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Extending classical first order logic with the capability of representing object-
level statements expressing a default relationship — i.e. facts linked by plau-
sible implication — as opposed to one of necessity, has remained an open
problem in the context of formalising common-sense defeasible statements.
Additionally, defining meta-level defeasible inference relations over the de-
fault quantifier language is the other necessary component for a full defeasible
first order logic. Conditional connectives, that have been investigated exten-
sively in conditional propositional logics, do not seem to behave sufficiently
well in the first order context. Just using universally quantified variables
with default conditionals results in contradictions with exceptional instances
due to specificity. Additionally, there are many ranking-based defeasible in-
ference relations that have not been formalised over a defeasible first-order
logic. The solution investigated in this thesis is that of extending first order
logic with default quantifiers: variable binding binary connectives encoding
a notion of typicality, quantified over free variables in the two formulae in
question. To interpret default quantifier statements, a ranking measure se-
mantics, only well defined for propositional defeasible reasoning, is chosen to
extend regular first order model theory. Then, the aforementioned nonmono-
tonic entailment relations may be defined over this logic of default quantifi-
cation. The specific case of defeasible description logics is also presented,
along with a novel approach for extending these logics with defeasibility via
the syntactic addition of a hypothesis box, which informs a range of specula-
tive inference techniques. Benchmark examples from the literature are here
presented and analysed to showcase the efficacy of this general approach to
default reasoning with first-order information.
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Chapter 1

Introduction

Within the field of knowledge representation and reasoning (KR), defeasible
reasoning constitutes the set of approaches and techniques for addressing the
general problem in artificial intelligence (AI) of reasoning under uncertainty,
or common-sense reasoning. These approaches amount to formulating ex-
tensions of existing logics with the capability of representing and reasoning
about default conditional statements, “if x then typically 4", or some notion
of typicality, “normal x’s are in y”. Traditional, classical logics are defined
with Tarskian inference relations, which consequently means that they are
monotonic. Monotonicity mandates that adding information to a knowledge
base cannot result in the retraction of an inference, i.e. there are no defeasible
conclusions possible. This has motivated the field of research referred to as
nonmonotonic logics: formalising extensions of classical logic that represent
defeasible information, with corresponding nonmonotonic inference relations,
for the goal of achieving patterns of uncertain and common-sense reasoning
(Booth et al., 2019).

Some of the foundational formalisms for uncertain reasoning in KR were
first described as extensions to first-order logic (Reiter, 1980; McCarthy,
1980; Etherington, 1986), however the resultant complexity, both computa-
tional and conceptual, motivated these and subsequent approaches to limit
the investigations to extending propositional logic (Kraus et al., 1990; Wey-
dert, 1998). The project of lifting these frameworks, that are now well defined
and understood in the propositional logic context, to more expressive logics
has been limited largely, with exceptions, to specific fragments of description
logics and modal logics (Bonatti et al., 2006; Britz and Varzinczak, 2017).
These exceptions do generally define a syntax and semantics for first-order
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conditional logic (Kern-Isberner and Thimm, 2012; Delgrande, 1998), how-
ever they generally do not extend to nonmonotonic inference relations over
these languages, and contain representational decisions that may not fit all
first-order default statements that could be desirable to encode.

The primary goal of this thesis is to take the insights and developments
from propositional default reasoning, specifically from the framework utilising
ranking measures (Spohn, 2012; Weydert, 1998), and the syntactic construct
of default quantifiers (Weydert, 1997; Schlechta, 1995), which together will
provide the initial monotonic logic. This provides a flexible and general
first-order representation scheme for default statements. Interpreting these
default quantifiers with ranking measures also provides a general defeasible
semantic extension to first-order model theory. Once this is well defined, the
goal will be to lift various defeasible inference relations, which will amount
to reconstructing the procedure of ranking choice and constructible inference
schemes (Weydert, 1995, 1998) from propositional default reasoning with
ranking measure semantics.

Then, attention will be turned to the specific case of the first-order frag-
ment that is the description logic ALC. Defeasible extensions of ALC (Britz
et al., 2020; Bonatti, 2019) have tended to focus on extending the concept
language, which encodes abstract unary predicate inclusion axioms, with a
set of conditional statements of the same variety: abstract unary predicate
default inclusion axioms. Less studied has been the case of analysing defea-
sible inferences of assertions: existential facts regarding the membership of
constants in unary predicates, and pairs of constants in binary relations. A
defeasible ALC will be defined, with a semantics based on ranking measures.
Then defeasible inference over this logic will be described, along with the
semantic shortcomings. Finally, speculative inference extensions over this
defeasible logic will also be defined, as a proposed remedy to these shortcom-
ings.

In both cases, examples from the literature provide useful stimuli for ex-
ploring various solutions. Providing solutions to known problematic examples
is one major evaluation metric.

1.1 Background

The literature of extending logics more expressive than propositional logic
with defeasible reasoning has a long history. Here, the focus will be on ex-



tensions of the same classical logics at the core of this thesis: the standard
first-order logic and description logics. Two broad major approaches to for-
malising uncertain reasoning are extending classical logics with probabilistic
statements and semantics, and extending logics with connectives and seman-
tics encoding a qualitative notion of typicality and defeasibility.

1.1.1 Probabilistic and defeasible description logics

Description logics were targeted often as a base with which to extend with de-
feasible connectives and inference relations, due to their status as the logical
foundations for semantic technologies. Early work primarily dealt with ex-
tending fragments such as ALC or £L with a defeasible inclusion relation, and
defining defeasible algorithms to compute nonmonotonic concept inclusion in-
ferences. Recent approaches have also tackled the more expressive fragments
that contain more restrictions on role relations, such as SROZQ. Many
significant approaches aimed at extending the syntax with a default con-
ditional connective defined as a defeasible relation between concept names,
interpreted with a preference ordering over the domain of the structure. This
approach corresponds to a lifting of the KLLM framework (Kraus et al., 1990;
Lehmann and Magidor, 1992).

Pensel and Turhan (Pensel and Turhan, 2017a, 2018, 2017b) extend the
restricted description logic ££, with a defeasible inclusion relation between
concept names. £L is characterized as the description logic built from con-
cept names A, B, ..., role names 7, s, t, ..., the tautology and falsum concepts
(referred to as top and bottom) T, L, conjunction MM, and existential role
concept restrictions Ir.C. Then terminological information is the result of
defining general concept inclusion axioms among the set of complex concepts
constructed from the aforementioned conjunction and existential role concept
restrictions. A defeasible counterpart to this strict inclusion relation is in-
troduced over the set of complex concepts, with the corresponding semantic
interpretation based on a KLM style preference ordering over the individuals
in the domain of the interpretation.

Britz et al (Britz et al., 2020, 2019) have a well defined framework for
defeasible description logics, specifically the fragment ALC, strongly based
on the KLM framework for defeasible propositional logic (Kraus et al., 1990;
Lehmann and Magidor, 1992). A defeasible inclusion relation defined over
concept names, C' & D is extends the syntax with the interpretation “elements
in C are defeasibly assumed to be also in D”. This relation is interpreted in



the semantics by a total pre-order over individuals in the first-order structure,
with satisfaction in a structure based on the minimal individuals satisfying
the conditional statements. Reasoning, however, is primarily restricted to
defeasible inclusion statements between concept names — that is, inferring
which concepts are defeasibly assumed to be in which other concepts.

In (Britz et al., 2018), this framework defines an algorithm for determin-
ing assertions entailed by a default base including an ABox, by extending
the ABox with assertions until it is maximal while still being consistent.
This approach is not canonical, however, as the order in which assertions are
added matters, and therefore any given default base may have more than one
possible extensions of the ABox. This approach is also purely algorithmic,
without a semantic understanding of the entailment relation.

(Giordano et al., 2020) represents default information with a unary typ-
icality operator, similar to, for instance (Booth et al., 2012). However the
typicality operator here is only permitted in the antecedent of a general con-
cept subsumption statement. This means the representational strength of
this approach is similar to that of approaches using a default binary connec-
tive representing a defeasible subsumption. These typicality statements are
interpreted with a first-order structure with a total pre-order over the domain
individuals. This approach is then extended with probabilistic statements:
the subsumption relation between typical concepts and general concepts has
a value between 0 and 1 attached to it, representing the probability that ele-
ments belonging to the antecedent are also elements in the consequent. This
also builds on much previous work (Giordano et al., 2012, 2015) on extending
description logics with default conditionals interpreted with KLM-style se-
mantic extensions over the domains of the first-order structures, and defining
rational closure over the concept language.

(Britz and Varzinczak, 2016) defined defeasibility over role relations, syn-
tactically represented with defeasible value restriction in role concept con-
structors, interpreted with a preference order over roles. More expressive
description logics such as SROZQ have had defeasible extensions as well,
notably by having a defeasible role inclusion syntactic extension proposed by
(Britz and Varzinczak, 2017). In classical SROZQ role axioms, statements
about binary relations specifying what kind of properties they satisfy are a
part of the language itself.

(Bonatti, 2019) proposes a framework around “stable rational closure”,
semantically characterized by upward closed models. This work focuses solely
on rational closure, also referred to as System Z (Pearl, 1990) for any given
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description logic fragment. The major issue targeted here is to extend defea-
sible KLM-style semantics for default conditionals and the associated rational
closure entailment relation to description logic knowledge bases that do not
satisfy the disjoint model union property. These semantics interpret defaults
conditional statements between concepts with a ranking function over the
domain of an interpretation. Upward closure requires that for every complex
concept that is non-empty in a given domain, that there is an individual in
that domain with the same rank as the concept. Also discussed here is the
issue of ABox reasoning, with the same observation as (Britz et al., 2018)
regarding multiple extensions of a given default knowledge base, however this
time from a semantic perspective.

Description logics extended with pointwise circumscription (Lifschitz,
1986) has also been formalised by (Di Stefano et al., 2023) using ALCZO as
the base classical logic. ALCZO is the description logic that is equivalent to
ALC with inverse roles and nominals (concepts constructed from a constant
names).

Jaeger defined a probabilistic extension to description logics (Jaeger,
1994) using as the base description logic PCL, where terminological informa-
tion is restricted such that the left hand side of the general concept inclusion
statements are concept names, and the right hand side are complex concepts.
Then, a set of probabilistic statements of the form P(C | D) = p where C
and D are complex concepts, representing the statement “the probability of
a member of the concept D also being in C' is p”, along with the associated
probabilistic assertions P(a € C') = p representing “the probability of the
constant name a being in the concept C' is p”. A significant aspect to note of
this logic is how the semantics are extended in order to interpret these prob-
abilistic statements: a probability measure is defined, with the Lindenbaum
algebra used as the probability space. (Jaeger, 1994) ends with directions
as to how one would lift this probabilistic approach to extend ALC with
the same syntax and semantics.

1.1.2 Probabilistic and defeasible first order logics

(Halpern, 1990) studied first order probabilistic logics, where probability dis-
tributions are examined both over the domain and over interpretations. The
key question examined in that work is to examine the different semantics
around statements such as “80% of birds fly”, and “I am 80% sure this bird
flies”. The former is reasoning about quantitative, statistical information,



whereas the latter is representing a degree of belief. This distinction is im-
portant since there are implicitly different statistical quantifiers: one over
the domain of objects, and one over all possible worlds. (Friedman et al.,
2000) builds upon this work and analyses subjective conditional in first-order
logics interpreted by plausibility structures: enriching first-order structures
with a plausibility space. Satisfaction of a default conditional is defined if the
plausibility of the worlds satisfying the default is higher than the plausibility
of the non-satisfying worlds (or if the antecedent of the conditional is impos-
sible, the conditional is also satisfied). This is also notable for providing a
sound and complete axiomatization of this logic.

(Delgrande, 1998) has a qualitative approach that attempts to represent
the same ideas as (Halpern, 1990): plausible statements about the indi-
viduals in a domain, and plausible statements about the world in general.
Whereas (Halpern, 1990) formalises these ideas in a probabilistic exten-
sion, Delgrande uses a preference ordering instead, to encode a qualitative,
rather than quantitative, reading of uncertainty. What is notable here is
the attention given to analysing a semantics that orders the domain of the
interpretations, to read the conditional as specifying normal individuals, and
then also a semantics that orders the interpretations themselves, to read the
conditional as specifying normal worlds, or models. While this approach suc-
cessfully addressed representational problems in default first-order logics, it
did not address the open problem of default inference over such a logic,

(Lehmann and Magidor, 1990) extended their work in defeasible proposi-
tional logic (Kraus et al., 1990; Lehmann and Magidor, 1992) to the case of
first-order logic by introducing a default consequence relation over first-order
formulae. This is characterized by preferential models, as in (Kraus et al.,
1990), by defining a set of worlds mapped to first-order structures, with a
partial order defined over these worlds. These preferential models then define
preferential consequence relations over the first-order logic. This work paral-
lels closely the preferential consequence relations defined over propositional
logic. Notably, the first-order language is not extended with a default con-
ditional, and so representational issues in defeasible first-order logic are not
addressed, and the existence of the rational closure of an arbitrary first-order
knowledge base is conjectured but not proven.

(Bacchus et al., 1996, 1994) have a very general approach to formalising
probabilistic first-order logic, limited partly by considering just finite do-
mains. This work attempted to combine representing and reasoning with
statistical information, first-order statements, and default conditionals, into



a general approach referred to as the random-worlds method. Probabilis-
tic and default statements are represented as conditional formula with an
associated approximate probability. Then, truth is assigned to these proba-
bilistic statements based on the structure of a particular domain in a given
interpretation with an error tolerance parameter so as to better satisfy the
exact numbers represented by probabilistic statements, and it assigns degrees
of belief based on a measure over all the possible worlds. The final degree
of belief in a formula, conditioned with a knowledge base, is calculated by
computing the limit as the size of the domain grows arbitrarily large, and
the error tolerance shrinks arbitrarily small.

