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Abstract— The interrupted sampling repeater jamming (ISRJ)
can create false targets that obscure real targets, leading to
radar target detection failures. This study investigates the ISRJ
countermeasure in multiple-input multiple-output (MIMO) radar
through transmit-receive joint design. We initially model the
transmit-receive design problem as a jointly constrained optimiza-
tion problem, aiming to minimize the waveform sidelobes, ISRJ
energy, and mutual interference among various waveform-filter
pairs. To address the difficulties posed by non-convex constraints,
we transform the original constrained problem in Euclidean space
into an unconstrained one in Riemannian manifold space. To
simultaneously and adaptively update the transmit waveforms and
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receive filters, we propose a learning-enhanced Riemannian gradient
descent (LE-RGD) method, which unfolds the classical Riemannian
gradient descent (RGD) method into layers of a neural network.
The LE-RGD algorithm directly optimizes transmit waveforms and
receive filters through implicit gradient descent iterations, where the
optimization strategy is dynamically and adaptively determined by
a parameterized network at each iteration. Furthermore, the LE-
RGD network is randomly initialized at each problem instance and
updated iteratively, facilitating its application in diverse jamming
environments without the need for labeled training data. Numerical
experiments conclusively show that the LE-RGD method can
effectively design transmit waveforms and receive filters with high
performance in terms of pulse compression and ISRJ suppression.

Index Terms— Implicit gradient descent, jamming countermea-
sure, receiving filter, unsupervised learning, waveform design

I. Introduction

A. Works about ISRJ countermeasure

Interrupted sampling repeater jamming (ISRJ), a
prevalent coherent jamming technique in pulse-Doppler
radar systems, operates by intercepting the radar signal
and transmitting it back towards the intended victim radar
[1]–[5]. The key characteristic of ISRJ lies in its high
coherence with the original transmit waveform, which
subsequently leads to the formation of deceptive targets
after pulse compression (PC) at the receiver. Thus, this
poses a significant challenge to real target detection under
interference conditions. Consequently, the investigation
and development of ISRJ suppression techniques are of
paramount importance in enhancing the radar’s function-
ality and resilience in the face of such interference.

The efficient ISRJ mitigation approaches rely on the
ability to discriminate between target and jamming sig-
nals, either within a specific domain or across multiple
domains. Modern radar systems, empowered by advanced
waveform generators, have harnessed sophisticated wave-
forms to enhance detection capabilities [6]–[9]. This
technological improvement facilitates early-stage differ-
entiation at the transmitter, outperforming conventional
echo processing methods in countering ISRJ. As a result,
extensive research has been dedicated to waveform design
strategies, highlighting their significance in anti-jamming
efforts [10]–[12].

While waveform design holds promise, a joint ap-
proach involving waveform-filter design offers additional
avenues for improving interference suppression [13]–[16].
These methodologies typically involve minimizing the
ISRJ signal’s total energy and the sidelobe energy of
the waveform processed by a mismatched filter (MMF),
which aims to find a waveform-filter pair that ensures
orthogonality between the ISRJ component and the trans-
mit waveform after PC processing. However, the existing
literature predominantly addresses single-channel radar
systems. The extension to MIMO systems introduces a
new challenge, as orthogonality requirements extend not
only to the ISRJ component and waveforms but also
to the waveforms of distinct channels. As a result, the
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development of an anti-ISRJ transmit-receive design for
MIMO systems remains an open research topic.

B. Applications of deep learning methods

Recent advancements in neural network research, par-
ticularly the refinement of network architectures and opti-
mization techniques, have propelled deep learning (DL) to
unparalleled success across a myriad of applications [17].
Given the inherent complexity of non-convex optimization
challenges in radar waveform design, neural networks, as
versatile nonlinear systems, offer a promising approach
to designing the desired waveform. A plethora of DL-
driven radar waveform strategies have emerged, leverag-
ing various architectures such as fully connected layers
[18]–[20] and residual neural networks [21]–[23]. These
methods typically employ a standardized neural network
framework to establish a non-linear transformation from
the initial waveform to an optimized one. They then
iteratively adjust layer parameters through a network op-
timizer, minimizing a predefined loss function until con-
vergence is achieved. Despite their demonstrated progress,
these DL-based methodologies encounter a common chal-
lenge: their non-transparent, or "black-box" character [24]
generally renders them less interpretable, presenting a
challenge that continues to be a research hotspot.

Algorithm unrolling is a technique that enhances the
explainability of DL models by transforming iterative
algorithms into a sequence of custom network layers.
This approach allows the trained model to be more trans-
parent, as it mirrors the structure of known algorithms.
In the context of radar waveform design, Metwaly et
al. [25] employ unrolling for beampattern design using the
Projection-descent-reduction (PDR) algorithm as a basis.
However, this method faces a challenge in the need for a
large number of training samples generated by the PDR
process, which can limit the network’s performance if
the training data is insufficient. Zhang et al. [26], [27]
introduce the alternative solution, by proposing the model-
based iterative deep unfolding network. This approach un-
rolls the gradient descent algorithm on the manifold space,
enabling unsupervised learning for parameter updates in
each layer. While it improves explainability, the proposed
network has a limitation in that only the step size of the
descent is adjustable among the layer parameters, which
restricts the overall network performance. To summarize,
algorithm unrolling is a powerful technique that enhances
model interpretability by mimicking iterative processes,
but it can be hindered by the reliance on extensive training
data or fixed parameter settings. Moreover, the aforemen-
tioned works do not involve the joint optimization of the
transmit-receive, which is an important way to improve
radar capabilities.

