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to detect the target of interest. Waveform design introduces greater
flexibility at the transmitter, offering the potential for active antijam-
ming strategies. This article investigates countermeasures to SMSP
jamming in multiple-input-multiple-output radar systems by design-
ing phase-coded frequency-modulated (PCFM) waveforms. Moreover,
the complementary PCFM waveform design scheme is considered to
further expand the design freedom, utilizing the coherence between
multiple pulses to achieve improved performance. Specifically, we first
formulate the complementary waveform design as a multiobjective
optimization problem, by unifing the SMSP jamming levels, the wave-
form sidelobes, and the waveform orthogonality after the matched
filter processing at the receiver into a set of fractional terms. Subse-
quently, the optimal complementary PCFM waveforms are obtained
by employing the iterative algorithm based on the approximated
Hessian matrix of the objective functions. Numerical simulations are
conducted to demonstrate that the designed complementary PCFM
waveforms significantly improve SMSP jamming suppression and
enhance target detection performance.

[. INTRODUCTION
A. Background and Motivation

Radar systems have become crucial components in ad-
vancing the environmental perception of intelligent vehicle
systems [1], [2]. However, the increasing use of onboard
radar systems has raised the risk of malicious active elec-
tronic jamming, which can obscure genuine targets and
severely compromise the reliability of radar-based envi-
ronmental sensing [3], [4], [5]. This jamming presents a
direct and unavoidable threat to the effectiveness of vehicle
systems. In response, the emergence of cognitive radar
has marked a significant shift in radar antijamming strate-
gies [6], [7], [8]. Traditionally, radar systems employed
passive, fixed-mode jamming mitigation techniques at the
receiver end. In contrast, cognitive radar enables active
jamming suppression at the transmitter level, allowing the
system to dynamically adjust its emission parameters in real
time to respond to changing environmental conditions [9],
[10], [11]. This article focuses on the design of comple-
mentary phase-coded frequency-modulated (PCFM) wave-
forms to effectively mitigate smeared spectrum (SMSP)
jamming in multiple-input-multiple-output (MIMO) radar
systems [12], [13], [14], thereby enhancing the performance
of onboard radar sensors in environments subjected to active
jamming.

B. Smeared Spectrum Jamming Countermeasure

The widespread adoption of digital radio frequency
memory (DRFM) technology [15], [16] has spurred the
development of various jamming techniques and advanced
countermeasures. A notable example is the SMSP jam-
ming [17], which represents a form of self-protective decep-
tion. This technique involves the creation of tightly packed,
spurious signals arranged in a comb-like structure around
the target, effectively degrading the radar system’s ability
to detect the genuine target.

Recent research on SMSP jamming mitigation has
largely focused on receiver-side echo processing tech-
niques. These include transform domain filtering [18], [19],
signal reconstruction [20], [21], [22], and multichannel
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separation methods [23], [24]. Transform domain filtering
works by converting the echo signals to a different domain,
allowing the separation of target signals through windowing
or nulling the jamming main lobe. Signal reconstruction
techniques estimate and remove the jamming components
by inferring the jamming parameters. Multichannel sepa-
ration is effective in situations where there are significant
angular or polarization differences between the target and
jamming signals. However, filtering methods can result in
considerable target energy loss, reconstruction approaches
are computationally intensive due to the complexity of pa-
rameter estimation, and multichannel techniques are limited
by the operational conditions of the radar system.

The rapid progress of cognitive radar systems [7] high-
lights waveform design and coherent signal accumula-
tion [25] as a promising strategy for mitigating SMSP
jamming. Research, such as [26] and [27] has explored
cognitive waveform design specifically for SMSP scenar-
ios, with an emphasis on reducing auto-correlation side-
lobes and minimizing cross-correlation between the SMSP
jamming signals and the radar filter. The majorization-
minimization (MM) technique [28] is used to simplify and
solve the corresponding optimization problem. In addition,
the approach in [29] integrates waveform design with sparse
decomposition to address the dense false targets caused
by SMSP. To further improve jamming suppression, the
author in [30] investigated the joint optimization of the
transmit waveform and space-time receive filter, to reduce
both autocorrelation sidelobe levels and cross-correlation
peaks (CCP) of jamming signals. This work introduces an
iterative penalty MM method to handle the resulting non-
convex optimization. While these studies show promising
results in SMSP jamming suppression, they primarily focus
on single-channel radar systems. However, modern vehi-
cle radar systems are predominantly multichannel, and the
challenge of applying waveform optimization for jamming
mitigation in MIMO radar systems remains an area that
requires further investigation.

C. Design of PCFM Waveform

The PCFM waveform is a variant of the continuous
phase modulation (CPM) scheme [31], specifically adapted
for certain communication systems [32]. It serves as abridge
between mathematically structured phase codes and physi-
cally realizable frequency-modulated (FM) waveforms, fa-
cilitating the conversion of arbitrary polyphase codes into
FM waveforms suitable for high-power radar transmission.
More importantly, this approach allows for the direct design
of FM waveforms by optimizing the parameterized code
structure to meet the desired characteristics of the resulting
waveform, thereby integrating the code-to-waveform map-
ping into the design process [33]. Furthermore, this method
enables the inclusion of transmitter-induced distortions—
such as those arising from the power amplifier—into the
waveform design, mitigating their detrimental effects [33],
[34], while also facilitating the coupling of spatial and
polarization degrees of freedom with the waveform [35].
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Substantial research has been conducted on the design
of PCFM waveforms to achieve optimal waveform per-
formance. To reduce the integrated sidelobe level (ISL)
of the PCFM waveform, the authors in [33] employed a
greedy search strategy to perform a linear search in phase
space. To further enhance design efficiency, Mohr et al. [36]
proposed an alternative method based on the phase gradient
descent algorithm. The authors in [37] explored a design
approach for complementary PCFM waveforms that ex-
ploits the coherent properties of multiple pulses to achieve
a superposition of mainlobe energy and sidelobe energy
cancellation, thereby further reducing the ISL. To expand
the degrees of freedom in signal processing, the authors
of [38], [39], and [40] proposed a joint design approach for
both the transmit PCFM waveform and the receive filter.
Several studies also focus on achieving specific spectral
properties of PCFM waveforms through waveform design
techniques, as demonstrated in [41], [42], and [43]. While
these efforts successfully optimize waveform performance,
they are largely confined to single-channel radar systems.
To address this limitation, the authors in [44] extended their
investigation to the optimization of PCFM waveforms in
a dual-channel system, although practical MIMO systems
typically involve many more channels. Despite the exten-
sive development and application of PCFM waveforms,
existing research has predominantly concentrated on de-
signing PCFM waveforms with low sidelobes and sparse
spectral characteristics. Extending the design of PCFM
waveforms to MIMO radar systems, while ensuring robust
jamming immunity, remains a novel and underexplored
area.

D. Proposed Approach and Main Contributions

In this study, we explore a method for suppressing
SMSP jamming in MIMO radar systems by designing the
complementary PCFM waveform set, with the goal of im-
proving system performance in SMSP jamming environ-
ments. To start, we define a waveform design problem that
aims to reduce both the waveform sidelobe levels and the
SMSP jamming response level processed by the matched
filter (MF) in the receiving end. Furthermore, we ensure
that the waveforms maintain orthogonality across different
channels to minimize inter-channel interference. To tackle
the nonconvex nature of the problem, we further propose
an iterative algorithm based on the approximated Hessian
of the objective functions to iteratively find the optimal
solution. The key contributions of this work are summarized
as follows.

