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Abstract

This paper develops a statistical framework for goodness-of-fit testing of volatil-
ity functions in McKean–Vlasov stochastic differential equations, which describe
large systems of interacting particles with distribution-dependent dynamics. While
integrated volatility estimation in classical SDEs is now well established, formal
model validation and goodness-of-fit testing for McKean–Vlasov systems remain
largely unexplored, particularly in regimes with both large particle limits and high-
frequency sampling. We propose a test statistic based on discrete observations of
particle systems, analysed in a joint regime where both the number of particles and
the sampling frequency increase. The estimators involved are proven to be consis-
tent, and the test statistic is shown to satisfy a central limit theorem, converging in
distribution to a centred Gaussian law.
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1 Introduction

McKean–Vlasov stochastic differential equations (SDEs) have gained increasing promi-
nence as a widely used modeling framework for complex systems consisting of large popu-
lations of interacting agents. Unlike classical SDEs, the dynamics of each particle depend
not only on its individual state but also on the statistical distribution of the entire system.
This distinctive feature makes McKean–Vlasov models particularly well-suited for cap-
turing systemic interactions and emergent behavior in diverse applications ranging from
economics and finance to physics and engineering [8, 18, 22, 29].

In the context of financial modeling, McKean–Vlasov dynamics have been used to
study systemic risk [19], mean-field interactions in portfolio management [9], and the evo-
lution of agent-based financial markets. More broadly, their use has expanded to problems
involving optimal control, equilibrium analysis, and the dynamics of large-scale interact-
ing systems, as surveyed in [10, 24]. These models allow for a nuanced representation
of endogenous feedback effects in financial systems, where local decisions and aggregate
dynamics are tightly coupled through distributional dependencies.

Given the growing importance of McKean–Vlasov models in applications, there is
an increasing need for statistical methods that can rigorously validate their structural
components, particularly the volatility function, which governs the system’s stochastic
fluctuations. While classical diffusion models often rely on volatility functions depending
solely on the state or time variables, this assumption breaks down in systems where
interaction between agents drives the evolution. In such settings, volatility may depend
on the entire population distribution, and any mis-specification can significantly affect
downstream predictions and risk measures.

Despite the importance of model validation, the literature on goodness-of-fit testing
for McKean–Vlasov equations remains scarce. Existing parametric testing procedures
for volatility, such as those developed for standard SDEs [2, 14, 16, 17] and fractional
SDEs [27], are tailored to non-interacting systems only. Parametric and non-parametric
estimation methods for McKean-Vlasov SDEs have been investigated in [3, 4, 6, 7, 11, 12,
13, 15, 20, 21, 23, 25, 26, 28, 30], but they mostly focus on the drift function. This creates
a critical methodological gap: there is currently no general method for assessing whether
a given volatility structure adequately captures the behavior of a McKean–Vlasov system
based on empirical data.

We address this gap by developing a statistical testing procedure for McKean–Vlasov
particle systems. Our focus lies on constructing a goodness-of-fit test for the volatility
function under high-frequency and large-population asymptotics. In this work, we con-
sider a system of N interacting particles (X i)i=1,...,N , defined on a filtered probability space
(Ω,F , (Ft)t≥0,P), and evolving over a fixed time interval [0, T ]. The particles are modeled
as independent copies of a non-linear process satisfying the McKean–Vlasov SDE:dX i

t = b
(
X i

t , µt

)
dt+ a

(
X i

t , µt

)
dW i

t i = 1, . . . , N, t ∈ [0, T ]

Law
(
X1

0 , . . . , X
N
0

)
:= µ0 × . . .× µ0

(1.1)

where the processes (W i
t )t∈[0,T ], i = 1, . . . , N , are independent Brownian motions, and µt

denotes the law of X i
t . The model coefficients

b : R× P2 → R, a : R× P2 → R

are measurable functions that depend on the current state and the current distribution of
the solution. Here, P2 denotes the space of probability measures on R with finite second
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moments. This space is equipped with the Wasserstein 2-metric, defined by

W2(µ, ν) =
(

inf
m∈Γ(µ,ν)

∫
R2

|x− y|2m(dx, dy)
) 1

2
,

where Γ(µ, ν) denotes the set of probability measures on R2 with marginals µ and ν.
Our primary objective is to develop a goodness-of-fit testing framework for the volatil-

ity function a(x, µ), based on discrete-time observations of the system. We consider ob-
servations of the form (

X i
tj

)i=1,...,N

j=1,...,n
, with tj = Tj/n, (1.2)

and study the regime where both the observation frequency increases (∆n := T/n → 0)
and the number of particles grows (N → ∞), with a fixed time horizon T > 0.