C. Proposed approach and major contributions

In this article, the ISRJ suppression approach based on
the transmit-receive simultaneous design is investigated

to improve the application robustness of the MIMO
radar in an interference environment. Specifically, we first
establish a transmit-receive design model by minimizing
the ISRJ signal’s total energy and the sidelobe energy of
the waveforms processed by the MMF. In addition, the
orthogonality of waveforms between different channels
is also considered to reduce the mutual interference
between channels. To solve the optimization challenges
caused by the non-convex constraints of the waveforms
and filters, a learning-enhanced Riemann gradient descent
(LE-RGD) algorithm is further proposed to search for the
optimal waveforms and filters directly and simultaneously.
The main contributions of our work are summarized as
follows:

1. The transmit-receive joint design model for ISRJ
suppression in MIMO radar. In contrast to conventional
strategies designed for single-channel radar against ISRJ,
this study innovatively develops a new technique in the
realm of MIMO radar systems. The central focus of
our proposed methodology is to minimize the sidelobes
realized by the waveform and filter from the same chan-
nel, while concurrently minimizing the cross-correlation
levels between the ISRJ component and the filter. To
address the challenges of channel interdependence and
mutual interference minimization, our approach integrates
the concept of response minimization for waveform-filter
pairs associated with distinct channels, thereby enhancing
the overall system resilience in the jamming environment
with the presence of ISRJ.

2. The LE-RGD algorithm for the transmit-receive
adaptive optimization. To address the complexities de-
rived from non-convex constraints imposed on waveforms
and filters, our approach initiates by reformulating the
initial joint design model into an unconstrained one within
the realm of Riemannian geometry. This transformation
allows for a more efficient search for the optimal solution
in manifold space. To realize the learnable optimiza-
tion of the waveforms and filters, we further propose a
novel learning-enhanced implicit gradient descent strat-
egy, which distinguishes itself from conventional alternat-
ing minimization (AM) techniques by enabling concurrent
transmit-receive design. In addition, by integrating the
model-based gradient descent algorithm into a tailored
neural network architecture, the proposed method retains
the mathematical foundation of the gradient-based method
while enhancing its optimization capabilities and adapt-
abilities.

D. Outlines and notations

The subsequent sections of this study are organized
as follows: Section II presents a thorough introduction
to the mathematical foundation for the transmit-receive
design problem. Section III is dedicated to the in-depth
exposition of our proposed LE-RGD algorithm, detail-
ing its application process and analytical underpinnings.
Section IV serves as a numerical demonstration, where
we showcase the ISRJ suppression capabilities of our
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proposed algorithm through a series of simulated exper-
iments, employing a variety of experimental parameters
to illustrate its effectiveness. Lastly, Section V concludes
the paper by summarizing our findings and discussing
potential avenues for future research.

In this paper, matrices are denoted by boldface up-
percase letters, while vectors are denoted by boldface
lowercase letters. We use Tr (·), (·)H , (·)∗, ()T to denote
the trace, conjugate transpose, complex conjugate, and
transpose, respectively. diag(·) denotes a diagonal matrix
with diagonal entries given by a vector. The Hadamard
product and the modulus are denoted by ⊙ and |·|. ∅
means element-wise division. Re (·) extracts the real part,
and ∥·∥F denotes the F -norm of a matrix. Sum (·) denotes
summing the matrix by columns, and Rep (·, N) means
repeating the column vectors by rows N times to obtain
a two-dimensional matrix.

II. Signal model

Consider a MIMO radar system with M indepen-
dent channels, each transmits a complex-valued baseband
waveform of length N . We focus on the scenario where
the MMF shares a similar signal configuration with the
waveform. Consequently, the matrix representation of
the transmit waveform and the receive MMF can be
mathematically formalized as follows:

S = [s1, s2, · · · , sM ]N×M

W = [w1,w2, · · · ,wM ]N×M ,
(1)

with each column of S representing a distinct wave-
form and rows corresponding to individual channels. The
matrix W , on the other hand, encapsulates the filter
coefficients applied to the received signals, serving as
a crucial component in optimizing the overall system
performance. Defining a shift matrix

Jr(p, q) =

{
1, if p− q = r

0, if p− q ̸= r
p, q ∈ {1, ..., N}, (2)

then the PC response values employing the MMF at the
specific time-delay r can be expressed as

WHJrS =

w
H
1 Jrs1 · · · wH

1 JrsM
...

. . .
...

wH
MJrs1 · · · wH

MJrsM

 . (3)

Similarly, the PC response value associated with the ISRJ
signal and the MMF can be given as

WHJrSJ =

w
H
1 Jrs

J
1 · · · wH

1 Jrs
J
M

...
. . .

...
wH

MJrs
J
1 · · · wH

MJrs
J
M

 , (4)

where sJm = p ⊙ sm, SJ = diag (p)S. The vector p
denotes the discrete form of the interrupted sampling
function [15], which contains all of the sampling and
repeater information about the ISRJ jammer. Here we as-
sume that the sampling function can be acquired through
cognitive approaches [6], [7].

