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Abstract—This paper investigates joint device identification,
channel estimation, and symbol detection for LEO satellite-
enabled grant-free random access systems, specifically targeting
scenarios where remote Internet-of-Things (IoT) devices operate
without global navigation satellite system (GNSS) assistance.
Considering the constrained power consumption of these devices,
the large differential delay and Doppler shifts are handled at
the satellite level. We firstly propose a spreading-based multi-
frame transmission scheme with orthogonal time-frequency space
(OTFS) modulation to mitigate the doubly dispersive effect, and
then analyze the input-output relationship of the system. Next,
we divide the receiver structure into three modules: a linear
module for identifying active devices leverages the generalized
approximate message passing algorithm to eliminate inter-user
and inter-carrier interference; a non-linear module employs
the message passing algorithm to jointly estimate channel and
detect transmit symbols; and a third module aided by Markov
random field aims to exploit the three dimensional block spar-
sity of channel in the delay-Doppler-angle domain. The soft
information is exchanged among the three modules by carefully
message scheduling. Furthermore, the expectation-maximization
algorithm is integrated to adjust phase rotation caused by
the fractional Doppler and to learn the hyperparameters in
prior distributions. Finally, the convolutional neural network is
incorporated to enhance the symbol detection. Simulation results
demonstrate that the proposed transmission scheme boosts the
system performance, and the designed algorithms outperform
the conventional methods significantly in terms of the device
identification, channel estimation, and symbol detection.

Index Terms—Satellite communications, random access, OTFS,
message passing, doubly dispersive effect

I. INTRODUCTION

Internet-of-Things (IoT) is one of the most important sce-
narios for the next-generation communications [2]. A consid-
erable part of the IoT devices is distributed in remote areas to
facilitate applications, such as smart agriculture, climate mon-
itoring, and intelligent transportation systems [3]. However,
existing cellular networks, mainly located in densely popu-
lated regions, struggle to provide the ubiquitous connectivity
required by these diverse IoT applications. Recently, low earth
orbit (LEO) satellites have gained substantial research inter-
est, positioned to complement and expand existing terrestrial
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networks to achieve global connectivity [4]. The commercial
interest in LEO satellite-enabled access first surged in the
1990s. Unfortunately, most of these early attempts failed,
and only a few, such as Iridium and Globalstar, have had
varying degrees of success [5]. Nowadays, the advancements
in aerospace, production, and communication technologies
renew the LEO satellite market, where companies like Starlink
and OneWeb are now envisioning extensive deployments [6].
These developments pave the way for LEO satellite com-
munications to offer seamless global coverage. In contrast
to traditional human-centric communications, IoT primarily
relies on machine-type communications (MTC), which are
characterized by bursty traffic patterns due to the sporadic
activity of IoT devices [7]. In this scenario, the random access
protocol is crucial for enabling efficient connectivity.

Grant-free random access (GFRA) preferred in MTC has
been proposed to reduce signaling overhead and enhance
access capability [8]. Over the past few years, the extensive
research has been conducted for joint device identification
and channel estimation (JDICE) in terrestrial GFRA systems
[9]–[15]. Specifically, [9]–[11] treated JDICE as a sparse
signal recovery problem within the framework of compressed
sensing. Here, the device pilots serve as a sensing matrix,
and the problem is tackled using the approximate message
passing (AMP) algorithm. The authors in [12] employed block
sparse Bayesian learning to develop a low-complexity message
passing (MP) solution. By exploiting the sparse feature and
low-rank structure of device state matrix, [13] proposed a
dimension reduction to decrease the computational complexity
and developed a Riemannian trust-region algorithm for JDICE.
The integration of orthogonal frequency division multiplexing
(OFDM) into GFRA systems was investigated in [14] and [15].
The authors in [14] proposed the generalized multiple mea-
surement vector AMP algorithm to exploit the channel sparsity
in the angular domain, with the state evolution framework
provided to predict performance. The authors in [15] further
addressed the challenges of timing and frequency offsets by
modeling their effects as phase shifts on the pilot matrix,
leading to a multiple measurement vector recovery problem
for JDICE. Then, to effectively exploit the structured sparsity
resulted from this model, a structured generalized approximate
message passing (GAMP) algorithm was developed. To further
improve system performance, [16] and [17] adopted spreading-
based transmission schemes and designed MP-based algorithm
to perform joint device identification, channel estimation,
and signal detection (JDICESD). It should be noted that the
schemes in [9]–[17] are designed for block fading channels,
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which are assumed to remain constant during one transmission.
Meanwhile, [15] oversimplifies the system model by assuming
that the frequency offset tends to zero. However, the inherent
high mobility of LEO satellites introduces significant Doppler
shifts, leading to rapid time variability on the terrestrial-
satellite links (TSLs), probably resulting in outdated channel
state information [18]. Moreover, the long distance between
the ground devices and satellites induces the larger propagation
delay compared to terrestrial systems. These issues may also
cause severe inter-symbol and inter-carrier interference, de-
grading the performance of existing algorithms. Consequently,
current terrestrial GFRA frameworks, without adjustments or
new designs, cannot be directly applied to the highly dynamic
LEO satellite communications.

3GPP non-terrestrial networks recommendations [19], [20]
address large delays and Doppler shifts depending on whether
the terrestrial device is equipped with a built-in global navi-
gation satellite system (GNSS). Devices with GNSS precom-
pensate for Doppler shift and propagation delay before uplink
transmission, utilizing the knowledge of satellite ephemeris
and device’s location. Conversely, for devices without GNSS,
the satellite itself precompensates for the Doppler shift at the
beam’s center on the ground and broadcasts a common delay.
Notably, most of existing traditional LEO satellite-enabled
GFRA schemes [21]–[24] are tailored primarily for the first
scenario, where the residual delay and Doppler shift remain
within a small range. Specifically, [21] and [22] assumed the
perfect compensation: In [21], the authors transformed the
received signal to a tensor decomposition form and proposed
a Bayesian learning algorithm for JDICE. Meanwhile, [22]
investigated the joint device identification and data detection,
where the active device maps the data to a codeword of a
predetermined and unique codebook. Then, the active devices
and the transmitted codewords were detected by maximizing
the likelihood function of the received signal. Additionally, the
authors in [23] proposed a OFDM-symbol repetition technique
combined with a grid-based parametric model to address the
residual delay and Doppler shift. Based on this model, a
modified variance state propagation algorithm was designed
for JDICE. Furthermore, [24] focused on the line-of-sight
path, assuming asynchronous signals at the frame level but
synchronous at the slot level, and developed an AMP-based
algorithm for joint active device, delay, and Doppler detection.

However, as indicated in [25], [26], the GNSS-assisted
schemes pose additional problems. Firstly, the procedure for
updating satellite ephemeris at the device level remains am-
biguous. Secondly, frequent estimation and compensation for
Doppler and delay could dramatically reduce battery lifetime
of the ground devices. Remote IoT devices, specifically de-
signed to minimize power consumption, face particular chal-
lenges. For instance, devices in low-power wide-area networks
(LPWANs) are expected to operate autonomously for about ten
years with just two AA batteries [27]. Consequently, GNSS-
based solutions may be impractical for these remote IoT
applications. In scenarios without GNSS, a significant issue is
the persistence of large differential delays and Doppler shifts
even after satellite precompensation. The authors in [25], [26]
considered this scenario and proposed time and frequency syn-

chronization schemes for grant-based random access, yet these
still require Doppler shift compensation by ground devices,
adversely affecting energy efficiency. Orthogonal time fre-
quency space (OTFS) modulation has emerged as a promising
solution to ensure reliable communications in LEO satellite-
enabled GRFA systems [28]–[30], which converts the time-
frequency channels into quasi-static delay-Doppler channels
[31]–[33]. In [28], OTFS is combined with tandem spreading
multiple access to accommodate the differential Doppler shift
characteristics in LEO satellite-enabled GFRA. To exploit
the spatial diversity, the integration of massive multiple-
input multiple-output (MIMO) with OTFS-based GFRA has
been explored in [29] and [30]. Specifically, [29] introduced
a two-dimensional (2D) pattern coupled hierarchical prior
within sparse Bayesian learning for JDICE, exploiting channel
sparsity in the delay-Doppler-angle domain. [30] investigated
OTFS aided by training sequences and proposed a two-stage
JDICE scheme alongside a streamlined multi-user symbol de-
tection method. It is worth noting that techniques in [28]–[30]
require terrestrial devices to precompensate for a major portion
of the propagation delay, introducing additional complexity for
remote IoT devices.

Overall, previous studies have primarily focused on GNSS-
based solutions, which are unfavorable for power-limited
remote IoT applications due to their high energy demands.
Recent non-GNSS schemes and the methods utilizing OTFS
modulation still require terrestrial devices to compensate for
a major portion of the delay or Doppler shift, thereby adding
complexity to the device design. In this paper, we explore
scenarios where devices operate without GNSS support and in-
vestigate JDICESD algorithm for LEO satellite-enabled grant-
free random access. To further reduce device complexity,
we handle the large differential delay and Doppler shift at
the satellite level by the proposed transmission scheme and
algorithms. Our main contributions are summarized as follows:

• We propose a spreading-based multi-frame OTFS trans-
mission scheme to mitigate the doubly dispersive effect
and increase the undersampling ratio by exploiting the
quasi-static properties of the channel in the delay-Doppler
domain. Subsequently, we conduct a detailed analysis of
the input-output relationship within the system.

