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Driving viscous hydrodynamics in bulk electron flow in graphene using micromagnets
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We consider the hydrodynamic flow of an electron fluid in a channel formed in a two-dimensional electron gas
(2DEG) with no-slip boundary conditions. To generate vorticity in the fluid, the flow is influenced by an array
of micromagnets on the top of the 2DEG. We analyze the viscous boundary layer, and we demonstrate anti-
Poiseuille behavior in this region. Furthermore, we predict a longitudinal voltage modulation, where a periodic
magnetic field generates a voltage term periodic in the direction of transport. From an experimental point of view,
we propose a method for a boundary-independent measurement of the viscosity of different electron fluids. The
results are applicable to graphene away from the charge-neutrality point and to semiconductors.
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I. INTRODUCTION

It has been over half a century since the theory of viscous
electron hydrodynamics was first developed [1], and in re-
cent years viscous effects have been observed in the electron
fluid experimentally [2,3]. Electron transport transitions to
the hydrodynamic regime when the momentum-conserving
electron-electron scattering length, lee, is the shortest length
scale in the system, and it becomes much shorter than the
momentum-nonconserving diffusive scattering length, lmfp,
and the width of the sample, W . In this regime, electron-
electron interactions dominate and a local thermodynamic
equilibrium is established among the electrons, enabling them
to flow as a fluid. Since this condition requires samples of
very high purity, the theoretical prediction of the hydro-
dynamic regime in the 1960s [1,4] could only be realized
experimentally after the development of high-mobility semi-
conductors [5] and graphene [2,6].

Hydrodynamic electron flow manifests itself in a range
of effects that have been observed. While hydrodynamic
electron transport was suggested to have been achieved al-
ready in 1995 in Ref. [5], this result was immediately
challenged by Gurzhi in Ref. [7]: the conditions for hydro-
dynamics in the bulk material were satisfied, but they were
not satisfied for hydrodynamics in a 2DEG. It was not un-
til 2016 that reliable evidence of hydrodynamic transport
was presented in Refs. [8–10]. Signatures of hydrodynamic
behavior include the decrease of resistance with increas-
ing temperature, called the Gurzhi effect [5,11–15], large
negative magnetoresistance1 [10,13,17–21], Poiseuille flow
profiles [22–24], Hall viscosity [14,25], negative nonlocal
resistance and the formation of whirlpools [8,26–28], the
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1The viscous origin of negative magnetoresistance in high-purity

samples is disputed [16], therefore the magnetic field dependence of
viscosity is an open question.

development of local viscous regions [29], the violation of the
Wiedemann-Franz law2 [31–35], resonant photoresistance in
magnetic fields [20,36–39], anomalous scaling of the resis-
tance with the channel width [9,32], and a quantum-critical
dynamic conductivity [40]. Moreover, novel phenomena have
been predicted, such as anisotropic fluids [41,42], the elimi-
nation of the Landauer-Sharvin resistance [43], the dynamo
effect in the electron-hole plasma [44], and the possibility of
hydrodynamic spin transport [45–47] inspired by experiments
on liquid mercury [48,49]. In addition to the Poiseuille-like
flow expected from electron hydrodynamics, anomalous flow
profiles have been predicted in the boundary layer in charge
neutral graphene in a uniform perpendicular magnetic field,
with this “anti-Poiseuille” flow attributed to recombination
effects [50–52].

Hydrodynamic flow depends qualitatively on boundary
conditions, with no-slip boundaries giving rise to the well-
known Poiseuille flow profile. On the other hand, it is also
possible to achieve perfect-slip boundaries by using gates
to create a channel in a clean semiconductor. This unique
property was used in Ref. [13] for precise measurements
of the viscosity in clean GaAs. The measurements indicate
deviations from the predictions of the conventional theory
of electron-electron scattering, and this exciting observation
requires more careful studies.

There exists a generic problem in electron hydrodynam-
ics, namely disentangling Ohmic effects, boundary effects,
and hydrodynamic effects in experimental data. Viscous dis-
sipation is proportional to the vorticity of the fluid, while
the Ohmic dissipation is independent of vorticity. To en-
hance hydrodynamics, one thus needs to enhance the vorticity.
This might be achieved by generating turbulent flow of the
electron fluid, but the electron fluid is extraordinarily vis-

2Although recent work in Ref. [30] suggests that the result of a
well-known experimental work [31] is not hydrodynamic in nature.
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cous and therefore it is practically impossible to approach
turbulence.

In the laminar regime in a uniform magnetic field, vorticity
is generated only near the boundaries of the channel in a
layer of width ∼√

leelmfp. The flow in this boundary layer is
influenced not only by the viscous fluid effects, but also by the
boundary conditions that are device-specific and typically not
well known. Therefore, it is hard to disentangle the unknown
boundary effects and unknown viscous effects.

In Ref. [13] the problem was partially resolved by using
a gated channel in a GaAs 2DEG that supports perfect-slip
boundary conditions. This allowed for relatively accurate
measurements of the viscosity of the electron fluid. However,
the accuracy of the measurements was limited by Ohmic dis-
sipation, which was more than an order of magnitude larger
than the viscous one.

In Ref. [53] we suggested a method that involved the use
of micromagnets to create wiggling hydrodynamic flow and
hence create vorticity throughout the bulk of the sample,
not just in the boundary region. This allows for a dramatic
enhancement of viscous hydrodynamic dissipation. Hydrody-
namics in a finite channel is inherently a boundary problem,
and in Ref. [53] the problem was solved only for a straight
channel in the unique case of perfect-slip boundaries. In the
present work, we extend the method to a straight channel
with arbitrary boundary conditions, either no-slip or finite-
slip boundaries. Of course the bulk solution is the same, but
the structure of the viscous boundary layer depends on the
boundary condition, and we determine the structure in the
present work. Hence, the present work extends the magneto-
hydrodynamic method to graphene and also to δ-doped semi-
conductors. The results of this work allow for the viscosity of
the electron fluid to be extracted from a measurement of lon-
gitudinal resistivity of a finite straight channel in such devices.

