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A Bloch point represents a three-dimensional hedgehog singularity of a magnetic vector field in which the
magnetization vanishes. However, standard micromagnetic theory, developed for magnetic moments of fixed
lengths, lacks full applicability in studying such singularities. To address this gap, we study a Bloch point in

a quantum Heisenberg model for the case of spin-1/2 particles. Performing an exact diagonalization of the
Hamiltonian as well as using density matrix renormalization group techniques, we obtain the ground state, which
can be used to recover the corresponding magnetization profile. Our findings demonstrate a variation of the spin
length in the quantum model, leading smoothly to zero magnetization at the Bloch point. Our results indicate
the necessity of generalizing the classical micromagnetic model by adding the third degree of freedom of the
spins: the ability to change their length. To this end, we introduce a phenomenological micromagnetic S*-model,
which enables the description of magnets with and without Bloch point singularities.
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I. INTRODUCTION

Bloch points (BPs) are micromagnetic singularities which
were introduced by Feldtkeller [1] and Doring [2] in the
1960s. For a unit magnetization vector field m : R3 = R3,
such a Bloch point represents a statically stable hedgehog
solution, m = —r/r, with finite energy existing in the classical
Heisenberg model. Since the magnetization of the BP does
not approach a constant ferromagnetic background at r — oo,
it represents, strictly speaking, a defect in the magnetic mi-
crostructure. To date, a plethora of spin textures hosting BPs
have been theoretically predicted and experimentally found.
The most prominent examples are hard magnetic bubbles with
Bloch lines [3-5], chiral bobbers [6,7], lattices of bobbers [8],
and as dipolar strings [9]. Recently, theoretical studies demon-
strated a chain of BPs stabilized by screw dislocations [10],
which might play a crucial role in the formation of hopfion
rings [11,12] and other topological states [13,14]. These spin
textures are intensively studied for information storage and as
information carriers in future electronic devices [15-18].

At the same time, the dynamics of magnetization textures
hosting BPs cannot be correctly described by a straightfor-
ward micromagnetic model because the singularity of the
effective magnetic field at the center of the BP leads to a
divergent Heisenberg exchange interaction by ~ VZm. As a
consequence, BP dynamics is mainly studied in atomistic spin
models, where strong interactions of the BP with the lattice

“Contact author: vladyslav.kuchkin@uni.lu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(1)/013195(7)

013195-1

have been reported [19,20]. There have been attempts to com-
bine atomistic and micromagnetic approaches by considering
multiscale grids [21], but this is a complex method that re-
quires treating each BP separately. A more straightforward
approach would be to generalize the micromagnetic descrip-
tion of such singularities by allowing magnetization vector
fields of variable lengths [22]. In previous studies [23,24],
such a variation of the magnetization was justified by the
presence of thermal fluctuations, which play an important role
close to the Curie temperature. However, the experimentally
observed textures hosting BPs do not necessarily require high
temperatures, so it seems that temperature should not play a
crucial role. In our study, we stay within the framework of
a micromagnetic theory, which treats all magnets below the
Curie temperature as athermal [25,26]. Thus, the variation
of the Euclidean norm of the spin expectation value, which
we call spin length in the remainder of this paper, must be
uniquely attributed to quantum fluctuations.

Our paper explores the BP singularity manifesting in the
effective field near the center of the BP, which is essential
for further study of the dynamics of such points. We show
that the problem can be effectively resolved if one allows
the magnetization to change its length. Hence, we propose
an order parameter r with |r| € [0, 1]. Considering a more
general quantum-mechanical Heisenberg model underlying
the classical micromagnetic model allows us to demonstrate
such a variation of the spin length explicitly. In this model,
the wave function |y) of a particle with spin s can be used to
calculate the magnetization vector n € R? as the expectation
value of the spin operator S according to n = (Y |S|y) /s
with |n| € [0, 1].

