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ABSTRACT
We extend the traditional framework of steady state energy transduction—typically characterized by a single input and output—to multi-
resource transduction in open chemical reaction networks (CRNs). Transduction occurs when stoichiometrically balanced processes are
driven against their spontaneous directions by coupling them with thermodynamically favorable ones. However, when multiple processes
(resources) interact through a shared CRN, identifying the relevant set of processes for analyzing transduction becomes a critical and complex
challenge. To address this, we introduce a systematic procedure based on elementary processes, which cannot be further decomposed into
subprocesses. Our theory generalizes the methodology used to define transduction efficiency in thermal engines operating between multiple
heat baths. By selecting a reference equilibrium environment, it explicitly reveals the inherently relative nature of transduction efficiency and
ties its definition to exergy. This framework also allows one to exclude unusable outputs from efficiency calculations. We further extend the
concept of chemical gears to multi-process transduction, demonstrating their versatility as an analytical tool in complex settings. Finally, we
apply our framework to central metabolic pathways, uncovering deep insights into their operation and highlighting the crucial difference
between thermodynamic efficiencies and stoichiometric yields.
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I. INTRODUCTION

Free energy transduction is a fundamental process underly-
ing a wide range of phenomena in both natural and engineered
systems. While theoretical frameworks have mostly focused on
energy transduction with a single input and output,1–6 many real-
world systems deviate from this simplicity, performing transduction
across multiple resources. For example, cells metabolize a variety
of substrates—such as glucose, proteins, and fatty acids—to extract
free energy, which drives essential processes such as biosynthesis,
transport, and signaling. Similarly, in food webs, organisms derive
energy from diverse resources—ranging from specific prey to plant
matter—and allocate it to essential functions such as metabolism,
growth, reproduction, and ecological interactions. In engineered
systems, power grids integrate energy inputs from fossil fuels,
nuclear power, and renewables, distributing it to industrial oper-
ations, residential applications, transportation, and energy storage
systems. Defining efficiency in these systems requires a rigorous

framework to address conceptual challenges—such as identifying
inputs and outputs, accounting for maintenance costs, recycling,
and downstream losses—while ensuring consistency across studies,
avoiding case-specific, non-generalizable definitions.

In this paper, we present a comprehensive framework for ana-
lyzing energy transduction in open chemical reaction networks
(CRNs), focusing on stationary conditions. Open CRNs provide an
ideal platform for studying multi-resource transduction in com-
plex networks for several key reasons. First, they are ubiquitous
in nature, with examples spanning different fields and scales,
including biochemistry,7 combustion,8 ecology,9 geochemistry,10

biogeochemistry,11,12 atmospheric chemistry,13,14 and astrochem-
istry.15 Second, they are inherently complex because, unlike systems
that process a single conserved quantity—such as energy in ther-
mal engines or charge in electrical circuits—they function like a
marketplace, where a large variety of molecular species exchange
groups of atoms through reactions. These reactions naturally form
a hypergraph, capturing the many-to-many relationships inherent
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in CRNs. Third, most CRNs exchange a multitude of molecular
species with their environment. These species, known as chemostat-
ted species, are maintained at fixed concentrations over relevant
time scales by their respective environmental reservoirs, called
chemostats, which set the CRN’s operating conditions. As we will
show, the transformation induced on the environment by the chem-
ical reactions can be decomposed into chemical processes, which
are stoichiometrically balanced conversions among chemostatted
species and can be viewed as effective reactions between them.
Transduction occurs when free energy is transferred between chem-
ical processes—in particular, when exergonic processes, running
thermodynamically downhill, drive endergonic processes uphill.
Simple transduction involves a single exergonic process coupled
to a single endergonic one. However, in most cases, open CRNs
perform multi-resource transduction, involving multiple interacting
processes, which establishes them as paradigmatic multi-resource
transducers.

The first systematic framework for analyzing transduction in
CRNs was pioneered by Hill1 but was restricted to (pseudo)linear
CRNs—the simplest type of CRNs, where the hypergraph structure
reduces to a simple graph. More recently, a theoretical frame-
work was developed to extend transduction analysis to nonlinear
CRNs.16 While this framework effectively handles simple transduc-
tion, it overlooks a crucial issue in the multi-resource case: it offers
no clear guidelines for selecting the processes in terms of which
transduction is analyzed. This selection is critical because there are
numerous possible choices, each leading to distinct definitions of
efficiency. Moreover, an incorrect selection can render transduction
ambiguous or even undetectable.

The first part of this work addresses this gap by outlining the
key requirements for analyzing transduction and establishing a sys-
tematic procedure for selecting the correct set of processes. This
procedure has two key conceptual highlights. First, it generalizes the
framework for defining transduction in thermal engines connected
to multiple heat baths.17 As in that context, a reference equilibrium
environment is specified, which defines the chemical exergy—that is,
the maximum work extractable from out-of-equilibrium chemostats
relative to that reference equilibrium. By adopting this approach, we
adhere to a physically meaningful definition of efficiency, expressed
as the ratio of output to input exergy. Second, we analyze transduc-
tion in terms of elementary processes—those that cannot be further
decomposed into subprocesses—a new concept introduced in this
work. These processes represent the smallest fundamental units of
free energy that can be produced or consumed in the chemostats.
They are defined exclusively by the atomic composition of chemical
species, using the atomic composition matrix as the primary analyt-
ical tool. By basing our analysis on elementary processes, we ensure
that all transduction occurring in the CRN is captured. Once the set
of processes is selected, we prescribe a method for classifying them as
input or output processes, enabling a well-defined measure of trans-
duction efficiency. Unlike previous studies, our framework allows
for the exclusion of “unusable” outputs, accounting for potential
downstream losses that are not captured within the CRN. In addi-
tion, we emphasize the inherently relative nature of transduction
efficiency, as it may depend on the choice of the reference equilib-
rium, the definition of “useful” outputs, and the scope of the CRN
analyzed.

In the second part of this paper, we build on our pre-
vious work,18 where we demonstrated that, similar to most
human-made machines, CRNs possess chemical gears. These
gears—representing multiple transduction pathways, each with a
distinct efficiency—provide a refined understanding of the second
law of thermodynamics. In particular, they allow one to determine
a CRN’s optimal efficiency and identify the specific gear respon-
sible for achieving it as a function of the operating conditions.
Remarkably, this analysis depends solely on the network’s topology.
However, our earlier framework was limited to CRNs undergo-
ing simple transduction. Here, we extend these findings to multi-
resource transduction, demonstrating that chemical gears remain a
powerful analytical tool even in this more general setting.

Finally, in the last part of this paper, we demonstrate the prac-
tical relevance of our framework by applying it to multi-resource
metabolic networks. We analyze a network encompassing glycoly-
sis and gluconeogenesis pathways and a network representing the
respiration and fermentation metabolism of yeasts (Fig. 1). For
the given operating conditions, we identify the gears available for
transduction and the maximum efficiency accessible by the CRN.
To do so, we rely solely on CRN stoichiometry without requiring
any knowledge of the fluxes within the network. These analytical
results—unavailable in previous transduction frameworks—provide
a powerful benchmark for assessing, through experimental flux
measurements or simulations, the extent to which flux regula-
tions are contingent on thermodynamic efficiency considerations.
For instance, this approach could be used to determine whether
metabolic switching points—where an organism’s metabolic fluxes
undergo significant rearrangement in response to changing oper-
ating conditions—are driven by efficiency or other considerations.
Our analysis reveals intriguing findings. In the case of glycolysis and
gluconeogenesis, experimental flux measurements indicate that, out
of eight thermodynamically available gears, only the two least effi-
cient ones are used to transduce in living organisms, raising the
question of why this selection occurs. For the second network, our
analysis reveals that fermentation achieves higher thermodynamic
efficiency than respiration under physiological conditions despite
its lower stoichiometric yield. This highlights the importance of
distinguishing thermodynamic efficiency from stoichiometric yield,
the latter being a non-thermodynamic metric that is commonly
used.19–24

This paper is structured as follows. In Sec. II A, we introduce
the setup; in Sec. II B, we review the concept of CRN cycles; and
in Sec. II C, we define the atomic composition matrix. Section III
formalizes the notions of chemical processes and introduces the sub-
class of elementary processes. Section III B defines complete and
independent sets of processes and their properties. Section IV A out-
lines the essential criteria that a set of processes must satisfy to be
suitable for a transduction analysis. Section IV B shows how estab-
lishing reference equilibrium naturally determines a special set of
processes and the exergies of chemical species. Building on these
results, Sec. IV C presents a systematic procedure to select an appro-
priate set of processes for transduction. In Sec. IV D, we define
transduction efficiency, emphasizing its relative nature. Section V
extends the concept of chemical gears to multi-process transduction:
We start by reviewing the notion of elementary flux modes (EFMs)
in Sec. V A, which are used in Sec. V B to define gears and their

J. Chem. Phys. 163, 044106 (2025); doi: 10.1063/5.0280649 163, 044106-2

Published under an exclusive license by AIP Publishing

 23 July 2025 16:11:06



The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 1. (a)+ (c) Open CRN encompassing glycolysis and gluconeogenesis (GG network) alongside a schematic open CRN representing yeast’s respiration and fermentation
metabolism (RF network). Chemostatted species are highlighted. Below each respective CRN, a schematic representation emphasizes their structural organization, with
dashed arrows indicating the forward direction (by convention) of reactions. (b)+ (d) Sets of chemical processes through which transduction is analyzed in the corresponding
networks. Throughout this paper, the sign imposed to the associated Gibbs free energy changes is chosen according to physiological conditions (Table I).

efficiencies. In Sec. V C, we introduce the concept of gear con-
formality. Section VI A presents the topological upper bound on
transduction efficiency established by gears, with applications to the
two illustrative metabolic networks in Sec. VI B. Discussions and
conclusions are laid out in Sec. VII.

II. OPEN CHEMICAL REACTION NETWORKS
In this section, we review the central concepts needed in the rest

of this paper to describe CRNs.

A. Setup
We consider open and well-stirred chemical reaction networks

(CRNs) under stationary conditions, consisting of a set of reversible
reactions ρ, internal species X, and external species Y . All reac-
tions are mass- and charge-preserving conversions among species.
The external species are chemostatted, meaning they are contin-
uously exchanged with the environment, which ensures that their

concentrations—and thus their chemical potentials—remain con-
stant over time. Figures 1(a) and 1(c) illustrate the two representative
open CRNs analyzed in this paper. The first depicts a network com-
bining glycolysis and gluconeogenesis (GG network),16 while the
second represents a coarse-grained yet thermodynamically complete
model of yeast metabolism capturing both respiration and fermenta-
tion (RF network).21 As detailed in Secs. II C and II D, this simplified
representation retains all necessary information for our analysis. In
both cases, the Y species are highlighted. The state of the system is
defined by the vector of concentrations,

z = (x
y
), (1)

where x = (. . . , [xi], . . .) denotes the concentrations of the internal
species X and y = (. . . , [yi], . . .) denotes the concentrations of the
external species Y . The evolution of these concentrations is governed
by the stoichiometric matrix S,25 which encodes the topology of the
CRN by specifying how reactions interconvert species. Defining this
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matrix requires establishing the forward direction for each reaction.
By separating the stoichiometric matrix with respect to internal and
external species,

S = (S
X

SY), (2)

one can write CRN’s dynamics as

dtx = SXJ, (3a)

dty = SY J + IY. (3b)

The vector J represents the vector of the reaction fluxes, where
Jρ is the net rate at which reaction ρ occurs in the forward direc-
tion; similarly, IY is the exchange flux vector, with IY

y specifying the
net rate at which species y is transferred from the chemostat to the
CRN. For example, in the GG network [Fig. 1(a)], the concentra-
tions of the internal species G6P and the external species ATP evolve
according to

dt[G6 P] = JGG
1 + JGG

2 − JGG
3 , (4a)

dt[ATP] = −JGG
1 − JGG

4 + JGG
9 + JGG

12 + JGG
14 + IY

ATP. (4b)

Under the stationary conditions considered in this paper, the flux
satisfies

dtx = 0 ⇒ SXJ = 0, (5a)

dty = 0 ⇒ SY J = −IY. (5b)

We note that fixing either the external concentrations to y or the
exchange fluxes to IY leads to equivalent stationary conditions.