With equations (3) and (4), our established objective
function used for the transmit-receive design includes the
following four parts:
• To suppress the mutual interference among different

channels and reduce the PC sidelobes in each channel, the
following metric should be minimized

f1 (S,W ) =
∑

r∈R\0

∥∥WHJrS
∥∥2

F
+
∥∥(WHS

)
⊙A

∥∥2

F
,

(5)
where R ∈ {1−N, · · · , N − 1} is the range bins of
interest, A = 1 − I , with 1 is a matrix of dimension
M×M with all elements set to 1 and I is a unit diagonal
matrix with the same size of 1.
• To control the signal-to-noise-ratio (SNR) loss

caused by the MMF processing, we minimize the follow-
ing component to force the PC peak values to approach
the preset values

f2 (S,W ) =
∥∥(WHS

)
⊙ I − µ1I

∥∥2

F
, (6)

where µ1 is the desired peak value after the PC process.
• To suppress the ISRJ signal’s response levels, we

minimize the overall energy of the ISRJ component across
all the range bins after MMF processing. Thus, we have

f3 (S,W ) =
∑
r∈R

∥∥WHJrSJ

∥∥2

F
. (7)

• To control the peak values associated with the
ISRJ after the PC processing, we minimize the following
function component to force the peaks to approach the
predefined small values

f4 (S,W ) =
∥∥(WHSJ

)
⊙ I − µ2I

∥∥2

F
, (8)

where µ2 denotes the desired peak value of the MMF
result of ISRJ.

In practical applications, the transmit waveforms are
required to avoid amplitude fluctuation, which resulting
the constant modulus (CM) constraint of the waveforms
[28]. Additionally, the receive filters need to satisfy the
constant energy (CE) constraint to precisely control the
SNR loss [29]. Consequently, our established transmit-
receive design model for ISRJ suppression can be math-
ematically represented as follows

min
S,W

f (S,W ) =

4∑
k=1

fk (S,W )

s. t. |sm (n)| = 1, ∥wm∥22 = 1

(9)

where m ∈ {1, · · · ,M}, n ∈ {1, · · · , N}, sm (n) denotes
the n-th sample point of the transmit waveform in the
m-th channel, wm denotes the receive filter associated
with the m-the channel. In practical deployments, it
is also necessary to assign weights to individual sub-
objective functions, reflecting the specific priorities and
requirements of the application. To balance the weights
of each sub-function, no weighting is performed on each
function component.

Remark: Before formally presenting our solution to
the problem (9), we first provide some comments on the

AUTHOR ET AL.: SHORT ARTICLE TITLE 3

Symeon CHATZINOTAS
Highlight
symbols? samples?

Symeon CHATZINOTAS
Cross-Out

Symeon CHATZINOTAS
Inserted Text
results in 

Symeon CHATZINOTAS
Highlight
what about a weighted sum? are all norms equally important? do they have the same dynamic range?



formulated problem. The given problem, characterized by
a bivariate objective function and non-convex constraints,
belongs to the class of NP-hard problems. Conventional
approaches adopt an AM strategy, which decomposes the
original two-variable problem into iterative sequences of
subproblems, each focusing on optimizing one variable
while keeping the other constant. However, the non-
convex nature of the problem poses a significant chal-
lenge, as even if each subproblem is optimally solved
at each iteration, the overall solution may not converge
to a global optimum. The fundamental limitation lies in
its reliance on a greedy, non-adaptive optimization strat-
egy, which can lead to local optima trapping during the
subproblem-solving process. To address this limitation,
we propose a novel approach that utilizes the advantages
of interpretable, learning-based neural networks. Our
approach leverages unsupervised learning to imbue the
network with an adaptive and training-free optimization
behavior, thereby enhancing its ability to navigate the
complex landscape of non-convex optimization.

III. Proposed method

In this section, we first present the AM-based RGD
algorithm to solve the established optimization problem
(9). Then the proposed LE-RGD method is formally
introduced, including its network structure and parameters
update approaches.

A. AM-based RGD algorithm

Riemannian manifold optimization has emerged as a
prevalent framework in waveform optimization, particu-
larly in applications like [28], [30]. Its essence lies in
leveraging the geometric properties of constrained spaces
to transform a traditional Euclidean optimization problem
into an unconstrained one on a Riemannian manifold
space. Under this framework, the optimization problem
in (9) can be reformulated equivalently as

min
S∈S,W∈W

f(S,W ) =

4∑
k=1

fk(S,W ), (10)

where S and W denote the complex circle manifold
(CCM) and complex oblique manifold (COM), respec-
tively, defined by the constraints on the waveforms and
filters. Mathematically, the CCM and COM can be ex-
pressed as [31]

S = {S ∈ CN×M |sm(n) = 1}

W = {W ∈ CN×M |wH
mwm = 1}.

