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Image-Based Math Items
Philipp Sonnleitnera, Steve Bernarda, Michael A. Michelsa, Pamela Inostroza-Fernandezb, 
Ulrich Kellera, Mark J. Gierlc, Pedro Cardoso-Leited, and Caroline Hornunga

aLuxembourg Centre for Educational Testing, University of Luxembourg; bInnovation Department, Universidad de los 
Andes; cFaculty of Education, University of Alberta; dDepartment of Behavioural and Cognitive Sciences, University of 
Luxembourg

ABSTRACT
Mathematics is a core domain in large-scale assessments (LSA), yet item 
development remains resource-intensive, limiting scalability and innovation. 
Automatic Item Generation (AIG) offers a promising solution, but empirical 
validations remain rare. This study investigates the psychometric functioning 
and fairness of 48 cognitive item models designed to generate language- 
reduced, image-based math items for Grades 1, 3, and 5. Treating these 
models as proto-theories, we generated 612 item instances varying in cog
nitive demands and contextual features. Using data from Luxembourg’s 
school monitoring (N = 35,058), we found that item difficulty was mainly 
driven by predefined cognitive factors, with stronger contextual influences 
in early grades. We introduce Differential Radical Functioning to evaluate 
whether AIG-based items permit comparable score interpretations across 
subgroups. Results reveal meaningful differences by cultural background, 
regardless of language proficiency. These findings highlight the importance 
of contextual embedding and demonstrate the potential of cognitive mod
eling in AIG for scalable, valid, and equitable assessments.

1. Introduction

Mathematical skills are fundamental in today’s society and serve as strong predictors of key life 
outcomes and broader competencies (Davis-Kean et al., 2022; Sells, 1973). As a consequence, mathe
matics remains one of the core competency domains assessed regularly by large-scale educational 
assessments (LSAs) to evaluate and monitor programs and curricula. These include international 
studies such as TIMSS and PISA, as well as national assessments like the U.S. NAEP (De Lange, 2007; 
National Center for Education Statistics, 2022; OECD, 2024; von Davier et al., 2024). What follows is 
a huge and constant demand of valid test items, especially for national assessments often covering 
a broad range of K-12 mathematical learning trajectories. Those items are typically a) developed in 
small groups of subject matter experts (SMEs) and psychometricians, b) prepared for the respective 
mode of test administration (paper-pencil or computer-based), c) extensively reviewed, and finally d) 
field-tested to gather empirical evidence on reliability and validity – a process that affords a huge 
amount of human and technical resources (Harris et al., 2024; Kosh et al., 2019).
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A potential solution to this is template-based automatic item generation (AIG), an approach that 
uses prespecified item models which are translated by computer algorithms into items (Gierl & 
Haladyna, 2013; S. Irvine & Kyllonen, 2002). Because of its scalability, AIG reduces the cost of 
individual items, increases test security by limiting the exposure of individual items, and, if the 
underlying item models are based on cognitive theory, can offer additional validity evidence and 
enable the prediction of psychometric characteristics without the need for expensive field tests 
(Embretson & Kingston, 2018; Gierl & Lai, 2016). However, operational implementation of AIG 
remains rare (for notable exceptions see Attali, 2018; Gierl et al., 2015; Sinharay & Johnson, 2008), 
even more so with cognitive theories as a foundation for item model development. This scarcity may 
stem from the substantial initial effort required to implement AIG or from testing companies with
holding disclosure, likely due to concerns over intellectual property (Circi et al., 2023; Harris et al.,  
2024; Kosh et al., 2019). As a consequence though, it is hard to judge whether AIG would indeed offer 
advantages over traditional item development for LSAs, especially concerning an increased validity 
argument. Further, almost all use cases generate text-based stimuli and responses, making reading 
comprehension crucial by potentially introducing construct-irrelevant variance, especially in today’s 
increasingly multilingual student populations (Greisen et al., 2021). Whether generating image-based 
items instead of text-based ones might mitigate this issue isn’t known and differences based on cultural 
background knowledge might persist.

The current paper addresses these limitations by exploring the implementation of AIG in a national 
mathematics LSA which relies heavily on language-reduced, image-based items. We developed 48 
cognitive item models to generate 612 item instances for two mathematical domains: Numbers & 
Operations (NO) and Space & Shape (SS). Validity and fairness of these items with regard to students’ 
background characteristics and math-related attitudes were studied in Grades 1, 3, and 5. Results show 
that item difficulty parameters could be explained to a large degree by model-specific cognitive and 
contextual factors, and that subgroup differences based on different contexts vanished with increasing 
students’ age.

1.1. Automatic Item Generation in Mathematics and Its Validity

Due to its clear logic and relations between its components, mathematics has been a promising 
candidate for AIG from the start. For the competency range that is relevant for educational LSAs 
(K-12), many mathematics item generators have been developed since then. Examples include the 
Mathematics Test Creation Assistant (MTCA; Singley & Bennett, 2002), IGOR (Gierl et al., 2008), 
MathGen (Wilson et al., 2014), Quick Math (Attali & Arieli-Attali, 2015), and Mathematics Item 
Generator (MIG; Kellogg et al., 2015).

Early AIG efforts often relied on theoretical cognitive models to guide item generation and explain 
or predict item characteristics – a strategy known as “strong theory” approach (e.g. Drasgow et al.,  
2006). Over time, however, the focus shifted to a more pragmatic “weak theory” approach, which 
prioritizes the volume of generated items and technological efficiency. State-of-the-art edited volumes 
on AIG mirror this trend: S. Irvine and Kyllonen (2002), as well as Gierl and Haladyna (2013) feature 
a handful of chapters on explanation or prediction of psychometric item characteristics, whereas 
Gierl et al. (2021) mostly focus on increasingly sophisticated techniques for item model development 
and item banking. This shift has good reasons. Incorporating cognitive theories is costly, requiring 
significant expertise and time to translate them into item blueprints. In most applied settings, it is 
often sufficient to generate a large number of item instances based on proven parent items (which can 
be considered item clones) or to validate items using conventional methods, such as expert reviews or 
field tests. Most importantly though, for many competencies, including mathematics, robust and 
comprehensive cognitive theories supporting a strong theory-driven approach are either lacking, 
underdeveloped, or overly fine-grained (Leighton & Gierl, 2011). This mismatch in granularity is 
even more pronounced for competencies typically assessed in LSAs, which often extend beyond basic 
arithmetic skills to encompass applied problem-solving or are, in general, more oriented toward 
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didactical frameworks (e.g. De Lange, 2007). Ideally, a cognitive theory would provide a clear basis for 
understanding the thought processes involved in solving specific math problems. Such a framework 
would enable predictions about which problem aspects might influence the solving process and, 
therefore, merit assessment. These aspects, when translated into item features, are referred to as 
“radicals” (Gierl et al., 2008; S. H. Irvine, 2002). Conversely, aspects that do not affect item difficulty, 
known as “incidentals,” can be varied in problems without altering their difficulty. Only when such 
cognitive theories are available and can be applied to the development of item models – enabling 
a strong theory-driven approach – do immediate benefits for test validity arise. These include 
defensible construct validity at the item level, as well as the ability to explain and potentially predict 
item characteristics for the generated items (Embretson & Kingston, 2018; Gierl & Lai, 2016).