• Based on the proposed transmission scheme, a MP-
based algorithm is designed for JDICESD. We divide
the receiver structure into three modules: Delay-wise
device activity identification (DDAI) module handles the
received signal along the delay dimension in parallel and
employs the GAMP algorithm to eliminate the inter-user
and inter-carrier interference; Joint channel estimation
and symbol detection (JCESD) module addresses the
nonlinear coupling of the activity state, channel coeffi-
cient, and transmit symbols of each device, where a MP
algorithm is derived in a symbol-by-symbol fashion for
JCESD; and the 3D sparsity exploitation (TSE) module
aided by Markov random field aims to exploit the 3D
block sparsity of channel in the delay-Doppler-angle
domain. The soft information is exchanged among the
three modules by carefully message scheduling. Further-
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more, the expectation-maximization (EM) algorithm is
embedded to accommodate the phase rotation caused by
the fractional Doppler and to learn the hyperparameters
in priors.

• The convolutional neural network (CNN) detector is
specifically designed to exploit the statistical information
provided by the proposed MP-based algorithm, thereby
enhancing symbol detection. Simulation results demon-
strate that our transmission scheme boosts system perfor-
mance, and our algorithms outperform existing methods
significantly.

The rest of this paper is organized as follows. Section
II introduces the transmission scheme and formulates the
problem. Section III proposes the MP-based algorithm for
JDICESD. Section IV design the CNN-enhanced detector.
Section V evaluates the performance of the proposed schemes,
followed by the conclusions in Section VI.

Notations: The superscripts (·)∗ and (·)H denote the con-
jugate and conjugated-transpose operations, respectively. The
boldface letters denote matrices or vectors. ̄ =

√
−1 denotes

the imaginary unit. diag(x) denotes the diagonal matrix with
the elements of x on the main diagonal, and vecd(X) returns
the main diagonal elements of a square matrix X. ‖X‖F
denotes the Frobenius norm of X. dxe denotes the smallest
integer that is not less than x. � is the Hadamard product
operator and ⊗ denotes Kronecker product. (·)M denotes mod
M , and 〈x〉N denotes

(
x+

⌊
N
2

⌋)
N
−
⌊
N
2

⌋
. The notation ,

is used for definitions. δ(·) denotes the Dirac delta function.
X[a, :] denotes the a-th row of X, wihle X[:, b] denotes the b-
th column of X. X[a, b] and xa,b denote the (a, b)-th element
of X. xa denotes the a-th element of x.

II. SYSTEM MODEL

Active device

Silent device 

TSL

x

y

z

O

Nz

Ny

… … 

…  

…
 

…  

…
 

…
 

…
 

0d
,i ud

Speed of light: c

Common delay: 
Differential delay of the u-th device: 

0 / =c d c

, , / = −i u i u cd c

Speed of light: c

Common delay: 
Differential delay of the u-th device: 

0 / =c d c

, , / = −i u i u cd c

Speed of light: c

Common delay: 
Differential delay of the u-th device: 

0 / =c d c

, , / = −i u i u cd c

z

u

a

u

Fig. 1. LEO satellite-enabled IoT network.

We consider a LEO satellite-enabled grant-free random
access system as illustrated in Fig. 1, where OTFS is adopted
to mitigate the doubly dispersive effect inherent in TSLs.
The system comprises U single-antenna terrestrial devices that
communicate with a LEO satellite equipped with a uniform
planar array (UPA) consisting of Na = Nz×Ny antennas and a
regenerative payload for on-board baseband signal processing.
During each time interval, active devices share the same time-
frequency resources to transmit their signals to the satellite.
Additionally, to minimize energy consumption, we assume
these terrestrial devices operate without GNSS capabilities and

do not precompensate for delay and Doppler shifts. Following
3GPP recommendations [19], [20], the satellite initially prec-
ompensates a common delay for all devices, and subsequently
handles the differential delay and Doppler shifts observed in
the uplink transmission.

A. Terrestrial-satellite Link Model

The TSLs will experience fast variations due to the high
mobility of the LEO satellite. Hence, this time variation and
multipath propagation require a doubly dispersive channel
model for accurate TSLs characterization. Then, the delay-
Doppler-space domain channel from the u-th device to the
(nz + nyNz)-th antenna at the satellite can be represented as
[18]

hnz,ny
u (τ, ν) =

P∑
i=1

hi,uδ (τ − τi,u) δ (ν − νi,u)

× e̄πnzΘz
ue̄πnyΘy

u . (1)

where u = 0, . . . , U − 1, nz = 0, . . . , Nz − 1, ny =
0, . . . , Ny − 1, and P is the number of physical paths. As
shown in Fig. 1, τi,u = τ̃i,u − τ c represents the differential
delay for the i-th path from the u-th device to the satellite,
where τ̃i,u and τ c are denoted as propagation delay and
common delay, respectively. The common delay corresponds
to the propagation time between the satellite and the closest
point on earth within the beam coverage [25]. Additionally,
the notations hi,u and νi,u are the path gain and Doppler shift
of the i-th path from u-th device to the satellite, respectively.
The directional cosines Θz

u = cosϑz
u and Θy

u = sinϑz
u sinϑa

u,
along the z-axis and y-axis, depend on the zenith angle ϑz

u

and azimuth angle ϑa
u, respectively.

Note that previous schemes based on the OTFS [28]–[35]
generally require the subcarrier spacing ∆f > 2νmax and
the symbol duration T > τmax with ∆f = 1/T , where
τmax = max{τi,u} and νmax = max{|νi,u|}. In other words,
these schemes are only suitable for the case that τmaxνmax < 1,
which may not be satisfied in our considered scenario. For
example, as computed in [25], the differential delay and
Doppler shift can be up to 698.62 µs and ±41 kHz for the
3GPP Set-2, resulting in τmaxνmax ≈ 28.64. As established
in Proposition 1, the effective channel in this case is the 3D
tensor at each antenna, which requires more observations to
facilitate the channel estimation. This limitation motivates the
development of our proposed transmission scheme.

B. Transmission Scheme

The spreading-based multi-frame OTFS transmission
scheme is proposed to handle the large differential delay and
Doppler shift. In this scheme, each device is assigned for an
unique spreading code and its transmitted data symbols are
spread into Q consecutive frames during once transmission,
where these frames are experienced OTFS modulation and
demodulation independently, and are collected for further joint
processing at the receiver. Specifically, in the q-th OTFS
frame, q = 0, . . . , Q − 1, the u-th device is assigned for
a spreading code Cu,q[k, l], k = d−N/2e, . . . , dN/2e − 1,
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l = 0, . . . ,M − 1, where M and N are the number of
subcarriers and OFDM symbols within one OTFS frame,
respectively. Then, the transmitted signal in the delay-Doppler
domain is given by XDD

u,q[k, l] = Cu,q[k, l]t
d
u[l], where tdu[l]

represents the data symbol selected from a predefined alphabet
A = {a1, . . . , a|A|} with cardinality |A|. Through the inverse
symplectic finite Fourier transform (ISFFT) [32], XDD

u,q[k, l] is
mapped to XTF

u,q[n,m] in the time-frequnecy domain given by

XTF
u,q[n,m] =

1√
MN

dN/2e−1∑
k=d−N/2e

M−1∑
l=0

XDD
u,q [k, l]e−̄2π(ml

M −
nk
N ),

(2)

where k = d−N/2e, . . . , dN/2e − 1, l = 0, . . . ,M − 1. Next,
the OFDM modulator converts XTF

u,q[n,m] to a continuous
signal su(t) using a transmit waveform gtx(t) as

su(t) =

Q−1∑
q=0

M−1∑
m=0

N−1∑
n=0

XTF
u,q [n,m]e̄2πm∆f(t−Tcp−(n+qN)Tsym)

× gtx (t− (n+ qN)Tsym) , (3)

where Tcp is the time duration of the cyclic prefix (CP), and
Tsym = T +Tcp is the time duration of a OFDM symbol with
CP. Then, the signal su(t) is transmitted over the TSL defined
in (1), and the received signal at the (nz +Nzny)-th antenna
is given by

rnz,ny
u (t) =

∫∫
hnz,ny
u (τ, ν)su(t− τ)ej2πν(t−τ)dτdν, (4)

where the noise is omitted to simplify notation. The received
symbol Y TFS,q

nz,ny,u[n,m] in the time-frequency-space domain are
sampled from the cross-ambiguity function Anz,ny,u

grx,r (t, f) as

Y TFS,q
nz,ny,u[n,m] = Anz,ny,u

grx,r (t, f)
∣∣
t=(n+qN)Tsym,f=m∆f

, (5)

where grx(t) is denoted as the received waveform and
A
nz,ny,u
grx,r (t, f) =

∫
g∗rx (t′ − t) rnz,ny

u (t′) e−̄2πf(t
′−Tcp−t)dt′.

Finally, the symplectic finite Fourier transform (SFFT) [32]
maps the symbols into the delay-Doppler-space domain as

Y DDS,q
nz,ny,u[k, l] =

1√
NM

N−1∑
n=0

M−1∑
m=0

Y TFS,q
nz,ny,u[n,m]

× e̄2π(ml
M −

nk
N ). (6)

We denote the delay and Doppler taps for the i-th path of the
u-th device as follows

τi,u =
li,u + bi,uM

M∆f
, νi,u =

ki,u + k̃i,u + di,uN

NTsym
, (7)

where li,u = 0, . . . ,M−1 and ki,u = d−N/2e, . . . , dN/2e−1
represent the indexes of the delay and Doppler tap, respec-
tively. bi,u and di,u are the integers accounting for the parts be-
yond T and ∆f , respectively. k̃i,u ∈ (− 1

2 ,
1
2 ] is the fractional

Doppler shift. In addition, we denote the delay tap index set
as Lu = [l1,u, . . . , lP,u]. The fractional delay is not considered
here since the resolution of the sampling time is sufficient to
approximate the path delays to the nearest sampling points
in typical wide-band systems [35]. Based on (1)-(7), we can

derive the input-output relationship of the system, as given in
the following proposition.