(11)

To tackle this transformed problem, the AM-based
approach is the most popular approach. It sequentially
optimizes individual subproblems, treating each variable
independently while holding the others constant. Starting
from an initial point W 0 ∈ W , the AM-based algorithm

at the t-th iteration updates the variables as follows:

St = argmin
S∈S

f(S,W t−1)

W t = arg min
W∈W

f(St,W ).
(12)

At the t-th iteration, the algorithm operates by optimiz-
ing two separate functions, f(S,W t−1) and f(St,W ),
which respectively correspond to the variables S and
W . This two-step process facilitates the iterative update
of the variables within their respective feasible regions.
Each subproblem given in equation (12) can be resolved
through the RGD algorithm as [32]

Si = RetS {Si−1 − αi · PS [Grad fS (Si−1,W t−1)]}

W i = RetW {W i−1 − γi · PW [Grad fW (St,W i−1)]} ,
(13)

where
• Grad fS (S,W ) and Grad fW (S,W ) denote the

gradients in Euclidean space of the waveform and filter,
which are given in (14) in the bottom of the next page.

Proof: The derivations of the gradients can be found
in the Appendix part.
• PS (·) and PW (·) are employed to project the

Euclidean gradients into their Riemannian counterparts,
as depicted in the following equations [33]

grad fS (S,W )

= PS (Grad fS (S,W )) = Grad fS (S,W )

− Re
(
(Grad fS (S,W ))

∗ ⊙ S
)
⊙ S,

(15)

and
grad fW (S,W )

= PW (Grad fW (S,W )) = Grad fW (S,W )

− Rep [Re (Sum (W ∗ ⊙Grad fW (S,W )))]⊙W .
(16)

where grad fS (S,W ) and grad fW (S,W ) signify the
Riemannian gradients of the objective function concern-
ing the waveform and filter. These gradients, combined
with the step sizes αi and γi, serve as the basis for
calculating descent vectors and generating new points
within the current iteration.
• RetS (·) and RetW (·) are employed to retract the

newly obtained points back into the manifold space, as
expressed

RetS (S) = S∅ |S|

RetW (W ) = W ⊙ Rep
[
Sum

1
2

(
|W |2

)
, N

]
.

(17)

In the iterative procedure delineated by equation (13),
the primary aim is to mitigate the overarching challenge
by sequentially optimizing its constituent subproblems.
However, it’s imperative to recognize that the algorithm
may not converge to a global optimum or a satisfactory
solution. This limitation arises from the reliance on first-
order information, often leading to locally greedy opti-
mization, potentially overlooking the optimal outcome.
The fundamental issue of overcoming these limitations
lies in the static nature of model-based strategies, as
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encapsulated by the update functions in equation (13).
These update functions, initially designed to address indi-
vidual subproblems, lack the inherent capacity to produce
globally optimal solutions for the entire problem. This
inherent constraint confines the algorithm’s exploration
of the solution space and impedes its ability to achieve
optimality.

B. LE-RGD algorithm

In this section, we present a learning-driven optimiza-
tion methodology designed to tackle the simultaneous
transmit-receive design, departing from the conventional
approach of minimizing each subproblem individually.
By integrating DL principles in the update progress, our
approach incorporates a more flexible variables update
way and seeks to enhance the overall design efficiency
and effectiveness.

1. Overall structure
In Fig.1, the implemented network structure of the

proposed LE-RGD algorithm is illustrated. As we can
observe from this figure, the blue and green sub-network
structures defined in parallel are used to update wave-
forms and filters respectively. In addition, each sub-
network is composed of T layers, containing multiple
operators that mimic the mathematical operations of the
RGD algorithm. To facilitate more flexible update func-
tions, the LE-RGD approach modifies the iterative frame-
work in (12) and replaces the analytical minimization
algorithm with neural networks in the form of

St = NetSθt (St−1,W t−1)

W t = NetWρt
(St−1,W t−1) .

(18)

After passing through all T layers, one training round
concludes, and the initial transmit-receive variables, S0

and W 0, are replaced with the updated values, ST and
W T . Then, the loss function is computed using these
updated variables, and a backward pass is performed to
optimize the trainable network parameters, θt and ρt. The
optimization continues for a maximum number of rounds,
K, after which the final results for the transmit-receive

variables are obtained from the network parameters and
their respective transformations. Since the network struc-
tures used to update waveforms and filters are defined
separately and can realize forward propagation at the same
network layer, the LE-RGD algorithm can realize the
simultaneous design of the transmit-receive, avoiding the
problem of poor overall performance caused by greedy
optimization of a single variable in the AM strategy.

2. Forward Propagation
In Fig. 1, the t-th layer’s sub-network structures for

waveform and filter updates are shown in the blue-
dotted and green-dotted sections, respectively. As we can
observe, the algorithm parameters and variables to be
updated are input into each layer of the sub-network,
and the Euclidean gradient and Riemannian gradient are
obtained successively. Then, the Riemannian gradient is
input into the non-linear network, and the network output
is processed by the retraction operator to finally obtain the
updated variables of the layer. In this way, these layers not
only maintain the core principles of the model-based RGD
algorithm but also integrate network-based components to
learn the optimal hyperparameters for descent directions
and step sizes.