Circumscription (McCarthy, 1980, 1986) is a general form of closed-world
reasoning where predicates that are labelled as being abnormal are minimized
as much as possible in the semantics. This form of reasoning has in mind
particular issues in default reasoning, specifically the frame problem: how to
exclude a default inference process from considering extraneous, irrelevant
information. In particular, circumscription has many built-in assumptions
regarding existence, and, correspondingly, emptiness, of predicates that may
not be preferable depending on the specific application.

Reiter’s default logics (Reiter, 1980; Reiter and Criscuolo, 1983) is an
approach to default reasoning where an underlying classical logic is enriched
with a set of default rules, collected in a default base, which give permission to
infer some formulae by default if some preconditions are satisfied. Since these
default rules may provide conclusions that conflict with the preconditions of
other default rules, default bases typically result in various distinct extensions
of a classical theory. While the original definition was purely rule-based, later
work (Etherington, 1986) provided a semantics for the extensions that can
be computed from a default base.

An early approach that used default quantifiers was proposed by (Wey-
dert, 1997). This approach interpreted default quantification with ranking
measures over the domain of the first-order structure: default quantifier sen-
tences such as ¢ =, 1 are satisfied in a first order ranking measure structure
if the rank of the satisfying tuples of individuals in the domain is lower than
the rank of the violating tuples of individuals. This work, however, did not
have a defeasible inference relation over the logic.

(Delgrande and Rantsoudis, 2020) defined an approach characterized by
first order structures enriched with a preference relation over the domain
M = (D, I,0) and makes use of predicate-forming constructs of the form

{P(Y, #(7)} (@) which states that the ordering of the domain when eval-
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uating the formula is with respect to P and whether or not ¢ holds varies.
This approach has a very strange syntax. The predicate forming constructs
obscure, rather than clarify, the language, and generally

Casini et al (Casini et al., 2022) propose a KLM-style approach. The
semantics use a Herbrand base enriched with typicality constants, that are
used to satisfy default information. The models are ranked interpretations
that give ranks to different Herbrand universes, much like Kern-Isberner and
Thimm did (Kern-Isberner and Thimm, 2012) that are an OCF, but without
"gaps” - if x # oo is mapped to a Herbrand universe, then every 0 > y > x is
also mapped to a Herbrand universe. The main issues with this approach are
strongly related to the problems with Kern-Isberner and Thimm’s approach
(Kern-Isberner and Thimm, 2012): too much a propositional style approach
(rankings over worlds), and not quite general enough, it deals only with the
finite case. This approach is very similar to Kern-Isberner and Thimm’s
approach except there are no universal or existential quantifiers.

1.2 Problem statement

The central problem at the core of this thesis is first-order default reasoning,
specifically to formalise a coherent framework for representing and reasoning
first-order defeasible information. Therefore, the primary task is to propose
a coherent semantic framework that extends classical first-order logic for
defeasible reasoning, both for satisfying defeasible knowledge bases, as well
as lifting defeasible inference relations from propositional logic to reason over
it.

The syntactic construction of default quantifiers (Weydert, 1997) presents
as a promising syntactic extension for formalising default conditional infor-
mation, as the ability to bind variables distinguishes it as successfully en-
coding information about typical generic individuals. Properly investigating
and formalising a logic of default quantifiers that successfully represents and
reasons about first-order information, interpreted with the ranking measure
semantics is one first issue. The major open problem addressed here will
be to lift a general framework for defeasible inference over this logic, define
specific defeasible inference relations within it, and analyse their behaviours.

The aim is to extend a specific fragment of first-order logic, the descrip-
tion logic ALC, with defeasible syntax and semantic notions. This logic
has been commonly used as a baseline description logic to introduce defeasi-
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ble connectives and semantics in part due to the relatively low expressivity
compared to SROZQ, the description logic that forms the theoretical foun-
dation of the Web Ontology Language OWL 2 (Grau et al., 2008). This
thesis nevertheless took as inspiration the papers extending ALC with de-
feasible syntax and semantics (Britz et al., 2018, 2019, 2020) and chose
the open problem presented here regarding defining a semantically grounded
defeasible inference relation for the assertion language.

1.2.1 Issues in first-order defeasible reasoning

There are particular challenges to lifting propositional default reasoning to
defeasible first-order logics, as well as certain considerations to keep in mind.

Probabilistic and qualitative semantics

Many of the approaches surveyed in order to extend logic with uncertain
reasoning capabilities use probabilities to extend the syntax and semantics.
This is due to the robust literature regarding probability theory, and the large
literature on which one can draw. However, probabilities are not always
appropriate for representing the kind of uncertainty desired depending on
the domain (Halpern, 2017). Not all situations may justify the principle of
indifference, and the exact numbers, or even ranges of numbers, may not be
casily deduced (Weydert, 1995).

The strain of uncertain reasoning to be lifted in this thesis is that of
qualitative default reasoning. While it takes inspiration from probabilistic
reasoning, the nature of the uncertainty encoded in these semantics is distinct
from that found in probabilistic variants. The benefits of this approach are
primarily that this alternative method for modelling belief states is better
suited to representing subjective beliefs: it is possible to conceptualise the
beliefs a person has about the world as an ordering over what situations that
person considers most to least likely.

Issues with first-order default conditionals

The majority of approaches to first-order default reasoning covered in sec-
tion 1.1 represent default knowledge with a default conditional connective
much like in the propositional case. However, extending first-order logic
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syntax with a propositional connective runs into issues regarding contradic-
tion. Consider the following example from (Weydert, 1997) and (Delgrande,
1998):

Example 1 (Simple conditionals). Let the following be a conditional knowl-
edge base:

e Vz(Bird(z) = CanFly(x))
e Vz(Blurb(z) A Bird(x) A CanFly(z)) = L

The expectation in default reasoning is that these default statements should
be consistent with the statement Bird(Tweety) A Blurb(Tweety). However,
from the above statements, Vo (T = —(Bird(z) A Blurb(x)) is inferred, from
which we may instantiate T = —(Bird(Tweety) N Blurb(Tweety)). Since
the fact Bird(Tweety) A Blurb(Tweety) may be restated in conditional logic
as ~(Bird(Tweety) A Blurb(Tweety)) = L, T = L is straightforwardly
obtained.

The above example is illustrates the unsuitability of propositional defaults
in a first-order setting. Dealing with both constants and variables is enough
to demonstrate the necessity of a syntax and semantics for default reasoning
sufficiently more sophisticated than that of propositional default conditionals.

Even approaches that take this into account, such as (Delgrande, 1998),
reveal the difference in their syntax compared to default quantification. Con-
sider the following example:

Example 2 (Elephant zoo). What is the best way to translate the following
natural language statements into a defeasible first-order logic:

o FElephants usually like their keepers.
o Flephants usually do not like the keeper Fred.
o Clyde the elephant does usually like the keeper Fred.

143

Using the signature Elephant(x) = “r is an elephant”, Keeper(z) = “x
is an elephant keeper”, and Likes(x,y) = ‘“x likes y” (Delgrande, 1998)
formulates these statements as:

o Elephant(z) N\ Keeper(y) =, Likes(z,y)

13



o Elephant(z) N Keeper(Fred) =, —Likes(x, Fred)
e Elephant(Clyde) N Keeper(Fred) = Likes(Clyde, Fred)

The result is that the constants cause the default connective to lose the
bound variables until it is a propositional connective with atomic formulae in
the final statement. The issue noted with this approach is that the intended
meaning becomes confused: statements with bound variables are clearly in-
formation regarding typical individuals, whereas statements with constant
names seem to be about the most typical worlds, since they lose the quality
of representing statements about variables.

This leads into a point regarding what default quantification really means:
the vector of variables informs the size of the tuples in the domain over which
to consider the satisfaction or violation of a formula.

Plausibility over worlds and plausibility over individuals

As pointed out in, for example, (Delgrande, 1998), there is an important
distinction over whether default statements are interpreted as talking about
what is true regarding typical individuals, versus what is true regarding typ-
ical worlds. In the former, defaults provide information about how to assign
plausibility measures (whether the specific semantics are preferential, ranking
measure, or possibility measures) to the individuals within each first-order
structure. In the latter case, the same plausibility measures are assigned to
the structures themselves.

This dichotomy is an important consideration, as it is the difference be-
tween reasoning regarding what is true about a particular generic individual,
and what formulae may be true in the general, typical case. Reasoning about
typical individuals allows for inference regarding what can be defeasibly in-
ferred about a specific individual. Reasoning about worlds defeasibly infers
what may be conditionally believed in the most typical situations.

Assertion reasoning in defeasible description logics

In the context of defeasible description logics, and specifically ALC, there is
a wealth of work done over extending the concept language, that is, the T
statements, with default conditional statements, along with defeasible infer-
ence relations that entails default conditional statements from default and
terminological knowledge bases (Britz et al., 2020). However, only certain

14



formalisms attempt to define inference for assertions, notably in (Bonatti,
2019; Britz et al., 2018), and these approaches do not have a canonical set
of inferences that follow from a default knowledge base, instead resulting in
competing extensions.

1.2.2 Research questions

Having outlined the problem area and broad aims, the specific questions and
issues to be tackled in this thesis remain. The main idea is to define an exten-
sion of classical first-order logic for common-sense, or defeasible, reasoning.
To that end, the existing formalisms for conditional logics and default reason-
ing for propositional defeasible logics, specifically those defined with ranking
measure semantics, will be lifted to the first-order context. Therefore, the
primary research question is how to identify strict and defeasible reasoning
formalisms over first-order logics expressing conditional default knowledge,
exploiting the quasi-probabilistic ranking measure semantics.
Sub questions include:

e What are the properties of fragments of general default quantifier logics,
starting from specific defeasible description logics?

e How to define defeasible inference relations over fragments of first-order
logics of defaults, and what are their behaviours?

e How to handle preferences over interpretations and preferences over
elements in the domains, and how these preferences interact.

In order to test the framework to be defined, comparing the behaviour of
the framework with common examples from the literature will be an impor-
tant evaluation metric. Representing a formalisation of these examples with
the proposed syntax, such that it results in a satisfiable defeasible knowledge
base. Being able to then define defeasible and monotonic inference over these
defeasible knowledge bases, such that expected patterns of reasoning may be
observed will also validate the approach.

1.3 Overview of the thesis

Given the outline of the problem to be addressed above, this thesis is organ-
ised as follows: in chapter 2, the fundamental classical logics to be extended,
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and the framework for propositional default reasoning that is to be lifted will
be defined. Specifically, the description logic ALC and first-order logic with
equality will be defined, and the ranking measure semantic framework will
be covered. Following this, in chapter 3, the syntax and semantics for a first-
order default quantifier logic will be presented. This is the novel approach
to first-order default reasoning proposed here, centred around the syntactic
extension of default quantifiers, and the semantic framework based on lifting
ranking measures to first-order model theory with which to interpret them.
Chapter 4 defines a general approach to defining defeasible inference relations
over this logic of default quantifiers, by reconstructing the same inference re-
lations from propositional default reasoning, starting with Z-inference, and
then constructible inference relations. Chapter 5 then addresses the spe-
cial case of defeasible description logics, specifically a defeasible extension of
ALC, and analyses the shortcomings of purely propositional default condi-
tionals in this context, and proposes an extension to defeasible description
logics in the form of HBox, or speculative, reasoning.
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Chapter 2

Formal Preliminaries

Before discussing the central contributions of this thesis, an overview of the
work upon which this thesis builds is presented. The classical description and
first-order logic to be extended will be described, along with the propositional
defeasible concepts which will be lifted to these extensions.

2.1 Classical logics

2.1.1 Description logics

The central role of the description logic ALC (Baader et al., 2007) makes it a
suitable starting point for developing new techniques in the context of defea-
sible description logics (DDL). We will therefore begin with a little reminder
on ALC, its vocabulary, its language, its philosophy, and its semantics, which
determines a monotonic entailment notion with a complete proof theory. In
a next step, this framework will be exteded and refined to handle defea-
sible subsumption and nonmonotonic entailment by exploiting the ranking
measure semantics.

Classical language

First we will introduce the class of ALC-vocabularies. In general, a vocab-
ulary consists of a logical core vocabulary V%9, which collects the domain-
independent logical and auxiliary symbols, and a context-dependent domain
vocabulary Vdom,
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Definition 1 (ALC-vocabulary). An ALC-vocabulary V = V9 U V4™ con-
sists of

e its core vocabulary V'°9, which includes the auziliary symbols (,), and
the logical symbols encompassing the 0-ary operators T, L, the unary
operator —, the binary operators I, U, the role restriction operators 1,V,
and the subsumption relation symbol C;

o o domain vocabulary V™ = Ny UNy4 UN ., where Ny, Ny, and N,
are mutually disjoint (finite) sets of names of atomic concepts, roles,
and individuals, respectively.

An ALC-language £ = L% over an ALC-vocabulary V is based on three
types of expressions: concepts, subsumption statements between concepts,
and concept or role assertions about individuals.

Concepts are constructed from the atomic concept names in N¢, the
boolean operator connectives, including T and L (tautology resp. contra-
diction), and the role restriction operators parametrized by role names in
N. Concepts can be understood as a kind of set-terms, not to be confused
with propositions. Therefore, the set of all possible concepts can be defined
as:

Definition 2 (Concepts). Given an ALC-vocabulary V', the corresponding
set of concepts C = Cy is defined to be the closure of the following construc-
tion scheme:

C:=T|LIA|EC)|(CNnCO)|(CuC)| (3rC)| (vr.C)
forr € Ny and A € Ng.