1. Waveform Design Problem for SMSP Suppression in
MIMO Radar: In contrast to existing methods that focus
on mitigating SMSP in single-channel radar systems, this
study proposes a novel approach specifically designed for
MIMO radar systems. The central focus of the proposed
methodology is to establish a multiobjective optimization
problem, aiming to minimize the sidelobes realized by the
transmit waveform from the same channel, while concur-
rently minimizing the cross-correlation levels between the
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SMSP component and the waveform. To address the chal-
lenges of channel interdependence and mutual SMSP jam-
ming minimization, the proposed approach integrates the
concept of response minimization for waveform-waveform
pairs and waveform-SMSP pairs associated with distinct
channels, thereby enhancing the overall system resilience
in the jamming environment in the presence of SMSP.

2. Employment of Complementary PCFM Waveforms
for Enhanced SMSP Suppression: To ensure the neces-
sary spectral containment and constant amplitude for high-
power transmitters, we constrain the waveform transmitted
by each channel in the MIMO system to adhere to the
PCFM scheme. In addition, due to the inherent advantage
of complementary waveform sets in accumulating signal
energy and canceling sidelobe levels, we propose the joint
configuration of multiple sequentially transmitted pulses
on each channel. This approach increases the degrees of
freedom available for waveform optimization, thereby im-
proving the design of transmit waveforms that meet the
specified performance requirements.

3. Approximated Hessian-Based Algorithm for the
Transmit Waveform Design: To address the challenges
posed by the nonconvex nature of the transmit waveform
optimization problem, we employ an iterative algorithm
based on the approximated Hessian matrix of the objec-
tive functions to efficiently search for the optimal phase
values embedded within the PCFM waveforms. First, we
provide a detailed derivation of the gradient corresponding
to the waveforms, thereby enabling the application of the
proposed optimization algorithm. Next, the computational
complexity is assessed by analyzing the dominant computa-
tion steps. Numerical simulations are conducted to validate
the effectiveness of the proposed algorithm in generating or-
thogonal PCFM waveforms with favorable auto-correlation,
cross-correlation, and SMSP suppression characteristics.

E. Outlines and Notations

The rest of this article is as follows: Section II presents
the discrete principles of SMSP jamming and the mathemat-
ical foundation for the design of the complementary PCFM
waveform set. Section III provides a detailed description
of the proposed approximated Hessian-based algorithm.
Section IV demonstrates the algorithm’s effectiveness in
SMSP suppression through the numerical simulations. Fi-
nally, Section V concludes this article.

In this article, bold uppercase letters represent matrices,
while bold lowercase letters denote vectors. The symbol
()" refers to the conjugate transpose, (-)* represents the
complex conjugate, and (-)7 indicates the transpose opera-
tion. The function diag(-) creates a diagonal matrix with the
entries of a vector along its diagonal. The Hadamard product
and modulus are denoted by O and | - |, respectively. The
real and imaginary parts of a complex number are extracted
using the functions Re(-) and Im(-), and || - ||, represents the
[, norm of a vector. The convolution operation is denoted
by ®, and j denotes the imaginary unit, where j> = —1.
Finally, (-, -) represents the inner product operator.
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Fig. 1. Illustration of SMSP jamming principle. The yellow vehicle
uses an onboard radar system to detect the surrounding environment,
while the red vehicle employs its own SMSP jammer to interfere with the
radar system, thereby preventing the exposure of its own information. 7},
denotes the pulse width of the transmit waveform, 7;; denotes the time
delay of the SMSP jamming and P is the number of subpulses and the
down-sampling rate.

[I. PROBLEM FORMULATION
A. Discrete Signal Model of SMSP

The SMSP is a typical form of signal-dependent jam-
ming designed to interfere with pulse-Doppler radar sys-
tems. In Fig. 1, we show schematic diagrams of two ve-
hicles, one equipped with a radar system to detect the
surrounding environment, and the other using an SMSP
jammer to interfere with the radar system. Specifically,
the SMSP jammer first down-samples the intercepted radar
waveform by a factor of P to extract the jamming sub-
pulse. This subpulse is then repeated P times to form the
complete SMSP jamming signal, ensuring that the pulse
width remains the same as the original radar pulse. This
downsampling approach effectively spreads the spectrum of
the jamming signal across the frequency domain, ensuring
that it overlaps with the frequency range of the target of
interest. Furthermore, by repeating the SMSP component
P times, the energy of the jamming signal is amplified
while maintaining consistent coverage of the target echo
throughout the entire pulse duration. This dual effect of
spectral spreading and energy enhancement significantly
enhances the effectiveness of the jamming signal. Since the
jamming signal is closely related to the radar waveform,
it causes the formation of false targets when accumulated
coherently at the receiver. Mathematically, the shift matrix
used to model the generation of the SMSP jamming signal
can be given by

J = smsp, - - - » Ismsplrxz (1
where Igysp is represented as
_ » _
——
10 --- 0
Ismsp = (2
P
—_—
L Lo .- 0_ LxL
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with L and L denote the length of subpulses and the to-
tal length of the SMSP jamming signal. The relationship
L = P - L always holds, according to the principle of SMSP
jamming. The principle is visually illustrated in Fig. 1.

To address the subsequent complementary PCFM wave-
form design problem, we describe the method for estimating
the shift matrix J. Based on the SMSP jamming mechanism
shown in Fig. 1, the matrix J can be determined by firstiden-
tifying the downsampling factor P, followed by calculating
the sample length of the subpulse, L. In the field of wave-
form design, it is commonly assumed that the necessary
prior information is acquired through cognitive radar [45].
In practical scenarios, such information can be extracted
from the received echoes. For radar systems that employ
linear frequency modulation (LFM) waveforms, the key
parameters of the SMSP jamming signal can be estimated
by applying time-frequency transformation techniques to
the received signal [21]. To establish a more generalized
approach, we propose a parameter estimation method for
SMSP jamming based on a sparse recovery framework.
Denoting the transmit waveform with s € CV, the radar
echoes contaminated by SMSP jamming at the receiver can
be expressed as

r=r,+J-s+n 3)

where r, denotes the target echoes, and n is the noise of the
radar system. Thus, the shift matrix J can be obtained by
solving the following problem:

min [[r —r, —J- sl + o 131l “

where the target component can be obtained by the blind
source separation method [46], [47], the /;-norm penalty
term ||J||; is employed to constraint the sparsity charac-
teristics of the shift matrix, and o is the penalty factor.
Employing the alternating direction method of multipliers
(ADMM) method and the soft-threshold method [48], the
above optimization problem can be addressed and the shift
matrix J obtained.

B. Implementation of PCFM Waveform

The waveform design strategy for SMSP suppression
outlined here is based on the PCFM implementation frame-
work, which is a radar-optimized variant of CPM origi-
nally developed for communications. The authors in [31],
[32], [33], and [34] introduced a four-step methodology
for deriving a complex baseband PCFM waveform from an
N-length column vector x. This procedure is mathematically
expressed as

s(t; x)
p N
= exp {j {/ 8(1)® (an5 t—(n— l)Tsub)> dr:“
0 n=1
=exp (jo (1: %)), )
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where T}, = NTy, Ty is the duration of each subpulse, §(¢)
represents the impulse function, and g(¢) is a frequency-
shaping filter with time support on [0, Ty,], which smooths
the discontinuities between phases in the vector x.