To distinguish such a magnetization profile from the one
obtained by Feldtkeller and Doring [1,2], we refer to these
BPs as quantum and classical ones, respectively, and describe
them by the order parameters n and m. We illustrate this in
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FIG. 1. Classical and quantum Bloch points. (a), (b) Magnetiza-
tion vector fields for classical (m = —r/r) and quantum (n = —r)
hedgehog solutions, respectively, in the vicinity of the BP core. The
same color scheme for the spin visualization is used throughout the
paper [27,28]. (c), (d) Analytical dependencies of the magnetic neu-
tron scattering cross sections [see Eq. (7)] and their autocorrelation
functions [see Egs. (10) and (12)] obtained for these vector fields.

Figs. 1(a) and 1(b) for the hedgehog BP. For stabilization,
both BPs must asymptotically exhibit a —r/r dependency for
r — 00. As we show below, in the quantum case, this can
be achieved by adding a Zeeman term near the boundary of
the BP. It is worth highlighting that the common property
shared by the classical and quantum BPs is their spherical
symmetry. This can be written as n(r)/|n(r)| = m@r) = —r/r
for r > 0. The main difference between the quantum mechan-
ical and classical magnetization textures occurs near the BP
core, where one has n(0) = 0, while m(0) becomes undefined.
We shall see below that for magnetic textures without singu-
larities, order parameters m and n coincide.

Based on our results for the BP in a three-dimensional
quantum Heisenberg model, we propose a generalized micro-
magnetic model which makes it possible to describe magnetic
textures both with and without singularities. Since utilizing
a regular Bravais lattice in the quantum-mechanical model
would break the rotational symmetry of the BP, we will con-
sider a special lattice geometry, based on concentric shells, for
solving the quantum model. The generalized micromagnetic
model we will introduce ensures a spherical symmetry with
respect to the origin and can be applied to different magnetic
systems characterized by isotropic exchange interactions. As
we also show in Figs. 1(c) and 1(d), experimentally mea-
surable quantities such as the magnetic neutron scattering
cross section and its autocorrelation function, exhibit a clear
difference between classical and quantum BPs.

The paper is organized as follows. In Sec. II, we intro-
duce the quantum Heisenberg model and discuss possible
geometries for placing spin-1/2 particles in 3D space that pre-
serve the spherically symmetric profile of the BP. Section III

presents the results of numerically solving the quantum model
using exact diagonalization (ED) and the density matrix renor-
malization group (DMRG) method. Moreover, we introduce
a classical generalized micromagnetic model that regularizes
the BP singularities. The section ends with a comparison
between classical and quantum BPs, quantities that are mea-
surable in neutron scattering experiments. In Sec. IV, we
discuss the importance of the introduced regularized model
and some of its possible further applications. Finally, Sec. V
summarizes the main findings of this paper.

II. BASIC MODEL

We start from the quantum Heisenberg model for a single
shell of N interacting spin-1/2 sites placed equidistantly on
a sphere. Each spin is represented by an operator S; = fio;/2
using a vector of Pauli matrices o;, and the Hamiltonian reads

N
Hi=—TY Si-S;—J.Y Sih. (1)
(i.)) i=1

The first term describes an intrashell ferromagnetic nearest-
neighbor exchange coupling with a strength J > 0. To
stabilize spherically symmetric BPs, we are limited to N €
{4, 6, 8, 12, 20} for the number of sites per shell, correspond-
ing to the Platonic solids [see Fig. 2(a)], with the respective
number of bonds being N, € {6, 12, 12, 30, 30}. Using any
other number of spins in a single shell will necessarily break
the spherical symmetry and lead to a misorientation of the
spins relative to the spherically symmetric hedgehog field.
The environment of the shell is described by an effective
Zeeman term with spherically symmetric magnetic field h; =
—r;/r;, where the r; refer to the spin positions and J. > 0is an
effective coupling constant.

