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Abstract—This paper explores the energy efficiency (EE) of
integrated sensing and communication (ISAC) systems employing
massive multiple-input multiple-output (mMIMO) techniques to
leverage spatial beamforming gains for both communication
and sensing. We focus on an mMIMO-ISAC system operating
in an orthogonal frequency-division multiplexing setting with
a uniform planar array, zero-forcing downlink transmission,
and mono-static radar sensing to exploit multi-carrier channel
diversity. By deriving closed-form expressions for the achievable
communication rate and Cramér-Rao bounds (CRBs), we are
able to determine the overall EE in closed-form. A power alloca-
tion problem is then formulated to maximize the system’s EE by
balancing communication and sensing efficiency while satisfying
communication rate requirements and CRB constraints. Through
a detailed analysis of CRB properties, we reformulate the
problem into a more manageable form and leverage Dinkelbach’s
and successive convex approximation (SCA) techniques to develop
an efficient iterative algorithm. A novel initialization strategy is
also proposed to ensure high-quality feasible starting points for
the iterative optimization process. Extensive simulations demon-
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strate the significant performance improvement of the proposed
approach over baseline approaches. Results further reveal that as
communication spectral efficiency rises, the influence of sensing
EE on the overall system EE becomes more pronounced, even in
sensing-dominated scenarios. Specifically, in the high ω regime
of 2× 10−3, we observe a 16.7% reduction in overall EE when
spectral efficiency increases from 4 to 8 bps/Hz, despite the system
being sensing-dominated.

Index Terms—Energy efficiency, integrated sensing and com-
munication, massive multiple-input multiple-output, zero-forcing,
orthogonal frequency-division multiplexing.

I. INTRODUCTION

Future wireless systems, particularly in the sixth-generation
mobile system (6G), demand unprecedented performance char-
acterized by ultra-high data rates, extremely low latency
and exceptional energy efficiency (EE) [1]. Beyond these
requirements, 6G aims to integrate sensing and cognitive
capabilities, leveraging massive multiple-input multiple-output
(mMIMO) technology to enable simultaneous communication
and radar functionalities [2]. This innovative approach, widely
referred to as integrated sensing and communication (ISAC),
is also known as dual-functional radar-communication or joint
communication and sensing in the literature [3], [4].

Existing ISAC systems can be broadly categorized into three
types based on their primary design objectives: Radar-centric,
communication-centric, and joint design approaches [5].
Radar-centric methods embed digital messages into radar
waveforms but often compromise communication perfor-
mance. On the other hand, communication-centric approaches,
which primarily use conventional communication signals, typ-
ically offer limited sensing capabilities. This work aims to
strike a balance between communication and sensing energy
efficiency through optimized transceiver design for mMIMO
ISAC systems.

A. Related Work

Recent research has increasingly focused on optimizing
communication and sensing performance in ISAC systems [6]–
[11]. Sensing performance is typically evaluated using met-
rics such as beampattern, signal-to-cluster-plus-noise ratio
(SCNR), and the Cramér-Rao bound (CRB). Several studies
aim to minimize beampattern mismatch while maintaining
reliable communication by enforcing a signal-to-interference-
plus-noise ratio (SINR) threshold [8], [9], [12]. On the other
hand, beamforming designs for ISAC systems commonly
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adopt SCNR and SINR as performance metrics to evaluate
sensing and communication capabilities, respectively [7], [13],
[14]. While approaches based on beampattern or SCNR prior-
itize target coverage within radar transmitter main lobes, they
frequently neglect the radar echo signal processing required
for detection and estimation. By contrast, the CRB, which
establishes a fundamental accuracy limit for parameter esti-
mation, offers a more comprehensive evaluation of sensing
performance. As a result, it has been adopted as a key metric
in numerous studies [6], [15]–[17].

The rising demand for EE has positioned it as a critical
performance metric in modern wireless systems [18], [19]. In
ISAC systems, the integration of sensing and communication
functions presents unique challenges, requiring the simulta-
neous optimization of data transmission and environmental
perception while minimizing energy consumption. Enhancing
EE in these systems is vital for reducing operational costs
and environmental impact, extending the lifespan of energy-
constrained devices like battery-powered Internet of Things
(IoT) sensors, and promoting sustainable wireless networks
by lowering their carbon footprint [20], [21].

The EE maximization has become a key design objective
for ISAC systems, driving the development of innovative
techniques for resource allocation, waveform design, and hard-
ware architectures [22]–[25]. In [25], communication EE was
optimized by constraining the beampattern design for sensing
while maintaining the communication SINR threshold. The
authors in [22] adopted a similar problem formulation but
incorporated a CRB constraint to enhance sensing accuracy.
Focusing on both downlink and uplink communication, [23]
sought to maximize communication EE by imposing a radar
rate constraint as the sensing performance metric. Meanwhile,
[24] leveraged the diversity of MIMO systems to jointly
minimize power consumption and optimize the selection of
active and inactive transmitters, ensuring adherence to both
minimum communication rate and maximum CRB constraints.

B. Motivation and Main Contributions

Existing EE designs for ISAC systems primarily focus on
maximizing the EE of the communication subsystem while
satisfying sensing performance constraints [22], [23], [25],
[26]. However, energy-efficient operations are essential for
both subsystems, especially when they are integrated into
a single platform like ISAC, where sensing functions often
require significant power consumption [27]. To the best of our
knowledge, no existing work has simultaneously optimized EE
for both subsystems. Moreover, despite the widespread adop-
tion of orthogonal frequency-division multiplexing (OFDM)
in practical systems [8], [28], [29], existing EE research has
largely overlooked its incorporation. Additionally, the EE de-
sign for mMIMO systems employing simple linear precoding
techniques, such as zero-forcing (ZF), remains unexplored in
the current literature.

In this work, we consider a monostatic ISAC system de-
signed for point target sensing. The sensing module aims to
estimate the target’s parameters, i.e., azimuth and elevation
angles, relative to the BS. CRB is leveraged as a fundamental

lower bound on the achievable estimation accuracy for these
parameters, acknowledging its direct relevance to the precision
of target detection and tracking capabilities. This work ad-
dresses these gaps by maximizing overall EE for joint commu-
nication and radar sensing in an mMIMO system. Specifically,
we explore a downlink multiuser mMIMO-OFDM ISAC sys-
tem featuring a large uniform planar array (UPA) transmitter
with ZF precoding. ZF is selected for its ability to manage
inter-user interference and its closed-form solution, which
simplifies design and optimization. Meanwhile, OFDM offers
flexible subcarrier allocation, facilitating efficient resource
sharing between sensing and communication. For the sensing
functionality, we focus on a tracking scenario where the
target is assumed to have been detected during an earlier
search phase [6], [15]. Tracking demands sustained sensing
accuracy and efficient resource allocation to maintain reliable
performance without excessive energy consumption. The key
contributions of this work are summarized as follows:

• We derive new closed-form expressions for the achievable
communication rate and the CRB for the target’s azimuth
and elevation angles in mMIMO-OFDM systems with ZF
beamforming. Existing CRB expressions are not directly
applicable due to the unique considerations of the UPA
antenna model, ZF beamforming, and the integrated ISAC
architecture1.

• We formulate a novel EE maximization problem that
jointly optimizes communication and sensing EE, subject
to constraints on transmission power, communication
rates, and CRBs. To this end, we first derive a closed-
form expression for transmit power as a function of
power allocation factors. The problem’s objective func-
tion incorporates multiple performance metrics, including
communication spectral efficiency (SE), sensing CRBs
for the target’s azimuth and elevation angles, and total
power consumption. Each of these metrics is a complex,
nonconvex function of the design variables, presenting
significant challenges for power allocation.

• By leveraging Dinkelbach’s and successive convex ap-
proximation (SCA) techniques, we develop a simple yet
efficient iterative algorithm that is guaranteed to converge
to at least a locally optimal solution satisfying the Karush-
Kuhn-Tucker (KKT) conditions. This iterative algorithm
also incorporates an efficient initialization strategy to en-
sure feasible starting points from the very first iterations.

• Numerical simulations demonstrate significant perfor-
mance gains over baseline methods, highlighting that
increasing the communication rate threshold reduces
sensing energy efficiency, even when sensing remains the
dominant factor in overall system performance.

C. Paper Organization and Notation

The rest of the paper is organized as follows. In Section
II, we present the signaling models of ISAC systems and ZF

1Unlike the comprehensive model in [30], the CRB functions considered in
this work do not account range and Doppler estimation. Incorporating these
capabilities would introduce significant complexity and impose a substantial
computational burden on the current framework.
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Fig. 1. An mMIMO-ISAC system with a BS-equipped UPA transmitter (Nt

transmit and Nr receive antennas).

ISAC beamforming. In Section III, the closed-form expres-
sions for the system communication rate and sensing CRB
are derived, followed by the formulation of the overall EE.
In Section IV, the EE maximization problem is formulated,
followed by a detailed description of the proposed solution.
Numerical results are subsequently presented and discussed in
Section V. Section VI draws the conclusion of the paper.