We emphasize that the results presented in this paper also
apply to compartmentalized CRNs, provided each compartment is
well-stirred. In such cases, the same chemical species in different
compartments are treated as distinct.

B. CRN cycles
Given an open CRN, a cycle ψ is defined as any sequence of

reactions that upon completion does not change the concentrations
of the internal species X. For example, the sequences of reactions
+1 and −2 in the GG network [Fig. 1(a)] and +3, +5, and −2 in the
RF network [Fig. 1(c)] form cycles whose sole effect is ATP hydrol-
ysis. Mathematically, ψ is a vector in the space of reactions whose
entries, ψρ, denote the number of times each reaction ρ occurs. This
vector satisfies the condition,

SX ψ = 0, (6)

which ensures that the concentrations of species X remain
unchanged. The previous two cycles in mathematical form read

ψGG = 1

2
(+1
−1
), ψRF =

2

3

5

⎛
⎜⎜
⎝

−1
+1
+1

⎞
⎟⎟
⎠

, (7)

where only the nonzero entries are displayed for simplicity. The
matrix SY quantifies how cycle ψ affects the Y species. Accordingly,
we classify cycles as external if they alter Y-species concentrations,
SYψ ≠ 0, and as internal if they do not, SYψ = 0. Cycles ψGG and
ψRF are both external since they hydrolyze ATP, whereas

ψ′GG =

1

2

4

5

⎛
⎜⎜⎜⎜
⎝

+1
−1
−1
+1

⎞
⎟⎟⎟⎟
⎠

(8)

is an example of an internal cycle. The full space of cycles can be
described using a basis that consists of two distinct sets of vectors,
{ϕi} ∪ {ϕϵ}. Here, {ϕi} is a basis for the internal cycles and {ϕϵ} is
a set of independent external cycles, referred to as emergent cycles.25

The number of {ϕi} is given by ∣i∣ = dim[ker(S)], while the number
of emergent cycles is given by ∣ϵ∣ = dim[ker(SX)] − dim[ker(S)].
The selection of these two sets is in general arbitrary. For example,
the GG network in Fig. 1(a) has one internal cycle,

ϕGG
i1
=

1

2

4

5

⎛
⎜⎜⎜⎜
⎝

+1
−1
−1
+1

⎞
⎟⎟⎟⎟
⎠

, (9)

and three emergent cycles that can be chosen as follows:

ϕGG
ϵ1
= 1

2
(+1
−1
), ϕGG

ϵ2
=

12

13

14

⎛
⎜⎜
⎝

+1
−1
−1

⎞
⎟⎟
⎠

, ϕGG
ϵ3
=

1

3

4

6

7

8

9

10

11

12

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

+1
+1
+1
+1
+1
+2
+2
+2
+2
+2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (10)

The RF network in Fig. 1(c) has only three emergent cycles and a
possible choice for them is

ϕRF
ϵ1
=

1

3

6

⎛
⎜⎜
⎝

+1
+1
+1

⎞
⎟⎟
⎠

, ϕRF
ϵ2
=

1

2

4

⎛
⎜⎜
⎝

+1
+1
+1

⎞
⎟⎟
⎠

, ϕRF
ϵ3
=

4

5

6

⎛
⎜⎜
⎝

+1
+1
−1

⎞
⎟⎟
⎠

. (11)

Finally, we note that any stationary flux J is also a cycle since
it leaves the concentrations of the X species unchanged, satisfy-
ing Eq. (5a). Therefore, it can be decomposed using the basis
{ϕi} ∪ {ϕϵ},

J =∑
i

Jiϕi +∑
ϵ

Jϵϕϵ. (12)
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C. Atomic composition matrix
The atomic composition matrix A encodes the atomic-level

structure of chemical species—a level of detail generally unavailable
from the stoichiometric matrix alone. This matrix is essential for
defining chemical processes, as discussed later in Sec. III. For exam-
ple, each element Aa,z denotes the number of atoms of type a in the
chemical species z. To incorporate molecular charge, A includes an
additional row, where each entry represents the charge of the cor-
responding species. The concentration of atoms a in the system is
given by

[a] =∑
x
Aa,x [x] +∑

y
Aa,y [y]. (13)

Since the net change in chemical species due to any reaction ρ,
quantified by Sρ, conserves atomic counts and charge, it follows that

Aa Sρ = 0, (14)

where Aa is the row corresponding to atom a. Given that this holds
for every reaction, we get

Aa S = 0. (15)

Thus, the row vectors of A lie in the cokernel (left null space) of S.
However, A may not fully span the cokernel and its rows can also
be linearly dependent.26 The latter happens, for example, when two
atomic types always appear in the same ratio across all species. Anal-
ogously to the stoichiometric matrix, the atomic composition matrix
A can be partitioned into internal and external species blocks,

A = (AX AY). (16)

Since emergent cycles ϕe generate effective reactions involving only
Y species, given by SYϕe, they satisfy

AYSYϕe = 0. (17)

In what follows, we focus exclusively on effective reactions among
external species Y since, under stationary conditions, they are
the only ones being produced or consumed. Accordingly, only
AY , which encodes the atomic composition of external species, is
relevant. Therefore, a coarse-graining of internal species or reac-
tions is admissible, provided the resulting network gives rise to
effective reactions among external species that preserve mass and
charge—as in the RF network in Fig. 1(c). In addition, the coarse-
graining must maintain thermodynamic consistency, as discussed in
Sec. II D.

D. Local validity of the second law
In the following, we assume that the CRN is embedded in an

isothermal and isobaric reservoir (e.g., the water solution in bio-
chemistry) and that the second law is valid for every reaction ρ,
that is,

− JρΔρG ≥ 0. (18)

ΔρG = μ ⋅ Sρ is the Gibbs free energy change associated with reac-
tion ρ, with μ = (. . . , μi, . . .) being the vector of chemical potentials.

This assumption is well known for elementary reactions, but it also
encompasses any non-elementary reaction resulting from a coarse-
graining of multiple elementary reactions into a single emergent
cycle.27 This includes, for example, any enzymatic reactions occur-
ring in the cytosol28 as well as the effective reactions in the RF
network [Fig. 1(c)] corresponding to glycolysis (reaction 1) and
TCA-cycle + Oxidative phosphorylation (reaction 4).16

III. CHEMICAL PROCESSES
Under stationary conditions, the CRN draws in multiple

Y species from the surroundings, transforms them through chem-
ical reactions, and releases newly formed Y species back into the
environment. At its core, this operation redistributes atoms among
external species while exchanging heat with the thermal reservoir.
The chemical processes introduced here, particularly the elemen-
tary ones, provide a systematic framework for characterizing this
redistribution.

A. Definition
A chemical process is defined as an effective reaction among

the Y species that is stoichiometrically balanced with respect to mass
and charge. Since these quantities are conserved by all reactions in
the CRN, Eq. (14), each external cycle ψ identifies a valid process
p = SYψ. For example, the emergent cycle ϕGG

ϵ1
in Eq. (10) realizes

ATP hydrolysis,

pGG
ϵ1

: ATP +H2O→ ADP + Pi +H+, (19)

and the emergent cycle ϕRF
ϵ1

from Eq. (11) realizes the process,

pRF
ϵ1

:
Glc + 2ADP + 2Pi + 2H+

↓
2 Eth + 2CO2 + 2ATP + 2H2O

, (20)

which corresponds to the fermentation of glucose into ethanol that
yields 2 ATP molecules. Formally, a process p is a vector in the space
of Y species, where each entry py denotes the number of y molecules
consumed or produced by that process. We can mathematically
rewrite the two processes above as

pGG
ϵ1
=

ATP

H2O

ADP

Pi

H+

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

−1
−1
+1
+1
+1

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

, pRF
ϵ1
=

Glc

Eth

CO2

ATP

H2O

ADP

Pi

H+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−1
+2
+2
+2
+2
−2
−2
−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (21)

where we display only the nonzero entries for conciseness. The
fact that any chemical process conserves atomic counts and charge
translates into the condition,

AY p = 0, (22)
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where AY is the atomic composition matrix reduced to the external
species from Sec. II C.

Elementary processes constitute a special class of processes rep-
resenting the most basic interconversions among the Y species.
These are defined as processes that cannot be further decomposed
into subprocesses (see Appendix A for more details including how
to compute them). For example, pGG

ϵ1
is elementary, while pRF

ϵ1
is not.

The reason is that the latter carries out two subprocesses: the conver-
sion of glucose to ethanol, Glc→ 2Eth + 2CO2, and ATP synthesis,
2ADP + 2Pi + 2H+ → 2ATP + 2H2O, both of which are elementary.

We emphasize that the definition of processes only depends
on the atomic composition of the Y species. The processes that a
CRN can actually execute (under stationary conditions) form a
subset of all possible processes,

ΠCRN = {SY J}, (23)

where J is any stationary flux. In Appendix B, we characterize ΠCRN,
demonstrating that the processes implemented by the emergent
cycles form a basis for this set.

B. Complete and independent sets of processes
This section aims to identify a set of processes that provides

a univocal description of matter flow through the CRN, that is, of
the intake and release of Y species quantified by the exchange flux
vector IY in Eq. (5b). Establishing such a set will be essential for
the later discussion of transduction in Sec. IV A. To serve this pur-
pose, the set of processes must meet two fundamental requirements:
completeness and linear independence. We call a set {p} complete if
linear combinations of its elements can represent any process realiz-
able by the CRN [i.e., any process in ΠCRN defined in Eq. (23)]. Such
completeness enables the decomposition of IY ,

− IY = SY J =∑
{p}

Ip p, (24)

where Ip denotes the steady state rate at which process p occurs:
Ip > 0 when the process proceeds forward and Ip < 0 when it pro-
ceeds backward. If the set {p} is both complete and linearly indepen-
dent, this decomposition becomes unique. Substituting Eq. (24) into
the entropy production expression for the chemostats then yields a
corresponding unique decomposition of the entropy production,

Σ̇ = μY ⋅ I
Y = −∑

{p}
Ip ΔpG. (25)

Here, μY represents the vector of chemical potentials of the
Y species, which specifies the operating conditions, and
ΔpG = μY ⋅ p is the Gibbs free energy change caused by pro-
cess p. This Gibbs free energy change is equivalent to the sum of
the products’ chemical potentials minus the sum of the reactants’
chemical potentials. For any given CRN, it is always possible to
identify a complete and independent set of processes. Examples for
the GG and RF networks will be presented later in Eqs. (34) and
(35), together with the corresponding decompositions of −IY and Σ̇
in Eqs. (37) and (38).

IV. TRANSDUCTION EFFICIENCY
In Sec. III, we introduced the notion of chemical processes as a

means to decompose the flux of Y species through the CRN, IY , into

mass- and charge-preserving components [see Eq. (24)]. Given that
energy transduction is, at its core, the transfer of free energy among
chemical processes—processes going thermodynamically downhill
drive others uphill—the first step to analyze transduction is to iden-
tify a suitable set of processes, T , which we use to interpret and
quantify these free energy transfers. In the simplest case where there
is a single input and a single output, the choice of T is straight-
forward. However, when multiple processes are involved, several
choices for T become possible.

