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Abstract: In this contribution, we consider the problem of testing for the
sphericity of a collection of random vectors. It is well known that in a
classical elliptical model, testing for rotational symmetry of the underlying
distribution is equivalent to testing that a scatter parameter is a multiple
of the identity matrix. We consider the more general model of random
vectors with elliptical directions and introduce a few scenarios where testing
for sphericity is still equivalent to testing that the scatter parameter is a
multiple of the identity. These new scenarios include, for instance, non-
classical settings where some dependence of a very general form studied
here for the first time may be present between observations. We study,
under these new assumptions, the behavior of the classical spatial sign test
and show that under certain mild assumptions, the test is asymptotically
valid and has the same local asymptotic power as in the classical elliptical
scenario. We then show that, contrary to some commonly held belief, the
spatial sign test enjoys some local asymptotic optimality properties when it
comes to testing for sphericity when the underlying distribution is strongly
heavy-tailed.

MSC2020 subject classifications: Primary 62H15, 62F35; secondary
62F05.

Keywords and phrases: Robust hypothesis tests, Local asymptotic op-
timality, Spatial signs, Shape matrices.

1. Introduction

A p-dimensional random vector X is considered to be spherical if there exists

a vector @ € RP such that X — 6 £ O(X — 6), for all O € SO,, with SO,
the special orthogonal group of p x p matrices. As spherical random vectors do
not admit a direction in which the variability is larger, they can be considered
as pure noise in a large amount of applications. Sphericity tests are therefore
particularly useful for trying to detect the presence of a signal in a given data set,
this detection being a preliminary step to performing any multivariate analysis
technique. In particular, testing for sphericity is a crucial step that must be
carried out before performing Principal Component Analysis (PCA) or, more
generally, before applying a dimension reduction technique to the data. For this
reason, the problem of testing for sphericity has been the subject of extensive
study for a very long time. [14] was the first attempt to tackle the problem
by proposing a Gaussian Likelihood Ratio Test (LRT), while a locally most
powerful invariant Gaussian test was obtained by [9] (see also [10]). Since the
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above tests are asymptotically valid only under Gaussian assumption, pseudo-
Gaussian procedures requiring only finite fourth-order moments were introduced
by [16] and [26]. To obtain robustness to the absence of finite fourth-order
moments, a sign-based test statistic was proposed by [27], while [6] proposed
tests based on the multivariate signed-ranks of the observations. Although the
problem of testing for sphericity has been considered for a very long time, it is
still actively studied because of its crucial importance in dimension reduction. To
cite only a few recent contributions, [8] proposed tests based on characteristic
functions, [2] tests based on random projections, [4] studied sphericity tests
in a time series framework and [23] proposed an approach based on optimal
transport. High-dimensional sphericity tests have also been extensively studied
these past years; see for instance [18, 19, 25, 21] and [13].

When testing for sphericity, certain assumptions over the underlying distribu-
tion allow us to reformulate the problem in such a way as to obtain asymptotic
optimality properties. If we assume that X is an elliptical random vector, the
geometry of the probability contours is entirely determined by a matrix acting
as a dispersion parameter. This (normalized) p x p matrix is called the shape
parameter and we will denote it V. The matrix V is normalized so that it
has determinant 1, as this choice is canonical in a sense established in [20]. In
the elliptical framework, the sphericity assumption is equivalent to assuming
that V = I,. If we do not assume that the random vectors are elliptical, the
latter statement is not true in general and V = I, does not necessarily im-
ply sphericity. For these reasons, the locally and asymptotically optimal tests
proposed in [6] assume ellipticity; testing for sphericity then boiling down to
testing that V = I,. However, there may be less stringent assumptions that
could be made on the data generating process under which testing for V =1,
is still equivalent to testing for sphericity. The first objective of this contribu-
tion is to propose a model, less stringent than the classical elliptical one, in
which the hypothesis V = I, is still equivalent to the sphericity hypothesis,
making of the testing problem a (semi-)parametric one. The second objective
is to propose tests that are asymptotically valid under these new assumptions
and study their local asymptotic power. The third objective is to show under
which conditions these tests enjoy some asymptotic optimality properties. As
we shall see, our approach will lead to the use of procedures based on the spatial
signs of the observations, in the spirit of [27]. These procedures are based solely
on the directions of the (centred) observations, directions belonging to the unit
sphere of dimension p — 1. This contribution can also be seen as a strong plea
for the use of multivariate sign tests since, as we shall see later, they enjoy
some highly desirable properties. In this sense, this contribution investigates an
interesting phenomenon in statistical inference by pointing out that there are
cases where using less seemingly relevant information from the data not only
increases robustness but is also optimal.

This contribution is structured as follows. The section 2 presents the model
considered, the section 3 presents the test considered and outlines our approach,
the sections 4 and 5 examine the asymptotic validity, power and optimality of
the test considered, while the section 6 presents our conclusions. An Appendix
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gathers the technical proofs of the different results. The main tool used in this
contribution is the Le Cam asymptotic theory of experiments developed in [11]
and [12]. Our results are illustrated by Monte-Carlo simulation studies.

2. The model: skewness and dependent observations

The class of distributions with elliptical directions was introduced in [22], gener-
alizing the classical class of elliptical distributions. In the p-variate framework,
distributions with elliptical directions are characterized by a location parameter
0 € RP, and a shape parameter V belonging to the set of p x p positive definite
matrices with determinant equal to one. Some nonparametric nuisance of a very
general form is also present in the model. Explicitly, a collection of p-variate
random vectors Xy, ..., X,, follows a distribution with elliptical directions with
parameters @ and V if it satisfies

X; = R;VY?U,; +6, i€ {1,...,n}. (1)

Here, Uy, ..., U, are i.i.d. uniform random vectors on the unit sphere

SPhi={ueR|uvu=1}

and Ry, ..., R, is a collection of random variables with values in R*. We denote
this model by ng\)ﬂ Riv Ry The main difference with classical elliptical random
vectors lies in the fact that Ry,..., R, can be dependent on the U;, can be
dependent on each others or can be such that they are not identically distributed.

In this context, the shape parameter V summarizes at least some part of
the dispersion of the data. We distinguish three settings which are of particular
relevance.

(I) The R; are independent of the U; and i.i.d. This is the classical elliptical
framework where the geometry of the dispersion is entirely characterized
by V.

(IT) There is some dependence between the R; and the U; but the R; are
i.i.d.. This corresponds to i.i.d. cases where some skewness is present in the
underlying distribution. In this context, the parameter V does not describe
the part of the geometry of the dispersion explained by the skewness.

(III) The R; are not i.i.d. but are independent of the U;. V still fully charac-
terizes the geometry of the dispersion but the distribution of the radius
can vary with ¢ = 1,...,n. In particular, radial dependence between the
observations can be present in the R;.

Inference over V in setting (I) is a very classical and well-studied problem,
see for instance [24] and [6] for an approach based on signed-ranks. In this
contribution, we will therefore focus mainly on settings (II) and (III), which
have not been the subject of as much work. Considering inference problems
on V in setting (IT) makes sense if we assume that some contamination of a
classical elliptical distribution is causing the skewness as in [5] and if we would
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like to conduct inference over V in such a way that the procedure is robust to
this contamination. In general, if measurement errors are made on Ry,..., R,
and if these errors depend on the direction of the observations Uy,..., U,,
they will most likely affect classical inference procedures performed over the
dispersion parameter V. If we suspect that such errors have been made, it is
perfectly reasonable to want to perform inference on V in such a way that the
outcome is independent of these errors. Setting (III), on the other hand, makes
a lot of sense when we assume that the directions are independent, but that
the overall variability evolves over time and can be correlated with previous
realizations. For instance, the random vectors U; could represent a direction
indicating whether certain prices are rising or falling and the R; could represent
the magnitude of the price change. In this framework, the R; can be linked to
some global volatility of the market, potentially correlated to past realizations,
while the directions U; are still i.i.d. In setting (II) and (III), the R; play the
role of a nuisance, while the shape parameter V encompasses all the relevant
information about the interaction between the various components of the X;. It
is then very natural to consider classical testing problems over V - such as the
sphericity problem - in setting (II) and (III). Furthermore, since the inference
procedures based on the spatial signs of the observations are known to exhibit
excellent robustness properties in general - see, for instance, [1] - it is also very
natural to study the robustness of multivariate sign-based testing procedures
in settings (II) and (IIT). We develop the rationale of our approach in the next
section.

