L?-Boundedness of the Covariant Riesz Transform
on Differential Forms for p > 2

Li-Juan Cheng!, Anton Thalmaier?, and Feng-Yu Wang?

1School of Mathematics, Hangzhou Normal University,
Hangzhou 311121, People’s Republic of China
lijuan.cheng@hznu.edu.cn

2Department of Mathematics, University of Luxembourg, Maison du Nombre,
L-4364 Esch-sur-Alzette, Luxembourg
anton.thalmaier@uni.lu

3Center for Applied Mathematics and KL-AAGDM, Tianjin University,
Tianjin 300072, People’s Republic of China
wangfy@tju.edu.cn

November 13, 2025

Abstract

The LP-boundedness for p > 2 of the covariant Riesz transform on differential forms is proved
for a class of non-compact weighted Riemannian manifolds under certain curvature and vol-
ume growth conditions, which in particular settles a conjecture of Baumgarth, Devyver and
Giineysu [6]. As an application, the Calderén-Zygmund inequality for p > 2 is derived on
weighted manifolds, which extends the recent work [7]] on manifolds without weight.
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1 Introduction

Let (M, g) be a complete geodesically connected m-dimensional Riemannian manifold, V the Levi-
Civita covariant derivative, and A the Laplace-Beltrami operator. The operator A is understood as
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a self-adjoint positive operator on L>(M). The Riesz transform on the space of smooth functions
on Euclidean space, defined by T := VA~!/2 was first introduced by Strichartz [27]. The L?-
boundedness of T and its extension to manifolds have been the subject of extensive research; see
[2H519,11+13,)22,|31]] and the references therein.

In this paper, we investigate the L”-boundedness of the covariant Riesz transform on the space
Q® := I'(AFT*M) of smooth differential k-forms for k € {1, ..., m):

T .= v(A® + )12, 5 €(0, ), (1.1)

where V denotes the Levi-Civita covariant derivative, and A® the Hodge Laplacian on Q®.

For p € (1,2), the L”-boundedness of Tgf) was established by F.-Y. Wang and A. Thalmaier
[31]], following the approach of Coulhon and Duong [[11]] by verifying the doubling volume property,
Li—Yau heat kernel upper bounds, and heat kernel derivative estimates. This result was later improved
by Baumgarth, Devyver, and Giineysu [|6], who relaxed the boundedness condition on the derivatives
of the curvature, and further in [[8], where the curvature derivative condition was entirely removed.
However, as explained in [31]], the argument developed in [11]] does not apply to the case p > 2. The
L?-boundedness of Tg‘) in this regime remained an open problem for some time and was formulated
as a conjecture by Baumgarth, Devyver, and Giineysu [6].

Conjecture [[6]. Assume that the Riemannian curvature tensor Riem satisfies

max {|| Riem ||, |V Riem ||} < A
for some constant A. Then there exists a constant o € (0, o) depending only on A and m, such that
for any o € [0, ) and p € (1, 0),

sup |||

1<k<m

<B
p=p

holds for some constant B € (0, c0) depending only on A, o and m, where || - ||, denotes the LP-norm
on M with respect to the volume measure.

We note that when V is replaced by the exterior differential d® or its L2-adjoint 6%©, the LP-
boundedness of d®(A® +0)~1/2 and 54D (A® +0-)~1/2 has been derived in [5,23]], but the techniques
developed therein do not apply to the covariant Riesz transform Tg‘ ),

The main goal of this paper is to confirm the above conjecture by proving the L”-boundedness of
Tﬁf) for p € (2, 00), since the case 1 < p < 2 has already been settled in [[8]. According to Giineysu
and Pigola [19]], the LP-boundedness of TE,I) and T((TO) implies that of Hess(A + o)1, since

Hess(A + o) = VAD + o) 12 0 d(A + o) 12,

The LP-boundedness of Hess(A + o)~!, known as the Calderén—Zygmund inequality, was recently
established for p > 2 by Cao, Cheng, and Thalmaier [7]. This provides positive evidence for the
conjecture when k = 1.

In this paper, under certain curvature conditions, we establish the L”(u)-boundedness of the co-
variant Riesz transform on the space Q® over a weighted Riemannian manifold:

TS, = VY + o) 2 1<k<m,
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where u(dx) := e"® vol(dx) for some & € C*(M) and the volume measure vol. The weighted Hodge
Laplacian is defined as
k) . _ (k+1) q(k k=1) o(k)
AY =6y AP 4 d® Vs (1.2)

with 6(k+1)' Q& QK being the L?(u)-adjoint of d®. In particular, when 7 = 0, we have
u(dx) = vol(dx) and T(k) Tg‘), thereby confirming the above conjecture. For k = 0 we write
d =d® and

Ay =AY = 6d = —~(A + Vh),

where A is the Laplacian on M.
The remainder of the paper is organized as follows. In Section 2 we present our main results and
their consequences. The proofs are given in Section 3 and Section 4, respectively.

Acknowledgements. The authors are indebted to Batu Giineysu, Stefano Pigola and Giona
Veronelli for helpful comments on the topics of this paper.

2 Main results and consequences

We first introduce a general criterion on the L”-boundedness (p > 2) of TLkZ, in terms of estimates
on heat kernels and their gradients. Then we verify this criterion by exploiting curvature condi-
tions, which in turn provides a positive answer to Conjecture [[6]. As a consequence, the Calderén-
Zygmund inequality is presented for p > 2.

Let P, be the diffusion semigroup on M generated by the weighted Laplacian A + Vi, and p; be
the heat kernel of P, with respect to . We introduce below the contractive Dynkin class of functions,
which is also called generalized or extended Kato class, and has been systematically studied first by
P. Stollmann and J. Voigt in [28§]].

Definition 2.1. (Contractive Dynkin class) We say that a function f on M belongs to the class % (in
short: f € K)if

llmSUP f f psCo I ds u(dy) < 1.

0 xeMm

Note that K contains the usual Kato class %, defined as the set of functions f such that

i sup f f Py FO) ds du(y) =

0 xem

The Kato class plays an important role in the study of Schrodinger operators and their semigroups,
see Simon [26[] and the reference therein. It is straight-forward that f € K if f is bounded.

To state the main result, we first introduce the weighted volume on M and the weighted curvature
operator on Q®. For x € M and r > 0, let B(x, r) be the open geodesic ball centered at x of radius r,
and

u(x, r) = u(B(x,r)) = f ") vol(dy).