Proposition 1: Given Tcp ≥ τmax and rectangular waveform
gtx(t) and grx(t), the input-output relationship in the delay-
Doppler-space domain of this spreading-based multi-frame
OTFS transmission scheme is represented as

Y DDS,q
nz,ny,u[k, l] =

M−1∑
l′=0

dN/2e−1∑
k′=d−N/2e

HDDS
nz,ny,u [k′, l′, l] tdu [(l − l′)M ]

× φu,q[l′]Cu,q [〈k − k′〉N , (l − l
′)M ] , (8)

where

HDDS
nz,ny,u [k′, l′, l] =

1√
N

P∑
i=1

hi,ue
̄2πνi,ulTse̄πnzΘz

ue̄πnyΘy
u

×ΠN (k′ −NTsymνi,u)δ (l′Ts − (τi,u)T ) , (9)

φu,q[l
′] =

{
e̄2πk̃i,uq, l′ ∈ Lu, l′ = li,u

0, l′ /∈ Lu
, (10)

ΠN (x) , 1√
N

∑N−1
i=0 e−̄2π

x
N i, Ts = 1

M∆f is the sampling
interval, and li,u is selected from Lu.

Proof : Please see Appendix A. �

Note that the relationship (8) aligns with those in [30],
[35] when adopting a single-frame OTFS transmission with
replacing Cu,q[k, l]t

d
u[l] for XDD

u,q[k, l], provided ∆f > 2νmax
and T > τmax. It is observed in (9) that the effective channel
HDDS
nz,ny,u [k′, l′, l] from the u-th device to the (nz + nyNz)-

th antenna is represented as a 3D tensor related to l, which
is the received symbol position along the delay dimension.
However, the condition τmaxνmax > 1 precludes simplifications
via methods similar to those in [34], [35], which poses the
significant challenges to the conventional pilot-based single
OTFS frame transmission scheme [28]–[35], particularly in
achieving accurate channel estimation and symbol detection.
Fortunately, HDDS

nz,ny,u [k′, l′, l] remains approximately constant
over Q consecutive frames, benefited by the quasi-static prop-
erty of (1) in the delay-Doppler domain. This characteristic
allows the proposed scheme to gather more observations,
thereby facilitating the joint design of channel estimation
and symbol detection. Furthermore, the phase rotation φu,q[l′]
caused by fractional Doppler accumulates across multiple
frames and will be addressed carefully in our algorithm design.

To exploit the sparsity in the angular domain, the two-
dimensional discrete Fourier transform is applied along the
space dimension to obtain the input-output relationship in the
delay-Doppler-angle domain as

Y DDA,q
az,ay,u[k, l]

=
1√
NzNy

Nz−1∑
nz=0

Ny−1∑
ny=0

Y DDS,q
nz,ny,u[k, l]e

−̄2π( aznz
Nz

+
ayny
Ny

)

=

M−1∑
l′=0

dN/2e−1∑
k′=d−N/2e

HDDA
az,ay,u [k′, l′, l] tdu [(l − l′)M ]

× φu,q[l′]Cu,q [〈k − k′〉N , (l − l
′)M ] , (11)

where HDDA
az,ay,u[k′, l′, l] represents the effective channel in the
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delay-Doppler-angle domain given by

HDDA
az,ay,u [k′, l′, l] =

1√
N

P∑
i=1

hi,ue
̄2πνi,ulTsδ (l′Ts − (τi,u)T ) ΠN (k′ −NTsymνi,u)

×ΠNz
(az −NzΘz

u/2)ΠNy
(ay −NyΘy

u/2), (12)

where ay = 0, . . . , Ny − 1 and az = 0, . . . , Nz − 1 are
indexes along the angular domain. Therefore, we can find
in (12) that HDDA

az,ay,u [k′, l′, l] has dominant elements only if
k′ ≈ NTsymνi,u − bi,uN , l′ ≈ (τi,u)TM∆f , ay ≈ NyΘy

u/2,
and az ≈ NzΘ

z
u/2, which indicates the channel sparsity in

the delay-Doppler-angle domain.

C. Problem Formulation

According to the superposition principle, the q-th received
frame in the delay-Doppler-angle domain is given by

Y DDA
az,ay,q[k, l] =

U−1∑
u=0

λuY
DDA,q
az,ay,u[k, l] + ZDDA

az,ay,q[k, l], (13)

where λu ∈ {0, 1} is the activity indicator of the u-th device
with the device activity pλ and ZDDA

az,ay,q[k, l] ∼ CN (0, σ2) is
the noise. To facilitate the following analysis, we rewrite (13)
into the matrix form for each q and l as

Yl
q = Cl

q(Φq ⊗ IN )(Tl ⊗ IN )(Λ⊗ IMN )H̃l + Zlq, (14)

where Yl
q and Zlq are with the (k, az + Nzay)-th ele-

ment Y DDA
az,ay,q[k, l] and ZDDA

az,ay,q[k, l], respectively. Cl
q =

[Cl
0,q, . . . ,C

l
U−1,q], where Cl

u,q ∈ CN×MN is the spreading
code matrix of the u-th device at the delay dimension l; Cl

u,q

is a block circulant matrix due to the 2D circular convolution
in (11), and its sub-matrix is the circulant matrix defined by
[Cu,q[0, (l− l′)M ], Cu,q[1, (l− l′)M ], . . . , Cu,q[−1, (l− l′)M ]].
Φq = diag{φq}, where φq ∈ CUM with the (uM + l′)-
th element φu,q[l′], and IN ∈ RN×N is the identity matrix.
Tl = diag([tl0, . . . , t

l
U−1]), where tlu = [tdu[(l)M ], . . . , tdu[(l−

M + 1)M ]]. Λ = diag(λ), where λ = [λ0, · · · , λU−1].
H̃l ∈ CUMN×Na is with the (uMN + l′N + k′, az +Nzay)-
th element HDDA

az,ay,u [k′, l′, l]. Next, we collect the Q received
frames into a single matrix as

Yl = Cφ,l(Tl ⊗ IN )Hl + Zl, (15)

where Yl =
[
(Yl

0)T, . . . , (Yl
Q−1)T

]T
, Hl = (Λ ⊗ IMN )H̃l,

Cφ,l =
[
(Cl

0(Φ0 ⊗ IN ))T, . . . , (Cl
Q−1(ΦQ−1 ⊗ IN ))T

]T
.

Compared to the single OTFS frame transmission scheme,
Cφ,l with undersampling ratio Q

UM allows for more obser-
vations to enhance the algorithm performance. We aim to
estimate (H, t) through the maximum a posterior probability
(MAP) principle given as

(Ĥ, t̂) = arg max
(H,t)

p(H, t | Y), (16)

where Y = [Y0, . . . ,YM−1], H = [H0, . . . ,HM−1], t =
[t0, . . . , tU−1], and tu = [tdu[0], . . . , tdu[M − 1]].

Problem (16) is generally non-convex and difficult to solve.
MP algorithms could provide possible solutions. However,

the sensing matrix Cφ,l is underdetermined due to the phase
rotation caused by the fractional Doppler, and the variables
to be estimated in (16) are all coupled together to form a
bilinear function. Hence, the exact MP based on the sum-
product rule is difficult to implement and the existing low
complexity AMP-type algorithms cannot be applied directly.
To address this issue, we are developing an iterative algorithm
with a carefully designed receiver structure and sophisticated
message updates. Additionally, the phase ambiguity problem
[16] inevitably arise in (16) since both channel and data
symbols are unknown in the receiver. Common methods for
combating this problem include differential coding or asym-
metric constellation [36]. In this work, we assume that the
asymmetric constellation is adopted by terrestrial devices. The
coding-related technique is worth investigating in the future
work.

III. JDICESD ALGORITHM

In this section, we resort to Bayesian method for designing
JDICESD algorithm, where the receiver structure is divided
into three modules and the soft information is exchanged
iteratively among them by careful scheduling. In addition, EM
algorithm is embedded to adjust the phase rotation caused by
fractional Doppler and to learn hyperparameters in priors.

0
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e

S t
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f
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1M −

g1M −
H1M −

e

.
.
. l

.
..

.
..

.
..

.
.
.

.
.
.

.
..

.
..

.
..

3D sparsity exploitation

 (TSE)

Delay-wise device activity 

identification (DDAI)

Joint channel estimation and 

symbol detection (JCESD)

( )p S ( )p t

Fig. 2. Factor graph representation.