3. Testing for sphericity using multivariate signs

First, we introduce a few notations. Let A be a pXp matrix, we denote by vec(A)
the p?-vector obtained by stacking the columns of A one on top of the other
and by vech (A) the vector obtained by stacking the upper-diagonal entries of
the matrix A deprived of its first component. We also denote by A~ the Moore-
Penrose generalized inverse of A and by K,, the p* x p? commutation matriz de-
fined such that K,vec(A) = vec(A’). Finally, let M, (V) the (p(p+1)/2—1) x p?
matrix such that (i) M, (V)vec (V™) = 0 and (ii) M,(V)'vech (A) = vec (A)
for any symmetric matrix A such that tr(V=1A) = 0. For the sake of brevity,
we put M, := M, (I,). We consider the parametrization § = (6’,vech’(V)).
In this parametrization vech (V) is the parameter of interest and we test for
vech (V) € Hy with

Ho : vech (V) is such that V = I,. (2)

In settings (I), (II) and (III), the interpretation of Hy is the same: the data
consists only of spherical noise. The difference between the three settings lies
only in the fact that in setting (IT), the data can be considered as spherical
noise with some added contamination or errors that should be ignored while
in setting (III), it can be considered as correlated spherical random noise. The
main idea of this contribution is to get rid of the R; in the test statistic, since it
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is the only part of the model that is defined differently in the three considered
settings. For that purpose, we define the elliptical signs of the observations

V—l /2( i = 0)
IV-12(X; = 0)|°
obviously a quantity that is measurable with respect to the U;. When V =1,

we find back the classical spatial signs. We also define the associated elliptical
distances

Ui(6,V) =

d;(6,V) = [V"V2(X; - 0)].
We denote by

s =8 (9,1,) 1ZU 6.,1,) I). (3)

sign Sign

It has been well known since [6] that in setting (I), asymptotically valid
multivariate sign tests for Hy can be based on the quantity

A" (0,1,) =n"1/? %MPZVeOCh s™ 0,1,)). (4)

sign sign
=1

More precisely, for the testing problem (2), the multivariate sign test studied
in [6] rejects Ho at the asymptotic level a when

S(n)(o) = (As1gn(0 I )) 51gn(IP)A31gn(0 I ) M”

> Xo(pr1)/2—11—as (5)

851g11( P) - IPH%‘

where Xi; s represents the quantile of order ¢ of the chi-squared distribution with
v degrees of freedom and IT'yien(I,) is defined as in Theorem 5.3. Note here that
although the explicit forms of the matrices M,, and T's;g,(I,) are given for the
sake of precision, they play no role in the problem we tackle. Furthermore, the
final form of the test statistic considered in (5) is rather simple and does not
involve M, or I'sign (I,). The two main points here are as follows:

(a) the multivariate sign test (5) based on (4) is asymptotically valid in the
elliptical directions setting since (4) does not depend on the R;;

(b) the quantity @ still needs to be estimated in (4) to produce a useable test
statistic.

A natural approach is to replace @ in (4) by a root-n consistent estimator 9(n)
We denote by qi)( ™) the equivalent of the test (5) where 6 has been replace by

sign

9(n). In setting (I), it is shown in [6] that the estimation of @ has no asymptotic
cost. In other words, we can consider without loss of generality that we are only
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dealing with Aii’;)n(o, I,). This completely eliminates the dependence to the R;
in (4), asymptotically.

In the settings (IT) and (III), the problem is much more difficult because the
arguments used in [6] that allowed to assume that @ was specified are no longer

valid. This is why we need to study the potential cost of this estimation of @ in
(4).

Considering any root-n consistent estimator 9(n) of 6, the problem under
study amounts to answering the following essential question: “Assuming that
we are in settings (IT) or (IIT), under what conditions on Xy, ..., X, is it possible

to assert that -
lim A™ (@

n—oo O8N

1) £ lim Al 0,1,), (6)

n—oo

or, equivalently, that

lim n'/2 (S(n) (é(n)

n— o0 sign

I,) — L) £ lim n'/2(sf)

n— 00 sign

(oa Ip) - Ip)?”- (7)
If the conditions such that (7) holds are met, we can consider that

(1)

A(”) 6

sign

' 1p)

asymptotically no longer depends on the R;’s anymore and is then such that
its asymptotic distribution does not vary under assumptions (I), (IT) and (III).

In the next section, we show under which conditions (7) holds and then under
(n)

which conditions the multivariate sign test for sphericity @,

valid under the elliptical directions assumption (1).

is asymptotically

4. Asymptotic validity of the multivariate sign test under elliptical
directions assumption

4.1. Asymptotic validity in presence of skewness

. (1) . .
From now on, we assume that there exists & °, a consistent estimator of 6

satisfying n1/2(9(n) —0) = Op(1) as n — oco. We will return to the question of the
existence of such an estimator at the end of this section. For any [ € {1,...,p},
we denote by [v]") the I-th component of v, v € RP. We first tackle the case
where the data generating process satisfies the assumptions of setting (II). In

other words, we will study the asymptotic validity of d)ii"g)n assuming that the
R; are i.i.d. but are not independent of the U;. The main tool is the following

theorem.

Theorem 4.1. Let X4,...,X,, p-variate random vectors with elliptical direc-

tions satisfying assumption (II). Assume that E(R;B/Q) < 00. Moreover, assume
that
. V1/2Ui

E . —_— ) =
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and that for every k,l,m € {1,...,p},

ViR, g V2O g VIR,
v v, (v,

MR- = 0.

Then, the following holds as n — oo,

lim n'/2 (S(-n) (9(n)

n—00 sign sign

1) —1,) £ hn;O nt/? (S(n 6,1, - 1,).

A direct consequence of Theorem 4.1 is of course the following proposition

which establishes the asymptotic validity of the multivariate sign test ¢51gn
scenario (II), under certain conditions over the R; that we will discuss after
stating the result.

Theorem 4.2. Let Xy,...,X,, p-variate random Uectors with elliptical direc-

tions satisfying the assumptions of Theorem 4.1. Then, d)

(n)
valid for Ho as n — oo under P97V,R1,_“7Rn,

sign 05 asymptotically

We need to distinguish two conditions on the R;. The condition E(R, 3/ 2) <
oo indicates only that the distribution of the R; must not charge 0 too much.
Roughly speaking, this condition makes sense since the construction of the (em-

pirical) spatial signs implies dividing by || X; — 9(n)||, a quantity which can
not be too close to 0. This assumption is not particularly stringent and makes

a lot of sense. The second (two-part) technical condition concerns the vector
E(R; 1_vi/2uy;

V172U,

be mterpreted as follows: skewness can be present in the distribution of the X;

but the Rf and the U; still need to satisfy some symmetry assumption; in

) and its components and is more stringent. This condition can

particular, they must not be correlated. Then, the test qulgn is indeed asymp-
totically robust to some form of contamination or measurement errors causing
skewness in the data set of the type considered in the section 2. However, very
roughly speaking, the assumption that said contamination/measurement errors

still preserve some form of symmetry should be met for the test gbi?g)n to remain
asymptotically valid.

4.2. Asymptotic validity in presence of radial dependence

The radial dependance scenario, where the data generating process satisfies the
assumptions (III), allows to get a much more interesting result. We will now

study the asymptotic consistency of gbbl , assuming that the R; are not i.i.d.
but are independent of the U;. We have the following proposition.

Theorem 4.3. Let Xq,...,X,, p-variate random vectors with elliptical direc-
tions satisfying assumption (III). Assume moreover that Ry, ..., R, are such
that n=3/23"" | R;7® = op(1). Then, the following holds as n — oo,

nl/2 (S(n (é n)

sign

1,) - S{.(6.1,)) = op(1).
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A proof can be found in the Appendix. A direct consequence of Theorem 4.3
is of course the next proposition, which establishes the asymptotic validity of
Pgign 10 & large proportion of scenarios of type (I11).

Theorem 4.4. Let Xq,...,X,, p-variate random vectors with elliptical direc-
(n)
sign

tions satisfying the assumptions of Theorem 4.3 Then, ¢

; (n)
valid for Ho as n — oo under Pov R R,

18 asymptotically

Theorem 4.4 is a stronger result than Theorem 4.2 in the sense that the as-
sumption made about the R; is not that stringent, when independence from the
U, is assumed. Indeed, n=3/2 3" | R;® acts only as a way to prevent the distri-
bution of the R; from charging 0 at a very fast rate and is a totally reasonable
assumption that will be in practice satisfied by most of the classical examples
we can think of - modulo some approximation we will detail later. As we will
show, testing for sphericity using qﬁggn allows virtually to tackle every possible
radial dependance scenario we can think of, making the multivariate sign test a
very powerful tool in setting (III). We illustrate this last statement with some
examples of radii Ry,..., R, satisfying the assumptions of Theorem 4.4.