To reduce this ambiguity, in Sec. IV A, we first establish the
essential criteria that any admissible set T must satisfy and examine
the consequences of an improper choice. Yet, even after these con-
straints are imposed, multiple valid sets T typically remain—each
potentially yielding a different definition of transduction efficiency.
Therefore, in Sec. IV C, we introduce a physically motivated pro-
cedure for unambiguously selecting T . This procedure relies on
defining a reference equilibrium environment. In Sec. IV B, we
explain how to define it in the context of CRNs and show how
reference equilibrium naturally identifies a unique set of processes.
In addition, we outline how this procedure is closely connected to
the thermodynamic concept of exergy, whose precise meaning and
relevance will be detailed in that same section.

Once T has been established, we turn to the definition of trans-
duction efficiency in Sec. IV D. There, we explain how to distinguish
input and output processes, formally express efficiency in Eq. (53),
and discuss its inherently relative nature.

A. Suitable set of processes T for transduction
A set of processes T suitable for analyzing transduction

must satisfy three key requirements: it must be (i) complete
(see Sec. III B), (ii) linearly independent, and (iii) composed
exclusively of elementary processes.

Completeness ensures that T can describe any possible CRN’s
net effect on the chemostatted species, while linear independence
ensures that transduction efficiency is unambiguously defined. We
now illustrate why. Consider the following set of processes for the
RF network that satisfies neither of these two requirements:

{pGlcR
, pEthR

, pGlcF
}, (26)

with

pGlcR
: Glc + 6O2 → 6CO2 + 6H2O, (27a)

pEthR
: Eth + 3O2 → 2CO2 + 3H2O, (27b)

pGlcF
: Glc→ 2 Eth + 2CO2. (27c)

pGlcR
, pEthR

represent glucose and ethanol respiration, respectively,
while pGlcF

represents glucose fermentation. This set is problem-
atic for two reasons: it cannot describe ATP consumption or pro-
duction within the CRN, and it exhibits linear dependence, as
pGlcR

= pGlcF
+ 2pEthR

. Such dependence leads to multiple possible
interpretations of the same process run by the CRN: For example,
glucose respiration might be equivalently described as glucose fer-
mentation, followed by ethanol respiration (performed twice). These
different interpretations yield distinct decompositions of −IY and
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entropy production, Eqs. (24) and (25), and different definitions of
transduction efficiency, as will become clear later through Eq. (53).

While the theory applies generally, requirement (iii) is moti-
vated by the following physical observation: elementary processes
constitute the smallest fundamental units by which free energy
can be generated or dissipated in chemostats. Moreover, transduc-
tion occurring at the level of elementary processes may become
undetectable when analyzed through non-elementary ones. As an
example of this, consider the simple CRN,

A + B
+1
ÐÐ⇀↽ÐÐ
−1

AB
+2
ÐÐ⇀↽ÐÐ
−2

CD
+3
ÐÐ⇀↽ÐÐ
−3

C +D, (28)

where the Y species are A, B, C, and D. This CRN has a single emer-
gent cycle, corresponding to the sequence of reactions +1, +2, and
+3, which realizes the process,

p : A + B→ C +D. (29)

Suppose that knowledge of the mass and charge of the Y species
reveals that p consists of two elementary processes,

p = p′ + p′′, (30)

with

p′ : A→ C ΔG′ = μC − μA < 0, (31a)

p′′ : B→ D ΔG′′ = μD − μB > 0. (31b)

Assuming a stationary flux from left to right, the CRN clearly
performs transduction when analyzed in terms of p′ and p′′: a
portion of the free energy consumed by p′ is utilized to drive
the thermodynamically unfavorable process p′′ with an efficiency
η = ∣ΔG′′∣/∣ΔG′∣. However, when the same CRN is described in
terms of the single, non-elementary process p, which satisfies
requirements (i) and (ii), this transduction becomes invisible since
p is the only process at play.

B. Reference equilibrium: Associated processes
and chemical exergies

In this subsection, we first explain how a reference equilib-
rium environment is established for open CRNs. We then show
that species out of equilibrium with respect to this reference natu-
rally determine a set of processes that satisfy the first two criteria
from Sec. IV A: completeness and linear independence. Finally,
we clarify how the Gibbs free energies associated with these pro-
cesses are connected to the thermodynamic concept of exergy. These
results will serve as the conceptual basis for the procedure devel-
oped in Sec. IV C, aimed at constructing the set T used to analyze
transduction.

Setting a reference equilibrium for the Y species interacting
through the CRN amounts to specifying their equilibrium chemi-
cal potentials, denoted by the vector μeq

Y . To be in equilibrium, these
must satisfy the condition that, for every process p executable by the
CRN, p ∈ ΠCRN, the associated Gibbs free energy change vanishes,

ΔpGeq = μeq
Y ⋅ p = 0. (32)

Since the number of independent processes in ΠCRN corresponds to
the number of independent emergent cycles, ∣ϵ∣ (see Appendix B),
this imposes ∣ϵ∣ independent constraints on μeq

Y . Consequently, only
∣YP∣ = ∣Y ∣ − ∣ϵ∣ equilibrium chemical potentials need to be speci-
fied to fully determine μeq

Y . The corresponding subset YP ⊂ Y is
referred to as the set of potential species since it defines the equilib-
rium chemical potentials of all Y . In contrast, the remaining species
YF ⊂ Y , with ∣YF ∣ = ∣ϵ∣, are referred to as the force species. These
species generally possess nonequilibrium chemical potentials rela-
tive to μeq

Y , thereby driving the CRN away from equilibrium. Since
both the GG and RF networks feature three independent emer-
gent cycles, Eqs. (10) and (11), three force species are required in
each case. A possible choice used in the subsequent transduction
analysis is

YGG
F = {Glc,GTP,ATP}, YRF

F = {Glc,Eth,ATP}. (33)

Once the classification of Y species is achieved, each force species
yF ∈ YF identifies a nonequilibrium process pF that exclusively
involves itself and YP, i.e., mathematically: pF,y ≠ 0 only when y = yF
or y ∈ YP (see Appendix C). Since each pF converts a different yF into
YP, these processes are all independent. In addition, in Appendix C,
we show that the set P = {pF} is also complete. For the GG network,
the set YGG

F identifies,

YGG
F = {Glc,GTP,ATP},

⇓
PGG = {pGlc→Pyr, pGTP, pATP},

(34)

which correspond to the conversion of glucose into pyruvate,
GTP, and ATP hydrolysis. Similarly, for the RF network, the set
YRF

F identifies,

YRF
F = {Glc,Eth,ATP},

⇓
PRF = {pGlcR

, pEthR
, pATP},

(35)

which correspond to glucose and ethanol respiration and ATP
hydrolysis. Explicitly, these processes are [Figs. 1(b) and 1(d)]

pGlc→Pyr : Glc + 2NAD+ → 2Pyr + 2NADH + 2H+, (36a)

pGTP : GTP +HCO3 →GDP + Pi + CO2, (36b)

pATP : ATP +H2O→ADP + Pi +H+, (36c)

pGlcR
: Glc + 6O2 → 6CO2 + 6H2O, (36d)

pEthR
: Eth + 3O2 → 2CO2 + 3H2O. (36e)

Since both PGG and PRF are complete and independent, they can be
used to uniquely decompose the flux of Y species transferred from
the CRN to the chemostats, Eq. (24),

− IY ,GG = IGlc→Pyr pGlc→Pyr + IGTP pGTP + IATP pATP, (37a)
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− IY ,RF = IGlcR pGlcR
+ IEthR pEthR

+ IATP pATP. (37b)

The Gibbs free energy changes associated with these processes,
ΔFG = μY ⋅ pF , quantify the independent nonequilibrium thermo-
dynamic forces acting on the CRN. In particular, when ΔFG = 0, the
chemical potential of species yF matches its equilibrium value, as
determined by the chemical potentials of the potential species YP.
Similarly, PGG and PRF can be used to uniquely decompose the
entropy production as in Eq. (25),

Σ̇GG = −IGlc→Pyr ΔGlc→PyrG − IGTP ΔGTPG − IATP ΔATPG, (38a)

Σ̇RF = −IGlcR ΔGlcR G − IEthR ΔEthR G − IATP ΔATPG, (38b)

where

ΔGlc→PyrG = 2μPyr + 2μNADH + 2μH+ − μGlc − 2μNAD+ , (39a)

ΔGTPG = μGDP + μPi + μCO2 − μGTP − μHCO3 , (39b)

ΔATPG = μADP + μPi + μH+ − μATP − μH2O, (39c)

ΔGlcR G = 6μCO2 + 6μH2O − μGlc − 6μO2 , (39d)

ΔEthR G = 2μCO2 + 3μH2O − μEth − 3μO2. (39e)

Throughout the following analysis, we assume that all of the
above-mentioned Gibbs free energy changes are negative, which is
reasonable under typical physiological conditions (see Table I).

1. Exergy interpretation
We first define the concept of exergy for a steady-state sys-

tem coupled to multiple reservoirs not in mutual equilibrium.17,29

The exergy of a reservoir is defined as the maximum useful work
obtainable through the transfer of conserved quantities (energy,
matter, or charge) between that reservoir and the subset of reser-
voirs defining the reference equilibrium environment. For example,
in the chemical context, once the reference equilibrium is fixed via
the choice of potential species YP, the exergy of each force species
yF ∈ YF becomes well-defined. It corresponds to the Gibbs free
energy change of the associated process pF ,

∣ΔFG∣ = ∣μY ⋅ pF ∣. (40)

TABLE I. Processes from Eq. (36) and their corresponding free energy changes
under standard physiological conditions from Ref. 53.

Chemical process − ΔG (kJ mol−1)

Glucose→ pyruvate 170 ± 40 (= 68 ± 15RT)
GTP hydrolysis 35 ± 7 (= 14 ± 3RT)
ATP hydrolysis 46 ± 4 (= 18.4 ± 1.7RT)
Glucose respiration 2910 ± 50 (= 1180 ± 20RT)
Ethanol respiration 1350 ± 25 (= 540 ± 10RT)

This value quantifies the maximum useful work extractable from the
nonequilibrium concentration of yF . In particular, if pF is rescaled
so that it consumes exactly one molecule of yF (i.e., pF,yF = 1), then
∣ΔFG∣ corresponds to the chemical exergy per molecule of yF .

In Sec. IV D, by analyzing transduction in terms of the pro-
cesses {pF}, we adhere to the physically meaningful definition
of efficiency as the ratio between output and input exergy. This
approach generalizes to chemistry the method used to define effi-
ciency for thermal engines connected to multiple heat baths.17 In
the simpler case of thermal engines, a single “potential” temperature
suffices to establish the reference equilibrium, as energy is the only
exchanged quantity. In contrast, chemical transduction involves
the exchange of multiple species with the surroundings, requiring
multiple potential species YP to define the reference equilibrium.

Finally, because exergy values depend on the chosen refer-
ence equilibrium, the resulting transduction efficiency may also
inherit the same contextual dependence. This arbitrariness will be
commented on in Sec. IV C.

C. Procedure for selecting the set of processes
T for transduction

Here, building on Sec. IV B, we introduce the procedure for
selecting the set of processes, T , which meets the three requirements
outlined in Sec. IV A. We begin with a schematic overview of the
procedure before delving into a discussion of its individual steps.

1. Define reference equilibrium and determine the correspond-
ing set of processes {pF} linked to the force species, as
explained in Sec. IV B. This set satisfies the first two
requirements: completeness and independence.

2. Next, verify whether all processes in {pF} are elementary (see
Appendix A):
(a) If all processes are elementary: we simply set T = {pF}.
(b) If not: consider a non-elementary process pF and extract

from it an elementary subprocess p (see Appendix A 1).
Then, redefine the CRN to include an additional
“virtual” reaction that realizes p and repeat the proce-
dure from step 1. This updated CRN will feature an
additional emergent cycle, necessitating the selection
of an additional force species when defining reference
equilibrium.