A. Factor Graph Representation

Firstly, Hl is partitioned as sub-matrices Hl,u = Hl[uMN :
(u + 1)MN − 1, :] ∈ CMN×Na corresponding to the chan-
nel of the u-th device. Those sub-matrices are further split
as Hl,u,l′ = Hl,u[l′N : (l′ + 1)N − 1, :] ∈ CN×Na,
l′ = 0, . . . ,M − 1, which is the channel of the l′-th grid
in the delay dimension of the u-th device. We denote the
(i, j)-th element of Hl,u,l′ as hl,u,l

′

i,j , i = 0, · · · , N − 1,
j = 0, · · · , Na − 1. Then, K-components Bernoulli-Gaussian-
mixture (BGM) distribution is assigned for modeling hl,u,l

′

i,j ,
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which is a general and accurate distribution for the practical
scenarios with the antenna array [37], i.e,

p(hl,u,l
′

i,j | sl,u,l
′

i,j ) = δ(sl,u,l
′

i,j + 1)δ(hl,u,l
′

i,j )+

δ(sl,u,l
′

i,j − 1)

K∑
k=1

ωukCN (hl,u,l
′

i,j | µuk , ηuk ), (17)

where K and (ωuk , µ
u
k , η

u
k ) are the number of components and

parameters of BGM, respectively, and sl,u,l
′

i,j ∈ {+1,−1} is
the support of hl,u,l

′

i,j . According to (12), the matrices {Hl,u,l′}
share the common support for each l, and hence we can let
su,l

′

i,j = sl,u,l
′

i,j . In addition, the channel sparsity in the delay-
Doppler-angle domain turns into the 2D block sparsity in
the matrix Hl,u,l′ . Then, we adopt the Markov random field
(MRF) prior to describe the sparsity of Hl,u,l′ , and the support
can be characterized by the classic Ising model as

p(Su,l
′
) ∝ exp

N−1∑
i=0

Na−1∑
j=0

1

2

∑
su,l′
i′,j′∈D

u,l′
i,j

βsu,l
′

i′,j′ − α

 su,l
′

i,j


=

∏
i,j

∏
si′,j′∈Di,j

ψ(su,l
′

i,j , s
u,l′

i′,j′)

 1
2 ∏
i,j

γ(su,l
′

i,j ), (18)

where ψ(su,l
′

i,j , s
u,l′

i′,j′) = exp(βsu,l
′

i,j s
u,l′

i′,j′), γ(su,l
′

i,j ) =

exp(−αsu,l
′

i,j ), Su,l
′

is a support matrix with (i, j)-th element
su,l

′

i,j , Du,l
′

i,j = {su,l
′

i−1,j , s
u,l′

i+1,j , s
u,l′

i,j−1, s
u,l′

i,j+1} is the set contain-
ing the neighbors of su,l

′

i,j , and α and β are the parameters of
MRF prior; a larger β implies a larger size of each block
of nonzeros, and a larger α encourages a sparser Hl,u,l′ .
To facilitate the algorithm design, we introduce the auxiliary
variables

Wl = (Tl ⊗ IN )Hl, Rl = Cφ,lWl. (19)

The similar splitting method can be adopted to get Wl,u,
Wl,u,l′ , and wl,u,l

′

i,j . We define W = [W0, . . . ,WM−1]

and S = [S0,0, . . . ,SU−1,M−1]. Then, the joint posterior
distribution is given by

p(W,H, t,S | Y)

∝
∏
l

p(Yl |Wl)p(Wl | Hl, t)p(t)p(Hl | S)p(S)

∝
∏
l

{
∏
o,j

p(ylo,j |rlo,j)
∏

u,l′,i,j

[p(wl,u,l
′

i,j |h
l,u,l′

i,j , t(l−l′)M+uM ))

p(hl,u,l
′

i,j | su,l
′

i,j )]}
∏
u,l

p(tl+uM ))
∏
u,l′

p(Su,l
′
), (20)

where p(wl,u,l
′

i,j |h
l,u,l′

i,j , t(l−l′)M+uM ) = δ(wl,u,l
′

i,j −
hl,u,l

′

i,j t(l−l′)M+uM ) according to the equality constraint and
p(ylo,j |rlo,j) = CN (ylo,j |rlo,j , σ2) due to the Gaussian noise. In
addition, we assign the uniform distribution for the transmitted
data symbols, i.e., p(tl+uM ) = 1

|A|
∑|A|
m=1 δ(tl+uM − am).

The factor graph representation of (20) is shown in Fig.
2, where the factor nodes el with element el,u,l

′

i,j , gl with
element gl,u,l

′

i,j , and f l with element f lo,j correspond to the

distributions p(hl,u,l
′

i,j | sl,u,l
′

i,j ), p(wl,u,l
′

i,j |h
l,u,l′

i,j , t(l−l′)M+uM ),
and p(ylo,j |rlo,j), respectively. As shown in Fig. 2, we divide
the whole receiver structure into three modules: DDAI
module for the linear signal model in (15), adopts the GAMP
to estimate Wl parallel along the received delay dimension
l, which is utilized to identify active devices. Simultaneously,
it eliminates the inter-user interference in the delay-Doppler
domain. JCESD module handles the non-linear constraint
p(Wl | Hl, t), which takes the soft messages from DDAI
module and refined messages from TSE module as input, and
then jointly performs channel estimation and signal detection.
TSE module for the MRF prior, accounts for the messages
generated by JCESD module and exploits the 3D sparsity in
H. Then, the refined messages will be fed back to JCESD
module. The messages are passed among the three modules
iteratively until convergence. Finally, the active devices can
be identified by the energy detector, i.e.,

λ̂u = I

{
M−1∑
l=0

‖Wl,u‖2F> T

}
, (21)

where I{·} is the indicator function and T is the empirical
predefined threshold.

B. Message Scheduling

In this subsection, we assume that the phase rotation caused
by fractional Doppler, the noise variance, and the parameters
of BGM are known, which will be updated later. In addition,
∆x
x′ and ∆x′

x are denoted as the message passed from node x
to x′ and x′ to x, respectively. Now, we describe how the
messages iterate among the three modules to get the final
estimation. Firstly, the DDAI module aims to estimate Wl

in the linear model, and hence the output message can be
approximated by the GAMP [38], given as

∆
wl,u,l′

i,j

gl,u,l′
i,j

= CN (wl,u,l
′

i,j | r̂w
l,u,l′

i,j , τw
l,u,l′

i,j ), (22)

where the mean r̂w
l,u,l′

i,j and the variance τw
l,u,l′

i,j are updated
iteratively by GAMP (see line 9 and 10 of Algorithm 1).
Next, we focus on the messages scheduling of the JCESD and
the TSE module. Combined with the output of DDAI module
and the message from variable node t to check node gl, the
message from gl to Hl will be a BGM distribution, given as

∆
gl,u,l′
i,j

hl,u,l′
i,j

∝
∫
∼hl,u,l′

i,j

∆
t(l−l′)M+uM

gl,u,l′
i,j

∆
wl,u,l′

i,j

gl,u,l′
i,j

×

δ(wl,u,l
′

i,j − hl,u,l
′

i,j t(l−l′)M+uM )

=

|A|∑
m=1

←−p l,u,l
′

m,i,jCN (hl,u,l
′

i,j am | r̂w
l,u,l′

i,j , τw
l,u,l′

i,j ), (23)

where ∆
t(l−l′)M+uM

gl,u,l′
i,j

=
∑|A|
m=1
←−p l,u,l

′

m,i,jδ(t(l−l′)M+uM − am)

is initialized as the uniform distribution over A and updated
later. Then, combined with the conditional PDF of hl,u,l

′

i,j in
(17), the message from check node el to variable node Su,l

′
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is the Bernoulli distribution, given as

∆
el,u,l′
i,j

su,l′
i,j

∝
∫
∼su,l′

i,j

p
(
hl,u,l

′

i,j | su,l
′

i,j

)
∆
gl,u,l′
i,j

hl,u,l′
i,j

(hl,u,l
′

i,j )

= ρl,u,l
′

i,j δ
(
su,l

′

i,j − 1
)

+ (1− ρl,u,l
′

i,j )δ
(
su,l

′

i,j + 1
)
, (24)

where ρl,u,l
′

i,j =
ρAl,u,l′

i,j

CN (0|r̂wl,u,l′
i,j ,τwl,u,l′

i,j )+ρAl,u,l′
i,j

, and the auxiliary

variable ρAl,u,l′

i,j is defined as

ρAl,u,l′

i,j =

K∑
k=1

|A|∑
m=1

ωuk
←−p l,u,l

′

m,i,j×

CN
(

0 | r̂w
l,u,l′

i,j − µukam, τw
l,u,l′

i,j + ηuk |am|
2
)
. (25)

With the inputs ∆
el,u,l′
i,j

su,l′
i,j

(su,l
′

i,j ), we are now ready to describe

the messages involved in the TSE module. To clearly char-
acterize the relative position, the left, right, top, and bottom
neighbors of su,l

′

i,j are reindexed by {su,l
′

i,jL
, su,l

′

i,jR
, su,l

′

i,jT
, su,l

′

i,jB
}

corresponding to Du,l
′

i,j . The left, right, top, and bottom input

messages of su,l
′

i,j , denoted as ΩLu,l′

i,j , ΩRu,l′

i,j ,ΩTu,l′

i,j , and ΩBu,l′

i,j ,

are Bernoulli distributions. ΩLu,l′

i,j is given by

ΩLu,l′

i,j ∝∫
∼su,l′

i,j

M−1∏
l=0

∆
el,u,l′
i,j

su,l′
i,j

(su,l
′

i,j )
∏

p∈{L,T,B}

Ωp
u,l′

i,jL
γ(su,l

′

i,jL
)ψ(su,l

′

i,j , s
u,l′

i,jL
)

= ξLu,l′

i,j δ
(
su,l

′

i,j − 1
)

+ (1− ξLu,l′

i,j )δ
(
su,l

′

i,j + 1
)
, (26)

where ξLu,l′

i,j is given in (26). The input messages of su,l
′

i,j from

right, top, and bottom have a similar form to ΩLu,l′

i,j . Then, the
output message from su,l

′

i,j is given by

∆
su,l′
i,j

el,u,l′
i,j

∝ γ(su,l
′

i,j )
∏
l̂ 6=l

∆
el,u,l′
i,j

su,l′
i,j

∏
p∈{L,R,T,B}

Ωp
u,l′

i,j

= ζl,u,l
′

i,j δ
(
su,l

′

i,j − 1
)

+ (1− ζl,u,l
′

i,j )δ
(
su,l

′

i,j + 1
)
, (27)

where ζl,u,l
′

i,j is given in (28). The refined messages of Hl after
exploiting sparsity will be fed back to the JCESD module,
given as