In ALC the only explicit relation between concepts is subsumption, which
essentially models set inclusion. In description logic, subsumption statements
originally have been interpreted as terminological axioms specifying the a
priori structure of an ontology. Here we adopt a more liberal perspective,
allowing an empirical a posteriori interpretation.

Definition 3 (Subsumption). Given an ALC-vocabulary V', the set of sub-
sumption statements S = Sy over V' consists of all the expressions of the
form C' T D for concepts C, D € C. C'= D 1is an abbreviation for holding of
CCDand DCC.
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The assertions correspond to ground unary and binary relational statements
in first-order logic, i.e. variable-free statements about specific domain ele-
ments. They allow to describe the context-dependent premises (input) and
consequences (output) in the context of a given base of subsumption state-
ments. Formally, they are defined as:

Definition 4 (Assertions). Given an ALC-vocabulary V', the set of assertions
A = Ay consists of the concept assertions a : C, where a is an individual
name and C' a concept, and role assertions (a,b) : r. where a, b are individual
names and r 1s a role name.

The subsumption formulas together with the assertions constitute the set of
basic ALC-sentences S U A.

This fixes the syntax of the basic ALC-language L3¢ over V. In what
follows we will however also consider a boolean variant £ of £, It adds
to the logical core vocabulary V!9 the standard propositional connectives
-, A\, V, and closes the assertions under these, which defines an extended set
of assertions A*. This extended version of the ALC-language, which is also

alc

available for defeasible derivatives of L{/¢, gives the user more flexibility to
express partial knowledge and conclusions about the world.

Definition 5. An ALC knowledge base KK = T U A consists of a TBox T
containing finitely many subsumption statements C' T D, and an ABoxr A
including finitely many assertions a € A.

The TBox indicates subsumption relations between concepts, and the
ABox states what is known about concept properties of specific individuals
and role relationships between them.

Classical semantics

The semantics of ALC is based on first-order structures over some signature
with finitely many constants, unary, and binary predicates. That ALC-
structures are such that:

Definition 6 (ALC-structures). An ALC-structure over an ALC domain
vocabulary V4™ is a first order structure (A,T), where A is a non-empty

domain of discourse, and I a function interpreting the domain symbols from
Vdom over A (usual notation: X = T(X)), such that:

e for any atomic concept name A € Ny, AT C A,
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e for any role name r € Ny, 17 C A x A,
e for any indwidual name a € Ny, a* € A.

A characteristic of description logic is that concepts are handled as terms
to which one may apply certain functors. The interpretation function Z
specified for atomic concepts then has to be lifted to an extended function,
which is able to interpret the complex concepts built with these functors,
and is defined as:

Definition 7 (Extended ALC-interpretations). For an ALC-structure (A,Z),
the associated extended interpretation I is defined inductively as follows, for
C,DeC:

o O = CZ, for any C € Ny,

o 1l = rZ, for any r € Ng,

o o =T, for anya € Ny,

o THi=A, 1T:=0),

(-C)F = A\ CF

(cnD)f=cInp?, (cuD)=ctuDl,

(EIT.C)j = {z € A | thereisy € A such that (z,y) € % and y €
Ccty,

o (VT.C)j ={x € A| forevery y € Aif (z,y) € T then y € Ci}.
For ease of notation, we will refer to 7 by L.

The satisfaction relation between ALC-interpretations structures and ALC-
sentences is defined in the obvious way:

Definition 8 (ALC satisfaction relation). For any ALC signature V', the
(general) ALC-satisfaction relation |=q. specifies for any ALC-structure (A, T)
which subsumption statements C' T D and assertions a : C or (a,b) : r it
satisfies.

e (AN\I)Ey. CED iff CTC DT,

20



o (AT) Fuea:C iff ot € CF.
o (AT) ue (a,b) - v iff (af,b) € L.

An ALC-structure (A, L) satisfies an ALC knowledge base T U A if and only
if it satisfies all its elements. We define the associated ALC-model set by:

Modyu (TUA) ={(A,Z)| (A,Z) Eu. TUA}
ALC-entailment is the Tarskian inference relation F. induced by ..

Definition 9 (ALC-inference). A knowledge base T UA entails an assertion
a €A, TUAbVy a, if and only if every model of T U A is a model of «,
i.e. if Mody.(T UA) C Modg{a}.

2.1.2 First-order logic

Extending first-order logic with the goal of defeasible reasoning is the central
focus of this work, and so this necessitates specifying the precise language
and semantics of interest. The following definitions are with reference to
Gallier’s book (Gallier, 2015).

First order language

The fundamental building block of any first-order language is the signature,
providing the core parameters of the language:

Definition 10 (Signature). Let L be a standard first-order predicate language
defined by a signature of predicate names P, function names F, and constant
names C. The set of variables is denoted V.

The language of first-order logic is two-sorted, and so first the set of terms
in the language will be defined:

Definition 11 (Terms). The set of terms T is defined recursively such that:
o ifveV, thenveT.
o ifceC, thenceT.

o if f € F has arityn, and t; € T for all0 < i <n then f(t1,....,t,) € T.
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Then, the set of well-formed formulae is defined recursively, as usual,
starting with the base, atomic case:

Definition 12 (Atomic formula). For any P € P having arity n, if t; € T
for all 0 < i < n, then P(ty,...,t,) is an atomic formula in L. For any two
terms t1,to € T, t1 =ty is an atomic formula of L.

Then, the language of first-order logic may be fully described:

Definition 13 (First-order syntax). The formulae of L are defined recur-
sively with the set of logical connectives {\,V,—,—,¥,3, 4>, =} and the auz-
iliary symbols {(,)}:

e Fvery atomic formula A is a formula in L.

L, T are formulae in L.

If Ae L, then A € L.

If A,B € L, then (A% B) € L, where x € {\,V,—,<}.
o [fA€ L andx € V, thenVxA € L, and dxA € L.

Where it is unambiguous, the auxiliary symbols ( and ) may be dropped
from the formula.
The set of free variables in a given formula is defined recursively, as usual:

Definition 14 (Free variables). If t is a term, the set FV(t) of the free
variables of t is defined recursively such that:

o FV(x)={x}, for a variable x

e FV(c) =0, for a constant c

o FV(f(t1,....,tn)) = FV(t1) U...UFV(t,) for a function f of arity n
If A is a formula, the set FV (A) is defined by:

o FV(P(t1,....,tn)) = FV(t1) U...U FV(t,) for a predicate symbol P of
arity n

o ['V(=A)=FV(A)
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e FV(L)=FV(T)=10

FV((Ax B))=FV(A)UFV(B) where x € {\,V,—, >}
o FV(VzA) =FV(A)—{z}
e 'V (dzA) = FV(A) — {z}

A closed formula, also referred to as a sentence, is defined, as normal, as
any formula without free variables:

Definition 15 (Closed formula). A formula ¢ € L is closed if FV (¢) = 0.
Otherwise it is open.

Definition 16 (Substitution). If s and t are terms, then substituting t for a
variable x in s, denoted s[t/x| is defined recursively such that:

o ylt/z] =y if y £z else t, when s is a variable y

o ([t/z] = c, when s is a constant c

o [ty tn)[t/2] = F(t[t/a], ... tult/z]), when s is a term f(ty, .., tn)
Given a formula A € L, Alt/x] is defined recursively as follows:

o L[t/a] = L when A is L

o Plty,...tn)[t/z] = P(ti[t/a], ... ta[t/z]), when A = P(t, ...,t,)

o (t1 =t)[t/a] = (L[t/x] = tat/x]) when A = (t1 = t3)

o (B+C)[t/z] = (B[t/z] * C[t/z]) when A= (BxC), x € {A,V,—, <}
o (~B)[t/z] = ~B[t/z] when A= B

o (YyB)[t/z] = VyBlt/z] if v £y, else VyB, when A =VyB

o (JyB)[t/z] = JyBlt/x] if v £y, else JyB, when A = IyB

Now that the first-order language to be extended has been defined, the
first-order model theory to be extended will now be described.
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First order semantics

The classical semantics to extend here will be the regular Tarskian set-
theoretic model theory. To interpret variables, assignment functions that
map variables to domain individuals will be employed. First-order struc-
tures are the foundation of these semantics:

Definition 17 (First-order structure). An L-structure is a tuple T .= (D, I),
where D is a non-empty, possibly infinite, set referred to as the domain of
discourse, and I is a function called the interpretation function which assigns
individuals, functions and predicates over D to the symbols in L such that:

e For every constant ¢, c& € D is an element in the domain.

e For every function symbol f of arityn > 0, fZ: D™ — D is an n-ary
function.

e For every predicate symbol P of arityn >0, PT: D" — {T, L} is an
n-ary predicate. Predicate symbols of arity 0 are interpreted as truth
values.

Variable assignment functions are used in order to interpret formulae with
variables, and so is defined as:

Definition 18 (Variable assignments). Given an L-structure, (D, I), a vari-
able assignment s is any function that maps variables to elements in the do-

main of discourse: s : V—> D. The set of all such assignments is denoted
by SP.

In order to assign truth to formulae in a first-order structure, first terms
need to assigned a corresponding interpretation in a given structure:

Definition 19 (Value of terms). Ift is a term in L, and T is an L-structure,
and s is a variable assignment, then the value ValX(t) of t in T with s is:

e ift is a constant c then Valt(t) = *
e ift is a variable x then Val(t) = s(x)

e ift is a function expression f(ty,...,t,) then ValZ(t) = fF(Valf(ty),...,Valt(t,))

In order to interpret the truth of a formulae with variables bound by
existential or universal quantification, the following convenience needs to be

defined:
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Definition 20. For any structure T = (D, I), and any variable assignment
s € SP| then given any element d € D, s|x == d| denotes the new assignment
s’ such that s'(y) = s(y) for every y # x and s'(x) = d.

Finally, the satisfaction relation between first-order structures and first-
order formulae may be defined:

Definition 21 (Satisfaction). Let ¢,«, B € L, T be a first-order structure,
and s € S a variable assignment function. Then Z and s satisfy a first-order
sentence ¢, denoted I, s |= ¢, for each of the following cases:

o ifpis T, thenZ s k= ¢
o ifpis L, thenZ, s~ ¢

e if ¢ is an atomic formula P(ty, ...,t,), Z,s = ¢ if and only if (Val(ty),...,Valt(t,)) €
PI

o ifpisty =ty then ,s |= ¢ if and only if Valt(t,) = Val(t,)
o if ¢ is ~a thenZ,s |= ¢ if and only if Z, s |~ «

o ifpisaNp, thenZ,s= ¢ if and only if Z,s = a and Z,s = 3
o ifpisaV P, thenZ,s= ¢ if and only if T, s Ea orZ,s =
o ifpisa— B, thenZ,s = ¢ if and only if Z,s - or Z,s = 8

o ifpisa<> [, thenZ,s = ¢ if and only if I,s = a — S and Z,s =
=«

o if ¢ is Vxa, then Z,s = ¢ if and only if for every d € D*, T, s[x =
dl E «

o if ¢ is Jxa, then I, s |= ¢ if and only if there exists a d € DT such that
I,slx =d Ea

A notion of validity, following from satisfaction, may also be defined:

Definition 22 (Validity). A formula ¢ € L is valid in an L-structure I,
denoted T |= ¢ if and only if Z,s = ¢ for every s € S.
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This definition of validity is extended to sets of formulae in the usual way:
a set of formulae I is valid in a structure if every formula in I' is valid.

The abbreviation [¢], defined such that [¢p] .= {Z | Z | ¢} for any ¢ € L
will be used throughout this thesis: that is [¢] is shorthand for the model set
satisfying ¢.

Naturally, from this semantics the regular Tarskian classical inference
relation is defined as usual:

Definition 23 (Classical entailment). A set of formulae T' C L entails a
formula ¢, T' = ¢, if and only if for every structure Z and variable assignment
s such that Z,s =T, it is also true that Z,s = ¢.

The abbreviation ¢ - ¢ may be used as a shorthand for {¢} + ¢, and
similarly ¢ - is an abbreviation for ¢ F 1 and ¥ - ¢.
It follows directly that classical entailment satisfies the following property:

o ' ¢ implies 'U{¢Y} - ¢ for any ¢p € L (Monotonicity)

Monotonicity, in general, is undesirable for defeasible reasoning, as has been
discussed widely in the literature, for example by Kraus et al. (1990); Shoham
(1988), as it ensures that the addition of information to a knowledge base
never results in a previous consequence no longer being inferred.

Monotonic entailment is therefore inherently not defeasible, and most
approaches to extending classical logics with uncertain, or common-sense,
reasoning capabilities attempt to formalise alternative semantics and infer-
ence relations so as to be defeasible, and therefore nonmonotonic.

2.2 Ranking measure semantics

One of the approaches to extend the semantics of propositional logic to in-
terpret default conditional logic and define defeasible inference relations is
ranking measures (Spohn, 1988, 1990; Weydert, 1994, 2003). Ranking mea-
sures are coarse-grained quasi-probabilistic valuations. The basic strategy is
to assign ranks from elements in a boolean algebra to a ordered group, the
values of which represent a degree of belief in each element. In the context of
propositional conditional logic, the default statements in the knowledge base
provide the relative degrees of belief the ranking measure semantics should
assign to the propositional valuations. Inference is then a matter of selecting
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a distinguished set of ranking measures over these valuations that guides the
inference procedure.

First, ranking measure theory over an abstract boolean algebra will be de-
fined (Weydert, 1994), before the application of this theory to propositional
default reasoning will be covered (Weydert, 1996).