The structure of this paper is as follows. In Sec. II
we describe the solution for the bulk flow through a sinu-
soidal magnetic field found in Ref. [53]. The difference from
Ref. [53] is that we present numerical estimates for graphene
instead of GaAs. In Sec. III we study the boundary layer in
a straight channel using the no-slip boundary condition, and
we characterize the flow near the boundary. We first solve
the boundary conditions using perturbation theory, and then
we expand this idea to develop a numerically exact solution.
The key results of Sec. III are the width of the boundary
layer and the emergence of pseudo anti-Poiseuille flow at
high magnetic field strengths. Understanding the width of the
boundary layer allows a lower limit to be placed on the sample
size in order to use the bulk solution for the “zigzag” flow. In
Sec. IV we present numerical solution of the model devel-
oped in Sec. III and show plots of dissipation and velocity
profile. Of theoretical interest, we predict anomalous velocity
profiles at high magnetic field that show anti-Poiseuille flow
behaviour. In Sec. V we complement our previous numer-
ical solution with a conventional finite element model and
qualtitatively reproduce the flow profile. In Sec. VI we cal-
culate the magnetic field of periodic ferromagnetic stripes and
hence determine parameters of micromagnets necessary for
the experimental setup assuming monolayer graphene with
experimentally realistic density and mobility. Section VII
presents our conclusions.

II. BULK SOLUTION FOR ELECTRON HYDRODYNAMICS
IN A SINUSOIDAL MAGNETIC FIELD

We consider a channel that is sufficiently wide such that
boundary layers are much thinner than the channel width,
allowing for the bulk flow to be analyzed independently of
the boundary conditions. In this regime, the fluid motion of
the bulk may be analyzed in the limit of an infinitely wide
channel.

Consider a two-dimensional channel where x is the lon-
gitudinal direction, y is the transverse direction, and z is
perpendicular to the plane. The electron fluid may be con-
trolled through the Lorentz force and thus obeys the stationary
Navier-Stokes equation at constant density [54],

v
τ

− ν∇2v + v · ∇v = −∇�

m∗ + q

m∗ v × B,

∇ · v = 0. (1)

Here, v is the fluid velocity field, τ is the relaxation time
related to momentum-nonconserving scattering from impu-
rities and phonons, ν is the kinematic viscosity, � is the
electrochemical potential, m∗ is the effective hydrodynamic
mass, q is the fluid particle charge, and B is the magnetic field.
For a uniform field, it is known that this equation predicts
the usual Hall effect, whereas recently it has been realized
that nonuniform fields have remarkable consequences such
as a local suppression of flow [55] and vortex layers in the
bulk [53]. The electron-electron scattering length, lee, and
the momentum diffusive scattering length, lmfp, are defined by
the following relations:

ν = leevF

4
, τ = lmfp

vF
, (2)

where vF is the Fermi velocity at zero temperature.
The Navier-Stokes Eq. (1) is valid in the limit when lee

is much smaller than all geometric scales in the problem.
There are two kinds of subleading corrections to the Navier-
Stokes equation [10,56]. The correction of the first kind, the
dependence of viscosity on magnetic field, is parametrically
proportional to (lee/rc)2, where rc = mvF /(eB) is the cy-
clotron radius, and the correction of the second kind, the Hall
viscosity, is parametrically proportional to (lee/a)2, where a is
the characteristic geometric scale. We start from the correction
of the second kind, which leads to the following modification
of the Navier-Stokes equation:

v
τ

− ν∇2v + v · ∇v =
(

1 + l2
ee

2
∇2

)
F,

F = −∇�

m∗ + q

m∗ v × B. (3)

The term (l2
ee/2)∇2 acting on the Lorentz force, (q/m∗)v × B,

is literally the “Hall viscosity” term from Ref. [10]. The term
(l2

ee/2)∇2 acting on the gradient of electrochemical potential,
−∇�/m∗, can be easily derived using the method used in
Ref. [10]. The electrochemical potential is a sum of the elec-
trostatic part and the pressure part, � = �E + �pr. Strictly
speaking, the (l2

ee/2)∇2 correction acts only on the electro-
static part. Since �E � �pr, we disregard this very small
difference. Note that the term (l2

ee/2)∇2F is time-even, unlike
the dissipative viscosity term ν∇2v, which is time-odd. As
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this modified equation is the Navier-Stokes plus the leading
correction towards the kinetic equation, we call Eq. (3) the
NS+ equation.

A superlattice of micromagnets modulated in the x direc-
tion generates a sinusoidal magnetic field along the z direction
in the plane of the 2DEG,

Bz = B0 sin(gx), (4)

where g = 2π/a, and a is the separation between adjacent
micromagnets. As previously mentioned, the electron fluid is
very viscous, so the “Bernoulli term,” v · ∇v, on the left-hand
side of Eq. (3) can be neglected. This is because compared
to the diffusion term −ν∇2v, the Bernoulli term scales with
the Reynolds number Re = vL/ν, where L is a characteristic
length of the system. In this case, the characteristic length
scale is defined by the gradient operator, so an appropriate
estimate is L ≈ 3D, and upon substituting in appropriate pa-
rameters later defined in Eq. (11), we see Re ≈ 10−3. Hence,
we obtain a linear NS+ equation that can be solved using
the stream function ψ defined by vx = ∂yψ and vy = −∂xψ .
For an infinitely long and infinitely wide channel with fixed
averaged current density J = qnv0x̂, the solution is