B(x,r)

The weighted curvature operator %,(lk) on Q® is defined as

2P ) = 2Pm) - Hess HP (),
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where for an orthonormal frame (e;)<;<,, € O(M) with dual frame (07)1< j<ms

m
g% .- _ Z 6 A (e; R(ej, e)),
i,j=1
m

(Hess)® 1= " ei(e;(m)(#/ A (ei 1)),

ij=1
XanXi,.. ., X)) =X, X1,..., Xk-1), n€Q®, X, X1, X1 € TM.

When k£ = 1, we have
%’,(11) = Ricy, := Ric — Hess A,

where Ric is the Ricci curvature of M. By the Weitzenbock formula, we have the decomposition
ALk) =0, + %’,(f),

with respect to the Bochner Laplacian 0, := V,V, where V/, denotes the L?(u)-adjoint operator of V.
Moreover, let R® be the curvature tensor on Q®. For any n € Q® and v € TM, define

R ) = > RO, emten),
i=1

(VRO = ) (Vo R i v,
i=1

(R®VR)(v)n := RO (v, V.

Forany 1 < k <m, let
®
P;k) =e ™ >0

be the semigroup on Q® generated by ALk) with A,(lk) defined in (I.2). Finally, denote by Qg‘i the class

of differential forms n € Q® for which || + |Vz| is bounded.
We are going to prove L”(u) boundedness of T,(f(), for p > 2 under the following assumptions.

(A) There exist a constant A € (0, o) and a positive function Vj € %K such that the following condi-

tions hold:
u(x, ar) < Au(x,r) @™ exp(A(a — Dr), xeM, a>1, r>0, (LD)
AeAt
pr(x, x) < m, xXeEM, t>0, (UE)
(ZP .1y > -VilnlP, e Q®, (Kato)
VPl < min {1 2eAH A1 (PP 2, APVl + AtP)|, e Q. > 0. (GE)

Theorem 2.2. Assume that (A) holds for k € N. Then there exists a constant oy € (0, ) depending
only on A such that for any p € (2, ),

sup TS0 llp—p < B 2.1)

o€log,00)

holds for some constant B € (0, o) depending on p, m, A and Vy.
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For the convenience of applications, we present below explicit curvature conditions which ensure
hypothesis (A). To this end, for f € C*(M), let I>(f, f) := —%AﬂlVfl2 + (VALL, V),

(C) There exist constants N > m and K > 0 such that

1
Da(fs f) = —KIVf? + N(A,,ff, fecx(M), (2.2)
|21] + |RD-| + |V - R® + RO(VR) + V2P| < K. (2.3)

The next theorem is then a consequence of Theorem [2.2]

Theorem 2.3. Assume that (C) holds for k € N. Then there exists a constant oy € (0, ) depending
only on K and N such that for any p € (2, o),

T® <B
Sup Tl <

holds for some constant B € (0, c0) depending on p, K and N.

In particular, if (C) holds for k = 1, then there exists a constant oy € (0, ) depending only on
K and N, such that || Hess (A, + U)_IIILP(M) < oo forall o > o9 and p > 2. As a consequence, the
Calderon—Zygmund inequality holds for some constant C € (0, 0):

| Hess £]|,,., < C(Ifllrgo + 18ufllrgy) . f € CY(M). 2.4)
Lr(w)

Note that on a geodesically complete manifold with Riemann curvature tensor Riem satisfying
||Riem || < oo, there exists a sequence of Hessian cut-off functions (see [19], p. 362), such that
inequality (2:4) extends from C3°(M) to f € C®(M) N LP(u) with [|A, flleo < o0.

3 Proof of the Main Theorem

To prove our main result (Theorem [2.2), we shall need the following lemma, which is due to [11].
Lemma 3.1 ([L1])). If (LD) holds, then there exist a constant c € (0, o) and a function C: (0, c0) —
(0, 00) depending only on A and m, such that

f OIS 1(dy) < Cy i, VBT sy >0, xE M, 3.1)
B(X, \/;)z:
where B(x, \1)¢ := {y eEM:p(x,y) > \/;‘} . In particular, t — 0 yields

e_”/y 2 )
fﬂ; me_w (xy)/s ,U(dy) < 1, s,y > 0, xeM. (32)
Y >

3.1 Heat kernel estimates

By the usual abuse of notation, the corresponding self-adjoint realizations of A, and Ag‘) will again
be denoted by the same symbol. By local parabolic regularity, for all square-integrable k-forms
ae L2(QW, 1), the time-dependent k-form

(0,00) X M 3 (1,x) = PPa(x) e Q¥ = A*T*M
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has a smooth representative which extends smoothly to [0, co) X M if a is smooth. In addition, there

exists a unique smooth heat kernel pgk) to P* with respect to the measure g, understood as a map

(0,00) X M X M 5 (t,x,y) = p{°(x,y) € Hom(Q}", QFY)

such that
PPa(x) = fM P, y)ay) p(dy).

Let P:/" be the heat semigroup associated to A, +V} and ptv *(x, y) be the corresponding heat kernel.
If condition (Kato) in (A) holds, then

k
Ip® )l < plecx, ).

Combining this inequality with [24, Lemma 2.2] for the upper bound estimate on ptv ¥(x,y), we obtain
the following result; see [[14,291|33}34] for earlier results on Schodinger heat kernel estimates.

Lemma 3.2. Let M be a complete non-compact Riemannian manifold satisfying (LD), (UE) and
(Kato)). There exists a function C: (0,1/4) — (0, o), depending only on A, m, and Vy, such that for
all x,ye M, t> 0, andy € (0,1/4),

Cye! exp (_yp(x, »)?
1y, VD t

where we write Cy, = C(y) for notational simplicity. This estimate, combined with (3.2), yields

’pgk)(x,y)|< ), Yx,yEM, t>0,0<y<1/4, (3.3)

sup f |0 (e, y)| (dy) < co. (3.4)
t€(0,1], xeM I M

We are now ready to present the following estimate.