First, we will state a very general result, allowing to model some extremely
general type of radial dependence.

Theorem 4.5. Let X1, ..., X, 6 triangular array of p-variate random vectors
satisfying assumption (III) with Ry, = |A1| 4+ ¢ny ..., Run = |An| + ¢n, where
(A)iez is any arbitrary discrete stochastic process and c;* = o(n'/%). Then,
n=323"  R;7? =op(l) as n — co.

A direct consequence of Theorem 4.5 is that the test (5) is asymptotically
valid for any root-n consistent estimator of @ if the radii Ri,..., R, are as-
sumed to be drown in a manner that is asymptotically equivalent to any given
stochastic process. Indeed, since we can have ¢, = o(1) (assuming that the
speed of convergence of c; ! is not too fast), we have that for this choice of
¢n as n — 00, R; = |A;| + op(1). Theorem 4.5 highlights the fact that the
assumption of Theorem 4.4 seems perfectly reasonable and that the test gzﬁéi"g)n
can be used in most classical radial dependance scenarios we can think of. In
practice, any model presenting some radial dependence can be approximated by
Ry = |A1| +¢n,..., Ry = |An| + ¢n with ¢,, = 0(1) and for this approximation,
the spatial sign test (bg;)n will always be asymptotically valid, provided that ¢,
does not converge too fast to 0. However, one could want to get rid of the ap-
proximation implied by considering |A4;| + ¢, instead of |A;|, which is perfectly
feasible if one requires more conditions on A; to be satisfied.

Another very natural approach is to assume that the R; are identically dis-
tributed but not independent. This covers, for instance, the case where for all
i=1,...,n, X; = R;V'/?U,; 40 are identically distributed Gaussian p-vectors.
We have the following result, which guarantees that if the dimension p is suf-
ficiently large, the multivariate sign test is asymptotically valid in all classical
elliptical identically distributed cases without having to rely on the type of ap-
proximation used in Theorem 4.5. As usual in the radial dependence scenario,
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we still assume that U; and R; are independent and that the U; are i.i.d..

Theorem 4.6. Let Xq,...,X,, identically distributed and satisfying assump-
tion (III). Assume moreover that the X; have common density fx,. Assume
moreover that p > 6 and that fx, is bounded. Under those assumptions,

n=3/2 ZR;?’ =op(1)
i=1

as n — o0.

The assumption p > 6 may seem rather surprising at first sight. However, as
the radial part of X; satisfies R; = ||[V~/2(X; — 0)]|, its density depends on p
via the Jacobian of the change of variable. When p > 6, the negative moments
of order 6 are finite for most of the classical p-variate models - which means
that X; does not charge 0 too fast. We provide one last example of models
for which testing for sphericity using spatial signs leads to asymptotically valid
procedures.

Since the classical way of dealing with dependent observations is the time
series framework, it makes perfect sense to consider a model where (some trans-
formation of) Ry, ..., R, follow a classical time series model and assess whether
the assumptions of Theorem 4.3 are satisfied. In the following proposition, we
consider the log-transformation of the Ry, ..., R, due to both its popularity in
time series analysis and technical reasons.

Theorem 4.7. Let Xq,...,X,, p-variate random vectors satisfying assumption
(ITI) with log (R1) = Aj,...,log(R,) = A,, where (4;)icz is an ARMA(l, q)
process with centred i.i.d. errors €; with finite variance.

Moreover, assume that €, satisfies [[;—, E(e7"') < oo for every sequence
(ti)ien satisfying Y oo, t7 < 0.

In this model, for all i € Z, there exist p1,...,¢0p < 1 and 01,...,0, < 1,
such that we have

l q
Ai = Z onAifk + Zejq,j + €;.
k=1 j=1

Under those assumptions, n=3/2 3" | R7® = op(1) as n — o0.

According to Theorem 4.7, we can conclude that the test qbggn is asymptot-

ically valid if the log-transformed radii R,..., R, are assumed to be drown
according to the very classical ARMA(I, ¢) time series model, granted that the
errors €; satisfy a certain technical assumption. Although this condition may
seem a little too abstract, it is not hard to check that it is satisfied in the
very classical case where €1 ~ N(0, ¢), which already allows to tackle the most
classical models.

The results of this section clearly show that the asymptotic robustness to
radial dependence of the multivariate sign test is extremely impressive. Indeed,
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¢£i"g)n is asymptotically valid under identically distributed p-variate elliptical ran-
dom vectors with p sufficiently large, under classical ARMA time series models
with Gaussian errors and under models approximating asymptotically any ar-

bitrary stochastic process.
4.3. Estimation of the location parameter

We still need to address the question of the choice of the estimator 9(n) of 6.

We suggest using the spatial median 9:;11, introduced in [15]. Intuitively, this

choice is logical since the spatial median is itself based on the spatial signs of
(n)

the observations. The spatial median 9Sign is defined as the p-variate random

vector satisfying

S U6 1,) = 0.
=1
(n)

We have the following result, guaranteeing that 9Sign is root-n consistent

under some rather lenient assumptions.

Theorem 4.8. Let Xi,...,X,, p-variate random wvectors with elliptical di-
rections satisfying assumptions (I), (II) or (III). Let Ry,..., R, such that as
n — 0o,

(Z) n~! E?:l Ri_l = Op(l),
i) there is no subsequence s(n)~1 32" RV such that s(n)~1 32 R =
i=1 i i=1 7
Op(l),
(iii) there exist 6 € (0,1) such that n=17%/23"" | R~ 1% = 0p(1).

H(7)

Then, under those assumptions, n'/> (Bsign — @) = Op(1) as n — oc.

We briefly summarize the results of this section. Thanks to Theorem 4.8,

plugging the spatial median 9;21

obtain a test for sphericity gbéi"g)n which is asymptotically robust to some skewness
or to radial dependence between the observations in most cases (provided that
the assumptions of Theorem 4.1 or 4.3, respectively, are satisfied). We have yet
to answer the question of the asymptotic power of qbging)n, which is the subject
of the next section but we first present the results of a Monte Carlo simulation

study illustrating the results of this section.

in the test statistic defined in (5) allows us to

4.-4. Simulation study

We generated M = 20,000 independent samples X(lj), ceey X%j) with n = 2,000

and j € {1,2,3,4}. For all j, the random (p = 3)-variate vectors satisfy ng) =

Rz(j)Ui, i € {1,...,n}, with U; uniformly distributed on S2.
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When j € {1, 2}, some asymmetry is present in the underlying data-generating
process (scenario (II)). If j = 1, the RZ(J ) satisfy the assumptions of Theorem
4.2. More precisely, RZ(»J) = |Z;] + [{(0,0,20),U})| + 1/10 where Z; are ii.d.
standard Gaussian random variables with expectation 1. When j = 2, the
jo ) do not satisfy the assumptions of Theorem 4.2 anymore since we define
REJ) = |Z;|+ max{{(0, 0, 20),U}),0} + 1/10. We mentioned in the section 2 that
inference in scenario (IT) makes sense if we assume that some measurement er-
rors were made in such a way that they depend on the directions Uy, ..., U,.
The simulation setups for j € {1,2} can be viewed as some toy exemples
where the measurement error is a simple translation of the radial component by
[((0,0,20),U})| or max{{(0,0,20),U}),0} respectively.

When j € {3,4}, some radial dependence is present in the data-generating
process (scenario (III)). If j = 3, the Rl(»] ) satisfy the assumptions of Theorem
4.4: in this setup RY) = |Z| + 1/10 with (Z; | Z;_1 = z) following a student
distribution with non-centrality parameter z, and 2.9 degrees of freedom (Zy :=
1). When j =4 and i = 30k for k € N, RY) = |(n!/62,)~!| with (Z; | Zi_1 = )
following a student distribution with non-centrality parameter z and 3 degrees
of freedom (Zy := 1); else, RZ(]) = |Z;] + 1/10. Tt is easy to check that when
j = 4, the assumptions of Theorem 4.4 are not met anymore since R; ! even
lacks finite third order moments when ¢ = 30 k for some k € N. Those last two
simulation setups can be considered as very simple radial dependence models of
the type described in the section 2, where the global volatility at time ¢ depends
on the past realizations.