∆
el,u,l′
i,j

hl,u,l′
i,j

∝
∫
su,l′
i,j

∆
su,l′
i,j

el,u,l′
i,j

p(hl,u,l
′

i,j | su,l
′

i,j )

= (1− ζl,u,l
′

i,j )δ(hl,u,l
′

i,j ) + ζl,u,l
′

i,j

K∑
k=1

ωukCN
(
hl,u,l

′

i,j | µuk , ηuk
)
,

(29)

Since ∆
el,u,l′
i,j

hl,u,l′
i,j

= ∆
hl,u,l′
i,j

gl,u,l′
i,j

, the messages from g to t is given

by

∆
gl,u,l′
i,j

t(l−l′)M+uM
∝

∫
hl,u,l′
i,j ,wl,u,l′

i,j

∆
hl,u,l′
i,j

gl,u,l′
i,j

∆
wl,u,l′

i,j

gl,u,l′
i,j

δ(wl,u,l
′

i,j − hl,u,l
′

i,j t(l−l′)M+uM )

=

|A|∑
m=1

−→p l,u,l
′

m,i,jδ(t(l−l′)M+uM − am), (30)

where −→p l,u,l
′

m,i,j is given as

−→p l,u,l
′

m,i,j ∝ (1− ζl,u,l
′

i,j )CN
(

0 | r̂w
l,u,l′

i,j , τw
l,u,l′

i,j

)
+

ζl,u,l
′

i,j

K∑
k=1

ωukCN
(

0 | r̂w
l,u,l′

i,j − µukam, τw
l,u,l′

i,j + ηuk |am|
2
)
.

Combined with the input messages to t(l−l′)M+uM , the output
message from t(l−l′)M+uM is given by

∆
t(l−l′)M+uM

gl,u,l′
i,j

∝ (
∏

0≤b<(l−l′)M
b 6=l

N−1∏
i′=0

Na−1∏
j′=0

∆
g
b,u,b+M−(l−l′)M
i′,j′
t(l−l′)M+uM

)

× (
∏

(l−l′)M≤b<M
b 6=l

N−1∏
i′=0

Na−1∏
j′=0

∆
g
b,u,b−(l−l′)M
i′,j′
t(l−l′)M+uM

)

× (
∏
i′ 6=i

Na−1∏
j′=0

∆
gl,u,l′

i′,j′
t(l−l′)M+uM

)(
∏
j′ 6=j

∆
gl,u,l′

i,j′
t(l−l′)M+uM

)

=

|A|∑
m=1

←−p l,u,l
′

m,i,jδ(t(l−l′)M+uM − am). (31)

Then, ←−p l,u,l
′

m,i,j can be updated by

←−p l,u,l
′

m,i,j =
1

F l,u,l
′

i,j

(
∏

0≤b<(l−l′)M
b 6=l

N−1∏
i′=0

Na−1∏
j′=0

−→p b,u,b+M−(l−l′)M
m,i′,j′ )

× (
∏

(l−l′)M≤b≤M
b 6=l

N−1∏
i′=0

Na−1∏
j′=0

−→p b,u,b−(l−l′)M
m,i′,j′ )

× (
∏
i′ 6=i

Na−1∏
j′=0

−→p l,u,l
′

m,i′,j′)(
∏
j′ 6=j

−→p l,u,l
′

m,i,j′) (32)

where F l,u,l
′

i,j is the normalization constant such that∑|A|
m=1
←−p l,u,l

′

m,i,j = 1. Next, given ∆
hl,u,l′
i,j

gl,u,l′
i,j

and ∆
t(l−l′)M+uM

gl,u,l′
i,j

,

the message of feedback from JCESD module to DDAI is the
BGM distribution, given by

∆
gl,u,l′
i,j

wl,u,l′
i,j

∝∫
∼wl,u,l′

i,j

δ(wl,u,l
′

i,j − hl,u,l
′

i,j t(l−l′)M+uM )∆
hl,u,l′
i,j

gl,u,l′
i,j

∆
t(l−l′)M+uM

gl,u,l′
i,j

= (1− ζl,u,l
′

i,j )δ(wl,u,l
′

i,j ) + ζl,u,l
′

i,j ×
K∑
k=1

|A|∑
m=1

ωuk
←−p l,u,l

′

m,i,jCN
(
wl,u,l

′

i,j | µukam, ηuk |am|
2
)
, (33)
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ξLu,l′

i,j =
e−α+β

∏M−1
l=0 ηl,u,l

′

i,jL

∏
p∈{L,T,B} ξ

pu,l′

i,jL
+ eα−β

∏M−1
l=0 (1− ηl,u,l

′

i,jL
)
∏
p∈{L,T,B}(1− ξ

pu,l′

i,jL
)

(eβ + e−β)
(
e−α

∏M−1
l=0 ηl,u,l

′

i,jL

∏
p∈{L,T,B} ξ

pu,l′

i,jL
+ eα

∏M−1
l=0 (1− ηl,u,l′i,jL

)
∏
p∈{L,T,B}(1− ξ

pu,l′

i,jL
)
) (26)

ζl,u,l
′

i,j =
e−α

∏
l̂ 6=l η

l̂,u,l′

i,j

∏
p∈{L,R,T,B} ξ

pu,l′

i,j

e−α
∏
l̂ 6=l η

l̂,u,l′

i,j

∏
p∈{L,R,T,B} ξ

pu,l′

i,j + eα
∏
l̂ 6=l(1− η

l̂,u,l′

i,j )
∏
p∈{L,R,T,B}(1− ξ

pu,l′

i,j )
(28)

Now, the posterior distribution of wl,u,l
′

i,j is approximated as
a BGM distribution by combing all the input messages to it,
given by

∆
wl,u,l′

i,j

∝ ∆
gl,u,l′
i,j

wl,u,l′
i,j

∆
wl,u,l′

i,j

gl,u,l′
i,j

= (1− χl,u,l
′

i,j )δ(wl,u,l
′

i,j ) + χl,u,l
′

i,j

×
K∑
k=1

|A|∑
m=1

ω̄l,u,l
′

k,m,i,jCN (wl,u,l
′

i,j | θ̄l,u,l
′

k,m,i,j , ϕ̄
l,u,l′

k,m,i,j), (34)

where

χl,u,l
′

i,j =
ζl,u,l

′

i,j ρAl,u,l′

i,j

(1− ζl,u,l′i,j )CN (0 | r̂wl,u,l′

i,j , τw
l,u,l′

i,j ) + ζl,u,l
′

i,j ρAl,u,l′

i,j

ω̄l,u,l
′

k,m,i,j =
ωuk
←−p l,u,l

′

m,i,jCN
(
r̂w

l,u,l′

i,j | µukam, τw
l,u,l′

i,j + ηuk |am|
2
)

ρAl,u,l′

i,j

ϕ̄l,u,l
′

k,m,i,j = (
1

ηuk |am|
2 +

1

τw
l,u,l′

i,j

)−1

θ̄l,u,l
′

k,m,i,j = ϕ̄l,u,l
′

k,m,i,j(
µuk
ηuka
∗
m

+
r̂w

l,u,l′

i,j

τw
l,u,l′

i,j

). (35)

The mean and variance with respect to (34) are given as

ŵl,u,l
′

i,j = χl,u,l
′

i,j

K∑
k=1

|A|∑
m=1

ω̄l,u,l
′

k,m,i,j θ̄
l,u,l′

k,m,i,j , (36)

τ̂w
l,u,l′

i,j = τ̄w
l,u,l′

i,j −
∣∣∣ŵl,u,l′i,j

∣∣∣2 , (37)

where τ̄w
l,u,l′

i,j = χl,u,l
′

i,j

∑K
k=1

∑|A|
m=1 ω̄

l,u,l′

k,m,i,j(
∣∣∣θ̄l,u,l′k,m,i,j

∣∣∣2 +

ϕ̄l,u,l
′

k,m,i,j). Similarly, the posterior distribution of hl,u,l
′

i,j is also
approximated as a BGM distribution, given by

∆
hl,u,l′
i,j

= (1− χl,u,l
′

i,j )δ(hl,u,l
′

i,j ) + χl,u,l
′

i,j ×

K∑
k=1

|A|∑
m=1

ω̄l,u,l
′

k,m,i,jCN (wl,u,l
′

i,j | θl,u,l
′

k,m,i,j , ϕ
l,u,l′

k,m,i,j), (38)

where

ϕl,u,l
′

k,m,i,j = (
1

ηuk
+
|am|2

τw
l,u,l′

i,j

)−1, (39)

θl,u,l
′

k,m,i,j = ϕl,u,l
′

k,m,i,j(
µuk
ηuk

+
r̂w

l,u,l′

i,j a∗m

τw
l,u,l′

i,j

). (40)

Then, the mean and variance with respect to (38) are given as

ĥl,u,l
′

i,j = χl,u,l
′

i,j

K∑
k=1

|A|∑
m=1

ω̄l,u,l
′

k,m,i,jθ
l,u,l′

k,m,i,j , (41)

τ̂h
l,u,l′

i,j = τ̄h
l,u,l′

i,j −
∣∣∣ĥl,u,l′i,j

∣∣∣2 , (42)

where τ̄h
l,u,l′

i,j = χl,u,l
′

i,j

∑K
k=1

∑|A|
m=1 ω̄

l,u,l′

k,m,i,j(
∣∣∣θl,u,l′k,m,i,j

∣∣∣2 +

ϕl,u,l
′

k,m,i,j). After the algorithm convergence, the estimation of
hl,u,l

′

i,j is given by (41). In addition, the approximated posterior
distribution of data symbols is given by

∆t(l−l′)M+uM
=

|A|∑
m=1

pl,u,l
′

m δ(t(l−l′)M+uM − am) (43)

where

pl,u,l
′

m ∝ −→p l,u,l
′

m,i,j
←−p l,u,l

′

m,i,j . (44)