If we apply step 1 to the GG and RF networks choosing
YGG

F = {Glc, GTP, ATP} and YRF
F = {Glc, Eth, ATP}, one obtains the

two sets of processes in Eqs. (34) and (35). It can be verified that
these processes are all elementary (see Appendix A). Therefore, the
two sets for transduction are

T GG = {pGlc→Pyr, pGTP, pATP}, (41a)

T RF = {pGlcR
, pEthR

, pATP}. (41b)

Regarding the arbitrariness of step 1 in selecting the reference
equilibrium, the specific case study can offer guidance. A practi-
cal general criterion is to designate the more abundant species in
the environment as YP. The rationale behind this choice is that,
due to their abundance, the concentrations of these species—and,
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consequently, the reference equilibrium they define—remain effec-
tively unchanged, even over the long time scales (not considered
here) where chemostats equilibrate. In addition, for interpretabil-
ity, it is often useful to classify as YF those species that are naturally
regarded as the system’s “fuel species.” We also observe that many
different choices for the reference equilibrium result in the same set
of processes, thus resolving part of the arbitrariness. For instance,
in the GG network, the following choices for the force species:
{Glc, GTP, ATP}, {NAD+, GTP, ATP}, {Glc, HCO3, ATP}, and
{Glc, GTP, H2O}, all lead to the same T GG in Eq. (41a).

Step 2 ensures that transduction is fully resolved by analyz-
ing it in terms of elementary processes. In particular, it applies to
CRNs that cannot execute certain elementary processes, i.e., these
processes do not belong to ΠCRN, Eq. (23). This situation arises,
for example, in tightly coupled CRNs, such as the one described
in Eq. (28), where elementary processes (p′ and p′′) always occur
together and in a fixed ratio. In the case of tightly coupled CRNs,
step 1 yields a single non-elementary pF , which in our case corre-
sponds to p in Eq. (29). To proceed further, step 2 (b) is applied: an
elementary subprocess of p—for instance, p′—is extracted and intro-
duced as a virtual reaction in the CRN. This results in the following
updated CRN:

A + B
+1
ÐÐ⇀↽ÐÐ
−1

AB
+2
ÐÐ⇀↽ÐÐ
−2

CD
+3
ÐÐ⇀↽ÐÐ
−3

C +D,

A
+4
ÐÐ⇀↽ÐÐ
−4

C.

(42)

Then, repeating step 1 on this modified CRN and choosing, for
example, YF = {A, B} produces the correct set of elementary pro-
cesses T = {p′, p′′}. The intuitive idea behind step 2 (b) is that, by
adding a virtual reaction corresponding to an elementary process,
it allows the CRN to resolve non-elementary processes into their
constituent elementary ones.

D. Definition of efficiency
Once a proper set of processes T has been identified, we

can define the transduction efficiency η. Here, the key conceptual
step is determining which processes qualify as input and which as
output. Notably, this classification, T = T in ∪ T out, is not solely dic-
tated by the network topology and operating conditions but also by
the specific CRN stationary state. In particular, the reaction fluxes
within the network determine whether a process proceeds thermo-
dynamically downhill (input) or uphill (output). This classification
naturally emerges from entropy production, where positive contri-
butions correspond to input processes and negative contributions
to output processes. We first illustrate the procedure for the two
CRN examples before providing the general definition in Eq. (53).

1. Examples
From Eq. (38a), the stationary entropy production of the

GG network decomposed in terms of T GG reads

Σ̇GG = −IGlc→Pyr ΔGlc→PyrG − IGTP ΔGTPG − IATP ΔATPG. (43)

Given our assumption ΔFG < 0 for all processes, the sign of the
contributions in Eq. (43) is determined by the direction of the

chemostat fluxes, IGlc→Pyr, IGTP, and IATP, which depends on the
chemical potentials μY and the reactions’ kinetics. We can con-
sider various scenarios. In the case of gluconeogenesis, ATP and
GTP are consumed to generate glucose, meaning that IGlc→Pyr < 0,
IGTP > 0, IATP > 0. If we denote the input–output split using the
notation,

s : T in → T out, (44)

then for gluconeogenesis, one has

sGluc : {pGTP, pATP}→ {−pGlc→Pyr}, (45a)

η(sGluc) = IGlc→PyrΔGlc→PyrG
−IGTPΔGTPG − IATPΔATPG

, (45b)

where the transduction efficiency is defined as the ratio of the output
to the input terms. In the case of glycolysis, glucose is consumed to
generate ATP. Depending on whether GTP is degraded or produced,
two possible scenarios arise

sGlyc
1 : {pGlc→Pyr, pGTP}→ {−pATP}, (46a)

η(sGlyc
1 ) = IATPΔATPG

−IGlc→PyrΔGlc→PyrG − IGTPΔGTPG
(46b)

and

sGlyc
2 : {pGlc→Pyr}→ {−pATP,−pGTP}, (47a)

η(sGlyc
2 ) = IATPΔATPG + IGTPΔGTPG

−IGlc→PyrΔGlc→PyrG
. (47b)

Similarly, from Eq. (38b), the entropy production of the RF network
can be decomposed as

Σ̇RF = −IGlcR ΔGlcR G − IEthR ΔEthR G − IATP ΔATPG. (48)

If the CRN uses glucose as the carbon source, oxidizing it to either
ethanol or CO2, one has IGlcR > 0, IEthR < 0, and IATP < 0, leading
to

sGlc : {pGlcR
}→ {−pATP,−pEthR

}, (49a)

η(sGlc) = IEthRΔEthR G + IATPΔATPG
−IGlcRΔGlcR G

. (49b)

Using this last example as an illustration, we highlight an important
feature of the framework: the flexibility to selectively include only
a portion of the output processes when defining efficiency. This is
particularly valuable when certain outputs, although thermodynam-
ically significant, are not utilized by the system—their stored free
energy is ultimately dissipated through external reactions, making it
effectively irrecoverable. For example, consider a scenario in which
yeast (RF network) ferments glucose into ethanol and bacteria in the
surrounding environment consume that ethanol as part of subse-
quent stages in the ecological chain. From the yeast’s perspective,
the free energy stored in ethanol is effectively lost, as the yeast does
not reuse it. As a result, the efficiency with which the yeast captures
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the glucose’s free energy relies solely on the ATP produced during
fermentation. This efficiency is, therefore, smaller and equal to

η∗(sGlc) = IATPΔATPG
−IGlcRΔGlcR G

≤ IEthRΔEthR G + IATPΔATPG
−IGlcRΔGlcR G

= η(sGlc). (50)

To formalize this approach, depending on the specific system, one
can partition the full set of output processes into two disjoint subsets:
target output processes (or “useful” processes)—those whose stored
free energy can be harnessed by the system at a later stage—and non-
recoverable output processes, whose stored free energy is effectively
lost. This distinction allows us to define the target efficiency, denoted
by η∗, which quantifies the system’s effectiveness at converting input
free energy solely into its designated target outputs. We formalize it
later in Eq. (54). We note that while focusing on a subset of out-
put processes ensures that the resulting target efficiency remains less
than 1, the same cannot be said for input processes. Input processes
represent free energy costs in the system and neglecting any of these
costs could result in an unphysical efficiency greater than 1.

2. General procedure
Having presented specific examples, we now outline the gen-

eral prescription for defining transduction efficiency, followed by a
discussion highlighting its inherently relative nature.

1. Select the set of processes T (see Sec. IV C) and use it to
decompose the entropy production,

Σ̇ = −∑
p ∈ T

IpΔpG > 0. (51)

(We assume nonzero fluxes and, therefore, nonzero
dissipation.)

2. Split this set into input and output processes, T = T in ∪ T out,
depending on the sign of the individual contributions,

Σ̇ = ∑
p′ ∈ T in

− Ip′Δp′G

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Σ̇in(s)>0

+ ∑
p′′ ∈ T out

− Ip′′Δp′′G

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Σ̇out(s)≤0

> 0. (52)

Σ̇in(s) is the sum of positive contributions, which represent
input fluxes of free energy, while Σ̇out(s) is the sum of negative
contributions, which represent output fluxes of free energy.
Again, s : T in → T out denotes the input–output split.

3. If T out = ∅, no transduction is occurring. Otherwise, the
transduction efficiency is defined as

η(s) = −Σ̇out(s)
Σ̇in(s)

< 1. (53)

4. Depending on the system under analysis, restrict the set of
output processes only to the useful ones, T ∗out ⊂ T out,

η∗(s) = −Σ̇
∗

out(s)
Σ̇in(s)

≤ η(s) < 1, (54)

where

Σ̇∗out(s) = −∑p′′ ∈ T ∗out
Ip′′Δp′′G.

This procedure makes it clear that η is not an absolute quan-
tity. Its definition depends on the set of processes, T , chosen for
analyzing transduction, which can vary depending on the selected
reference environment, on the sign of −IpΔpG, which determines
whether a process is classified as input or output, and finally on
which output processes are considered “useful.” Moreover, the
transduction efficiency associated with a CRN can change when the
same CRN is analyzed as part of a larger network.

The first reason for this is that a larger network may capture
additional dissipation associated with transduction. For example,
in the GG network, all reactions are catalyzed by specific enzymes
that, in reality, have a finite lifespan and undergo periodic degra-
dation and re-synthesis. This cycle of degradation and re-synthesis
results in additional consumption of ATP and GTP. While this cost
of maintaining enzymes is not included in the GG network we are
considering, it could be captured by a larger CRN.

A second reason is that expanding the network can introduce
new external species, potentially requiring a redefinition of the ref-
erence equilibrium. In particular, species previously classified as
potential species may be reclassified as force species, and vice versa.
Such a redefinition can, in turn, alter the set of processes used to
analyze transduction, T → T ′, thereby changing how efficiency is
defined. For instance, consider the GG network as part of a larger
CRN that includes the full respiratory metabolism. In this expanded
network, new external species such as O2 and CO2 (together with
H2O) would be included in Y ′P. Instead, pyruvate would turn into a
force species—that is, a species from which free-energy can still be
extracted. As a result, while transduction occurring in the GG net-
work was previously analyzed in terms of the conversion of glucose
into pyruvate, pGlc→Pyr ∈ T , it would now be analyzed in terms of
glucose and pyruvate respiration, pGlcR

, pPyrR
∈ T ′, where

pPyrR
: Pyr + 3O2 +NADH +H+ → 3CO2 + 3H2O +NAD+. (55)

We stress that this relativity in the notion of efficiency is intrinsic
and unavoidable. Recognizing it allows for a more informed analysis
of transduction.

V. TRANSDUCTION GEARS
In Ref. 18, we formalized the notion of chemical gears as dis-

tinct transduction pathways within CRNs, highlighting their crucial
role in optimizing a CRN’s operation from an efficiency standpoint.
However, our previous analysis was limited to the case of a single
input and a single output process. In Sec. V B, we develop the con-
cept of gears for multi-process transduction. In this broader setting,
we show that a single gear can be associated with multiple efficiencies
depending on the input–output classification, characterize the gears
that can contribute to transduction, and examine the implications of
reversing the direction of transduction. Section V C identifies, for a
given flux configuration within the CRN, which gears are “active.”
Since the notion of gears is derived from elementary flux modes
(EFMs),30 we begin by briefly recalling their definition.