By formulating the phase component of the PCFM in
this way, it becomes amenable to discretization through
sampling the phase function as described in (5). This dis-
cretization allows the efficient evaluation of the PCFM
waveform using a single matrix-vector multiplication. Thus,
the discretized PCFM waveform of length L can be ex-
pressed as

s = exp (Gx) (6)

where G is an L x N matrix containing the sampled phase
function ¢ (¢; x) [33]. By employing an oversampling strat-
egy with a factor Q as proposed by Jakabosky et al. [49],
the relationship L = Q x N is established. As a result, with
careful selection of the parameters in x, it is possible to
generate PCFM waveforms that exhibit the desired charac-
teristics.

C. PCFM Waveform Design for SMSP Suppression

Consider an MIMO radar system with M channels,
where each channel transmits K pulses during a coherent
processing interval (CPI), with each pulse containing L
sampling points. It is also important to note that the concept
of waveform diversity is applied not only to each channel
but also to the different pulses within the CPI.

Let s* = exp(jGx!) represent the kth transmit pulse
from the mth channel of the MIMO radar system, where
xk =[xk (1),...,xkn),..., x5 (V)]T. The matrix form of
the desired complementary PCFM waveform can then be
formally expressed as
exp (ij%) exp (ijzlw)

S = )

€xp (j Gxjy ) KNxM

where each column of S represents the K pulses transmit-
ted by each channel. Then, the complementary correlation
functions among the PCFM waveforms can be given as

K
tm = Y FT[(FS),) 0 (Fs,)]  ®

k=1

exp (jGx¥)

where my, my = 1, --- M, 55 = [(s")), 015 ._1)]7, F denotes
the fast Fourier transform (FFT) matrix. Form; = ma, v, m,
represents the complementary auto-correlation of wave-
forms within the same channel, while the others represent
the complementary cross-correlation between waveforms
from different channels. It is worth noting that (8) performs
a complex-valued summation of the correlation values of
the K PCFM waveforms within the same CPI. This co-
herent processing technique can enhance the main lobe
while simultaneously reducing the sidelobes by appropri-
ately designing the parameters of the different waveforms.
Similarly, the SMSP jamming component associated with
the kth PCFM waveform from the mth channel can be
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expressed as €5 = Js* . Consequently, the complementary
correlation functions corresponding to the waveform-SMSP
pairs can be expressed as

S [

k=1

o)  ©

where m;,my, =1,---M, E,’;lz represents the zero-padded

version of E, ne With a dimension of (2L —1) x 1. As
shown in (8), by optimizing the waveform parameters across
multiple pulses, the main lobes of these pulses can be
constructively superimposed, while their sidelobes can be
mutually canceled, leading to enhanced pulse compression
(PC) performance. Similarly, through careful optimization
of PCFM waveform parameters in (9), the SMSP jamming
responses corresponding to different pulses can be mutually
canceled, resulting in significantly improved jamming sup-
pression performance. This approach not only leverages the
complementary characteristics of multiple waveforms but
also achieves a balance between main lobe enhancement
and sidelobe/jamming suppression, offering a solution to
the challenges posed by coherent jamming.

Before formally introducing the waveform design
model, it is essential to clarify the distinction between
phase-coded waveforms and PCFM waveforms. In conven-
tional phase-encoded waveform design, the problem is often
reduced to the design of the corresponding phase sequence.
This simplification is well-founded, as the performance
of the waveform is primarily dictated by the properties
of the encoding phase sequence. During implementation,
the designed phase sequence is modulated to produce the
corresponding time-domain waveform. Notably, for a given
phase sequence, the peak of its autocorrelation function is a
constant value determined solely by the sequence length. In
this study, we adopt a different perspective by focusing on
the PCFM regime. Within this framework, the main lobe in
the PC output exhibits a specific width, which is influenced
by the oversampling factor. While the peak response of the
main lobe remains determined by the waveform length,
the responses at other points within the main lobe are no
longer constant. This distinction highlights a key difference
in the behavior of PCFM waveforms compared to traditional
phase-coded waveforms, providing a foundation for subse-
quent analysis and design approach. Using the components
described above, the multiobjective optimization problem
for designing the complementary PCFM waveform set to-
ward SMSP suppression can be formulated in the following
four parts.

1) To achieve optimal target detection performance,
it is typically required that the transmit waveform
exhibits extremely low sidelobe levels after MF
processing. Therefore, the waveform design should
focus on minimizing the following metric:

M 2
mm®
fl(X]fao-wavz)=§ |”r—WSL”P (10)
m:

2
1 |rmm ©) WML”p
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2)

3)

4)

where wg| is designed to select the sidelobe points,
with a length of 2L — 1, consisting of ones for all
elements except for the central 2Q — 1 elements,
which are set to zero. Similarly, wyy is designed to
select the mainlobe points, with the central 20 — 1
elements set to one, and the remaining elements set
to zero. By defining these two vectors, the 3 -dB
bandwidth can be controlled using the oversampling
factor Q, and a low sidelobe waveform can be ob-
tained by minimizing the function component.

To reduce mutual interference among PCFM wave-
forms from different channels, the overall response
values across all range bins after MF processing must
be suppressed. Therefore, the following function
component needs to be minimized:

M

H(xE . xy) = Z

2 9
my,mp=1,m; #my Hrmlml © VVMLHP

Y

where the numerator represents the total response
values of the complementary cross-correlation of
PCFM waveforms between different channels, while
the denominator represents the mainlobe values of
the auto-correlation within a single channel. By min-
imizing this function component, the ratio of the
cross-correlation between channels to the mainlobe
of the auto-correlation within a single channel is
reduced, thereby achieving the goal of suppressing
inter-channel interference.

To minimize the overall SMSP jamming energy in
each channel after the MF processing at the receiver,
it is crucial to minimize the following functional
component:

[

(L xy, (12)

Z: mm H

2°
m=1 ”rmm QWML”

In each term of the summation in (12), the numerator
represents the total energy of the SMSP jamming
component after the MF processing at the receiver,
while the denominator represents the mainlobe en-
ergy of the corresponding PCFM waveform. By
minimizing this component, the jamming response
can be effectively suppressed, achieving the SMSP
jamming mitigation.
Similar to the function component in (11), we also
need to mitigate the mutual interference associated
with the waveform-SMSP pairs from distinct chan-
nels by minimizing the following subfunction:
2
M H rilmz H p
7
my,my=1,m;#my ||rmlml © WMLHP
(13)

where the numerator is the jamming response energy
caused by the waveform-SMSP pairs from different
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channels, while the denominator corresponds to the
mainlobe energy of the waveform.

Employing the function components (10)—(13), the final
complementary PCFM waveform design problem toward
SMSP suppression can be expressed as

4
f(x]f,...,x'j,,)=Zai-ﬁ(x’f,...,x§4) (14)
i=1

where «; represents the weight assigned to fi(x’f, . Xf{,[).
In practical applications, it is essential to allocate weights
to the individual subobjective functions based on specific
priorities and operational requirements. To ensure uniform
weighting across all subfunctions, the weights are set to
o = 1.

Based on the model described in (14), the proposed
method achieves SMSP suppression by disrupting the phase
coherence between the jamming component and the wave-
form. This is realized through the codesign of parameters
in the complementary PCFM waveform. By reducing the
response magnitude of the SMSP component after PC, the
method effectively suppresses SMSP. Although the model-
ing process assumes that the target and the jammer are colo-
cated, the proposed method is also applicable to scenarios
where the target and the jammer are spatially separated, as
the delay of the jamming component does not affect the
amplitude response of the PC process. This ensures the
method robustness in various spatial configurations.