The main statistical goal of this work is to develop a goodness-of-fit test for the
volatility function a(x, µ), under the null hypothesis that it belongs to a given parametric
family. To this end, we introduce a test statistic based on discrete-time observations of
an interacting particle system, constructed through an appropriate distance measure. We
prove consistency of the underlying estimators and establish a central limit theorem for the
proposed statistic. This yields a testing procedure that maintains the correct asymptotic
level and is consistent against any fixed alternative. The main methodological challenge
lies in the measure dependence of a(x, µ), which generates non-linear and path-dependent
effects that render standard techniques from classical SDE analysis inapplicable.

To the best of our knowledge, this work provides the first rigorous statistical testing
framework for volatility structures in McKean–Vlasov models based on discrete-time ob-
servations of interacting particle systems. By combining high-frequency asymptotics with
the mean-field structure, our approach extends the scope of model validation to com-
plex stochastic systems with distribution-dependent dynamics and lays the theoretical
groundwork for hypothesis testing in nonlinear diffusion models.

The structure of the paper is as follows. Section 2 introduces the framework and
sets out the standing assumptions for model (1.1). In Section 3, we develop the proposed
goodness-of-fit testing procedure, detailing the construction of the test statistic. Section 4
presents the main theoretical results, establishing the consistency and asymptotic normal-
ity of the estimators, and deriving the limiting distribution of the test statistic under the
null hypothesis. All proofs and supporting technical arguments are collected in Section 5.

2 Assumptions

In this section, we introduce the main assumptions associated with the model (1.1), which
are satisfied by a wide class of stochastic volatility models.

Assumption 1. For all k ≥ 1, ∫
R
|x|kµ0(dx) ≤ Ck.

The following assumption ensures the existence and uniqueness of a strong solution to
(1.1), guaranteeing well-posedness of the model.
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Assumption 2. The drift and diffusion coefficients satisfy Lipschitz continuity and a
linear growth condition. Specifically, there exists a constant C > 0 such that for all
(x, µ), (y, λ) ∈ R× P2:

|b(x, µ)− b(y, λ)|+ |a(x, µ)− a(y, λ)| ≤ C
(
|x− y|+W2(µ, λ)

)
,

|b(x, µ)|2 + |a(x, µ)|2 ≤ C
(
1 + |x|2 +W 2

2 (µ, δ0)
)
,

Regarding the regularity of the diffusion function a : R×P2 → R, we adopt the notion of
linear differentiability, which is widely used in the literature on McKean–Vlasov equations
and mean-field games to characterize the smoothness of the mapping µ 7→ a(x, µ) from
P2 → R. This concept is particularly well-suited to our framework, and we refer the
reader to Section 2 of [15] and the references therein for a detailed exposition.

Definition 1. A mapping f : P2 → R is said to have a linear functional derivative, if
there exists ∂µf : R× P2 → R such that

f(µ)− f(µ′) =

∫ 1

0

∫
R
∂µf(y, λµ+ (1− λ)µ′)(µ− µ′)(dy)dλ

for every (µ, µ′) ∈ P2 and ∂µf satisfies additional smoothness properties, which will be
provided in the following assumption.

Assumption 3. The map µ 7→ a(x, µ) admits a functional derivative in the sense of
Definition 1. Furthermore, there exists a constant C > 0 such that for all (x, µ), (x′, µ′) ∈
R× P2, ∣∣∂µa(x, y, µ)− ∂µa(x

′, y′, µ′)
∣∣ ≤ C(|x− x′|+ |y − y′|+W2(µ, µ

′)).

Additionally it holds that

|∂y∂µa(x, y, µ)| ≤ C ∀(x, y, µ),
|∂y∂µa(x, y, µ)− ∂y∂µa(x, y, µ

′)| ≤ CW2(µ, µ
′).

Finally, the function a(x, t) := a(x, µt) is in C2,1(R× [0, T ]).

We note that Assumption 3 ensures, in particular, that the process (a(X i
t , t))t∈[0,T ] is

a continuous semimartingale. Indeed, by Itô’s formula one obtains

a(X i
t , t) = a(X0, 0) +

∫ t

0

(
∂ta(X

i
s, s) + b(X i

s, µs) ∂xa(X
i
s, s) +

1
2
∂xxa(X

i
s, s) a

2(X i
s, s)

)
ds

+

∫ t

0

∂xa(X
i
s, s)a(X

i
s, s) dW

i
s . (2.1)

This representation plays a key role in deriving error estimates for high-frequency statistics
of the process (X i

t)t∈[0,T ] (cf. [5]).