2.2.1 General Belief measures

The domain of a ranking measure is an arbitrary boolean algebra defined
such that:

Definition 24 (Boolean algebra). Given a boolean algebra B .= (B,U,N,—, T, 1)
consisting of a non-empty set B, distinct elements T, 1 € B, binary opera-
tions over B, U and N, and a unary operation, —, over B.

In the case of propositional default reasoning, this boolean algebra is the
boolean sub-algebra of the propositional logic itself. When considering the
particular complexities of first-order default reasoning, an important element
of consideration will be how to rank tuples constructed from multiple boolean
algebras. This will be achieved via product measures, the domain of which
is the cross product of boolean algebras:

Definition 25 (Boolean algebra cross product). Let By = (By,U,N,—, T, 1)
and By = (Bo,U,N,—, T, L) be arbitrary boolean algebras, then By ® B
is the Cartesian, or cross, product such that for every by € By, by € Bo,
(bl, bg) € 31 X Bg.

Having defined the domain of a ranking measure, now attention is turned
to the range. Ranking measures map elements of a boolean algebra to a
ranking algebra, the requirements of which are:

Definition 26 (Ranking algebra). A ranking algebra V = (V,®, ®, <,n,e)
is such that V is the non-negative half of a totally <-ordered commutative
group with distinct elements e and n, binary operations & and ® over V and
such that e is the identity element with respect to ®, and n is <-minimal and
absorptive for ®.

The ordered group, or ranking algebra, may satisfy various properties de-
pending on the expressivity and operations required from the ultimate model
theory, but does require distinguished elements representing total belief and
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total disbelief. In general, it may be seen as an abstract model of the non-
negative rational numbers extended by an infinite element. In practice, in
this thesis the non-negative real numbers (extended by infinity) will be used
as the ranking algebra of choice, offering the distinguished element 0 used for
the absence of disbelief, an infinite element used for impossibility, an additive
structure, and divisibility.

Now, the general structure of a ranking measure may be defined:

Definition 27 (Real-valued ranking measures). A real-valued ranking mea-
sure is a function R : B — V such that ¥V = RU{oc}, and for T, L a,b € B:

e R(T)=0, R(L) = o0,
° R(a U b) = min<{R(a), R<b)}7

How ranking measures specify the inference process is tied to the partic-
ular case of the conditional ranking measure:

Definition 28 (Conditional ranking). Let R : B — V be a ranking measure.
Then, the conditional ranking measure R(-|-) : B x B — V is defined such
that R(a | b) = R(bNa) — R(b) if R(b) # oo and R(a | b) = 0o if R(b) = co.

A distinguished ranking measure that forms the basis of constructible
inference techniques is the uniform measure:

Definition 29 (Uniform 0-measure). The distinguished ranking measure Ry
is the ranking measure such that for every A € B, Ro(A) = 0.

Simply put, Ry is the ranking measure that assigns 0 to every element of
the domain.

For first-order default reasoning, product ranking measures are an impor-
tant construct, definable as:

Definition 30 (Product ranking measures). For any ranking measures Ry, . . .
over finite boolean algebras By, . .., B, the product ranking measure R1®...®
R, is defined to be the unique ranking measure R on By ® ... ® B, such that
for each (Aq, ..., A,) with A; € B;:

R(Ay,...;A) = R(A) + ...+ R(A,).
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Product measures establish the relationship between the rank of an el-
ement in a boolean algebra and the resultant ranks of the elements in the
Cartesian products in which that element appears. If there is a A in a boolean
algebra By, then the rank of A can reasonably be expected to influence the
rank of the element (A, C) € By x By. It is possible that there are circum-
stances in which this may not be desired to hold, but this thesis will deal
with a context in which it is desirable, and therefore these descriptions of
product ranking measures are crucial.

Conjecture 1 (Product ranking measures). For any finite tuple of ranking
measures R; over B;, the corresponding product ranking measure exists and
18 canonical over B1 ® ... ® B,

The following property ensures that ranking measures assign the infinite
element of the ranking algebra to all elements of the boolean algebra that
evaluate to falsum:

Definition 31 (Possibility conservation). A ranking measure R is said to be
possibility-conserving if for each A € B, R(A) = oo implies A = L.

In general, an equivalence between false formulae, or empty predicates,
and a ranking measure valuation of infinity is maintained. This maintains a
link between a classical notion of impossibility and a defeasible one.

2.2.2 Propositional default reasoning

Let Lprop be the standard propositional language over some arbitrary set
of atomic symbols PS, the set of connectives {—,V,A,—, T, L} and the
auxiliary symbols {(,)}. The set of all propositional Lpgop-valuations is
denoted W.

The general belief measures defined in the previous section may be used
to extend the semantics of propositional logic for the task of interpreting
default conditionals: syntactic constructions for the purpose of representing
defeasible knowledge. That is, statements such “ if x then typically 3", which
express information regarding a conditional degree of belief.

Definition 32 (Propositional default conditionals). If ¢,% € Lprop and
s € [0,00] then a conditional is an expression ¢ =>4 1. Sets of conditionals
are denoted with A.
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Definition 33 (Ranking measure model). A ranking measure model is a
function R : Brpnop — [0,00]r such that Brp,o, = {[¢] | ¢ € Lrror}
mapping each element of the propositional Boolean algebra to a non-negative
real number, or infinity.

In general, R([¢]) will be abbreviated by R(¢) for any formula ¢. Then,
satisfaction between the propositional language and these ranking measure
semantics are defined such that:

Definition 34 (Ranking measure satisfaction). A ranking measure model
satisfies a conditional R = ¢ = ¢ if and only if:

e R(ONY)+ s < R(¢pN—) (Strong semantics)
o R(pNY) < R(pN—) (Weak semantics)

This notation is extended for R satisfying sets of conditionals A in the natural
way.

The set of ranking measures satisfying a defeasible knowledge base A is
denoted Mod(A). For singleton sets of defaults {d}, Mod({d}) is abbreviated
Mod(§). With the model set of a default base defined, a monotonic Tarskian
inference relation is straightforwardly defined:

Definition 35 (Monotonic ranked model inference). The monotonic infer-
ence relation = over the language of defaults is defined such that A F o
if and only if Mod(A) C Mod(0) between default statements, and for any
I' € Lprop, ® € Lprop, I' Fa ¢ if and only if for every R € Mod(A),

R(=¢ | AT) = o0.

However, monotonic inference relations are, after all, not defeasible (Shoham,
1988). What is sought after in this work is to have an inference relation |~
such that even if A |~ B for arbitrary formulae A and B, it is still possible
for the presence of a new formula C that A A C |£ B — that the conclusion
B may be no longer inferred. This pattern of reasoning is at odds with a
monotonicity as a property of the inference relation.

So, in order to define such a nonmonotonic inference relation, a summary
of the ranking choice approach to defining defeasible entailment:

Definition 36 (Ranking choice functions (Weydert, 2003)). F is a ranking
choice function if and only if for each finite default knowledge base A:

30



1. F(A) € Mod(A) (Choice)

2. {Mod(0) | 0 € A} = {Mod(d") | &' € A’} implies F(A) = F(A') (Local
semanticality)

3. Mod(A) # 0 implies F(A) # 0 (Nonmonotonic consistency)
Then, using ranking choice, general defeasible inference may be specified:

Definition 37 (Defeasible inference (Weydert, 2003)). If F is a ranking
choice function and A a satisfiable defeasible knowledge base, then for some

finite set of propositional facts I' and an arbitrary propositional formula o,
I' (X « if and only if for every R € F(A), R(—a | AT) > 0.

Defeasible inference relations defined using ranking choice satisfy certain
properties from the general literature on defeasible reasoning:

Definition 38 (Properties for ). Given any satisfiable default knowledge
base A and arbitrary formulae ¢, 1, «, then the following postulates from
(Weydert, 2003) characterize different defeasible inference relations defined
with respect to a ranking choice function F, providing points of comparison
with postulates and default entailment schemes in the literature:

Py .
* ——— S l [
ST v (Supraclassicality)
o Lo (Reflexivity (REF))
f
o ¢42¢P;?:EAQ (Left logical equivalence (LLE))
A
F
o %W (Right weakening (RW))
A
PRV, DA
. Z@iwkﬁa (AND)
PrAY, ap A
o VT (OR)
F F
o ¢|’;€\Zﬁbﬁa (Cautious monotonicity (CM))
A
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The above postulates form the meta-level default inference version of prefer-
entiality, as defined by (Kraus et al., 1990). Any ranking choice function
F that induces a default inference relation |~ is said to be preferential if it
satisfies all of the above. That is:

o 7 satisfies Supraclassicality, LLE, RW, and AND (Logicality
(LOG))

o 7 satisfies LOG, CM, and OR and is referred to as preferential (Pref-
erentiality (PREF))

It is further said to be rational if it, in addition to being preferential, satisfies
the following, from (Lehmann and Magidor, 1992):

.¢b£w¢%£ﬂa
pAaL )

(Weydert, 2003) further enumerates alternative, and additional, properties
that a ranking choice function may be desired to fulfil:

AFp=sv
oA Y

p=sp-¢' =)’
~Z =~
AU{p=s7} AU{p' =5’}

(Rational monotonicity (RM))

(Strong defeasible modus ponens (DMP))

(Local logical invariance (LLI))

/
o % (Global logical invariance (GLI))
I,‘VA: A/
o A/ ¢ =, L implies ¢ Lk L (Consistency preservation (CP))

if L1, Lo are two propositional sublanguages over disjoint variable sets,
then for any finite T; C L;, A; C Li(=), T1UT2 PA,ua, @ W T1 A ¢
for any satisfiable T'y U Agy (Strong irrelevance (IRR))

e Let m: By — By be an isomorphism between two boolean sub-algebras
B1,By; C B and 7' : L — L be an associated syntactic map over the
propositional syntaz, such that [7'(¢)] = n([#]). Then, if I™ = {n'(¢) |
¢ €T} and A™ = {7 (¢) =, ' () | ¢ =5 € A} then T 4 ¥ if and
only if T™ T T (V) (Representation independence (RI))
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The question is then how to reasonably define these ranking choice func-
tions such that the above properties may be satisfied, or ignored, in service
of specifying particular defeasible inference relations. Here, the answer is
the methodology of constructible inference relations: a ranking choice func-
tion defined by building a set of ranking measures according to the default
knowledge base provided.

The essential device used in constructible inference techniques is shifting,
an operation on ranking measures that increases the rank of the models of a
proposition A:

Definition 39 (Shifting (Weydert, 2003)). Shifting is a function mapping
a ranking measure R to a ranking measure R*, such that if B is a boolean
algebra, A € B, a € [0,00], then R* = R + aA is a shifting operation such
that for all B € B:

e R*(B) =min{R(BANA)+a, R(BAN-A)}

The result of a shifting operation, such as R+ aA, is that the rank of the
formula to be shifted, A, is at least a.

Shifting is the primary operation that leads to the specific subset of de-
feasible inference — that of constructible inference relations, which may be
seen as specific ranking choice functions satisfying certain desiderata:

Definition 40 (Constructibility (Weydert, 1998)). If A is a defeasible
knowledge base {¢; = 1; | i < n}, and a; € [0,00] then a ranking measure R
is constructible over A if and only if R = R+ ag[gpoA—tbg|+ ...+ an[dn A0y
Constr(A) is the set of all ranking measures constructible over A.

The intuition with constructible defeasible inference is that holding a
defeasible knowledge base as a collection of default statements containing in-
formation regarding what should be conditionally expected to be true, then a
strategy of iterating through these statements and algorithmically generating
a semantic interpretation that guides the defeasible inference process should

be an optimal method of generating new beliefs. Constructible inference can
be defined as:

Definition 41 (Constructible inference). A defeasible inference relation "
is constructible if and only if F(A) C Mod(A) N Constr(A)
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That is, a defeasible inference relation is constructible if it is specified
by a set of ranking measures, each of which is constructible over the default
knowledge base.

One defeasible inference relation that permeates the literature is that of
rational closure (Lehmann and Magidor, 1992) also referred to as System Z
(Pearl, 1990). This ranking measure semantics allows for a specification of
System Z much as was done by (Pearl, 1990) and (Goldszmidt and Pearl,
1992b). A semantic construction of this defeasible inference may be done as
follows:

Definition 42 (=<-order over measures). If Ry, Ry are ranking measures,
then Ry < Ry if and only if Ri(¢) < Ro(¢) for all ¢ € L.

With this ordering, the following result has been proved in the literature
from, for example, (Giordano et al., 2015) and (Freund, 1998):

Proposition 1 (Z-rank existence). If A is a satisfiable default knowledge
base, then the minimal ranking measure model with respect to < is unique
and exists, and is denoted RX.

Then, rational closure or System Z, is simply the defeasible inference
relation such that:

Definition 43 (System Z). If A is a default knowledge base, T' a set of facts,
and ¢ an arbitrary formula, then T 4 ¢ if and only if RZ(—=¢ | AT) > 0.

An example of System Z in action:
Example 3 (System Z). Let the following be a default knowledge base:
e B=F
e B=W
o P = F
e PN-B=_1
These statements induce the following strong ranking measure constraints:
e RZ(BA-F)=1
e RZ(BA-W) =1
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e RZ(PANF)=2
e R?(PA-B) =00
Which leads to the following examples of defeasible inference relations:
« PRE-F
« BRL-P

Notably, in the above example 3, P [£4 W, due to System Z not verifying
exceptional inheritance:

Definition 44 (Exceptional inheritance). For the formulae ¥, that are
logically independent given ¢, and the default knowledge base A = {¢p =

U, =}
o {¢, )} oA

Turning attention back to constructibility, the foundational constructible
inference relation is System J (Weydert, 1996) defined as:

Definition 45 (System J). If A is a default knowledge base, I' a set of
facts, and ¢ an arbitrary formula, then T X & if and only if for every
R € Mod(A) N Constr(A), R(—¢ | AT') > 0.