It is important to note that SMSP jammers typically
do not incorporate Doppler modulation into the intercepted
waveforms. As a result, our approach focuses on accumulat-
ing multiple pulses to achieve the desired waveform perfor-
mance in the fast-time dimension. Consequently, the objec-
tive function established in this study does not account for
the Doppler dimension, and this is a commonly used strat-
egy in the field of complementary waveform design [50].
However, if the application of the designed complementary
waveforms in the Doppler domain becomes necessary, a
viable solution is to treat the multiple complementary pulses
as a single, extended pulse. This extended pulse can then be
transmitted repeatedly in the slow-time dimension at a spec-
ified pulse repetition interval. At the receiver, the echoes
can be processed in the slow-time dimension to extract
the desired information. This approach ensures flexibility
in adapting the designed waveforms to scenarios requiring
Doppler domain utilization.

It is also worthwhile to stress that while the individual
terms involving the p-norms of the signal vectors r,, ,, and
r), ... weighted by the sidelobe window ws;. and mainlobe
window wyyr,, are convex for p > 1, the overall convexity
of the objective function is influenced by the nonlinear
behavior introduced by the complex exponential function
exp( ijfn). This nonlinearity, stemming from the periodic
nature of the exponential term, creates interactions between
the optimization variables that prevent the function from
being convex. Specifically, the complex exponential intro-
duces periodicity, which can result in multiple local minima
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and, therefore, a nonconvex optimization landscape. As a
result, despite the convexity of individual components, the
presence of nonlinear exponential terms makes the objective
function nonconvex, leading to a complex optimization
problem with the potential for multiple local minima and
no guarantee of a globally optimal solution.

[ll. PROPOSED METHOD
A. Gradient-Based Algorithm

The optimization problem formulated in (14) is inher-
ently nonconvex, posing substantial challenges due to the
absence of guaranteed global optimal solutions. In the con-
text of waveform design, nonconvex optimization models
typically lack analytically tractable solutions, necessitating
the use of iterative algorithmic frameworks to approximate
suboptimal results. Various optimization strategies, such as
the MM and ADMM approaches, are employed to address
this issue. These methods adapt to the specific structure of
the objective function and the constraints imposed on the
optimization variables, enabling the derivation of feasible
and near-optimal solutions through iterative refinement.
However, in many engineering applications, achieving a
local optimal solution is often sufficient. In [36], the conju-
gate gradient descent (CGD) method is employed to solve
a similar single-channel nondeterministic polynomial (NP)
problem, suggesting that it may be effective for our problem
as well. Thus, it is reasonable to extend the gradient-based
algorithm from [36] to find a locally optimal solution for the
multiple-channel waveform optimization problem within
the jamming suppression framework. However, since the
CGD algorithm relies solely on the first-order gradient,
it is prone to slow convergence and may yield subopti-
mal solutions. To address these limitations, we employ a
second-order optimization algorithm, which incorporates
approximated Hessian information of the objective function
to enhance convergence speed and improve the quality of
the solution.

k

By stacking the phase vectors x%, ..., x£, as follows:

1 1

Xl PR XM
X=|": ) : (15)
X{{ Xill{l KNxM

we can express the update of the phase matrix X in a more
compact form within the gradient-based framework [51]

Xiy1 = X; + Biy1 - Dip (16)

where X, is the phase matrix at the (¢ + 1)thiteration, 8,
is the step size, and D, | represents the descent direction at
the same iteration. During the CGD algorithm, the Armijo
condition also referred to as the first Wolfe condition [6],
is commonly employed in gradient descent algorithms to
determine the optimal step size. Moreover, its descent di-
rection relies solely on first-order gradient information to
determine the descent direction. This limitation often leads
to slow convergence and suboptimal solutions, especially
in complex optimization problems.
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Algorithm 1: Two-Loop Recursion for L-BFGS.

Input: {AX,;, AY;}, and p; = 1/ (AX;, AY;) for all

i€t—z+1,---,t, the gradient V[ (X;11);
Output: the descent direction Dy 1;
R=V[(Xi1);
fori=t,--- ,t—24+1do
vi = pi (AX;, R);

R =R —-7AY;;

end

R = H/R;
fori=t—2+1,---,t do
ni = pi (AY;, R);

R =R+ (v — i) AX;;

[ R T N T S SR

10 end
11 compute the descent direction Dy ; = —R

To address the challenges above, we employ an op-
timization strategy that approximates second-order infor-
mation using a limited amount of first-order data. In this
strategy, we adopt a technique based on limited-memory
Broyden—Fletcher—Goldfarb—Shanno (L-BFGS) [52] to en-
hance the convergence rate and solution quality without
significantly increasing computational complexity. Specif-
ically, we approximate the Hessian matrix using historical
information from past gradients and step sizes. Then, the
descent direction at the (¢ 4 1)-th iteration can be given by

Dy =-H VX)) A7)

where H;; is the approximated inverse Hessian at the
(t + Dythiteration, and V f(X,) is the gradient at the 7th iter-
ation. By storing no more than z pairs of the step taken and
the change in the gradient, the approximation of the inverse
Hessian can be updated using the following manner [53]:

Hooo = (V7 V) H (Vi V,)

+ pr_s (VfT T

T o)) DX AXT, (Vissar - V)

+ o+ p AX AXT (18)

where H is a predefined symmetric positive definite (SPD)
matrix [54]. Here, we initialize H? as the identity matrix at
each iteration. V, = I — p, AY,AXT, pp = 1/ (AX,, AY,),
z = minfr, z — 1}, AX; = X, — X, is the step taken, and
AY, = Vf(X;11) — Vf(X;) represents the change in the
gradient. During implementation, (17) and (18) are jointly
utilized to determine the descent direction at each step of the
L-BFGS method. Algorithm 1 leverages these equations to
implement a two-loop recursion strategy, which computes
the search direction D, | = —H, |V f(X;+;) without the
need to explicitly store the matrix H,. This approach ensures
computational efficiency while maintaining the accuracy of
the optimization process.

With the Algorithm 1 at hand, the update rule in (16)
allows the Hessian approximation to capture second-order
behavior by using only first-order information from the pre-
vious iterations. By iteratively refining the approximation,
the method accelerates convergence while controlling the

QIU ET AL.: DESIGN OF COMPLEMENTARY PCFM WAVEFORM SET

Algorithm 2: Complementary PCFM Waveform De-
sign Method Toward SMSP Suppression.
Imput: M, N, K, J, L, Q, T, p
Output: designed complementary PCFM waveform.
1 Initialize G, X(©, AX©) AY(©) ;
2 fort«+0,1,--- ., T do
3 | update the gradient function Af (X®)) ;
4 | update the step taken AX() ;
5 update the gradient change AY () ;
6
7
8
9

update direction D(*+1) with Algorithm 1;
search for the step size 3T with Armijo [7];
update the phase matrix X(*+1) with (16);

end
10 compute the designed waveform s¥, = exp (jGxL);

computational cost. This approach effectively strikes a bal-
ance between the efficiency of first-order methods and the
faster convergence typically associated with second-order
optimization techniques. The steps of the proposed algo-
rithm for the design of the complementary PCFM waveform
are summarized in Algorithm 2. By iterating the update
process in (16), the phase matrix is progressively refined
until convergence is reached. K Termination criteria, such
as limiting the number of iterations, monitoring gradient
norms, or assessing the difference between consecutive
objective function values can be used to stop the algorithm.
In this work, the number of iterations is chosen. Specifically,
when the number of iterations reaches a predetermined
value T, the iteration process stops, and the optimized
phase matrix X is output. As observed in Algorithms 1
and 2, at each iteration, it is necessary to compute the
gradient at the current and previous iterations. Therefore,
the gradient function is an indispensable element of the
algorithm. Considering the stacking manner in (15), the
gradient of the objective function can also be stacked in
the same manner. Thus, we have

arf X g X

ViX) = (19)

el X) el X |

NxM

where a% f(X) is the partial derivative of the function f(X)

with respective to the phase vector x¥, and its detailed
expression and the computation process can be found in

the Appendix.