As indicated above, examples of a strong theory approach are generally scarce and for the domain 
of mathematics are mostly restricted to word problems of complex quantitative reasoning, number 
learning, and algebra at middle school to university entry level (e.g. Arendasy & Sommer, 2007; 
Attali, 2018; Daniel & Embretson, 2010; Embretson & Kingston, 2018). In the context of psychometric 
modeling of generated items, these efforts proved highly beneficial though. Strong theory-driven 
approaches facilitated explanatory modeling of item difficulty and discrimination parameters. In 
contrast, weak theory approaches often struggled to produce items with consistent characteristics – so- 
called isomorphs – even within item families that were intended to share the same theoretical 
difficulty. This variation necessitated the inclusion of random effects at the item level during modeling 
(Attali, 2018; Cho et al., 2014; Sinharay & Johnson, 2008).

In conclusion, anchoring AIG in theoretical cognitive models offers clear benefits but comes with 
significant challenges. Chief among these are the substantial effort required and the limited availability 
of suitable cognitive theories. To bridge this gap, it may be useful to adopt the concept of “proto- 
theories” (e.g. Borsboom et al., 2021; Nettle, 2021). Proto-theories compile research findings on 
isolated phenomena – such as specific aspects of mathematical cognition – without committing to 
overly strong assumptions about the scope or magnitude of these effects. These proto-theories could 
provide mechanistic insights into certain problem-solving processes, serving as a foundation for 
exploratory, hypothesis-driven experimentation in item development. By taking a more flexible and 
iterative approach, researchers could identify key “levers” that influence item parameters, thereby 
gradually mapping out a competency domain. This approach could bridge the gap between cognitive 
theory and item development while advancing cognitive science. Targeting underexplored mathema
tical domains, especially in elementary education, where research results are plenty but AIG applica
tions are sparse, could be highly impactful. Despite initial substantial investment, this approach offers 
lasting benefits for continued LSA programs.

1.2. Automatic Item Generation in Mathematics and Its Fairness

One of the major challenges in today’s diverse educational systems is the growing number of students 
with migration backgrounds. These students often bring multilingual and multicultural experiences 
but frequently lack proficiency in the language of instruction (e.g. OECD, 2012). This language barrier 
directly translates into weaker performance in mathematics, particularly in text-based math problems, 
as several studies have demonstrated (Greisen et al., 2021; Saalbach et al., 2016; Singer & Strasser,  
2017). However, the challenge extends beyond language; immigrant students also bring different 
sociocultural knowledge compared to their native peers (Martin et al., 2012; Sam et al., 2022).

In mathematics LSAs, item formats vary in the degree to which they rely on linguistic input and can 
be broadly classified as numeric (purely symbolic), text-based (verbal problem statements), and 
language-reduced/image-based (using primarily visual representations to convey context) (cf. 
Nohara, 2001). Language-reduced items aim to minimize the influence of reading comprehension 
by replacing textual contexts with images or diagrams, a strategy adopted in multilingual contexts such 
as Luxembourg’s ÉpStan (Sonnleitner et al., 2018). While visuals can mitigate construct-irrelevant 
variance due to language (Greisen et al., 2021; Singer & Strasser, 2017), they may still introduce 
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sociocultural biases through the choice of depicted contexts (Martin et al., 2012; Sam et al., 2022), 
particularly when problems are embedded in real-world scenarios. Contextualized math problems – 
those that mimic real-life situations – are prevalent in LSAs like TIMSS-R (44% of problems), NAEP 
(48%), and PISA (97%) (Nohara, 2001). These problems require students to interpret everyday 
knowledge and translate it into a mathematical framework to arrive at a solution (Blum & Leiss, 2007).

The influence of such “cover stories” has been documented, with students doing better on problems 
featuring familiar or interesting contexts (Leiss et al., 2024). For example, De Lange (2007) reported 
that Dutch students performed better in a culturally adapted version of TIMSS, speculating that 
culturally appropriate embedding of anchor items improved their outcome. Similarly, a study on 
automatically generated algebra word problems found a weak but measurable effect of the typicality of 
the cover story on item difficulty (Arendasy & Sommer, 2007). Notably, in the published AIG 
literature, examples predominantly focus on the generation and variation of text-based items (e.g. 
Arendasy & Sommer, 2007; Gierl et al., 2008; Kellogg et al., 2015; Wilson et al., 2014). By contrast, 
language-reduced, image-based AIG has received far less attention in the open literature, and many 
commercial systems are not publicly documented. For AIG to be effective in contextual, language- 
reduced LSA settings, it must adopt similar approaches, replacing variations in word-based contexts 
with variations in illustrations while ensuring that these illustrations function as incidentals rather 
than radicals.

Research on the effects of visual aids in math problems presents mixed findings. While some studies 
suggest that visual aids in depictive representations of math problems have little to no impact on 
performance (Dewolf et al., 2017), others indicate that math problems presented visually are easier to 
solve than their purely textual counterparts (Hoogland et al., 2018). Beyond performance, illustrations 
can also influence test motivation. A study conducted within Luxembourg’s school monitoring 
program Épreuves Standardisées (ÉpStan) revealed that illustrated contexts significantly impacted 
students’ motivation (Girardelli, 2017). This finding is particularly relevant, as personal interest is 
a strong predictor of math problem-solving success (Walkington, 2013). However, given sociocultural 
differences in immigrant students’ knowledge (Martin et al., 2012; Sam et al., 2022), culturally 
embedded illustrations may not have the same effect on all students and may inadvertently introduce 
cultural bias.

To account for such biases and to ensure the comparability of score interpretations across 
subgroups, educational LSAs routinely collect evidence for what the Standards for Educational and 
Psychological Testing refer to as interpretive fairness (American Educational Research Association, 
American Psychological Association, National Council on Measurement in Education, Joint 
Committee on Standards for Educational and Psychological Testing, 2014). Traditional fairness 
approaches examine this comparability at the construct level through measurement invariance testing 
(e.g. Meredith, 1993) or at the item level through differential item functioning (DIF; e.g. Holland & 
Wainer, 2012; Wu et al., 2016; Zumbo, 1999). In the context of AIG, however, relying solely on post- 
administration DIF analyses undermines the potential benefits of the technology. A more proactive 
approach involves adapting DIF logic to the item-component level, assessing fairness before items are 
assembled.