Based on (43), we perform the symbol-by-symbol MAP esti-
mation for data symbols as

t̂(l−l′)M+uM = arg max
a∈A

∆t(l−l′)M+uM
(a). (45)

C. Learning Hyperparameters
EM algorithm is an iterative technique that increases a lower

bound on the likelihood at each iteration, thus guaranteeing
that the likelihood converges to a local maximum or at
least a saddle point [39]. Based on the previous approxi-
mated posterior distributions, the EM algorithm is adopted
to learn the phase rotation φ , {φq,∀q} and parameter
p̄ , {σ2, ωuk , µ

u
k , η

u
k ,∀u, k}. Firstly, we assign the i.i.d. Gaus-

sian distribution prior for the elements of φq , i.e., φu,q[l′] ∼
CN (0, 1), and treat W as the hidden variable. Then, the update
of φq in the (t+ 1)-th iteration is given by

φt+1
q = arg max

φq

EW[log p(W,Y,φq) | Y,φt] (46)

= arg min
φq

φH
qAqφq − 2<{bH

qφq} (47)

where

Aq = DT[
∑
l

(Cl
q)

HCl
q � (Vl

W)T]D + σ2IUM , (48)

bq = DTvecd(
∑
l

(Cl
q)

HYl
q(Ŵ

l)H), (49)

Vl
W = diag(

∑
j

Var[wl
j ]) + Ŵl(Ŵl)H, (50)

D = IUM ⊗ 1N , (51)
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wl
j is the j-th column of Wl, Var[wl

j ] is the posterior
variance of wl

j given in (37), and 1N ∈ RN is the all-one
vector. In addition, the optimization problem (47) is subject
to |φu,q[l′]| = 1. Although the gradient-based algorithm can
achieve a stationary point [40], it involves large computations.
Alternatively, we propose to adopt the following analytical
rule, i.e.,

φt+1
q = Proj(A−1

q bq), (52)

where the n-th element of Proj(x) is xn/|xn|. The motivation
behind (52) is that the optimal solution of (47), when not
constrained, is projected onto the unit circle in the complex
plane, ensuring that |φu,q[l′]| = 1. However, the matrix
inversion required by (52) typically entails substantial compu-
tational efforts, with a complexity of O(U3M3). Fortunately,
as observed in (10), φu,q[l′] is nonzero only in the presence
of a physical path corresponding to a delay of approximately
l′

M∆f . This sparsity can be exploited to truncate Aq and bq ,
thereby reducing the complexity involved in updating φq .
In practical scenarios, the exact number of active physical
paths pλUP , i.e., the number of nonzero elements in φq is
typically unknown. To address this, we retain P̄ (P̄ ≥ pλUP )
elements of φq , selecting those corresponding to the indices
of delay taps with the highest energies in W. Initially, we
calculate the energy of each delay tap as ι = {ιl′u | ιl

′

u =∑M−1
l=0 ‖Ŵl,u,l′‖2F,∀u, l′}. We then form the set E containing

the indices of the P̄ largest elements in ι. Using E , we select
elements from Aq and bq to construct Āq ∈ CP̄×P̄ and
b̄q ∈ CP̄ , respectively. We denote the selected sub-vector of
φq according to E as φ̄q , which can be updated as

φ̄t+1
q = Proj(Ā−1

q b̄q). (53)

Besides, the parameter p̄ is updated in the (t+ 1)-th iteration
as

p̄t+1 = arg max
p̄

ER,H[log p(R,H,Y | p̄) | Y, p̄t], (54)

where R = [R0, . . . ,RM−1]. By examining the first derivative
of the objective function with respect to the variables, the
updates of parameters can be derived as

(σ2)t+1 =
1

QMNNa

∑
l,o,j

∣∣ylo,j − r̂lo,j∣∣2 + τ r
l

o,j (55)

(µuk)t+1 =

∑
l,l′,i,j χ

l,u,l′

i,j

∑|A|
m=0 ω̄

l,u,l′

k,m,i,jθ
l,u,l′

k,m,i,j∑
l,l′,i,j χ

l,u,l′

i,j

∑|A|
m=0 ω̄

l,u,l′

k,m,i,j

(56)

(ηuk )t+1 =∑
l,l′,i,j χ

l,u,l′

i,j

∑|A|
m=0 ω̄

l,u,l′

k,m,i,j

(∣∣∣θl,u,l′k,m,i,j − µu
t

k

∣∣∣2 + ϕl,u,l
′

k,m,i,j

)
∑
l,l′,i,j χ

l,u,l′

i,j

∑|A|
m=0 ω̄

l,u,l′

k,m,i,j

(57)

(ωuk )t+1 =

∑
l,l′,i,j χ

l,u,l′

i,j

∑|A|
m=0 ω̄

l,u,l′

k,m,i,j∑
l,l′,i,j χ

l,u,l′

i,j

. (58)

where r̂lo,j and τ r
l

o,j are updated by GAMP (see line 5 and 6
of Algorithm 1).

Building upon the message expressions and EM up-
date rules, we propose the MRF-MP-GAMP algorithm for
JDICESD as summarized in Algorithm 1, where we denote
the index uMN + l′N + i as v. The lines 3-10 represent
the GAMP algorithm, which can be executed in parallel
for each l and j. lines 11-18 are expressions derived using
MP rules, and the lines 20 and 21 correspond to the EM
update. Proper initialization of the hyperparameters is crucial
for EM update which refers to [39], and the damping is
leveraged in the GAMP part to help the convergence of the
algorithm [38]. In addition, the complexity of the algorithm
is dominated by the matrix multiplication in GAMP, the
calculation for posterior probability of data symbols in MP,
and the EM update for phase rotation, which are in the order
of O(QUM2N2Na), O(|A|QM2NNa), and O(P̄ 3). Then,
the total complexity of the MRF-MP-GAMP algorithm is in
the order of O(QUM2N2Na + |A|QM2NNa + P̄ 3).

IV. CNN-ENHANCED DETECTOR

CNNs are widely being used in many DL applications due
to their remarkable ability to combine feature extraction and
detection tasks. In this section, we adopt CNNs to efficiently
exploit the statistical information provided by the MRF-MP-
GAMP algorithm, enhancing symbol detection performance.

A. CNN Framework

1) Preprocessing: We denote the estimated set of the active
devices as U = {u|λ̂u = 1, u = 0, · · · , U − 1}. According
to the equality constraint in (19), for each u ∈ U , a simple
data detection rule can be represented as t̂(l−l′)M+uM =

wl,u,l
′

i,j /hl,u,l
′

i,j given the perfect wl,u,l
′

i,j and hl,u,l
′

i,j . However,
the perfect channel information is hard to get directly in
the practical scenarios. Fortunately, the proposed MRF-MP-
GAMP algorithm can output the approximated MMSE esti-
mations ŵl,u,l

′

i,j and ĥl,u,l
′

i,j , and the corresponding estimation

uncertainty τ̂w
l,u,l′

i,j and τ̂h
l,u,l′

i,j . We expect that CNNs ex-
ploit this statistical information to learn an efficient detec-
tion rule. Specifically, we collect all the effective channel
elements related to the data symbol tl+uM into the 3D
tensor Ȟl,u ∈ CN×Na×M with Ȟl,u[:, :, l̂] = Ĥl̂,u,(l̂−l)M ,
l̂ = 0, · · · ,M − 1. Similarly, we can get W̌l,u, Ťl,u

w , and
Ťl,u
h , where W̌l,u[:, :, l̂] = Ŵl̂,u,(l̂−l)M , Ťl,u

w [:, :, l̂] is with
the (i, j)-th element τ̂w

l̂,u,(l̂−l)M

i,j , and Ťl,u
h [:, :, l̂] is with the

(i, j)-th element τ̂h
l̂,u,(l̂−l)M

i,j . Then, we stack the four tensors
along the last dimension to get the input of the CNN as
Ǐl,uc = [[W̌l,u], [Ťl,u

w ], [Ȟl,u], [Ťl,u
h ]] ∈ CN×Na×4M .

2) Training phase: Given the input Ǐl,uc , the CNN f(Ǐl,uc ;%)
with the weight % aims to estimate the posterior distribution
pl,ut (tl+uM ) =

∑|A|
m=1 p̂

l,u
tmδ(tl+uM − am). By collecting p̂l,utm

into a vector p̂l,ut , we have

p̂l,ut = f(Ǐl,uc ;%). (59)

For our detection problem, the cross-entropy is adopted as the
loss function L(pl,ut , f(Ǐl,uc ;%)), where pl,ut = [I{tl+uM =
a1}, · · · , I{tl+uM = a|A|}] is the one-hot encoding for tl+uM .
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Algorithm 1 MRF-MP-GAMP

Input: Received signals Y, spreading code matrix Cl, ∀l;
the maximum number of iterations Iout and Imrf, and the
termination threshold Tout

Output: The estimated activity indicator λ̂, effective channel
Ĥ, and data symbols t̂.

1: Initialization: ∀u, l′, i, j: Initialize ξLu,l′

i,j = ξRu,l′

i,j =

ξTu,l′

i,j = ξBu,l′

i,j = 0.5; ∀l, o, j: Initialize ĝlo,j = 0; ∀l:
Initialize Cφ,l = Cl; ∀l, v, j: choose τ̂w

l

v,j , ŵ
l
v,j , and p̄.

2: for tI = 1 to Iout do
3: ∀l, o, j: τp

l

o,j =
∑
v

∣∣cφ,lo,v∣∣2 τ̂wl

v,j

4: ∀l, o, j: p̂lo,j =
∑
v c

φ,l
o,vŵ

l
v,j − τ

pl

o,j ĝ
l
o,j .