B. Computational Complexity

The overall computational burden of the proposed
method exhibits a linear relationship with the number of
iterations. For each iteration, the computational complexity
arises from the calculation of the gradient function, the
evaluation of the cost function, and the approximation of the
inverse Hessian matrix. Specifically, the overall computa-
tional complexity encompasses three primary components.

10155

Authorized licensed use limited to: University of Electronic Science and Tech of China. Downloaded on October 21,2025 at 16:11:53 UTC from IEEE Xplore. Restrictions apply.



1) Gradient Function: The gradient matrix of the objec-
tive function is formed by stacking the partial deriva-
tives of K x M terms, with each partial derivative
being the sum of the partial derivatives correspond-
ing to four subfunctions. In the calculation of each
partial derivative, the dominant computation burden
arises from the calculation of the autocorrelation
function between different sequences, which can
be efficiently computed using the FFT operation.
Specifically, the computational complexity of the
partial derivatives related to subfunctions f;(X) and
f3(X)is O(KLlogL). In addition, the partial deriva-
tives related to subfunctions f>(X) and f;(X) involve
summing over the channel terms, resulting in a com-
putational complexity of O(KMLlogL). In sum-
mary, the overall computational complexity required
to compute the gradient function is O(KMLlogL).

2) Cost Function: The computational complexity of
the cost function is influenced by the different sub-
function components it comprises, each incorporat-
ing a sum of varying numbers of terms related to
the Fourier transform. Given that the computational
complexity of the Fourier transform is O(LlogL),
the complexities of subfunctions f|(X) and f3(X)
are O(KMLlogL). Similarly, the complexities of
subfunctions f> and f; are O(KM? LlogL). Con-
sequently, the overall computational complexity of
the objective function is O(KM? LlogL).

3) Approximation of Inverse Hessian: The computa-
tion of the approximate inverse Hessian matrix is
embedded within the two-loop recursion process
of Algorithm 1. The computational complexity of
Algorithm 1 is primarily dominated by the inner
product operations, each of which has a complexity
of O(KMN). Given that the algorithm involves two
nested loops, the overall computational complexity
of the approximate inverse Hessian matrix calcula-
tion is approximately O(zKMN).

V. NUMERICAL EXPERIMENTS

In this section, we assess the effectiveness of the pro-
posed method for complementary PCFM waveform design
in suppressing SMSP. The experimental setup is imple-
mented using MATLAB R2022 on a personal computer
equipped with a 2.30 GHz i7-112700H CPU and 40 GB
of RAM.

A. Convergence of the Proposed Method

In this section, we begin by evaluating the convergence
characteristics of the proposed method. The experiment
is conducted using a complementary PCFM waveform set
with parameters M = 3 and N = 128. The number of pulses
within each CPI is set to 8, and the oversampling factor Q
is set to 2. For the SMSP jamming parameters, the subpulse
sample length is set to L = 64, resulting in a downsampling
rate of P = 4. The shift matrix J for SMSP jamming is
subsequently determined using (1). In the waveform design
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Fig. 2. Convergence performance comparison of the proposed method
with different memory sizes. (a) Cost values with the number of
iterations. (b) Cost values with the running time (sec).

process outlined in Algorithm 2, the maximum number of
iterations is set to 7 = 5000. In addition, the phase matrix
is initialized using random variables drawn from a uniform
distribution over the interval [0, 27].

We first explore the influence of the memory size (the
number of stored step pairs z) on the convergence perfor-
mance of the proposed method. Fig. 2 presents the cost
values as a function of the number of iterations and running
time for memory sizes z = 5, 10, 20, 30. To demonstrate
the superiority of the proposed algorithm, the convergence
behaviors of the CGD algorithm is also included for com-
parison. As illustrated in Fig. 2(a), all algorithms exhibit
a monotonically decreasing trend across all configurations.
Compared to the convergence curve of the CGD algorithm,
the curve for the proposed method is smoother, converges
more rapidly, and reaches a lower final value. Examining
the convergence curves for different memory sizes z, it is
evident that as z increases, the optimization performance
of the algorithm improves, primarily reflected in the lower
convergence values. In addition, as shown in Fig. 2(b), the
required running time increases with the growth of z. This
indicates that, in practical applications, the memory size
should be carefully selected based on the specific problem
model to strike an optimal balance between optimization
performance and computational efficiency. In the following
experiments of this section, we fix the memory size atz = 20
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Complementary MF results for waveforms from different channels and waveform-SMSP pairs from different channels. For each subfigure,

the horizontal axis represents the range bins, and the vertical axis represents the normalized response value in dB. In addition, the red and blue results
correspond to the proposed method and the CGD method, respectively. The green results correspond to the initial waveform. (a) Complementary MF
results with waveform-waveform pairs from different channels. (b) Complementary MF results with waveform-SMSP pairs from different channels.

to balance the convergence performance and computational
complexity.

To visually assess the performance of the designed
complementary PCFM waveform set, we present the com-
plementary MF results for various waveform-waveform
pairs and waveform-SMSP pairs across distinct channels.
As shown in Fig. 3(a), the complementary MF results for
the PCFM waveforms within the same channel exhibit
pronounced peaks at the zero-delay position, accompanied
by a peak-to-sidelobe level (PSL) of approximately 40 dB,
demonstrating the robustness of the PC performance. In
contrast, the complementary MF results for PCFM wave-
forms from different channels do not exhibit significant
peaks, emphasizing the effectiveness of the optimized

QIU ET AL.: DESIGN OF COMPLEMENTARY PCFM WAVEFORM SET

PCFM waveforms in mitigating inter-channel interference.
To further illustrate the effectiveness of the designed
complementary PCFM waveforms in SMSP suppres-
sion, we also present the complementary MF results for
waveform-SMSP pairs from different channels in Fig. 3(b).
Notably, these results show relatively small peaks (around
40 dB) for both same- and different-channel configurations,
underscoring the method’s efficacy in reducing the influence
caused by the SMSP jamming. Furthermore, in most cases,
the sidelobe levels and SMSP response values achieved by
the proposed method are lower than those obtained with
the CGD method, highlighting the superior performance of
our proposed complementary waveform design approach in
SMSP suppression. In addition, since different algorithms
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Fig. 4. Complementary MF results under different settings of K. For each subfigure, the horizontal and vertical axes represent the range bins and the
normalized response value in dB. (a) Complementary MF results with waveform-waveform pairs from different channels. (b) Complementary MF
results with waveform-SMSP pairs from different channels.

use different strategies to obtain suboptimal solutions, and
the final objective function values of these suboptimal
solutions tend to be relatively close to each other, the
performance improvement observed in Fig. 3 is limited.
However, in comparison to the initial waveforms, the de-
signed PCFM waveforms exhibit significantly improved PC
performance and superior SMSP suppression performance,
thereby validating the effectiveness of the proposed wave-
form design method. Furthermore, the convergence curves
of the objective function, as depicted in Fig. 2, provide addi-
tional evidence of the method’s superiority, demonstrating
its optimization capability and efficiency in achieving the
desired performance metrics.