ψ∞ = v0

(
y + Cωτ

g(1 + D2g2)
cos(gx)

)
,

C = 1 − g2l2
ee/2 (5)

where D = √
ντ = 1

2

√
leelmfp is the characteristic viscous

length, and ω = |e|B0/m∗ is the cyclotron frequency. The vis-
cous and Ohmic dissipation rates follow directly from Eq. (5),
where L and W are the length and the width of the channel,
respectively,

Ė
 = nm∗

τ

∫
d2r v2,

Ėν = −nm∗ν
∫

d2r v · ∇2v. (6)

Note that generally for the incompressible Navier-Stokes
equation, the expression for viscous dissipation may be ex-
plicitly split up into a bulk stress term and a boundary stress
term [54], however for a periodic driving force the boundary
term vanishes over an integer number of periods and vanishes
when the flow at the inlet and outlet becomes uniform. The
boundary stress term is also negligible when the channel
length L → ∞. We consider the long channel limit here, but it
is also simple to ensure the other two cases are met via design
of the device. For the bulk solution (5), Eqs. (6) give

Ė
 = nm∗v2
0

τ

(
1 + C2ω2τ 2

2(1 + D2g2)2

)
LW,

Ėν = nm∗v2
0

τ

C2g2D2ω2τ 2

2(1 + D2g2)2
LW. (7)

These equations differ from a similar solution in Ref. [53]
by account of the leading gradient expansion correction, C =
1 → C = 1 − g2l2

ee/2. Equation (7) determine longitudinal re-
sistance of a long and sufficiently wide channel. If the channel
has about 50 micromagnets along the length, then the dis-
sipation in the contacts is negligible compared to the bulk
dissipation (not more than 1–2 %), and such a channel is said
to be sufficiently long. The sufficient width is a more delicate

issue, and this question is addressed in Sec. III, where we
discuss the solution for the boundary layer. Hence we propose
to measure the longitudinal resistance of a sufficiently long
and sufficiently wide conducting channel. The diffusive mean
free time τ can be determined from the measurement at zero
magnetic field. Further measurements of the dependence of
the resistance on the amplitude of the magnetic field allows
the extraction of lee and hence allows one to determine the
viscosity ν. Explicitly, this is achieved by taking the ratio of
the total resistivity and the Drude resistivity,

ρTot

ρD
= Ė
 + Ėν

Ė
(ω = 0)
= 1 + C2ω2τ 2

2(1 + D2g2)
. (8)

So far we have not explicitly solved for the electrochemical
potential in the Stokes equation (1). Substituting v calculated
from the stream function (5), it is easy to derive an expression
for the electrochemical potential, representing the external
force on each fluid particle,

∂x� = −m∗v0

τ

(
1 + C2ω2τ 2 sin2(gx)

1 + D2g2

)
,

∂y� = 0. (9)

The electrochemical potential does not vary in y in an infinite
sample as there is translational symmetry in the y direction,
whereas the periodic structure of the magnetic field in the x
direction gives rise to a modulated electrochemical potential
as a function of x. Furthermore, it is clear that the rate of work
done by the external force Ė = − ∫

d2r v · ∇� matches the
total dissipation Ė
 + Ėν obtained in Eq. (7).

As the electron number density is approximately constant
throughout the sample,3 the thermodynamic pressure gradi-
ents vanish. Therefore, the electrochemical potential gradients
are predominantly electric in nature, and we can write the
voltage as ϕ = −�/|e|,

ϕ = m∗v0

|e|τ
[

x + C2ω2τ 2

2(1 + D2g2)

(
x − sin(2gx)

2g

)]
. (10)

From Eq. (10) it is clear that the electric field varies with x.
As this effect arises from the presence of a periodic magnetic
field and the modulation in voltage is in the same direction as
transport, it is appropriate to label this a “magnetic field driven
longitudinal voltage modulation.”

Electron transport in high-mobility graphene may be hy-
drodynamic in the temperature range 150 � T < 300 K [3].
To be specific, we will present numerical estimates for
a monolayer graphene device with mobility μ ≈ 2 ×
105 cm2/Vs and density n ≈ 1012 cm−2 at a temperature T =
220 K with parameters similar to the device used in Ref. [8],

n = 1012 cm−2, T = 220 K, lmfp = 1.9 µm,

lee = 0.24 µm, τ = 1.9 ps. (11)

For a magnetic field amplitude B0 = 75 mT this gives ωτ =
1.2. Here we keep in mind that the hydrodynamic mass for
monolayer graphene is m∗ = pF /vF , with Fermi momentum
pF = h̄

√
nπ , accounting for spin and valley degeneracy in

3See the discussion leading to and following Eq. (12).
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graphene. With these parameters the characteristic viscous
length is D ≈ 0.34 µm.

Ohmic dissipation (7) is dependent on the dimensionless
parameters ωτ and gD, which, for fixed ωτ , may be shown
to be maximized at gD = [1 + (Cωτ )2/2]1/4. We take g =
2.6 µm−1, which is slightly smaller than the optimal value and
which corresponds to lattice spacing a = 2.5 µm. At a larger
value of g (smaller a), the gradient non-Stokes correction
l2
ee∇2/2 → l2

eeg2/2 is too large. At a = 2.5 µm the correction
is l2

eeg2/2 = 0.19.
With these parameters and assuming v0 = 100 m/s, cor-

responding to I = 0.15 µA per µm of channel width from
Ref. [8], the oscillation amplitude of the longitudinal voltage
modulation is approximately 0.3 µV. Of course the amplitude
can be increased by increasing the current.