A. Elementary flux modes (EFMs)
An elementary flux mode (EFM) is a special kind of cycle

(see Sec. II B) that uses a minimal set of reactions. The reactions
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ρ used by a cycle ψ are the reactions for which ψρ ≠ 0, and a set
of reactions is considered minimal if removing any one of them
makes it impossible to form a valid cycle with the remaining ones.
We underscore that EFMs are a purely topological concept and are
defined up to a multiplicative factor. Intuitively, in linear CRNs,
EFMs correspond to the reaction paths of the associated graph
that pass through the internal species while leaving them unaltered.
In nonlinear CRNs, they extend this concept to hypergraphs. The
GG and the RF networks have 11 and 7 EFMs, respectively, displayed
in Figs. 2(a) and 2(b). EFMs can be identified using specialized algo-
rithms.31 However, as network size increases, the number of EFMs
grows exponentially, making their complete enumeration computa-
tionally challenging for large metabolic networks.30 Similar to cycles,

EFMs can be classified as internal if they do not alter the Y species
and as external in case they do.

B. Gears and gear’s efficiency
Transduction gears of a CRN are defined as its external EFMs18

and, as such, they are a topological property of the network. CRNs
with a single external EFM are referred to as single-gear CRNs, while
those with multiple external EFMs are termed multi-gear CRNs.
Within this framework, both the GG and RF networks are examples
of multi-gear CRNs: In particular, all their EFMs, shown in Figs. 2(a)
and 2(b), are external and thus qualify as gears. We emphasize that
gears, such as EFMs, are defined up to a multiplicative factor. To

FIG. 2. CRN gears for transduction. (a) + (b) Schematic representations of transduction gears for the CRNs shown in Fig. 1. These gears correspond to the external
EFMs and intuitively represent all possible “reaction paths” that pass through the internal species, leaving them unaltered. Due to the nonlinear nature of the CRNs, certain
reactions occur twice. Below each gear, its net effect on the chemostatted species is shown decomposed in terms of the processes shown in Figs. 1(b) and 1(d). Gears ψ i ,
ψ j , and ψk of the GG network and gear ψθ of the RF network are non-transducing since they exclusively hydrolyze either ATP or GTP. The remaining eight gears of the
GG network convert glucose to pyruvate synthesizing a variable number of ATP and GTP molecules. In the RF network, ψα and ψβ perform glucose respiration, ψγ and ψδ
perform glucose fermentation, and ψε and ψζ perform ethanol respiration. (c) Examples of stationary fluxes (with arrow thickness proportional to magnitude) in the GG and
RF networks and the respective subset of conformal (active) gears, i.e., the gears that are aligned with the flux direction for every reaction.
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each gear, we can assign efficiency, defined as the free energy it gen-
erates in the chemostats via the output processes divided by the free
energy it consumes from the chemostats via the input processes. We
start with an example and then provide the general definition in
Eq. (63). Consider gear ψh of the GG network shown in Fig. 2(a).
This gear realizes a process, ph = S

Yψh, which can be decomposed in
terms of the set T GG, Eq. (41a),

ph = pGlc→Pyr − 2 pGTP − 4 pATP. (56)

In other words, ph converts glucose to pyruvate, synthesizing at the
same time 2 GTP and 4 ATP molecules. Analogously, the Gibbs free
energy change caused by gear ψh can be decomposed as

ΔhG = μY ⋅ ph = ΔGlc→PyrG − 2ΔGTPG − 4ΔATPG. (57)

The efficiency ηh of this gear depends on the input–output split. For
example, for gluconeogenesis, sGluc in Eq. (45a), −ψh consumes a
free energy −2 ΔGTPG − 4 ΔATPG from the chemostats via the input
processes pGTP and pATP and generates a free energy −ΔGlc→PyrG
in the chemostats via the output process −pGlc→Pyr. Therefore, its
efficiency is

ηh(sGluc) = −ΔGlc→PyrG
−2ΔGTPG − 4ΔATPG

. (58)

Similarly, for the input–output splits that correspond to glycolysis,
sGlyc

1 and sGluc
2 in Eqs. (46a) and (47a), one has

ηh(sGlyc
1 ) = −4ΔATPG

−ΔGlc→PyrG + 2ΔGTPG
, (59a)

ηh(sGlyc
2 ) = −2ΔGTPG − 4ΔATPG

−ΔGlc→PyrG
. (59b)

Having shown an example, we now present the general procedure
for defining the efficiency of a gear.

1. If ψg is the gear under consideration, decompose the associ-
ated process, pg = S

Yψg, in terms of T , the set of processes
selected for analyzing transduction (see Sec. IV C),

pg = ∑
p ∈ T

mg
p p, (60)

where mg
p is the number of times that ψg implements the ele-

mentary process p in the forward (backward if mg
p < 0) direc-

tion and depends solely on the CRN’s topology. In Figs. 2(a)
and 2(b), for example, we report this decomposition for each
gear of the GG and RF networks.

2. Use the above-mentioned decomposition to rewrite in the
same way the Gibbs free energy change, ΔgG, associated with
gear ψg,

ΔgG = μY ⋅ pg = ∑
p ∈ T

mg
p ΔpG. (61)

Then, divide the terms according to the particular
input–output split considered, s : T in → T out,

ΔgG = ∑
p′ ∈ T in

mg
p′Δp′G

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ΔgGin(s)

+ ∑
p′′ ∈ T out

mg
p′′Δp′′G

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ΔgGout(s)

> 0. (62)

ΔgGin(s) [resp. ΔgGout(s)] represents the overall free energy
change caused by gearψg in the chemostats via the input (resp.
output) processes.

3. Define the efficiency of gear ψg as

ηg(s) =
−ΔgGout(s)
ΔgGin(s)

. (63)

Importantly, this efficiency is independent of whether one
considers ψg or −ψg.

4. Depending on the system under analysis, restrict the set of
output processes to consider only the “useful” ones, T ∗out ⊂
T out, as discussed in Sec. IV D,

η∗g(s) =
−ΔgG∗out(s)
ΔgGin(s)

, (64)

where ΔgG∗out(s) = ∑p′′ ∈ T ∗out
mg

p′′Δp′′G.

Based on the value of ΔgGin(s) and ΔgGout(s), which are func-
tion of the Y chemical potentials, ηg in Eq. (63) can be negative,
bigger than one, or even infinite. Transducing gears are gears for
which 0 < ηg(s) < 1: they can transfer free energy from input to out-
put with a thermodynamically feasible efficiency. Whether a gear is
transducing depends on the operating conditions, given by μY , and
the input–output split s. Gears that engage only with a single pro-
cess in T are never transducing. This is the case, for example, of
gears ψi, ψj, and ψk in the GG network [Fig. 2(a)] and gear ψθ in the
RF network [Fig. 2(b)]: They only realize either ATP or GTP hydrol-
ysis, which makes their efficiencies either zero or infinite depending
on whether this single process counts as input (futile gear) or as
output. In Appendix D, we show that every non-transducing gear,
when present, always has a detrimental effect on the transduction
efficiency.

Finally, we observe that reversing the direction of transduction,
where the input becomes the output and vice versa,

s : T in → T out,

⇓
s−1 : T out → T in

(65)

results in an inversion of gear efficiencies,

ηg(s−1) = 1
ηg(s)

. (66)

This inversion flips the roles of gears: the heaviest ones become the
lightest, while the lightest become the heaviest. For example, sGluc,
in Eq. (45a), and sGlyc

2 , in Eq. (47a), are the reversed input–output
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splits of each other. If we consider the efficiencies of gears ψa and ψd
[Fig. 2(a)], they are given in the two cases by

ηa(sGluc) = −ΔGlc→PyrG
−2ΔATPG

> ηd(sGluc) = −ΔGlc→PyrG
−4ΔATPG

(67)

and

ηa(sGlyc
2 ) = −2ΔATPG

−ΔGlc→PyrG
< ηd(sGlyc

2 ) = −4ΔATPG
−ΔGlc→PyrG

. (68)

From Eq. (66), we also observe that a gear cannot be transducing
for both s and s−1: if it does for the former, 0 < ηg(s) < 1, it will be
thermodynamically unfeasible for the latter, ηg(s−1) > 1.

C. Conformal gears
The concept of conformality, introduced in 32, will play a key

role in Sec. VI A for determining the optimal efficiency of a CRN
engaged in transduction. Intuitively, conformality indicates whether
a gear is utilized by the CRN—that is, whether it is “active” within
the given stationary flux configuration. More precisely, a gear ψc is
said to be conformal to a flux J if it implements reactions in the same
direction as J: in mathematical terms, for every reaction ρ where
ψc,ρ ≠ 0, ψc,ρ and Jρ have the same sign. We emphasize that this
notion of conformality depends exclusively on the direction of reac-
tion fluxes, given by sign(Jρ), not on their magnitudes. In Fig. 2(c),
we show graphically the set of conformal gears for given fluxes in
the GG and RF networks. If the direction of reaction fluxes is known
only for a subset of reactions, as will be the case in Sec. VI B, the
definition of conformal gears is restricted to this subset. Finally, to
avoid confusion since gears are defined up to a sign, a gear ψc is
considered conformal as long as either ψc or −ψc aligns with J.

VI. OPTIMAL EFFICIENCY
The second law of thermodynamics, as expressed in Eq. (51),

imposes only a broad constraint on efficiency η < 1 regardless of
the system’s operating conditions. The key question is whether a
more precise bound can be established by leveraging the topology
of the CRN, without relying on any explicit information about reac-
tion kinetics. Here, we show that even in the case of multi-process
transduction, the second law can be refined at the level of indi-
vidual gears. Unlike the single-input, single-output scenario,18 this
refinement yields multiple analytical bounds, each corresponding to
a distinct input–output configuration.

In Sec. VI A, we present these refined bounds, along with a fur-
ther refinement when the directionality of specific reaction fluxes is
known. The proofs of these results are provided in Appendix D, and
their application to the CRNs in Fig. 1 is illustrated in Sec. VI B.

A. Upper bound for η
For a CRN performing transduction (η > 0), the second law

refined at the gear-level imposes an upper bound on η for each
input–output split s,

η(s) ≤ max
ηg(s)<1

ηg(s). (69)

Simply put, the most efficient thermodynamically feasible gear
(ηg(s) < 1) determines the bound. We call it the optimal gear, and

the bound is reached only if all the flux is concentrated on it. The
intuition is similar to biking: to maximize the distance traveled per
pedal stroke—the analog of efficiency—one must choose the heaviest
gear that the terrain’s steepness allows, with the steepness represent-
ing the operating conditions. A direct implication of this inequality
is that, for transduction to occur, the CRN must possess at least
one transducing gear: 0 < ηg(s) < 1. Importantly, this upper bound
is derived solely from the CRN’s topology, without relying on any
explicit information about the reaction fluxes.

When the direction of certain reaction fluxes is known—for
example, due to constraints imposed by the input–output split s,
as will be the case in Sec. VI B—this upper bound can be further
refined. Compared to Eq. (69), only the gears that are “active,” i.e.,
conformal to the known flux directions (see Sec. V C), now appear
on the right-hand side,

η(s) ≤ max
ηc(s)<1

ηc(s). (70)

B. Applications
We now determine the optimal efficiency of the CRNs illus-

trated in Fig. 1, across operating conditions. We first determine
the constraints that the input–output configurations place on the
directionality of the reaction fluxes within the CRN. We then iden-
tify the gears that are “active,” i.e., conformal to these fluxes. This
allows us to refine the upper bound using Eq. (70) and find the opti-
mal efficiency for any operating conditions. We end our analysis by
comparing the predicted transducing gears and their efficiency with
those measured in living cells.