Theorem 3.3. Let M be a complete non-compact Riemannian manifold satisfying the condition (A).
There exists C: (0,1/4) — (0, ), depending only on A,m and Vi, such that

CyeCVt
u(y, VO

Proof. By [24, Lemma 2.2], if V} € ‘7A(, then there exist constants « € [0,1) and ¢; > 0, depending
only on Vj, such that

f (VPP @R + 1pP @ yP) 2N pdz) < YEM, t>0,0<y<1/4
M

f Vil du < k[IVAZ + el £I13 (3.5)
M

for all f € W'2(M). It means in particular that the operator A—Vj +c is strongly positive. Combining
this with the Gaussian upper bound (3.3) in Lemma we find that the proof of |8, Theorem 2.6]
remains valid under the present assumptions. As a consequence,

vaeéyt
u(y, VO

for some C: (0, 1/4) — (0, c0) depending only on A, m and Vj. Combined with [8, Lemma 2.5], this
yields the desired estimate for some function C: (0, 1/4) — (0, o). O

f 1V (2, y)Pe?? @ (dz) < YEM, 1>0,y€(0,1/4)
M
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The following is a direct consequence of Theorem [3.3] and extends [6, Theorem 1.2] to the case
of weighted manifolds.

Corollary 3.4. Let M be a complete non-compact Riemannian manifold satisfying the condition (A).
There exists C: (0,1/8) — (0, o) depending only on A, m and Vi, such that

ye! exp (- X&)
Viu(y, Vi) t

Proof. Let x,y € M. It is easy to see that

VP el < ) VryeM.i>0,0<y<1/8 (36

k k) ((k
VP (. = VPP (pP(.3) ().
Using condition (GE), we have
A+At
e
VPl < —=(Pin™)' ",
t \/; t

for n € QW with P,(|n|*) < co. We use this inequality with n(z) = pfk)(-, ¥)(2) to obtain
A+At

1/2
7 ( fM p,<x,z)lpi’”(z,y)h(dz)) :

By Theorem [3.3] this implies that for any y € (0, 1/4),

k) 2 2p°(2y) _ 2% () 172
lp; (e 7 o pi(x, ) pu(dz)
M

€

VPO (p¢.3) |0 <

® E:A+At
[Vpsy, ()] <
2t \/l_‘
c, AHA+C ) e 1/2
< —————=supse © pix,2) . (3.7

iy, Vi) *M

Since p,(x, x) satisfies the diagonal estimate (UE), from the proof of [24, Lemma 3.2], there exists a
function C: (0, 1/4) — (0, c0) depending only on A and m such that

C~ eéyl 2 2
pt(X, 7) < Y Xp (_M

—¢
u(x, Vi) t

By (LD), there exists a decreasing function c¢: (0, 1) — (0, o) depending only on A and m such that

p(y, V) < palx, V(1 + 71 2p(x, ) < Ap(x, VE)(1+ 712 p(x, y)) et

), O0<y<1/8,t>0, x,ye M. (3.8)

2
< cg,u(x, \/Z) exp (w + cgt), c€(0,1),t>0, x,ye M.

Combining this with (3.8)) and

20(x,2)* +20(y, 2)* > p(x,y)?,

we find C: {(y,€): 0 <& <y < 1/8} - (0, 0) depending only on A, m and Vy, such that

2(zy é eé%et — 2
sup{e_zwt( ))pl(x,z)} < LG:Xp(—w), X,y € M, t>0, 0<e< Y < 1/8.
zeEM IJ(y’ \/;) 4
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Combining this with (3.7) yields

éy 8C76A+(A+Cy)t+émt/2 (y—e) 2 (x
VG, ,Y)
VpL( W < exp (- L2,

Viu(y, Vi) 2t
By this and (LD)), we obtain the desired estimate for some C: (0, 1/8) — (0, o). m|

As a consequence of the pointwise estimates in Corollary and the local volume doubling
property (LD)), we have the following result which extends [6, Corollary 1.3] to the case of a weighted
LP-estimates of |V pfk)l.

Theorem 3.5. Let M be a complete non-compact Riemannian manifold satisfying condition (A). Then
for any p € [1,0) there exists a function C: (0,1/8) — (0, ) depending only on p,A,m and Vi,
such that

Cyecyt

(v, VO

Proof. According to inequality (3.2)), we find a function 4: (0, ) — (0, c0) depending only on A, m,
such that

f VP | e el ) < yEM, 1>0,0<y<1/8.
M

f e N (dx) < hy ply, Vi)', 1y > 0.
M
By Corollary [3.4] there exists C: (0, 1/8) — (0, o) depending on A, m and Vj such that

X p 2 Cé’ep Gyt 2
f ‘ VivpO(x, y)’ e(1=emPP e/t 4y « 1~ f e~ Py=P=eP* )/t ().
M u(y, Nor Ju
Then by Lemma[3.1] we find C, ¢: (0,1/8) x (0, 1) — (0, o) depending only on p, A, m and Vi, such
that

Cy.st

T (, 0,1/8)x (0,1), t > 0,
O VT (v,e)€(0,1/8) x(0,1), t >

f | Vivp )| et el ) <
M

which completes the proof. O

We now introduce Lz—DaVies—Gaffney bounds under condition (A) which extend the L?-Davies-
Gaffney bound in [6, Theorem 1.9]. Recall that the distance between two non-empty subsets E, F' of
M is defined as

p(E, F) := max { sup inf p(x,y), sup inf p(x, y)}.
xeE yeF yeF x€E

Lemma 3.6. Assume that the conditions (LD)), (UE) and hold. Then there exist constants
ci1,¢c2 > 0 depending only on A,m and Vi, such that for all non-empty relatively compact subsets
E,FcM,

||11F VivP® gl ||2 <o+ Ve B 1|, >0, @ e L2(QY), 1) with supp (@) C E.
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Proof. All constants below depend only on A and V;. By Lemma the L2-Gaffney off-diagonal
estimates for ng) fand A(k)PEk) f are obtained as in [6, Theorem 1.9], i.e. there exist constants C{, C> >
0 such that

& _ 2
[1ePP @], + || Lr 18 PR@I ||, < crem @ ED 1l

L 1>0. (3.9)

Combined with (3.5)), there exist constants « € (0,1) and C > 0, such that for any ¢ € C*(M) with
F c supp(¢) and ¢ = 1 on F, we have