So far in the analysis we have assumed the electron fluid is
incompressible as the number density is made approximately
constant via a gate voltage. To check the validity of this
assumption, let us compare the gate voltage ϕg that determines
the electron density with the longitudinal voltage drop ϕ,

ϕg ≈ ned

ε
, ϕ ∼ m∗v0

|e|τ L. (12)

Here d is the depth from the gate to the 2DEG, ε is the
dielectric constant, and L is the length of the device between
Ohmic contacts. Taking parameters from (11) and assuming
a single-sided hBN substrate with dielectric constant εhBN =
4.4 [8] such that ε = 2.7 and assuming d = 50 nm, the gate
voltage may be estimated as ϕg ≈ 3.4 V. For channel length
L = 100 µm the voltage drop along the device is ϕ ≈ 0.6
mV. Hence δn/n ∼ ϕ/ϕg ∼ 2 × 10−4. The incompressible ap-
proximation is valid.

III. BOUNDARY LAYER FOR A STRAIGHT
SEMI-INFINITE CHANNEL WITH NO-SLIP

BOUNDARY CONDITION

This section has two goals: (i) to estimate the width of the
boundary layer, and (ii) to point out some qualitative effects
related to the boundary layer. In this section, we disregard the
subleading gradient correction and use the standard Navier-
Stokes equation (1).

A. Boundary-layer flow in the perturbative limit ωτ � 1

Consider a semi-infinite straight channel with a no-slip
boundary at y = 0 and fluid flow in the region y > 0. In
conjunction with the Stokes equation (1), the stream function
must satisfy the no-penetration and no-slip boundary condi-
tions,

vy|y=0 = −∂xψ |y=0 = 0, vx|y=0 = ∂yψ |y=0 = 0. (13)

The no-penetration condition ensures that no fluid can cross
the boundary, whereas the no-slip condition ensures that the
fluid has zero tangential velocity at the boundary surface.
Furthermore, the stream function must decay to the bulk so-
lution (5) far from the boundary. We look for a solution as an
expansion in powers of ωτ 
 1, i.e., ψ = ∑∞

n=0(ωτ )nψ (n).
First we solve for the zero-order solution, corresponding to
flow in the absence of a magnetic field. Solving the Stokes
equation for ωτ = 0 using the boundary conditions leads to

the Poiseuille solution

ψ (0) = v0(y + De−y/D). (14)

Next, introducing the magnetic field as a perturbation, we
derive the first-order correction in the solution, ψ = ψ (0) +
ωτψ (1),

ψ (1) = v0 cos(gx)

(
1

g(1 + g2D2)
+ Ae−y/D

+C1e−gy + C2e
−

√
g2+ 1

D2 y
)

, (15)

where the coefficients A, C1, and C2 are defined as

A = 1

g(1 − g2D2)
,

C1 = 2(g2D2 + 1)−
1
2 − 1

g(1 − g2D2)(gD −
√

g2D2 + 1)
,

C2 = 1 − gD

g(1 + gD)(1 + g2D2)(gD −
√

g2D2 + 1)
.

Note that in the case of gD → 1, the coefficients A,C1 → ∞.
However, it is easy to check that the divergences compensate
each other such that the solution remains finite.

To maximize the viscous dissipation, we are interested in
the case gD > 1. Since the slowest decaying boundary term in
Eq. (15) decays as e−y/D, the characteristic viscous length D
sets the width of the boundary layer.

B. Exact numerical solution for the boundary-layer flow

While the perturbative solution for the boundary layer pre-
sented in the previous subsection is illuminating, for practical
purposes we must find the solution at ωτ > 1. This can only
be done numerically. To do so, we reduce the Stokes equa-
tion (1) to an infinite series of linear algebraic equations. We
then numerically solve these equations by truncating them at
a suitable order.

We consider a semi-infinite channel y � 0 and use length
units where D = √

ντ = 1 and velocity units where v0 = 1.
As the magnetic field is periodic in the x direction, so is
the stream function ψ , which can thus be presented as the
following Fourier series:

ψ = y + e−y + ωτ

g(g2 + 1)
cos(gx) +

∞∑
m=−∞

eigmxGm(y).

(16)

Here m is an integer and Gm(y) are unknown functions that
must decay with increasing y as the solution tends to the bulk
solution far from the boundary. Thus, using the perturbative
solution as a starting point, we consider solutions of the form

Gm(y) = fme−y +
∑

a

Am,ae−λay, (17)

where fm and Am,a are complex coefficients. The index a =
1, 2, 3, . . . enumerates “eigenvalues” λa, which can be real
or complex. The real parts of λa are positive by design of
Eq. (17). In practice, the upper limit of the index a, amax =
2Nm + 1, is fixed by truncation. Since the “Bernoulli term” is
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neglected, the Stokes equation (1) is a linear equation. Let us
consider the Poiseuille solution without a magnetic field,

ψ0 = y + e−y, (18)

as a base solution. Now, in a magnetic field the stream func-
tion has a driven part correction, δψd , driven by ψ0, and a free
part correction, δψ f ,

ψ = ψ0 + δψd + δψ f ,

δψd = ωτ

g(g2 + 1)
cos(gx) +

∞∑
m=−∞

eigmx fme−y,

δψ f =
∞∑

m=−∞
eigmx

∑
a

Am,ae−λay. (19)

The first term in δψd is driven by the first term in Eq. (18)
and the second term in δψd is driven by the second term in
Eq. (18). Hence, the function Gm(y) in Eq. (17) is a combina-
tion of a driven part and a free part. For a linear differential
equation, the driven part is fully determined by the equation,
but the coefficients in the free part are determined by the
boundary conditions.

