A CLOSED FORMULA FOR THE DENSITY IN ARTIN’S PRIMITIVE
ROOT CONJECTURE OVER NUMBER FIELDS

ANTONELLA PERUCCA

ABSTRACT. Let K be a number field and a € K *. Artin’s primitive root con-
jecture concerns the proportion of prime ideals p of K for which (« mod p) is
well-defined, non-zero, and generates the multiplicative group at p. The conjec-
ture states that the set of those prime ideals admits a natural density and provides
a formula for it. In 1967, assuming the Generalized Riemann Hypothesis, Hooley
proved Artin’s conjecture over QQ, and in 1975 Cooke and Weinberger proved the
analogue result over number fields. Hooley has also given a closed formula for
the density over @, describing the rational number that is the ratio between the
density and the Artin constant. We provide a closed formula for the Artin density
over any number field.

1. INTRODUCTION

Artin’s conjecture on primitive roots dates back 1927 and it has been proven by
Hooley assuming the Generalized Riemann Hypothesis (GRH) for the Dedekind
zeta function of number fields. Indeed, in 1976, Hooley [2] proved the following
result (where we work within a fixed algebraic closure of @Q, (,, denotes a root of
unity of order n, and p is the Mobius function). We consider the Artin constant

_ R A Y
A._Zgne@ W—l)> 0.37

and, for an odd squarefree integer h, its positive rational multiple

A = 11 (1= e

£ prime

Theorem 1 (Hooley). Assume GRH. Let a be an integer that is neither 0, £1 nor
a square and consider the set of primes p such that (a mod p) is non-zero and
generates (L/pZ)*.

(i) This set admits a natural density, which we call dens(a).
(ii) We have

B p(n)
(1) dens(a) _n; O, Va0

and dens(a) is also the natural density of the set of primes that, for any
prime ¢, do not split completely in the number field Q(;, \/a).

Key words and phrases. Artin’s conjecture, primitive roots, density.
1



A CLOSED FORMULA FOR ARTIN’S CONJECTURE 2

(iii) Call h the largest (odd) squarefree integer for which a is an h-th power
and let A be the discriminant of Q(\/a). Then we have

) M B 1 . if A # 1(mod4),
A(h) 1 —u(lA]) Heéalnze A== 1) = 1 otherwise .

Almost a decade later, in 1975, Hooley’s result was generalized by Cooke and
Weinberger [[1]] who proved the following result.

Theorem 2 (Cooke and Weinberger). Assume GRH. Let K be a number field and
let a € K* be not a root of unity. Consider the set of primes p of K such that
(a mod p) is well-defined, non-zero, and generates the multiplicative group at p.

(i) This set admits a natural density, which we call dens(«).
(ii) We have

_ p(n)
© ) = 2 K, ) R

and dens(«) is also the natural density of the set of primes of K that, for
any prime {, do not split completely in the number field K ((y, /).

A comparison between the above results shows that the closed formula (2)) was
not generalized to number fields. In the second case of (2)), the correction factor
is due to entanglement (namely, lack of linear disjointness) for the extensions
Q(¢r, /a)/Q and indeed Q(+/a) is contained in the compositum of the fields Q(()
for the primes ¢ | A. Probably because of the feared phenomenon of entanglement
for the extensions K ((s, /a))/ K, it was not even considered that there could be
a closed formula like (2) over any number field. More than fifty years later, we
present a closed formula which also provides a bound for the minimal denomin-
ator of dens(«) /A. Our method to obtain the closed formula is relying on a suitable
finite case distinction and describing in a convenient way, through characters, the
entanglement of the extensions K ({;, /a)/K for ¢ prime.

We observe that Hooley obtained his closed formula over Q by computing (3]
and that the correction factor in (2) has also an interpretation with characters, see
[4]. We refer the reader to the survey by Moree [5]] for an extensive introduction to
Artin’s conjecture.

A closed formula for the Artin density over number fields. Fix a number field
K and let « € K*. If «v is a root of unity or a g-th power in K * for some prime
¢ such that {; € K, then dens(a) = 0, so we now exclude this case and call h
the largest (odd) squarefree integer such that o € K *". We prove in particular the
following result.

Theorem 3. Assume GRH. Then dens(«) is a rational multiple of A. Moreover, for
any fixed K, there is a closed formula for the rational number dens(«) /A which
can be written down with a finite case distinction on q.