[1vPPaPoue < [ #|NivPPaf u
F M
2
< f * (AP PP a, PPay(x) u(dx) + f Vit P a|”(x) u(dx)
M M
(k) (k)
+2f VP, a,dp ® P,;” a)(x) u(dx)
M
< f 1> (AP PP a, PP a)y(x) p(dx) + it f 82 [VPPal (x) u(dx)
M M
+ Kt f |V¢|2-|P§k>a|2u(dx)+2m f ¢Vl - |PVal - VPP a| u(dx)
M M
+C f 16?1 PP o (x) u(dx) + 2t f ¢ IVol - [VPVal - [PPa| udx).
M M
Ask < 1and

4tf @IVl - |VP§k)a| . |P§k)a|/1(dx)
M

L

2 [ vePaf wuan + 2 | (0P 1Pl uav.
M —KJmu

we arrive at

f 82| VivPP ol (x) p(d) < f 1> (AP PP a, PP a)(x) p(dx)
M M

k+1
2

+t(i +K) f Vol - 1PXaf u(dx) + € f 10?|PPal’ (x) p(d).
M M

1 -«

+

f g2V PP o (x) u(d)
M

The rest of the proof is identical to the proof of [|6, Theorem 1.9]. The details are omitted here. O

3.2 Proof of Theorem 2.2]

To begin our discussion, we need the following lemma taken from [2, Section 4].

Lemma 3.7 ([2]). If (LD)) holds, then there exist Ny € N depending only on A and m, and a countable
subset {x;}j>1 C M, such that

(1) M =UjB(xj, 1);

(i) {B(xj,1/2)} j»1 are disjoint;
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(iii) for every x € M, there are at most Ny balls B(x;,4) containing x;

(iv) for any cq = 1, there exists a constant C > 0 depending only on cy, A and m, such that for any
J = land x € B(xj, co),

1 (B(x,2r) N B(xj, ) < Cp(B(x,r) N B(xj. o)), r € (0,00),
u(B(x, 1) < Cu(B(x,r) N B(xj,c0)), 1€ (0,2¢0].

For p € (2,00) and o € (A, 00), we intend to find C € (0, oo) depending only on p, o, A,m and Vj
such that

[ITer @), < Clially, @ € Q®. (3.10)
To this end, let w be a C* function on [0, o) satisfying 0 < w < 1 and

| 1 on [0,1/2],
W(t)‘{ 0 on [I,00),

and let TLkZ, be the operator defined by
T (a) = f W) VPP a d (3.11)
0

where v(t) := w(t)e "/ V1. We need the following lemma, which reduces (3.10) to a time and spatial
localized version.

Lemma 3.8. Suppose that Condition (A) holds. Let p € (2,00) and {x;};>1 be as in Lemma If
there exists a constant ¢ > 0 depending only on p, o, A,m and Vy such that

| T | < cllallirse, (3.12)

LP(B(xj4))
for any a € LP(QW, ), then inequality (3.10) holds for some constant C > 0 depending also only on
p,o,A,mand Vy.

Proof. In the sequel, ¢ < n for two positive variables ¢ and n means that £ < «n holds for some
constant k > 0 depending only on p, 0, A, m and V.
Since w = 1 on [0, 1/2], if o > A, then implies that for any @ € LP(Q®, 1),

o0 1
(A=)
< e —dtllell, < llallp.
\fl‘/Z Vi P b

f °° ® €7
(1 = w(t)) [VPPa| —— dr
0 ! Vit

p
(Note that the first inequality in condition extends to general & € LP(Q™, ) by a standard
approximation argument in L”(u)). This and (3.11)) imply that (3.10) follows from

[T @] < ety @< L@, (3.13)

Let {x;};>1 be as in Lemma and {¢;} be a subordinated C* partition of the unity such that
0 < ¢j < 1and g;is supported in B; := B(x;, 1). For each j, denote the characteristic function of the
ball 4B; := B(x;,4) by x;. For any a € LP (Q®, 1) and x € M, we then may write

Tira() < D x Tl (ae)®) + Y (1= x T (ag () =: 1(x) + T1(x). (3.14)

=1 =1
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By Lemma[3.7] we know

D10 =X D@ 0)] < NoLipgeyysa)-
>l

First note by Lemma [3.1] along with the volume doubling property (LDJ), there exists C: (0, c0) —
(0, 00) depending only on A and m such that

—yp* %)/t e
f - u(dy) < C,e &, 1e(0,1],y>0, xe M. (3.15)
pGey)=3) 1, V1)

By this and Hélder’s inequality, we find A1, c: (0, 00) — (0, c0) depending only on p, A and m such
that

1
II(x) < f v(t) f
0 M

1
w2
\/_ {o(x,y)>3}
e~ YP () pt

1
1
< N — _
Of Vi Jipxy)=3) u(y, Noye=bir
5 _ 1/p —cy [t
<) fo ( fM ViV | O (uty, VD) 1|cz(y>|f’u(dy>)

By Theorem [3.5] there exists /2, : (0, 1/8) — (0, o) depending only on p, A, m and Vj, such that

[ Vi e

Vepny) [Z (= x )0 ,~(y>|] () p(dy)dt

JEA

VepP 06| - )l u(dy)dr

X (p—-1/
V| @7, i ) (dy)d

dz.

ha(y)
(u(y, Vo)

Taking for instance v = 1/16, we find constants cg, c1, ¢z, ¢3 € (0, c0) depending only on p, A, m and
Vi such that

0<y<1/8.

f TGO ()
M
1 ) 1/p e—Co/t P
< f [ f ( f VIV p O, )Py, W)p_lla(y)l”ﬂ(dy)) : dr) u(dx)
M 0 M

1
<ex [ ([t o) oo ([ VO] @ o ) a
0 M M

<o f €O u(dy).
M

(3.16)

Next we turn to the estimate of I(x). According to Lemma the balls {4B;}jca form a unity
overlap and hence

p/(p b . p/(p—1) )
D lex AL < lloll?e=D e Crm).
J

Combined with assumption (3.12)), since |alp; € C;°(B(x;, 1)), we conclude that

< f lo()l
M

‘ fM (OO () H(dv)

D x T (ag))
J
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< D el lex lloso-1 < lellplllprep-1)-
J

This together with (3.14)) and (3.16)) implies (3.10), and concludes the proof. o

In the sequel, we continue to write B; := B(x;, 1) for simplicity. By Lemma @ it suffices to
verify (3.12). To this end, we use the local L” boundedness criterion via maximal functions from [2].
More precisely, we define the local maximal function by