It is convenient to define the following differential opera-
tors:

D̂ ≡ −∇2 + ∇4,

d̂ ≡ ωτgcos(gx)∂y. (20)

Using these notations, the Stokes equation can be rewritten as

(D̂ − d̂ )δψd = d̂ψ0,

(D̂ − d̂ )δψ f = 0. (21)

Using the representation (19), the driven equation is trans-
formed to an infinite set of linear algebraic equations for the
coefficients fm,

(g2m2)(g2m2 − 1) fm + ωτg

2
( fm+1 + fm−1)

= −ωτg

2
(δm,1 + δm,−1). (22)

The coefficients in this equation are real and even in m. There-
fore, the coefficients fm are also real and even in m. For this
reason, only equations for non-negative m are independent.
A numerical solution of Eq. (22) is straightforward, with
truncation beyond m > Nm, resulting in Nm + 1 independent
equations. The second equation in Eqs. (21), i.e., the free
equation, is transformed to an infinite set of linear algebraic
equations for the coefficients Am,(

g2m2 − λ2
a

)(
1 + g2m2 − λ2

a

)
Am,a

+ ωτg

2
λa(Am+1,a + Am−1,a) = 0, (23)

noting that λa is independent of m. Again, only equations with
non-negative m are independent, and we truncate m such that
m � Nm. Hence the number of independent equations is again
Nm + 1. The right-hand side of Eq. (23) is zero, so for a
nontrivial solution the determinant of the matrix must be equal
to zero. Hence, this is an eigenvalue problem but it is not a
standard linear eigenvalue problem. To solve the eigenvalue

problem, we calculate the determinant as a polynomial in
λ and numerically determine the roots of the polynomial.
The polynomial order is 4(Nm + 1). After we discard roots
with a nonpositive real part, we are left with 2Nm + 1 roots.
Interestingly, at a sufficiently large ωτ there are complex
roots. The coefficients in the polynomial are real, so complex
roots always come in complex conjugate pairs. We enumerate
2Nm + 1 roots by the index a. For any found λa we solve
Eqs. (23) and hence find the coefficients Am,a, numerically
determined to arbitrary normalization. We now write Am,a =
αaA(n)

m,a, where A(n)
m,a is normalized such that

∑
m |A(n)

m,a|2 = 1,
and αa is an arbitrary coefficient.

The boundary conditions (13) provide a set of equations to
determine the 2Nm + 1 coefficients αa,

0 = vy|y=0 �⇒

m

(
fm +

∑
a

αaA(n)
m,a

)
+ ωτ

2g(1 + g2)
(δm,1 − δm,−1) = 0,

0 = vx|y=0 �⇒
fm +

∑
a

λaαaA(n)
m,a = 0. (24)

The first of these equations is nontrivial at m = 1, 2, . . . , Nm

and the second equation is nontrivial at m = 0, 1, . . . , Nm, so
altogether we have 2Nm + 1 equations to determine 2Nm + 1
unknown coefficients αa. Thus the boundary-layer problem is
solved.

The boundary-layer solution is extended to finite width
channels in Appendix A. After the method is developed, it
is instructive to present plots for specific cases. For the nu-
merical solution we set gD = 0.88, which corresponds to the
device described at the end of Sec. II. We truncate beyond
Nm = 5, which provides more than sufficient accuracy for the
values of ωτ we present. Plots of the streamlines obtained for
ωτ = 0.2, 1.2, and 2.4 are presented in Fig. 1. These values
of ωτ were selected as ωτ = 0.2 has only real eigenvalues λa

and corresponds to the perturbative regime, ωτ = 1.2 has a
complex conjugate pair of eigenvalues λa and corresponds to
the device described in Eq. (11), and ωτ = 2.4 has two com-
plex conjugate pairs of eigenvalues λa. As the magnetic field
increases (ωτ increases), both the magnitude of the boundary
effects and the width of the boundary layer increase. For
the most interesting case, ωτ ≈ 1, the effective width of the
boundary layer is approximately D. Therefore, for the set of
parameters (11) a channel of width = 10–20 µm is sufficiently
wide to neglect boundary-layer effects.

The boundary-layer solution considered in this section is
valid for the no-slip boundary condition. However, the method
can be easily extended to the case of an arbitrary slip length;
see Appendix B for details.

IV. NUMERICAL ESTIMATES, ANTI-POISEUILLE FLOW

Following the numerical calculation of the stream function,
we may calculate the viscous dissipation rate and the Ohmic
dissipation rate given by Eqs. (7). The most important pa-
rameter is the ratio Ėν/Ė
, which is dependent on the device
considered, so to provide calculated values we take the device
with parameters presented in Eq. (11). This corresponds to
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FIG. 1. Streamlines in a semi-infinite channel with a no-slip boundary at y = 0. The parameters are chosen as gD = 0.88, ωτ =
0.2, 1.2, 2.4. Solid lines correspond to the numerically exact solution described in Sec. III B, and dashed lines correspond to the solution
given by Eq. (5) in the infinite device.

D = 0.34 µm. We also take the lattice spacing a = 2.5 µm
as discussed in the end of Sec. II, resulting in gD = 0.88.
The dissipation rates are plotted in Fig. 2 versus the channel
width W for two values of the magnetic field amplitude—
B0 = 75 and 150 mT—corresponding to ωτ = 1.2 and 2.4,
respectively. Solid lines correspond to solutions of the NS
equation (1). The dashed line corresponds to total dissipation
in the bulk from solution of the NS+ equation (3) where
the gradient correction is significant, C2 = 1 → C2 = (1 −
0.19)2 = 1 − 0.34. In these plots we assume that the viscosity
is independent of the magnetic field, ν(B) = ν(0). Asymptotic
values of the ratio Ėν/Ė
 at W → ∞ are 0.16 (B0 = 75 mT)
and 0.48 (B0 = 150 mT). Note that as the magnetic field
increases, the difference between the asymptotic value of the
total dissipation from the NS equation and the total bulk
dissipation from the NS+ equation increases.