Notations: Scalars, vectors, and matrices are represented
throughout the paper by lower-case, boldface lower-case,
and boldface upper-case letters, respectively; (·)∗, (·)T, (·)H,
and trace (·) denote the conjugate, transpose, the Hermitian
transpose, and the trace operators, respectively; |·| and ∥·∥
respectively denote the modulus of a complex number and the
Euclidean norm of a vector. The notation ȧo represents the
derivative of a with respect to o, i.e., ȧo = ∂a

∂o , CN (U[q], σ2)
denotes a complex normal distribution with mean U[q] and
variance σ2, and E {·} denotes the expected value of a random
variable.

II. SIGNAL MODEL

We consider a mono-static mMIMO-OFDM ISAC system,
wherein a base station (BS) simultaneously transmits probing
signals toward a target at a specified angle and data signals
to K single-antenna user equipments (UEs), as illustrated
in Fig. 1. The BS employs Nt transmit and Nr receive
antennas with Nt, Nr ≫ 1, and Q subcarriers. The q-th
subcarrier frequency is given as fq = fc+

BW(q−Q)
2Q , where BW

and fc represent the system bandwidth and center frequency,
respectively.

A. Communication Model

1) Communication Subsystem: Let sℓ[q] =
[s1ℓ[q], . . . , sKℓ[q]]

T ∈ CK×1 be the transmit symbol vector
from the BS at the ℓ-th time slot and q-th subcarrier, where
E {sℓ[q]sH

ℓ [q]} = IK . Then, the transmit signal matrix at the
q-th subcarrier is given as S[q] = [s1[q], . . . , sL[q]] ∈ CK×L,
where L is the length of the radar/communication frame.
Assuming that {s1[q], . . . , sL[q]} are independent, with
sufficiently large L, leading to S[q]S[q]H ≈ LIK [17].
Building on a different paradigm than dedicated spatial
stream designs (e.g., [30]), our work proposes a shared
stream design for both functionalities. This approach not
only reduces the number of beamforming coefficients but

also effectively avoids interference from the sensing stream
to communication users.

We denote by wk[q] ∈ CNt×1 and γk[q] the pre-
coding vector and power fraction allocated for the k-th
UE at subcarrier q, respectively. Furthermore, we define
W[q] ≜ [w1[q], . . . ,wK [q]] ∈ CNt×K and Dγ [q] ≜
diag{

√
γ1[q], . . . ,

√
γK [q]} ∈ RK×K . On the other hand, let

v[q] ∈ CNt×1 and η̄[q] = [
√

η1[q], . . . ,
√

ηK [q]]T ∈ RK×1 be
the precoding vector and power fraction allocated for sensing
in each data stream, respectively. The downlink precoder for
the transmission over the q-th subcarrier can be expressed as

F[q] = W[q]Dγ [q] + v[q]η̄[q]T ∈ CNt×K . (1)

The dual-functional waveform design of the downlink pre-
coder, as defined in (1), enhances the synergy between com-
munication and sensing EE by jointly leveraging their shared
spectral and hardware resources. The precoders W[q] and v[q]
are normalized such that E {trace (W[q]WH[q])} = K and
∥v[q]∥2 = 1,∀q, and γk[q]+ηk[q] = 1,∀k, q. By (1), the dual-
functional precoding vector for UE k, i.e., the k-th column
of F[q], is given as fk[q] =

√
γk[q]wk[q] +

√
ηk[q]v[q]. Let

Dξ[q] ≜ diag{
√
ξ1[q], . . . ,

√
ξK [q]} ∈ RK×K be the power

allocation matrix, where ξk[q] is the power allocated to the
k-th UE at the q-th subcarrier. Then, the transmitted signal
vector at the q-th subcarrier is given as

xℓ[q] = F[q]Dξ[q]sℓ[q] =
∑K

k=1

√
ξk[q]fk[q]skℓ[q]. (2)

Note that unlike the systems considered in [11], [31]–[37], the
transmit waveform xℓ[q] in (2) contains only communication
symbols, and the radar waveform is ensured via beamforming
design detailed in Section IV. This setting allows the commu-
nication to be free of interference from the radar subsystem
[28], [38]. The corresponding signal received at UE k is

yckℓ[q] =
√

ξk[q]h
H

k[q]fk[q]skℓ[q]

+ hH

k[q]
∑

j ̸=k

√
ξj [q]fj [q]sjℓ[q] + nckℓ[q], (3)

where nckℓ[q] is the additive white Gaussian noise (AWGN)
following the distribution CN (0, σ2

c); hk[q] ∈ CNt×1 is the
channel vector between the BS and UE k and is modeled
as hk[q] = β

1/2
k h̄k[q], where, βk and h̄k[q] ∼ CN (0, INt

)
represent the large-scale and the small-scale Rayleigh fading
channel coefficients, respectively [39]. The small-scale fading
experienced by different communication links is statistically
independent. In this paper, we assume that the BS has the
perfect channel state information (CSI) of the communication
channels,2 while the BS needs to estimate the target parameters
based on the echo signals. Furthermore, this paper does not
consider hardware impairments (e.g., power amplifier non-
linearities, phase noise, I/Q imbalance) or estimation errors.

B. Radar Subsystem

Our radar model assumes a single point target in a free-
space environment, neglecting the effects of clutter and mul-

2Practically, CSI can be accurately and efficiently acquired through channel
estimation at the receiver, then effectively shared with the transmitter via
feedback techniques [40].
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tipath propagation. The sensing channel is considered to be a
direct Line-of-Sight (LoS) path to the target, and the target’s
Radar Cross Section (RCS) is assumed constant and known.
Let X[q] ≜ [x1[q], . . . ,xL[q]] ∈ CNt×L be the overall dual-
functional transmit waveform at the BS. From (2), we have

X[q] = F[q]Dξ[q]S[q]. (4)

The received sensing echo signal at the BS via the q-th
subcarrier is given as [15], [17]:

Ys[q] = αG(θ, ϕ, fq)X[q] +Ns[q] ∈ CNr×L, (5)

where α is the reflection coefficient, and Ns[q] ∈ CNr×L

is an AWGN matrix with elements following distribution
CN (0, σ2

s). Matrix G(θ, ϕ, fq) ∈ CNr×Nt represents the two-
way channel between the BS and the sensing target [11], [12]:

G(θ, ϕ, fq) = b(θ, ϕ, fq)a
H(θ, ϕ, fq), (6)

where a(θ, ϕ, fq) ∈ CNt×1 and b(θ, ϕ, fq) ∈ CNr×1 are the
transmit and receive steering vectors, respectively. Here, we
adopt the practical and general assumption that the BS is
equipped with a UPA containing a large number of antennas.
Unlike a Uniform Linear Array (ULA), a UPA inherently
enables two-dimensional (2D) sensing capabilities, allowing
for simultaneous estimation of both azimuth and elevation
angles. This 2D sensing is critical for accurately localizing
targets in complex three-dimensional environments and for
precise beamforming to both communication users and sens-
ing targets. The deployment of UPA is practical to support
advanced applications requiring comprehensive spatial aware-
ness, such as autonomous driving, drone navigation, and smart
environment monitoring. Our analysis and designs are also
applicable to ULA, which is a specific configuration of the
UPA. Accordingly, θ and ϕ are the azimuth and elevation
angles of the target relative to the BS with θ ∈ [−π, π], and
ϕ ∈

[
−π

2 ,
π
2

]
, and fq is the frequency for the q-th subcarrier.

In the subsequent analysis, we omit the parameters (θ, ϕ, fq)
in a and b for ease of exposition. Assuming half-wavelength
antenna spacing, a can be expressed as

a[q] = ah[q]⊗ av[q], (7)

where ah[q] ≜
[
fah

(
q, 1
)
, fah

(
q, 2
)
, . . . , fah

(
q,Nth

)]T
and

av[q] ≜
[
fav

(
q, 1
)
, fav

(
q, 2
)
, . . . , fav

(
q,Ntv

)]T
are the array

response vectors corresponding to the horizontal and verti-
cal dimensions of the UPA, respectively, with fah

(
q, n
)

≜

ejπ
fq
fc

(n−1) sin(θ) sin(ϕ) and fav

(
q, n
)
≜ ejπ

fq
fc

(n−1) cos(ϕ). Nth

and Ntv represent the number of antennas in the horizontal and
vertical dimensions, respectively. The size of the UPA and the
total number of antennas in the UPA are respectively given by
Nth × Ntv and Nt = NthNtv. The receive response vector
b is modeled similarly. For the purpose of analysis, we as-
sume perfect synchronization between the communication and
sensing modules in terms of time and frequency. This implies
that both functionalities share a common timing reference and
operate on perfectly aligned frequency bands, which is essen-
tial for coherent processing and accurate parameter estimation.
While practical ISAC deployments would necessitate robust

synchronization protocols, this assumption allows us to focus
on the fundamental trade-offs and EE optimization between
communication and sensing without introducing additional
synchronization-related complexities.

C. ZF ISAC Beamforming
From (1), (4)–(6), we rewrite (5) equivalently as

Ys[q] = αb[q]aH[q]v[q]ηT[q]Dξ[q]S[q]

+ αb[q]aH[q]W[q]Dγ [q]Dξ[q]S[q] + ns[q].

It is true that for an arbitrary W[q]Dγ [q], setting v[q] =
a[q]/

√
Nt maximizes the received echo signal power at the BS

and satisfies ∥v[q]∥2 = 1. To ensure the inter-user interference
cancellation capability, the BS employs the ZF precoder for
communication, as derived in the following lemma.