In these 4 settings, we study the empirical null distribution of the multivari-

ate sign test statistic S (éi:;)n) (see (5)) and of the classical signed-rank test
statistic with Van der Waerden scores, which is known to be asymptotically
Xz%(p +1)/2—1 in scenario (I) - see for instance [6]. The Van der Waerden test is a
very popular signed-rank test, due to its asymptotic optimality properties under

Gaussian assumptions. The use of this test statistic allows us to assess if the
(n)

robustness properties of ¢Sign are shared by all signed-rank based test statistics.

For both test statistics, the location parameter # = 0 was estimated using 92:;1

and the histograms of the empirical null distributions were compared to the
target Xf,(p +1)/2-1 density function. Examination of Figures 1 and 3 confirms

the asymptotic validity of qb(n) and tends to indicate that the Van der Waerden

sign
score test probably does not share the same robustness properties. Figures 2 and

4 suggest that the assumptions of Theorems 4.2 and 4.4 are indeed necessary to
(n)

obtain the asymptotic validity of ¢, in scenarios (IT) and (III) respectively.
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Fi1c 1. Histograms of the sign and Van der Waerden test statistics (in orange) under scenario
(II) compared to target x? density function (in red) when the assumptions of Theorem 4.2
are met. The sample size is n = 2,000.
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F1G 2. Histograms of the sign and Van der Waerden test statistics (in orange) under scenario
(II) compared to target x2 density function (in red) when the assumptions of Theorem 4.2
are not met. The sample size is n = 2,000.
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F1G 3. Histograms of the sign and Van der Waerden test statistics (in orange) under scenario
(II1) compared to target x> density function (in red) when the assumptions of Theorem 4.4
are met. The sample size is n = 2,000.
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F1G 4. Histograms of the sign and Van der Waerden test statistics (in orange) under scenario
(IIT) compared to target x? density function (in red) when the assumptions of Theorem 4.4
are not met. The sample size is n = 2,000.
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5. Asymptotic power and optimality of the multivariate sign-based
test under elliptical directions assumption

5.1. Local asymptotic power in presence of skewness and radial
dependence
The asymptotic behavior of ¢£:g)n under local alternatives is well studied in

scenario (I) - see [6]. We then focus on deriving the asymptotic distribution of
(1)

the test statistic S(™ (@ ) (see (5)) under local alternatives to o in scenarios

(IT) and (III). As in previous section, we assume that 9(n) is a root-n consistent
estimator of 0.

Theorem 5.1. Let (") a converging sequence of p X p symmetric matrices such
that det(I, + n=/27(M) =1 and V" =1, + n=1/21") s positive definite. Let
7™ =7 asn — oco. Let Xp1,. .., Xnn a triangular array of p-variate elliptical
random wvector satisfying the assumptions of Theorem 4.2 or 4.4 with shape

parameter V™ and location parameter @. This model is denoted Pg"\),(n) Riv R

Under local alternatives to Hy of the form P;7&<">,R1,4..,R,L’ the test statistic

S (é(n)) is asymptotically non-central X]23(p+1)/2—1 with non-centrality param-
eter ﬁ(tr(')ﬁ) —p~1r3(1)) as n — oo.

(n)

sign- Lnter-

estingly, the asymptotic distribution under scenarios (IT) and (IIT) of S(™) (9(n))

appearing in Theorem 5.1 is the exact same as its asymptotic distribution in
scenario (I), derived in [6]. The implication is that when using qzﬁglg)n, there is no
loss of asymptotic power occasioned by expanding the model from the classi-
cal elliptical setting (I) to scenarios involving skewness and radial dependence
considered in this contribution. We should stress out that this result is again
rather powerful since the R; could belong to some very general class of stochastic

processes.

Theorem 5.1 immediately yields the local asymptotic power of ¢

5.2. Asymptotic optimality

We will now turn to the question of the optimality of the multivariate sign
test zbg;)n Following Le Cam asymptotic theory of experiments, the main tool
will be a Local Asymptotic Normality (LAN) result for the sign-based central
sequence (4). In the classical elliptical framework (I), it is common to consider
the following slightly more stringent elliptical density model where the R; are
such that Xy,...,X,, admit a density with respect to the Lebesgue measure. In

this model, denoted by ng; V. fo X1,...,X,, have common density

) = e i (0= 0V c-0)) ).
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for some scale parameter o € Ra', some f; € WI’Z(RS') belonging to the class
of the standardized radial functions

fol rP=Lf(r)dr

and c¢p o5, a normalization constant. This purely technical constraint on f;
allows to avoid identifiability issues without any moment hypothesis. In this
context, it is well known that there is no radial function belonging to F; such
that the sign-based test for sphericity (biing)n is locally and asymptotic optimal.
However, given a radial function f; € F7, the following LAN property holds, as

shown by [6]. This LAN property allows us to construct fi-specified locally and

flt—{f:RS'—)R+|(/Ooorp1f(r)dr<oo)ﬁ( =1/2)}

asymptotically optimal tests for Hg based on the central sequence Agc?) 0,0,V)
defined in the Theorem 5.2 below.

Theorem 5.2. For any f1 € F1 and for any sequence 7™ as in Theorem 5.1
we have under P,(,ngv 3 and as n — oo that

(n)

APy, v s
e 3J1

- %veoch’('r)I‘f1 (V)vech (1) + op(1),

where

1/2

M, (V)vec(V~1/28("(8,0, V)V~1/2),

A&T)(e’ g, V) = 9

n

$0(6,0,V) =01y —ﬁ(di(i’v))di(éﬁv) UL(6,V)UL(6, VY,
i=1

Pa(V) = M, (V) (V)20 4, — veelT, el )

(V) 2 M(V)

and
oo fi(r), p+1
B = oL
! fooo fr(ryrp=tdr

Moreover, ASZI) 0,0, V) = N(0,Tf,(V)) as n — co under Pgl;,v,fl'
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As mentioned earlier, this theorem does not allow us to derive an opti-
mality property for ¢gisn since there is no radial function f; € F; satisfying

A" (0, I,) = AEZIL) (0,0,1,). We then take any positive real sequence 0 < v, =

sign
0(1) and consider the sequence of radial functions

2

falr) = (14 =)

Un

_ ptvn
2

(8)

with
L((p+vn)/2)

w2208 6p T (1, /2)

These radial functions correspond to random vectors following multivariate
t-distributions with v,, > 0 degrees of freedom. Even if f,, does not technically
belong to Fi, there is no identifiability problem in this specific scenario. Later,
when we refer to (8), the sequence can in some situations be standardized such
that it belongs to F;. We have an equivalent of the classical LAN property of
Theorem 5.2 for this sequence f,, of radial functions.

Cp,o,fn =

Theorem 5.3. Let V =1,. Let X,1,..., Xy, a triangular array of i.i.d. ran-
dom wvectors with distribution Pé";v Iz For any sequence of radial functions

fn satisfying (8) and for any sequence 7™ as in Theorem 5.1, we have under

Pé?;,v,fn and as n — oo that
a .
log( o’U’VJ(r:LL) —r )’f"> = vech/(1)A{ (6, V)
dPe,o,V,fn
1 o o
- gve ch'(7)Lign(V)vech (1) + op(1),
where s
A (0. i= "M, (V)vec(V128) (6, V)V
sign\"> T T P signi™s ’
and
p _ 2
Liign (V) = mMp(V) (VE) V2 (1, + K, — EVGC(Ip)VGC(Ip)I>

(V) VA M(V).

Moreover, Ai?g)n 0, V) = N(0,Lgign(V)) as n — oo under ng;,v,fn'

A proofis given in the Appendix. Note that the rate of convergence of v, plays
no role in Theorem 5.3, which is rather uncommon in this type of asymptotic
results. Now, Theorem 5.3 alongside classical Le Cam asymptotic theory of

experiments directly yields the following asymptotic optimality result for the
(n)

multivariate sign test for sphericity Psign-
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Theorem 5.4. For any sequence of radial functions f,, satisfying (8) and under

the sequence of experiments Péng V. f, @SN Theorem 5.3, the test d)gé)n is locally
and asymptotically mazimin when testing for Ho against alternatives of the type

V™) =1, + n=270) with 7™ as in Theorem 5.1.