B. Influence of Waveform and SMSP Parameters

To comprehensively evaluate the influence of waveform
variations and SMSP jamming parameters, we perform a
systematic analysis of how the pulse number K within
each CPI, the phase code length N within each pulse, and
the downsampling factor P collectively impact the overall
waveform performance. Notably, since the dimension of the
optimization variable is governed by M, N, and K, the pa-
rameter Q does not directly affect the optimization process.
Consequently, the discussion regarding the influence of Q is
excluded from this analysis. This focused approach allows
us to isolate and examine the key parameters that drive
waveform performance under SMSP jamming conditions.

We begin by examining the PCFM waveform design
process for different pulse number settings: K = 1, 3, 5, 10.
In these experiments, the coding length N is fixed at 200,
the channel number M is set to 2, and other parameters
related to the waveform and PCFM jamming are consistent
with those used in the previous sections. Fig. 4 illustrates
the complementary MF results for varying values of K.
As shown in Fig. 4(a), the PCFM waveforms from the
same channel exhibit high peak values, while those from
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TABLE I
Performance Evaluation Metrics in dB With M =2 and N = 64

P=4 P=8 P=16 P =32

PSL -32.02  -3321 -34.68  -35.11
CcCp -32.23  -33.64 -34.66  -36.08
PSMSP -30.55 -34.15 -36.52  -3847

different channels show minimal cross-correlation levels.
Furthermore, as shown in Fig. 4(b), for the complemen-
tary MF results across all waveform-SMSP pairs, whether
from the same or different channels, no significant peaks
are observed, confirming the effectiveness of the proposed
method in SMSP suppression. More notably, as the pulse
number K increases, the sidelobes of the waveform, cross-
correlation levels, and SMSP response levels all decrease
progressively. Specifically, when K increases from 1 to
10, these metrics show an approximate reduction of 20 dB,
indicating improved performance in both target detection
and SMSP suppression. This suggests that a higher value of
K further enhances waveform performance. The optimal
choice of K can therefore be determined based on the
specific jamming environment, where a larger K generally
yields better results.

We further explore the impacts of waveform coding
length N and SMSP downsampling factor P on the wave-
form performance. We select two channels M =2 and
adjust the coding length N to 64, 128, 256, and 512. For
each CPI, the waveform number K is set to 3. For the
SMSP parameters, the downsampling factor P is varied
in the range of 4, 8, 16, and 32. All other parameters
relevant to the proposed method are maintained consistent
with those detailed in the preceding section. Tables I-IV
provide a comprehensive evaluation of the waveform design
metrics, including PSL, CCP, and peak of SMSP (PSMSP),
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TABLE 11
Performance Evaluation Metrics in dB With M = 2 and
N =128
P=4 P=8 P=16 P=32
PSL -33.97 -3549 -35.83 -37.64
CCP -35.25 -36.28 -36.49 -38.38
PSMSP -33.51 -36.14 -38.27 -41.36
TABLE III
Performance Evaluation Metrics in dB With M = 2 and
N =256
P=4 P=8 P=16 P =32
PSL -37.25 -3796  -39.05 -40.16
CCP -37.35 -38.44  -39.06 -40.68
PSMSP -36.37 -38.30 -40.80 -44.58
TABLE IV
Performance Evaluation Metrics in dB With M = 2 and
N =512
P=4 P=8 P=16 P =32
PSL -38.22  -39.10  -40.69 -40.26
CCP -39.39  -40.33  -4145 -40.81
PSMSP -38.35 -41.06 -43.37 -44.05

under varying parameters of the downsampling rate P and
phase coding length N. We need to point out that CCP
represents the peak value of the cross-correlation between
waveforms of different channels, while PSMSP refers to the
peak response generated by an arbitrary waveform-SMSP
pair. As P increases, all three metrics exhibit a consistent
improvement, with PSL and CCP demonstrating a grad-
ual reduction, indicating enhanced suppression of sidelobe
and cross-correlation peaks. The PSMSP metric shows a
more pronounced improvement with larger P, particularly
at P = 16 and P = 32, highlighting its sensitivity to the
downsampling rate and its critical role in mitigating SMSP
jamming. Furthermore, increasing N leads to significant
improvements across all metrics, emphasizing the benefits
of longer phase coding in enhancing waveform perfor-
mance. Notably, the improvements in PSMSP are especially
substantial for larger N, such as N =256 and N = 512,
underscoring the importance of longer phase coding lengths
in addressing SMSP jamming. These results demonstrate
that both larger P and N contribute to improved waveform
design, with N exerting a more consistent impact across all
metrics, while P plays a crucial role in enhancing PSMSP
performance. Explaining from the mathematical principles
of the established PCFM waveform design model, this out-
come stems from the enhanced design flexibility afforded
by longer waveforms and the diminished coherence of jam-
ming signals with more subpulses. This analysis provides
valuable insights for optimizing waveform parameters to
achieve superior performance.

QIU ET AL.: DESIGN OF COMPLEMENTARY PCFM WAVEFORM SET

TABLE V
Parameter Settings of the SMSP Jammer and Target

SMSP and target parameters Values
SMSP subpulse width O s
SMSP location 1.3, 1.4, 1.5km
Target location 1.0, 1.2km
Signal to Jamming ratio (SJR) —-30dB

C. SMSP Suppression for Target Detection

To further demonstrate the superiority of the proposed
complementary PCFM waveform design method in SMSP
jamming suppression, we conducted a target detection ex-
periment in the SMSP jamming environment. For the wave-
form parameters, we set the PCFM pulse duration to 20 s,
and the waveform sampling rate as 10 MHz. For the SMSP
jamming parameters, the downsampling factor is set as
P = 4, the jammer forwarding delay is set as 1 us, and the
distance between the radar system and the SMSP jammer is
1 km. The specific parameter settings for the targets and the
SMSP jammer are outlined in Table V. It is assumed that
the SMSP jammer retransmits the captured radar waveforms
with three distinct time delays after the jamming signal is
generated. This leads to the formation of three false targets
at distances of 1.3, 1.4, and 1.5 km, respectively.

