 0.143 £ 0.175
Ours (Euler) 0.917 £ 0.000 0.946 + 0.000 0.954 + 0.000
Ours (Midpoint) 0.068 + 0.000 0.035 + 0.000 0.023 + 0.000
Kalibr 0.336 + 0.000 0.336 + 0.000 0.336 + 0.000
Reprojection error Basalt 0.147 + 0.004 0.145 + 0.001 0.146 + 0.002
(pixel) Ours (Euler) 0.145 + 0.000 0.146 + 0.000 0.148 + 0.000
Ours (Midpoint) 0.146 + 0.000 0.148 + 0.000 0.150 + 0.000
Kalibr 116.184 + 0.383 143.110 + 0.873 78.118 + 0.275
Optimization time Basalt 8.818 + 2.398 7.833 + 1.573 8.320 + 2.260
(s) Ours (Euler) 0.356 + 0.029 0.126 + 0.007 0.079 £ 0.001
Ours (Midpoint) 0.338 + 0.019 0.132 + 0.008 0.081 + 0.005
Speedup of Ours (Midpoint) 343.740x 1084.167x 964.420x
compared to Kalibr
Speedup of Ours (Midpoint) 26.089x 59.341x 102.716x
compared to Basalt
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Figure 6.10: Convergence results of the IMU biases under different perturbations (TABLE
6.6) with UZH-FPV dataset. z-axis represents iteration steps. The units for b, and b, are
in m/s2 and rad/s. The estimation error perfectly approach to zero for each component of
IMU biases, with only 6 steps.
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Table 6.10: ATE (meter) Comparison on the UZH-FPV Dataset with different calibration
parameters from Kalibr, Basalt and Ours (Midpoint), respectively.

Qutdoor Open-VINS (w. calib) | Open-VINS (wo. calib)
Sequence | Kalibr Basalt Ours | Kalibr Basalt Ours
forward_1 | 0.532 0.529 0.443 | 0.445 0.476 0.443
forward 3 | 1.177 1.000 1.003 | 1.109 1.018 1.034
forward 5 | 0.259 0.317 0.294 | 0.283 0.228 0.259

[ Avyg [0656 0615 05800612 0574 0579

® The groundtruth trajectories of other outdoor forward facing
sequences are unavailable.

time for Kailbr when the image frequency is decreased from 30Hz to 10Hz. This is due to
the increased iteration steps of Kalibr. Similarly, Basalt can barely benefit from decreasing
camera frequencies in terms of efficiency. More results can be observed from TABLE 6.4
and TABLE 6.5. In contrast, our method consistently improves its optimization time. These
results demonstrate that dimension reduction by discrete-time state representation is more

favorable in designing more stable nonlinear optimization.

Robustness to large time offset and IMU biases

Similar to EuRoC dataset, we perform additional experiments to verify the robustness of our
method. Fig. 6.7 visualizes the sub-pixel level convergence of the reprojection error under
large time offset (150ms). Fig. 6.10 shows the robustness of Ours (Midpoint) to large IMU
biases. All numerical results of spatial-temporal calibration are similar to TABLE 6.9. These

results validate the robustness and effectiveness of Ours (Midpoint).

Impact on VIO accuracy

The impact of different calibration methods on VIO accuracy is presented in TABLE 6.10.
This table again shows that our calibration method generates comparable VIO accuracy, as

Kalibr or Basalt.
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6.8 Discussions

» Proposed calibration method may be further improved by feeding better initial guess to
nonlinear least squares optimization. For example, the initialization of time offset can
be obtained via one-dimensional cross-correlation [106, ], like Kalibr [25]. More-
over, initial temporal and rotational calibration parameters could be jointly estimated
through the extended three-dimensional cross-correlation presented by [34]. Suffi-
cient rotational excitation must be guaranteed for the successful application of cross-

correlation methods.

» IMU pseudo-measurement model may be further improved from the Midpoint integra-
tion to the 4th order Runge-Kutta integration. It would be interesting for practitioners

by benchmarking these two integration methods in accuracy and efficiency.

6.9 Conclusion

In this work, we propose a novel IMU-Camera calibration method based on discrete-time
state representation. Benefitting from this representation, we push the efficiency bound-
ary for the spatial-temporal IMU-Camera calibration. Experimental results demonstrate that
our method is extremely faster than the SOTA methods using continuous-time state repre-
sentation, while maintaining comparable calibration accuracy. This novel method is more
favorable for resource-constrained platforms and could accelerate the field test for robots
that need VIO localization. Moreover, this method has the potential to empower higher pro-
ductivity for commercial products that require massive IMU-Camera factory calibration, such
as cellphones, drones, autonomous vehicles, and AR glasses.

On the other hand, our method paves the way for the transition from continuous-time
state representation to discrete-time state representation. In the future, we plan to extend
our work to IMU-LIDAR calibration [77]. We are also interested in benchmarking other state
estimation tasks with continuous-time and discrete-time state representations. For example,

we notice that the SLAM benchmark in [56] maybe unfair for discrete-time state represen-
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tation, as Euler integration is used for IMU preintegration, which could be improved with

Midpoint integration as demonstrated in Section 6.7.