3 Testing parametric hypotheses for the volatility

In this section, we develop a goodness-of-fit testing framework for the volatility structure
in McKean–Vlasov SDEs. Our goal is to assess whether a given parametric form of the
volatility function is consistent with the observed behavior of a discretely sampled particle
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system. We begin by formally stating the parametric hypothesis. Then, we introduce our
proposed test statistic ŜN and describe its construction under high-frequency and large-
population asymptotics.

Let
a21, . . . , a

2
d : R× P2 → R+

be a collection of known functions, assumed to be linearly independent and to satisfy
the same regularity conditions as the volatility function a(x, µ). Our objective is to test
whether the squared volatility function a2(x, µ) belongs to the linear span of the basis
functions a21, . . . , a

2
d. More precisely, the null hypothesis is given by

H0 : L := min
(λ1,...,λd)∈Rd

∫ T

0

∫
R

(
a2(x, µt)−

d∑
k=1

λka
2
k(x, µt)

)2

µt(dx) dt = 0, (3.1)

with the alternative hypothesis H1 : L > 0. Here, µt denotes the distribution of the
underlying particle system (X1

t , . . . , X
N
t ), which is not directly observable. In practice,

we approximate µt by the empirical distribution of the observed particles. The criterion
in (3.1) serves as a natural foundation for our test construction, since it directly measures
model discrepancy in a Hilbert space framework. Moreover, it admits a discretized version
that can be readily implemented using particle observations.

Remark 3.1. The distance measure L introduced in (3.1) is conceptually related to the
distance proposed in [16, 17] for classical SDEs, although the two approaches differ in
essential aspects. To clarify this, recall that [16, 17] study the one-dimensional diffusion
model

dXt = b(Xt) dt+ a(Xt) dWt,

observed at discrete time points tj. They introduce the random distance measure

M2 := min
(λ1,...,λd)∈Rd

∫ T

0

(
a2(Xt)−

d∑
k=1

λka
2
k(Xt)

)2

dt,

and consider the hypothesis test H0 : M2 = 0 versus H1 : M2 > 0. A key point is that,
under high-frequency observations of a single trajectory of (Xt)t∈[0,T ], one can only verify
whether

a2(Xt) =
d∑

k=1

λka
2
k(Xt)

holds for some choice of λk, along the realized path (Xt(ω))t∈[0,T ]. There is no possibility
to test this identity outside the observed trajectory, i.e., for x /∈ (Xt(ω))t∈[0,T ].

In contrast, in our setting with N independent trajectories as in (1.1), the condition
L = 0 entails that

a2(x, µt) =
d∑

k=1

λka
2
k(x, µt)

for some λk, holding for µt-almost every x ∈ R, t ∈ [0, T ]. Nevertheless, this identity is
testable only with respect to the distributions µt of the observed particles (X i

t), and not
for arbitrary distributions.
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Standard arguments (cf. [1]) show that this L2-distance admits the closed-form expression:

L = g(Γ1, . . . ,Γd,B,Λ) = B − (Γ1, . . . ,Γd)Λ
−1(Γ1, . . . ,Γd)

⊤ (3.2)

where the quantities B,Γ1, . . . ,Γd and the matrix Λ = (Λk,l)1≤k,l≤d are given by

B :=

∫ T

0

∫
R
a4(x, µt)µt(dx)dt,

Γk :=

∫ T

0

∫
R
a2k(x, µt)a

2(x, µt)µt(dx)dt, k = 1, . . . , d

Λk,l :=

∫ T

0

∫
R
a2k(x, µt)a

2
l (x, µt)µt(dx)dt, k, l = 1, . . . , d

(3.3)

In order to construct a consistent estimator of L in (3.2), we replace the quantities in (3.3)
with their empirical counterparts, based on the discrete-time observations introduced in
(1.2). Accordingly, we define the following estimators:

B̂ :=
1

3N∆n

N∑
i=1

n∑
j=1

|X i
tj+1

−X i
tj
|4

Γ̂k :=
1

N

N∑
i=1

n∑
j=1

a2k(X
i
tj
, µN

tj
)|X i

tj+1
−X i

tj
|2 k = 1, . . . , d

Λ̂k,l :=
∆n

N

N∑
i=1

n∑
j=1

a2k(X
i
tj
, µN

tj
)a2l (X

i
tj
, µN

tj
) k, l = 1, . . . , d

(3.4)

(For simplicity of notation we suppress the dependence of estimators on n and N). Here,
µN
t denotes the empirical measure of the system at time t, i.e.