1
(Moch) = sup s [ fou xe, (3.17)
(éff}ZM(B) B

for any locally integrable function f on M; the supremum is taken over all balls B in M, containing x
and of radius at most 32. From (LD)), it follows that .#j is bounded on L”(u) for all 1 < p < co. For
a measurable subset E C M, the maximal function relative to E is defined as

1
(MEf)(x) = sup _ fdu, x€E, (3.18)
Bballin M, xeB (BN E) JpnE

for any locally integrable function f on M. If in particular E is a ball of radius r, it is enough to
consider balls B with radii not exceeding 2r. It is also easy to see .# is weak type (1, 1) and L”(u)-

bounded for 1 < p < oo if E satisfies the relative doubling property, namely, if there exists a constant
Cg (called relative doubling constant of E) such that for x € E and r > 0,

U(B(x,2r) N E) < Cgu(B(x,r) N E). 3.19)

Note that by Lemma (iv), for any j € A, in particular the subsets 4B; satisfy the relative doubling
property (3.19) with a relative doubling constant independent of j.

The following lemma will be crucial in the proof of Theorem[2.2] For any x € M, let (x) be the
class of geodesic balls in M containing x.

Lemma 3.9. Let p € (2, c0) and assume (LD)). Then (3.12)) holds for some constant ¢ > 0 depending
only on p,o, A, m and Vi, provided there exist an integer n and a constant C > 0 depending only on
p, o, A,m and Vi such that the following two items hold:

(1) the operator

M,
4B, T}, n

1/2
1 =k k 2
a(x) = sup (— f [T = POy u(dy))
o tpors BeB(x) BN4B;

u(BN4B))
for x € 4B; satisfies

(X

4Bjigfznna”L”(4Bj,ﬂ) < Cllally o). 72 1.

(i) forany€ e {l1,2,...,n},j> 1, andany a € LP(Q(k)(Bj),,u), there exists a sublinear operator S ;
bounded from LP QOB ), 1) to LP(4B, u) with

”Sjl|L”(Q(k)(Bj),/J)—>Lp(4Bj,/J) < C’
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such that

1 ) o p g )
sup | —— T (PYa) d,u]
Be;%(x)(,u(B N4B;) Jpnas; | |

< C (s (ThaP) + (S @)) " (0, j> 1, xe4B;.

(3.20)

Proof. We use [2, Theorem 2.4]: First note that we may take B; and 4B; for E| and E, there, re-
spectively, as the sets B; and 4B; possess the relative volume doubling property (3.19) with relative
doubling constants independent of j (see Lemma([3.7). As in [2] consider the operators {A,},~o given
by the relation

I-4,=1-PY). r>o
for some integer n (to be chosen later). Following the proof of [2, Theorem 2.4], replacing f €

LP(Bj,u) by a € L? QX(B 1), 1), we find a constant C* > 0 depending only on p, o, A, m and Vj such
that

.44, (|T(k(ra| )1/2||LP(4B) <C (H

+ IS j(@llLras) + 1l @ ||LI’(4Bj))-

4B, TS, W LP(4B))

Thus, assuming L”-boundedness of both .# #B 0 and S ;, we may conclude that ///43 (|T(k) a2

i o

is bounded in LP(4B;, u) and thus T, bounded from LP(Q®(B)), p) to LP(QP4B)), p). O

Hence it suffices to check (i) and (ii) of Lemma [3.9] We establish two technical lemmas which
verify (i) and (ii) respectively. To this end, observe that (LD) implies: for any ryp > O there exists
C,, > 0 depending only on A, m and rg such that

1(x,2r) < Cpopu(x,r), r€(0,r9), x € M. (3.21)
An immediate consequence of (LD) is that forally € M, 0 < r < 8 and s > 1 satisfying sr < 32,

u(y, sr) < Cs"u(y, r), (3.22)

for some constants C depending only on A.

The following lemma is essential to the proof of part (i) of Lemma[3.9

Lemma 3.10. Assume condition (A). Then there exists an integer n depending only on m and a
constant C > 0 depending on o, A, m and Vy, such that

12
1 (k) *) 2 2, 12
sup | —— T = POYa)| udy)| < C(Mo(la)(x) (3.23)
Be%r(’x) (,U(B N 4Bj) BN4B; ‘ w r o ' HE ( fo )

holds for any x € 4B;, j > 1 and a € L*(Q®(4B)), ) where M is defined by B.17).

Proof. All constants appearing below depend only on o, A, m and Vy, and & < 7 for positive variables
¢ and n means that ¢ < «n holds for such a constant « > 0.



14 Li-JuaN CHENG, ANTON THALMAIER AND FENG-YU WANG

Viewing the left-hand side of (3.23)) as maximal function relative to 4B}, since the radius of 4B;
is 4, it is sufficient to consider balls B of radii not exceeding 8. By Lemma[3.7] there exists a constant

co > 0 depending only on A, m such that
“(B) < cou(BN4Bj), B = B(xp,r), xo €4B;, r€(0,8), j>1

Hence,

1
u(BN4Bj) Jpnap;
J =1, B=B(x,r), xo €4B;, r € (0,8).

Thus, we only need to show that

p o | [Tt = POrao)] ey < htlaPr0, 31, 3 4B,
B= B(xo r)e%(x)

For any r € (0, 8), we may choose i, € Z, satisfying
2rr < 8 <2ty
Denote by

D;:= 2B\ (2'B) ifi>2, and
Dy =

Using the fact that suppa C 4B; C 2'B when i > i,, we find that

ir i
a= ZCYILDI. =: Zai
i=1 i=1

which then implies

ik k
H |T/(1,27(I _ P( ))n

S L

For i = 1 we use the L2-boundedness of T(k) (I P(k)) to obtain

L2(B)

|t - POy

oy S Nllizas < HEB) A (Mela) ()2

as desired. For i > 2, we infer from (3.TT) that

T (1= POY o = f vV (PO = POYar) dr

0

_ f N w(f) Z (’;)(—1)5VP(")[ La;idr
0 =0

— 2 Co
Tn (1 = Py ) f T8, (1 - PDy'af* du,

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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- f [Z(’Z)(-1)fﬂ{,>hz}v(z—frz))vpﬁ’%idt
0

=0
- f g VPP a; dr,
0

where
n

gr(1) := Z (’;)(—1)51{»&2}"(1 - ).