The sequence of experiments corresponding to radial functions (8) is such
that, as n — oo, the random vectors considered tend to have increasingly heavy
tails. An intuitive way to view the optimality result of Theorem 5.4 is that
the heavier the tails of the considered multivariate student random vectors, the
better the asymptotic performance of the sign test compared to its competitors.
We emphasize the fact that, apart from the trivially degenerate case v,, = 0,
there is no rate of convergence such that gbéing)n is not asymptotically optimal.
As mentioned in the introduction, this result is rather interesting in itself since
getting rid of all the radial information present in the random vectors turns out
to be the optimal choice in this scenario. This fact is rather counter-intuitive in
the sense that getting rid of a large part of the - seemingly relevant - information
is the asymptotically optimal way to perform inference in this context. As the
assumptions of Theorem 5.4 may seem a bit too restrictive, we introduce a
more general result, valid for any collection of random vectors with elliptical
directions such that its limiting behavior is similar to that of Theorem 5.4.
We consider the following triangular array of random vectors with elliptical
directions, generalizing the model used in proposition 5.4.

Let X1, ..., Xy, a triangular array of i.i.d. random p-vectors with elliptical
directions (see (1)) such that, for every n, the array admits joint density

1

1/2
5 .

fxnl,m’x”n (le e ,Xn) = cpﬁ,fn.fn ( ((Xl — 0)/V_1(X1 — 0)) P

= ((xn — 0)' V(% — 0))1/2) .

a

The sequence of joint radial functions are assumed to belong to the class

F o= {ﬂ:(IR;)’”—>]R+|(/+ Hrf_lfl(rl,...,rn)drl...drn<oo)
R)? 1=1

n(

1 1 n —17
fo "'fo | bt r? 1f1~(r1,...,rn)d7"1...drn —1/2)} )
IR Al P (e r)dry g

This model is denoted 15(n) - and includes some cases from both scenarios

0,0V, fn
(I) and (III). It can be viewed as a generalized version of the classical elliptical
density model where some dependence may be present in the radial part of the
random vectors.

Theorem 5.5. Let fn a sequence of joint radial functions belonging to the
class (9). Assume that there exist a sequence 0 < v, = o(1) with corresponding
(standardized) sequence f, satisfying (8) such that
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fn(rl, ces )
_ = =1+o0(1)
‘ [Li=: fnlri)
as n — oo.
Then, under the sequence of experiments Pé )v 7 the test ¢51gn 18 locally

and asymptotically mazimin when testing for Ho agamst alternatives of the type
V™ =1, + n=270) with 7™ as in Theorem 5.1.

Theorem 5.5 is a slightly more general version of Theorem 5.4 which applies
to arrays of - potentially dependent - elliptical random vectors such that their
joint radial densities are sufficiently close to the joint radial densities of indepen-
dent multivariate students random vectors with increasingly heavy tails. Note
that there is no need to require additional conditions in terms of the speed of
convergence of fn(r1,...,7m)/ I1i=; fu(r;) to obtain local asymptotic optimal-
ity of ¢s1gn In this sense, Theorem 5.5 is a fairly general result, valid for any
collection of random vectors which tend to behave asymptotically like multi-
variate student random vectors with a very small number of degrees of freedom.
The maln point of Theorem 5.5 is to establish that the asymptotic optimality
of ¢q1gn does not depend on the speed of convergence of fn, even in a class of
radial functions slightly more general than Fj.

5.3. Stmulation study

We now present some simulation results illustrating the fact that the local

asymptotic power of ¢£1g)n are the same in scenarios (I), (II) and (III).

We generated M = 1,000 independent samples ng’T), . ,Xg’ﬂ with n =
10,000, 7 € {0,1,...,9,10} and j € {1,2,3}. For all j, i and 7, the (p = 3)-
. . (n)
dimensional random vector satisfies X\/) = RU )(%)1/ 2U; with
v v Ndet(Vy)/p
V) = diag(1,1,1 — n~Y27)

and with the U; uniformly distributed on S2. For 7 = 0, the data-generating
process is spherical while for every 7 > 0, the data-generating process is increas-
ingly under the alternative.

The case j = 1 corresponds to scenario (I): RE]) = |Z;| with Z; i.i.d. standard
Gaussian random variables with expectation 1. The case j = 2 corresponds to
scenario (II): R(J) |Z;] + 1((0,0,1),U%)| + 1/10 where Z; are i.i.d. standard
Gaussian random variables with expectation 1. Finally, the case j = 3 corre-
sponds to scenario (III): Rz(»j) = |Z;| +1/10 with (Z; | Z;—1 = z) ~ N(z,1) and
Z() =1.

In the three settings we study the empirical rejection frequencies of the mul-

tivariate sign test gb compared to the theoretical asymptotic local power

sign?
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derived in Theorem 5.1. The test gbi?g)n is performed at the asymptotic confi-

dence level a = 0.05. Inspection of Figure 5 confirms the theoretical findings of
Theorem 5.1.

o ]
- R P
''''' Scenario |
- Scenario Il i
Scenario Il ;7
o _| —— Asymptotic power A
(=}
>
(8]
g < |
=]
o o
[}
L
=
c
2
o < |
L o
Q
24
N
=}
e
(=}

(n)
sign
(II) (in dotted green) and scenario (III) (in dotted orange) compared to the theoretical asymp-
totic power curve (in red). The sample size is n = 10, 000.

F1G 5. Empirical rejection frequencies of ¢ under scenario (I) (in dotted blue), scenario

We conclude this section by a last simulation study meant to illustrate the
asymptotic optimality properties of ¢éi"g)n. We generated M = 2,000 independent
samples X\, ... X7 with n € {110,200, 500,1000} and 7 € {0,1,...,9,10}.
For all 7 and for all n, ng)’ .., X are i.i.d. and are drawn according to a
(p = 3)-dimensional multivariate ¢-distribution with 120 degrees of freedom and
W with VI = diag(1,1,1 — n~/27). The larger n
is, the larger the dispersion of the data and the closest the simulation setup is
to the model of Theorem 5.4, where (Z)(n) is locally and asymptotically optimal.

sign

shape parameter

We performed at the asymptotic level o the multivariate sign test qﬁglg)n and the

signed-rank test with Van der Waerden score. Inspection of Figure 6 confirms

that d)éi’;)n tends to outperform more and more the Van der Waerden test as the

tails of the distribution grow heavier (with n) - which is in line with Theorem
5.4.
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Fic 6. Empirical rejection frequencies of ¢(n) (in blue) and of the Van der Waerden test

sign
(in red) as a function of T under multivariate student assumption with df = 150/n (scenario
(I)). The sample size is n € {110,200, 500, 1000} .
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6. Conclusions

In this contribution, we have studied the asymptotic behavior of the spatial sign
test for sphericity ¢§?g>n when the model does not satisfy the classical elliptical
distribution assumption. Expanding on the elliptical assumption, we have iden-
tified two settings in which testing for sphericity is a highly relevant problem
that can be reframed through a parametric lens: elliptical directions in presence
of skewness (II) and elliptical directions with radial dependence (IIT). We have
derived asymptotic validity results and local asymptotic power results for gbéing)n
in these two settings. In particular, we have shown that a very general type

of dependence can be present in the radial part of the observations without
(n)

affecting the asymptotic validity and local power of Pgign- We have also shown

that ng;)n enjoys certain asymptotic optimality properties when the underlying
process tends to be very strongly heavy tailed. These results imply that, assum-
ing a strongly heavy tailed data-generating process, the use of the spatial sign
test for sphericity will guarantee exceptional asymptotic power while providing
some asymptotic robustness to skewness and radial dependence. It should be
noted that these robustness properties do not seem to be enjoyed by every test
in the class of signed-rank tests proposed by [6] - as highlighted in the simula-
tion study in section 4. This is why the combination of Theorems 4.2, 4.4 and
5.4 argues strongly in favour of using ¢§i"g)n when the data generating process is
suspected to be strongly heavy-tailed. Indeed, from a practical point of view,
the asymptotic power of (;5&7;)[1 will be arbitrarily close to the asymptotic power
of the best signed-rank based competitors, with stronger guarantees regarding
its robustness to the lack of classical elliptical assumption. When n is finite,
the asymptotic optimality of the test qbgézv results in a tendency for qbggn to
dominate in terms of power the classical signed-rank based competitors when
the data generating process is strongly heavy-tailed. This fact was highlighted
in the simulation study in the section 5. In this sense, the asymptotic results
of this contribution are of practical use as they admit a fairly straightforward
interpretation for finite n. An interesting open question concerns the conditions
under which procedures based on the signed-rank - such as the Van der Waerden
test considered in the various simulation studies - would exhibit the same type
of robustness as qbggn in scenarios (II) and (III). The simulation study of the
section 4 suggests that these conditions would be different from those derived

for ¢S;)n in this contribution. This question is left to future research.
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Appendix: Proofs of the various results

Proof of Theorem 4.1. The proof consists in a direct application of Theorem 2
in [3]. O