By introducing the non-linear network structure, the
transmit-receive variables can be updated using a pa-
rameterized non-linear function, and the parameters of
this function are themselves optimized in each round of
training. This allows the algorithm to continuously learn
and refine the update strategy, ultimately leading to better
optimization results compared to a fixed approach. The
formulation of the learning-based update strategy can be
expressed as

St = St−1 + FCS
θt−1

(
grad fW t−1 (St−1)

)
W t = W t−1 + FCW

ρt−1
(grad fSt (W t−1))

(19)

where FCS
θt

(·) and FCW
ρt

(·) denote the fully-connected
(FC) networks in the t-th layer. It’s worth noting that
PyTorch does not support the creation of complex-valued
neural networks. When dealing with complex gradients,
such as grad fS (S,W ) and grad fW (S,W ), we first
extract their real and imaginary parts. These parts are then

Grad fS (S,W ) = 2×

∑
r ̸=0

JH
r WWHJrS +W

[(
WHS

)
⊙A+

((
WHS

)
⊙ I − µ1I

)
⊙ I

]
+
∑
r

J̃
H

r WWH J̃rS + PHW
([(

WHPS
)
⊙ I − µ2I

]
⊙ I

)}

Grad fW (S,W ) = 2×

∑
r ̸=0

JrSS
HJH

r W + S
[(
SHW

)
⊙AH +

((
SHW

)
⊙ I − µ1I

)
⊙ I

]
+
∑
r

J̃rSS
H J̃

H

r W + PS
([(

SHPHW
)
⊙ I − µ2I

]
⊙ I

)}
(14)
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Fig. 1: The overall structure of the proposed LE-RGD algorithm. The red-dotted part is the main skeleton of
LE-RGD, the transmit waveform’s updating mechanism is symbolically represented by the blue-dotted framework,
and the green-dotted line denotes the corresponding network layout utilized for the update of the receive filter. The
parameters of the networks for updating the waveforms and filters in the t-th layer are denoted by θt and ρt. The

orange boxes in the middle represent the learnable parameters in the network.

concatenated together and fed into a fully connected (FC)
network. At the output end, we reverse the process by
combining the real and imaginary outputs in a way that
reconstructs the original complex value. This ensures that
the output has the same dimensions as the input gradients,
allowing us to maintain the complex structure throughout
the network.

3. Backward Propagation
In the LE-RGD algorithm, the strategy for variable op-

timization is controlled by the network parameters, θt and
ρt. These parameters are updated during the backward
propagation process, with the loss value serving as the
driving force for backward propagation. Unlike traditional
machine learning models that require pre-training on a
dataset, the network parameters in LE-RGD are updated
as the objective function in (9) is minimized. During the
backward propagation, the parameters of the FC networks

can be updated by the Adam optimizer [34]

θt ← θt + µ ·Adam (∇θtf (ST ,W T ))

ρt ← ρt + µ ·Adam
(
∇ρt

f (ST ,W T )
) (20)

where ∇θt
f (ST ,W T ) and ∇ρt

f (ST ,W T ) denote the
gradients of the loss function concerning the parameters
and they can be automatically computed using the built-in
automatic differentiation feature. In this way, each update
of θt and ρt can be seen as a form of "training while
solving", where each iteration of the optimization problem
acts as a single training sample. This approach allows
for a plug-and-play implementation, as the algorithm
does not necessitate a pre-existing training dataset. The
network parameters dynamically adapt to minimize the
loss function, resulting in a more efficient and adaptive
optimization process for the transmit-receive variables.

4. Algorithm steps and performance analysis
The LE-RGD algorithm, detailed in Algorithm 1,

introduces trainable variable update functions, FCS
θt

(·)
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Algorithm 1: The LE-RGD for the joint design
of transmit-receive toward ISRJ suppression

Input: f (S,W ), M , N , P , I , A, µ
Initialize: K, T , S0 ∈ S, W 0 ∈ W , θt, ρt

1 for k ← 0, 1, · · · ,K do
2 t = 0 ;

/* forward propagation */
3 while t ≤ T do
4 ∆S = FCS

θt
(grad fS (St,W t)) ;

5 ∆W = FCW
ρt

(grad fW (St,W t)) ;
6 St+1 = RetS (St +∆S) ;
7 W t+1 = RetW (W t +∆W ) ;
8 t← t+ 1 ;
9 end

10 t = 1;
11 f(ST ,W T ) =

∑4
i=1 fi(ST ,W T ) ;

/* backward propagation */
12 while t ≤ T do
13 θt ← θt + µ ·Adam (∇θt

f (ST ,W T )) ;
14 ρt ← ρt + µ ·Adam

(
∇ρt

f (ST ,W T )
)

;
15 t← t+ 1 ;
16 end
17 end

for waveforms and FCW
ρt

(·) for filters, to replace the
fixed update formulas from (13). At each layer t, these
neural network-based update rules leverage the gradi-
ents, grad fS (St−1,W t−1) and grad fW (St−1,W t−1),
to predict the next step in the optimization of transmit-
receive variables. This continuous adaptation allows the
algorithm to learn a more effective strategy for solving
the joint transmit-receive design problem, inheriting the
core RGD-based iterative approach while enhancing its
adaptability and learning capabilities.