Example 4 (System J). Let the following be a default knowledge base:
e B=F
e B=W
o P= —F
e PN-B= 1

These statements induce the following strong ranking measure constraints,
for a, B,y € (0,00)r, such that every R € Mod(A) N Constr(A) needs to
satisfy:

e R(BAF)+a< R(BA-F)

e R(BAW)+ B < R(BA-W)

35



e R(PAN-F)+y< R(PAF)
e R(PAB)+ 00 < R(PN-B)
Which leads to the following examples of defeasible consequences:
« PRL —F
« PRLW
« BR] P

This concludes the summary of the various concepts from the literature
upon which the rest of this thesis will be building. In the next chapter,
extending classical first-order logic with these default reasoning concepts will
be defined, as the first primary contribution of this work.
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Chapter 3

Default quantifier first order
logic

As discussed in section 1.2, there are numerous representational and reason-
ing challenges in defeasible first-order logic. Formalising statements such as
“elements in X are typically also included in Y comprises one of the primary
goals of this thesis of extending classical logics with common-sense represen-
tations and reasoning. For the propositional case, conditional operators have
been investigated extensively (Lehmann and Magidor, 1992; Boutilier, 1994;
Gabbay, 1985; Goldszmidt and Pearl, 1992a; Weydert, 2003) as the primary
vehicle for extending these logics with plausibility notions.

3.1 Default quantifiers

The primary syntactic focus of this work are default quantifiers (Schlechta,
1995; Weydert, 1997): variable binding binary connectives that convey the
intuition of expressing what is plausibly the case. These variable binding
conditional operators can be viewed as generalizations of propositional de-
fault conditionals that are appropriate in the first-order context, where this
syntax more naturally captures which variable names are tied to the default
information expressed by the formula.

Definition 46 (Default quantifier statements). A default quantifier formula
is an expression o =z 3 such that o, f € L and T is a vector of variables.

Default quantifiers are an object-level extension of first-order logic. The
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intention is that these default quantifiers extend the classical language with
explicitly defeasible statements.

This represents a generalisation of propositional conditionals — proposi-
tional conditionals may be embedded using single variable default quantifier
statements. Being able to bind various numbers of variables to the con-
ditional operator allows for a great deal of control in expressing different
typicality statements.

In particular, this allows for the necessary nuance when representing first-
order defeasible information. Consider the difference between the following
statements:

1. Adult(z) =, Jy(Child(y) A TakesCareO f(x,y))
2. Adult(x) =4, Child(y) A TakesCareO f(x,y)

The first one operates over the set of individuals, and says simply that if an
individual is an adult, then it should be expected that there exists a child
that they take care of. The second, since it binds a pair of variables, is a
statement expressing a conditional degree of belief about what is true for a
pair of elements. That is, if there is a pair of elements, such that the left
hand element is an adult then the expectation is that the other is a child,
and it should be expected that the adult takes care of the child. This is
contrasted with the former, on the other hand, which expresses information
about individuals, specifically about what are normal adults.

An appropriate defeasible first order language is therefore just this lan-
guage of default quantifiers. It should be noted that here nested default
statements are not considered, and so therefore the language is straightfor-
wardly defined:

Definition 47 (Default quantifier first-order language). The language L(=)
is the set of all formulae o =z B such that o, € L and ¥ is an arbitrary
vector of variables in V.

Since these default quantifiers are intended to be a lifting, or a gener-
alisation, of propositional default conditional logic, appropriate properties
from the literature on default conditionals should sensibly also be lifted to
this context. A semantics to interpret £(=-) intending to truly generalise
existing approaches in default reasoning should at least verify well known
properties on the propositional level (Lehmann and Magidor, 1992; Gabbay,
1985). These properties may be lifted to the language of £(=-) as follows:
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Definition 48 (Default conditional properties). The following properties
represent default quantifier versions of the preferentiality postulates:

1. % (Impossibility)

2. ¢[f/z;]bz§:§[f/ﬂ] for i not in ¢, and length(Z) = length(y) (Renaming)

3. ¢(Z) =z o(7) (Reflezivity)

4. W (Supraclassicality)

5. ¢(m):>m1/(;((99cg)),:ia;(a¢(§ja;)—>a(x)) (Right weakening (RW))

6. (b(x):%i((g;))’:iiiﬁ%)ﬁa(x)) (Left logical equivalence (LLE))
P(Z) =z (L), P(Z)=zou (L)

T e @ hal) (AND)
?(Z)= Y (F), o(T) =z (L)

5 T e@Val®= 9@ (OR)

9. Mf);(%if()f;i(gzgp(@ (Cautious monotonicity (CM))

Default quantifiers satisfying the above properties are referred to as preferen-
tial.
Additionally, the following two rationality properties:

. ¢(£)ig(v$§(fng§$)w(f) (Disjunctive rationality (DR))
o ¢(f);§%a/£i)(§g)fa@w(f) (Rational monotonicity (RM))

Represent extensions of preferentiality referred to as disjunctive rationality,
if DR is satisfied but not RM, or rationality if RM is satisfied.

Most of the properties above are adapted from the literature (Lehmann
and Magidor, 1992; Weydert, 2003), where they are well established postu-
lates for defeasible connectives. Of note is the renaming postulate, which
requires a notion of permutation invariance: that the specific variables in
the vector are irrelevant to the semantic interpretation of the default. That
is given the two defaults:
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o =y
® O =y VY

Then the semantic interpretation should be the same, and the specific vari-
able names do not cause them to be evaluated differently. Indeed, the two
defaults above should be interchangeable and completely equivalent. In gen-
eral, the precise variable names chosen in each default should not affect the
outcome of the semantic interpretation of a knowledge base.

For default quantifiers to reasonably be considered to correspond to a
first-order counterpart to propositional defaults, it would be expected that
they satisfy at least the preferential properties in the definition above.

For ease of representing information regarding variables and constant
names, a named predicate symbol is introduced as the singleton set rep-
resenting a constant:

Definition 49 (Constant predicates). For any constant name c, the unary
predicate name P, is a distinguished predicate name representing a variable
being equal to a constant. That is, P.(x) if and only if v = c.

Default quantifiers require an extension to the notion of free variables:

Definition 50 (Free variables). Given a default quantifier statement ¢ =z
Y, then FV(p =z 1) = FV(¢) UFV (¢) — &.

It should be noted that while the definition of closed formulae is the same
in £(=) as in classical logic, since the definition of a free variable is adjusted,
this affects which formulae are closed. The sentence ¢(z,y) =, ¥(x,y) is
not closed, while ¢(z,y) =, ¥(z,y) is closed.

A finite collection of closed default quantifier formulae together consti-
tutes a default quantifier knowledge base, which will also be referred to as a
defeasible knowledge base:

Definition 51 (Default quantifier knowledge base). A default quantifier
knowledge base A C L(=) is a finite set of default quantifier statements
Q; :>j‘i BZ

An example from the literature (Delgrande, 1998) that formulates the
relationships between elephants and their keepers is given below:

Example 5 (Elephant zoo). Given the following natural language state-
ments:
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o FElephants usually like their keepers.
o Flephants usually do not like the keeper Fred.

o Clyde the elephant does usually like the keeper Fred.

Using the signature Elephant(z) = “r is an elephant”, Keeper(z) = “r is
an elephant keeper”, and Likes(z,y) = “x likes y”
(Delgrande, 1998) formulates these statements as:

o Elephant(z) N\ Keeper(y) =, Likes(z,y)
e Elephant(z) N\ Keeper(Fred) =, —Likes(x, Fred)
o Elephant(Clyde) N Keeper(Fred) = Likes(Clyde, Fred)
Using default quantifiers and constant predicates, it may be formalised as:
e Elephant(z) N Keeper(y) =4, Likes(x,y)
o Elephant(z) N (Keeper(y) A Prrea(y)) =4y ~Likes(x,y)
o (Elephant(z) A Peiyae(z)) A (Keeper(y) A Prrea(y)) =wy Likes(x,y)

One aspect of this example that is noteworthy in this framework is the
care in using predicates formed from constants. Contrasting with the for-
mulation from (Delgrande, 1998), where each successive statement drops a
variable from the conditional connective, it may be observed that like this
the statement loses the two dimensional semantics regarding the most nor-
mal tuples in the domain, becoming a one dimensional statement that regards
only the most normal elephants, in the second statement, and in the final
statement, it seems indistinguishable from a classical implication. This is not
to say that in this framework the latter meaning cannot be captured, but
rather that this syntax is flexible enough to accommodate various nuances
when defeasibly reasoning about singletons or n-tuples.

3.2 Ranking first order interpretations

The fundamental semantic extension to define a model theory for default
quantifiers studied here are ranking measures Weydert (1994), which are de-
fined here with respect to the powerset of the variable substitution functions
of a first-order interpretation.
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Definition 52 (Ranking measures over 2°). A ranking measure R : 2% —
([0, >0]R, 0, 00, +, <) having as the domain the powerset of all variable assign-
ments S with respect to a first order structure Z, such that:

e R(S)=0
e R(0) =00
e forany S',S" € 2%, R(S"US") = min(R(S"), R(S"))

Defining ranking measures for first-order default quantifier semantics with
reference to variable assignment functions is motivated by the fact that de-
fault quantifiers are a type of arbitrary quantifier that binds finite sequences
of variables, and therefore should be semantically linked to sets of variable
substitutions.

These ranking measures are defined over the powerset of the set of variable
substitutions, rather than just the set itself, as it provides a straightforward
algebra with boolean operations over which to define the measure, and will
also prove useful in the case of extensions and generalisations to this frame-
work (e.g. nested default quantifier statements.)

The ranking algebra chosen for this framework is the non-negative half of
the real number set extended by an infinite element. The necessary compo-
nents are a distinguished zero and an infinite value, an additive structure, and
density. The first is necessary as those distinguished elements are the mea-
sures for those sets that do not have any disbelief associated with them, and
the second for those that are impossible. Additivity is necessary for the def-
inition of product measures and inference relations based on constructibility
to follow below, and density allows for defining various sophisticated defea-
sible inference relations.

These ranking measures over the variable substitutions are paired with
a first-order structure to form the elementary semantic structures for inter-
preting default expressions.

Definition 53 (Ranked structure). A ranked structure over L is a pair (Z, R)
consisting of a first-order interpretation T = (D, I) over L and a ranking
measure R over the powerset of all variable assignments 2°.

Classical first-order structures are extended with a ranking measure over
the powerset variable substitutions of that interpretation. I denotes the set
of all ranked structures.
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Ranked structures also need to satisfy constant predicates, introduced in
the previous section for the purposes of incorporating constants into defaults
while preserving the cardinality of the bound vector of variables, and so the
criterion for satisfaction of these atomic constant predicates is presented in
the following definition:

Definition 54 (Satisfaction of constant predicates). For a constant ¢, a
ranked structure (Z, R) and a variable assignment s satisfies the associated
constant predicate P.(x), I,s = P.(x) if and only if s(z) = cZ.

A ranked structure satisfies a default quantifier sentence, with respect to
an arbitrary interpretation, if the set of variable substitutions for the variable
names bound to the default quantifier, with respect to that interpretation,
that verify the satisfaction set of the default statement is ranked lower than
the set of variable substitutions that satisfy the violation set:

Definition 55 (Satisfaction of default quantifiers). Let ¢ =z 1 be a sentence
of L(=), (Z,R) a ranked structure, and S a set of variable assignments for
Z, then (Z,R) | ¢(Z) =z ¥(Z) if and only if for every S" = {s | I,s |=
O(Z) NY(Z)} and 8" :={s | Z,s £ ¢(Z) AN (X)), for some a € [1,0]r:

o then R(S") < R(S") (Weak semantics)
o then R(S") +a < R(S") (Strong semantics)

The parameter a for the strong semantics satisfaction requirement is taken
by default to be 1, if not otherwise specified.

Satisfaction of defeasible knowledge bases is straightforwardly defined
with respect to ranked structures as above:

Definition 56 (Satisfaction of defeasible knowledge bases). Let A be a set
of sentences of L(=), then a ranked structure (Z, R) satisfies A if and only
if it satisfies every sentence of A.

The following definition is an important convenience:

Definition 57. Let ¢ € L be an arbitrary formula, and (Z,R) a ranked
structure, then ¢* = {s|Z,s = ¢}.

Firstly, logical equivalence clearly results in equivalent ranks:

43



Lemma 1 (Equivalence). For any ¢,v € L, if ¢ =+ 1, then for any (Z, R),
R(¢7) = R(¥7).

Proof. Since ¢ and 1 are logically equivalent, then the same set S of variable
assignments will satisfy both formulae in any structure Z, and so R({s |

I,sf=0}) = R({s|Z,s = ¢}). 0

Then, the following lemma is clear.

—

Lemma 2. If ¢,7) € L, then for any ranked structure (I, R), (¢ A w)I =
¢I N 77Z)I‘

—

Proof. The set (¢ A w)I is comprised of, for some Z, every s such that Z, s |=

dAp, whereas pTNYL == {s | Z,s = ¢}N{s | Z,s = ¢}. Clearly, given any Z,
then se€{s|Z,s=o¢}N{s|Z,s=y}ifandonlyif {s|Z,s oAy} O

Along with the disjunctive version:

o —

Lemma 3. If ¢,7 € L, then for any ranked structure (I, R), (¢ V w)z =
oL UT.