Our study carries this principle down to the level of item components. Specifically, we investigate 
whether particular cognitive or contextual features of an item model systematically advantage or 
disadvantage certain subgroups, an approach we refer to as differential radical functioning (DRF). 
Unlike traditional DIF analyses, DRF examines potential sources of subgroup performance differences 
during item model design and validation. This proactive, component-level perspective embeds fair
ness considerations directly into the AIG process, providing early evidence to support interpretive 
fairness before items are assembled into full scales, and is consistent with the evolution toward third- 
generation DIF praxis (Zumbo, 2007), which emphasizes understanding the sources of subgroup 
differences and incorporating contextual variables into fairness evaluations. For example, DRFs in 
cognitively based radicals might indicate subgroup weaknesses that could inform targeted interven
tions, such as training students in decade-crossing addition. In contrast, DRFs in contextual factors 
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would reveal fundamental differences in students’ understanding of the math problem, likely due to 
sociocultural differences.

1.3. Aim and Scope of the Study

To expand knowledge on and experiences with cognitively based AIG and its fairness within an 
operational LSA setting, the current study adopted a multifaceted approach. Situated within the 
Luxembourgish school monitoring program Épreuves standardisées (ÉpStan; Sonnleitner et al.,  
2018), we incorporated the ideas of proto-theories and DRF into item model development and its 
analyses. ÉpStan covers the whole elementary school mathematics curriculum starting with Grade 1 
and including Grades 3, and 5. Similar to TIMSS and NAEP, about half of the items (40–50%) feature 
math problems situated in real-world settings. Due to the highly heterogeneous and multilingual 
student population of Luxembourg, items are language-reduced and mostly based on images which 
allows to explore related validity and fairness aspects. We purposefully adopted an exploratory stance 
in this study to maximize insights for future applications of AIG in mathematical LSAs. Within this 
exploratory framework, we addressed two research questions:

RQ1: Can the difficulty of AIG-generated, language-reduced math items be predicted and explained 
based on predefined cognitive item models, treated here as proto-theories?

RQ2: Do contextual embeddings in these items support interpretive fairness across student subgroups, 
or do certain contextual features systematically advantage or disadvantage specific groups?

2. Methods

2.1. Item Model Development and Implementation in R Code

The starting point for item model development was ÉpStan’s mathematics item data base. Building on 
Gierl et al. (2015), we first identified so-called parent items that are ideal representations of the 
measured competency and that had shown good psychometric performance in prior administrations 
(i.e. acceptable infit and item total correlations, no DIF). Subject Matter Experts (SMEs; teachers 
trained in item and test development and cognitive psychologists) translated these parent items into 
cognitive item models. In this process, item components were classified either as radicals (influencing 
item difficulty) or as incidentals (features expected not to affect difficulty). Radicals were defined based 
on relevant cognitive psychological research on mathematical development. In domains or subcom
petencies where the research base was sparse (especially within the SS domain), assumptions were 
primarily informed by teachers’ classroom experience and curricular knowledge on learning progres
sions, which have been shown to be empirically promising (e.g. Attali & Arieli-Attali, 2019). This 
pragmatic approach allowed us to formulate cognitive proto-theories for each item model. Contextual 
embeddings were selected by SMEs, drawing on materials familiar from classroom use or prior ÉpStan 
tests. These embeddings were hypothesized to serve as incidentals, but their role was later examined 
empirically. To support fairness, SMEs also screened the chosen contexts for potentially biased or 
culturally sensitive material. Figure 1 illustrates an example of such an item model.

All models were implemented in R software. The R code allowed experimenters to (a) specify values 
of the radicals (e.g. number ranges, object sequences, order requirements), (b) select among alternative 
contexts, and (c) generate an arbitrary number of item instances by systematically varying these 
parameters. Items were exported in PDF format, making them directly compatible with ÉpStan’s 
paper-based delivery.

In total, 48 item models were developed, covering Grades 1, 3, and 5 and being represen
tative of the Luxembourgish elementary school mathematics curriculum; 24 models capturing 
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the mathematical domain NO (8 item models per Grade), and 24 measuring the domain SS 
(again, 8 item models per Grade). Those models spanned six competency levels and covered 
26 out of 42 subcompetencies judged relevant and testable in the context of a paper-and- 
pencil LSA. Annex 1 provides a schematic overview of this multi-step process, illustrating the 
role of SMEs at each stage, from parent item selection to implementation into the research 
design. Annex 2 and 3 summarize the developed item models, targeted subcompetencies, and 
generated item instances.

Figure 1. Item model for NOG1IM3 with six of the twelve generated and administered instances. The first row varies cognitive factors 
(radicals: inversion and sequence) while keeping the context constant, whereas the second row varies the contextual embedding 
(hypothesized incidentals) while maintaining identical cognitive characteristics.
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2.2. Research Design per Model

To investigate the item models’ validity and fairness, each model was used to generate several 
item instances which incorporated different values of item radicals (e.g. number range or carry- 
over in an addition problem) that were expected to influence item difficulty. Item instances with 
identical problem characteristics (isomorphs) were then generated using different semantic 
contexts (e.g. contextualized vs. decontextualized). This design allowed for investigating a) 
validity of the theoretically supposed radicals, as well as b) fairness of the implemented different 
semantic contexts by psychometrically modeling and contrasting these aspects. Figure 1 illus
trates the experimental design for item model NOG1IM3, showing six out of twelve generated 
and administered item instances. Two cognitive factors were hypothesized as radicals: the order 
of sorting (ascending/intuitive vs. descending/counterintuitive, termed inversion) and the 
sequence of objects, which was randomized. The radical inversion (i.e. sorting objects in 
descending rather than ascending order) was expected to increase item difficulty, as it requires 
children to inhibit the intuitive association between larger objects and larger numbers – 
a process known to challenge inhibitory control (e.g. Van Dooren & Inglis, 2015). To examine 
whether contextual embeddings functioned as incidentals, some instances kept the cognitive 
factors constant, while only the embedding was varied. Thus, inversion and sequence were 
hypothesized radicals, while embeddings were hypothesized incidentals, with their actual role 
examined empirically in the analyses.

Based on the 48 item models, a total of 360 item instances were generated within the domain of NO, 
and 252 for SS. See the Annex 2 and 3 for an overview of generated items per measured competency 
and model.

2.3. Data Collection

Data collection took place within the annual ÉpStan in November 2021 (with a focus on NO) and 2022 
(focusing on SS). Full student cohorts were tested in Grades 1, 3, and 5. See Table 1 for sample 
descriptives. In addition to the mathematics main test, randomly drawn samples of students worked 
on one out of six different pretest booklets containing the generated items from the test design. 
Teachers administered the tests during class time.

2.4. Variables

2.4.1. Mathematical competency
Students’ competencies in the domains NO, as well as SS were measured with the generated items 
based on the developed item models. The majority of items used a 1 out of 4 multiple-choice response 
format. In addition, some items requested the students to write their response in an open format or 
link elements of two lists of five objects. Responses were coded dichotomously by the administrating 
teachers using a web app provided by the school monitoring program.

2.4.2. Migration background
This variable was coded as binary: students were classified as native if both they and at least one parent 
were born in Luxembourg; all others were classified as having a migration background.