1. GG network
We analyze the two input–output splits that correspond to gly-

colysis: with GTP consumption, sGlyc
1 in Eq. (46a), and with GTP

production, sGlyc
2 in Eq. (47a). Starting from the former, Kirchhoff’s

law combined with the fact that GTP is hydrolyzed and glucose is
converted to pyruvate implies

JGG
13 , JGG

14 < 0, (71a)

JGG
3 , JGG

6 , JGG
7 , JGG

8 , JGG
9 , JGG

10 , JGG
11 , JGG

12 > 0. (71b)

The sign convention of the reactions is given in Fig. 1(a). These
flux directions select ψa,ψb,ψc,ψd,ψi,ψj,ψk as conformal gears in
Fig. 2(a). The last three exclusively hydrolyze either ATP or GTP and
are, therefore, non-transducing, while the first four have efficiencies,

ηa(sGlyc
1 ) = 2x, (72a)

ηb(sGlyc
1 ) = ηc(sGlyc

1 ) = 3x, (72b)

ηd(sGlyc
1 ) = 4x, (72c)

where we introduced the compact notation for the operating
conditions,

x = ΔATPG
ΔGlc→PyrG

, y = ΔGTPG
ΔGlc→PyrG

. (73)
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FIG. 3. Upper bound for the transduction efficiency. (a) + (b) GG network performing glycolysis, while consuming GTP, sGlyc
1 in Eq. (46a). (c) + (d) GG network performing

glycolysis, while producing GTP, sGlyc
2 in Eq. (47a). (e) + (f) RF network performing simultaneous glucose respiration and fermentation, sGlc in Eq. (49a). Left panel: maximum

transduction efficiency, determined by the optimal gear’s efficiency, as a function of the operating conditions defined by x and y. The black dashed square denotes the region
corresponding to standard physiological conditions (Appendix E), reported in Table I. Right panel: 1D slice of operating conditions—corresponding to the white lines in the
right panels. The dashed lines show suboptimal gear efficiencies; the dotted lines show reverse transduction efficiencies where the respective gears are thermodynamically
unfeasible in the forward direction. The shaded area denotes standard physiological conditions, analogously to the black dashed square on the right. Gears corresponding to
the standard glycolytic and gluconeogenic pathways are labeled, as are those performing glucose respiration and fermentation.
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The upper bound in Eq. (70) states that the most efficient gear
among these four that is below one (the optimal gear) sets the maxi-
mum achievable efficiency. In Fig. 3(a), we plot this upper bound as
a function of the operating conditions x and y. The black dashed
square denotes the region corresponding to standard physiologi-
cal conditions, defined in Appendix E and reported in Table I. In
Fig. 3(b), we report the optimal efficiency (full line) along a 1D line
of operating conditions [given by the white line in Fig. 3(a)], as well
as the efficiencies of suboptimal gears (dashed lines) and the reverse
transduction efficiencies (dotted lines) in regions where the respec-
tive gears can only operate in the backward direction. Moving along
the line of operating conditions can be thought of as varying glu-
cose concentrations, and thus ΔGlc→PyrG, while keeping ΔATPG and
ΔGTPG fixed and equal to the values given in Table I. The shaded
area, similar to the black dashed square in the 2D plot, denotes the
physiological region. We see that ψa,ψb,ψc are available to operate
in the forward direction throughout this region, while ψd is available
in the forward direction to the left and in the opposite direction to
the right. We also observe that the gear corresponding to glycolysis,
ψa, has the lowest efficiency.

One can repeat the same analysis for the input–output split
sGlyc

2 , where GTP is synthesized instead of being hydrolyzed.
This difference translates in the following constraints for the flux
directions:

JGG
3 , JGG

6 , JGG
7 , JGG

8 , JGG
9 , JGG

10 , JGG
11 , JGG

13 , JGG
14 > 0. (74)

Now, all eleven gears in Fig. 2(a) are conformal to these flux
directions. Among the eight gears that perform transduction,
ψa,ψb,ψc,ψd keep the same efficiency as in Eq. (72) (since they do
not involve GTP synthesis or hydrolysis) and ψe,ψ f ,ψ g ,ψh have
efficiencies,

ηe(sGlyc
2 ) = 2x + 2y, (75a)

η f (sGlyc
2 ) = ηg(sGlyc

2 ) = 3x + 2y, (75b)

ηh(sGlyc
2 ) = 4x + 2y. (75c)

In Figs. 3(c) and 3(d), we report as before the upper bound of
Eq. (70). Figure 3(d) shows that both glycolysis and gluconeogenesis
are thermodynamically feasible across the entire range of physiolog-
ical conditions. For example, glycolysis can be carried out by gear
ψa since ηa(sGlyc

2 ) < 1, while gluconeogenesis can be implemented
by −ψh, with ηh(sGluc) = 1/ηh(sGlyc

2 ) < 1 (dotted line). The simulta-
neous thermodynamic feasibility of glycolysis and gluconeogenesis
is crucial as it confirms the known biochemical fact that enzyme
regulation can control which of the two is activated under the same
operating conditions. Indeed, in the human body during periods of
low blood sugar, muscle cells engage in glycolysis while liver cells
concurrently perform gluconeogenesis to maintain glucose home-
ostasis.33 A toy model illustrating how enzymes can act as gear reg-
ulators can be found in Ref. 18. Experimental evidence suggests that
ψa and ψh are the only two gears utilized by living cells, aside from
the non-transducing gears ψi, ψj, and ψk. Indeed, measurements

of ΔρG at the three branching points in Fig. 1(a), yield for the upper
reactions 1, 4, and 12,7,34

Δ1G, Δ4G, Δ12G < 0 ⇒ JGG
1 , JGG

4 , JGG
12 > 0, (76)

and for the lower reactions 2, 5, 13, and 14,

Δ2G, Δ5G, Δ13G, Δ14G > 0,
⇓

JGG
2 , JGG

5 , JGG
13 , JGG

14 < 0.

(77)

The sign of Jρ follows from the local second law in Eq. (18). As a
result, the only transducing gears that are conformal to these flux
directions are ψa when the CRN performs glycolysis and ψh when
the CRN performs gluconeogenesis, which explains why glycolysis
in living cells is consistently associated with GTP consumption. This
observation raises an interesting question: why do cells utilize only
one transducing gear for each purpose despite the thermodynamic
feasibility of others [Fig. 3(d)]? A possibility might be that although
ηa and ηh exhibit the lowest efficiencies for glycolysis and gluconeo-
genesis as shown in Fig. 3(d), they are the only gears that remain
available across the entire physiological region. Arguments involv-
ing trade-offs between power and efficiency may also be at play, but
assessing them requires kinetic knowledge.

2. RF network
For this system, we analyze the case where yeast simultaneously

performs glucose respiration and fermentation, sGlc in Eq. (49a),
treating ethanol as a useful output. The fact that glucose is consumed
while ethanol and CO2 are produced places the following constraints
on the reaction fluxes:

JRF
1 , JRF

4 , JRF
6 > 0. (78)

The sign convention of the reactions is given in Fig. 1(c). The
gears conformal to these flux directions are ψα,ψβ,ψγ,ψδ ,ψθ in
Fig. 2(b). While ψθ exclusively hydrolyzes ATP and is, therefore,
non-transducing, the others transduce with efficiencies,

ηα(sGlc) = (2n + 2) x, (79a)

ηβ(sGlc) = 2n x, (79b)

ηγ(sGlc) = 2x + 2y, (79c)

ηδ(sGlc) = 4x + 2y, (79d)

where x and y denote the operating conditions,

x = ΔATPG
ΔGlcR G

, y = ΔEthR G
ΔGlcR G

, (80)

and n is the number of ATP molecules synthesized by reaction 4 in
Fig. 1(c) when an A-coA enters the TCA cycle and undergoes sub-
sequent oxidative phosphorylation. This number n is variable across
living organisms and ranges from 8 to 18.21
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In Fig. 3(e), we report the efficiencies of the gears as a func-
tion of the operating conditions x and y for n = 12, keeping the
same convention as before and with standard physiological condi-
tions defined in Appendix E and summarized in Table I. In Fig. 3(f),
the 1D slice of operating conditions is generated by varying ethanol
concentrations, i.e., ΔEthR G, while keeping ΔGlcR G and ΔATPG fixed
at the values specified in Table I. Two key findings emerge from
this analysis. First, unlike the GG network, yeast utilize three gears
simultaneously. Indeed, measurements of metabolic fluxes in yeast
undergoing concurrent respiration and fermentation under various
experimental conditions yielded (see Fig. 3 in Ref. 35)

JRF
1 , JRF

2 , JRF
3 , JRF

4 , JRF
5 , JRF

6 > 0. (81)

The gears conformal to these flux directions are ψα,ψβ,ψγ.
Experimental evidence shows that shifting the operating condi-
tions toward the lower left in Fig. 3(e)—i.e., increasing glucose
concentration—drive yeast to upregulate fermentative metabolism
(gear ψγ), a phenomenon known as the Crabtree effect.21,36 Sec-
ond, within the physiological range, fermentation—mediated by
gears ψγ and ψδ—is more efficient than respiration, which relies
on gears ψα and ψβ (when ethanol is considered as a useful out-
put). Notably, fermentation achieves an efficiency exceeding 90%,
aligning with experimental observations.37 This finding underscores
the importance of distinguishing thermodynamic efficiency from
stoichiometric yield, a commonly used metric quantifying the num-
ber of ATP molecules produced per glucose molecule consumed.
Although the stoichiometric yield of fermentation is significantly
lower than that of respiration—since fermentation captures only
a small fraction of glucose’s energy as ATP—its thermodynamic
efficiency is higher.

VII. DISCUSSION AND CONCLUSIONS
We significantly extended the traditional framework of energy

transduction to encompass open CRNs with multiple resources. At
its core, our approach is grounded in the concept of exergy and is
formulated in terms of elementary processes, ensuring that all the
energy transduction occurring within the CRN is captured.

We established a systematic yet versatile definition of thermo-
dynamic efficiency that can be tailored based on what one considers
useful outputs and what can be treated as immutable environmental
variables.

By extending the concept of chemical gears to multi-process
transduction, we showed that, even in such more complex settings,
the network’s topology constrains the optimal transduction effi-
ciency achievable under given operating conditions, regardless of the
kinetics.

Using our framework to analyze transduction in metabolic
networks, we demonstrated its broad applicability and its ability
to provide deep insights based on limited experimental data. We
found that both glycolysis and gluconeogenesis operate in living
cells using a single transducing gear, which corresponds to the least
efficient one. In contrast, yeast simultaneously utilizes three trans-
ducing gears when performing respiration and fermentation. We
highlighted the greater thermodynamic efficiency of fermentation
over respiration when ethanol is considered a useful output despite
the fact that the opposite conclusion is reached when comparing the

stoichiometric yields of these pathways. Furthermore, we character-
ized the optimal efficiency of these metabolic networks under any
operating condition. Our results call for future experimental stud-
ies, which could leverage these optimal values to better understand
the extent to which metabolic networks are shaped by the need to
maintain high thermodynamic efficiencies.

We have seen that although our optimal efficiency predictions
are solely based on the network’s topology and the operating condi-
tions, additional constraints can be seamlessly incorporated into the
framework. In particular, constraints on flux directionality can be
used to restrict the set of possible conformal gears in Eq. (70), further
refining the efficiency bound. Such constraints may be derived from
experimental information about some fluxes in the CRN, concentra-
tions and standard Gibbs free energies of some internal species,38–46

transcriptional regulation,47 or kinetic modeling.48

We developed our transduction theory focusing on chem-
ical free energy under isothermal and well-mixed conditions.
However, the framework is more general and can accommo-
date other free energy sources, such as thermal gradients in
nonisothermal or photochemical systems,49 voltage differences in
electrochemical systems, and concentration gradients in compart-
mentalized systems.50,51 These extensions should not constitute
major conceptual obstacles, as the fundamental approach—based
on establishing a reference equilibrium and identifying elemen-
tary processes—remains unchanged. The only difference involves
including additional elementary processes associated with energy
or electron transfer between reservoirs at different temperatures or
voltages, and treating species in separate compartments as distinct.
We also focused on steady-state transduction, but incorporating
changes occurring in the chemostats’ free energy is a natural next
step.