—

Proof. For any Z, the set (¢ V w)z is comprised of every s such that Z,s =

¢ V 1, whereas ¢ UYL = {s | Z,s = ¢} U{s | Z,s E ¢}. Clearly,
{s|TskEotu{s|Tskvr={s[L,s oV} O

The ranked structure semantics defined for interpreting default quantifiers
validate the postulates in definition 48:

Theorem 1 (Preferential postulates). Default quantifier logic interpreted
with ranked structures under the weak semantics verifies all the preferentiality
postulates in definition 48, and the rationality postulates under the strong
semantics.

Proof. 1. (Impossibility) ¢(z) =, L induces the constraint, for every Z,
R({s | Z,s = ¢(z) NL}) < R{s | Z,s | ¢(x) A T) which is only
satisfiable if R(s | Z, s |= ¢(x)) = oo, and so therefore —¢(z) is true for
all x, since R(s | Z,s = ¢(z)) = oo implies that there are no possible

substitutions satisfying ¢(x).
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2. (Renaming) Standard substitution principle. For any d € A, R({s[z —
d}) = R({sly = d]}).

3. (Reflexivity) Clearly follows, since R(¢(z) A =¢(x)") = 0o is necessary.

4. (Supraclassicality) Since the premise requires R({s | Z, s = Jz(o(z) A
—)(z))}) = oo for any Z, then the constraint induced by ¢(z) =, ¥ (),
R({s | Z,s E é(x) ANp(z)}) +1 < R({s | Z,s | é(x) A ~(z)}) is

satisfied since the right hand side is already established to be oo.

5. (Right weakening) for any interpretation Z, R({s | Z,s & ¢(z) A
(@)}) + 1< R({s [ Z,s = o(x) A—(z)}) and T = Ve (d(z) — a(z))
implies that R({s | Z,s E ¢¥(z) A ma(z)}) = c0. ¢(x) =, alx) re-
quires that, for any Z, R({s | Z,s E ¢(x) Na(z)}) + 1 < R({s | Z,s
o(z) N —a(z)}). Since (x) A —a(x) is ranked oo in every Z,s pair
under consideration, and therefore impossible, ¥ (z) A a(z) is neces-
sary, and so in every (Z, R) under these assumptions, R({s | Z,s |-
¢(x) Ap(2)}) +1 < R({s | T, s |= ¢(x) A—~¢(x)}) implies R({s | T, s |=
6(@) A () Aa(@) ] +1< R((s | T, s |= 6(@)A~((x) Aa(z))}) mplies
R{s|Z,s = o) Na(x)})+1 < R({s|Z,s = ¢(x) N —a(x)}) which
implies that ¢(x) =, a(z).

6. (Left logical equivalence) the premises induce the constraints that for
any interpretation (Z, R), R({s | Z,s | ¢(z) AN¥(x)}) +1 < R({s |
I,s = olx) A =p(x)}) and R({s | Z,s = (¢(x) A ma(z)) V (a(x) A
—¢(x))}) = o0o. Therefore, all possible substitutions for = satisfying
¢(z) also satistfy a(z) and so for all interpretations R({s | Z, s = ¢(x) A
(@)}) +1 < R({s [ Z,s |= ¢(x) A ~(x)}) implies R({s | Z,s |=
o) Na(z)ANp(x)})+1 < R{s|Z,s = é(x) ANa(z) A—(x)}) which
implies R({s | Z,s E a(z)AY(z)})+1 < R{s | Z,s | a(z) A\—¢(x)})
which means that a(x) =, (x) is satisfied.

—_—

7. (Right conjunction) the premises result in the constraints R({s | Z, s |=
P(@) N p(T)}) +1 < R({s | T, s |= (&) A =p(7)}) and R({s | Z,s =
HT)Na(@})+1 < R({s | Z,s E ¢(Z) A ~a(Z)}) for any (Z, R).
Using lemma 2, the left hand sides may be combined into {s | Z,s =
(p(Z)AY(Z)) N (H(Z) Aee(Z)) }, which after applying distributivity results
in {s|Z,s E ¢o@ A (&) Aa(Z))} and the right hand sides may be
combined with lemma 3 into {s | Z, s = (¢(Z) A=) (X)) V(6(Z)A—a(Z)) }
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10.

11.

and likewise by distributivity obtain {s | Z, s = ¢(Z) A =) (%) V - (L) }.
Therefore, the ranking measure constraint R({s | Z, s = ¢(Z) A (¢¥(Z) A
a(@))H+1 < R({s | Z,s E ¢(Z)N(—¢(ZF)V-a(Z))}) which corresponds
to the conclusion ¢(Z) =z ¥(Z) A a().

(Left disjunction) the premises result in the constraints R({s | Z,s
(@) AY(T)}) +1 < R({s | Z,s |= o(T) A ~(Z)}), and R({s | Z,s |=
a(@)NY(@)}) +1 < R{s|Z,s | a(@) N(Z)}). The left hand sides
may be combined with lemma 3 into {s | Z, s = (¢(Z) Ap(Z)) V (a(Z) A
()} which is equivalent via distributivity to {s | Z, s = ¥(Z)A(p(Z)V
a(Z))}, and similarly the right hand sides may be combined with lemma
3to{s|Z,skE (¢(X) N (Z)) V (a(Z) N —p(Z))} which reduces to
{s|Z,s | (¢(Z) Va(Z)) N )(Z)} and so the constraint R({s | Z,s
(@(Z) v a(D)) AY(D)}) +1 < R({s | T, s = (¢(Z) V a(Z)) A —p(T)}) is
obtained which corresponds to the default ¢(7) V a(Z) =z ¥(Z).

(Cautious monotonicity) the premises correspond to the constraints
R{s|Z,s E p(X) Na(?)}) +1 < R{s | Z,s = ¢(Z) A ~a(Z)}) and
R({s [ Z,s = o(D)AY(T)})+1 < R({s [ Z,s |= ¢(£)A—¢p(T)}). Assume
that the conclusion is false, and therefore it holds that R((¢ A ) A ) <

—_—

R((¢p A1) A ) + 1. However, this constraint, using distributivity and
lemma 2 is equivalent to R(gzﬁ//\?oz) < R((b//\\oz) + 1 and R(Qﬁ//\?oz) <
R(?,b//\\oz) + 1 which amount to a negation of the premises, and so a
contradiction is derived, and the conclusion holds.

(Disjunctive rationality) The premise corresponds to the constraint
R({s [ T,s = (#(2) VY () A a(@)}) +1 < R({s | Z,s = (6(2) V
Y(Z)) A —a(Z)}) over the ranking measures of any given interpreta-
tion Z. This constraint may be expressed with adjusted notation

o — o —

as R((pVyY)ANa)+1 < R((¢VY)A-a), using distributivity and
lemma 3 the constraints R(QS//\\Oz U m) +1< R((/b//\—:a U w//\_:a),
which may be expressed as the constraints: R((ﬁ/\/\a) +1< R((b/\/?a)
or R(w//\\oz) +1< R(w//\?oz) which correspond to the conclusions:

O(T) =z a(Z) or P(T) =z (7).

(Rational monotonicity) The premises correspond to the constraints
R({s | T,s £ 6(2) Aa(@)}) +1 < R({s | T.5 | 6(Z) A a(7)}) and
R({s | Z,s F o(Z) A =(D)}) +1 > R({s | T,s = ¢(7) A P(D)}).
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There must exist a minimal subset S C qg that satisfies v, as the
second constraint necessitates, and this S must be a minimal subset
of gf)//\\z/J, since for any minimal S" C m, it cannot be the case that
R(S") < R(S). This means that S’ is also a minimal subset of ¢, and so
by the first constraint, S’ must also satisfy a(Z), and so the conclusion
is validated.

]

The preferentiality postulates tie these default quantifiers into the broader
literature of conditional and preferential logics.

It can also be remarked that if (Z, R) is a model of a defeasible knowledge
base A, then R should be defined for, at least, n dimensions, that is the
number of variables to be considered, where n is the largest cardinality for a
vector of bound variables in A: n = max({|Z] | ¢ =z ¥ € A}).

The above obviously is a result of the fact that a ranking measure defined
for two variables cannot reasonably model a default statement defined for
three variables, for example. In order to propagate information from lower
dimensions to higher dimensions, the machinery of product measures are
exploited. Straightforwardly, product measures are built from compositing
two ranking measures defined over, for example, n and m variable names,
into one ranking measure defined over n 4+ m variable names, if necessary.

In general, the idea is to preserve information true for an arbitrary tuple
(ai,...,a,) to a tuple in which it is subsumed, e.g. (ai,...,an,,...,qp), via
the additive property of the ranking algebra. Therefore, product measures,
that previously have been defined for abstract Cartesian products of boolean
algebras, is here specified for the case of ranked structures, where it is a
property that is imposed on the ranking measures of the ranked structures:

Definition 58 (Product ranking measures). Let (Z, R) be a ranking measure
structure, S the set of all variable substitutions to the domain D € T, and ¥
and 1 disjoint vectors of variables. Let A=Ay, ., A, €Dx..xD, and B =
By, ....B, € Dx..xD. Then, for any Sz = {s | s(x1) = Ay, ..., s(x,) = A, },
Sy ={s|s(y1) = Bi,....,5(yn) = By}, if Sag = {s | s(z1) = A1, ...,s(z,) =
A, s(y1) = By, ..., s(yn) = By} it holds that R(Szz) = R(Sz) + R(Sy).

This definition effectively allows information to propagate “upwards” into
higher cardinality of tuples of individuals. Product measures are a crucial
aspect of these semantics, and which allows for reasoning about defeasible
knowledge bases containing statements over various sizes of variable vectors.

47



This machinery is what is used to unify these differently dimensioned sen-
tences into a single multi-dimensional ranking measure that can be used to
reason about the knowledge base as a whole.

A simple example illustrating the idea behind product measures:

Example 6 (Product measures). Let the following be a defeasible knowledge
base:

1. T(x) =, ¢(x)

Let T .= (D, I) be a first order structure such that D = {0,1,2} and I =
¢ = {0}, let S = {so, 51,82} such that sy = (x — 0), 51 = (x — 1),
sy = (x> 2), and R' be a ranking measure defined over just one variable that
may straightforwardly assign any substitution for x satisfying ¢ to 0, and any
substitution satisfying —¢ to > 0, which here may be assigned, without loss
of generality, to 1. Therefore, for example R({so}) =0 and R({s1,s2}) = 1.
By slightly abusing notation, R.(¢(z)) =0, and R,(—¢(x)) = 1 will be used
as shorthand for the preceding statements. A ranking measure then defined
for two variables, x and y, and denoted R, then should composite ranking
measures defined over either of them, into one ranking measure defined over
both of them. Considering a two variable sentence such as —¢(x) N =¢(y),
the variable assignments over tuples meed to be considered for evaluation:
S0 = (x = 0,y = 0)...512 = (x — L,y = 2)...500 = (x — 2,y — 2) and so
forth (each variable substitution being subscripted with the ordered tuple of
domain elements). Then, the product ranking measure results in the ranking
value of, for example, R({s12}) = R({s1}) + R{s2}) = 1+ 1 = 2, and
R({sn}) = R({so}) + B({s1}) =0+ 1= 1.

It is already established that R,(—¢(x)) = 1, and similarly R,(—¢(y))
1. Product measures then dictate the result that Ru,(—¢(z) A —¢(y))

Re(=¢(x)) + Ry(=¢(y)) = 2.

The intuition of the above example is that since x and y are independent
variables, the degree of surprise of both of them violating the default is
greater than the degree of surprise of just one of them violating it, which is
naturally greater than the surprise of them both conforming to the default.
If there is the statement that by default, things are normally in ¢, then the
observation that  and y are not in ¢ is more surprising than finding out just
one of them is not in ¢, which is again of course more surprising than finding
out they are both in ¢.
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Example 7 (Product measures II). Let the following be a defeasible knowl-
edge base:

1. T(z) =, o(x)

2. 2¢(x) NP(y) =uy a(,y)

The ranking measure constraints may be represented, by using formulae as
shorthand for satisfying sets of variable assignments, such that:

1. Ry(¢()) < Ry(—¢(x))

2. Ruy(=9(x) AN(y) Aalz,y)) < Ruy(=(2) A(y) A —alz,y))

Constraint 1 is defined over assignments for a single variable name, whereas
constraint 2 is defined over assignments for two variable names. The first
constraint requires shifting of all variable assignments satisfying —¢(z), which
here can be taken such that R(—¢(z)) = 1 without any loss of generality,
which propagates, via the machinery of product measures, into the two vari-
able case:

Ray(mo(x) N (y)Aa(z,y)) = Re(=d(2) AP (y) A, y))+ Ray (md(z) Ab(y) Aa(z,y)) = 140

Therefore, the second constraint needs to be greater than 1, since there is an
exceptional formula in the antecedent which was incorporated from the single
variable default.