2.4.3. Language background
Based on previous studies conducted within Luxembourg’s national school monitoring (Greisen et al.,  
2021; Sonnleitner et al., 2018), speaking Luxembourgish or German at home was considered advanta
geous for solving mathematics items in this context. Students reporting either Luxembourgish or 
German as a home language were classified as germanophone; all others were classified as non- 
germanophone.
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2.4.4. Socioeconomic status
Parents’ current occupations were coded using the ISEI (International Socio-Economic Index of 
Occupational Status; Ganzeboom et al., 1992). The highest ISEI of either parent was used as indicator 
of the student’s socioeconomic status (SES). Analyses compared the highest quartile (Q4) to the rest.

Interest in Mathematics, Math Self-Concept, and Math Anxiety. In Grade 1, each construct was 
measured by a positively phrased statement that students had to agree or disagree with. In Grades 3, 
and 5 Interest in Mathematics and Math Self-Concept were operationalized by two, Math Anxiety by 
one 4-point Likert-scale item(s). Binary responses of Grade 1 were coded as either 1 (disagree) or 4 
(agree) to facilitate comparison between the Grades. Similar to SES, related analyses contrasted the 
highest quartile (Q4) to the rest.

2.5. Statistical Analyses

2.5.1. RQ1 – Validity of Item Models
After initial descriptive analyses, items from the main operational test, which were designed to 
assess the same competencies as those targeted by the item models, were screened using standard 
LSA quality criteria (cf. Wright & Masters, 1982; Wu et al., 2016): Items with corrected item-total 
correlations (rit) below .25, indicating weak discrimination, or weighted mean square infit 
statistics above 1.2, indicating misfit to the measurement model, were excluded from serving as 
anchors. This screening ensured that only reliable, well-fitting items contributed to linking the 
model-generated items across the six pretest booklets. Anchor items were estimated separately, 
and their parameters served as a common empirical reference for linking. All pretest items were 
retained regardless of these thresholds to allow evaluation of the full range of item model 
performance. Each item model was then analyzed separately drawing on a generalized linear 
mixed model in which each particular item is fixed, with students treated as random effects 
(GLMM De Boeck et al., 2011). To study validity of item models, we first estimated a fully 
saturated model as a benchmark (model0), allowing one parameter for each individual item. This 
model was then contrasted to different reduced models with various cognitive and contextual 
factors acting as fixed effects rather than individual items following a stepwise, confirmatory 
procedure.

First, items were grouped based on cognitive characteristics of the respective model (modelcog) that 
were considered while creating the items (i.e. items sharing the same cognitive characteristics were 
modeled using one parameter). Second, this model was expanded by considering contextual factors 
(modelcon; i.e. items sharing the same cognitive and contextual factors were modeled using one 
parameter). If the Likelihood Ratio Test (LRT) between the saturated and the reduced model was non- 
significant (p > .05), the more parsimonious, reduced model was preferred as explanatory model. If 
item difficulties could not be fully explained using this approach, additional exploratory reduced 
models (modelalt.x) were formulated and subsequently tested, partly revealing new cognitive or 
contextual factors not considered in the initial item model design. Items sharing identical character
istics with other item instances but not fitting the model were designated as outliers and assigned 
individual item parameters.

2.5.2. RQ2 – Fairness of Item Models
The final, most parsimonious model (modelfin), which was non-significant, served as the baseline for 
evaluating the fairness of the models with respect to subgroup differences. To detect potential fairness 
violations, we extended modelfin by adding interaction terms between each item-level characteristic 
(cognitive and contextual item components) and the studied background variables (migration back
ground, language background, socioeconomic status, interest in mathematics, math self-concept, and 
math anxiety). Significant interaction effects indicate that a particular item feature systematically 
advantaged or disadvantaged a specific subgroup, a pattern we refer to as Differential Radical 
Functioning (DRF, see above).
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It is important to note that this approach focuses on item-component-level differences rather than 
general subgroup differences: main effects of background variables were not of interest here, as they 
may reflect broader construct-relevant performance gaps. Instead, DRF analyses specifically targeted 
whether certain cognitive or contextual features interacted with subgroup membership to produce 
construct-irrelevant variance in item difficulty.

All analyses were conducted using the R statistical framework (R Core team, 2024), using the 
packages TAM (Robitzsch et al., 2024) for item response modeling and lme4 (Bates et al., 2015) for 
mixed-effects modeling. Statistical significance was set at p < .05.

3. Results

3.1. RQ1 – Validity of Item Models

3.1.1. Explainability of Item Difficulty Variance by Cognitive Factors
3.1.1.1. Numbers & Operations. Of the 156 item instances administered in Grade 1, 80.76% could be 
modeled based on cognitive and/or contextual factors without the need for item-specific parameters. 
This indicates that the difficulty of the vast majority of items could be explained by these predefined 
and exploratory factors. Figure 2 shows the percentage of items accounted for by these factors across 
models (please see also Annex 2 and 3 for the number of item instances, number of parameters of 
modelfin, and number of outliers per item model). Four item models could be fully explained by factors 
implemented in the design (100%; i.e. no outliers), while the model with the highest proportion of 
outliers explained only 45.83% of its items. The remaining four models revealed additional factors 
during the exploration process. Across all models, an average of 81.25% of items were successfully 
grouped (SD = 21.36). Table 2 provides a complete list of cognitive factors, indicating whether they 
were implemented by design or discovered during exploration, and whether they significantly 
impacted item difficulties.

The results for Grade 3 were slightly less promising: 70.17% of the 114 item instances were 
explained by cognitive and contextual factors (M = 77.07%, SD = 31.73 across the 8 item models). 
Notably, item instances of one model (NOG3IM14) could not be grouped at all, requiring 24 
individual parameters. However, the remaining 7 item models were fully explained by their design 
characteristics, with no need for further exploration. One of these models (NOG3IM5, comprising 18 
items) was fully explained without any outliers.

Grade 5 showed remarkable 91.11% of the administered 90 item instances explained, mostly by 
cognitive factors that were implemented in the design (M = 88.54%, SD = 23.11 across the 8 item 
models). Item instances of 5 item models were fully explained (two of them only needing 1 parameter 
each); only 1 item model revealed a factor through exploration.

Numbers & Operations 
(24 item models, 360 items)

Space & Shape
(24 item models, 252 items)

Figure 2. Mean percentage of items explained per model through cognitive and/or contextual factors (solid line) and percentage of 
item models significantly affected by contextual factors (dashed line). Results for grades 1, 3, and 5 are given for Numbers & 
Operations (left), and Space & Shape (right). *for Numbers & Operation, Grade 1, only seven item models were varied concerning 
contextual factors.
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In total, explanation of item instances appears to be relatively stable across grades at a surprisingly 
high level. Fewer parameters in general, and item models needing only one parameter in Grade 5, 
however, point to a more feasible modeling for higher grades. This could be explained twofold: First, 
by the vanishing impact of certain cognitive factors, for example, inversion or carry-over becoming 
non-significant in higher grades (see Table 2), probably due to being overlearned. Second, it appears 
that item modeling is noisier and more difficult in lower grades, likely due to factors not being/or not 
possible to be considered in the design nor being detectable in exploration (nor tackled in relevant 
cognitive literature).