Lemma 1: The perfect ZF cancellation for the communica-
tion precoder is expressed as:

W[q] = αZF[q]H[q] (HH[q]H[q])
−1

= αZF[q]H
†[q], ∀q, (8)

where αZF[q] =

√
K(Nt−K)

trace(D−1
β )

is the normalization factor to

ensure E {trace (W[q]WH[q])} = K,∀q.
Proof: See Appendix A. □
Combining (8) and v[q] = a[q]/

√
Nt, the overall dual-

function precoder now can be given by

F[q] = αZF[q]H
†[q]Dγ [q] +

1√
Nt

a[q]η̄T[q], (9)

and thus,

fk[q] = αZF[q]
√

γk[q]ȟk[q] +
1√
Nt

√
ηk[q]a[q], (10)

where ȟk[q] in (10) is the k-th column of H†[q].

III. ENERGY EFFICIENCY

We now derive closed-form expressions for transmit power,
communication SE, and sensing CRBs, which are subse-
quently used to formulate the EE.

A. Power Consumption Model
Let us begin by formulating the BS’s transmit power for

both communication and sensing over all the subcarriers.
Lemma 2: The transmit power at the BS is given by

PTX(Ω) =
∑Q

q=1
ξT[q]

(
D̄βγ[q] + η[q]

)
, (11)

where Ω ≜ {ξk[q], γk[q], ηk[q]}∀k,q encompasses all the deci-
sion variables, and D̄β ≜ K

trace(D−1
β )

D−1
β .

Proof: See Appendix B. □
Taking the static and dynamic power components3 into

consideration, the total power consumption is computed as

Ptot(Ω) = ϱ−1PTX(Ω) + P0 + ϵR(Ω), (12)

3Given that dynamic circuit energy consumption is independent of amplifier
limits, maximizing EE under a minimum overall throughput requirement is
a reasonable approach to achieve high EE along with a desirable SE, and
guaranteed QoS for each UE.
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SEc(Ω) =

K∑
k=1

Q∑
q=1

log2

1 +
ξk[q]

(
α2
ZF[q]γk[q] +

1
Nt

ηk[q] |hH

k[q]a[q]|
2
+ 2αZF[q]√

Nt

√
γk[q]ηk[q]R(hT

k[q]a
∗[q])

)
1
Nt

∑
j ̸=k ξj [q]ηj [q] |hH

k[q]a[q]|
2
+ σ2

c

 . (16)

where ϱ is the power amplifier efficiency, P0 is the total
power consumed by the circuitries in the RF chains, power
supply and cooling systems, etc. ϵR(Ω) captures the traffic-
dependent power consumption, where ϵ > 0 is the dynamic
power consumption per unit data rate, as detailed in [25]. The
system sum rate, denoted as SEc, and EE are derived next.

B. Communication EE
We denote by SEc(Ω) ≜

∑K
k=1 SEc,k(Ω) the communica-

tion SE, where SEc,k(Ω) is the SE of UE k. In (3), assume
that symbol skℓ[q] is intended for UE k via subcarrier q at
time slot ℓ. SEc,k(Ω) is given by

SEc,k(Ω)=

Q∑
q=1

log2

(
1+

ξk[q] |hH

k[q]fk[q]|
2∑

j ̸=k ξj [q] |hH

k[q]fj [q]|
2
+σ2

c

)
. (13)

The EE of the communication subsystem is thus defined as

EEc(Ω) =
SEc(Ω)

Ptot(Ω)
[bits/J/Hz]. (14)

We recall that fk[q] is defined in (10). With ZF precoding, it
holds that hH

k[q]ȟi[q] = 1 when i = k, and hH

k[q]ȟi[q] = 0
otherwise. Thus, we obtain

|hH

kfi[q]|
2
=


α2
ZF[q]γi[q]+

1
Nt

ηi[q] |hH

k[q]a[q]|
2

+2αZF[q]√
Nt

√
γi[q]ηi[q]R(hT

k[q]a
∗[q]), k= i

1
Nt

ηi[q] |hH

k[q]a[q]|
2
, k ̸= i.

(15)

As a result, SEc(Ω) is given by (16).

C. Sensing EE
The definition of sensing EE remains an open question in the

literature. In [22], it is defined as the ratio of the inverse CRB
to the total power consumption, considering only the CRB for
the azimuth angle. In this work, we extend this definition by
incorporating the sum of the inverse CRBs for both azimuth
and elevation angles in the numerator. Consequently, the
sensing EE is formulated as

EEs(Ω) =
CRB−1

θ (Ω) + CRB−1
ϕ (Ω)

Ptot(Ω)
[1/rad2/W], (17)

where CRBθ(Ω) and CRBϕ(Ω) are the CRBs for (θ, ϕ), re-
spectively, obtained in Theorem 1. When using the sensing
EE defined in (17) as the design objective for the sensing
subsystem, it optimizes sensing performance while minimizing
the total energy consumption, thereby improving the overall
system’s EE.

Theorem 1: The closed-form expressions of CRBs for θ
and ϕ are derived as follows:

CRBθ(Ω)=
(
τθθ(Ω)−

τ2θϕ(Ω)

τϕϕ(Ω)− Tϕᾱϕ(Ω)

)−1

, (18)

CRBϕ(Ω)=
(
τϕϕ(Ω)−Tϕᾱϕ(Ω)−

τ2θϕ(Ω)

τθθ(Ω)

)−1

, (19)

where Tϕᾱϕ(Ω) ≜ tϕᾱ(Ω)T−1
ᾱᾱ(Ω)tT

ϕᾱ(Ω), and
τθθ, τθϕ, tθᾱ, τϕϕ, tϕᾱ, and Tᾱᾱ are given as

τθθ(Ω) = κ̄ |α|2
Q∑

q=1

ξT[q]
(
D̂θθ

β [q]γ[q] + η[q]cθθ[q]
)
, (20)

τθϕ(Ω) = κ̄ |α|2
Q∑

q=1

ξT[q]
(
D̂θϕ

β [q]γ[q] + η[q]cθϕ[q]
)
, (21)

tθᾱ(Ω)= κ̄R

(
α∗

Q∑
q=1

ξT[q]
(
D̂θ

β [q]γ[q]+η[q]cθ[q]
)
[1, j]

)
, (22)

τϕϕ(Ω) = κ̄ |α|2
Q∑

q=1

ξT[q]
(
D̂ϕϕ

β [q]γ[q] + η[q]cϕϕ[q]
)
, (23)

tϕᾱ(Ω)= κ̄R

(
α∗

Q∑
q=1

ξT[q]
(
D̂ϕ

β [q]γ[q]+η[q]cϕ[q]
)
[1, j]

)
, (24)

Tᾱᾱ(Ω) = κ̄

Q∑
q=1

ξT[q]
(
D̂β [q]γ[q] + η[q]c2[q]

)
I2, (25)

respectively. Herein, x, y ∈ {θ, ϕ}, κ̄ ≜ κ
Nt

and D̂xy
β [q] ≜ trace

(
ĠH

x[q]Ġy[q]
)
D̄β , D̂x

β [q] ≜

trace
(
ĠH

x[q]G[q]
)
D̄β , D̂β [q] ≜ trace (GH[q]G[q]) D̄β ,

cxy[q] ≜ aH[q]ĠH
x[q]Ġy[q]a[q], cx[q] ≜ aH[q]ĠH

x[q]G[q]a[q],
c[q] ≜ aH[q]GH[q]G[q]a[q] are constants with respect to the
variable set Ω.

Proof: See Appendix C. □

IV. COMMUNICATION AND SENSING POWER ALLOCATION
FOR EE MAXIMIZATION

A. Problem Formulation

Our objective is to maximize the EE of the mMIMO-
OFDM ISAC system by optimizing power allocation between
communication and sensing, as well as among communication
UEs. The EE maximization problem is formulated as follows:

maximize
Ω

EEc(Ω) + ωEEs(Ω) (26a)

s.t. SEc,k(Ω) ≥ SE0, ∀k, (26b)
CRBθ(Ω) ≤ CRB0θ, (26c)
CRBϕ(Ω) ≤ CRB0ϕ, (26d)
Q∑

q=1

ξT[q]
(
D̄βγ[q] + η[q]

)
≤ Pmax, (26e)

γk[q] + ηk[q] = 1,∀k, q, (26f)
ξk[q] ≥ 0, γk[q] ≥ 0, ηk[q] ≥ 0,∀k, q, (26g)
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where ω represents a weighting coefficient, i.e., trade-off
parameter, used to balance the EE between the communication
and sensing subsystems or to prioritize one over the other
in the weighted sum objective function (26a). Furthermore,
it is important to note that EEc and EEs have different units,
as defined in (14) and (17), respectively. Consequently, their
weighted sum in (26a) serves as a dimensionless design
objective metric, representing a normalized trade-off between
the two EE components. Constraint (26b) guarantees that
the SE achieved by all the UEs exceeds a threshold SE0.
Constraints (26c) and (26d) limit CRBs for (θ, ϕ) to ceilings
CRB0θ and CRB0ϕ, respectively. Constraint (26e) caps the transmit
power at a predefined value Pmax. Constraint (26f) guarantees
that the power fractions are allocated to either communication
or sensing functionalities. The problem has a nonconcave and
fractional objective function (26a) and nonconvex constraints
(26b)–(26e), making it inherently non-convex and challenging.
To address this, we employ Dinkelbach’s and SCA techniques
as outlined next.