Proof of Theorem 4.2. The result is a direct consequence of Theorem 4.1. [

Proof of Theorem 4.3. First note that if n—3/2 S R;S 5 0, then we have by
Jensen inequality and the fact that R; > 0 almost surely that

n

0< (n3/2 ZR;2)3/2 < n~3/4(n1 ZRi—z)?}/Q < p34p1 ZR”_B 2o
i=1 i=1

i
i=1

This directly implies that n=3/23"" | R;? = op(1), a fact that will be used
later. Now, we note that

X, — 0|2 — 2(X, — 0)(0" — ) + 8"

— 07 () A(n)
IX; — 6] H U, (6 7Ip)U;(9 1)
~(n)
IXi =615 6™ 1y @™
||Xi_0||2 Ul(o 7IP)U'L(0 7IP)
Cx-0"E x - 8")x, - 8"y
1X; — 0] X _9(")”2
X oXi—0) | (Xi—0")x, 8"y = (X, ~6) (X — )
X, - 0| X, - 0|2
A(n) A(n)
X~ 0" )X, - 0"y — (X, —0)(X; — )
= U;(0,1,)U,6,1 Lo
( ;0) ( P) ‘|X1_0||2

= UZ(07 IP)U;(ev IP)

+(é(n) B 0)(9(71) oY - (Xi— 0)(9(71) —y - (é(") —0)(X; — 8
IX; 0] ’
which yields
U0 1) U6, 1,)
= U;6,1,)U;6,1,)
L0 000" —0y - (X, - 00" —0y - 6" - 6)(X, 6y
|X; —6]|?
~(n) ~(n)
20X —0)'(6_—0)— 16 —0I° s 500 | iy
IX; — 0|2 U6 L) L),
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Now, (10) implies that

NG n e (a0 ~(n)
n/2(s{ 0. L,) ~ sl 8.1,) = n WZ((() ~60)6" — 8y
=1

~(x,—0)@" — oy

(1)

—(0 1

000 ) 15

n ~(n)
—1/2 2(Xi—0)’(0 —0)
i /Z( X, — 0]

A(n)
e -
1X; — 0]
= A, +B,.

)Ui(é,Ip)Ug(é,Ip)

Recall that it has been established at the very beginning of the proof that as

n— oo,n" 323" | R;? = op(1). Now, using this last fact and n1/2(9(n) -0) =
Op(1), we get that as n — oo,

(1)

A, = 22y X - 0] <(9(”) —0)0" —0y — (x, —0)@" — 0y
=1
0" ~o)x.-0y)
= 22N RVIPU (R;l(é(”) —0)8" -0y
=1
vy, —ey — " - 0)U;V1/2)
= 23 RV <V1/2Ui(9(") oy + (0" - 0)U;v1/2>
=1
+0p(1).
(11)

Using the independence of the R; and the U; (which are i.i.d.) alongside
n=3/23°" | R;? = op(1), we get that as n — oo
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vi/2y, - u/vi/2
-1 —1 2 -2 —1 7
R; - E Rl
=l E: gl = B Z; lnvvnnw
- R L 12U, )
jzl |V1/2U 12

B 722 A_2 U;v1/2 V1/2Ui
— V20,2 V12U,
+n7? Y <E(R;1Rj—1)
1<i£j<n
U vz vy,
)

E(

uvi2 o viey, —~_ 1
= B(+ 2) E(+y
(||V1/2U1||2 HV1/2U1H2) n ; (ng)

= o). (12)

It is implied by (12) that n='>""" | R, 1% = op(1). Then, using again

that n1/2(@(") —0) = Op(1), we get from this last fact and from (11) that
A L VU@ —ey + 07 —ouvir
n = —N ; Ri[VI2U, |2 + op (1)
n (1) (1)
Vl/QUi 1/2 0 — 0 1/2 0 -0 U{v1/2
— _n—lz n ( ) tn ( ) i +0P(1)

p Ry V20,2
= op(1)

as n — oo. Now, consider

L am2(X —0)(@ T —0) -0 0|2, . )
Beo= ) < g —"Luanueny.

i=1

Using arguments of the same type as earlier and noting that

A1)
nll” — 6]

IN

Hnné< —0|*n *ﬁ/zjij U0 1)UL,

i=1

F

—3/2 Z 71 1/

= OP(I),

F
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we get that
B —oy@" —o)_ . )
_ 1/22 X g U01)UG.L)
—1/22 16" 01 5.0.1,)U,@0.1,)
X~ VOO
B _oy@" —0)_ . )
- Z T o Ve LUOL)

~(n) B n 1 . .
0" —6*n 2y 2 —Ui(0.L,)Ui(0. L)
i=1 17 VoP

n ~(n)
—12% 2X; - 6)6 " —-6) - .
B v U; U. /
! i=1 ||Xl _9”2 1(0’173) 1(07110) +0P(1),

with Av , the last eigenvalue of V. We then have, using (10) again, that as
n — 0o

A(1)

B, = n!/? ; 2 ||X€)/_(6(’9||2 = (Ui(0,1,)U; (6, 1))
(9(71) _ 0)(9(”) - 0)/ _ (Xz _ 0)(é(n) — 0)/ - (é(n) - 0)(Xz - 0)/
[IX; — 0|2
, ~(n) B _ ~(n) _p2 R
2(X; — 6) (onxi 0‘;“2 16 =07 y,6™ 1,yui6™.1,)) + op(1).
(13)

We denote by fJEZ) the /-th component of %, 1 < ¢ < p. Now, note

that for the first term of (13), we have for 1 < k,l < p that

n A(n)

_ 20X; - 0)@ 8 )

(n 1/22 ( ||X)—(0||2 )Ui(avlp)Ui(ovIp))kyl
i=1 o

P n
= 23 26" o) S RINGZTITIED.

i=1
Now, using again that n=3/2 S R;Q = op(1), we have that

n 'S RITMTR T

i=1
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converges to 0 in quadratic mean because as n — oo,

E((n ' Y RIIOMUNTY)?) = E@m?Y RrIMOMURTY
=1 =1
n
1M R Ho
> RO
=1
< ) (E(R;le—l)
1<iZi<n

E(fjgm)ﬁg’“)ﬁf)ﬁ;’”)ﬂ;’“)ﬂg”))

n
+n72 Y B(R;?)
=1

= o(1).
(14

The last line holds because E(fjgm)fjgl)fjgk)) = —E(ﬂgm)fjgl)fjgk)) =0 (re-
call that the U; are i.i.d.). Then, (13) and (14) yield

n A(n)
_ 2(X; —6)(@ " —0)
B, = n /2
D T
(006" 0y - (x. 00" -
X, -0

X, -0y (0" —0)— 10" — 0]

1Xi — 02

(1)

0 -0  -0)(Xi-0)

(1)

00", 1,)U46™.1,)) + op(1).

The fact that n=3/23""  R;® = op(1), n=3/23""  R7? = op(1) and that

n1/2(9(n) —0) = Op(1) alongside same reasoning as earlier yields B,, = op(1).
Then, as n — oo, we have that

nl/g(s(n) (é(n)

sign

,Ip) _ S(")

sign(

0.1,)) = A, +B, =op(1),

which concludes the proof.
O

Proof of Theorem 4.4. The result is a direct consequence of Theorem 4.3. [
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Proof of Theorem 4.5. The proof holds trivially because, by definition of ¢,,

IN

lim max {n~Y2R;3?

n—00 n—oo4e{l,...,n}

lim n—3/2 Z Ri_n3
i=1

= lim max {n Y2(|4;| +cn)7%}

n—ooie{l,...,n}

< lim n7Y2%¢3
n—oo

B E —1/6 ,—1\3
)

= 0.

Note that it is clear that the result hold for any stochastic process A;.
O

Proof of Theorem 4.6. Note that since p > 7 and because the X; have common
(bounded) density fx,, E(R; ) = Jo 757 fx, (r)dr < co. Now, write

lim n_3/QZR;3 < lim max }{n_l/QRi*B}.
i=1

n—00 T n—ooie{l,...,n
We also note that maxie{l’”_m}{n_l/ngg} = op(1) if

—1—6
R} = 1
ief?f)fn}{" i} =op(1)
as n — 0o. Now, since the R; are identically distributed, we have that for any
fixed 6 € R,
n - n - E(R_G)
i E —6>48) = i 6>i6) < —L 2 :
nh_)rr;o IP(RZ > id) nh—{%o 1P(R1 > ) < 5 <™
1= 1=

Then, by the Borel-Cantelli lemma, we have that for any arbitrary § > 0,

P([n"'R;% > §] infinitely often) = 0.