In Fig. 5, the PC results corresponding to various SMSP
jamming conditions and waveform configurations are pre-
sented to evaluate the performance of SMSP suppression
and target detection. Since existing methods do not address
SMSP suppression in multichannel radar systems, we em-
ploy a two-channel radar system for comparison with the
designed complementary PCFM waveforms. In this sys-
tem, each channel transmits LFM waveforms with opposite
chirp rates, namely, 1.0 and —1.0 MHz / us, respectively.
Fig. 5(a) and (b) show the PC results for the LFM waveforms
in an SMSP-free environment. As observed, two prominent
targets are easily identifiable due to their high peaks com-
pared to the sidelobe levels. However, when SMSP jamming
isintroduced into the transmit LFM waveforms, the sidelobe
levels increase significantly, potentially leading to target de-
tection failure, as depicted in Fig. 5(c) and (d). Fig. 5(e) and
(f) present the PC results for the phase-coded waveforms
in the presence of SMSP. As illustrated, both preset targets
are clearly detectable, with the highest sidelobe level mea-
sured at —13.79 dB. However, under the SMSP jamming
scenario, as depicted in Fig. 5(g) and (h), the sidelobe levels
rise substantially, effectively masking the true targets. This
contrast highlights the significant impact of SMSP jamming
on target detection performance, underscoring the chal-
lenges posed by such jamming in radar systems. In contrast,
Fig.5(i) and (j) present the PC results for the complementary
PCFM waveforms with K = 1. In these cases, the sidelobe
levels induced by the SMSP jamming are effectively sup-
pressed, enhancing the radar system’s performance in the
presence of SMSP jamming. Furthermore, as illustrated in
Fig. 5(k) and (1), the sidelobe levels are further reduced,
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Fig. 5. Experimental results of SMSP suppression and target detection under the SMSP jamming scenario. (a)—(b) PC results for LEFM waveforms in
the SMSP-free scenario, corresponding to channels 1 and 2, respectively. (¢)—(d) PC results for LFM waveforms under the SMSP scenario, associated
with channels 1 and 2. (e)—(f) PC results for phase-coded waveforms in the SMSP-free scenario, evaluated for channels 1 and 2. (g)—(h) PC results for
phase-coded waveforms under the SMSP scenario, corresponding to channels 1 and 2. (i)—(j) PC results for the complementary PCFM waveforms
with K = 1 under the SMSP scenario, analyzed for channels 1 and 2. (k)—(1) PC results for the complementary PCFM waveforms with K = 3 under
the SMSP scenario, evaluated for channels 1 and 2.

reaching approximately —13 dB, indicating improved anti-
SMSP performance with a larger K. It is anticipated that as
K increases, the SMSP suppression capability of the radar
system improves, offering significant potential for further
advancements in SMSP jamming mitigation.

D. SMSP Suppression for Radar Imaging

The high-resolution range profile (HRRP) of captures
the combined contributions of target scattering points pro-
jected along the radar’s line-of-sight direction. It serves as
a valuable source of information for characterizing target
structure and scattering patterns. Compared to 2-D synthetic
aperture radar (SAR) and inverse SAR (ISAR) images, 1-D
HRRP data are not only easier to acquire but also applicable
to a broader range of scenarios, making it a practical choice
for target recognition and analysis [55]. In this subsec-
tion, we assess the performance of the PCFM waveform
design method in suppressing SMSP for radar imaging
applications. To conduct the experiment, we first construct
a computer-aided design (CAD) model of an aircraft. Using
electromagnetic simulation software, we compute the radar
cross section (RCS) data of the target. Fig. 6(a) illustrates
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the CAD model, while Fig. 6(b) displays the computed
RCS data at an elevation of 45° and an azimuth of 75°.
Based on the obtained RCS data, we simulate the radar echo
corresponding to various transmit waveforms, enabling the
generation of the aircraft’s HRRP. For the experiments, the
transmit waveform parameters are configured as follows:
The carrier frequency is set to 10 GHz, the pulse width
is 2.5 u s, and the sampling rate is 100 MHz. The SMSP
settings remain consistent with those used in the previous
subsection. This setup allows us to systematically evaluate
the effectiveness of the PCFM waveform in mitigating ISRJ
and enhancing radar imaging performance.

In Fig. 6(c)—(h), we present the realized HRRPs realized
by the LFM waveform, the phase-coded waveform, and the
designed PCFM waveform. Specifically, the results shown
in Fig. 6(d) and (f) employ the SMSP countermeasures
introduced in [21]. Based on the experimental results, it is
evident that the presence of SMSP significantly degrades
radar imaging performance, primarily manifested in the
elevation of sidelobes and the masking of weak scattering
points. Although the signal reconstruction-based method
illustrated in Fig. 6(d) and (f) can partially cancel the SMSP
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Fig. 6. (a)-(b) CAD model of the aircraft and corresponding RCS amplitude data. (c)—(d) Realized HRRPs of the LFM waveform. (e)—(f) Realized

HRRPs of the phase-coded waveform. (g)—(h) Realized HRRPs of the PCFM waveform for K = 1 and K = 3.

components, the residual sidelobe levels still severely im-
pact the detection of weak scattering points. In contrast, the
proposed PCFM waveform demonstrates superior perfor-
mance by enhancing SMSP suppression through an increase
in the number of complementary pulses. When K = 3, the
sidelobe regions in the HRRP are significantly suppressed,
and weak scattering points become distinctly visible. This
clearly highlights the advantages of the proposed method in
radar imaging applications.

E. Influence of the Missed Pulses

In practice, both the radar receiver and the SMSP jam-
mer may miss certain pulses due to hardware limitations and
operational constraints. To investigate the impact of these
missed pulses, we conducted a target detection experiment
under SMSP jamming conditions. The waveform param-
eters are configured as follows: M =1, N =100, K =5,
and Q = 4. In addition, the pulse width is set to 20 s,
and the sampling rate is fixed at 20 MHz. For the jamming
parameters, the downsampling factor is set to P = 4, and
the forwarding delay is 1 ws. The target is positioned 5 km
from the radar system, while the SMSP jammer is placed
5.5 -km away.

To analyze the effect of missed pulses on both the
receiver and the jammer, we examine the realized signal-
to-jamming ratio (SJR) as a function of the number of
missed pulses. The results illustrated in Fig. 7 indicate
that the highest SJR values are achieved when the SMSP
jammer intercepts all pulses and the radar receives all
echoes. However, as the number of missed pulses due to
incomplete reception increases, the realized SJR declines
significantly. This phenomenon can be due to the disruption
of the coherent design among complementary pulses, which
diminishes the effectiveness of SMSP suppression during
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pulse processing. Interestingly, when the number of missed
pulses caused by the SMSP jammer increases, the realized
SJR initially decreases but subsequently rises. The initial
decline is due to the destruction of phase coherence between
pulses, while the subsequent increase is a result of reduced
jamming energy entering the receiver as fewer jamming
pulses are transmitted.

In summary, when employing complementary PCFM
for SMSP suppression, it is crucial to ensure that both
the radar and the jammer receive all pulses within a CPI.
If complete reception cannot be guaranteed, a practical
solution is to reduce the number of pulses in the complemen-
tary PCFM waveform set, thereby lowering the stringent
reception requirements of the proposed method. To validate
the effectiveness of the proposed method under extreme
conditions, we reconfigure the number of pulses to K = 1
and redesign the waveforms accordingly. The PC results for
the newly designed waveform, along with those for LFM
waveforms, are presented in Fig. 8. As demonstrated, the
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proposed method achieves superior jamming suppression
performance in SMSP jamming scenarios, confirming its
effectiveness.

F. Analysis of the Parameter Sensitivity

As shown in Section II, the established complementary
PCFM waveform design model relies on the prior infor-
mation of SMSP jamming. Since the SMSP parameters
are determined by the downsampling factor P, we evaluate
the jamming suppression performance under the imperfect
downsampling rate of the jammer. In this experiment, we
consider a radar system equipped with two different chan-
nels, each transmitting the PCFM waveform with time width
of 20 ps, and the sampling rate of 20 MHz. In addition, the
complementary waveform numberis setto K = 3, the coded
length is set to N = 100, and the target is located 5-km
away from the radar system. For the target equipped SMSP
jamming, forwarding delay is set to 1 us, and the practical
sampling rate is set to 5 MHz, resulting in a downsampling
factor of P = 4.