The computational burden of the LE-RGD algorithm
mainly results from the calculations of gradients from (14)
and the cost function defined in (9), both of which have a
complexity of O

(
MN2

)
. Note that the operations in the

gradients and cost function can be implemented using dis-
crete Fourier transform (DFT). Thus, we can estimate the
per-iteration complexity to be around O (MN log (N)).
As depicted in Fig.1, each layer’s update generates a point
in the manifold space with a decreased cost, assuming
appropriate adjustments to the step size and descent
direction. To achieve this, the network employs back-
ward propagation to determine the gradients of the loss
function concerning all parameters using the chain rule.
Subsequently, the network parameters are refined using
the Adam optimizer to guarantee a non-increasing loss,
thus enabling convergence of the method.

IV. Experiments and analysis

In this section, we evaluate the effectiveness of the
proposed LE-RGD algorithm through a series of simu-
lation experiments. The implementation of the LE-RGD
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Fig. 2: The cost values versus the number of iterations
corresponding to different methods.

algorithm is accomplished using Python version 3.10.11,
specifically with the Pytorch library version 2.2.2.

A. The joint design in single-channel system

In this part, we first evaluate the convergence per-
formance of the proposed LE-RGD algorithm by com-
paring it with the AM-based RGD (AM-RGD) method
(13), the product manifold-based RGD (PRGD) method
[35], and the Majorization-minimization algorithm with
acceleration (MM-Acc) [13]. Since the MM-Acc method
can only be used in single-channel radar systems, here
we set M = 1 and N = 128 to make the comparison.
For the ISRJ parameters, the duty ratio is set to 0.25,
and the interrupted sampling period is set to 4/N . Then
the sampling vector p can be determined in these two
parameters [15]. For the algorithm parameters, we set
µ1 =

√
N × 10−1.5/20, and µ2 =

√
N × 10−40/20. For all

of these methods, the maximum number of iterations K is
set to 5×103. Moreover, the algorithms stop running when
the decreased value of the loss function corresponding
to two adjacent iterations is less than 1 × 10−4. The
network layers FCS

θt
(·) and FCW

ρt
(·), contain 3 hidden

layers with 3 × N units in each. The Adam optimizer
with a learning rate of 1 × 10−3 is employed to update
the network parameters θt and ρt in each layer.

In Fig.2, the iterative progress of different algo-
rithms is illustrated for comparison. To proceed with
the design progress, all of the waveforms are initialized
with complex-valued matrices with uniformly distributed
phases. Since all of the algorithms are initialized with
the same starting point, the cost value starts to decrease
from an identical value monotonically until a convergence
state is reached. For the AM-based algorithms, RGD-
AM and MM-Acc, it is hard for them to find a good
optimum within the maximum number of iterations as
each subproblem in these two methods is solved greedily.
The PRGD algorithm first considered a product manifold
space composed of the Cartesian product of the waveform
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(a) waveform MMF results with PRGD, RGD-AM and MM-Acc (b) waveform MMF results with the proposed LE-RGD

(c) ISRJ MMF results with PRGD, RGD-AM and MM-Acc (d) ISRJ MMF results with the proposed LE-RGD

Fig. 3: The realized MMF results of the waveform and ISRJ associated with different methods

and the filter, then converted the two-variable optimiza-
tion problem into a single-variable optimization problem,
and further performed gradient descent on the product
manifold space. Since the transmit waveform and receive
filter can be updated at the same time, its performance
exceeds that of the algorithms based on the AM strategy.
However, due to the employment of the fixed update
strategy, its convergence performance has the potential
to be further improved. In addition, the proposed LE-
RGD method reaches a convergence state and smaller
cost values within 1000 iterations with the parameters
setting of T = 3, 5, 10. Moreover, it tends to find a better
optimum when the number of network layers is improved.

In Fig.3, the PC results of the waveform and ISRJ cor-
responding to different design algorithms are illustrated to
demonstrate their ISRJ suppression performance. In Fig.3
(a) and (b), the PC results of the optimized waveform-
filter pairs are presented. Since they are processed under
the MMF theme, all of the algorithms produce different
SNR losses around −1.53 dB. In addition, our proposed
LE-RGD generates peak sidelobes (PSL) of −26.27 dB,

−27.21 dB, and −28.20 dB with T = 3, 5, 10, surpassing
those resulting from RGD-AM, MM-Acc, and PRGD
methods. In Fig.3 (c) and (d), we present the PC results
of the ISRJ components with the designed receive filters.
As we can observe, the ISRJ components cannot obtain
processing gain during the process, resulting in no peaks
in the PC results, proving the effectiveness of the designed
transmit-receive in ISRJ suppression. More precisely,
the resulting highest response values are −28.56 dB,
−28.66 dB, and −29.81 dB for the proposed LE-RGD
method with T = 3, T = 5, and T = 10, respectively. The
realized response values are lower than those produced
by AM-based algorithms, demonstrating the excellence
of the proposed method in ISRJ suppression.

B. The joint design in multiple-channel system

To evaluate the ISRJ suppression performance in
MIMO systems, we further consider a waveform set with
M = 3, and N = 128. Since the MM-Acc algorithm can
only solve the joint design problem in single-channel sys-
tems, we compare the proposed method with RGD-AM
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Fig. 4: The cost values versus the number of iterations
corresponding to different methods.

and PRGD with our proposed method in this experiment.
Moreover, the ISRJ and algorithm parameters are kept
consistent with the experiment in Section IV.A, and the
number of layers is set to T = 3.