In the case of multiple shells, the Hamiltonian (1) is gener-
alized to

2 P
Hp=—J) S-SV —JY rSl-S!—J. ) S' b (2
(i,]).p i

i,(p.q)

where p € {1, ..., P} sums over all P shells, r, = pis the (di-
mensionless) radius of the pth shell, and the superscript of the
spin operators S¥ denotes the shell number. The last term in
Eq. (2) involves only spins from the outermost (p = P) shell,
which are coupled to the external magnetic field to satisfy
the boundary condition mentioned above. The total number of
spins is NP in this case. More details on the derivation of the
multishell Hamiltonian (2) are provided in the Supplemental
Material [29].

It is worth noting that in a Heisenberg model with different
exchange coupling constants in a given shell, it would be
possible to achieve a symmetrical BP even for N > 20. This
would require a fine-tuning of the coupling constants in a
given shell, taking into account the number of neighboring
spins. However, the goal of this paper is to demonstrate the
spin length reduction and its vanishing at the center for the
quantum BP with a hedgehog-like magnetization distribution
in space. As we show below, this property already holds for
systems with N corresponding to Platonic solids and for dif-
ferent P > 1. Approaching the thermodynamic limit, N — oo
and P — oo, would require a more careful analysis and goes
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FIG. 2. Bloch point results for the single-shell case. (a) Platonic solids corresponding to equidistant points on the sphere. (b), (c) BP
texture for the case of a cube (N = 8) and an icosahedron (N = 12), respectively. (d), (e) Energy (in units of J) and magnetization length |n|

for different coupling parameters J./J.

beyond the scope of the current paper, but it is not necessary
for observing how the quantum properties of the spins remove
the singularity of the classical magnetization profile.

III. RESULTS

A. Single shell Hamiltonian

The ground state (GS) of the Hamiltonian (1) can be ob-
tained by performing an ED for a sufficiently small number
of lattice spins. The corresponding magnetic textures for the
cube (N = 8) and the icosahedron (N = 12) cases are shown
in Figs. 2(b) and 2(c). These examples are general, and we
observe a similar ordering behavior of magnetic spins for
all other cases depicted in Fig. 2(a). At the same time, the
dependencies of the energy [Fig. 2(d)] and of the spin length
[Fig. 2(e)] on the ratio J./J differ quantitatively due to the
different number of spins and bonds in each case. In particular,
for J. = 0 the energy depends on the number N}, of interact-
ing pairs according to —JN,/4. In the strong-coupling limit
(Je > J), the energy is of the order of —J.N/2.

Moreover, we have studied the simplest case of N =4
(tetrahedron) analytically. We considered the limiting case of
J./J — 0 and calculated the energies of the GS and of the first
four excited states in the Supplemental Material [29]. From
this and from the obtained numerical results in Fig. 2, we
can deduce the uniqueness of the GS for all J./J > 0. Since
the systems for the other values of N shown in Fig. 2 are
physically similar and obey the same symmetry, we do not
expect any qualitative differences to the case N = 4.

B. Multiple-shell Hamiltonian

From the discussion of a single shell, we can infer that
the physical properties are qualitatively similar for each N
corresponding to a Platonic solid. This allows us to use the
simplest case N =4 to approach the thermodynamic limit
P — oo in the multishell Hamiltonian (2), which is required
to describe the quantum BP in the bulk limit. To solve Eq. (2)
numerically, we rely on ED and DMRG [30,31] methods.
Both yield identical results for P € {2, 3, 4, 5} while DMRG
remains computationally feasible even for P > 5.

In both cases, the corresponding magnetic texture reveals
a spherically symmetric quantum BP with a spin length that
decreases toward the origin, as highlighted in Fig. 3(b) for
J./J = 10. This example is generic, and the profile n(r) =
|n(r)| is always an increasing function of r = |r| with 0 <
n(r) < 1.