To ease notation, for any positive integer n we write K,, := K((,, {/a). As
a consequence of Schinzel’s theorem on abelian radical extension [7, Theorem 2],
for any prime number ¢ we have

[Kp: K] = [K () : K] - 04
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In particular, this degree depends on « only through h. For practicality, we work
(in place of A) with a constant that depends on & and on the field K:

&) cthy =[] (1 - (%) 5= Ky K].

£ prime ¢
We observe that C'(h) is a rational multiple of A and, because of our assumption
on a, it is strictly positive (and C'(h) = A(h) if K = Q or, more generally, if
K NQ(¢,) = Q holds for every positive squarefree integer n).

We call €2 the smallest even positive integer such that X N Q({) is contained
in Q(¢n) and denote by Qg the square-free part of 2. To tackle K for the primes
¢ | Qp we make a finite case distinction for a.

The primes ¢ that are not problematic are those for which K is linearly disjoint
from K, for any positive squarefree integer n coprime to £. By Schinzel’s theorem
on abelian radical extensions, for any prime ¢ 1 0y the entanglement for K,/ K is
only due to the following: for the primes g such that (, € K it is possible that ¥/a
is contained in K (Cogm,) for some positive squarefree integer mg (which we take
to be minimal) coprime to ) and with ¢ | m,. We call F the finite set of primes ¢
for which the above entanglement occurs. For ¢ € F' we let S, be the set of prime
divisors of m,, and we let M be the product of all primes in Uy Sy.

Call dg, the proportion in the Galois group of Kq,/K of those automorphisms
such that for any prime ¢ | € they are not the identity on K,. We observe that
dq, is a rational number that can only take finitely many values by varying « (its
minimal denominator divides HKIQO d¢). With the above notation, we have the

following special case.
Theorem 4. Assume GRH. If F' = (), then we have
dens(a) 1\-1
a T10-2)
c(h) o 11 5
190

and the minimal denominator of dens(cv) /C (h) divides [ ], (0¢ — 1).

For ¢ € F and t € Z/qZ we define dg, ; similarly to dg,, restricting to the
automorphisms for which ¢ is the value of a certain g-character related to a.
Moreover, if Z is a finite set of prime numbers, we define a certain combinatorial
quantity nz ;.

Theorem 5. Assume GRH. If F' = {q}, then we have

dens(a) Hej0omig.e¢z 00 - Tlocz (6 —q)
_ E E daet -1 : @
S0 ot TS\ Zt q#50)-1 e00m, (6 —1)

ZCSqteZ/qZ

For a general F' we work with a tuple 7" € [] qer L /qZ and make use of ana-
logously defined rational numbers dq, 7 (which only depend on « via a finite case
distinction) and combinatorial quantities nz . The formula in the general case
(see Theorem [7)) is similar to the one of Theorem [5] In particular, we obtain the
following result.

Theorem 6. Assume GRH. Up to a finite case distinction on «, the rational num-
ber dens(a)/C(h) depends on « only through h, F, and the sets Sy for q € F.
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Moreover, the minimal denominator of dens(«)/C(h) divides

T Go—1)- I a#50".

00 M q€F

We remark that if K is an abelian extension of Q (for example, if K is a mul-
tiquadratic field) and o € Q, then by Schinzel’s theorem on abelian radical exen-
sions the set F' consists at most of the prime 2. The same holds (for a € K) if the
only roots of unity contained in K have degree a power of 2 (for example, if the
degree of K/Q is odd). This shows that the special cases considered in Theorems
and [5| cover in particular all multiquadratic fields such that (3 ¢ K (or o € Q)
and all number fields of odd degree.

2. THE PROOF OF THE CLOSED FORMULA

Let K be a number field and let & € K be not a root of unity. To ease notation,
for every positive integer n we write K,, := K((,, ¥/a). We let h be the largest
positive squarefree integer such that o € K*". We assume that there is no prime
number ¢ | h such that ¢, € K (because in that case we would have K, = K hence
dens(«) = 0). In particular, the constant C'(h) defined in (4) is strictly positive.

We call 2 the smallest even positive integer such that K N Q(({) is contained
in Q(Cn) and denote by € the square-free part of 2. We call densq,(«) the
proportion of the Galois automorphisms of K¢, /K such that for any prime ¢ they
are not the identity on K, (in other words, densgq, is the natural density of the
primes p of K such that the index of (o mod p) in the multiplicative group at p is
well-defined and coprime to ).

We then consider the finite set F' consisting of the primes ¢ having the follow-
ing properties: (;, € K; J/a ¢ K(Co,): ¥a € K({aym,) for some square-free
positive integer m, coprime to {2y and which we suppose to be minimal. For every
q € F we let S, be the set of prime divisors of m, and we call M the product of
the primes in Uyc .S, For every prime ¢ | M we call H, the set of primes ¢ € F’
such that £ € S,.