=0

For g,, according to the definition v(f) = w(f)e™"/ ¥/t along with an elementary calculation (see the
proof of [2, Lemma 3.1]), we observe that

lgr(DI < W’ for 0 <r> <t< (1+ 602 <(1+n)r?,
lg0) < 2z, for (L+nrf) A(L+mr <t<1+nr?,
g (=0, for t> 1+ nr.

Combined with Lemma[3.6] this gives

0 i dr
< —cr4ir2 )t .
. ~(f0 201 (1+ Vi) e —W)ua,nm

for some constant ¢, from (3.6)), where by the fact that 0 < r < 8, we have

f m(l VD) lg e L < ¢ f o gl L ¢ crain
o 8r \/Z\ ", 8r \/Z nt o

for some constant C;, > 0. Now, since r(2'B) < 8 when 1 <i < i, an easy consequence of the local
doubling (3.22) is that

| - POya

/.l(2i+lB) < C2(l+1)m/l(B),
with a constant C independent of B and i. Therefore, as ; C 241,

i 1/2 im 1/2
leillzy < @B (MoclaP)(x)) T < C2M2u(B) (Mne(la) ()

Using the definition of i,, r < 8, and then choosing 2n > m/2, we finally obtain

[, - Py

y S i(m/2-2n) 172 2 172
g <€ [Zz ],u(B) (AocllaH )

=
for some constant C” > 0, so that (3.25]) holds. Then the proof is finished. o
The following lemma is used to prove part (ii) of Lemma[3.9]

Lemma 3.11. In the situation of Theorem let the integer i, be defined by (3.26)), and let n € N be
as in Lemma[3.10} Then there exist constants ¢, C > 0 depending only on p, o, A,m and Vy, such that
foranyi> 1,€{l,...,n},r € (0,8), B= B(xg,r) € B(x), and for a € LZ(Q(]‘),,u) supported in D;

as in (3.27),
1/p Ctrr—c4! 1/2
| c 1
(@ f |VP$)2a/|"du) <= - (,11(2”13) f |a|2du) : (3.30)
B D;
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for a € L*(QW, 1) supported in 2"*?B,
i+1 _C4t

172 1/2
(k) p C{’r 2 2
(s frscor o "< 2|y et an] o[, oPee) |

Proof. All constants appearing below depend only on p, A, m and V. We first observe from condition

(GE) that
k p 1/p 1 P2 1/p
( f ‘VPE )a‘ d,u) < —eA+A’( f (Pilal?) (x)ﬂ(dx)) . (3.32)
B \/; B

We substitute 7 = £r% in estimate (3.32) for £ € {1,2,...,n}. Asr € (0,8), there exists a positive
constant C depending on n and A such that

1/p A 1/p
( f VPY,al? d,u) < g( f (Pela)” 20 ,u(dx)) .
B B

By the off-diagonal heat kernel upper bound of p;(x, y), see (3.8), we have

Ce! ( p*(x,y)
u(y, Vi)

for some constants C,5, > 0 and ¢ € (0,1/4). As a consequence, since 0 < r < 8§, we obtain for
X € B, a positive constant C > 0 such that

(3.31)

pt(X,Y) <

_ 2
Poatlof)) < C [ u(y Vi) exp (—Cop ) +5'25V2) o) a(dy)

i

~ i -1
<ceneettt [ (o Vi) laPouia
D;

Moreover, for y € D;, we have 2i*! B ¢ B(y, 2/*?r), and then by (LD)), for £ € {1,2,...,n},
1 2m(i+2)ec2i+2 2m(i+2)ec2i+2

< < .
u(y. Ver) — n0.2%%) u2*1B)

It follows that
om(i+2) ec2f+2

2 Feri—codl/C
Ppa(lal”)(x) < Ce 0 ( 21B)

laf? d,u] (3.33)

i

for all x € B, and there exists @ < cg/n such that forall £ € {1,2,--- ,n}.

1 N 1/p et 1 ) 1/2
u(B) f(Pm(la/l )) dul <Ce¢ | T L aPdu| (334)
B i

Combining (3.32)) and (3.34)), we complete the proof of (3.30).
We next observe that condition yields

. 1/p o2 1/p o2 1/p
( f VPP al? d,u) <et ( f (PIVaP)™ () u(dx)) + Are ( f (Pda?)™ () ,u(dx)) .
B B B

(3.35)
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If @ is supported in 272 B := U*' D;, then from (3:33), there exists a; > 0 such that

Flrr—a 4

ir+1
Pya(lal)(x) < Z (W

|o? du]

which implies

1/p i+l 204 172
1 2\P/2 w2 | € 5
— | (p d <C Y 7| — du| .
( B fB (Ppz(la) u) > e [MHB) N u]

i=1

By the same reason, we have

| I Y 2
(@ fB (Pe2(IVal?)) d,u) <Czeff E) f IVal du
i=1

Altogether, these estimates yield

ot ir+1 o 2ay4i g 172 e-2m4 )
<C +0){r - V d
(M(B)f | o M) Z (M(Z’”B) ol ] ( (2’“B)f Vel ﬂ]

which completes the proof of (3.31). o

With the help of the Lemmas [3.9] [3.10] and [3.T1} we are now in position to finish the proof of
Theorem 2.21

Proof of Theorem[2.2] For simplicity, denote by C, ¢ positive constants depending only on p, o, A, m
and Vi, which may vary from one term to another.