B. Convex Approximation for (26)
In the following step, we will convexify the nonconcave

objective function and nonconvex constraints of (26).
In particular, we will leverage the preliminary results
established in (D.1)-(D.4), where fL

p2

(
ξk[q], γk[q]

)
,

fL
p2

(
ξk[q], ηk[q]

)
, fL

p3

(
ξk[q],

√
γk[q],

√
ηk[q]

)
denote concave

lower bounds of ξk[q]γk[q], ξk[q]ηk[q] and ξk[q]
√

γk[q]ηk[q],
respectively, while fU

p2

(
ξk[q], γk[q]

)
, fU

p2

(
ξk[q], ηk[q]

)
,

fU
p3

(
ξk[q],

√
γk[q],

√
ηk[q]

)
represent their corresponding

convex upper bounds.
1) Convexifying Objective Function (26a): To tackle the

non-convexity of (26a), which arises from the ratio of concave
and convex functions, we adopt the inner approximation
framework [41]. Each iteration of Dinkelbach’s method then
requires solving:

max
Ω

{SEc(Ω)+ω(CRB−1
θ (Ω)+CRB−1

ϕ (Ω))−τPtot(Ω)} (27)

where τ is updated iteratively to drive the optimal value of
(27) to zero. In each iteration, the objective function becomes
more tractable compared to the original fractional form in (26).
However, it remains challenging due to the involvement of var-
ious communication, sensing, and power metrics, specifically
SEc(Ω), CRB−1

θ (Ω), CRB−1
ϕ (Ω), and Ptot(Ω). These metrics

are complex non-convex functions with tightly coupled power
variables in Ω. In the following, we address each of these
terms in detail.

a) Convex Approximation of EEc(Ω): Recall that SEc ≜∑K
k=1 SEc,k(Ω) =

∑K
k=1

∑Q
q=1log2

(
1+

RNu,k(Ω)[q]
RDe,k(Ω)[q]

)
is given

in (16), where

RNu,k(Ω)[q] ≜ ξk[q]

(
α2
ZF[q]γk[q] +

1

Nt

ηk[q] |hH

k[q]a[q]|
2

+2
αZF[q]√

Nt

√
γk[q]ηk[q]R(hT

k[q]a
∗[q])

)
, (28)

RDe,k(Ω)[q] ≜
1

Nt

∑
j ̸=k

ξj [q]ηj [q] |hH

k[q]a[q]|
2
+ σ2

c . (29)

Let Ω(i) = {ξ(i)k [q], γ
(i)
k [q], η

(i)
k [q]}∀k,q denote the feasible

point set found at iteration i. By [42, Eq. (74)], we first find
the global concave lower bound of ln

(
1 + x/y

)
as

SEc,k(Ω) ≥ 1

ln 2

Q∑
q=1

[
A

(i)
k [q]−

B
(i)
k [q]

RNu,k(Ω)[q]

− C
(i)
k [q]RDe,k(Ω)[q]

]
≜ SE

(i)
c,k(Ω), (30)

where

A
(i)
k [q] ≜ ln

(
1 +

RNu,k(Ω
(i))[q]

RDe,k(Ω(i))[q]

)
+ 2

RNu,k(Ω
(i))[q]

RNu,k(Ω(i))[q] +RDe,k(Ω(i))[q]
,

B
(i)
k [q] ≜

(RNu,k(Ω
(i))[q])2

RNu,k(Ω(i))[q] +RDe,k(Ω(i))[q]
,

C
(i)
k [q] ≜

RNu,k(Ω
(i))[q]

(RNu,k(Ω(i))[q] +RDe,k(Ω(i))[q])RDe,k(Ω(i))[q]
.

Next, substituting fL
p2

(
ξk[q], γk[q]

)
, fL

p2

(
ξk[q], ηk[q]

)
and

fL
p3

(
ξk[q],

√
γk[q],

√
ηk[q]

)
into (28), we obtain the following

approximation of RNu,k(Ω)[q]

RNu,k(Ω)[q]

≥ α2
ZF[q]f

L
p2

(
ξk[q], γk[q]

)
+

1

Nt

∣∣hH
k[q]a[q]

∣∣2 fL
p2

(
ξk[q], ηk[q]

)
+ 2

αZF[q]√
Nt

fL
p3

(
ξk[q],

√
γk[q],

√
ηk[q]

)
R
(
hT
k[q]a

∗[q]
)

≜ R̃Nu,k(Ω)[q]. (31)

Furthermore, the nonconvex term RDe,k(Ω)[q] can be con-
verted to a convex form by deriving a convex upper bound
fU
p2

(
ξj [q], ηj [q]

)
, such as

RDe,k(Ω)[q] ≤ 1

Nt

∑
j ̸=k

fU
p2

(
ξj [q], ηj [q]

)
|hH

k[q]a[q]|
2
+ σ2

c

≜ R̃De,k(Ω)[q]. (32)

Substituting the convex bounds (31) and (32) into (30) yields

SEc,k(Ω) ≥ SE
(i)
c,k(Ω)

≥ 1

ln 2

Q∑
q=1

[
A

(i)
k [q]−

B
(i)
k [q]

R̃Nu,k(Ω)[q]
− C

(i)
k [q]R̃De,k(Ω)[q]

]
≜ S̃E

(i)

c,k(Ω), (33)

satisfying SE
(i)
c,k(Ω) = SE

(i)
c,k(Ω

(i)).

b) Convex Approximation of CRB−1
θ (Ω): Recalling

CRBθ(Ω) in (18), the first term τθθ(Ω) of its inverse can be
rewritten by

τθθ(Ω) = κ̄ |α|2
Q∑

q=1

(
ξT[q]D̂θθ

β [q]γ[q]+ξT[q]η[q]cθθ[q]
)

= κ̄ |α|2
Q∑

q=1

K∑
k=1

(
ξk[q]γk[q]

[
D̂θθ

β [q]
]
kk
+ξk[q]ηk[q]cθθ[q]

)
. (34)
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From (34), a concave lower bound for τθθ(Ω) is achieved by
repurposing fL

p2

(
ξk[q], γk[q]

)
and fL

p2

(
ξk[q], ηk[q]

)
that yields

τθθ(Ω) ≥ κ̄ |α|2
Q∑

q=1

K∑
k=1

(
fL
p2

(
ξk[q], γk[q]

) [
D̂θθ

β [q]
]
kk

+fL
p2

(
ξk[q], ηk[q]

)
cθθ[q]

)
≜ τ

(i)
θθ (Ω). (35)

Next, we introduce the auxiliary variables {Ax,Ay,Az} to

replace the non-convex term
τ2
θϕ(Ω)

τϕϕ(Ω)−Tϕᾱϕ(Ω) by

τ2θϕ(Ω)

τϕϕ(Ω)− Tϕᾱϕ(Ω)

(a)

≤ A2
x

Ay

(b)

≤ Az, (36)

which results in

CRB−1
θ (Ω) ≥ τ

(i)
θθ (Ω)−Az ≜

[
CRB−1

θ

](i)
(Ω). (37)

By employing the second-order cone (SOC) constraint trans-
formation, (b) can be rewritten equivalently as∥∥∥[2Ax;

(
Ay −Az

)]∥∥∥
2
≤
(
Ay +Az

)
, (38)

with

τθϕ(Ω) ≤ Ax, and τϕϕ(Ω)− Tϕᾱϕ(Ω) ≥ Ay. (39)

Since the left-hand side (LHS) of (39) is still
nonconvex, it is necessary to convexify it. The
function τθϕ(Ω) in (21) can be rewritten as τθϕ(Ω) =

κ̄ |α|2
∑Q

q=1

∑K
k=1

(
ξk[q]γk[q]

[
D̂θϕ

β [q]
]
kk

+ ξk[q]ηk[q]cθϕ[q]
)

,
which is upper bounded as

τθϕ(Ω) ≤ κ̄ |α|2
Q∑

q=1

K∑
k=1

(
fU
p2

(
ξk[q], γk[q]

) [
D̂θϕ

β [q]
]
kk

+fU
p2

(
ξk[q], ηk[q]

)
cθϕ[q]

)
≜ τ

(i)
θϕ (Ω). (40)

The first constraint in (39) is iteratively replaced by the
following convex constraint:

τ
(i)
θϕ (Ω) ≤ Ax. (41)

Similar to (35) in approximating fL
p2

(
ξk[q], γk[q]

)
and

fL
p2

(
ξk[q], ηk[q]

)
, the global lower bound of τϕϕ(Ω) can be

found as

τϕϕ(Ω) ≥ κ̄ |α|2
Q∑

q=1

K∑
k=1

(
fL
p2

(
ξk[q], γk[q]

) [
D̂ϕϕ

β [q]
]
kk

+fL
p2

(
ξk[q], ηk[q]

)
cϕϕ[q]

)
≜ τ

(i)
ϕϕ(Ω). (42)

We further derive an upper bound for the complex term
Tϕᾱϕ(Ω). This presents a significant challenge due to the
complexity of triples in Tϕᾱϕ(Ω). To address this, we leverage
the unique properties of each component within this term. We
observe that the real component of tϕᾱ(Ω) exhibits a complex
nature due to the presence of α∗ and the asymmetrical struc-
ture of D̂ϕ