In Fig. 9, the SJR across different channels is presented
to evaluate the effectiveness of the proposed method under
varying SMSP jamming parameters. The results show that
when the jamming parameters are accurately estimated,
the realized SJR achieves optimal jamming suppression
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performance, reaching approximately 19 dB across all chan-
nels. However, as the estimation accuracy gets worse, the
realized SJR degrades significantly, highlighting the critical
importance of accurate prior information. Notably, even
in scenarios where precise SMSP jamming parameters are
unavailable, the proposed method still maintains an SJR of
about 10 dB, confirming its robustness and practical appli-
cability under imperfect conditions. These findings collec-
tively demonstrate the method effectiveness in mitigating
SMSP components, even with limited prior knowledge.

V. CONCLUSION

This study investigates the design of PCFM waveforms
in MIMO radar systems for the suppression of SMSP
jamming. To further enhance SMSP jamming suppression,
multiple waveform pulses within each CPI are considered
under a waveform complementary strategy. The problem
of waveform design is initially formulated as a multiob-
jective optimization task, where the goal is to minimize a
series of subfunctions. An iterative algorithm based on the
approximation of the inverse Hessian is further employed
to facilitate the optimization process, enabling an iterative
search for the required PCFM waveform. Numerical exper-
iments are then conducted to evaluate the effectiveness of
the proposed approach.

The results of the proposed PCFM waveform design
method demonstrate promising performance in SMSP jam-
ming suppression. However, a major challenge in practical
implementation arises from the assumption of prior knowl-
edge regarding the parameters of SMSP jamming. There-
fore, future research should focus on developing methods
for estimating these parameters and enhancing the robust-
ness of the anti-SMSP techniques through complementary
PCFM waveform optimization. To reach this goal, the scope
of waveform design could be further expanded by simul-
taneously optimizing both the transmit waveform and the
receive filter. In addition, while the optimization method
employed here relies on a traditional gradient-based algo-
rithm that generates a descent direction using a linear map-
ping of the gradient function, future research could explore
the use of nonlinear operators. Integrating learning-based
algorithms into the optimization process could potentially
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lead to more effective complementary PCFM waveforms
with improved SMSP suppression capabilities.

APPENDIX

In this section, we present the calculation progress of
the partial derivatives a% f(X). Then, the gradient function
concerning the phase matrix X can be formed with the intro-
duced stacking manner. Since f(X) involves four different
components, the partial derivative can be calculated as

o X) = o (X) o (X)
E)x,’;f B Bxﬁlfl * Bxl,jlf2
d d
+ annfs X) + annﬂ (X). (20)

In the following parts, the expression of each partial
derivative will be demonstrated.

A. Calculation of the Partial Derivative %fl X)

The partial derivative in this part can be computed
using various methods. In this work, we utilize a strategy
in which we first differentiate concerning a single PCFM
parameter XX (1), and then organize the expression to enable
the parallel computation of the derivatives to all N PCFM
parameters.

Making use of the fact that the elements of wg; and wyy
contain only ones and zeroes, we have

2 2
”Wgerme _ (ng|l'mm|p)l @1

[wiwrmnl, — \ Wi nl”

Then, by the chain rule, the partial derivative of f;(X)
with respect to xfn(n) can be expressed as

L o= (W&Irmml”)i

ax, (n) axk (n) \ Wl [Xpml”

2_
= E<W£L|rmm|p>p : d <W§L|rmm|p ) (22)

p W{dL |rmm |17 aan (I’l) W]{/ILlrmm |p

Subsequently, we apply the chain rule to (22), then we
have

WgL | Linm |p
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To obtain the partial derivative of r,,,, we employ both
the chain rule and the product rule, which yields

— P

»
=—twm O ;knm 2
9xk (n) (r r )

-2
= Elrmm|pT © (
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axk (n)

oar’
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Since the FFT matrix denotes a linear operator here, the
partial derivative of r,,,, becomes

s = et [P () © (15))°)

ok
ds,,

_ ATH <k
= 2F"Re [(Fsm) 0] <F8X’,‘n(n)> ] (25)

after once again employing the product rule. Using the com-
pact expression in (6), the nonzero portion of the derivative
in (25) turn to be

sk,

oxk (n)  9xk (n)
where g, is the nth column of G. Further, the zero-padded

form of derivative in (25) can be obtained via
o5y,
axk(n)
in which g, is the zero-padded version of g, with dimension
of (2L — 1) x 1. By substituting (27) into (25) and then
substituting the resulting expression into (24), we can obtain

exp (JGx£) = jg, ©s5 (26

Jjg, O 8

27

T P __ =T k"
—— !’ =2 Im { 3
S el = 2B ) ©

(F" [F (Wi © 5" © ) © (FS5)]) )

after some mathematical manipulations. By substituting
(28) into (22), we can obtain the partial derivative of the
function f;(X) with respect to x’,‘n (n). Furthermore, by stack-
ing the partial derivatives of the N elements columnwise
and defining G =[g;, ..., 8y], we can derive the partial
derivative of f(X) with respect to the phase vector x¥, as
follows: (29) shown at the bottom of this page.

(28)

B. Calculation of the Partial Derivative a%fz(X)

Since the subobjective function f,(X) involves two sum-
mation operations, its gradient can be decoupled into the

2
3 WL Epm? \ 7 -
2 (X) = 4 Zsullmml Ve
ax',;fl() <w§L|rmm|">

WsL

xIm{(E) o (FH [F([ S ]@ Irmml”2©rmm) o (Fs, D} (29)
) o S AT ()
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following two summation terms:

f (X) _ i 0 ”rm’m”lz;
ax{i’l(n) ’ B m=1 aXI,;(n) ”rm/m’ © WML”IZ;
i [
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For the term within the first summation operation, we have
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To obtain the mathematical expression of (31), we still need

to derive the partial derivative of |r,,, |”, which can be
calculated as
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For the term within the second summation operation,
we have
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Substituting (32) and (33) into (31), substituting (35)
and (36) into (34), we can obtain the partial derivative of
f>(X) after some manipulations and stacking operator. The
final partial derivative of the function component f>(X) is
formally given as (37) shown at the bottom of this page.

C. Calculation of the Partial Derivative a%fg(X)

The function component f3(X) involves the summation
of M different terms, the partial derivative of which can be

expressed as
2
1,17\’
P WML|rmm|
17 ol |7 wlo Alrl”
y L S O L7 B
17|xl, |7 axk ) Wiy [Epnl? XK, (n)

Since we already obtained the partial derivative of |r,,, |”
in (24), we only need to find the expression of |rJ |P.
Applying the product rule to (9), we have

p
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Further, the partial derivative of r/, = can be calculated
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where J denotes a (2L — 1) x (2L — 1)-dimensional ma-
trix, with the L x L submatrix in the top-left corner deter-
mined by J. Combing the equations (24), (39)—(41), the final
partial derivative of function component f3(X) can be easily
obtained, as given in (42) shown at the top of this page.

D. Calculation of the Partial Derivative H%ﬁ;(X)

The function component f;(X) involves two nested
summations over the channel dimensions. To compute its
partial derivative, we first decouple the derivative into two
independent summation terms, resulting in the following

expression:
M J |2
d ad ||rmm’
X)) = B
ox,(m)”* mZ:l IXE,(1) ([ Epm © a1
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For each term within the first summation operation, we have
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Leveraging equations (24), (44)—(46), the partial
derivative of the first term in (43) can be obtained, and
the partial derivative of the second term can be obtained
similarly. Consequently, the final partial derivative of
function component f;(X) can be expressed as (47) shown
at the top of this page. With (29), (37), (42), and (47) at hand,
the gradient of the objective function with respect to X can
be obtained, and the proposed Algorithm 2 can proceed.
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