Space & Shape. Compared to NO, fewer item instances generated for SS were fully explained 
(Figure 2, right). Only 52.5% of the 120 items administered in Grade 1 could be successfully modeled 
(M = 78.12%, SD = 33). While three item models were fully explained, one model (SSG1IM8, consist
ing of 48 items) could not be grouped at all. Importantly, all factors used for grouping originated from 
the design (see Table 3).

In Grade 3, explanation rates remained low; only 51.28% of the 79 item instances could be 
explained (M = 50%, SD = 42.72). Three item models consisted of individual items only, and one 
item model could be explained 100%. As in Grade 1, all factors used for grouping were based 
solely on the design. Notably, two of the item models relied on just a single factor for 
explanation.

Table 2. Overview on studied cognitive factors in Numbers & Operations to explain item difficulty of instances.

Cognitive factor Grade IM design explored

Sequence of objects to compare 1 NOG1IM1 1*
1 NOG1IM2 1
1 NOG1IM3 1

Orientation of objects to compare (horizontal vs vertical) 1 NOG1IM2 1*
Inversion 1 NOG1IM2 1*

1 NOG1IM3 1*
1 NOG1IM4 1*
3 NOG3IM4 1*
3 NOG3IM9 1

Number range 1 NOG1IM4 1*
1 NOG1IM5 1*
1 NOG1IM6 1*
1 NOG1IM7 1*
5 NOG5IM11 1

Tie effect (r = s) 1 NOG1IM5 1*
1 NOG1IM7 1*

r > s 1 NOG1IM7 1*
r < s 1 NOG1IM7 1*
Even/odd difference in calculation 1 NOG1IM8 1*
Borrowing 3 NOG3IM8 1*

3 NOG3IM11 1*
5 NOG5IM11 1*

Carry-over 3 NOG3IM10 1*
5 NOG5IM17 1

Marking even/odd 3 NOG3IM14 1*
Multiplication problem 3 NOG3IM11 1*
Number of summands 3 NOG3IM13 1*

5 NOG5IM13 1*
Different scaling when reading bar charts 5 NOG5IM15 1*
Position of missing value when reading bar charts 5 NOG5IM15 1*
Position of error to be detected in written addition 5 NOG5IM17 1
Position of error to be detected in written subtraction 5 NOG5IM16 1
Reading/sorting of numbers when digit 0 is involved 5 NOG5IM9 1*

5 NOG5IM18 1*
Sorting of numbers with different amount of digits 5 NOG5IM9 1*
Position of missing summand out of 3 5 NOG5IM10 1
Total 34 (26*) 2(2*)

*indicates significance (p < .05) of a factor.
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Grade 5 showed comparable results: Of the 54 item instances, 59.25% could be explained 
(M = 66.67, SD = 30,86). As with lower grades, all factors used for grouping were derived solely 
from the design. Two item models were fully explained, while one model required individual para
meters for all items (SSG5IM17, 12 items). Additionally, grouped item instances of four models were 
explained using just one design-derived factor.

It seems that item modeling for SS was much less consistent and thus, in total, less successful 
compared to NO. Although the number of models with fully explained item instances was only slightly 
lower (6 for SS vs. 8 for NO), there were more models for which items couldn’t be grouped at all (5 for 
SS vs. 1 for NO), partly with many item instances. The most problematic item models (SSG1IM8, 
SSG3IM10, SSG5IM17) longitudinally tapped the same subcompetency (analysis and representation 
of geometric shapes in plane and space; levels B1, B3, and B6). It therefore seems that measuring this 
construct seems to be noisier than expected or harder to cognitively model. The specific item type of 
these models (select one geometric form with differing characteristics) might be an alternative 
explanation.

Table 3. Overview on studied cognitive factors in Space & Shape to explain item difficulty of instances.

Cognitive factor Grade IM design explored

Number of Rows 1 SSG1IM1 1*
1 SSG1IM2 1*
3 SSG3IM1 1
3 SSG3IM2 1*

Shape 1 SSG1IM3 1*
1 SSG1IM8 1*
3 SSG3IM9 1*
3 SSG3IM2 1*
3 SSG3IM1 1
3 SSG3IM3 1*
3 SSG3IM10 1*
5 SSG5IM11 1

Number of Colors 1 SSG1IM4 1*
Number of Spaces 1 SSG1IM4 1*

3 SSG3IM3 1*
5 SSG5IM15 1
5 SSG5IM16 1
5 SSG5IM9 1

Pattern 1 SSG1IM4 1
1 SSG1IM5 1
3 SSG3IM5 1
5 SSG5IM15 1
5 SSG5IM16 1

Continuous Design (Mirroring) 1 SSG1IM6 1*
1 SSG1IM7 1*
3 SSG3IM6 1*
3 SSG3IM7 1*

Aligned symmetry Axis (Mirroring) 1 SSG1IM6 1*
1 SSG1IM7 1*
3 SSG3IM6 1*
3 SSG3IM7 1*

Direction of Mirroring 1 SSG1IM6 1*
3 SSG3IM6 1*
3 SSG3IM7 1*

Rotation 1 SSG1IM8 1*
3 SSG3IM10 1*

Size of Area 3 SSG3IM9 1*
5 SSG5IM12 1*
5 SSG5IM13 1*
5 SSG5IM14 1
5 SSG5IM9 1

Total 41(28*) 0(0*)

*indicates significance (p < .05) of a factor.
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Overall, cognitive modeling of the developed 48 item models was highly successful. Whereas item 
difficulty variance of 82.29% of 360 item instances within NO could be explained, within SS, this was 
true for 64.93% of the 252 item instances.

3.1.2. Identified Cognitive Factors
Within NO, out of the 20 cognitive grouping factors (see Table 2), most were known in relevant 
literature on number development and therefore already considered in the item design. Factors such as 
inversed ordering, number range, borrowing, or carry-over were among the strongest (stable) pre
dictors of item difficulty. Exploration showed that the orientation of objects (horizontal vs. vertical) to 
compare and sort – a spatial aspect -, and whether the difference in a calculation was even or odd (both 
in Grade 1), were factors significantly contributing to item difficulty that were previously unknown. 
The number of significant factors was comparable across grades (8 for Grade 1, 6 for Grade 3, and 7 for 
Grade 5). However, Grade 5 featured five additional factors implemented in the design that turned out 
insignificant, with three of them significantly contributing in lower grades (inversion, number range, 
carry-over). This pattern suggests that the influence of these factors declines with age, consistent with 
developmental research showing that math fluency in elementary school increases with age and 
practice, while the trajectory and timing of automaticity vary by operation and task characteristics 
(e.g. Gliksman et al., 2022). Consequently, certain cognitive factors that substantially affect difficulty in 
lower grades may diminish in influence once skills become overlearned.