131



Unleashing the Power of Discrete-Time State Representation:
Ultrafast Target-based IMU-Camera Calibration

Supplementary Material

6.10 Jacobians of Eq. 6.13

According to Eq. 6.11 and Eq. 6.12, w; ;11 and a; j,1 can be computed as

@jjr1 = 5 (Wj +wjs1)

djj1 = 5 (ARijaj + AR;ji1a;.1)

(AR; ja; + AR; jy1a;11) (6.35)
(AR; jaj + AR; jExp (0 j41At) aj41)

AR;j(a; + Exp(w)j41At) aj1)

N|— N—= N

The Jacobians of w; ;11 with respect to w; and w;; are

0Dj 41 _ i,

Qwj 2 (6.36)
0wj 41 l]

Owj-+1 -2 3

To better understand how the chain rule is performed, we draw the relationship between
f (Eq. 6.13) and {A; j,wj,wjt+1,a4,aj+1} in Fig. 6.11, Fig. 6.12 and Fig. 6.13.

The Jacobians corresponding to a; ;1 (see Fig. 6.12 or Fig. 6.13) are

085,541 _ 1ARij

da; — 2
9ajj+1 _ 1 -
aaj+1 - §AR17]+1
98541 _ =
OAR;; — —laj 1], (6.37)
iy | _ '
oy = —aARinlajnl Jr (@550 A8) At
085541 _ 0djj+1 0w 41
Owj  Owjjt1 O
0aj 11 _ 08511 09551
Owjt1 0@ j+1 Owjty
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Figure 6.11: The relationship between AR; ;11 and {A; ;,w;, wjt+1, a5, ajy1}.

Figure 6.12: The relationship between Awv; ;1 and {A; j, wj, wji1, a5, 41}
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Figure 6.13: The relationship between Ap; ;11 and {A; j,w;,wj+1,aj, aj41}-

Where J, (e) is the right Jacobian of SO(3) [73].

Recall Eq. 6.11,
OAR; 11 _
“oaR., — 1
OAR; j41 _
Doy = AR (@11 AL) At
OAvij41 _
“onv., =13
AV j11 _ OAV 11 085541 0@, j+1
OAR;; ~— Oajjy1 OAR;; — (At) OAR; ; (6.38)
O8pijt1 _
OApijt1 _
“onn, = At
OApijv1 _ OAPpij1 085541 _ (lAtQ) ddj
8ARi,j a&j7j+1 BARZ‘J‘ 2 BARM

The Jacobians of f with respect to A;; can be obtained by the above equation. The
remaining Jacobians are related to {a;, a;41,w;, wji1}.

The jacobians of f with respect to a; are

OAvij41 _ OA;j11 084541 (At) 08 j+1
aaj 6ﬁj,j+1 8aj 8(1]'

(6.39)

OApi 11 _ OApij11 08,541 _ (lAtz) 0a;,j+1
Baj Baj7j+1 Baj —\2 80,]'
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The Jacobians of f with respect to a4 are

OAvj41 _ OAV; j11 085,41

(A1) 0a; 541

daji1  0ajj41 Oajtr daji1 (6.40)
OApijt1 _ OAPij1+1 085541 (lAt2) 945,541
daji1 dajj+1 Oaji1 2 dajt1
The Jacobians of f with respect to w; are
OAR; j11 _ OAR; ;11 09541
Owj T 0wy 41 Owj
OAvij41 _ A1 085541 94,541
awj - Baj,]qu Bwj - (At) Bwj (641)

OApijy1 _ OApi ;41085541 _ (lAtg) 0a; 541
Bwj aflj,j+1 aw]' - \2 8UJJ‘

Where % is available in Eq. 6.38.

753

The Jacobians of f with respect to w;;, are

OAR;j11 _ OAR; 11 0w 41
Owj+1

9wjj+1  Owjtr
OAvij41 _ OAV;j11 085541 9a;,j+1 6.42
Owj+1 9441 Owjtr (A1) Owj 1 (6.42)
OApij+1 _ OAPpij+1 085541 (lAtQ) 94,541
Owjt1 9ajj+1 Owjt1 2 Owj+1

According to Eq. 6.8

of _ of
85;]- - Bw]-

of _ _of
O0jp1 — Qwjt (6.43)
of _ 9f
B&j - 8(1j

of _ _of
dajr1 — dajr

- i of of _9f of _9Of
Therefore, we have completed the Jacobian calculation of {BTM_, 5o By i1 Day Bagn }

The Jacobians of f with respect to {b,,,b,} are

of _ Of Owj of Owipa _ _ (0f | Of
0b, — Owj Oby Owjy1 Oby, ow; Owjq1
of _ 9f 0y of Oajp1 _ [ Of of

8ba - 8aj aba 8a]-+1 Bba - 8aj 8aj+1

(6.44)