In Fig.4, the normalized cost values versus the num-
ber of iterations associated with different algorithms are
demonstrated. As we can observe, the PRGD algorithm
has the fastest convergence speed in the first 25 iterations
but is subsequently surpassed by the LE-RGD algorithm.
Moreover, the proposed LE-RGD algorithm stops at the
1102-th iteration with a cost value of −35.62 dB, better
than the outputted optima with the PRGD and RGD-AM
algorithms, demonstrating the superiority in convergence
speed of the proposed LE-RGD algorithm.

In Fig.5, we present the PC results of different
waveform-filter pairs and ISRJ-filter pairs. As we can
find in Fig.5 (a), for the MMF results of the waveform-
filter pairs from the identical channels, high peaks can
be formed in the zero-delay positions, accompanied by
the PSL around −19 dB. Additionally, there are no high
peaks for the waveform-filter pairs from different chan-
nels, showing that the proposed method can effectively
mitigate the mutual interference among different channels.
Moreover, we also present the MMF results corresponding
to different ISRJ-filter pairs in Fig.5 (b). We can also find
no high peaks in these results, either for the ISRJ-filter
pairs from the identical channels or different channels,
demonstrating the effectiveness of the proposed method
in ISRJ suppression.

In TableI, we present several performance metrics
to evaluate the transmit-receive joint design performance
from different algorithms. In this table, the cross-channel
peaks (CCP) denote the MMF peak values for the
waveform-filter pairs from different channels. As we can
observe, the proposed LE-RGD algorithm reaches an SNR
loss of −1.66 dB, closer to the preset values µ1 than those
of the other two methods. In addition, it can also obtain
the lowest PSL, CCP, and ISRJ peaks, demonstrating the

TABLE I: The performance metrics in dB realized by
different algorithms.

SNR Loss PSL CCP ISRJ peaks

RGD-AM -1.67 -17.8 -14.4 -23.52
PRGD -1.67 -18.23 -16.29 -25.88

LE-RGD -1.66 -18.97 -16.46 -26.87

TABLE II: The simulated parameters of the ISRJ and
targets.

ISRJ and target parameters Values

ISRJ sample interval 5µs
ISRJ duty ratio 0.25
ISRJ location 4.7 km, 4.8 km, 4.9 km

Target location 4.4 km, 5.0 km
Radar cross section (RCS) 0 dB, −5 dB

Signal to Jamming ratio (SJR) −15 dB
SNR 15 dB

transmit-receive optimization superiority in ISRJ suppres-
sion and target detection.

C. Evaluation in ISRJ suppression

To evaluate the ISRJ suppression and target detec-
tion performance, we compare the random phased-coded
(RPC) waveform and matched filter (MF), the linear
frequency modulated (LFM) waveform and MF, and the
waveform and MMF designed using LE-RGD in the ISRJ
scenario. The pulse width and bandwidth are set to 20µs
and 25MHz for each waveform. Besides, the detailed
parameters of the ISRJ and the targets are presented
in Table II. We assume that the ISRJ jammer forwards
the intercepted radar waveform three times with different
times delays after intercepting it, and finally forms three
false targets at 4700m, 4800m, and 4900m.

In Fig.6, the PC results corresponding to different
waveforms are demonstrated to compare the ISRJ sup-
pression performance. As we can observe in Fig.6 (a)
and (b), due to the existence of the ISRJ components in
the echoes, three false targets are generated after the MF
processing in both channels. Precisely, the amplitudes of
the false target are more than 4 dB higher than the real
targets, posing great challenges to real target detection.
In Fig.6 (c) and (d), the MF results associated with the
LFM waveforms are presented. We assume that the LFM
waveforms transmitted by the two channels have different
frequency-modulated slopes, namely 1.25MHz / µs and
−1.25MHz / µs. Compared with the PC results of RPC
waveforms, a group of false targets (whose amplitudes
are more than 5 dB higher than the real targets) is formed
in both channels, bringing more difficulties in identifying
the real targets. In Fig.6 (e) and (f), the MMF results
corresponding to the optimized waveform-filter pairs are
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(a) the MMF results of different waveform-filter pairs
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(b) the MMF result of different ISRJ-filter pairs

Fig. 5: The MMF results of different waveform-filter pairs and ISRJ-filter pairs. For each subfigure, the abscissa
represents the range bins, and the ordinate represents the normalized response value in dB.

given as a comparison. As we can see, there are no
high peaks within the interference area, and two real
targets can be easily detected as they present 10 dB higher
peaks than the ISRJ components. This further verifies the
effectiveness and superiority of the proposed transmit-
receive joint design method.

V. Conclusions

This work investigated the transmit-receive joint de-
sign problem in the MIMO system for the ISRJ suppres-
sion. Initially, we formulated the joint design problem as

a joint-constrained non-convex problem by minimizing
four different subfunctions. Then it is transformed into
an unconstrained one on the Riemannian manifold space.
In addition, by unfolding the classical RGD algorithm,
we proposed a LE-RGD method to realize a trainable
and adaptive update rule for the transmit waveform and
receive filter. Finally, we conducted various numerical
experiments to verify the effectiveness of our proposed
approach.