µN
t :=

1

N

N∑
i=1

δXi
t
.

We then introduce the following test statistic as the empirical analogue of the quantity
(3.2):

ŜN = g(Γ̂1, . . . , Γ̂d, B̂, Λ̂) = B̂ − Γ̂⊤Λ̂−1Γ̂

where the vector Γ̂ = (Γ̂1, . . . , Γ̂d)
⊤ is defined by the components in (3.4). This statistic

captures the deviation from the null hypothesis and forms the basis of our goodness-of-fit
test.

In the following section, we briefly summarise the key statistical properties of our
proposed estimator ŜN . Specifically, building on the consistent estimation of B, Γk, and
Λk,l by B̂, Γ̂k, and Λ̂k,l (as established in Theorems 4.1 and 4.2, respectively), we show

that ŜN is a consistent estimator of L as N → ∞ and ∆n → 0, and provide the associated
central limit theorem.

4 Main results

In this section, we present the core theoretical contributions of this paper, focusing on the
asymptotic properties of our proposed estimators and their associated test statistics. We
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begin by demonstrating the consistency and convergence rates of our estimators. Specif-
ically, Theorem 4.1 establishes the consistent approximation of the limiting matrix Λ by
its empirical counterpart Λ̂. Similarly, Theorem 4.2 provides stochastic expansions for the
quantities B̂ and Γ̂k (for k = 1, . . . , d), which are essential for deriving the limiting distri-
bution of our test statistic. Corollary 4.3 then establishes the joint asymptotic normality
of these key components. These results together characterize the limiting distribution
and its asymptotic covariance structure. Finally, combining these foundational results,
we present the main asymptotic normality result for our proposed estimator ŜN .

In what follows, we introduce two theorems that provide stochastic expansions for the
quantities Λ̂, B̂, and Γ̂k. Throughout the sequel, we will frequently use the notation oP(1)
to denote terms that converge to 0 in probability.

Theorem 4.1. Assume that Assumptions 1-3 hold and N∆2
n → 0. Then

√
N
(
Λ̂− Λ

)
=

√
NMΛ + oP(1)

where MΛ is a (d× d)-matrix with elements

MΛ,k,l :=
1

N

N∑
i=1

(
Zi

Λ,k,l − E(Z1
Λ,k,l)

)
Zi

Λ,k,l :=

∫ T

0

a2k(X
i
s, µs)a

2
l (X

i
s, µs)ds k, l = 1, . . . , d.

Theorem 4.2. Assume that Assumptions 1-3 hold and N∆2
n → 0. Then

√
N
(
Γ̂k − Γk

)
=

√
NMk + oP(1)

√
N
(
B̂ − B

)
=

√
NMB + oP(1)

with

Mk :=
1

N

N∑
i=1

(
Zi

k − E(Z1
k)
)
, Zi

k :=

∫ T

0

a2k(X
i
s, µs)a

2(X i
s, µs)ds

MB :=
1

N

N∑
i=1

(
Zi

B − E(Z1
B)
)
, Zi

B :=

∫ T

0

a4(X i
s, µs)ds

Building upon the individual asymptotic properties established in Theorems 4.1 and 4.2,
we are now in a position to derive the joint asymptotic distribution of the involved com-
ponents (M1, . . . ,Md,MB,MΛ). The following statement is a simple consequence of the
standard central limit theorem and the δ-method.

Corollary 4.3. Assume that Assumptions 1-3 are satisfied and N∆2
n → 0.

(i) It holds that

Ẑ :=
√
N


M1
...

Md

MB
vec (MΛ)k,l

 L−→ Z∗, Z∗ d
= Nd2+d+1(0,Σ)
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where the components of the covariance matrix Σ are given by

Σp,q = Cov
(
Ẑp, Ẑq

)
.

(ii) It holds that √
N(ŜN − L)

L−→ G ∼ N (0, τ 2)

where the asymptotic variance τ 2 is defined as

τ 2 = ∇g⊤(Γ1, . . . ,Γd,B,Λ)Σ∇g(Γ1, . . . ,Γd,B,Λ).

The asymptotic result of Corollary 4.3 forms the theoretical basis of our goodness-of-fit
test. Under the null hypothesis H0 : L = 0, it yields

√
N ŜN L−→ N (0, τ 2).