In the SS domain, 10 cognitive factors were incorporated into the item design, with 9 of them 
significantly influencing at least some item models. No additional cognitive factors were discovered 
during the exploration process (see Table 3 for studied cognitive effects within SS). The impact of these 
factors was comparable in Grades 1 and 3, but in Grade 5, only one factor significantly affected item 
difficulties. This pattern aligns with findings from NO, which also showed a diminishing influence of 
(known and manipulable) cognitive factors among older students. The overall lower number of 
factors, compared to NO, further reflects the relatively limited research in this mathematical domain. 
Additionally, the lower percentage of explained item instances suggests that other factors, not yet 
considered, are likely influencing item difficulty.

Taken together, results show that cognitive factors explain item difficulty in NO well, enabling 
reliable control in item design based on proto-theories. This effect is strongest in lower grades and 
diminishes as overlearned skills reduce the influence of these factors. In SS, however, modeling was 
less consistent, particularly for geometric shape analysis, indicating that additional or alternative 
factors are needed. Thus, while NO items can be effectively calibrated using established cognitive 
characteristics, SS requires further development of our cognitive models to identify additional factors 
for comparable precision. When applied to AIG, this means that reliable automated generation is 
currently more feasible for NO than for SS, where item difficulty remains harder to predict. Building 
on these results, we next examine to what extent contextual embeddings of problems further account 
for variability in item difficulty.

3.1.3. Explainability of Item Difficulty Variance by Contextual Factors
Within the NO domain, 6 out of 71 item models in Grade 1 (85.71%, see Figure 2) were affected by 
contextual factors, i.e. a variation of the context in which the mathematical problems were presented 
had a significant impact on item difficulty. This impact was comparable in Grade 3 (7 out of 8 item 
models showed an effect) but substantially dropped to only 2 affected item models in Grade 5. Table 4 
shows that in most cases, it was one specific context that moderated item difficulties; in 3 item models, 
differences between contextualized and decontextualized (i.e. abstract) item instances were found. 
Similar to cognitive factors, more statistically significant effects were found in lower grades but not in 

1In Numbers & Operations, Grade 1, item instances of one item model (NOG1IM7) were only presented in a decontextualized, abstract 
form due to an error in the booklet design.
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Grade 5. For example, the impact of a gender stereotypical embedding was only significant in Grade 1. 
No additional contextual factors were identified beyond those implemented by design.

Item models of SS were impacted much less by contextual factors. Whereas in Grade 1, half of the 
item models were affected, this number dropped almost linearly to 25% of the models in Grade 5. Item 
difficulty differences were equally caused by decontextualized and specific embeddings. Taken 
together, results clearly show that the way a mathematical problem is presented clearly matters. This 
effect is more pronounced for younger students and diminishes over time to, as it seems, a baseline 
noise of 25% of models in Grade 5. Mostly, individual specific contexts caused differences with no 
clear rule or trend concerning the content. Thus, if different contexts are used for AIG, context needs 
to be considered, as it moderates the difficulty of classes of items based on cognitive characteristics.

3.2. RQ2 - Fairness of Item Models

3.2.1. Impact of Cognitive Radicals on Subgroup Differences
After identifying cognitive item characteristics that influenced item difficulty, we investigated whether 
these characteristics were associated with subgroup differences that could be interpreted as Differential 
Radical Functioning (DRF, see above). For instance, in item model NOG1IM6, students were asked to 
add dots to mushrooms until reaching a specific total. When analyzing item model validity, number 
range turned out to substantially influence item instance difficulty. Interestingly, girls found it easier 
than boys to complete the task when the target sum was 10, indicating a significant interaction 
between gender and this cognitive parameter, even when controlling for main effects and other 
interactions in a related GLMM. However, this effect did not occur when the target sum was 5, 
suggesting that the number range parameter exhibited DRF in this item model. A possible explanation 

Table 4. Overview on studied contextual factors in Numbers & Operations (left) and Space & Shape (right) to explain item difficulty of 
instances.

Contextual factor Grade IM design explored Contextual factor Grade IM design explored

Decontextualization 1 NOG1IM1 1* Decontextualization 1 SSG1IM3 1
1 NOG1IM2 1 1 SSG1IM6 1
1 NOG1IM3 1 1 SSG1IM7 1
3 NOG3IM10 1* 1 SSG1IM8 1*
3 NOG3IM14 1 3 SSG3IM3 1*
5 NOG5IM10 1 3 SSG3IM6 1
5 NOG5IM11 1* 3 SSG3IM7 1

Gender stereotypical 
context

1 NOG1IM1 1* 3 SSG3IM10 1*

5 NOG5IM16 1 5 SSG5IM11 1*
5 NOG1IM17 1 5 SSG5IM12 1

Specific context 1 NOG1IM4 1* 5 SSG5IM13 1
1 NOG1IM5 1* 5 SSG5IM14 1
1 NOG1IM6 1* 5 SSG5IM15 1
1 NOG1IM8 1* 5 SSG5IM16 1
3 NOG3IM4 1* 5 SSG5IM17 1*
3 NOG3IM8 1* Specific context 1 SSG1IM1 1*
3 NOG3IM9 1* 1 SSG1IM2 1*
3 NOG3IM10 1* 1 SSG1IM4 1
3 NOG3IM11 1* 1 SSG1IM5 1*
3 NOG3IM12 1* 3 SSG3IM1 1
3 NOG3IM13 1* 3 SSG3IM2 1*
5 NOG5IM9 1 3 SSG3IM5 1
5 NOG5IM10 1* 3 SSG3IM9 1*
5 NOG5IM11 1* 5 SSG5IM9 1
5 NOG5IM13 1
5 NOG5IM15 1

Total 26 
(17*)

0(0*) 21(7*) 3(3*)

*indicates significance (p < .05) of a factor.
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for this observation could be previously documented gender-specific strategy use in arithmetic 
problems (e.g. Fennema et al., 1998; Sievert et al., 2025): girls were found to rely more on concrete 
strategies, such as counting, or in later grades, written algorithms, which tend to be slower but more 
reliable. Boys, in contrast, more often use retrieval or mental computations (faster but potentially more 
error-prone non-algorithmic strategies or shortcut methods). Figure 3 shows the total number of item 
models that demonstrated one or more DRFs in relation to student background.

In the domain of NO, Math Interest (significant in 12 out of 24 item models), Math Self-Concept 
(11 out of 24), and Gender (11 out of 24) exhibited the most DRFs. A similar pattern was observed in 
the domain of SS where Gender (12 out of 24) and Math Interest (10 out of 24) had the highest number 
of DRFs. On average, each background variable influenced about one-third of the cognitive para
meters. For NO, the number of DRFs slightly increased from Grade 1 to Grade 5, whereas the opposite 
trend was observed for SS, with a sharp drop in Grade 5, where only 10 DRFs were identified.

In summary, altering cognitive radicals when generating item instances can influence or uncover 
subgroup differences. Although this may not compromise test fairness, as cognitive aspects are integral 
to the construct (e.g. counting or performing addition with different number ranges), this should be 
done consciously; otherwise, such items could potentially be flagged for DIF.

