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» One mathematical aspect of quantization is the
passage from the commutative world to the
non-commutative world.

» one way is by deformation quantization (also called
star product)

» deform the Poisson algebra of functions on the phase
space

» can only be done on the level of formal power series
over the algebra of functions

» after some approaches, it was pinned down in a
mathematically satfisfactory manner by Bayen, Flato,
Fronsdal, Lichnerowicz, and Sternheimer.



OUTLINE

» Qgive an overview of some naturally defined star
products in the case that our "phase-space manifold”
is a (compact) Kahler manifold

» here we have additionally a complex structure and
search for star products respecting it

» yield star products of separation of variables type
(Karabegov) resp. Wick or anfi-Wick type
(Bordemann and Waldmann)

» Pboth constructions are quite different, but there is a
1.1 correspondence (Neumaier)

» still quite a lot of them

» single out certain naturally given ones
» restrict to quantizable K&dhler manifolds

» Berezin-Toeplitz star product, Berezin transform, Berezin
star product

» A side result: star product of geometric quantization

» all of the above are different star products, but
nevertheless are equivalent as star products.

» We give the classifying Deligne-Fedosov class and the
Karabegov forms.

» Moreover, we give the equivalence transformations.



GEOMETRIC SET-UP

» (M, w) a pseudo-Kahler manifold.
M a complex manifold, and w, a non-degenerate
closed (1, 1)-form

» if wis a positive form then (M, w) is a honest Kahler
manifold

» C>°(M) the algebra of complex-valued differentiable
functions with associative product given by point-wise
mulfiplication

» define the Poisson bracket

{ fa g} = w(Xﬁ XQ) w(Xfa ) - df()

» C>°(M) becomes a Poisson algebra.

STAR PRODUCT

star product for M is an associative product x on
A = C>*(M)[[v]], such
1. fxg=f-g mod v,

2. (fxg—gxf)/v=—i{f,g} mod v.

Also

f*g:Zkak(fjg), Ck(f7g)€ COO(M)v
k=0

differential (or local) if C,(, ) are bidifferential operators.
Usually: Txf=7Ffx1="T,



Equivalence of star products

*x and «’ (of the same Poisson structure) are equivalent
means

there exists a formal series of linear operators
B=> By,  B:C*M)— C*(M),
i=0

with By =id and B(f)« B(g) = B(f x g).

To every equivalence class of a differential star product
one assigns its Deligne-Fedosov class

1.1

Cl(x) € T( [w] + H%R(M, C)[[¥1])-

v

Gives a 1:1 correspondence. between equivalence
classes of star products and such formal forms.

Existence of star products for Poisson manifolds, resp. for
symplectic manifolds:

by DeWilde-Lecomte, Omori-Maeda-Yoshioka, Fedosov,
...., Kontsevich.

For manifolds with additional structure (e.g. complex
stfructure one is searching for star products respecting it (in
a certain sense).



SEPARATION OF VARIABLES TYPE

» pseudo-Kahler case: we look for star products (always
differential ones) adapted to the complex structure

» separation of variables type (Karabegov)
» Wick and anfi-Wick type (Bordemann - Waldmann)

» Karabegov convention: of separation of variables
type if in Cy(.,.) for k > 1 the first argument is
differentiated in anti-holomorphic and the second
argument in holomorphic directions.

» we call this convention separation of variables
(anfti-Wick) type and call a star product of separation
of variables (Wick) type if the role of the variables is
switched

» we need both conventions

» Our star products are globally defined. But as they
are local star products they define star products also
for local functions.

» Moreover the global star product is fixed by its local
forms.

» * Of anti-Wick type is equivalent to : for every given
U c M, open non-empty, and local antinolomorphic
functions a, holomorphic functions b, and f
differentiable function on U ¢ M we have the
relations

bxf=5b-f, f~a=7-qa.



KARABEGOV CONSTRUCTION (SKETCH OF A
SKETCH)

» (M,w_1) the pseudo-Kdhler manifold

a formal deformation of the form (1/v)w_; is a formal
form

\4

&}:(]/V)w_] +wy+rwy+...
wr, >0, closed (1,1)-forms on M.

» Karabegov: to every such w there exists a star product
* of anti-Wick type

» and vice-versa
» Karabegov form of the star product « is kf(x) := @,

» the star product xx with classifying Karabegov form
(1/v)w_y is Karabegov's standard star product.

FORMAL BEREZIN TRANSFORM

» % Of anti-Wick type. For local antinolomorphic
functions a and holomorphic b on U ¢ M we have
the relation bxa = b - a.

» The Berezin transform [, associated fo x is given by the
local relation

axb=I[L(bxa)=IL(b-q),



» [T can be written as

*_ZIV 1 C®(M) — C(M),

b=id, L =A
» The |, are differential operators of type (k, k).