Suppose we can construct a consistent estimator τ̂ 2 of the asymptotic variance τ 2, that
is,

τ̂ 2
P−→ τ 2.

Then, for a given significance level α ∈ (0, 1), the null hypothesis H0 : L = 0 is rejected
whenever √

N ŜN

τ̂
> z1−α,

where z1−α denotes the (1 − α)-quantile of the standard normal distribution. By con-
struction, this test attains the correct asymptotic size α. Moreover, under the alternative

H1 : L > 0, we have
√
N ŜN P−→ +∞, which ensures that the procedure is consistent

against any fixed alternative.
In the final step we construct a consistent estimator τ̂ 2 of τ 2. We introduce the vector

V̂ i :=
(
Ẑi

1, . . . , Ẑ
i
d, Ẑ

i
B, vec (Ẑ

i
Λ)k,l

)⊤

with the estimators given by

Ẑi
k :=

n∑
j=1

a2k(X
i
tj
, µN

tj
)|X i

tj+1
−X i

tj
|2 k = 1, . . . , d

Ẑi
B :=

1

3∆n

n∑
j=1

|X i
tj+1

−X i
tj
|4

(Ẑi
Λ)k,l := ∆n

n∑
j=1

a2k(X
i
tj
, µN

tj
)a2l (X

i
tj
, µN

tj
) k, l = 1, . . . , d

Then the empirical covariance estimator of the covariance matrix Σ is defined as

Σ̂ =
1

N

N∑
i=1

(
V̂ i − V

)(
V̂ i − V

)⊤
, with V =

1

N

N∑
i=1

V̂ i.

Applying similar methods as in Theorem 4.1, we conclude that Σ̂
P−→ Σ and consequently

the estimator
τ̂ 2 := ∇g⊤

(
Γ̂1, . . . , Γ̂d, B̂, Λ̂

)
Σ̂∇g

(
Γ̂1, . . . , Γ̂d, B̂, Λ̂

)
satisfies τ̂ 2

P−→ τ 2.
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Remark 4.4. For practical applications, the null hypothesis will almost never hold ex-
actly. It is therefore natural to ask how well the linear span of the functions a21, . . . , a

2
d

can approximate the true squared volatility coefficient a2. The distance measure L is not
ideal in this context, since its numerical size is difficult to interpret. A more convenient
criterion was introduced in [27] for fractional diffusion models and, in our setting, takes
the form

G :=
L

B
.

In contrast to L, the statistic G enjoys the appealing property G ∈ [0, 1], which follows
directly from Pythagoras’ theorem. This normalization allows deviations from the null
hypothesis to be expressed in relative terms rather than in absolute units. Moreover, for
any fixed δ ∈ (0, 1), one can test

H0 : G ∈ [0, δ] vs. H1 : G ∈ (δ, 1],

and the asymptotic normality of G follows directly from Corollary 4.3.

5 Proofs

As a preliminary step, we recall a collection of moment bounds, adapted from [4], that
will serve as a foundation for establishing the main results of this paper.

Lemma 5.1. Assumptions 1–3 hold. Then, for any p ≥ 1, there exists a constant C > 0
such that the following bounds hold uniformly over all particles i ∈ {1, . . . , N}, for all
N ∈ N, and for all times t ∈ [0, T ]:

(i) sup
t∈[0,T ]

E[|X i
t |p] < C, and moreover, sup

t∈[0,T ]

E[W q
p (µ

N
t , δ0)] < C for p ≤ q.

(ii) E[|X i
tj+1

−X i
tj
|p] ≤ C∆

p/2
n .

(iii) E[W 2
2 (µ

N
t , µt)] ≤ CN−1.

5.1 Proof of Theorem 4.1

We restrict our attention to the case d = 1 and set f := a41. The extension to higher
dimensions d > 1 is straightforward and involves only additional notational complexity.
We consider the following decomposition

Λ̂− Λ =
∆n

N

N∑
i=1

n∑
j=1

f(X i
tj
, µN

tj
)−

∫ T

0

∫
R
f(x, µs)µs(dx)ds

=
1

N

N∑
i=1

∫ T

0

f(X i
s, µs)ds−

∫ T

0

∫
R
f(x, µs)µs(dx)ds

+
∆n

N

N∑
i=1

n∑
j=1

f(X i
tj
, µtj)−

1

N

N∑
i=1

∫ T

0

f(X i
s, µs)ds

+
∆n

N

N∑
i=1

n∑
j=1

[
f(X i

tj
, µN

tj
)− f(X i

tj
, µtj)

]
=: MΛ +H(1) +H(2)
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The term MΛ corresponds to the deviation between the empirical mean and its determin-
istic counterpart. We thus need to show that

√
N(|H(1)|+ |H(2)|) = oP(1).