Now let us calculate the value of the correction of the first
kind, as is discussed in the paragraph before Eq. (3). The
viscosity is often reported to depend on magnetic field, with a
possible dependence [10]

ν → ν

1 + (B/B∗)2
≈ ν[1 − (B/B∗)2],

B∗ = pF

2|e|lee
. (25)

The term ν(B/B∗)2∇2v added to the Navier-Stokes equa-
tion (1) leads to the correction of the first kind. We call it
“the amplitude correction.” It is easy to calculate the correc-
tion by perturbation theory. In perturbation theory it does not
influence the Ohmic dissipation, but in calculating the viscous
dissipation in Eq. (6), as B = B(x) gives ν = ν(x), one has to
move ν in the integrand and perform integration over position.
This gives the following correction to the viscous dissipation:

δĖν

Ėν

= −3(ωτ )2

(
lee

lmfp

)2

. (26)

The correction is −7% for ωτ = 1.2 and −28% for ωτ = 2.4.
Note that by performing experiments for different values of
a and different values of the magnetic field amplitude, it
is possible to disentangle and to measure independently the

viscosity, the gradient correction (Hall viscosity), and the
amplitude correction (26).

Interestingly, the fluid flow in the boundary layer shows a
sort of anti-Poiseuille behavior. To illustrate this, we plot in
Fig. 3 the longitudinal velocity vx versus y (i.e., across the
channel). The velocity vx is a function of both x and y, and
here we present plots at x = 0. At a sufficiently large magnetic
field, ωτ � 1.2, there is a clear anti-Poiseuille profile near
the left boundary of the channel. In this regime, the peak
velocity is not v0 in the bulk, but instead the longitudinal
velocity has a maximum in the boundary layer before decay-
ing towards v0 in the bulk. There is a conventional Poiseuille
behavior at the right boundary of the channel, although at
high magnetic field a small amount of counterflow develops
due to the development of vortices in the boundary layer. If
we shift x = 0 → x = a/2 the plots are effectively reflected
about the center of the channel: the anti-Poiseuille profile
is located at the right boundary and the Poiseuille profile
is at the left boundary. Mathematically, the anti-Poiseuille
profile is related to the complex eigenvalues λa. This behavior
is qualitatively similar to the anti-Poiseuille flow predicted
for narrow graphene channels near charge neutrality in the
presence of a uniform magnetic field perpendicular to the
plane [50–52]. Near charge neutrality this effect is largely
attributed to electron-hole recombination. In our case, the
physical origin of the anti-Poiseuille profile is different as we
do not have any holes. While we consider no-slip boundaries,
a similar anti-Poiseuille profile exists also for boundary con-
ditions with a finite slip length; see Appendix B.

V. FINITE-ELEMENT SIMULATIONS

To complement our numerical results and to extend them
towards finite systems, we also performed numerical simula-
tions using the finite-element method (FEM). The first step is
to bring Eq. (1) to the form of a weak differential equation by
multiplying each of the equations with a test function and
integrating over all space. We again neglect the Bernoulli
term because we assume small flow velocity and that the
fluid is incompressible. For the finite-element analysis, we
use the space of Lagrange polynomials of second order as the
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FIG. 2. Ohmic, viscous, and total dissipation from solution of
the NS equation (1) as a function of channel width and total dis-
sipation in the bulk from solution of the NS+ equation (3). The
dissipation is normalized to the Ė0, which is due to Drude resistance
only, i.e., which is expected in the absence of B-field and hydro-
dynamics (Ė0/LW = nm∗v2

0/τ ). The value ωτ = 1.2 corresponds to
B0 = 75 mT and ωτ = 2.4 corresponds to B0 = 150 mT. In these
plots we assume that the viscosity is independent of the magnetic
field, ν(B) = ν(0). The plots correspond to the parameter set (11),
where gD = 0.88.

function space for the velocity field and the space of Lagrange
polynomials of first order as the function space for the poten-
tial. Together these form a Taylor-Hood element appropriate
for the numerical solution of Navier-Stokes equations. We
have numerically implemented the problem using the FEniCS
package [57].

Using FEM, we consider a finite system with a rectangular
geometry with width W in the y direction and length L in
the x direction. To simulate a finite array of micromagnets,

FIG. 3. Longitudinal velocity profile at x/D = 0 with gD = 0.88
for various values of ωτ . At large magnetic fields anti-Poiseuille
flow is observed and a small counterflow is observed at the opposite
boundary due to the formation of a viscous vortex.

we consider a flow driven by an applied electric potential
difference, so we assume Dirichlet boundary conditions for
the voltage ϕ(x = −L/2, y) = ϕL and ϕ(x = L/2, y) = ϕR

at the inlet and outlet. In addition to this, we assume that
vy(x = ±L/2, y) = 0 at both the inlet and outlet. Finally, we
impose no-slip boundary conditions at the walls, i.e., v(x, y =
±W/2) = 0.

Figure 4 shows that the results of these simulations qual-
itatively reproduce all features found for the infinite system.
At strong enough magnetic fields, an anti-Poiseuille flow
emerges near the boundary. Moreover, at strong fields, a small
counterflow becomes visible at the opposite boundary.