In other words, n~'R, 6 converges almost surely to 0 as n — oco. It re-
mains to check that as n — 0o, max;c(1,... n} {n_lRIG} = op(1) (actually, we
show the almost sure convergence). Assume that there exist ¢ € Ry such that
(max;eq1,...n} {n"'R;®}),, > c infinitely often with non-zero probability. How-
ever, we have that for all fixed k € Ny, the sequence (n_lREG)n converges
almost surely to 0 as n — oo. This entails that the (smallest) index m(n) such
that nilR;n?n) = max;e(1, 3 {n " R; °} satisfies m(n) — oo as n — oo with
probability 1. Then, for ¢ € Ra‘, and for any N € Ny there exist with non-zero
probability an n > N such that n™'R,;% > c. Indeed, from previously stated
arguments, there exist with non-zero probability a 7 large enough allowing to
get simultaneously
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(i) e<a™'R_0, <m(R)"'R_G.

and (#4) n:=m(n) > N. This is obviously a contradiction since the sequence
n~ 1R ¢ converges to 0 almost surely, as established earlier.
O

Proof of Theorem 4.7. Since the ARMA(l,q) process A;, i € Z is a purely
non-deterministic zero-mean stable stationary process, the Wold Decomposition
Theorem yields

A = Z bj€i—; (15)
j=1

with 3272 b3 < oo and by = 1 - see for instance [7]. This directly entails that the
A; are identically distributed with finite variance. Now, we have by assumption
on €; that,

(2

E(R;°) = B(R;°) = E(e ") = E(e *=i=1%9-7) = T E(e %) < cc.
=1

From now on, the rest of the proof follows exactly as in the proof of Theorem
4.6. O

The following technical result from [17] is required for the next proof.

Lemma A.1. Let T, (é), GeRP q sequence of convex stochastic processes. Let
7(0) be a convex stochastic process such that the finite dimensional distributions
of T,,(0) converge to the finite dimensional distributions of T'(@) for all € RP.

Let {én, n € N} the collection of random p-vectors such that for all n € Ny,

0, = inf T,(0),
fcRp

and éhm a random p-vector such that

01 = inf T(8).
OcRr

Then, we have that as n — oo, én £> éﬁm,

Proof of Theorem 4.8. We consider without loss of generality and for the sake
(n)

sign

of simplicity that @ = 0 in this proof. It is well known that since 6 = 0, n'/2

minimizes (in ) the following expression

I = 0 )~ Xl = YR VVAU; - ) | RVU
i=1 i=1
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Using approximation (A3) in [17], we have that for all € R? and for all
0<d<1,

2 1251 2 12N Y2 g
|ZHRZV U; —n /90| - [[R; VUi = n Z” 0
=1

i=1 ViU
n - 2. uvi/z .
| Ve, g, - Y JiviV e
S Cn—(2+5)/2 ZR;(l*i’é 1/2 ||0H2+6 (16)
i=1

with C € Rar some constant independent of 6 and Xi,..., X, and Ay 1 the first
eigenvalue of V. Using the fact that n=(2+9)/23" | R;(H&) = op(1) for some
0 €(0,1), (16) yields, for all @ € R? as n — oo,

- va/QU 71/29 va/2U 71/2 . VI/QU,
. n NEYY V1/2UiU;V1/2 5
_n ;(2&) o (I, - VT
= op(1). (17)
Assume now that n'/ 20§1gn is not Op(1) and note that the collection
1/2 _
{ /051gn| _1a7L}

is bounded in probability for all fixed L € Ny. Then, there is € in (0,1) and a

subsequence (q(n))l/zéigg(:)) such that for all M € Ry, there exist an N € N

such that

Pl (g(n) 28 || > M) >

51gn

for all n > N. Now, since (q(n))f1 g:q) R;' = Op(1), we have by Prokhorov’s
Theorem that there exists a subsequence

m(q(n)) 1/2 n1/2
. B V12U, ULV
(m(a(n)) > (R) (T, - TIVIRU R
i=1 '

converging in distribution to some random matrix A. Obviously as n — oo

we also have that (m(q(n)))fl/2 Smia(n) ”31;728” 5 7, with Z multivariate

Gaussian. Now, defining
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m(q(n)
~ Can
Tty @) = > IIRVY2U; — (m(q(n)) /8]l — | R VYU
=1

and
T@)=170+6A0,

the previous steps and (17) yields Tm(q(n))(é) A T(é) as n — oo. Now, using
Lemma A.1 with Tm(q(n))(é) and T(0) we get that the sequence

1/2 5(m(q(n)))
(m(q(n))) osign
is asymptotically distributed as the minimizer of T() and then satisfies as
n — 00,

Z+ A (m(q(n) 285" = op(1). (18)

It is easy to check that

m(q(n)) 1/2 In1/2
. 1 . vV/2U, UV
A= nh_{rgo (m(q(n))) Z (2R;) (Ip - W

=1

is positive definite with probability 1 because by assumption there is no subse-
quence such that s(n) =1 322" R is op(1). Then, (18) yields, as n — oo,

(m(g(n)) 205 ™ = 0p(1), (19)

There is a contradiction between (19) and the fact that for all M € Ry, there

exist by assumption an N € N such that P(||(q(n))1/2éi§:))|| > M) > € for
o Op(1) as

every n > N and for some ¢ > 0. Then, we must have nl/Qésign
n — oco. This concludes the proof.

O

Proof of Theorem 5.1. Tt is easy to check that the fact that V(") depends on n
does not change anything in the proofs of Theorems 4.1 and 4.3. Then, by Theo-

rems 4.1 and 4.3, we have that S (8) and S (9(71)

distribution under Po,V<"> Ru. Ry

Now, the asymptotic distribution of S (@) has been derived in scenario I

(n)
under Po,v(m Ry

S() (@) is measurable with respect to Uy,...,U,.

) have the same asymptotic

as n — o0.

». by [6]. This yields the result in scenarios II and III since

O
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Proof of Theorem 5.3. Recall here that in this proof, we have that V. =1,. We
keep the notation V to make explicit when the shape parameter appears in the
various expressions. We also write V(") = V 4+ n~=1/27(") We will prove that
for any € € Ry,

lim P{") { 1

noeo 0,0Vifn

7(V€0Ch,(T)ASZ:L) 6,0, V) — %veoch’(T)I‘sign(V)veoch (1))] > €| =0.

(20)
and that
Tim_ Py [[vech(T)AY) (8, V) — vech'(1)A[ 8,0, V)| > ¢] = 0.
(21)

Combining (20) and (21) and using the continuous mapping theorem will
yield the result. We first prove (20). We note first that by definition of f,,,

(n)

log (d(l;e’o.’v(”)’fn> _ (p+vn) i (log(l N (dm(G,V)/g)Q)

)
Poov. s,

Consider the representation
X1 = RpioVY2U,1 +0,..., X0 = RynoVY/?U,, +6

as in (1). We can rewrite (22) as

povi s _ () ; -
o (dpmf) = 5 (log(Ryfvn + ULV U
0,0,V,fn =1
—log(R,, vy + U%i(v(n))_lUm))' (23)

Recalling that V = I,,, simple Taylor expansion of the logarithm function
around (R, v, + 1) yields



G. Bernard/Testing for sphericity using spatial signs under elliptical directions 32

dP(n) . n
log ""niv()f _ _(ptw) Z log(R, vy + 1)
P 2 <
0,0,V,fn =1
~log(Ry 2, + UL (V) U
n
- tw) J;””) > ((R;fyn +1)7H UL (V) TIU, — 1)
=1
1
—g(R;fvn +1)72(U,, (V) 1T, — 1)?
1 _
3 (H) UL (V) U - 1))
(24)
for some

Hy; € R, +min(1, UL, (V™) 1U,,), R, 2, + max(1, U, (V) 71U,

It is not hard to see that since R;fun is positive and U;n(V(”))*lUm is al-
most surely positive and bounded away from 0 (this is easy to deduce from
the structure of V(™) we have that (H,;)~% = Op(1). Now, write the spectral
decomposition

(V("))—l _ (,B(n)) (A (n)) ﬂ —. (ﬂ(n))/(Ip + n_1/2l(n))_1ﬂ(”)

with 1™ a diagonal matrix and 8™ € SO, such that (BMY1MBM = ),
Using a Taylor expansion we get that
UL,V U, -1 = U 8T T (M) U, -1
= UL (I, —n= VAW 407 ) (B) Uni
+O0p (n_3/2).
= UL(—n 2™ 407 (7)) U, 4+ Op(n=3/?).
(25)

This immediately yields (U’;(V™)~1U,; — 1)® = Op(n—3/?). Combining
this last fact and (H,,;)~3 = Op(1) yields, as n — oo,

dP(") ., n
o (et} = L) S (A, 1) UL V) U )
dPaonn i=1

5 (R2un + 1)U (VID) Uy = 1) + op(1).
(26)
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Combining (25) with (26) and using that (R, v, + 1)7! is almost surely
bounded, we get

dp”) n
0,0,V fn P+vn) (12 -2 —177/ +(n)
1 —en ) = 2 E ‘v, + 1)U T U,
og ( dP.(gngv " ) 2 n Pt (an Vn + ) niT

+TL71 Z (an Vn + )72(U;1T(H)Unl)2
i=1

Ry + 1>-1<U;Z-<r<”>>2um>) Top(L).