Theorem 7. Assume GRH.

(i) Up to a finite case distinction on «, the ratio dens(«)/C'(h) is a rational
number that depends on o only through h, F' and the sets S, for q € F.
(ii) For F' = () we have
dens(a) )

= densg, (a) - £
C(h) () €1|;[063—1

and the minimal denominator of dens(c) /C(h) divides [ ], (6¢ — 1) .
(iii) For F # () we have

o= Y we T (- T )

ZCUSq ez qeEH,

where the non-negative rational numbers wy are defined in (8). The min-
imal denominator of dens(«)/C'(h) divides

H (6,—1)- H q#Sa)-1

£|QOM qeF
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Proof. For every prime £ 1 QoM we have (see [0, Section 4]) that K,NK,, = K for
every positive integer n that is coprime to £. We deduce from the Master theorem
of Artin type problems [3, Theorem 4.1] that

1
dens(a) = dens'(a) - H 1-—
L 0-5)
and hence
dens(a) oy A
(5) 0 = dens’(«) £|gM (1 5e> ,

where dens’(«) is the natural density of the primes p of K such that the index of
(a mod p) is coprime to QM.

In case ' = (), we have M = 1 so, up to a finite case distinction, we can
treat densg, (o) as a constant and we easily conclude, observing that this density
is a rational number whose minimal denominator divides [Kq, : K| and hence

Hﬂﬂo 6Z'
Now suppose that F' # (). By Kummer theory, for every ¢ € F' we can write

Q= Qogq H Qrq

(€S,

such that o; ¢ € K™ and /«, , generates the subextension of degree g of K ((;)/ K
and such that ag 4 = 1 or ¢/« , generates a subextension of degree g of K (o, )/ K.
Thus, understanding whether a Galois automorphism o € Gal(K/K) fixes ¢«
can be done by inspecting the Galois action of o on \‘1/5i7 ¢ Such a Galois action
is, by Kummer theory, encoded by the integers ; (o) modulo ¢ such that

xialo) _ 7(¢/Tig)
! v %iq .
Setting x4 = > _; Xi,q» We have
xa(o) _ o(¥a)
q - \q/& :
To ease notation, for ¢ € F'\ Hy, we define x¢4(0) = 0 mod ¢ for any o €
Gal(K/K).
For any prime ¢ | M the extension K,/ K is linearly disjoint from K¢ p-1/K
up to the compatibility of the above g-characters for ¢ € F, which only affects
the subfield of K ((;) of degree [ | qem, 4 (see also [6]). Let T; be a tuple of values

for (X¢,q)qer- The proportion of automorphisms in Gal(K,/K) that are not the
identity among those whose values for the characters x ,’s are those in T} equals

quH 0 4

de
according to whether 7y # 0 or Ty = 0. Indeed, if 7} is not the zero tuple, we
can take any lift of the automorphism with the prescribed character values in the
subfield of K'((,) of degree [],c, ¢, while if T, = 0 we can take all the lifts
except the identity.

1 or 1-—

With a finite case distinction on «, for every tuple T of integers modulo ¢
with ¢ € F we can treat as a constant the proportion ¢y of automorphisms in
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Gal(Kq,/K) that are not the identity on any subfield K, for ¢ | Q) and such that
the tuple 7" is the value of the characters (x4, — X0,q)qer. Notice that c7 is a non-
negative rational number that is at most 1 and whose minimal denominator divides
[1¢j, 0¢ (in turn, this number divides [ ] ¢[K(C¢) : K7, which depends only on
K).

For every subset S C UyerS, we let ng r be the number of decompositions

T:ZTZ

such that all tuples T} are non-zero and their entries modulo ¢ are non-zero only
for ¢ € Sy. Moreover, let

Nr = sy = [ #50
S qeF

be the number of all decompositions (for S = () we only have a trivial decomposi-
tion for the zero tuple). We may then write

(6) dens’(a) = Z er - dens” (a)p
T

where dens” ()7 is the proportion, among the automorphisms of
Gal(Ky/K) ~ [ [ Gal(K,/K)
oM

such that T" = (x4)q, of those that, for any ¢ | M, are not the identity on K,. We
have

(7) dens” ()1 = Z Tffi H (1 — HqEH‘ q) :
s T els\s ¢

We may then conclude by combining (3)), (6)) and (7)), setting Z = U,cp Sy \ S and
defining the rational number

(8) Wy = 27 O MU,S\2)T H£|Q0M,€¢Z O
[Tger a5 Tl yaun (00 — 1)

O

The above result proves all statements from the introduction, with the exception
of the special case Theorem [5 which will be investigated in the next section.