β [q] and cϕ[q]. Consequently, multiplying by [1, j]
results in a vector whose first element comprises the real parts
of R

(
α∗D̂ϕ

β [q]
)

and R(α∗cϕ[q]), and whose second element
contains the negative imaginary parts of these same terms,

i.e., I
(
α∗D̂ϕ

β [q]
)

and I(α∗cϕ[q]). From this observation, the
vector tϕᾱ(Ω) can be expressed as

tϕᾱ(Ω)= κ̄
[ Q∑
q=1

ξT[q]
(
R
(
α∗D̂ϕ

β [q]
)
γ[q]+η[q]R(α∗cϕ[q])

)
,

−
Q∑

q=1

ξT[q]
(
I
(
α∗D̂ϕ

β [q]
)
γ[q]+η[q]I(α∗cϕ[q])

) ]
. (43)

Here, Tᾱᾱ(Ω) is represented as the sum of a real scalar and
the 2×2 identity matrix I2. Its inverse, T−1

ᾱᾱ(Ω), is given by:

T−1
ᾱᾱ(Ω)=

[
κ̄

Q∑
q=1

ξT[q]
(
D̂β [q]γ[q] + η[q]c2[q]

) ]−1

I2. (44)

Let X ≜ {R, I} represent the set containing the real and
imaginary components, and define fX (x) ≜ X (x) as the
operation that applies the corresponding element of X to the
input x. The results in (43) and (44) yield a reformulated
expression for Tϕᾱϕ(Ω), presented in (45) at the top of the
next page. To handle T X̂

ϕᾱϕ(Ω); X̂ ∈ X , we apply the same
approximation method as in (36). In particular, we introduce
the auxiliary variable sets {IX

x , IX
y , IX

z } to deal with the
complex rational part in T R

ϕᾱϕ(Ω) and T I
ϕᾱϕ(Ω), respectively,

results in

T X
ϕᾱϕ(Ω) ≤ (IX

x )2

IX
y

≤ IX
z . (46)

The second constraint in (39) is rewritten equivalently as

τ
(i)
ϕϕ(Ω)− κ̄

(
IR
z + II

z

)
≥ Ay. (47)

We note that the corresponding SOC constraint for (46) is
given by ∥∥∥[2IX

x ;
(
IX
y − IX

z

)]∥∥∥
2
≤
(
IX
y + IX

z

)
, (48)

with
Q∑

q=1

K∑
k=1

(
ξk[q]γk[q]fX

(
α∗
[
D̂ϕ

β [q]
]
kk

)
+ξk[q]ηk[q]fX (α∗cϕ[q])) ≤ IX

x , (49)
Q∑

q=1

K∑
k=1

(
ξk[q]γk[q]

[
D̂β [q]

]
kk
+ξk[q]ηk[q]c2[q]

)
≥IX

y . (50)

It is evident that the denominators in T R
ϕᾱϕ(Ω) and T I

ϕᾱϕ(Ω)

are identical. Therefore, IX
y in (50) can be addressed with a

single constraint. Since the left-hand sides (LHS) of (49) and
(50) remain non-convex, it is essential to establish bounds
to obtain convex forms. Specifically, we reuse the upper
bounds fU

p2

(
ξk[q], γk[q]

)
and fU

p2

(
ξk[q], ηk[q]

)
for (49), while

the lower bounds fL
p2

(
ξk[q], γk[q]

)
and fL

p2

(
ξk[q], ηk[q]

)
are

used for (50). Consequently, the inequalities in (49) and (50)
are reformulated as follows:
Q∑

q=1

K∑
k=1

(
fU
p2

(
ξk[q], γk[q]

)
fX

(
α∗
[
D̂ϕ

β [q]
]
kk

)
+fU

p2

(
ξk[q], ηk[q]

)
fX (α∗cϕ[q])

)
≤IX

x , (51)
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Tϕᾱϕ(Ω)= κ̄
∑
X̂∈X

[∑Q
q=1 ξ

T[q]
(
fX̂

(
α∗D̂ϕ

β [q]
)
γ[q] + η[q]fX̂

(
α∗cϕ[q]

))]2
∑Q

q=1 ξ
T[q]

(
D̂β [q]γ[q] + η[q]c2[q]

)
= κ̄

∑
X̂∈X

[∑Q
q=1

∑K
k=1

(
ξk[q]γk[q]fX̂

(
α∗
[
D̂ϕ

β [q]
]
kk

)
+ ξk[q]ηk[q]fX̂

(
α∗cϕ[q]

))]2
∑Q

q=1

∑K
k=1

(
ξk[q]γk[q]

[
D̂β [q]

]
kk

+ ξk[q]ηk[q]c2[q]
)

︸ ︷︷ ︸
≜T X̂

ϕᾱϕ(Ω)

. (45)

Q∑
q=1

K∑
k=1

(
fL
p2

(
ξk[q], γk[q]

)[
D̂β [q]

]
kk
+fL

p2

(
ξk[q], ηk[q]

)
c2[q]

)
≥IX

y .

(52)

c) Convex Approximation of CRB−1
ϕ (Ω): The third term

in the objective (27), i.e., CRB−1
ϕ (Ω) with CRBϕ(Ω) given in

(19), can be re-expressed as

CRB−1
ϕ (Ω) = τϕϕ(Ω)− Tϕᾱϕ(Ω)−

τ2θϕ(Ω)

τθθ(Ω)
. (53)

Since CRB−1
ϕ (Ω) is highly non-convex, we approximate it by

deriving a concave lower bound for τϕϕ(Ω), convex upper

bounds for Tϕᾱϕ(Ω) and
τ2
θϕ(Ω)

τθθ(Ω) . The derivations of lower
bounding τϕϕ(Ω) and upper bounding Tϕᾱϕ(Ω) are deter-

mined as outlined in (47). To find the upper bound of
τ2
θϕ(Ω)

τθθ(Ω) ,
the auxiliary variables {Bx,By,Bz} are introduced such that

τ2θϕ(Ω)

τθθ(Ω)

(a)

≤ B2
x

By

(b)

≤ Bz. (54)

Employing the SOC constraint transformation for (b) yields∥∥∥[2Bx;
(
By − Bz

)]∥∥∥
2
≤
(
By + Bz

)
, (55)

with
Q∑

q=1

K∑
k=1

(
ξk[q]γk[q]

[
D̂θϕ

β [q]
]
kk
+ξk[q]ηk[q]cθϕ[q]

)
≤Bx, (56)

Q∑
q=1

K∑
k=1

(
ξk[q]γk[q]

[
D̂θθ

β [q]
]
kk
+ξk[q]ηk[q]cθθ[q]

)
≥By. (57)

The LHS of (56) and (57) can be approximated using the upper
bounds fU

p2

(
ξk[q], γk[q]

)
and fU

p2

(
ξk[q], ηk[q]

)
for (56) and the

lower bounds fL
p2

(
ξk[q], γk[q]

)
and fL

p2

(
ξk[q], ηk[q]

)
for (57).

The inequalities (56) and (57) are thus reformulated by
Q∑

q=1

K∑
k=1

(
fU
p2

(
ξk[q], γk[q]

) [
D̂θϕ

β [q]
]
kk

+fU
p2

(
ξk[q], ηk[q]

)
cθϕ[q]

)
≤ Bx, (58)

Q∑
q=1

K∑
k=1

(
fL
p2

(
ξk[q], γk[q]

) [
D̂θθ

β [q]
]
kk

+fL
p2

(
ξk[q], ηk[q]

)
cθθ[q]

)
≥ By. (59)

As a result, CRB−1
ϕ (Ω) is iteratively replaced by

CRB−1
ϕ (Ω)≥τ

(i)
ϕϕ(Ω)−κ̄(IR

z +II
z )−Bz≜

[
CRB−1

ϕ

](i)
(Ω). (60)

d) Convex Approximation of Ptot(Ω): For the last term
Ptot(Ω) in the objective function (27), it is necessary to
provide the convex upper bound approximation to PTX(Ω)
given in (11) due to its nonconvexity. By reemploying
fU
p2

(
ξk[q], γk[q]

)
and fU

p2

(
ξk[q], ηk[q]

)
, we have

PTX(Ω)=

Q∑
q=1

K∑
k=1

(
ξk[q]γk[q]

[
D̄β

]
kk
+ξk[q]ηk[q]

)
≤

Q∑
q=1

K∑
k=1

(
fU
p2

(
ξk[q], γk[q]

)[
D̄β

]
kk
+fU

p2

(
ξk[q], ηk[q]

))
≜P

(i)
TX (Ω). (61)

Recall that SEc =
∑K

k=1 SEc,k(Ω) =∑K
k=1

∑Q
q=1log2

(
1+

RNu,k(Ω)[q]
RDe,k(Ω)[q]

)
is given in (16), where

RNu,k(Ω)[q] and RDe,k(Ω)[q] are expressed as in (28)
and (29) as the numerator and denominator of SEc,k(Ω),
respectively. Following the inequalities in [43, eq(75-76)], we
obtain the convex upper bound of SEc,k(Ω) as follows

SEc,k(Ω) ≤ 1

ln 2

Q∑
q=1

[
Â

(i)
k [q] + 0.5B̂

(i)
k [q]

×

Ĉ
(i)
k [q]

(
RNu,k(Ω)[q]

)2
RDe,k(Ω)[q]

+

(
Ĉ

(i)
k [q]

)−1

RDe,k(Ω)[q]




≜ SE
(i)
c,k(Ω), (62)

where

Â
(i)
k [q] ≜ ln

(
1 +

RNu,k(Ω
(i))[q]

RDe,k(Ω(i))[q]

)
− RNu,k(Ω

(i))[q]

RNu,k(Ω(i))[q] +RDe,k(Ω(i))[q]
,

B̂
(i)
k [q] ≜

RDe,k(Ω
(i))[q]

RNu,k(Ω(i))[q] +RDe,k(Ω(i))[q]
,

Ĉ
(i)
k [q] ≜

1

RNu,k(Ω(i))[q]
.