Below, the elephant zoo example will be continued by defining a particular
ranking measure model of the knowledge base:

Example 8 (Elephant zoo semantics). Given the knowledge base given in
example 5, a possible model could be: D = {Hyde, Clyde, Ed,Fred}, with I
given by:

Clyde* = Clyde, Fred* = Fred

Elephant™ = {Hyde, Clyde}

Keepert = {Ed,Fred}

Likes™ = {(Hyde,Ed), (Clyde, Fred), (Clyde, Ed)}
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Lastly, with the ranking measure R({Sy = [r = Hyde,y = Fred]}) = 1,
R({Ss =[x = Clyde,y = Fred]}) =2, R(S \ {s1,s2}) = 0.
Satisfaction under the weak semantics is obtained since:

e Elephant(x) A Keeper(y) =, Likes(z,y) requires that R*({s[(x,y)] |
Z,s[(z,y)] E Elephant(z) A Keeper(y) A Likes(z,y)}) < R*({s[(x,v)] |
Z,s[(z,y)] = Elephant(xz) N Keeper(y) N —Likes(z,y)}). Observe
that since the only pairs of elements in D that satisfy Elephant(x) A
Keeper(y) are {(Hyde, Ed), (Hyde, Fred), (Clyde, Ed), (Clyde, Fred)}, the
relevant variable substitutions to analyse are

= (x — Hyde, y — EQ)

S1=(

— Sy = (x +— Hyde, y — Fred)
S3 = (z — Clyde,y — Ed)

— Sy = (z — Clyde, y — Fred)

Since R*({S1}) =0, R*2({s[(z,v)] | Z, s[(z,y)] E Elephant(z)A\Keeper(y)A
Likes($7y)}) = RQ({Sl’ S3, 54}) =0, and R2({S[(:B,y)] | I,s[(:r,y)] ):
Elephant(x) A Keeper(y) A —Likes(x,y)}) = R*({S2}) = 1, therefore

the first default is satisfied.

o Elephant(z) N (Keeper(y) A Pprea(y)) =uy —Likes(z,y) requires that
R*({s[(z,y)] | Z,s[(x,y)] E FElephant(z) A Keeper(y) A Pprea(y) A
—Likes(z,y)}) < R*({s](z,y)] | Z, s[(z,y)] E Elephant(x)AKeeper(y)A
Prrea(y)ALikes(z,y)}). The relevant elements of Dx D are: {(Hyde, Fred), (Clyde, Fred
Since R*({s[(x,y)] | Z, s[(z,y)] E Elephant(x)A\Keeper(y) A Prrea(y) A
—Likes(x,y)}) = R*({S2}) = 1 and R*({s|(x,y)] | Z, s[(z, y)] E Elephant(x)A
Keeper(y)APrrea(y)ALikes(z,y)}) = R?({S4}) = 2, the second default

15 also satisfied.

(Keeper(y) A Prrea(y)) A Likes(x,y)}) < B*({s[(z,y)] | Z, s[(x,y)] k=
(Elephant(x) A Pouyae(x)) A (Keeper(y) A Prrea(y)) A —Likes(z,y)}
The relevant element of D x D is: (Clyde, Fred), and since R*({S4}) =
2, and R?(0) = oo, R*({S4}) < R*(D), the final default is satisfied.

o (Elephant(z) A Peiyae(x)) N (Keeper(y) A Prrea(y)) =y Likes(x,y)
requires that R*({s[(z,v)] | Z, s[(z,y)] E (Elephant(x) A Poyae(x)) A
).

A significant feature of these semantics is how information represented
over different sizes of vectors of variables are combined to form a cohesive
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single model of the knowledge base. This is achieved through product mea-
sures, which requires a ranking algebra with an additive structure. Adding
ranking values propagates as dimensions increase, allowing for both repre-
senting information over any number of variables, and for querying formulae
of arbitrary variable count.

Consider the knowledge base:

o Adult(x) =, Employed(z)
o Adult(z) A Child(y) =4, TakesCareOf(x,y)

For any fixed ranked structure (Z,R), these induce the ranking measure
constraints:

o R1(S1) < R1(S2) such that S; is the set of all variable assignments s,
such that Adult(s(z))* A Employed(s(x))” is satisfied and S is the set
of all s such that Adult(s(x))" A —=Employed(s(z))" is satisfied.

e Ry(S1) < Ry(S;) with Sy the set of variable assignments s such that
Adult(s(x))" A Child(s(y))" A TakesCareOf(s(z),s(y))" is satisfied
and S, the set such that Adult(s(z))* AChild(s(y))* A=TakesCareO f(s(x), s(y))*
is satisfied.

Combining both constraints into a single ranking measure satisfying them
requires at least the max number of dimensions expressed in the knowledge
base, which in this case is just two dimensions.

3.3 Monotonic inference

Having defined the kind of interpretations used here to give our default quan-
tifiers a model theory, this naturally leads to a monotonic entailment relation.
Firstly, some notational niceties in order to refer to the model sets needed
for future definitions:

Definition 59. The set of all ranked structures satisfying a defeasible knowl-
edge base is denoted Mod(A) .= {(Z,R) | (Z, R) = A}.

It will also be convenient to refer to the model set of a classical formula,
or a set of classical formulae:
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Definition 60. The set of all ranked structures satisfying some set of L-
formulae T with respect to a defeasible knowledge base is denoted Moda(I") :=
{(Z.R) | (Z,R) E A, (Z,R) =T}

For convenience, Moda({¢}) will be abbreviated Moda(¢) for individual
formulae.

Then, a monotonic inference relation between default bases and individual
default quantifier statements may be defined:

Definition 61 (Monotonic inference of defaults). Given a satisfiable knowl-
edge base A and a default quantifier sentence ¢ =z 1, then A = ¢ =z 1, that
is A monotonically infers ¢ =z 1 if and only if Mod(A) C Mod({¢ =z 1}).

These output default conditionals are the defeasible relationships between
classical formulae that hold in all of the ranked interpretations satisfying a
default base. This is, of course, a different inferential relation than one among
classical formulae, which is next to be defined.

Such an inference relation, between classical formulae, is defined by straight-
forward model-set inclusion:

Definition 62 (Monotonic entailment). A monotonic inference relation de-
fined with respect to a satisfiable finite defeasible knowledge base A C L(=),
denoted Fa, is defined such that I' Fa «, for any I' C L, and o € L if and
only if every ranked structure in Mod(A) satisfying I' also satisfies o. If
A =0, then Fa 1s denoted .

By slightly abusing notation, this relation is also extended over a single
formula, that is ¢ A 1 will be used as an abbreviation for {¢} Fa 1. This
inference relation is Tarskian, and therefore monotonic.

For deriving monotonic entailment relations, the following proposition is
useful:

Proposition 2 (Monotonic entailment). If A is a satisfiable finite default
base, I a finite set of formulae, and o a formula, then I' Fa o if and only if
for every (Z,R) € Mod(A), if (Z, R) =T, then R({s | Z,s E —~a}) = co.

Proof. For the only if part: T' o o means that for every (Z, R) in Mod(A)
such that (Z, R) =T, (Z, R) = «. This implies that -« is false in all relevant
ranked models and therefore that R(=a) = oo for every ranked structure.

For the if part: if R(—/@\I) = oo for every ranked structure (Z, R) €
Mod(A) such that (Z, R) = T, then this means that -« is impossible, and
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therefore ma? = (), and therefore that a? # () in every ranked structure,
and therefore that (Z, R) |= « is true in each ranked structure, and therefore
['Fa a. [

Theorem 2 (Preferentiality of ). The inference relation a over L is pref-
erential, that is it satisfies the following, for any finite set of default quan-
tifier statements A, a finite knowledge base I' C L, and arbitrary formulae

o, € L:

e Oba @ (Reflezivity)
o % (Right weakening)
o % (Left logical equivalence)
. % (Right conjunction)
o % (Left disjunction)

%# (Cautious monotonicity)

Proof. The preferentiality of -5 can be verified by observing that it preserves
the preferentiality results of =.

o (Reflexivity) Given any ¢ € L, Moda(¢) is clearly a subset of itself,
and so ¢ Fa ¢.

e (Right weakening) if ¢ F «, then every Z satisfying v also satisfies .
This means that, for any A, every (Z, R) € Moda (1) also satisfies a.
Then, since ¢ Fa 1, it holds that Moda(¢) C Moda (1)), which means
that every (Z,R) € Moda(¢) also must satisfy a, and so therefore

qbl—AOé.

o (Left logical equivalence) ¢ - « implies that any Z that satisfies
one must satisfy the other, i.e. they have the same model set. This
also implies that for any A, Moda(¢) = Moda(c). So, if ¢ Fa 9,
then Moda(¢) € Moda(), and since Moda(¢) = Moda (), then
Moda () € Moda (), and so o ba 1.
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e (Right conjunction) ¢ Fa v implies Moda(¢) € Moda(1)) and ¢ Fa «
implies Moda(¢) € Moda(a). Since Moda(¢) is contained in both
Moda (1) and Moda(c), it must be contained in their intersection,
i.e. Moda(v) N Moda(c). This intersection is precisely the model
set of the formula ¢ A o, and so Moda (1)) N Moda(a) must be equal
to Moda () A «), and so Moda(¢p) € Moda(¢) A ), which implies

b FathAa.

o (Left disjunction) ¢ Fa 9 implies Moda(¢) C Moda(¢) and « Fa
Y implies Moda(a) € Moda(1). This means that every (Z,R) €
Moda(¢) U Moda () is also an element in Moda (). Moda(¢) U

Moda () is the exact model set of Moda(¢ V «), i.e. Moda(¢p) U

Moda(a) = Moda(¢ V ), and so it holds that Moda(¢ V ) C

(%)

a

Moda () which implies ¢ V a Fa 9

e (Cautious monotonicity) ¢ Fa « implies Moda(¢) € Moda(«), and
¢ Fa ¢ implies Moda(¢) € Moda (). Since Moda(¢) € Moda (),
it holds that every (Z, R) € Moda(¢) also satisfies 1, which implies
that Moda(¢) = Moda(¢ A ). Since Moda(¢) € Moda (), and
Moda(¢) = Moda(¢ A1), it holds that Moda(¢ A ) C Moda ()
which implies ¢ A 1) Fa a.

0
Example 9. Consider the following knowledge base A:
o T =, A(x)
o T =,, O(z,y) = —-A(y)
These defaults are satisfied by all (Z, R) such that:
o R({s|Z,s = A(x)}) + 1 < R({s | Z,s = ~A(x)})
o R({s[Z,s = ~®(x,y) V-AWY)}) + 1< B({s [ Z,s |= (z,y) A A(y)})

A selection of output conditional statements that follow from these constraints
are:

e AT =, ~®(x,y)
o A+ -A(z) =4y Aly)
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o AFO(z,y) =,y Alx) A -A(y)

Howewver, the inferences that may be derived with this inference relation are
not defeasible.

To revisit the elephants and keepers example, popular in this literature,

in this monotonic defeasible logic:

Example 10 (Elephant zoo monotonic inference). Consider the same knowl-
edge base from example 5:

e Elephant(z) N Keeper(y) =, Likes(x,y)
e Elephant(z) A (Keeper(y) A Pprea(y)) =ay —Likes(x,y)

o (Elephant(x) A Poiyge(z)) A (Keeper(y) A Prrea(y)) = oy Likes(x,y)

Then, all ranked structures (Z, R) that satisfy the following constraints are
models of the knowledge base:

e R({s | Z,s | Elephant(z) N\ Keeper(y) A Likes(x,y)}) +1 < R({s |
Z,s = Elephant(z) N\ Keeper(y) N —~Likes(z,y)})

e R({s|Z,s = Elephant(x)\NKeeper(y)APprea(y)\—Likes(x,y)})+1 <
R({s | Z,s = Elephant(x) N Keeper(y) A Prrea(y) A Likes(x,y)})

e R({s|Z,s = Elephant(x)\Pciyae(x)NKeeper(y)APprea(y)ALikes(z,y)})+
1 < R({s | Z,s = Elephant(z) N\ Pciyae(x) N Keeper(y) A Prrea(y) A
—Likes(z,y)})

Then, the following default statements may be monotonically inferred:

o A+ (Elephant(x) A Pciyae(x)) NKeeper(y) = uy = Prrea(y) A Likes(x,y)

o At (Elephant(x) A Pciyae(x)) NKeeper(y) =4y = Prrea(y) A Likes(x,y)

There are many other default statements that may be inferred. However, of
interest is the ability to defeasibly infer facts, or sentences, however, here
again there are no interesting inferences regarding which facts typically may
be concluded from a set of given facts.
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This inference relation is, naturally, monotonic, and therefore is more of a
necessary formality rather than a central interest of this work. This is since
monotonic inference is too conservative to entail defeasible consequences.
One major goal of common-sense reasoning, or uncertain reasoning, is to de-
fine ampliative reasoning processes Booth et al. (2019): entailment relations
capable of conditionally inferring adventurous defeasible facts. This requires
a nonmonotonic inference relation — a form of entailment where adding con-
ditional facts may result in a retraction. Next chapter, these nonmonotonic,
or defeasible, inference relations will be lifted from the propositional case to
this logic.
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Chapter 4

Defeasible inference for default
quantifier logic

In chapter 3, a first order language extended with default quantifier state-
ments was defined, along with the associated extended model theory with
which to interpret those statements. Finally, a Tarskian style monotonic
inference defined by model set inclusion was described. These three levels,
syntax, semantics, and inference, provide a full logic for defeasible reasoning.

How this defeasible inference relation is defined is not straightforward,
even just conceptually. Default quantifiers contain information regarding the
conditional degree of belief regarding the category to which an individual
belongs, and in the local semantics — that is, ranked structures — it is
conceptually reasonably clear what needs to be obtained: a representation
of conditional belief over the individuals in the domain. When considering
inference, however, there are different strategies one can use to define what is
conditionally entailed by manipulating the set of ranked structures considered
for any given default base.

The general strategy employed here is as follows: select a distinguished
subset of ranked structures that satisfy certain desiderata in line with propo-
sitional default reasoning. In aid of this, and to make the default inference
itself easier to follow, ranked structures are mapped to corresponding epis-
temic ranking measures: rankings over the associated Lindenbaum algebra
over the first-order language along with the classical semantic notions of
inference.

These epistemic ranking measures allow to lift the various definitions and
associated notions of default reasoning from the propositional case to this
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novel forum of default quantifier first-order logic.