— (p + Un < —1/2 Z R Vn + 1 1tr(T(n)UmU;”)
+nt Z[ﬁ(R;fun + 1) 22 (¢ MU, U
—(R;fun + 1)_1tr(7'(”)UmU;n7‘(”))]) + op(1).

_ (p ‘;Vn) <n1/2 Z [(Rr_nQVn + 1)71
=1

vee(t(™) vec(U,,, U, )]

"1
+n7! Z [§(R;i2Vn +1)7?
vec(T(”))’vec(UmUm)vec (U, U’ vee(r(™)
—(R,; U, +1)7 vec('r( )UmU )vec(T("))]>

+0p(1).
(27)

Recall now that the definition of f,, implies that under Pt9 2_ v.p Wn)” 12X,
admits density

f(yn)—ulen(x)—WI;(/(Q];:_FV(?TL/?;)( (x-6)'V v x=6) e

b

which implies that (v,)~'/2R,; admits density

I'((p+vn)/2)
7P/2P T (v, /2)

ptvn

P 1 412 )0?) 2

f(l/n)fl/len (T‘) =

It is easy to see from this last fact that for all C' € R™ and as n — oo, we have

that Pgn;v o ()™ 1/2R1,) < C) — 0. This obviously directly entails that for
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all i € {1,...,n} we have (R, ?v, +1)7' = 1 + op(1) as n — oo. Combining
this fact with (27) and using the Law of Large Numbers yields, under Pé”; Vofa
as n — 0o,

(n)

dP n
G,J,V(”),fn _ (p+ l/n) —1/2 —2 —1
log (dP(") > = 5 \n Z(Rm v +1)
6,0.V,f, =1
vec (10 )vec(U,; U",)

1
+ ivec('r(") )'E(vec(U,,; U’ )ved (U, U) vee(r(™)

—vec(T(")E(UmU;i))’vec(‘r(”))) +op(1)

RV I 3
= (p+ )< Z(_L(Rni)Rni

2 Pt fa
vee(1(™)vec(U,,; U%;))
1
+mvec(7‘("))’(1pz + K, + vec(I,)
vec'(I,) ) vec(r(™)

1
—%vec(‘r("))’(Izp + Kp)vec(‘r("))) +op(1).

The last line is a well known fact that can be found in [6]. Now, using that

0 = W(log(det(VJrnl/zT(”)))log(det(V)))
nl/2 129 125 2
- _%;)uhmh+ngtdhmh)+dm,

(n)

we get that as n — oo and under P, _ ; Fo
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(n)

ape .
log (e((;w )’f") = L—;V”) (veC(T(”) "
dPGUVﬂL p+ﬂmi=1 h

1/2

vec(U,,; U’ ) — e vec(I,))
p
1

+7
2p(p +2)
vec('r("))

1
—%VGC(T(H))/(Ipz + K, )vec(t™)

vee(t™) (L2 + K, + vec(I,)vec'(I,))

1
—‘r@VGC(T(n)),(Ipz + Kp)vec(r(”))) + op(1).

nl/2
= vec (T(")) 5 vec(S( )(0 o, V)—1,)

1 D

X
2 " Alp+2)
2
vee(t(™)' (L2 + K, — =vec(I,)vec'(I,))vec(t™)
p

+op(1).
(28)
Now, it is easy to show that as n — oo,
M, (vech (1)) = vec(r™) + o(1),

which, combined with (28) and basic properties of M, immediately yields (20)

(recall here once again that V =1,). We now prove (21). We will show that as

n — oo under P( ")

0,0,V,fn’
AL (0.0.V) = AL 6. V) +op(1) (29)
It is obviously sufficient to show that as n — oo and under ng; Vofn
n1/280V(0,0,V) — n/?8(}!) (8, V) = op(1). (30)
First, we have that under Pé a) Vi
n n 1
E(SF (6.0, V) = S{LO.V)[2) = n'E(| Z (v + )
o2,
ni(0,V
%Um(a,v)Um(&V)/
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We write
dni(0, V)2, 1 dni(0,V)?
) 2 -D

o2y, o2y,

cni = (p4+vn)(1+

_ —%(dmw, V)/0)dui(6.V) /o ~ p.

n
Letting k:l(,n) be a normalization constant, we have that under Péniv s, the

density of the dyi(8, V)/o’s is ki 1P~ f,,(r)I(r=0y. This yields

E(cni) = —k;") / fn(r)rpdr —p=0
0
by integration by part. Similarly,
i
In

With these notations, we write

To(fu) = K / T 2 (0 () = Bl(ens +p)?) = () + 7

nE(|S (8,0, V) -8

sign

0. V)I[E)

= n'Btr()] niUni(0, V)UL(0,V) > c,jU,;(6,V)U;,;(0,V))).
i=1 j=1

Using E(c,;) = 0 and independence, we get that, under Pén; Vofu

0. V)IE)

sign

nE(|S"(8,0, V) —s)

n'E(Y cnitr(Uni(8, V)UL(8, V) Ui, V)U,,;(6, V)
i=1

— Y B
=1

: (n)
Now, since under 1'—"9707‘,#"7

n

lim nE(|S{ (0,0, V) = S{p.(0, V)[2) = lim n' Y E(c)))

n—oo sign ;
=1

. . . plp+2)(p+uvn)
= Jim B(3y) = lm Jy(f) —p* = lim FREZRI <0,

we have that (29) holds (a closed form for J,(f,) can be found for instance
in [6]), which means that (21) holds. Combining (20) and (21) and using the
continuous mapping theorem concludes the proof.
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As a closing word, we note that the fact that V = I, has been used solely
for the sake of simplifying the various expressions and computation but does
not play a fundamental role. The proof would in fact hold for any shape matrix
modulo some small adjustments.

O
Proof of Theorem 5.5. It is sufficient to prove the following LAN property,

(1)

. dP n F

lim P(n) 5 |10g e,U,V( )7fn
n—oo 0,0,V,fn df)(n) ~
0,0V, fn

—(vech'(1)ALY

sign

0, V) — %veoch’(T)l"sign(V)veoch ()] > ¢| = 0. (31)

Now, writing

art
Ta(X,o, Xn) = |log<"’(2;’”’f">
0,0,V,fn

—(vech (1A

sign

0, V) — %veoch /(1) Taign (V) véch (7)),

Lo(ry, )] =14 0(D),

writing g, (r1,...,7n) := [, fu(r:;) and using ’

oo
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we have as n — oo that

5 (n)
. APy, i 7
i [lon ()
T dpavgavvfn
o ]_ o o
—(vech' ()AL (8, V) — 5vech! (Mg (V)vech (7)] > e}

sign

o apyy ;
= PO?O’,V,]‘T” |:| IOg (dﬂ-”n> +10g(1 +0P(1))

(n)
PG,O',V,fn

7(VeOChI(T)A(n) 6,V) — %VGOChI(T)I‘Sign(V)VeOCh ('r))| > e}

sign

(n)
_ pm

) [I log (dpegvuf>
0,0,V,fn dPéng) V., fn

—(vech' ()AL (8, V) — %Veoch'(T)I‘sign(V)veOCh ()] > e} +0o(1)

sign

= / L, (1) >} (X1 - o X)) fr (X150, X )dXg L. dXg, + 0(1)
Rnxp

— / L, sty >} (X1 - o5 X)) Gn (X1, -+, X0 ) (14 0(1))dxy ... dxp,
RnXP
+o(1)
= o(1).

We used Theorem 5.3 in the last line. It follows that the LAN property (31)
holds and the result is a consequence of classical Le Cam asymptotic theory of
experiments.

O
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