VI. MAGNETIC FIELD OF PERIODIC FERROMAGNETIC
STRIPES

The setup considered in this paper is similar to the setup
previously proposed for GaAs heterostructure in Ref. [53],
but adapted to suit monolayer graphene with parameters de-
scribed in Eq. (11). A superlattice of rectangular magnetic
bars oriented perpendicular to the longitudinal axis of the
device is placed above the 2DEG as seen in the left panel
of Fig. 5. The thickness of each micromagnet is δz and the
distance from the base of each micromagnet to the 2DEG is z,
shown in the right panel of Fig. 5. The period of modulation
is a = 2.5 µm, as found in Sec. II. The micromagnets are
magnetized parallel to the longitudinal axis of the channel.
The remaining free parameters d, z, δz are tuned such that the
z component of the magnetic field in the plane of the 2DEG
is approximately B0 sin(2πx/a) with B0 ≈ 75 mT. A stronger
magnetic field may also be achieved.

Assuming the magnetization is uniform throughout the
volume of each micromagnet, and each micromagnet’s extent
in the transverse (y) direction is wider than the width W of the
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FIG. 4. FEM results for the absolute value |v| of the velocity
in a finite channel of length L = 100D for gD = 0.5. There is an
equilibration region near the inlet and outlet where uniform flow
transitions to periodic flow, with periodic flow established from
−40 < x/D < 40. Note that this color plot should not be confused
with lines of flow, which are shown in Fig. 1 The velocity is measured
in units convenient for numerical solution, and the system contains
six magnetic strips. The region of high velocity, anti-Poiseuille flow,
is shifted by half a period at opposite boundaries.

sample, we calculate the z component of the magnetic field in
the plane of the 2DEG as a function of longitudinal coordinate
x from the Biot-Savart law as

Bz(x)

Bm

∣∣∣∣
2DEG

= −
∑
n>1

sin (gnd/2)

πn
sin(gnx)Zn,

Zn(z, δz) = e−gnz(1 − e−gnδz ), (27)

where Bm is the saturation magnetic field, and x is measured
from the center of one of the micromagnets. At the edge of
the micromagnet centered on x = d/2, the harmonics of the
field in the 2DEG plane is ∝ sin2(gnd/2), so evidently d =
a/2 = π/g maximizes the first harmonic and suppresses the
second harmonic. We calculate B numerically from Eq. (27)
and confirm that d = a/2 = 1.25 µm is optimal.

To achieve a field with magnitude B0 = 75 mT, we con-
sider a NiFe alloy that has a saturation magnetic field

FIG. 5. Left: top view of a periodic array of magnetic bars
perpendicular to the flow direction shown by the red arrow. The
micromagnets are magnetized parallel to the longitudinal axis of
the channel. The direction of the magnetization is shown by the
blue arrows. The period of the superlattice is a and the width of
each micromagnet is d . Right: Side view of the device. The vertical
distance from the micromagnets to the 2DEG is z and the thickness
of each micromagnet is δz. First presented in Ref. [53].

FIG. 6. Magnetic field in the 2DEG plane for NiFe bars. Left
panel: Bz vs x. Right panel: Bx vs x. The parameters are δz =
0.20 µm, z = 0.40 µm.

1500 mT [58]. Through concurrently tuning δz and z, we
find that we may generate the desired magnetic field profile
with δz = 0.20 µm and z = 0.40 µm. Plots of Bz versus x
and Bx versus x are presented in Fig. 6. The x component
of the magnetic field is not relevant, but we present it for
completeness. The x dependence of Bz is not quite sinusoidal,
however this is not a big issue as by using the finite-element
method, one can also solve the Navier-Stokes equation for this
magnetic field profile. It should be noted that any magnetic
disorder due to a slight misalignment of the micromagnets
with respect to the channel or inconsistencies in the spacing
or width of the micromagnets results in high wave-number
contributions to the magnetic field, with these contributions
exponentially suppressed due to the distance z between the
micromagnets and the 2DEG, as seen in Eq. (27).

VII. CONCLUSIONS

We develop a theory for the no-slip boundary layer in
the magnetohydrodynamic flow of an electron fluid in a
straight channel. The fluid flow is modified by an array of
micromagnets on the top of two-dimensional electron gas.
The micromagnets create a wiggling flow of the fluid, which
dramatically enhances hydrodynamic effects in the fluid. To
be specific, the analysis was performed for no-slip bound-
ary conditions, but the method can be extended to boundary
conditions with arbitrary slip length. We demonstrate that
the fluid velocity profile in the boundary layer manifests an
anti-Poiseuille behavior. In addition, we show that the mi-
cromagnet array creates a longitudinal voltage modulation in
the sample. From the experimental point of view, we propose
a method for a boundary-independent measurement of the
viscosity of different electron fluids. The results are applicable
to graphene away from the charge-neutrality point and also to
semiconductors.
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APPENDIX A: THE METHOD FOR AN EXACT SOLUTION
FOR A FINITE WIDTH CHANNEL

Here we expand the method of Sec. III to a finite channel
with no-slip boundaries at y = ±W/2. Here we use units
D = v0 = 1. As before we split the stream function into the
zero field term, which corresponds to Poiseuille flow, ψ0,
the driven magnetic field correction term, δψ f , and the free
magnetic field correction term, δψd ,

ψ = ψ0 + δψd + δψ f ,

ψ0 = y − sinh y

cosh W/2

δψd = ωτ

g(g2 + 1)
cos(gx) +

∞∑
m=−∞

eigmx ( fme−y + hmey),

δψ f =
∞∑

m=−∞
eigmx

∑
a

(Am,ae−λay + Cm,aeλay). (A1)

Note that we absorb the constant exponential terms into the
unknown coefficients. The stream function solves the Stokes’
equation as in Eq. (21). From the driven equation, we obtain a
set of equations for coefficients fm and hm.