For a larger system with ten shells, we obtain the ground
state using DMRG [see Fig. 3(c)]. We have examined dif-
ferent values of J./J and find that in the limit J./J>> 1, the
function n(r) approaches a certain limiting curve, which we
identify with the profile of the quantum BP. It is worth noting
that the spins on the outermost shell show a reduced spin
length (Jn] < 1) for any value of J. > 0 and that they only
approach the classical length (|r| = 1) in the limit J, — oo.
This motivates us to use higher values of J. for the DMRG
simulations. Physically, the limit J. — oo corresponds to a
quantum BP placed in a bath of classical spins where quantum
fluctuations appear only for spins on the inner shells (p <
P), while spins on the outermost shell (p = P) are classical.
From the results of the numerical simulations, it follows that
|[n(r — 0)| = 0. Additionally, this fact correlates with general
symmetry considerations—for an even number of spin-1/2
particles symmetrically distributed in space and subject to
spherically symmetric boundary conditions, one can expect
the magnetization to vanish at the origin. Guided by these
results, we provide next a micromagnetic model that can be
used to describe such BPs in systems of arbitrary geometry.

C. Micromagnetic S3-model

The constraint 0 < n(r) < 1 can be written as an equal-
ity constraint by extending the order parameter to four
dimensions by introducing a vector v € S3. Its first three com-
ponents are given by the components of the vector n, while the
fourth one is determined by the length of n,

1 —v;=n|.

3

As shown in Fig. 3(d), for a unique vector field n, this defini-
tion allows for two possible fields v, which differ by the sign
of v4. To obtain a unique solution for the physical magneti-
zation n, we must require the generalized energy functional
satisfies £[n, v4] = £[n, —v4]. Taking this into account, the

U] = nxa V2 = nya U3 = nZa
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FIG. 3. BP results for the multishell case. (a) Quantum BP spin texture for the tetrahedral case with five shells. The bonds between
interacting spins are shown. (b), (c) Dependency of the magnetization length on the shell radius. (b) corresponds to P = 2, 3,4, 5 shells
[Eq. (2)] with J./J = 10 (obtained using the ED method). (c) corresponds to P = 10 and J./J = 20, 50, 10%, 103, 10* (obtained using the
DMRG method). (d) illustrates the connection between the 3D vectors n, with |r| € [0, 1], and the 4D vector v with |v| = 1. For a given n,

there are two vectors v and v with Dy = —vj,.

classical S* micromagnetic model we propose can be written
in the following form:

Evl=A ) / (8v)2dV +« / v2dv, (4)
}

ie{x,y,z

where A is the exchange-stiffness constant, and the last term
with the coupling constant ¥ > 0 is introduced to make it
possible to connect to the classical micromagnetic limit by
using k — oo, which leads to vf = 0 or equivalently |n| = 1.

Following Ref. [2], we can now calculate the energy
of the spherically symmetric quantum BP, which can be
parametrized as

sin 0 cos ¢ cos Y
sin 6 sin ¢ cos

V= , (©)

cos 6 cos Y

sin ¥,

where 6(r) and ¢(r) are spherical angles, and the function
Y (r) defining the deviation from unit magnetization length
satisfies the boundary conditions v (r) = /2 for r — 0 and
Y (r) =0 for r - oo. Using this profile to perform the in-
tegral in the energy functional (4) over a ball of radius R,
we obtain a result of the form Egp = 87 AR + Q. Here, Q
represents a negative contribution to the energy arising from
the possibility of the spins changing their length [29]:

R K 2
Q=4nA / [(w’)z + (71_72> sin’ w}rzdr. (6)
0

From the Euler-Lagrange (EL) equation, one finds the asymp-
totic limits of ¥ (r)as ¥ (r < 1) = /2 — c3r/r* and ¥ (r >
1) = (c3r/r*) exp(—r/r*), where r* = \/A/k. In the Supple-
mental Material [29], we show that an ansatz of the form
Y, (r) = arccos[tanh(cr/r*)] with a single fitting parameter ¢
approximates very well the quantum BP profile arising from
the EL equation.

As a consequence, the profile of a quantum BP is well
described by a magnetization vector asymptotically reaching
unit length exponentially, |r| oc 1 —exp(—r/s/A/k)/r, for
r > 1. This implies that the ratio \/A/k can be used to
estimate the size of the quantum BP. Moreover, such an expo-
nential localization means that the model (4) indeed coincides
with the standard micromagnetic approach far from the BP
singularity and modifies it only near the BP core.