Finally, the Jacobians of f (Eq. 6.13) with respect to all involved variables,

{A;j, 0, @541, a5, @41, by, b }, are analytical computed.
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6.11

Jacobians of pixel measurement residual

For the ease of Jacobian derivation, Eq. 6.20 is rewritten as

"ry = (ps) = "ug

A
C :%TW

Dy

b, (6.45)

A _ -1
&T= énT 12’T(ti + t4)

The Jacobian of the pixel residual ™r;; with respect to the 3D point in camera frame Cpf

B"Tﬂ

IS p;

. This is determined by the camera projection model [66,

]. The Jacobian of the

pixel residual "r; with respect to the camera pose %,T is

anm - 8”7“1», 8Cpf (6 46)
oG T 9%py oS, T '
The Jacobian of “p; with respect to 7" is
OPs _ (cpw, O
= (WwT" ps) (6.47)
o5 T ’

Where @ is an operator for the homogeneous coordinate |

, Sec. 7.1.8].

Using the last equation from Eq. 6.45, and Eq. 6.22, the Jacobians of §,T" with respect

1
to {¢, T, pr, 1 R, ta} are
o5, T
o5, T
o5, T

ayZVT

ovr
oY R

AW
oW

2 —_

otqg

Where Ad (e) is the adjoint of SE(3) [

Mpr,

oyT =—Ad (ICnT_l)

AT
03

03

|1 BT

[ W pTw
I,-R U[Z]

(6.48)

Wi

]. Finally, the analytical on-manifold Jacobian of
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"r;; with respect to all involved variables in zs (Eqg. 6.24) can be calculated via the chain rule

oy _ Onry O T
o, T — 9RT oL T .
orry _ ey 05T On T
MWpr, 8¢, T oW T MWopr,
v (6.49)

w

O"ry _ 9ry 05T o T

oy R 8%T8KT8§R

ry _ oy 0T 01T

Ota — 04T OWT Oty
7
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Chapter 7

Conclusion and perspectives

This thesis focuses on the calibration problems involved in three types of visual localization
applications. The first type is vision-based relative localization. The second type is multi-
sensor localization with the participation of GPS. The third type is multi-sensor localization
without the participation of GPS. These three types of applications almost cover all aspects
of visual localization in the field of robotics.

For vision-based relative localization, a high-precision global pose sensor is desired for
the evaluation and its spatial-temporal relationship with the camera should be calibrated.
Two novel calibration algorithms, including target-based and target-less methods, are pro-
posed to estimate the spatial-temporal parameters between the camera and the global pose
sensor. The mathematical model can be easily extended to other global sensors, such as
RTK-GPS [109]. In addition, since the measurement model considers the intrinsic param-
eters of the camera, the calibration algorithm can support joint optimization with intrinsic
parameters for different camera models, improving ease of use.

For multi-sensor localization with the participation of GPS, specifically the GPS-VIO sys-
tem, the observability of extrinsic parameters between GPS and VIO is studied. A misleading
conclusion in the existing research is identified, namely that the rotational extrinsic param-
eter is unobservable. Experiments demonstrate that the rotational extrinsic parameter is
observable in fact, therefore its online calibration can improve localization accuracy overall.

Novel theoretical support for this conclusion is provided by nonlinear observability analysis.
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This study indicates that, for the observability analysis of calibration parameters, the nonlin-
ear observability analysis is more comprehensive and profound than the linear observability
analysis. For similar future work, it is suggested conducting sufficient experiments to verify
the conclusions obtained from the linear observability analysis to avoid potential mistakes.

For the VIO system, the observability from [19, 20] is revisited for online extrinsic calibra-
tion. A novel proof shows that the common-seen pure translational straight line motion can
lead to the unobservability of the rotational extrinsic parameter between IMU and camera (at
least one degree of freedom). The unobservability still holds for global-pose aided VIO. This
finding makes up for the shortcomings of existing research conclusions.

Lastly, to empower productivity, this thesis pushes the boundaries of research from the
perspective of calibration efficiency. Traditional offline calibration methods typically use
continuous-time state representation, which is accurate but inefficient. To address this limita-
tion, a novel calibration algorithm is proposed based on discrete-time state representation,
which significantly reduces optimization time without sacrificing accuracy. This study can
greatly improve the efficiency of factory calibration for industry products and is particularly
suitable for resource-constrained platforms. Moreover, this research paves the way for the
transition from continuous-time state representation to discrete-time state representation. In
the future, this research idea could be expanded to accelerate the calibration of multi-visual-
inertial systems [29], and generalized to other multi-sensor systems [30, ], for example,
event-related systems, which are qualified to deal with challenging scenarios that are in-
accessible to traditional cameras, such as high-speed motion and/or high dynamic range
(HDR) illumination[111, , ]. It is also interesting to reevaluate and rethink whether
continuous-time state representation has advantages over discrete-time state representa-

tion for various state estimation applications[114, , 57].
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