(g2m2)(g2m2 − 1) fm + ωτg

2
( fm+1 + fm−1)

= − ωτg

4 cosh W/2
(δm,1 + δm,−1),

(g2m2)(g2m2 − 1)hm − ωτg

2
(hm+1 + hm−1)

= − ωτg

4 cosh W/2
(δm,1 + δm,−1). (A2)

As the coefficients are real and even in m, fm and hm are also
real and even in m. The free equation gives eigenequations for
eigenvalues λa and eigenvectors Am,a and Cm,a,(

g2m2 − λ2
a

)(
1 + g2m2 − λ2

a

))
Am,a

+ωτg

2
λa(Am+1 + Am−1) = 0,(

g2m2 − λ2
a

)(
1 + g2m2 − λ2

a

))
Cm,a

−ωτg

2
λa(Cm+1 + Cm−1) = 0. (A3)

Note that the determinant of the A-equation is identical to
that of the C-equation. Hence, there is only one set of eigen-
values λa which we find following the method described in
the main text. The eigenvectors Am,a and Cm,a are different,
and we find them solving Eqs. (A3). The eigenvectors are
determined up to some arbitrary normalization. Similarly to
the approach in Sec. III, we define coefficients αa and γa and
write Am,a = αaA(n)

m,a and Cm,a = γaC(n)
m,a, where

∑
m |A(n)

m,a|2 =
1 and

∑
m |C(n)

m,a|2 = 1, and αa and γa are arbitrary coefficients.
These coefficients are determined by considering the bound-
ary conditions at y = ±W

2 ,

0 = vy|y=±W/2 →

m

[
fme∓W/2 + hme±W/2 +

∑
a

(
αaA(n)

m,ae∓λaW/2

+ γaC
(n)
m,ae±λaW/2

)] + ωτ

2g(1 + g2)
(δm,1 − δm,−1) = 0,

0 = vx|y=±W/2 →∑
a

λa
(
αaA(n)

m,ae∓λaW/2 − γaC
(n)
m,ae±λaW/2

)
+ fme∓W/2 − hme±W/2 = 0. (A4)

Upon solving Eq. (A4) and obtaining αa and γa, the stream
function is entirely characterized, and velocity and dissipation
profiles may be calculated.

APPENDIX B: SOLUTION FOR BOUNDARIES WITH
FINITE SLIP LENGTH

We now expand upon the solution for the finite channel to
account for some finite slip length, β, defined in the finite slip
boundary condition [59]. Note the change in sign of β at the
positive and negative y boundaries,

vx|y=±W/2 = ∓β∂yvx|y=±W/2. (B1)

The no-penetration boundary condition remains unchanged.
We must first account for the finite-slip boundary in our defi-
nition of ψ0, which we do by considering flow in the absence
of a periodic magnetic field. This is simply the following:

ψ0 = y + e−y − ey

ew/2(1 + β ) + e−w/2(1 − β )
. (B2)

While the equations for the free solution, Eq. (A3), remain
unchanged, the equations for the driven solution, Eq. (A2), are

FIG. 7. Longitudinal velocity profile at x/D = 0 with gD = 0.88
and ωτ = 4.8 for a range of slip length β. Clearly the finite-slip
cases interpolate between the no-slip and perfect-slip cases. As β

increases, the strength of the anti-Poiseuille flow peak increases until
it saturates at the perfect-slip level, while counterflow at the other
boundary quickly disappears with finite β.
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modified by the redefinition of ψ0,

(g2m2)(g2m2 − 1) fm + ωτg

2
( fm+1 + fm−1)

= − ωτg

2[ew/2(1 + β ) + e−w/2(1 − β )]
(δm,1 + δm,−1),

(g2m2)(g2m2 − 1)hm − ωτg

2
(hm+1 + hm−1)

= − ωτg

2[ew/2(1 + β ) + e−w/2(1 − β )]
(δm,1 + δm,−1).

(B3)

Now, while the no-penetration boundary condition remains
unchanged, we must solve the finite-slip boundary condition
for δψd + δψ f . The no-penetration and finite slip boundary
conditions applied to the finite channel system are as follows:

0 = vy|y=±W/2 →

m

[
fme∓W/2 + hme±W/2 +

∑
a

(
αaA(n)

m,ae∓λaW/2

+γaC
(n)
m,ae±λaW/2

)] + ωτ

2g(1 + g2)
(δm,1 − δm,−1) = 0,

vx|y=±W/2 = ∓β∂yvx|y=±W/2 →∑
a

λa
(
αaA(n)

m,ae∓λaW/2 − γaC
(n)
m,ae±λaW/2

)

+ fme∓W/2 − hme±W/2 = ∓β

(
fme∓W/2 + hme±W/2

+
∑

a

λ2
a

(
αaA(n)

m,ae∓λaW/2 + γaC
(n)
m,ae±λaW/2)). (B4)

It is instructive to compare the no-slip, finite-slip, and
perfect-slip cases. For monolayer graphene, the slip length is
dependent on temperature and has been found, as a fitting pa-
rameter, to be on the order of 0.5–0.1 μm for T = 300 K [22]
and T = 75 K [23]. For the parameters we consider in this
manuscript, an appropriate choice is β = D/3. In Fig. 7 we
present vx profiles for ωτ = 4.8 for the different boundary
conditions, with this ωτ chosen to highlight anomalous flow
behavior. As the β is increased, the flow transitions from the
no-slip case to the perfect-slip case, with the anti-Poiseuille
flow peak increasing with increasing β and counterflow at
the opposite boundary quickly vanishing with small finite
β. At a realistic slip length β = D/3, one would expect
strong periodic anti-Poiseuille flow as well as small finite
counterflow.
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