3.2.2. Impact of Contextual Radicals on Subgroup Differences
In contrast to subgroup differences arising from cognitive radicals, those related to contextual radicals 
are more problematic and can compromise test fairness. Ideally, any increase in item difficulty due to 
contextual elements should affect all students uniformly, rather than disproportionately impacting 
students with specific background characteristics. Fortunately, our analysis of interactions between 
item models’ contextual effects and student background characteristics revealed significantly fewer 
DRFs linked to contextual radicals compared to cognitive ones (see Figure 3).

For both mathematical domains, the largest number of contextual DRFs was associated with 
students’ migration background, affecting eight item models each. Crucially, language background 
showed much less impact, suggesting that certain contexts may pose greater difficulty across different 
cultural backgrounds, regardless of language proficiency. This finding offers a new perspective on 
subgroup differences typically attributed to language proficiency, indicating that cultural context may 

Figure 3. Number of item models with identified cognitive radicals (left) and contextual radicals (right) associated with significant 
subgroup differences.
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play a larger role. Gender was identified as the second most frequent cause of contextual DRFs, though 
this was only observed in the SS domain.

Regarding grade-level differences, a notable increase in DRFs was observed in Grade 3 of the 
SS domain, which also featured a larger number of items that couldn’t be grouped with others 
and therefore needing their own parameter. It remains unclear whether these items functioned 
differently due to related subgroup differences or if individual treatment led to these differences. 
Overall, an average of 4.28 affected models in NO and 5.42 models in SS indicates that subgroup 
differences tied to contextual elements are worth considering but do not present a major 
concern in AIG. Finally, a content review of contexts that exhibited DRF across subgroups 
revealed no recurring themes or other communalities. The observed differences appeared con
text-specific, tied to particular depictions within individual item models, and non-systematic 
across contexts, suggesting that such effects are hard to anticipate without indications for 
guidelines.

4. General Discussion

The use of automated item generation (AIG) in large-scale educational assessments (LSAs) holds 
promise for addressing the growing demand for cost-efficient and validated assessment items. 
However, despite the theoretical appeal of strong-theory AIG (e.g. Drasgow et al., 2006) for improving 
construct validity, empirical evaluations in applied settings remain scarce (Embretson & Kingston,  
2018; Gierl et al., 2015). The present study addressed this gap by investigating the validity and fairness 
of 48 cognitive item models in the mathematical domains of Numbers & Operations and Space & 
Shape.

By treating template-based item models as proto-theories (e.g. Borsboom et al., 2021; Nettle, 2021), 
which offer greater flexibility than traditionally formulated cognitive models, and which allow for 
incorporating isolated effects or observations from practitioners, we explored to what extent AIG can 
be theoretically informed. Regarding RQ1 (validity of item models), our results indicate that the 
difficulty of AIG-generated items can be explained to a substantial extent by their predefined cognitive 
and contextual features, which demonstrated the high effectiveness of our approach. A substantial 
proportion of items (82.29% in NO, 64.39% in SS) was explained by cognitive and contextual factors, 
most of which were already embedded in the models used for generating them – an indication that 
overfitting did not occur, strengthening the validity of the proto-theory approach. Given the lack of 
comprehensive cognitive theories or their mismatch in granularity for many LSA-assessed compe
tencies (Leighton & Gierl, 2011), these findings support a more pragmatic, theory-informed AIG 
approach that balances empirical observations and practitioner insights. For the ÉpStan, this study 
provided an empirical inventory of radicals and incidentals for NO and SS, offering a practical 
foundation for future item development and enhancing construct validity. The next essential step is 
a confirmatory study to test the effects’ stability in newly generated items with identical features.

Another key contribution of this study is its examination of the impact and fairness of using 
different contexts when generating language-reduced, image-based items (RQ2 – fairness of item 
models). Our results show that contextual embeddings can influence the interpretive fairness of 
AIG-based items, with effects varying by student subgroup. In both explored mathematical 
domains, we observed that contextual influences on item difficulty decreased with age, indicat
ing a shift toward more stable problem representations and improved transfer skills. These 
findings support developmental theories of mathematical cognition, suggesting that older stu
dents rely less on surface-level features and more on abstract problem-solving strategies (e.g. 
Chen, 1999). While minimizing linguistic complexity is one way to fair assessments, our study 
revealed that contextual variations still introduce sociocultural biases, particularly for students 
from migration backgrounds. These findings confirm previous research on sociocultural knowl
edge differences among immigrant students (Martin et al., 2012; Sam et al., 2022), emphasizing 
explicit consideration of cultural backgrounds when generating diverse problem contexts. 
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However, our review of contexts that exhibited DRF revealed no recurring themes, underscoring 
the need for systematic future research on how contextual embeddings contribute to subgroup 
differences.

Importantly, cognitive radicals that contributed to subgroup differences could provide valuable 
insights for math instruction, supporting the reciprocal relationship between assessment and teaching 
(De Lange, 2007). In sum, DRF analyses provide item-level evidence that can inform the interpretive 
fairness of AIG-based items by distinguishing construct-relevant subgroup differences from potential 
bias.

Despite these contributions, several limitations must be acknowledged. Due to the relatively small 
item pools per model, we were unable to perform detailed analyses of within- and between-item family 
variation, as seen in prior studies (Embretson & Kingston, 2018; Sinharay & Johnson, 2008). This 
limits direct comparability with earlier findings but also presents an opportunity for future research, as 
the developed item models could be used for larger-scale administration in future LSAs. Another 
limitation lies in the selection of contextual embeddings – while they were typical of Luxembourg’s 
ÉpStan, their design was not systematically standardized, making further refinement necessary. 
However, this was due to limited available research on visual item contexts and points to an open 
area for future psychometric research that includes, for example, cognitive load theory.

In light of recent developments in generative AI, template-based AIG might seem less innovative at 
first glance. However, most current commercial AI-driven solutions still focus on text-based multiple- 
choice problems, while language-reduced, image-based items remain largely underexplored (Circi 
et al., 2023; Harris et al., 2024). Items using artificially generated images would still require careful 
human review before implementation and raise additional legal challenges, particularly in the 
European framework (European Parliament, 2024), regarding copyright and the black box nature of 
current large language models (LLMs). Rather than replacing theory-informed item modeling, the 
most promising way forward lies in combining both strands: AI can provide efficiency and scale, while 
cognitive models ensure transparency, validity, and fairness, an approach increasingly discussed under 
the labels of augmented intelligence or human-centered AI (Circi et al., 2023; Harris et al., 2024; 
A. A. von Davier et al., 2024; Yang et al., 2023).