Our established interference countermeasure realized
the satisfactory performance in ISRJ suppression. How-
ever, since the sampling vector of ISRJ is assumed to
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(a) the MF result with the RPC waveform in channel 1 (b) the MF result with the RPC waveform in channel 2

(c) the MF result with the LFM waveform in channel 1 (d) the MF result with the LFM waveform in channel 2

(e) the MMF result with the optimized waveform-filter in channel 1 (f) the MMF result with the optimized waveform-filter in channel 2

Fig. 6: the MF and MMF results associating with different waveforms in the ISRJ scenario.

be precisely known in the modeling process, this poses a
huge challenge to the practical application of the proposed
method. In this case, studying the estimation method of
the sampling vector and the robust anti-ISRJ method via
transmit-receive optimization can be the next research
direction. In addition, in this work, we only considered
the waveform optimization problem within a single pulse
repetition interval, ignoring the Doppler modulation ef-
fect of the ISRJ jammer on the slow time dimension.
Therefore, it is also worthwhile to design the transmit

waveform and receive filter in both the fast and slow
time dimensions to suppress the ISRJ containing Doppler
modulation. Moreover, the nonlinear network structure
used to update the transmit waveform and receive filter
only includes some simple FC networks. The nonlinear
mapping performance of other popular network structures,
such as convolutional neural networks (CNN) and long
short-term memory (LSTM) networks, is also worth ex-
ploring.
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VI. APPENDIX

The Euclidean gradient of the function f (S,W ) w.r.t.
the waveforms and filters can be derived by employing the
following definition [36]

Grad fS (S,W ) = 2
∂

∂S∗ f (S,W )

Grad fW (S,W ) = 2
∂

∂W ∗ f (S,W ) ,

(21)

where ∂
∂S∗ f (S,W ) denotes the partial derivative of the

cost function w.r.t. S∗, which can be calculated as

∂

∂S∗ f (S,W ) =

4∑
k=1

∂

∂S∗ fk (S,W )

∂

∂W ∗ f (S,W ) =

4∑
k=1

∂

∂W ∗ fk (S,W ) .

(22)

Before presenting the computation of the partial deriva-
tive, we first introduce a commonly used theorem.

Lemma 1: For a real-valued complex function
g (Z,Z∗) with Z ∈ CN×M , if its differential can be
expressed as

dg (Z,Z∗) = Tr
{
AT

0 dZ +AT
1 dZ

∗} , (23)

then the derivatives of g (Z,Z∗) can be obtained as [37]
∂

∂Z
g (Z,Z∗) = A0,

∂

∂Z∗ g (Z,Z∗) = A1.

(24)

Here the variable Z and its conjugate transpose are treated
as two independent variables, and d (·) represents the
differential operation.

For the function component f1 (S,W ), taking S as a
variable and differentiating the function, we have

d
∥∥WHJrS

∥∥2

F
= dTr

(
SHJH

r WWHJrS
)

= Tr
[
(Φ1S)

T
dS∗ + SHΦ1dS

]
,

(25)

where Φ1 = JH
r WWHJr. Further, we can obtain

∂

∂S∗
∥∥WHJrS

∥∥2

F
= Φ1S = JH

r WWHJrS. (26)

In the same way, by taking W as the variable, we have

d
∥∥WHJrS

∥∥2

F
= dTr

(
WHJrSS

HJH
r W

)
= Tr

[
(Φ2W )

T
(dW )

∗
+WHΦ2 (dW )

] (27)

where Φ2 = JrSS
HJH

r . Further, we have
∂

∂W ∗
∥∥WHJrS

∥∥2

F
= Φ2W = JrSS

HJH
r W . (28)

Similarly, we can also obtain
∂

∂S∗
∥∥(WHS

)
⊙A

∥∥2

F
= W

[(
WHS

)
⊙A⊙A

]
∂

∂W ∗
∥∥(WHS

)
⊙A

∥∥2

F
= S

[(
WHS

)
⊙A⊙A

]H
.

(29)

Combing equations (26), (28) and (29), the following
equation holds

∂

∂S∗ f1 =
∑
r ̸=0

JH
r WWHJrS +W

[(
WHS

)
⊙A

]
∂

∂W ∗ f1 =
∑
r ̸=0

JrSS
HJH

r W + S
[(
SHW

)
⊙AH

]
.

(30)
Repeating Lemma 1 to the other three function com-

ponents, we can obtain the following derivatives:
∂

∂S∗ f2 = W
{[(

WHS
)
⊙ I − µ1I

]
⊙ I

}
∂

∂W ∗ f2 = S
{[(

SHW
)
⊙ I − µ1I

]
⊙ I

}
∂

∂S∗ f3 =
∑
r

J̃
H

r WWH J̃rS

∂

∂W ∗ f3 =
∑
r

J̃rSS
H J̃

H

r W

∂

∂S∗ f4 = PHW
{[(

WHPS
)
⊙ I − µ2I

]
⊙ I

}
∂

∂W ∗ f4 = PS
{[(

SHPHW
)
⊙ I − µ2I

]
⊙ I

}
.

(31)

Thus, combining with equations (21), (22), (30) and (31),
we can obtain the Euclidean gradients of the cost function
f (S,W ), as shown in (14).
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