Since RNu,k(Ω)[q] and RDe,k(Ω)[q] are nonconvex, leading

to the non-convexity of
(
RNu,k(Ω)[q]

)2
/RDe,k(Ω)[q].
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To find the global convex upper bound of(
RNu,k(Ω)[q]

)2
/RDe,k(Ω)[q], we introduce the auxiliary

variables {Ck,x[q], Ck,y[q], Ck,z[q]} such that(
RNu,k(Ω)[q]

)2
RDe,k(Ω)[q]

(a)

≤
C2
k,x[q]

Ck,y[q]
(b)

≤ Ck,z[q],∀k, q. (63)

Employing SOC constraint transformation for (b), we obtain∥∥∥[2Ck,x[q]; (Ck,y[q]− Ck,z[q]
)]∥∥∥

2
≤
(
Ck,y[q] + Ck,z[q]

)
, (64)

with

RNu,k(Ω)[q]≤ Ck,x[q], and RDe,k(Ω)[q]≥ Ck,y[q],∀k, q. (65)

Next, we need to derive a convex upper bound for
RNu,k(Ω)[q] and concave lower bounds for RDe,k(Ω)[q].
Given the convex upper bounds for fU

p2

(
ξk[q], γk[q]

)
,

fU
p2

(
ξk[q], ηk[q]

)
, and fU

p3

(
ξk[q],

√
γk[q],

√
ηk[q]

)
, we have

RNu,k(Ω)[q]

≤α2
ZF[q]f

U
p2

(
ξk[q], γk[q]

)
+

1

Nt

|hH

k[q]a[q]|
2
fU
p2

(
ξk[q], ηk[q]

)
+2

αZF[q]√
Nt

fU
p3

(
ξk[q],

√
γk[q],

√
ηk[q]

)
R(hT

k[q]a
∗[q]),

≜ R̂Nu,k(Ω)[q], (66)

which serves as a convex upper bound of RNu,k(Ω)[q]. The
concave lower bound of RDe,k(Ω)[q] is achieved by determin-
ing fL

p2

(
ξj [q], ηj [q]

)
, which is derived using a method similar

to that of fL
p2

(
ξk[q], ηk[q]

)
, such as:

RDe,k(Ω)[q] ≥ 1

Nt

∑
j ̸=k

fL
p2

(
ξj [q], ηj [q]

)
|hH

k[q]a[q]|
2
+ σ2

c

≜ R̂De,k(Ω)[q]. (67)

The inequalities (65) can be rewritten equivalently as:

R̂Nu,k(Ω)[q]≤ Ck,x[q], and R̂De,k(Ω)[q]≥ Ck,y[q],∀k, q. (68)

Substituting (63), (66), and (67) into (62), we obtain the upper
bound of SEc as follows:

SEc,k(Ω) ≤ SE
(i)
c,k(Ω)

≤ 1

ln 2

Q∑
q=1

[
Â

(i)
k [q] + 0.5B̂

(i)
k [q]

×

Ĉ
(i)
k [q]Ck,z[q]+

(
Ĉ

(i)
k [q]

)−1

R̂De,k(Ω)[q]


≜ ŜE

(i)

c,k(Ω). (69)

From (61) and (69), we have

Ptot(Ω)≤ 1

ϱ
P

(i)
TX (Ω)+P0+ϵ

K∑
k=1

ŜE
(i)

c,k(Ω)≜P (i)(Ω). (70)

2) Convexifying Rate Threshold Constraint: The convexity
of the constraint (26b) is achieved by deriving a concave lower
bound for SEc,k(Ω), as formulated in (33), which can be

expressed as:

S̃E
(i)

c,k(Ω) ≥ SE0,∀k. (71)

3) Convexifying CRB Constraints (26c) and (26d): We can
rewrite (26c) and (26d) equivalently as

CRB−1
θ (Ω) ≥ 1

CRB0θ
, and CRB−1

ϕ (Ω) ≥ 1

CRB0ϕ
. (72)

The LHS of constraints (72) is derived as in (37) and (60),
respectively. The convex form of CRB constraints (26c) and
(26d) are rewritten as[

CRB−1
θ

](i)
(Ω) ≥ 1

CRB0θ
, and

[
CRB−1

ϕ

](i)
(Ω) ≥ 1

CRB0ϕ
. (73)

4) Convexifying Power Constraint (26e): Since The LHS
of the power budget constraint (26e) is nonconvex; however,
its convexity can be achieved by applying the upper bound
approximation previously analyzed in (61). Thus, we obtain:

P
(i)
TX (Ω) ≤ Pmax. (74)

C. Proposed Iterative Algorithm

Define by Θ ≜ {ΘA,ΘI ,ΘB,ΘC} the set of aux-
iliary variables used in the approximation process, where
ΘA = {{Ai}, i = {x, y, z}}, ΘI = {{IX

i },X =
{R, I}, i = {x, y, z}}, ΘB = {{Bi}, i = {x, y, z}}, ΘC =
{{Ck,i[q]},∀k,∀q, i = {x, y, z}}. The approximate convex
program solved at iteration i for (26) is

maximize
Ω,Θ

{ K∑
k=1

S̃E
(i)

c,k(Ω) + ω
([

CRB−1
θ

](i)
(Ω)

+
[
CRB−1

ϕ

](i)
(Ω)

)
− τ (i)P (i)(Ω)

}
(75a)

s.t. (26f), (26g), (38), (41), (47), (48), (51), (52),
(55), (58), (59), (64), (68), (71), (73), (74). (75b)

At iteration i, τ (i) is updated as

τ (i)=

∑K
k=1̃SE

(i)

c,k(Ω)+ω
([

CRB−1
θ

](i)
(Ω)+

[
CRB−1

ϕ

](i)
(Ω)

)
P (i)(Ω)

.

(76)

1) Initialization: To find an initial feasible point for prob-
lem (75), we begin with any point that satisfies the convex
constraints (26f) and (26g), and then iterate

maximize
Ω,Θ

min

({
min

k=1,··· ,K

[
S̃E

(i)

c,k(Ω)

SE0
− 1

]}
,

{[
CRB−1

θ

](i)
(Ω)

1/CRB0θ
− 1

}
,

{[
CRB−1

ϕ

](i)
(Ω)

1/CRB0ϕ
− 1

})
(77a)

s.t. (26f), (26g), (38), (41), (47), (48),
(51), (52), (55), (58), (59), (74), (77b)

until the objective value in (77a) reaches or surpasses zero.
2) Complexity and Convergence Analysis: The computa-

tional complexity of Algorithm 1 is O(n2m2.5+m3.5), where
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Algorithm 1 Proposed Iterative Algorithm for Solving (26)

Initialization: Set i := 1 and randomly generate an initial
point satisfying (26f) and (26g). Solve (77) to search the
feasible set Ω(i).

1: repeat
2: Solve (75) to obtain the optimal variable set of Ω⋆;
3: Update: Ω(i) := Ω⋆;
4: Update: τ (i) according to (76);
5: Set i := i+ 1;
6: until Convergence
7: Output: Ω⋆.

n = 6KQ + 12 represents the number of scalar variables,
comprising 3KQ from Ω and 12 + 3KQ from Θ. The
parameter m = 15 + 7KQ + K denotes the number of
corresponding constraints [44, p.4].

We denote f(Ω) = SEc + ω(CRB−1
θ (Ω) + CRB−1

ϕ (Ω)) −
τPtot(Ω) as the objective function defined in (27).
Given a feasible set Ω(i) for (75), our approximation
method addresses the non-concavity of f(Ω) by construct-
ing a concave function f (i)(Ω) =

∑K
k=1 S̃E

(i)

c,k(Ω) +

ω
([

CRB−1
θ

](i)
(Ω)

[
CRB−1

ϕ

](i)
(Ω)

)
− τ (i)P (i)(Ω). This con-

cave approximation ensures that the objective function in (75)
is lower bounded by

f(Ω) ≤ f (i)(Ω). (78)

It coincides with f(Ω) within the feasible region Ω(i)

f(Ω(i)) = f (i)(Ω(i)). (79)

The above analysis shows that

f(Ω(i))
(a)
= f (i)(Ω(i))

(b)

≤ f (i)(Ω(i+1))
(c)

≤ f (i+1)(Ω(i+1))

for every Ω(i+1) ̸= Ω(i), where (a) follows from (79),
(b) holds because Ω(i+1) and Ω(i) are the optimal solution
and a feasible point for (75), respectively, and (c) follows
from (78). Algorithm 1 generates an improving sequence of
feasible points (Ω(i)) for problem (75). Following arguments
similar to those in [45], it can be demonstrated that Algorithm
1 converges to at least a locally optimal solution of (26)
satisfying the KKT optimality conditions. The complete SCA-
based solution procedure is outlined in Algorithm 1.