By Lemma [3.9] we only need to show that under the given assumptions, items (i) and (ii) of
Lemma [3.9/hold true. We first verify item (i) of Lemma[3.9] Observe from Lemma [3.10] there exists
an integer n and a constant C > 0 such that for all j > 1, @ € L>(Q®(B)), ) and x € 4B;,

1

(k) (o\n |2 2
sup ———— T, (I = PY)'a| du < CMlioe(la)(x).
Be(x) M(B N 4B)) Bﬂ4Bj| " g ’ N

Recall that .#, is bounded on L”(u) for 1 < p < oo; thus ,///fB - is bounded from LP(QW(B)), u)
T
to LP(4Bj, u) uniformly in j, i.e., assertion (i) is proved. ’

Next, we prove (ii) of Lemma Assume that o € Qg‘)(B ;) andleth = fooo v(t)PEk)a/ dr with v as
in (3.11). Since Tgfz,(a/) = V h and inequality (3.24) holds for B N 4B}, we have

1 1/p
( T, P90 g )
H(BN4B;) Jprap;

1 © 17 1/p
| VPO d,u)
(#(3043 ) JBnas; | |

/p
<ol o)
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Let ¢ be a C* function supported in 27*2B with ¢o(x) = 1 on 2"+ B and [V < 1/8 as 8 < 2i+lr <
16. We write

k k k
VPO = VPY g + Z vPY g,

i=i+1

where go = hyo and g; = h(1 — @)1 p,. Next, we distinguish the two cases i = 0 and i > i, where i,
is defined in (3.26)). For the case i = 0, since gg € Q% is supported in 2*! B, by the inequality (3.31))
in Lemma and the definition of ¢, we have

(u(B)f 77 g0l d ) '
i+1 ,- 1 1/2 1 1/2
< (g [, o)+ [t o)
i+1 l 1/2 1 1/2
ey ((y(zl“B)f VA ) *(m f@,'h'zd“ ) ]

i=1

<c Z e ((Moc19HI) " + (AMocPI) ). (3.36)

i=1

For the second regime i > i,, we proceed with inequality (3.30) in Lemma [3.11]such that

1 1/p Ce—c4[ 1 1/2
(@ f |VP§,I;)2 llpdu) <— (,u(Z"“B) f |h|2d,u) . (3.37)
B D;

On the other hand, since i > i,, it is easy to see that 4B; C 241 B thus

1 1/2 1 1 ® 1/2
. |h|2d,u) <( . f v(r) f |P 0/|2d,udt)
(H(2’”B) fz),- u2*B) Jo o
1 1/2
<C f |a|2d)
(#(43,-) g

C(tan, ) " (3.38)

Thus the contribution of the terms in the second regime i > i, is bounded by combining (3.37)) and

(3.39),

f VP gl d p<ZCC_C4i<~/// ()02 (3.39)
u(B) ’zgl I r 4B '

l>l >0,

and it remains to recall that 1/r < 2°*1/8 when i > i,.
We conclude from (3.36) and (3.39) that for any p > 2 and € € {1, 2, ..., n}, there exists a constant
C independent of j such that

1/p

1 — 1/2

(55 J it ] < cletin T+ 07)
Jj BN4B;
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for all @ € L2(Q®(B)), u), all balls Bin M and all x € BN 4B;, where the radius r of B is less than 8,
and where

(S j@) = Mioe(Tipal Lanap,) + Mioc(hP)(x) + Mag (o). (3.40)

Our last step is to show that the operator S ; defined in (3.40) is bounded from L? QOB ), 1) to
LP(4Bj, p) for any p € (2, o) with operator norm independent of j. By (3.40), we only need to show
that the operators

(Mo (Tl Lanag))' P, (Moc(hP))? and (Map ()"

respectively are bounded from LP(B;) to LP(4B;). Indeed, for any o € L”(4B;), by Lemma we
know that 4B; satisfies the doubling property (LD), which for p > 2 implies that (.#4p j(lalz))l % is
bounded from LP(B;) to L”(4B;) by a constant depending only on the doubling property (LD). On
the other hand, using the local estimate of pik) (x,y) ([[14]), we see that
2
M(x’c = e e (0,11, y < 1/4,
which together with (3.4) and Cauchy’s inequality implies

k
p®(x,y) <

||P§"’a||p <Cllall,, € (0,1].

This, together with (LD) and the LP/2-boundedness of .#.(-), further implies

1 1 —ot
| (Aoct)) ||, < ]| fo vopPadl| < C( fo % dr) lellzs) < Clillirs,,

for p > 2 and o > 0. Finally, the L”-boundedness of
(Mroe( Tyl Lypas,)' "

follows from the LP/2-boundedness of .#oc(+) and an argument similar to the L” boundedness of 11
in (3.16) since @ € Q¥ (B;) and

Linas, Thgpa = (1 = )T (ep).
This implies that the operator S ; is bounded from L?(B;) to LP(4B;) with an upper bound independent
of j.

We infer that the requirements (i) and (ji) in Lemma [3.9) both hold true under the assumptions
(CD), (UE) and (GE). Thus, the operator TL’?, is bounded from LP(QW(B)), u) to LP(Q®(4B)), u)
for p > 2 with a constant independent of j. Therefore, by Lemma the operator TLkZ, is strong type
(p, p) for p > 2. This concludes the proof of Theorem [2.2] i

4 [P-boundedness under curvature conditions

4.1 Proof of Theorem

By Theorem[2.2] it suffices to verify conditions (CD), (UE) and (GE) by using (C). By the Laplacian
comparison theorem presented in [25] and Lemmas 2.1-2.2 in [[16], (LD follows from the curvature-
dimension condition (2.2). Moreover, according to [16]], (UE) is a consequence of (2.2)) as well. Thus,
it remains to prove (GE]), which is Proposition 4.1 below.
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4.2 Derivative formulas

Let X;(x) be diffusion process on M generated by L := A + V& with a fixed initial value x € M, and
let u,(x) be the horizontal lift of X,(x) to O(M), such that

dX,(x) = VA(X,(x))dt + V2u,(x) odB,, 1> 0, Xo(x) = x,

where B; is an m-dimensional Brownian motion on R™. Then the associated stochastic parallel dis-
placement is defined as
1 = u(x)uo(0)™" s TeM — Tx, oM,

where as usual orthonormal frames u at a point x are read as isometries u: R™ — T, M. We are now
in position to introduce the derivative formula for ng). To this end, let

Q}(Ik”) = (Ric — Hess M) ® 1gw — 2RP+ + 17 ® %];(,k) € End (T*M ® Q(k)) ;

where (Ric —Hess )" is the transpose of the Bakry-Emery Ricci curvature tensor Ric —Hess h €
I'EndTM). Let Q, € End(Q&k)) and O, € End(T;M ® Qik)) denote the solutions to the ordinary
differential equations

d 1 .
E‘Ql = __Qt(‘@lik))//,ﬂxa t> 05 QO = lng()y

2
d ~ 1~ S(k+1) ~ .
&Qt = _E t(‘%h )//t,x’ tz 09 QO = ldT;M(X)Qik)’

where
By = o B o ]y, and (B = 170 BV 0 ).