First of all, we note that the termH(1) corresponds to the Riemann sum approximation
error associated with stochastic process ft := f(X i

t , µt). According to (2.1), this stochastic
process is a continuous Itô semimartingale, we know from [5, Section 7 and 8] that

∆n

n∑
j=1

f(X i
tj
, µtj)−

∫ T

0

f(X i
s, µs)ds = ∆nA

n
i

with
1

N

N∑
i=1

An
i = OP(1).

In other words,
√
NH(1) = OP(∆n

√
N) and the latter is negligible as N∆2

n → 0.
Now, we focus on the term H(2). Here we use the notion of the linear functional

derivative and apply it to the function f :

H(2) = H(2.1) +H(2.2),

where the terms H(2.1) and H(2.2) are defined via

H(2.1) :=
∆n

N

N∑
i=1

n∑
j=1

∫
R
∂µf(X

i
tj
, y, µtj)(µ

N
tj
− µtj)(dy)

H(2.2) :=
∆n

N

N∑
i=1

n∑
j=1

∫ 1

0

∫
R

{
∂µf(X

i
tj
, y, λµN

tj
+ (1− λ)µtj)− ∂µf(X

i
tj
, y, µtj)

}
× (µN

tj
− µtj)(dy)dλ

For the term H(2.1) we obtain the identity

H(2.1) =
∆n

N2

N∑
i,k=1

n∑
j=1

(
∂µf(X

i
tj
, Xk

tj
, µtj)−

∫
R
∂µf(X

i
tj
, y, µtj)µtj(dy)

)
.

If we write H(2.1) = N−2
∑N

i,k=1Rn(i, k) and use the arguments from Hoeffding decompo-
sition for U -statistics to compute the variance of H(2.1), we immediately conclude that

H(2.1) = OP(1/N).

Now, we move on to handling the term H(2.2). For a function g : R → R with bounded
derivative we know that ∣∣∣∣∫

R
g(x)(µ− ν)(dx)

∣∣∣∣ ≤ ∥g′∥∞W1(µ, ν).

Applying this inequality, Lemma 5.1(iii) and Assumption 3, we obtain for the term H(2.2):

|H(2.2)| ≤
∆n

N

N∑
i=1

n∑
j=1

∫ 1

0

sup
y∈R

∣∣∣∂y∂µf(X i
tj
, y, λµN

tj
+ (1− λ)µtj)− ∂y∂µf(X

i
tj
, y, µtj)

∣∣∣ dλ
×W1(µ

N
tj
, µtj)

≤ C∆n

n∑
j=1

W2(µ
N
tj
, µtj)W1(µ

N
tj
, µtj) = OP(N

−1).

Hence, we conclude that H(2) = OP(N
−1), which completes the proof of Theorem 4.1.
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5.2 Proof of Theorem 4.2

We start with the term Γ̂k. We obtain the decomposition

Γ̂k − Γk = Γk.1 + Γk.2

where the terms Γk.1 and Γk.2 are defined as

Γk.1 :=
∆n

N

N∑
i=1

n∑
j=1

a2k(X
i
tj
, µN

tj
)a2(X i

tj
, µN

tj
)−

∫ T

0

∫
R
a2k(x, µt)a

2(x, µt)µt(dx)dt,

Γk.2 :=
1

N

N∑
i=1

n∑
j=1

a2k(X
i
tj
, µN

tj
)|X i

tj+1
−X i

tj
|2 − ∆n

N

N∑
i=1

n∑
j=1

a2k(X
i
tj
, µN

tj
)a2(X i

tj
, µN

tj
).

Analogously to the proof of Theorem 4.1 we conclude that

Γk.1 = Mk + oP(N
−1/2).

Applying the methods of [5, Section 7 and 8], we deduce the decomposition

Γk.2 =
1

N

N∑
i=1

n∑
j=1

a2k(X
i
tj
, µN

tj
)a2(X i

tj
, µN

tj
)
(
(W i

tj+1
−W i

tj
)2 −∆n

)
+OP(N

−1).

By martingale methods we immediately obtain that

var(Γk.2) = N−1∆n.

This implies that
√
NΓk.1 = oP(1).

The term B̂ is handled the same way as Γ̂k, which completes the proof of Theorem
4.2.
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