We finally note that, since our analysis of transduction is sys-
tematic, it can be implemented algorithmically in computer code
and used to efficiently analyze complex CRNs. The only required
inputs are the CRN stoichiometric matrix S, the selected chemostat-
ted species Y , their chemical potentials, and the atomic composition
matrix AY for these species.
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APPENDIX A: ELEMENTARY PROCESSES

A process p is elementary if it involves a minimal set of species
Y . In particular, p is said to involve a species y if py ≠ 0, and the set
of species is minimal if removing any one of them would make it
impossible to construct a valid process with the remaining species.
From this definition, it follows that an elementary process p cannot
have any subprocess. Formally, p′ is a subprocess of p if ∣py∣ ≥ ∣p′y∣
and py, p′y ≥ 0 for all y. That is, the reactants of p′ are a subset of
the reactants of p and same for the products. If p were elementary
but had a subprocess p′, one could construct a new process p − λp′

(for a suitable λ), which would involve fewer species than p. This
would contradict the minimality condition of p.

We emphasize that the notion of elementary processes depends
solely on the composition of the Y species and not on the CRN. In
particular, it is completely unrelated to the number of reaction steps
needed to realize an elementary process.

The mathematical criterion for determining whether a process
p is elementary is

dim (ker (AY
p )) = 1, (A1)

where AY
p is the atomic composition matrix reduced to the Y species

for which py ≠ 0. Since AY
p p = 0, it follows that the kernel of AY

p has
at least dimension 1. If dim (ker (AY

p )) > 1, there would exist two
independent processes p′ and p′′ in Ker(AY

p ). Linear combinations
of these processes could then generate a new process involving fewer
species than p, contradicting the minimality condition. Through
this criterion, it is possible to verify that all processes in Eq. (36)
are elementary. We underscore that the definition of elementary
processes is mathematically equivalent to that of elementary flux
modes, as defined in Sec. V A. Consequently, existing algorithms for
identifying the latter31 are directly applicable to the former.

1. Existence of an elementary subprocess
If a process p is non-elementary, one can always find an ele-

mentary subprocess within p. The proof proceeds as follows: by
definition, there exists a process p′ that involves a smaller set of
Y species. If, for any δ, δp′ is a subprocess of p, we set p′′ = δp′.
If not, we construct p′′ = δ(p − λp′), where λ > 0 is the smallest
value for which λp′ cancels a component of p and δ, a proper
rescaling factor that makes p′′ a subprocess of p. If the resulting sub-
process p′′ is elementary, the procedure terminates. Otherwise, the

above-mentioned steps are repeated iteratively until an elementary
subprocess is obtained.

APPENDIX B: CHARACTERIZATION OF ΠCRN

In this appendix, we show that if ϕϵ is a chosen set of emergent
cycles, then the corresponding implemented processes pϵ = S

Yϕϵ
form a basis for ΠCRN. ΠCRN, as defined in Eq. (23), represents the
subset of processes that a CRN can execute. Since, from Sec. II B,
J is a cycle, process p belongs to ΠCRN if and only if there exists a
cycle ψ such that p = SYψ. As a first step, we prove that {pϵ} is a
linearly independent set. Suppose, for contradiction, that it is not.
Then, there would exist a non-trivial linear combination, such that

∑
ϵ

aϵpϵ = 0. (B1)

Substituting pϵ = S
Yϕϵ, we would have

∑
ϵ

aϵpϵ = 0 ⇒ SY(∑
ϵ

aϵϕϵ) = 0, (B2)

implying that∑ϵ aϵϕϵ is an internal cycle. However, this would con-
tradict the assumption that {ϕi} ∪ {ϕϵ} is a basis. Next, we show
that {pϵ} is a complete set, meaning it can represent any process in
ΠCRN. By using the fact that any cycle ψ can be written in terms of
the basis {ϕi} ∪ {ϕϵ}, one has

p = SYψ = SY(∑
i

aiϕi +∑
ϵ

aϵϕϵ) =∑
ϵ

aϵpϵ. (B3)

APPENDIX C: PROCESSES ASSOCIATED
WITH THE FORCE SPECIES

In this section, we demonstrate that for each species yF , there
exists a process pF = S

YψF that involves only yF and the potential
species YP.52

First of all, we note that, for Eq. (32) to hold no process inΠCRN
can involve only YP species or, equivalently, there must be no exter-
nal cycle that leaves all YF species unchanged. Mathematically, let
the matrix SX+YF be defined as

SX+YF = (S
X

SYF
), (C1)

where SYF is the stoichiometric matrix reduced to species
YF . The above-mentioned requirement translates into the fact that
Ker(SX+YF)—the subspace of cycles that leave both X and YF species
unchanged—must contain only internal cycles. This is satisfied if

dim (ker (SX+YF)) = dim (ker (S)) = ∣i∣, (C2)

where ∣i∣ is the number of independent internal cycles. Now, we ana-
lyze the matrix SX+YF−yF , which is obtained from SX+YF , in Eq. (C1),
by removing the row corresponding to species yF . Our goal is to
show that the kernel of this reduced matrix contains exactly one
emergent cycle. Using Eq. (C2), we note that

dim (ker (SX)) − dim (ker (SX+YF)) = ∣ϵ∣ = ∣YF ∣. (C3)
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This change in kernel dimensionality upon removing the ∣YF ∣ rows
corresponding to the force species from SX+YF indicates that these
rows impose ∣YF ∣ independent constraints. Therefore, removing any
of these rows increases the dimension of the kernel by exactly one.
Consequently, the matrix SX+YF−yF acquires one additional indepen-
dent cycle in its kernel, which must necessarily be external since all
internal cycles are already present in the kernel. Let ψF denote such
a cycle. Since

SX+YF−yFψF = 0, (C4)

the corresponding process, pF = S
YψF , only involves yF and species

YP. Since each pF involves a different yF , the {ψF} set is linearly
independent. Given that ∣YF ∣ = ∣ϵ∣, this set can be taken as the set
of emergent cycles. Moreover, following Appendix B, the {pF} set
forms a basis for ΠCRN and is, therefore, complete. We note that
although the selection of ψF is not unique since linear combina-
tions of ψF with internal cycles are also valid choices, the resulting
pF remains uniquely determined.

To provide an example, consider the partitions YGG
F

= {Glc, GTP, ATP} and YRF
F = {Glc, Eth, ATP} used through-

out this paper. In the two cases, ATP identifies as two possible
emergent cycles,

ψGG
ATP =

1

2
(+1
−1
), ψRF

ATP =
2

3

5

⎛
⎜⎜
⎝

−1
+1
+1

⎞
⎟⎟
⎠

, (C5)

and the process implemented by these emergent cycles is pATP, in
Eq. (36).

APPENDIX D: UPPER BOUND FOR η

In this section, we prove Eqs. (69) and (70). As a key interme-
diate step, in Appendix D 1, we first revisit the conformal decompo-
sition of the entropy production, which was derived in our previous
work (see SI18).

1. Conformal decomposition of the entropy
production

The stationary flux and entropy production can be non-
uniquely decomposed in terms of conformal gears,18

J =∑
c

jcψc, (D1a)

Σ̇ =∑
c
− jcΔcG > 0, (D1b)

where ΔcG = μ ⋅ ψc represents the Gibbs free energy change associ-
ated with gear ψc. The key properties of these decompositions are
that, for each c, jcψc is conformal to J and

− jcΔcG > 0, (D2)

meaning that each gear contributes positively to entropy production.
By using

ΔcG = ΔcGin(s) + ΔcGout(s), (D3)

from Eq. (62), the input and output parts of the entropy production,

Σ̇ = Σ̇in(s) + Σ̇out(s) (D4)

can be expressed as

Σ̇in(s) =∑
c
− jcΔcGin(s), (D5a)

Σ̇out(s) =∑
c
− jcΔcGout(s). (D5b)

The decomposition in Eq. (D1b) relies on the local validity of the
second law, explained in Sec. II D.

2. Proof of the upper bound
We prove the refined upper bound of Eq. (70) for a CRN

performing transduction, 0 < η(s) < 1. From this, Eq. (69) auto-
matically follows. Along the proof, it becomes apparent that all
non-transducing gears negatively affect efficiency.

We start by rewriting the efficiency in Eq. (53) using Eq. (D5),

η(s) = −Σ̇out(s)
Σ̇in(s)

= ∑c jcΔcGout(s)
−∑c jcΔcGin(s)

, (D6)

Gears for which ΔcGin(s) = 0 have a detrimental effect on the trans-
duction efficiency since they contribute solely to the numerator with
the term jcΔcGout(s), which is negative according to Eq. (D2). In the
following, we restrict to the case where ΔcGin(s) ≠ 0 for all gears and
we define the forward direction as the one having −ΔcGin(s) > 0.
Using the definition of gear efficiency,

ηc(s) =
ΔcGout(s)
−ΔcGin(s)

, (D7)

the transduction efficiency can be rewritten as

η(s) = −∑c jcΔcGin(s) ηc
−∑c jcΔcGin(s)

. (D8)

Since −jcΔcG > 0 from Eq. (D2), the following relation holds
between ηc(s) and jc,

ηc(s) < 1 ⇐⇒ ΔcG < 0 ⇐⇒ jc > 0, (D9a)

ηc(s) > 1 ⇐⇒ ΔcG > 0 ⇐⇒ jc < 0. (D9b)

Based on this, we split the set of conformal gears into thermo-
dynamically feasible and unfeasible ones, {c} = {c′} + {c′′}, with
ηc′(s) < 1 and ηc′′(s) > 1. One has jc′ > 0 and jc′′ < 0, which implies
that the coefficients rc′ = −jc′Δc′Gin(s) and qc′′ = jc′′Δc′′Gin(s) are
both positive. We can express the efficiency in Eq. (D8) as

η(s) = ∑c′ rc′ηc′(s) −∑c′′ qc′′ηc′′(s)
∑c′ rc′ −∑c′′ qc′′

. (D10)

We first show that every qc′′ ≠ 0 negatively impacts the efficiency
compared to the case where the same qc′′ is zero. To do this, we
rewrite the efficiency as follows:

η(s) = C − qc′′ηc′′(s)
D − qc′′

, (D11)
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where all the other terms have been reabsorbed into the constants
C and D. Since the CRN is transducing, Σ̇in(s) > 0 and Σ̇out(s) < 0,
both numerator and denominator are positive. In addition, η(s) < 1
implies C < D ηc′′(s), which is enough to prove that η(s) < C/D.
Repeating this argument for all the conformal gears in {c′′}, one
obtains

η(s) ≤ ∑c′ rc′ηc′(s)
∑c′ rc′

. (D12)

Now, the RHS is simply a weighted average with positive coefficients
and, therefore, we obtain the desired inequality,

η(s) ≤ max
ηc(s)<1

ηc(s). (D13)

APPENDIX E: STANDARD PHYSIOLOGICAL
CONDITIONS

Table I lists the Gibbs free energy changes of all elementary pro-
cesses in Eq. (36). They reflect typical physiological values, referred
to as “standard physiological conditions,”16 and are sourced from
eQuilibrator.53

In particular, under these conditions, pH = 7.5, pMg = 3.0,
I = 0.25 (ionic strength), and T = 298.15 K. All metabolite concen-
trations are uniformly set to 1 mM, the typical order of magnitude
of physiological concentrations, with the exception of water, where
[H2O] = 55M.