To conclude, this study provides empirical evidence supporting the feasibility of strong-theory AIG 
in applied settings. While further validation and cross-study replication are needed, our findings mark 
a promising step toward a validated, template-based AIG approach for elementary mathematics 
education. Future research should focus on confirmatory studies, cross-national validation, and the 
integration of AI-driven enhancements while maintaining rigorous psychometric control.
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Annexes

Annex 1. Schematic flowchart of cognitive item model development and 
implementation in R building on Gierl et a (2015)The process runs from parent item 
identification to generation of item instances and integration into the test design 
SMEs= subject-matter experts
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Annex 2. Overview of item models and generated item instances for the domain 
Numbers & Operations in study 1,

Tested subcompetency 
(item models with identical subcompetency differ in 

their task model or response format)

Tested 
subcompetency 

levels*
Item 

instances
N° of 

parameters
N° of 

outliers

Numbers & Operations (ÉpStan 2021)

Grade 
1

NOG1IM1 The student is able to count and compare sets of 
objects with up to 10 elements.

A1 12 9 0

NOG1IM2 The student can associate quantifiable objects with up 
to 5 numbers and sort them accordingly.

B1 12 6 0

NOG1IM3 The student can associate quantifiable objects with up 
to 5 numbers and sort them accordingly.

B1 12 2 0

NOG1IM4 The student can match numbers from 0 to 20 with their 
symbols and arrange them in the correct order.

A2-A3 24 6 2

NOG1IM5 The student can mentally calculate additions and 
subtractions within the range of 0 to 20.

B2 24 5 13

NOG1IM6 The student can match numbers from 0 to 20 with their 
symbols and arrange them in the correct order.

A2 12 4 0

NOG1IM7 The student can mentally calculate additions and 
subtractions within the range of 0 to 100.

B3 48 20 0

NOG1IM8 The student can mentally calculate additions and 
subtractions within the range of 0 to 20.

B2 12 4 0

Grade 
3

NOG3IM4 The student is able to read and write numbers from 0 
to 100, as well as compare and sort them.

A3 18 3 0

NOG3IM8 The student can mentally calculate additions and 
subtractions within the range of 0 to 100.

B3 12 4 1

NOG3IM9 The student can read and write natural numbers from 0 
to 1,000, compare and sort them.

A4 12 3 1

NOG3IM10 The student can perform additions and subtractions 
with up to 4 significant digits within the range of 0 
to 1,000.

B4 12 6 0

NOG3IM11 The student can perform additions and subtractions 
with up to 4 significant digits within the range of 0 
to 1,000.

B4 12 6 0

NOG3IM12 The student can perform additions and subtractions with 
up to 4 significant digits within the range of 0 to 1,000.

B4 24 0 24

NOG3IM13 The student can perform additions and subtractions with 
up to 4 significant digits within the range of 0 to 1,000.

B4 12 5 2

NOG3IM14 The student differentiates between even and odd 
numbers.

C2 12 2 2

Grade 
5

NOG5IM9 The student can read and write natural numbers from 0 
to 1,000,000, compare, and present them in a table.

A4–6 12 3 1

NOG5IM10 The student can perform additions and subtractions with 
up to 4 significant digits within the range of 0 to 1,000.

B4 18 6 1

NOG5IM11 The student can perform additions, subtractions, and 
multiplications within the range of 0 to 100,000.

B5–6 18 7 0

NOG5IM13 The student can perform additions, subtractions, and 
multiplications within the range of 0 to 100,000.

B5 12 3 0

NOG5IM15 The student can present data in a well-organized table, 
draw clear conclusions, and explain them.

D6 12 6 0

NOG5IM16 The student can perform multiplications and divisions 
with up to 5 significant digits in writing.

B6 6 1 0

NOG5IM17 The student can perform multiplications and divisions 
with up to 5 significant digits in writing.

B6 6 1 0

NOG5IM18 The student can identify adjacent numbers and insert 
natural numbers from 0 to 1,000,000, as well as 
extract the values of units, tens, hundreds, etc., from 
a given number.

A6 6 5 0

Total 24 360 118 47

*Tested subcompetency level according to the Luxembourgish elementary school mathematics curriculum (cf. MENFP, 2011).
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Annex 3. Overview of item models and generated item instances for the domain Space 
& Shape in study 2,

Tested subcompetency 
(item models with identical subcompetency differ in 

their task model or response format)

Tested 
subcompetency 

levels
Item 

instances
N° of 

parameters
N° of 

outliers

Space & Shape (ÉpStan 2022)

Grade 
1

SSG1IM1 Starting with simple shapes, the student can create 
various figures that have the same area.

D1 12 2 0

SSG1IM2 In the context of basic counting, the student can 
distinguish between area and perimeter.

D3 12 4 1

SSG1IM3 The student can group different simple shapes represented 
on squared paper that have the same area.

D2 12 3 1

SSG1IM4 The student can reproduce and extend basic geometric 
patterns and structures.

C1 12 2 1

SSG1IM5 The student can reproduce and extend basic geometric 
patterns and structures.

C1 6 2 0

SSG1IM6 The student can complete basic geometric shapes using 
axial symmetry.

C3 12 6 1

SSG1IM7 The student can complete basic geometric shapes using 
axial symmetry.

C3 6 3 0

SSG1IM8 The student can identify, compare, and group 
quadrilateral, triangular, and circular shapes.

B1 48 48 0

Grade 
3

SSG3IM9 The student can use counting to determine the area and 
perimeter of basic shapes (square, rectangle).

D4 6 6 0

SSG3IM2 In the context of basic counting, the student can 
distinguish between area and perimeter.

D3 6 6 0

SSG3IM1 The student can group various simple shapes 
represented on squared paper that have the same 
area.

D2 6 1 1

SSG3IM3 In the context of basic counting, the student can 
distinguish between area and perimeter.

D3 12 3 1

SSG3IM10 The student can use the correct terms to name flat 
shapes and basic solids.

B3 18 18 0

SSG3IM5 The student can extend complex geometric patterns and 
create his own unique patterns.

C4 6 1 1

SSG3IM6 The student can extend complex geometric patterns and 
create his own unique patterns.

C4 12 6 0

SSG3IM7 The student can extend complex geometric patterns and 
create his own unique patterns.

C4 12 6 1

Grade 
5

SSG5IM11 The student can compare or determine the area of any 
right-angled shape by breaking it down into uniform 
units.

D6 6 2 0

SSG5IM12 The student can compare or determine the area of any 
right-angled shape by breaking it down into uniform 
units.

D6 6 3 0

SSG5IM13 The student can measure the perimeter of a square and 
a rectangle by filling them with uniform units.

D5 6 3 1

SSG5IM14 The student can determine the area and perimeter of 
basic shapes shown on squared paper by counting.

D4 6 1 1

SSG5IM15 The student can extend complex geometric patterns and 
create his own unique patterns.

C4 6 1 1

SSG5IM16 The student can extend complex geometric patterns and 
create his own unique patterns.

C4 6 1 1

SSG5IM9 The student can determine the area and perimeter of 
basic shapes shown on squared paper by counting.

D4 6 1 2

SSG5IM17 The student can draw geometric shapes based on the 
properties of straight lines and line segments.

B6 12 12 0

Total 24 252 141 14

*Tested subcompetency level according to the Luxembourgish elementary school mathematics curriculum (cf. MENFP, 2011).
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