V. NUMERICAL RESULTS

A. Simulation Setup

In this section, we present and analyze numerical results to
verify the effectiveness of the proposed method. We consider
a scenario in which users’ locations are randomly distributed
according to a uniform distribution within a circular cell of
radius 1000 m. The BS is positioned at the center, (0, 0), with
a minimum distance constraint of rh = 100 m from any user.
The target is assumed to be located 400 m from the BS at
angles (θ, ϕ) =

(
π
8 ,

π
4

)
. The large-scale fading parameters are

modeled as βk = zk/(rk/rh)
ν , where zk follows a log-normal

distribution with a standard deviation of σshadow, and rk and
ν represent the distance between UE k and the BS, and the
path loss exponent, respectively [46]. The system bandwidth,
denoted by BW, is divided into multiple subcarriers, each with

Table I. Parameter Settings

Parameter Value
Center frequency fc 2GHz
System bandwidth BW 10MHz
Number of communication UEs K 6
System circuit power P0 5.6 mW
Power consumption coefficient ϵ -26dBm/bps [47]
BS amplifier efficiency ϱ 0.35
Shadowing standard deviation 7 dB
Path loss exponent ν 3.2

a bandwidth of BW/Q. We set L = 30 and σ2
c = σ2

s =
σ2 = 1. For the array response vectors, ah[q] and av[q], we
define the number of elements as Nth = Ntv =

√
Nt ∈ N

and Nrh = Nrv =
√
Nr ∈ N. For simplicity, we consider

CRB0 = CRB0θ = CRB0ϕ. Additional simulation parameters are
provided in Table I.

We employ CVX to solve the convex program (75). For
the performance comparison, we consider the two benchmark
approaches as follows:

• Equal power fractions among communication users
(EqualCom): This scheme allocates power between com-
munication and sensing while distributing it equally
among all communication users. It is derived by solving
problem (75) under the constraint γ1[q] = γ2[q] =
· · · = γK [q],∀q. Compared to Algorithm 1, the Equal-
Com scheme incurs lower computational complexity.
This reduction stems from the fewer scalar variables
involved in Ω, specifically 2KQ + Q, which leads to
n = 5KQ+Q+12 variables, and m = 15+6KQ+K+Q
constraints [44].

• Equal power allocation between communication and
sensing as well as among communication users
(EqualC&S): In this setup, power is evenly divided be-
tween communication and sensing for each user on every
subcarrier, ensuring γk[q] = ηk[q],∀k. This approach
adheres to the conditions in (26e) and (26f), distributing
the power budget uniformly for joint transmission.

For brevity, we denote the sum EE objective function in
26a as “Overall EE”. Similarly, “Com. EE” and “Sen. EE”
represent EEc(Ω) and ωEEs(Ω), respectively.

B. Tradeoff between Communication and Sensing Perfor-
mance

Fig. 2 demonstrates the impact of parameter ω on balancing
communication and sensing EE. Since EEs(Ω) is in different
scale compare to “Overall EE”, “Com. EE” and “Sen. EE”,
it is challenging to individually demonstrate the impact of ω
on EEs(Ω). For easier comparison, we normalize EEs(Ω) to
its maximum value, defining it as “Nor. EEs”, which ranges
within [0, 1]. As shown in Fig. 2, increasing ω enhances the
sensing EE while reducing communication EE, emphasizing
sensing functionality. Since “Nor. EEs” is independent of ω,
the plot confirms that the trend in the overall EE, dominated
by communication EE at low ω and by sensing EE at high
ω, also holds for sensing EE. As shown in Fig. 2, a closer
analysis of the low and high ω regimes is essential to better
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Fig. 2. EE versus ω with Nt = 25, Nr = 25, Q = 16, CRB0 = −30 dB,
SE0 = 5.0 bps/Hz, and Pmax = 20 dBm .
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Fig. 3. Convergence of Algorithm 1 with Nt = 25, Nr = 25, Q = 16,
CRB0 = −30 dB, SE0 = 5 bps/Hz, and Pmax = 20 dBm.

understand the trade-off between communication and sensing
performance. Variations in ω can substantially shift the priority
between these functions. To represent these regimes in the
subsequent numerical analysis, we set ω to 10−4 for the low
ω regime (LoR) and 2× 10−3 for the high ω regime (HoR).

C. Convergence of Algorithm 1

To verify Algorithm 1’s convergence, we utilize parameters
from Fig. 2 with ω = {0.2× 10−3, 1.8× 10−3} and a conver-
gence tolerance of 10−4. Fig. 3 illustrates the convergence be-
havior of our proposed algorithm and two baselines, showing
the evolution of overall EE over iterations. All schemes exhibit
distinct convergence characteristics, consistently improving
performance with each iteration until convergence is reached.
At ω = 0.2×10−3, all schemes converge within approximately
50 iterations. However, at higher ω, convergence requires
more iterations. Specifically, our proposed scheme takes 150
iterations to converge, while the baselines converge in around
80 iterations. Each iteration takes approximately 45 seconds
on a Core i5 machine (6 cores, 2.7 GHz), utilizing 25% of
the CPUs and 1.5 GB of RAM for running MATLAB with
the CVX solver to find the optimal solution. Overall EE of
all schemes performs worse at ω = 0.2× 10−3 than at higher
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Fig. 4. The overall EE versus Pmax with Nt = 25, Nr = 25, Q = 16,
CRB0 = −30 dB, and SE0 = 5.0 bps/Hz.

ω, i.e., 1.8 × 10−3. Our proposed algorithm exhibits similar
overall EE trends to EqualCom at low ω. However, at high ω,
it demonstrates a clear performance improvement.

D. Communication and Sensing Performance

Fig. 4 plots the overall EE versus Pmax for Nt = 25,
Nr = 25, Q = 16, CRB0 = −30 dB, and SE0 = 5.0
bps/Hz. Within the transmit power range of 20 to 40 dBm, all
schemes exhibit consistent performance in the LoR. However,
in the HoR, the proposed and EqualCom schemes show
noticeable performance improvements between 20 and 30
dBm, stabilizing thereafter. Notably, the proposed algorithm
significantly outperforms EqualCom at low transmit power
levels, particularly around 20 dBm. This improvement is
primarily due to the influence of the sensing energy efficiency
(Sen. EE) on the overall EE in the HoR. As Pmax increases,
the sensing function gains greater flexibility to allocate power
for meeting system thresholds, thereby enhancing the Sen.
EE. For the remaining cases, the EqualCom scheme achieves
comparable performance to the proposed scheme, but with
lower computational complexity.

Fig. 5 shows the overall EE as a function of CRB0 =
CRB0θ = CRB0ϕ for SE0 = 5.0 bps/Hz and Pmax = 30 dBm.
As depicted in Fig. 5(a), EqualCom emerges as a strong
competitor, whereas EqualC&S underperforms. The proposed
scheme surpasses EqualCom in the range −45 dB ≤ CRB0 ≤
−35 dB and converges to its maximum at higher CRB0 values.
Although higher CRB0 demands greater power consumption,
the proposed scheme benefits from enhanced rate adaptation
flexibility, improving the communication EE (EEc). Con-
versely, the uniform power allocation in EqualCom restricts
spectral efficiency (SE), imposing stricter EEc requirements
in the LoR. Fig. 5(b) further illustrates that increasing CRB0

raises both communication EE and overall EE in the LoR.
However, in the HoR, overall EE remains largely unaffected
for Pmax = 30 dBm, while a slight decrease is observed at
Pmax = 20 dBm. Lower CRB0 leads to reduced transmit power
requirements, enhancing communication EE and overall EE
in the LoR. Conversely, higher CRB0 degrades sensing EE
in the HoR, as theoretically supported by Eq. (17). Fig. 5(c)
illustrates the effect of the communication threshold SE0 on
overall EE for Pmax = 20 dBm under the LoR condition. In
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Fig. 5. EE versus CRB0 with Nt = 25, Nr = 25, and Q = 16.

line with observations from Figs. 5(a) and 5(b), overall EE
improves as CRB0 becomes less stringent. However, increas-
ing SE0 consistently reduces EE for all CRB0 configurations,
primarily due to faster power consumption growth compared
to SE gains.

Fig. 6 evaluates system performance under different thresh-
olds SE0 for Nt = 25, Nr = 25, Q = 16, CRB0 = −35 dB,
and Pmax = 20 dBm. As illustrated in Fig. 6(a), increasing
SE0 consistently degrades the overall EE across all schemes
in both the LoR and HoR scenarios. In the LoR, higher
communication demands result in increased SE, as shown in
Fig. 6(b). However, Fig. 6(c) reveals that the corresponding
rise in power consumption exceeds the SE gains, ultimately
reducing system EE. While the overall EE in the LoR is
primarily communication-driven, the HoR is predominantly
sensing-dominated. Nevertheless, our simulations reveal a
surprising sensitivity of sensing EE to the communication
threshold. The joint signal design in (10) imposes a trade-
off between communication and sensing power: increasing
communication power to meet higher rate thresholds reduces
the power available for sensing. As shown in Fig. 6(d), this
stringent condition elevates the converged CRBs defined in
(18) and (19), thereby degrading sensing EE. This decline is
clearly evident in Fig. 6(a) for the HoR scenario.