REFERENCES
1T. L. Hill, “Chapter 3—Fluxes and forces,” in Free Energy Transduction in
Biology, edited by T. L. Hill (Academic Press, 1977).
2A. Parmeggiani, F. Jülicher, A. Ajdari, and J. Prost, “Energy transduction of
isothermal ratchets: Generic aspects and specific examples close to and far from
equilibrium,” Phys. Rev. E 60, 2127 (1999).
3U. Seifert, “Stochastic thermodynamics, fluctuation theorems and molecular
machines,” Rep. Prog. Phys. 75, 126001 (2012).
4E. Penocchio, R. Rao, and M. Esposito, “Thermodynamic efficiency in dissipative
chemistry,” Nat. Commun. 10, 3865 (2019).
5A. I. Brown and D. A. Sivak, “Theory of nonequilibrium free energy transduction
by molecular machines,” Chem. Rev. 120, 434 (2020).
6S. J. Large, J. Ehrich, and D. A. Sivak, “Free-energy transduction within
autonomous systems,” Phys. Rev. E 103, 022140 (2021).
7D. Voet, J. G. Voet, and C. W. Pratt, Fundamentals of Biochemistry: Life
at the Molecular Level, 4th ed. (Wiley, Hoboken, NJ, 2013), Table 15-1 and
Fig. 16-21.
8Combustion Chemistry, edited by W. C. Gardiner (Springer, New York, 1984).
9J. E. Garvey and M. Whiles, Trophic Ecology, 1st ed. (CRC Press, Boca Raton,
2016) p. 393, first eBook published on 19 September 2016. Subjects: Bioscience,
Built Environment, Environment and Agriculture.
10H. Y. McSween, S. M. Richardson, and M. E. Uhle, Geochemistry: Pathways and
Processes, 2nd ed. (Columbia University Press, New York, 2003).
11W. H. Schlesinger and E. S. Bernhardt, Biogeochemistry: An Analysis of Global
Change (Elsevier Science, New York, 2013).
12E. Smith and H. J. Morowitz, The Origin and Nature of Life on Earth: The
Emergence of the Fourth Geosphere (Cambridge University Press, Cambridge,
2016).
13P. Warneck, Chemistry of the Natural Atmosphere, 2nd ed. (Academic Press,
1999).
14R. P. Wayne, Chemistry of Atmospheres: An Introduction to the Chemistry of the
Atmospheres of Earth, the Planets, and their Satellites, 3rd ed. (Oxford University
Press, New York, 2006).

15D. A. Williams and C. Cecchi-Pestellini, Astrochemistry (Royal Society of
Chemistry, 2023), p. 248, paperback ISBN: 978-1-83916-396-8; EPUB ISBN:
978-1-83916-939-7; PDF ISBN: 978-1-83916-938-0.
16A. Wachtel, R. Rao, and M. Esposito, “Free-energy transduction in chemical
reaction networks: From enzymes to metabolism,” J. Chem. Phys. 157, 024109
(2022).
17A. Bejan, Advanced Engineering Thermodynamics, 4th ed. (John Wiley & Sons,
2016), Chap. 3.
18M. Bilancioni and M. Esposito, “Gears in chemical reaction networks for
optimizing energy transduction efficiency,” Nat. Commun. 16, 5765 (2025).
19D. Molenaar, R. van Berlo, D. de Ridder, and B. Teusink, “Shifts in growth
strategies reflect tradeoffs in cellular economics,” Mol. Syst. Biol. 5, 323 (2009).
20A. Flamholz, E. Noor, A. Bar-Even, W. Liebermeister, and R. Milo, “Glycolytic
strategy as a tradeoff between energy yield and protein cost,” Proc. Natl. Acad. Sci.
U. S. A. 110, 10039 (2013).
21T. Pfeiffer and A. Morley, “An evolutionary perspective on the Crabtree effect,”
Front. Mol. Biosci. 1, 17 (2014).
22M. Basan, S. Hui, H. Okano, Z. Zhang, Y. Shen, J. R. Williamson, and T.
Hwa, “Overflow metabolism in Escherichia coli results from efficient proteome
allocation,” Nature 528, 99 (2015).
23L. Yang, J. T. Yurkovich, C. J. Lloyd, A. Ebrahim, M. A. Saunders, and B. O.
Palsson, “Principles of proteome allocation are revealed using proteomic data and
genome-scale models,” Sci. Rep. 6, 36734 (2016).
24X.-P. Hu, S. Schroeder, and M. J. Lercher, “Proteome efficiency of metabolic
pathways in Escherichia coli increases along the nutrient flow,” mSystems 8,
e0076023 (2023).
25M. Polettini and M. Esposito, “Irreversible thermodynamics of open chemical
networks. I. Emergent cycles and broken conservation laws,” J. Chem. Phys. 141,
024117 (2014).
26S. Müller, C. Flamm, and P. F. Stadler, “What makes a reaction network
‘chemical,’” J. Cheminf. 14, 63 (2022).
27F. Avanzini, N. Freitas, and M. Esposito, “Circuit theory for chemical reaction
networks,” Phys. Rev. X 13, 021041 (2023).
28A. Wachtel, R. Rao, and M. Esposito, “Thermodynamically consistent coarse
graining of biocatalysts beyond Michaelis–Menten,” New J. Phys. 20, 042002
(2018).
29J. Szargut, D. R. Morris, and F. R. Steward, Exergy Analysis of Thermal, Chemi-
cal, and Metallurgical Processes (Hemisphere Publishing Corporation, New York,
1988), p. 332, digitized by the University of California on June 17, 2008.
30J. Zanghellini, D. E. Ruckerbauer, M. Hanscho, and C. Jungreuthmayer,
“Elementary flux modes in a nutshell: Properties, calculation and applications,”
Biotechnol. J. 8, 1009 (2013).
31M. Terzer and J. Stelling, “Large-scale computation of elementary flux modes
with bit pattern trees,” Bioinformatics 24, 2229 (2008).
32S. Müller and G. Regensburger, “Elementary vectors and conformal sums in
polyhedral geometry and their relevance for metabolic pathway analysis,” Front.
Genet. 7, 90 (2016).
33R. Karimi, A. Cleven, F. Elbarbry, and H. Hoang, “The impact of fasting
on major metabolic pathways of macronutrients and pharmacokinetics steps of
drugs,” Eur. J. Drug Metab. Pharmacokinet. 46, 25 (2021).
34J. O. Park, S. A. Rubin, Y.-F. Xu, D. Amador-Noguez, J. Fan, T. Shlomi, and
J. D. Rabinowitz, “Metabolite concentrations, fluxes and free energies imply
efficient enzyme usage,” Nat. Chem. Biol. 12(7), 482 (2016), Fig. 4b.
35O. Frick and C. Wittmann, “Characterization of the metabolic shift between
oxidative and fermentative growth in Saccharomyces cerevisiae by comparative 13c
flux analysis,” Microb. Cell Fact. 4, 30 (2005).
36R. H. De Deken, “The Crabtree effect: A regulatory system in yeast,”
Microbiology 44, 149 (1966).
37K.-Y. Teh and A. E. Lutz, “Thermodynamic analysis of fermentation and
anaerobic growth of bakers yeast for ethanol production,” J. Biotechnol. 147, 80
(2010).
38A. Kümmel, S. Panke, and M. Heinemann, “Putative regulatory sites unraveled
by network-embedded thermodynamic analysis of metabolome data,” Mol. Syst.
Biol. 2, 2006.0034 (2006).

J. Chem. Phys. 163, 044106 (2025); doi: 10.1063/5.0280649 163, 044106-19

Published under an exclusive license by AIP Publishing

 23 July 2025 16:11:06



The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

39C. S. Henry, L. J. Broadbelt, and V. Hatzimanikatis, “Thermodynamics-based
metabolic flux analysis,” Biophys. J. 92, 1792 (2007).
40A. Hoppe, S. Hoffmann, and H.-G. Holzhütter, “Including metabolite concen-
trations into flux balance analysis: Thermodynamic realizability as a constraint on
flux distributions in metabolic networks,” BMC Syst. Biol. 1, 23 (2007).
41N. Zamboni, A. Kümmel, and M. Heinemann, “anNET: a tool for network-
embedded thermodynamic analysis of quantitative metabolome data,” BMC
Bioinf. 9, 199 (2008).
42S. J. Jol, A. Kümmel, M. Terzer, J. Stelling, and M. Heinemann, “System-level
insights into yeast metabolism by thermodynamic analysis of elementary flux
modes,” PLoS Comput. Biol. 8, 1 (2012).
43H. S. Haraldsdóttir, I. Thiele, and R. M. T. Fleming, “Quantitative assign-
ment of reaction directionality in a multicompartmental human metabolic
reconstruction,” Biophys. J. 102, 1703 (2012).
44E. Noor, H. S. Haraldsdóttir, R. Milo, and R. M. T. Fleming, “Consistent esti-
mation of Gibbs energy using component contributions,” PLoS Comput. Biol. 9,
1 (2013).
45M. Ataman and V. Hatzimanikatis, “Heading in the right direction:
Thermodynamics-based network analysis and pathway engineering,” Curr. Opin.
Biotechnol. 36, 176 (2015), a part of Special Issue: Pathway Engineering.
46L. Heirendt, S. Arreckx, T. Pfau, S. N. Mendoza, A. Richelle, A. Heinken, H.
S. Haraldsdóttir, J. Wachowiak, S. M. Keating, V. Vlasov, S. Magnusdóttir, C. Y.
Ng, G. Preciat, A. Žagare, S. H. J. Chan, M. K. Aurich, C. M. Clancy, J. Modamio,
J. T. Sauls, A. Noronha, A. Bordbar, B. Cousins, D. C. El Assal, L. V. Valcarcel,

I. Apaolaza, S. Ghaderi, M. Ahookhosh, M. Ben Guebila, A. Kostromins, N. Som-
pairac, H. M. Le, D. Ma, Y. Sun, L. Wang, J. T. Yurkovich, M. A. P. Oliveira,
P. T. Vuong, L. P. El Assal, I. Kuperstein, A. Zinovyev, H. S. Hinton, W. A. Bryant,
F. J. Aragón Artacho, F. J. Planes, E. Stalidzans, A. Maass, S. Vempala, M. Hucka,
M. A. Saunders, C. D. Maranas, N. E. Lewis, T. Sauter, B. Ø. Palsson, I. Thiele, and
R. M. T. Fleming, “Creation and analysis of biochemical constraint-based models
using the COBRA Toolbox v.3.0,” Nat. Protoc. 14, 639 (2019).
47C. Jungreuthmayer, D. E. Ruckerbauer, and J. Zanghellini, “regEfmtool: Speed-
ing up elementary flux mode calculation using transcriptional regulatory rules in
the form of three-state logic,” Biosystems 113, 37 (2013).
48M. Yasemi and M. Jolicoeur, “Modelling cell metabolism: A review on
constraint-based steady-state and kinetic approaches,” Processes 9, 322 (2021).
49E. Penocchio, R. Rao, and M. Esposito, “Nonequilibrium thermodynamics of
light-induced reactions,” J. Chem. Phys. 155, 114101 (2021).
50F. Avanzini, G. Falasco, and M. Esposito, “Thermodynamics of chemical waves,”
J. Chem. Phys. 151, 234103 (2019).
51F. Avanzini, T. Aslyamov, É. Fodor, and M. Esposito, “Nonequilibrium ther-
modynamics of non-ideal reaction–diffusion systems: Implications for active
self-organization,” J. Chem. Phys. 161, 174108 (2024).
52R. Rao and M. Esposito, “Conservation laws and work fluctuation relations in
chemical reaction networks,” J. Chem. Phys. 149, 245101 (2018).
53M. E. Beber, M. G. Gollub, D. Mozaffari, K. M. Shebek, A. Flamholz, R. Milo,
and E. Noor, “eQuilibrator 3.0: a database solution for thermodynamic constant
estimation,” Nucleic Acids Res. 50, D603 (2021).

J. Chem. Phys. 163, 044106 (2025); doi: 10.1063/5.0280649 163, 044106-20

Published under an exclusive license by AIP Publishing

 23 July 2025 16:11:06