5: ∀l, o, j,: τ rlo,j = τp
l

o,jσ
2/(τp

l

o,j + σ2)

6: ∀l, o, j,: r̂lo,j = (τp
l

o,jy
l
o,j + σ2p̂lo,j)/(τ

pl

o,j + σ2)

7: ∀l, o, j,: τg
l

o,j = (τp
l

o,j − τ r
l

o,j)/(τ
pl

o,j)
2

8: ∀l, o, j,: ĝlo,j = (r̂lo,j − p̂lo,j)/τ
pl

o,j

9: ∀l, v, j: τwl

v,j = (
∑
o

∣∣cφ,lo,v∣∣2 τglo,j)−1

10: ∀l, v, j: r̂wl

v,j = ŵlv,j + τw
l

v,j

∑
o c
φ,l∗

o,v ĝ
l
o,j

11: ∀l, u, l′, i, j: Compute ρl,u,l
′

i,j via (24)
12: for tmrf = 1 to Imrf do
13: ∀u, l′, i, j: Update ξLu,l′

i,j , ξRu,l′

i,j , ξTu,l′

i,j , ξBu,l′

i,j via (26)
14: end for
15: ∀l, u, l′, i, j,: Update ζl,u,l

′

i,j via (28)

16: ∀l, u, l′, i, j,m: Update−→p l,u,l
′

m,i,j and←−p l,u,l
′

m,i,j via (30) and
(32)

17: ∀l, u, l′, i, j,m: Compute χl,u,l
′

i,j , ω̄l,u,l
′

k,m,i,j , ϕ̄
l,u,l′

k,m,i,j , and
θ̄l,u,l

′

k,m,i,j via (35)

18: ∀l, u, l′, i, j: Update ŵl,u,l
′

i,j , τ̂w
l,u,l′

i,j , and ĥl,u,l
′

i,j (tI + 1)
via (36), (37), and (41)

19: if
∑
l

∥∥∥Ĥl(tI + 1)− Ĥl(tI)
∥∥∥2

F
≤ Tout

∑
l

∥∥∥Ĥl(tI)
∥∥∥2

F
:

break end if
20: ∀q: Update φ̄q via (53)
21: Update p̄ via (55)-(58)
22: ∀l: Reconstruct Cφ,l via (15)
23: end for
24: ∀u: Compute λ̂u via (21)
25: ∀l, l′, u: Compute t̂(l−l′)M+uM via (45)

Then, by minimizing the average error, the CNN weight can
be optimized as follows:

%∗ = arg min
%

E[
∑
l,u

L(pl,ut , f(Ǐl,uc ;%))] (60)

where the expectation is calculated over a batch of samples.

3) Testing phase: Similar with (45), based on pl,ut (tl+uM ),
the MAP rule is adopted for detecting tl+uM after the offline
training phase, i.e.,

t̂l+uM = arg max
a∈A

pl,ut (a). (61)

Then, the estimated effective channel can be refined by the
more precise data symbols, i.e.,

ĥ
l̂,u,(l̂−l)M
i,j = ŵ

l̂,u,(l̂−l)M
i,j /t̂l+uM . (62)
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Fig. 3. The architecture of MRF-MP-GAMP-CNN.

B. Architecture of MRF-MP-GAMP-CNN

As illustrated in Fig. 3, the proposed MRF-MP-GAMP-
CNN framework comprises three main modules. Initially, the
MRF-MP-GAMP module computes the posterior means and
variances for W and H of active devices. Subsequently, these
outputs are combined in the preprocessing module to form the
input for the CNN module. This module leveraging statistical
information to improve symbol detection, involves a convo-
lutional layer, batch normalization, and the ReLU activation
function as its foundational elements. Additionally, residual
learning [41] is incorporated to facilitate the optimization for
CNN weights. The output layer employs a Softmax function to
estimate the posterior distribution of the data symbols. Finally,
the refined data symbols and effective channel are represented
by (61) and (62), respectively. It is worth noting that this model
utilizes a complex neural network [42], which defines the
operations in the complex plane, such as complex convolution.
Unlike traditional methods, this approach allows the algorithm
to process complex numbers directly, eliminating the need to
convert input signals into the real domain.

V. NUMERICAL RESULTS

This section presents simulation results to demonstrate
the effectiveness of the proposed algorithms. We consider a
typical random access scenario in the non-terrestrial networks
without GNSS, where U = 40 potential devices are randomly
distributed within the coverage area of the satellite. This area
is defined as a circle with the radius of 128 km. The satellite
is equipped with 4 × 4 UPA and the device activity is set
as pλ = 0.1 unless otherwise specified. The power delay
profile of TSL follows the NTN-TDL-D [20]. The nonnegative
pulse amplitude modulation (NPAM) is adopted to alleviate the
phase ambiguity problem, which has been applied broadly in
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Table I: Simulation Parameters
Parameter Values

Operating band S-band
Power delay profile NTN-TDL-D
Modulation Scheme 4NPAM
Frame size (M,N) (16, 7)

Subcarrier spacing ∆f 30 kHz
Orbit altitude 600 km

Spot beam radius 128 km
Minimum elevation angle 30°

Differential delay [0, 699] µs
Doppler shift [−41, 41] kHz
Zenith angle [−π/2, π/2)

Azimuth angle [0, 2π)
Rician factor 11.707 dB

the non-coherent communications [43]. The main parameters
are summarized in Table I. In addition, the elements of each
device’s spreading code follow the i.i.d. Gaussian distributions,
i.e., Cu,q[k, l] ∼ CN (0, 1

QN ). The received signal-to-noise

ratio is defined as SNR = 10 log10

∑M−1
l=0 ‖R

l‖2F
QMNNaσ2 . To train

the CNN detector, we generate 8000, 2000, and 2000 samples
under a randomly varying TSL, as the training set, validation
set, and testing set, respectively. The CNN contains 8 residual
blocks with 3× 3 filters, utilizing the Adam optimizer [44] to
update the weights at a learning rate of 0.0001 and a batch
size of 128.

The activity error rate (AER), normalized mean-squared-
error (NMSE), and symbol error rate (SER) are adopted
as metrics for device identification, channel estimation,
and symbol detection, respectively, given by AER =

1
U

∑U−1
u=0

∣∣∣λu − λ̂u∣∣∣, NMSE =
∑M−1

l=0 ‖Hl−Ĥl‖2
F∑M−1

l=0 ‖Hl‖2F
, and SER =

1
UM

∑UM−1
i=0 I{ti 6= t̂i}, where we assume inactive devices

transmit zero for computing the SER. The two-phase OTFS
scheme is adopted for performance comparison, incorpo-
rating three benchmarks. The first benchmark, ConvSBL-
GAMP+MP, utilizes the ConvSBL-GAMP [29] for JDICE,
followed by symbol detection using the MP algorithm [32].
The second, GMMV-AMP+GAMP, employs the GMMV-AMP
[14] for similar purposes, with symbol detection conducted
via the GAMP algorithm [38]. The third, Oracle-LMMSE,
leverages perfect channel state information to detect data
symbols using the LMMSE equalizer [45]. We evaluate the
proposed algorithms in two distinct scenarios: (i) The on-
grid case, where the fractional Doppler k̃i,u = 0, does not
involve the extra phase rotation. (ii) The off-grid case, where
k̃i,u ∈ (− 1

2 ,
1
2 ], requires to update the phase rotation by the

proposed algorithm. Note that conventional algorithms are not
directly applicable to multi-frame transmission scenarios af-
fected by fractional Doppler shifts, and thus they are evaluated
solely in the on-grid case.

Fig. 4 shows the convergence of the proposed MRF-MP-
GAMP, which plots NMSE versus the number of iterations
at SNR = 2 dB and Q = 8. This figure also illustrates the
impact of varying the number of BGM components K on the
algorithms performance. It is observed that the proposed al-
gorithms tends to be stable after approximately 100 iterations,
and its convergence rate appears to be relatively insensitive to
changes in K. Besides, the marginal gain can be achieved by
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Fig. 4. The convergence of MRF-MP-GAMP, where SNR = 2 dB
and Q = 8.
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(b) Symbol detection performance.

Fig. 5. Performance comparison among different schemes given
different number of frames, where SNR = 2 dB.

increasing K from 1 to 2. However, increasing K to 4 results
in performance degradation, likely due to overfitting effects
associated with a larger K. Based on these observations,
subsequent simulations are conducted with K = 2 and the
number of iterations Iout = 150.

Fig. 5 illustrates the influence of the number of frames Q
on the performance of the proposed algorithms, presenting
both NMSE and SER as functions of Q. Notably, the single-
frame transmission scheme (Q = 1) performs inadequately
in scenarios with large differential delay and Doppler shift.
In the on-grid case, as Q increases, it is observed that the
NMSE and SER of all the schemes continually decrease,
and the proposed algorithms always perform much better
than the benchmarks. This indicates the effectiveness the
proposed multi-frame transmission scheme and the JDICESD
algorithms. For example, at Q = 12, the SER of the MRF-
MP-GAMP is lower than 0.01 and is one-fifth that of the
ConvSBL-GAMP+MP; the NMSE of the MRF-MP-GAMP is
about 0.5 and 2 dB lower than the ConvSBL-GAMP+MP and
GMMV-AMP+GAMP, respectively. Additionally, the MRF-
MP-GAMP-CNN benefits from further exploiting statistical
information, achieving additional gains over its counterparts.
In the off-grid case, while increased Q values initially reduce
NMSE and SER for proposed algorithms approximately up to
Q = 12, further increases in Q degrade performance due to
the rising number of unknown phase rotations, which pose a
significant estimation challenge. In practical communications,
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Fig. 6. Performance comparison among different schemes given
different SNR values, where Q = 8.
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Fig. 7. Performance comparison among different schemes given
different device activities, where SNR = 2 dB and Q = 8.

smaller Q values are preferred to maintain the quasi-static
properties of the channel in the delay-Doppler domain. Despite
performance declines, the MRF-MP-GAMP-CNN still outper-
forms the Oracle-LMMSE in scenarios where 6 ≤ Q ≤ 18.
In subsequent simulations, we will fix Q = 8 to ensure
performance and computational efficiency.