D. Chiral bobber with a quantum BP

The simplest experimentally observed spin texture that
hosts a BP is a chiral bobber. This state represents a skyrmion
tube protruding into a ferromagnetic medium up to a certain
depth and ending with a BP. In addition to the terms in
Eq. (4), the Hamiltonian allowing the stabilization of such
a state contains a Dzyaloshinskii-Moriya interaction (DMI)
term of strength D [32,33] as well as an externally applied
field. Choosing the strength of this field to be within the
stability range of a chiral bobber, we can see as « increases,
the quantum BP shrinks and transforms into the classical BP
solution (see Fig. 4). To obtain the stable chiral bobber, we
minimized the energy with the conjugate gradient method as
discussed in the Supplemental Material [29]. The vector field
in the vicinity of the BP core coincides with that shown in
Fig. 1(a) up to a rotation about the z axis by m /2.

Thus, the generalized model (4) can be supplemented by
other terms, such as DMI and magnetic fields [26], relevant to
the particular physical system. Moreover, even dipolar interac-
tions can be straightforwardly included in the model because
they do not require the conservation of the spin length. Previ-
ously proposed models that allow for a spin length variation
included the Landau magnetic energy [34]. The main ad-
vantage of our S3-model as compared to the latter is that it
naturally coincides with the standard micromagnetic approach
for continuous magnetic vector fields and deviates only in
the vicinity of BP singularities, so the magnetization always
remains constrained by |r| < 1.
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FIG. 4. Magnetization profile of a chiral bobber. (a) The relaxed chiral bobber stabilized at a magnetic field of 0.75D?/2M;.Ae, . Periodic
and open boundary conditions were, respectively, assumed in the xy plane and along the z direction. The size of the light blue box is 4w . A4/D ~
43 lattice sites; the chiral bobber surface corresponds to spins with n, = 0. The white ball corresponds to a magnetization length of n = 0.95,
meaning that inside (outside) the ball one has 0 < n < 0.95 (0.95 < n < 1). (b)—(d) The bobber for different values of the parameter « given

in units of D?/2M;A.

E. Experimental signatures of a quantum BP

For the BPs shown in Figs. 1(a) and 1(b), the magnetic
neutron scattering cross sections can be obtained analytically
(see Supplemental Material [29]). Here, we provide the results
for the cross sections of the classical (/;) and the quantum (Z,)
BPs in a ball of radius R,

I ~ (gRsingR + 2 cos gR — 2)*/(qR)®,
L =~ (3qRcos gR + ((gR)* — 3)singR)*/(qR)®,  (7)

which are plotted in Fig. 1(c). To obtain a formula for /; and
I, we rely on the BPs near-core magnetization vector fields
m = —r/randn = —r/R, respectively. These expressions can
be used straightforwardly to analyze experimental data and
distinguish the classical BP from its quantum mechanical
counterpart.

Considering the BP texture stabilized in a nanosphere, we
can calculate the autocorrelation function of the magnetiza-
tion M (r),

@) = fM(r— %) ~M<r+ g)dv, ®)

where the total sphere displacement is given by vector a and
the integration is over a volume given by the intersection of the
two spheres. Without loss of generality, we use a = (0, 0, a).
For a sphere of radius R = 1 and employing the quantum BP
ansatz near the origin,

(x,y,2)

M@r)=n@r)=— R

C))

we obtain

)
C1(a)=/(x2+y2+zz—z)dv
%4 S5a 5/a\3 a\>
=28 2(e —<—) . (10
5 |: 22+2<2) 2 i| (19)
An expression for R # 1 can be obtained from Eq. (10) via

ci(a) — c; (a/R)/Rz. In contrast, for a classical BP with the
profile

(x,y,2)

V2P + 2

M(r) =m(r) = — Y

we obtain
/ 24y 47 —d?/4
\/()c2 +32 422 + a2 /A — a?7?