The formal Berezin transform [, determines the %
uniquely.
» x can be obtained back from [, by polarization.

\4

A RELATED STAR PRODUCT

» Start with « separation of variables type (anti-Wick)
(M, w_7)

» related star product (opposite of the dual)
f+ g :=I71(1(f) * .(Q)).

n(M,w_y),is of Wick type

» the formal Berezin transform [, establishes an
equivalence of the star products

(A, %) and (A, )



CLASSIFYING FORMS

* star product of anti-Wick type with Karabegov form
Kf(x) =@
Deligne-Fedosov class calculates as

i) = + (18] - 3).

[..] denotes the de-Rham class of the forms and ¢ is the
canonical class of the manifold i.e. § := ¢1(Ky).

stfandard star product xx (with Karabegov form
w=(1/v)w_1)

Clfrw) = 1 (L]~ ).

1 v

OTHER GENERAL CONSTRUCTIONS

» Bordemann and Waldmann: modification of
Fedosov’s geometric existence proof.

» fibre-wise Wick product.

» by a modified Fedosov connection a star product xgy,
of Wick type is obtained.

» Karabegov formis —(1/v)w
Deligne class class

v

Cllrew) = 1 (1] + 2).



Neumaier: by adding a formal closed (1, 1) form as
parameter each star product of separation of variables
type can be obtained by the Bordemann-Waldmann
construction

Reshetikhin and Takhtajan:

formal Laplace expansions of formal integrals related to
the star product.

coefficients of the star product can be expressed
(roughly) by Feynman diagrams

BEREZIN-TOEPLITZ STAR PRODUCT

» compact and quantizable K&hler manifold (M, w),

» quantum line bundle (L, h, V), Lis a holomorphic line
bundle over M, h a hermitian metricon L, V
compatible connection (with meftric and
holomorphic structures)

» (M, w) is quantizable, if there exists such (L, h, V), with
CUfV(L’V) = —lw= |58 |Og F)

A Kdhler manifold with such quantum line bundle
(fixed)is called quantized K&hler manifold.

» Consider all positive tensor powers (L™, A(M v(m)),



scalar product for C>*(M,L™) (n=dim¢M)

(o, 1) ::/h(m)(w,w)ﬂ, Qizlw/\w---/\w
M I

N 2(M, L™ — Tho(M, L™)

Take f € C*(M),and s € o (M, L™M)

s = TU(s) = NM(f. )

defines
T Thof(M, L™) = Toy(M, L™)

the Toeplitz operator of level m.

Berezin-Toeplitz operator quantization

fF+(¢m§

meNg .

has the correct semi-classical behavior:
Theorem (Bordemann, Meinrenken, and Schl.)

(o)

tim ([T = [loc
(o)
mi T3, 1§™) = T | = O(1/m)
(C)

T — T8 = O(1/m)



Theorem (BMS, Schl., Karabegov and Schl.)

3 a unique differential star product

frgr g =Y v Ci(f, Q)

such that

oo k
(m) (m) 1 (m)
Te g NZ(E) Tck(f,g)
k=0

Further properties: is of separation of variables type (Wick
type)

classifying Deligne-Fedosov class (- [w] — §) and
Karabegov form —'w + wean

possible: auxiliary hermitian line (or even vector) bundle
can be added, meta-plectic correction.

GEOMETRIC QUANTIZATION

Further result: The Toeplitz map of level m
T(M) - C®(M) — End(Tpo)(M, L™M))

is surjective

implies that e.g. the operator @,Em) of geometric
quantization (with holomorphic polarization) can be
written as Toeplitz operator of a function f,, (maybe
different for every m)

indeed Tuynman relation (for compact manifolds):

AR

Q™ .= nmpm  pm . V(XTHZ) +if -id.



» star product of geometric quantization
» set B(f) := (id — u%)f

f xcq g := B~ (B(f) *sr B(Q))

defines an equivalent star product

» can also be given by the asymptotic expansion of
products of geometric quantization operators

» it is not of separation of variable type
» but equivalent to xgr via B.

Where is the Berezin star product ?7?

» [tis an important star product: Berezin,
Cahen-Gutt-Rawnsley, etfc.,

» The original definifion is limited in applicability.

» We will give a definition for quantizable Kahler
nmanifold.

» Clue: define xg so that the opposite of its dual is xg7,
e.g.

fxp @ :=I(I""(f)xgr I7'(Q))
» Problem: How to determine [?