Let 2, and 2. be the transpose of Q. and Q. respectively.
Moreover, we have the commutation relation (see |15, Proposition 2.15])

® _ Zk+Dy _ gk
VAP = ASIV - H®,

where ALkH) =0y, —,%7}([“1) with 0, the Bochner Laplacian on T*M ® Q® with respect to the induced
connection on 7*M ® Q® and

H® := V. R® + ROVh) + VZP e THom(Q®P, T*M @ Q®).
Let H®U be the transpose of the tensor H®. Finally let
PR = ™ 10
For n € Q® we define Vi € T*M ® Q" by letting
vnv) :=V,n, veTM.

We have the following result.

(k)

b1 there

Proposition 4.1. Assume condition (C) holds for some k € N*. Then for any bounded n € Q
exists a constant A > 0 such that for any t > 0,

. B 1/2
VP®) < e min {(l 12 At) (pt|,7|2) , (P|Vn +AtPt|77|)}. 4.1
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Proof. Consider for s € [0, ¢]:

Ny := Qu//5 AP0 (X (x0)),
Ny := Oy 155V PO 0 (Xy(x)) .

The crucial observation [15, Theorem 3.7] is that
7 = (N, &) = (N, US) (4.2)
is a local martingale where
S S
U .= f 27'9.¢,.dB, + f 2 HYYY 9,£, ds
0 0 ’

and where £; may be any adapted process with absolutely continuous paths, taking values in T; M ®

QE{”. For simplicity, in the sequel, we always take &; = {& for some fixed vector € € TyM ® Qik) and
{; real-valued with absolutely continuous paths. This leads to the local martingale
2 = €0/ NV PEn(X,(0), &)
S S
_ < /AP (X (x), 2, f 6,27' 9.£dB, + 2, f 62 HY 9, dr> : (4.3)
0 0 -

When exploiting the martingale property of (#.3)), there are different strategies for the choice of
{s leading to different types of stochastic formulas for the covariant derivative VP;k)n.

(a) (First upper bound in (4.1))) If € is a bounded adapted process with paths in the Cameron-
Martin space L%([0,1]; [0, 1]) such that £(0) = 1 and £(r) = O for r > T A t, where T = Tp(x) is
the first exit time of X (x) from some relatively compact neighborhood D of x, then trivially the
local martingale (4.3)) is a true martingale and by taking expectations (see [15, Section 4]) the local
covariant Bismut formula holds,

(VPn,£) () (4.4)
INT . ~ AT N

=-E [<//;A‘T,xPﬁ’i)mme(x)),Q,M f 0,27 9, dBy + Dipe f &Q;‘Hﬁj‘*‘:@gdsﬂ.
0 0 o

Under the condition (C), one observes that H®, %}(lk), and ,@}(lkﬂ) are all bounded, and one easily

derives the estimate
int 172
(E f |€s|2ds) + At
0

To make this estimate more explicit, we choose a geodesic ball D of radius ¢, centered at x. It has
been shown in [30] that there exists a constant c¢(f) := supj {—Zfo + 3|Vf|2} < oo such that

AT
512 c(f)
E(\f(; |fs| dS) < m,

where f € C(D) such that f(x) = 1 and flsp = 0. Specifically we may take
mp(x, p))

IVPOnlx) < (P2

fp) = COS( 2.
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Then using the comparison theorem in [[16, Theorem 1], it is easy to see that there exist positive
constants ¢; (K, N) and ¢>(N) such that

ci(K,N)  c(N)
+ .
Ox 62

c(f) <

Letting 6, tend to co, we prove that
VPO < e (12 + At)(Pin)' . (4.5)

(b) (Second upper bound in (@.I)) We first prove the remaining claim of Proposition {.1] for

compactly supported 7, i.e., for n € Qf)k). To this end, we establish an estimate for IVPEk)nl which is

Q]
0

uniform in the time variable for small values of ¢. For n € ", the Kolmogorov equation gives

!
k k) A (k
Py =n- fo PPAPnds,
which by (4.5) implies
t
P < 9+ [P A nlds
0

r 172
<IVil+c f eA“s_l/z(PslALk)nlz)/ ds
0

< IVlle + Ve IAP o (4.6)

Hence, sup o 4 IVPﬁk)nl < co. Also note that there exists A > 0 such that

sup |0, /49 PE X < e (197l + 180 7lls) < 00

1—s
s€[0,1]

for allp € Qg{). As a consequence of these bounds, we conclude that the local martingale (4.3) is a
true martingale for the constant function s = 1 as well. Taking expectations at the endpoints 0 and ¢,
we derive the following global Bismut formula, i.e.,

(VPE")n,§><x>=—E(//;;me,(x»ﬁ@—EK//;;n(Xt(x»,Qt fo o@;‘Hjﬁ?fésfdsﬂ, (4.7)

holds for n € Qf)k). Note that under condition (C), it follows from (4.7)) that there exists a constant
A > 0 such that

VPPl < e PVl + AP nl), 7€ Q. .8)

It remains to show that estimate (4.8)) extends from ng) to Q(bki. This can be done by a standard
approximation argument. As M is geodesically complete, there exists a sequence (¢, )nen Of first
order cut-off functions (e.g. [18, Theorem III.3 a)]) with the properties

(1) 0< ¢, <lforallnmeNy;
(ii) for each compact K C M there is ng(K) € N, such that ¢,|K = 1 for all n > ng(K);

(i) IVeullw — 0 asn — co.
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We replace n by 1,, := 17 and then pass to the limit in the estimate as n — oo. From the local Bismut
formula (4.4) it is then easy to see that VPEk)n,, - VPEk)n as n — oo. For the right-hand-side, we
trivially have P,|Vn,| + AtP:n,| — P/Vn| + AtP|n|, as n — oo. O

Remark 4.2. Since the estimates (4.6) are uniform on compact time intervals, it also follows that
(.3) is a true martingale for any 1 € Q(b]f)l and ¢ € C'([0, #]), establishing the following global version
of Bismut’s formula:

t !
(VPE")n,§><x>=—EK//;}Cn(xf(x)), 2, f 0,2;' 9.£dB, + 2, f fso@s_lij)’”ngdsﬂ. 4.9)
0 0

for a general deterministic £ € C'([0,¢]) with £, = 0 and €y = 1 as well. A standard choice for ¢; is
L= (t — s)/t, so that &5 = —1/1.
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