oa) = dv

3 3a’
4o 1_Za_a2+%’ for0<ax<1
=3 1 3 ’
3 _1+;_Ta+a2_%’ forl <a<2.
12)

The resulting functions c; ; are shown in Fig. 1(d). In the
classical BP case, we have ¢; =0 at a =1 and a = 2. The
former zero is due to the BP’s spherical symmetry, and the
latter corresponds to zero overlap of the spheres. In contrast,
in the quantum BP case, one finds zeros of ¢; at a ~ 1.07 and
a = 2. The change in the value of the first root is due to the
possibility of spin length variation in a quantum case. Thus,
this characteristic feature distinguishes classical and quantum
BPs.

IV. PERSPECTIVE AND OUTLOOK

Many well-known magnetic materials, such as bcc Fe,
hep Co, fee Ni, and hep Gd, are characterized by isotropic
exchange interactions. Moreover, the isotropic Heisenberg
model can fairly well approximate the magnetic interactions
of many compounds and alloys. Thus, the generalized Heisen-
berg model (4) represents an essential step toward the further
study of BP properties in most magnetic materials. Possible
extensions of this model can be considered by accounting for
anisotropic exchange interactions relevant for multilayer sys-
tems [35] or by adding high-order frustration [36] and other
SU(2) [37] terms. Although we focus on the simplest model
featuring a BP singularity, follow-up studies that consider
the role of such terms can be included in the micromagnetic
S*-model in a straightforward manner. It is worth highlighting
that in the standard micromagnetic model with frustrated ex-
change interactions, the classical BP has an infinite energy in
any finite volume, irremovable by the choice of a spherical co-
ordinate system. Therefore, the suggested effective S3-model
also makes it possible to investigate BP properties in such
magnetic systems.
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Even though we do not investigate the dynamics in
this paper, we want to outline briefly that the reported
results naturally lead to an extended version of the Landau-
Lifshitz-Gilbert (LLG) equation—the central equation of
micromagnetism. The LLG equation relies on the effective
field b, defined by the Hamiltonian, which is divergent at the
BP core, as we mentioned before. For the case of spherically
symmetric classical and quantum BPs, we can find effective
fields analytically (see the Supplemental Material [29] for
details). In particular, at  — O one has |beg| ~ 1/r? in the
classical case and |begr| ~ r in the quantum case. As we can
see, strictly speaking, the divergence of the effective field in
the classical case makes the LLG equation inappropriate for
describing the motion of classical BPs. In contrast, for the
quantum BP the effective field remains continuous at the BP
core, which makes it possible to derive generalized dynamics
equations based on the same assumptions as in Landau and
Lifshitz’s original paper [25]. The minimization algorithm
employed to find a stable chiral bobber represents pseudo-
dynamics that shares many similarities with the dissipation
dynamics provided by the LLG equation. We leave a detailed
derivation of the precession dynamics and other dynamical
torques LLG for future work [38].

Finally, we want to add that the suggested S*-model makes
contact with Skyrme’s original idea to describe baryonic mat-
ter [37]. Solitons in this model, called skyrmions, represent
the distribution of the baryonic charge inside the nucleus.

They are characterized by the homotopy group 73(S?). In this
context, a quantum BP represents the simplest object which
might be stable not only from an energetic but also from
a topological point of view. Continuing the Skyrme model
analogy, one can try to find magnetic materials that allow
stable 3D topological states with the higher-order charges of
the BP.

V. CONCLUSION

‘We have studied the BP singularity in the quantum Heisen-
berg model for spin-1/2 particles. The obtained magnetization
vector field is characterized by a vanishing spin moment
at the BP core. We suggested a generalized micromagnetic
model for this quantum BP based on an S® order parameter
and applied this model to a chiral bobber. To experimentally
distinguish a classical and a quantum BP, we have provided
expressions for the magnetic neutron scattering cross sec-
tions and the corresponding autocorrelation functions.
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