» describe the formal | by asymptotic expansion of
some geometrically defined /(™)



COHERENT STATES - BEREZIN SYMBOLS

» assume the bundle Lis very ample (i.e. has enough
global sections)

pass to its dual (U, k) := (L*,h~!) with dual metric k
inside of the total space U, consider the circle bundle

v

v

Q:={re U|k(\\) =1},

» 7:&Q— M(orT:U— M) the projection,

coherent vectors/states in the sense of
Berezin-Rawnsley-Cahen-Gutt: (with a slight twist)

0 € UN\D, s€Tpy(M,L™)
x=7(a) €M
s(r(a)) €L™

a®M(s(r(e))) €C

s+ a®M(s(7(a))).

this is a linear form on o (M, L™).



This linear form defines defines the coherent vector e&m)
by
(&M, ) = a®M(s(r(cv))) .

Starting with x we have to chose a above x
xeMm—a=7"x)eU\0~ e el (M, LM

eM—_zgm.gm  cec*:=C\{0}.

We obtain the coherent state

x e M el = [el™M] € P(Thoi(M, L™)).

APPLICATIONS

» Bergman projectors MM, Bergman kernels, ....

» Covariant Berezin symbol ¢(™(A) (of level m) of an
operator A € End(T ho (M, LIM))

oM(A): M = C,

™, Ael™)
(&M, el

x s oM (A)(x) = = Tr(AP{™)



BEREZIN TRANSFORM (GEOMETRIC)

(M) C®(M) = C®(M), | oMMy = [(M)(f)

Theorem: (Karabegov - Schl.)
I(M)(f) has a complete asymptotic expansion as m — co

MOK) ~ SO0
i=0

i Co(M) = C®(M),  Io(f)=Ff.  h(f) = Af.

» A is the Laplacian with respect to the metric given by
the Kahler form w

BEREZIN STAR PRODUCT

» from asymptotic expansion of the Berezin transform
get formal expression

[=) v, | C¥(M) = C®(M)
i=0

» set fg g :=I(I7"(f) xgr I71(9))
» *p is called the Berezin star product

| gives the equivalence from xg 10 %7 (I = id). Hence,
the same Deligne-Fedosov classes

v



*g is Of separation of variables type (but now of
anfi-Wick type).

Karabegov formis 1w + F(i 90 log Um)
Um is the Bergman kernel Bm(a, 8) = <e&m), egm)>,

associated to the Bergman projector
nm - 1.2(Q, u) — H™), evaluated along the diagonal

F means: take asymptotic expansion in 1/m as formal
series in v

| = 1,5, the geometric Berezin transform equals the
formal Berezin transform of Karabbegov for xg

both star products xg and «zr are dual and opposite
tfo each other

if the covariant symbol star product works, (see later)
it will coincide with the star product xg.



» Berezin fransform is not only the equivalence relating
*gr With xg

» also it (resp. the Karabegov form, resp. the Bergman
kernel) can be used to calculate the coefficients of
these naturally defined star products,

» either directly

» or with the help of the cerfain type of graphs (see the
very interesting work of Gammelgaard and Hua Xu).

INTEGRAL REPRESENTATION OF THE BEREZIN
TRANSFORM

7(a) =X, 7(8) =y with a, 5 € Q

(/<m>(f)>(x) - m /@ Bm(a, 8)Bm(8, a)T*f(B8)u(B)

1
= oo [ (et o) (el e ynw)

Note that :
Um(X) = Bm(Oé, Oé) = <e(am)7 egm)%

Vi(X, ¥) 1= Bm(v, ) - Bm(B, a) = (™, &™) - (e, &l™)

are well-defined on M and on M x M respectively.



ORIGINAL BEREZIN STAR PRODUCT

» Construction of the Berezin star product, only for
limited classes of manifolds (see Berezin,
Cahen-Gutt-Rawnsley)

» AM < C>®(M), of level m covariant symbols (they are
functions).

» symbol map is injective (follows from Toeplitz map
surjective)

» for o(™M(A) and o(™(B) the operators A and B are
uniquely fixed

' M(A) %(my o'™(B) := o™ (A - B)
> xm) on Al™M is an associative and noncommutative

product

» Crucial problem, how to obtain from xy, a star
product for all functions (or symbols) independent
from the level m ?



SUMMARY OF NATURALLY DEFINED STAR PRODUCT

name Karabegov form | Deligne
Fedosov class
*BT | Berezin-Toeplitz —71w + Wegn (Wick) %(%[w] _ %)-
*B | Berezin L+ P88 log Um) | 1(L[w] - 3).
(anti-Wick)
*eQ| geometric (—) T(1w] - 9).
guantization
*k | standard product (1/v)w @nti-wicky T(1w] - 3).
*8W | Bordemann- —(1/v) w wick (L[] + 3).
Waldmann

Um Bergman kernel evaluated along the diagonal in Q x .
§ the canonical class of the manifold M mi.
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