E. Effect of Nt and Q

To evaluate the impact of antenna size Nt and the number of
OFDM channels Q, simulations are conducted with Nr = 25,
CRB0 = −40 dB, SE0 = 5.0 bps/Hz, Pmax = 20 dBm, and
ω = 10−4. Fig. 7 demonstrates that increasing either Nt

or Q enhances system performance. The communication EE
(depicted by dashed lines) shows significant improvements,
whereas the sensing EE (depicted by dash-dot lines) expe-
riences only marginal gains. The increase in Nt generally
boosts overall EE by leveraging hardware diversity. Addi-
tionally, sampling OFDM systems at higher resolutions can
substantially enhance EE. However, scaling up Nt and Q
introduces hardware design challenges, particularly in terms
of cost and system complexity.

VI. CONCLUSION

This work explored the energy efficiency optimization of
mono-static mMIMO-OFDM ISAC systems, addressing trade-
offs between communication and sensing performance. We
formulated a power allocation problem to maximize system
EE under communication rate and sensing accuracy (CRB)
constraints. To solve this problem, we proposed a solution
framework combining problem transformation, CRB analy-
sis, and optimization methods like Dinkelbach’s approach
and SCA, along with an efficient initialization strategy to
improve convergence. Simulations demonstrated significant
EE improvements over baseline methods and revealed that
stringent communication thresholds degrade sensing EE, re-
gardless of system priority. These findings highlight the need
for adaptive resource allocation strategies in practical ISAC
deployments. Future work could explore hardware impair-
ments and estimation errors to address the impact of these
real-world non-idealities to ISAC systems. In addition, the
proposed framework can be extended to incorporate joint
CRLB constraints for Doppler and range estimation to support
more comprehensive tracking scenarios, possibly requiring
joint waveform and power optimization.

APPENDIX A: PROOF OF LEMMA 1

First, we can express H[q] as H[q] = Z[q]Dβ , where
Z[q] ≜ [z1[q], . . . , zK [q]], zk[q] ∼ CN (0, INt

), and Dβ =
diag {β1, . . . , βK}. From (8), it follows that

E {trace (W[q]WH[q])}

= α2
ZF[q]E

{
trace

(
D−1

β (ZH[q]Z[q])−1
)}

= α2
ZF[q]

∑K

k=1

1

βk
E
{[

(ZH[q]Z[q])−1
]
kk

}
= α2

ZF[q]
∑K

k=1

1

Kβk
E
{

trace
(
(ZH[q]Z[q])−1

)}
= α2

ZF[q]

K∑
k=1

1

(Nt −K)βk
=

α2
ZF[q]

Nt −K
trace

(
D−1

β

)
. (A.1)

Herein we use the property E{trace((ZH[q]Z[q])−1)} = K
Nt−K

as ZH[q]Z[q] is a central complex Wishart matrix [48]. Setting



13

4 5 6 7 8

0.2

0.4

0.6

0.8

1

1.2

1.4
O

v
e
ra

ll
 E

E
HoR

LoR

(a) Overall EE versus SE0.

4 5 6 7 8
20

40

60

80

100

120

140

S
E

 [
b

p
s/

H
z]

LoR
HoR

(b) SE versus SE0.

4 5 6 7 8
19

20

21

22

23

24

25

P
o
w

er
 c

o
n
su

m
p
ti

o
n
 [

d
B

m
]

LoR

HoR

(c) Total power consumption versus SE0.

4 5 6 7 8
-49.5

-49

-48.5

-48

-47.5

-47

-46.5

C
o

n
v

er
g

ed
 C

R
B

 [
d

B
]

(d) The converged CRB versus SE0.

Fig. 6. The effect of varying SE0 with Nt = 25, Nr = 25, Q = 16, CRB0 = −35 dB, and Pmax = 20 dBm.
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E {trace (W[q]WH[q])} = K,∀q, we obtain αZF[q] as in
Lemma 1.

APPENDIX B: PROOF OF LEMMA 2

From PTX(Ω) = E
{∑Q

q=1 trace (X[q]X[q]H)
}

and using
(4), PTX(Ω) can be expanded as:

PTX(Ω) =
∑Q

q=1
α2
ZF[q]εc[q] +

1

Nt

εs[q], (B.1)

where εc[q] ≜ E
{

trace
(
Dγ [q]D

2
ξ [q]D

H
γ [q](H[q]HH[q])−1

)}
and εs[q] ≜ E

{
trace

(
η̄T[q]D2

ξ [q]η̄[q] ∥a[q]∥
2
)}

. By (A.1),
we obtain

εc[q] ≜
∑K

k=1

ξk[q]γk[q]

(Nt −K)βk
=

ξT[q]D−1
β γ[q]

Nt −K
, (B.2)

εs[q] =≜ Nt

∑K

k=1
ξk[q]ηk[q] = Ntξ

T[q]η[q], (B.3)

where ξ[q] ≜ [ξ1[q], . . . , ξK [q]]T, γ[q] ≜ [γ1[q], . . . , γK [q]]T,
and η[q] ≜ [η1[q], . . . , ηK [q]]T. We omit the detailed deriva-
tions for (B.2) and (B.3) due to space limitations. Finally, (11)
follows (B.1)–(B.3).
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APPENDIX C: PROOF OF THEOREM 1

The equivalent Fisher Information Matrix (FIM) for (θ, ϕ)
over all subcarriers is given as [49]

TFIM=

Q∑
q=1

[
τθθ[q] τθϕ[q]
τθϕ[q] τϕϕ[q]−tϕᾱ[q]T

−1
ᾱᾱ[q]t

T

ϕᾱ[q]

]
. (C.1)

In (C.1), the elements of TFIM[q] are given by [50]

τθθ[q] = κ |α|2 trace
(
Ġθ[q]Rx[q]Ġ

H

θ[q]
)
, (C.2)

τθϕ[q] = κ |α|2 trace
(
Ġϕ[q]Rx[q]Ġ

H

θ[q]
)
, (C.3)

tθᾱ[q] = κR
(
α∗trace

(
G[q]Rx[q]Ġ

H

θ[q]
)
[1, j]

)
, (C.4)

τϕϕ[q] = κ |α|2 trace
(
Ġϕ[q]Rx[q]Ġ

H

ϕ[q]
)
, (C.5)

tϕᾱ[q] = κR
(
α∗trace

(
G[q]Rx[q]Ġ

H

ϕ[q]
)
[1, j]

)
, (C.6)

Tᾱᾱ[q] = κtrace (G[q]Rx[q]G
H[q]) I2, (C.7)

where κ ≜ 2L
σ2
s

, and Rx[q] =
1
LE {X[q]X[q]H}. After some

algebraic manipulation, we obtain

Rx[q] =
1

Nt

(
ξT[q]D̄βγ[q]INt

+ a[q]ξT[q]η[q]aH[q]
)
. (C.8)

Substituting (C.8) into (C.2)–(C.7), we obtain (20)–(25). As
a result, the CRB associated with θ and ϕ are derived as
CRBθ(Ω) =

[
T−1

FIM

]
11

and CRBϕ(Ω) =
[
T−1

FIM

]
22

, where [A]ij
denotes the (i, j)-th entry of matrix A. Using (C.1)–(C.8), we
obtain the results in Theorem 1.

APPENDIX D: PRELIMINARY INEQUALITY

Consider the following products

fp2(x, y) ≜ xy, and fp3(t, x, y) ≜ t
√
xy, (t, x, y) ∈ R3

++.

Global bounds for fp2(x, y) are found by

fp2(x, y)≥fL
p2

(
x, y
)
≜(x̄+ȳ)(x+y)−0.5

[
(x̄+ȳ)2+x2+y2

]
,

(D.1)

fp2(x, y)≤fU
p2

(
x, y
)
≜

0.5ȳ

x̄
x2 +

0.5x̄

ȳ
y2, (D.2)

and those for fp3(t, x, y) by

fp3(t, x, y)≥ tfL
p2

(√
x,

√
y
)
≥fL

p3

(
t,
√
x,

√
y
)

≜(
√
x̄+

√
ȳ)(fL

p2

(
t,
√
x
)
+fL

p2

(
t,
√
y
)
)

−0.5
[
(
√
x̄+

√
ȳ)2t+fU

p2

(
t, x
)
+fU

p2

(
t, y
)]
, (D.3)

fp3(t, x, y)≤ tfU
p2

(√
x,

√
y
)
≤fU

p3

(
t,
√
x,

√
y
)

≜0.5
√
ȳ/x̄fU

p2

(
t, x
)
+ 0.5

√
x̄/ȳfU

p2

(
t, y
)
, (D.4)

where fL
p2

(
x, y
)

and fL
p2

(√
x,

√
y
)

are concave lower bounds
of fp2 and fp3(t, x, y), respectively, and fU

p2

(
x, y
)

and
fU
p2

(√
x,

√
y
)

are their corresponding convex upper bounds.
These preliminaries are applicable for any sets of feasible
points that satisfy (t̄, x̄, ȳ) ∈ R3

++.
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