Fig. 6 depicts the performance of various algorithms in
terms of NMSE and SER as functions of SNR. It is observed
that the proposed algorithms significantly outperform the
benchmarks in the on-grid case. Specifically, Fig. 6(a) shows
that at 0 dB SNR, the proposed MRF-MP-GAMP improves
upon ConvSBL-GAMP+MP and GMMV-AMP+GAMP by
approximately 1.2 dB and 2.2 dB in NMSE, respectively;
Fig. 6(b) reveals that at an SER of 0.01, MRF-MP-GAMP
surpasses Oracle-LMMSE by about 2 dB in terms of SNR.
Conventional schemes that operate separately have high er-
ror floors for SER, limiting their ability to support a large
number of devices. In contrast, the proposed algorithms,
benefited by JDICESD design, exhibit robust performance.
Furthermore, Fig. 6 indicates that in the off-grid case, the
NMSE for MRF-MP-GAMP is lower than that for on-grid
GMMV-AMP+GAMP and comparable to on-grid ConvSBL-
GAMP+MP. Additionally, the SER for off-grid MRF-MP-
GAMP is lower than that of both GMMV-AMP+GAMP
and ConvSBL-GAMP+MP when the SNR exceeds -2 dB,
validating the effectiveness of the proposed scheme for LEO
satellite-based uplink transmission in the presence of large
differential delay and Doppler shift. Moreover, the SER for
off-grid MRF-MP-GAMP-CNN outperforms Oracle-LMMSE
at SNRs above -2 dB, which demonstrates the capability of
the CNN-enhanced symbol detector.
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Fig. 8. Performance comparison among different schemes given
different number of antennas, where SNR = 2 dB and Q = 8.
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(a) Device identification performance
under different SNR values, where
pλ = 0.1.
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(b) Device identification performance
under different deivce activities,
where SNR = 2 dB.

Fig. 9. Performance comparison for device identification among
different schemes.

Fig. 7 plots the NMSE and SER as the functions of the
device activity, given SNR = 2 dB. It is observed that the on-
grid MRF-MP-GAMP-CNN achieves the best performance.
Notably, the off-grid MRF-MP-GAMP-CNN outperforms the
three on-grid benchmarks when device activity exceeds 0.1,
which indicates the proposed schemes are capable of support-
ing more active devices access. Note that the performance
of all the schemes deteriorates obviously when the device
activity increases. This degradation is primarily due to the
limited size of the receiving antenna array, which results in
decreased spatial separation as the number of active devices
grows. Consequently, inter-user interference intensifies in the
spatial domain, further impacting performance.

In Fig. 8, we evaluate the performance of different schemes
as the number of antennas varies, given SNR = 2 dB.
Similar trends to those observed in Fig. 6 are evident. As
expected, increasing the size of the receive antenna array
enhances the performance of both channel estimation and
symbol detection. This improvement is attributed to a larger
antenna array creating a sparser channel in the angular domain,
which in turn reduces inter-user interference. Notably, with
the integration of CNN, the on-grid MRF-MP-GAMP-CNN
demonstrates substantial improvements over the benchmarks.
Furthermore, the off-grid MRF-MP-GAMP-CNN surpasses
the performance of the Oracle-LMMSE when the number of
antennas is fewer than 25.

Finally, we show the performance comparison for device
identification across various schemes in Fig. 9, which plots
the AER versus SNR and device activity, respectively. It is
observed that the on-grid MRF-MP-GAMP and MRF-MP-
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GAMP-CNN deliver the best performance. Notably, when
device activity exceeds 0.1, the off-grid MRF-MP-GAMP
achieves performance comparable to that of the on-grid
ConvSBL-GAMP+MP. This demonstrates the effectiveness of
the proposed schemes.

VI. CONCLUSION

This paper investigated the grant-free random access tai-
lored for LEO satellite communications in the absence of
GNSS assistance. Exploiting the quasi-static property of
the channel in the delay-Doppler domain, we proposed the
spreading-based multi-frame OTFS transmission scheme to
handle the large differential delay and Doppler shift. Then,
the MP-based algorithm was designed for the JDICESD,
which is capable of eliminating the inter-user and inter-carrier
interference and exploiting the 3D sparsity of the channel
in the delay-Doppler-angle domain. Additionally, based on
the statistical information provided by the receiver, the CNN
detector was incorporated to improve the symbol detection
performance for active devices. Simulation results demon-
strated that the proposed multi-frame transmission scheme
enhances the system performance, and the designed algorithms
outperform the conventional methods significantly in terms
of the device identification, channel estimation, and symbol
detection.

APPENDIX A
PROOF OF PROPOSITION 1

We firstly focus on the input-output relationship for the
single-input single-out (SISO), and hence omit the index of
devices and antennas. The relationship for MIMO can be
extended directly. According to (1)-(5), we can derive the I/O
in the time-frequency domain as

Y TF
q [n,m] = Agrx,r(t, f) |t=(n+qN)Tsym,f=m∆f

=

Q−1∑
q′=0

N−1∑
n′=0

M−1∑
m′=0

XTF
q′ [n′,m′]Hq,n,m,q′ [n

′,m′], (63)

where

Hq,n,m,q′ [n
′,m′] =

P∑
i=1

hie
̄2πm′∆f([(n−n′)+(q−q′)N ]Tsym−τi)e̄2π(m−m′)∆fTsym×

Agrx,gtx([(n− n′) + (q − q′)N ]Tsym − τi, (m−m′)∆f − νi)
× e̄2πνi((n+qN)Tsym−τi). (64)

Since the Tcp > τi and the adoption of rectangular waveform,
Agrx,gtx([(n−n′)+(q−q′)N ]Tsym−τi, (m−m′)∆f−νi) 6= 0
only if n = n′ and q = q′, i.e., there is no inter-symbol and
inter-frame interference. Then, (63) can be simplified as

Y TF
q [n,m] =

M−1∑
m′=0

XTF
q [n,m′]Hq,n,m[n,m′], (65)

where

Hq,n,m[n,m′] =
1

T

P∑
i=1

hi

∫ Tsym−τi

Tcp−τi
e̄2πνi(t+(n+qN)Tsym)

× e−̄2πm∆f(t+τi−Tcp)e̄2πm
′∆f(t−Tcp)dt. (66)

We denote the length of CP as Mcp = TcpM∆f . By substi-
tuting (2) and (66) into (65) and then applying the SFFT for
Y TF
q [n,m], we can get the I/O in the delay-Doppler domain

as

Y DD
q [k, l] =

1√
NM

N−1∑
n=0

M−1∑
m=0

Y TF
q [n,m]e̄2π(ml

M −
nk
N )

=
1

NMT

∑
n,m,m′,k′,l′

XDD
q [k′, l′]e

−̄2π
(

m′l′
M −nk′

N

)
e̄2π(ml

M −
nk
N )

× 1

M∆f

P∑
i=1

hi

M+Mcp−1−(li+biM)∑
p=Mcp−(li+biM)

e̄2πνi
p

M∆f e−̄2πm∆f p
M∆f

e̄2πm
′∆f p

M∆f e̄2πνi(n+qN)Tsyme̄2π(m−m′)∆fTcpe−̄2πm∆fτi

(a)
=

1

NM2

P∑
i=1

hi
∑
k′

∑
l′

XDD
q [k′, l′]

M+Mcp−1−(li+biM)∑
p=Mcp−(li+biM)

e̄2πk̃iqe
̄2π

p(ki+k̃i+diN)
(M+Mcp)N

M−1∑
m=0

e−̄2π
m(p−l+(li+biM)−Mcp)

M

M−1∑
m′=0

e̄2π
m′(p−l′−Mcp)

M

N−1∑
n=0

e−̄2π
n(k−k′−ki−k̃i−diN)

N

=
1√
N

P∑
i=1

hi
∑
k′

∑
l′

XDD
q [k′, l′]ΠN (k − k′ − ki − k̃i)

M+Mcp−1−(li+biM)∑
p=Mcp−(li+biM)

e
̄2π

p(ki+k̃i+diN)
(M+Mcp)N δ((p− l′ −Mcp)M )

× δ((p− l + li + biM −Mcp)M )e̄2πk̃iq

=
1√
N

P∑
i=1

hi
∑
k′

∑
l′

XDD
q [〈k − k′〉N , (l − l

′)M ]e̄2πk̃iq

×ΠN (k′ − ki − k̃i)e
̄2π

(ki+k̃i+diN)
(M+Mcp)N

(Mcp+l−li−biM)

=

M−1∑
l′=0

dN/2e−1∑
k′=d−N/2e

HDD [k′, l′, l]φq[l
′]

×XDD
q [〈k − k′〉N , (l − l

′)M ] , (67)

where (a) is obtained by utilizing (7) and φq[l′] has the similar
form as (10). Let h̄i = hie

̄2πνi(McpTs−τi), and then we have

HDD [k′, l′, l] =
1√
N

P∑
i=1

h̄ie
̄2πνilTsδ (l′Ts − (τi)T )

×ΠN (k′ −NTsymνi). (68)

Multiplying (68) by the antenna phase rotation e̄πnzΘz
u and

e̄πnyΘy
u , we get the result in Proposition 1.
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