3. EXAMPLES

3.1. The closed formula over the rationals. Let X' = Q, thus Qg = 2, and recall
the notation of Theorem |1} Observe that C'(h) = A(h). If A # 1 mod 4, then
F = () hence dens(«)/C'(h) = densa(«) - 2 = 1. In the remaining case, we have
F = {2}. We have ¢y = % for T = (1 mod 2) and ¢y = 0 for T = (0 mod 2),
so we may consider only 7' = (1 mod 2). We have ngr = 1 if #S is odd and
ngr = 0if #S is even and Ny = 2#52)=1 Our formulas (6) and (7) give

dens’(a) :% Z Q1= #5% H (1 - 52)

SCSo LeS\S
#S odd
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and hence, setting xy = d;/2

9) dens’ () H = Z H Ty H (xg—1).
eSSy SCSy LeS KGSQ\S
#S odd

Hooley’s formula (2)) gives

dens(«) _ (1) H : 1 1
)

C(h) LES2
thus by (5) we have
dens(a) 1 d — 1
dens'(a) = .z H
cn) 2 (€S, 0c
1 1
— - 1)) - () #S: 1
=3((ITee=n) =) [T 5
Le Sy 2S5
and hence
(10) dens’(a) H Sy = Z o#Z-1 (_1)#52\2 H -
LeSs 0#£ZCSs e

To conclude that the formula by Hooley is equivalent to our formula over Q we
show that the polynomial expressions in (9) and are the same. There is no
constant term and each variable x, appears at most in degree 1. If Z is the set of
indices for the variables appearing in a monomial, then by the coefficient of
the monomial is 2#%~1 . (—1)#%2\%_ We find this monomial in (9 by considering
all partitions Z = S U (Z \ S) where #S is odd, putting aside (—1)#2\Z from
the product over ¢ € S5 \ S. We may conclude because the number of odd subsets
of Z is 2#7~1,

3.2. The special case #F = 1. Let K be a number field. Let & € K™ be not a
root of unity and suppose that there is no prime number ¢ | h such that {, € K.
We suppose that F' = {q}. Theorem is a special case of Theorem because we

have
e = X eIl (o)

ZCS,  tez

where
wy = ZT Cr -NS\Z,T " He\gomwwz de
q#5a)=1 [Lgm, (0c—1)
In this case, the tuple 7" is an integer modulo ¢ and for S = S, \ Z we can write
(introducing functions f and g)

_[rs) T #0
MSTEE N g(#8) T =0.

We have f(0) = 0 and f(1) = 1, while g(0) = 1 and g(1) = 0. Moreover, we
have f(2) = ¢ — 2 and g(2) = g — 1. For every a > 2 we have

fla)=gla=1)+(¢=2)f(a=1) and g(a) =(g—1)f(a—1).



(1]

(2]
(3]

(4]

(5]
(6]

(7]

A CLOSED FORMULA FOR ARTIN’S CONJECTURE 8

REFERENCES

George Cooke and Peter J. Weinberger. On the construction of division chains in algebraic num-
ber rings, with applications to SLy. Comm. Algebra, 3:481-524, 1975.

Christopher Hooley. On Artin’s conjecture. J. Reine Angew. Math., 225:209-220, 1967.

Olli Jarviniemi and Antonella Perucca. Unified treatment of Artin-type problems. Res. Number
Theory, 9(1):Paper No. 10, 20, 2023.

Hendrik W. Lenstra, Jr., Pieter Moree, and Peter Stevenhagen. Character sums for primitive root
densities. Math. Proc. Cambridge Philos. Soc., 157(3):489-511, 2014.

Pieter Moree. Artin’s primitive root conjecture—a survey. Integers, 12(6):1305-1416, 2012.
Antonella Perucca and Igor E. Shparlinski. Uniform bounds for the density in Artin’s conjecture
on primitive roots. Bull. Lond. Math. Soc., 57(3):978-991, 2025.

Andrzej Schinzel. Abelian binomials, power residues and exponential congruences. Acta Arith.,
32(3):245-274, 1977.



	1. Introduction
	A closed formula for the Artin density over number fields

	2. The proof of the closed formula
	3. Examples
	3.1. The closed formula over the rationals
	3.2. The special case # F =1

	References