4.1 Epistemic ranking measures

Epistemic ranking measures are essentially a method to unify the defeasible
information imparted in a framework that combines the disparate domains of
each ranked structure into a shared Lindenbaum algebra, defined as follows:

Definition 63 (Epistemic ranking measure). A epistemic ranking measure
R over the Lindenbaum algebra LBy maps elements of the Lindenbaum
algebra constructed from the language L with the Tarskian classical inference
relation = to a ranking algebra V. The set of epistemic ranking measures s

denoted ER.

Note that the Lindenbaum algebra forming the domain of these epistemic
measures is constructed with the classical monotonic inference, rather than
the monotonic inference of the default quantifier logic defined in the previous
chapter.

The mapping from ranked structures to epistemic measures is described
as such:

Definition 64 (Ranked structures to epistemic ranking measures). The
function € : 1 — ER maps a ranking structure (I, R) to a epistemic
ranking measure E((Z, R)) = RCR such that for every ¢(¥) € (L,F) it
holds that RER (¢p(2)) = R({s | Z,s = ¢(¥)}). For a fized default base
A the set of R corresponding to the model set of A, Mod(A), is denoted
ER(A) ={E((Z, R)) | (T,R) |= A}.

For ease of notation, for any § € £(=), ER({0}) will be abbreviated by
ER(0). One remark is that if A = (), then for every ¢ € LB, R(¢) = 0 or
R(¢) = oo depending solely on the strict knowledge I" that may be present.
When restricted to the set of epistemic measures satisfying A under the
strong semantics, then it will be denoted ERg(A).

It may also be noted that the relationship between epistemic measures and
ranked structures is one-to-many: many ranked structures may be mapped
to any particular epistemic ranking measure.

Defeasible inference relations in this framework may then be defined by
reconstructing the same methods of defining entailment relations in defea-
sible extensions to propositional logic. The fundamental construction in
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this method is ranking choice. First, for any default knowledge base A,
let ER9(A) ={ER(5) | € A}.

Definition 65 (Ranking choice). If A is a finite default knowledge base,
then a ranking choice function F : 2°&) — 2ER maps any A to a set of
epistemic ranking measures such that:

o F(A) C ER(A) (choice)
o ER9(A)=ERY(A") implies F(A) = F(A') (local semanticality)
o ER(A) # 0 implies F(A) # 0 (nonmonotonic consistency)

Every set of epistemic measures F(A) implicitly refers to a set of ranked
structures that are a subset of Mod(A). This grounding of such sets of
inference driving ranking measures within the local semantics is an important
point to keep in mind, since these ranked structures are the core semantics
that determine the truth of a default quantifier.

Ranking choice functions, just as in propositional default reasoning, spec-
ify a defeasible inference relation:

Definition 66 (General default inference). Given a default knowledge base
A, then a ranking choice function F defines a defeasible entailment relation
such that for a finite set of facts I' C L, and an arbitrary formula o € L,
I kX « if and only if for every R € F(A), R(—a | AT) > 0.

This general scheme to define defeasible inference is enough to guarantee
some basic desiderata for default inference:

Theorem 3 (Default inference basic principles). 7 satisfies DMP, LLI,
LOG, PREF.

Proof. e For DMP: A F ¢ =3 v means that for every R € FR(A),
R(p A1)+ 1 < R(¢p A1) which necessitates that R(— | ¢) > 0 for
all R € ER(A), which means that ¢ |~ 1.

e For LLI: this is clear from observing that ¢ =z ¢ 4 a =z [ implies
that Mod({¢ =z ¢¥}) = Mod({a =z B}) and therefore Mod(A) U
Mod({¢p =z }) = Mod(A) U Mod({a =z £}) implies that
P~ AUfs= 24} =P AU{a= 8} -
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e For PREF, each property follows directly from the definitions and the
preferentiality of the default quantifier language.
O

The objective is to define suitable ranking choice functions that specify
desirable default inference patterns that, for example, follow a plausibility
maximisation strategy, or that verify exceptional inheritance. Reconstructing
some examples of these inference strategies will be the focus of the following
sections.

4.2 Reconstructing Z-inference

Similarly to propositional default reasoning, the most straightforward defea-
sible inference scheme is that which follows plausibility maximization (Pearl,
1990; Goldszmidt and Pearl, 1992a; Lehmann and Magidor, 1992), referred
to as System Z or rational closure. This amounts, in ranking measure based
frameworks, to selecting the epistemic ranking measure that minimizes the
ranking values while still satisfying each default statement. In the proposi-
tional case, the inference scheme defined using the ranking measure corre-
sponding to this strategy of plausibility maximization is referred to as System
Z, and so here the same nomenclature is followed.

In order to reconstruct System Z such that it corresponds to a lifting over
default quantifier logic, a partial ordering over global ranking measures is
necessary:

Definition 67 (Order over ER). For any two epistemic ranking measures
Ri, Ro, then Ry < Ry if and only if for every ¢ € LBy, Ri(¢) < Ra(o).

This partial order over the ranking measures has been shown, for instance
by (Freund, 1998; Giordano et al., 2015) to have a distinguished minimum.

Proposition 3 (=-min element in ER). For a finite default knowledge base
A, under the strong semantics, there is a minimal element RX € ERg(A)
with respect to the < ordering. RX is referred to as the Z-ranking measure
of the default knowledge base A.

The Z-epistemic ranking measure is the distinguished canonical epistemic
measure that is the minimal epistemic measure using the strong semantics
for the satisfaction relation.
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This distinguished epistemic measure is used to calculate defeasible in-

ference. In essence, System 7 is specified by the ranking choice function
FZ(A) ={RZ}-

Definition 68 (System Z inference). Let A be a defeasible knowledge base.
Then for a finite U C L and arbitrary ¢ € L, T 4 ¢ if and only if RZ(—¢ |
AT)>0.

This lifting of a Z-inference relation over the first-order language, specified
by a default quantifier base, can be illustrated with the following example:

Example 11 (Elephant zoo Z inference). Taking the defeasible knowledge
base, A, regarding the elephant zoo previously covered in examples 5 and 8,
then a canonical epistemic ranking measure may be constructed in order to
calculate a defeasible inference relation.

The epistemic ranking measure over the Lindenbaum-algebra has to satisfy
the following constraints under the strong semantics:

1. R(Elephant(x) N Keeper(y) A Likes(z,y)) + 1 < R(Elephant(x) A
Keeper(y) A —Likes(x,y))

2. R(Elephant(x)\(Keeper(y)APprea(y))A-Likes(x,y))+1 < R(Elephant(xz)A
Keeper(y) A Likes(x,y))

3. R(Elephant(x) A Poyyae() N Keeper(y) A Prrea(y) A Likes(z,y)) +1 <
R((Elephant(x) A Peoyyae(x) A Keeper(y) A Prrea(y)) A ~Likes(x,y))

These constraints may be visualised as in the below table, where the horizontal
constraints over x are seen in conjunction with the vertical constraints over
y, and the abbreviations E = FElephant and K = Keeper are used:

— Likes(x,y) 1 - Likes(x,y) 3
E(x) A Poryae(r) Likes(x,y) 0 Likes(x,y) 2
E(x) — Likes(x,y) 1 — Likes(x,y) 1
Likes(x,y) 0 Likes(x,y) 2
K(y) K(y) A Prrea(y)

Table 4.1: Z-model representation

The above representation should be read such that, for example, the far
bottom left triangle encodes the formula Elephant(z)A\Keeper(y)ALikes(x,y)
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and the associated epistemic ranking measure R(Elephant(x) N\ Keeper(y) A
Likes(x,y)) = 0. Similarly, the top right triangle represents the conjunction
of Elephant(x) A Poyyqe(x) and Keeper(y) A Prrea(y) and the associated rank-
ing measure value located inside the triangle is 3. The table is employed to
attempt to visualise the two dimensional nature of the constraints — which
formulae are true of each variable must be considered in conjunction.

Using Z-inference, the following inferential consequences are obtained:

e {Elephant(a), Keeper(b)} % Likes(a,b)

o {Elephant(Clyde), Keeper(b)} 4 Likes(Clyde, b)

o {Elephant(Clyde), Keeper(Fred)} 4 Likes(Clyde, Fred)
e {Elephant(a), Keeper(Fred)} 4 —Likes(a, Fred)

Ezxamining the table, it may be verified that the rank of Elephant(x)AK eeper(y)A
Likes(z,y) is 0, whereas the rank of Elephant(x) A Keeper(y) A—Likes(x,y)

is 1, which is the explanation behind the first statement regarding some
generic elephant and keeper pair. When the pair of Clyde and Fred is consid-
ered, the top right quadrant must be considered, where it can be verified that
the rank of Clyde liking Fred is lower than the rank of Clyde not liking Fred,

2 < 3, and so System Z infers the third statement above.

Unsurprisingly, plausibility mazimisation will assume that Clyde is a typ-
ical elephant in any other respect, other than what is explicitly noted to be
atypical, i.e. that Clyde likes Fred, therefore Z-inference concludes that
Clyde likes any other Keeper in general.

One thing that can be noted is the inability to conclude universally quanti-
fied formulae. Consider Elephant(Clyde) ~a Va(Keeper(x) — Likes(Clyde, x)),
i.e. does Clyde like all keepers? The answer is that this cannot be concluded,
at least not with the Z-ranking, because the rank of Elephant(Clyde) N
(Keeper(x) N —Likes(Clyde,x)) is less than infinite. This means there
are local ranked structures where there exist regular keepers Clyde does
not like. For example, consider the ranked structure such that (Z, R) =
DT = {c, f,a,b,d}, Clyde* = &, Fredt = f*, Elephant® = {c%, a"},
Keeper® = {f,b,c}, Likes™ = {(c, f), (¢,b), (a,b), (a,d)} with the associated
ranking measure R that maps the assignments to the relevant tuples such

that R(s) =2 if s(x) = cand s(y) = f and R(s) = 1if s(x) = cand s(y) =d
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and R(s) = 0 otherwise. This ranked structure will map to the epistemic
measure RZ, but does not verify Va Likes(Keeper(z) — Clyde(x)).

The straightforward plausibility maximisation that is at the core of Z-
inference is insufficient as the ultimate goal of defeasible reasoning. It fails
to verify exceptional inheritance in general, for example, and depending on
specific application, more ampliative inference relations are desirable. Z-
inference is, however, an important default inference to realise in any frame-
work, as it is recognised in the literature as the “nonmonotonic core” of any
defeasible reasoning framework (Giordano et al., 2012), being sound for the
KLM postulates, specifically including rational monotonicity.

4.3 Epistemic ranking construction

In order to realise the final goal of defining sophisticated default inference
schemes in this logic, the general strategy regarding constructible inference
relations needs to be lifted from propositional default reasoning. The idea
behind constructibility is to build up a distinguished set of ranking measures,
in this case epistemic ranking measures, that constitute the ranking choice
function, that in turn specifies the default inference relation.

The key operation necessary for constructible inference is that of shifting:

Definition 69 (Shifting). Shifting is a function that associates an epistemic
ranking measure R to another epistemic ranking measure R + a¢ with pa-
rameters ¢ € L and a € [0, 00] such that for all € L:

e (R+ag)(¢) =min(R(Y A @) + a, R(Y A =)

Shifting is a transformation over an epistemic measure in order to tailor
an epistemic measure to a particular default base to realise the expressed
constraints.

Constructibility over a default knowledge base is the general property
satisfied by ranking measures that may be defined by iteratively revising the
rankings over default statements, that convey information regarding compar-
ative rankings over the ranking domain:

Definition 70 (Constructibility). An epistemic ranking measure R is con-
structible over a satisfiable default knowledge base A = {¢; =z ;| i < n} if
and only if
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o R = Ry+ ap[do A o] + ... + anldn A —1by] for a; € [0, 0]

The set of all constructible epistemic ranking measures over A is denoted

Constr(A).

Constructibility defines a general restriction over the total set of epistemic
ranking measures to narrow down the set of ranking measures to just those
that may be built by iteratively shifting ranks according to each default
conditional.

A ranking choice function is then said to be constructible, if all epistemic
measures selected by it are as well:

Definition 71 (Constructible inference). A defeasible inference relation "
is constructible if and only if F(A) C Constr(A).

The most straightforward constructible inference relation is the one that
defined from the full set of constructible epistemic measures (Weydert, 2003):

Definition 72 (System J). The System J inference relation |~% is specified
by the ranking choice function F7(A) = Constr(A).

System J satisfies DMP, LLI, PREF, CP, RI, and IRR. Additionally, it
satisfies exceptional inheritance, which is the primary improvement over Z-
inference. However, it may still be considered to be too conservative in the
inferences it is willing to conclude. Ultimately, the goal is to define a ranking
choice function that selects a single distinguished epistemic ranking measure
which will solely determine all inferences.

Example 12 (Elephant zoo J inference). Taking the defeasible knowledge
base, A, regarding the elephant zoo previously covered in examples 5 and 8,
then a canonical epistemic ranking measure may be constructed in order to
calculate a defeasible inference relation.

Then the epistemic ranking measure over the Lindenbaum-algebra has to
satisfy the following constraints using the strong semantics:

1. R(Elephant(z) N\ Keeper(y) A Likes(z,y)) + 1 < R(Elephant(x) A
Keeper(y) A —~Likes(z,y))

2. R(Elephant(x)N\(Keeper(y)APrrea(y)) AN Likes(x,y))+1 < R(Elephant(z)A
Keeper(y) A Likes(x,y))
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3. R(Elephant(z) A Peiyae() N Keeper(y) A Prrea(y) A Likes(z,y)) +1 <

R((Elephant(x) A Poiyae(x) A Keeper(y) A Prrea(y)) A ~Likes(x,y))

Let o, 3,7 € (0,00]|g. The resultant rankings of the relevant formulae are
listed below, using the abbreviations E = Elephant and K = Keeper, such
that for every R € F7(A):

1. R(E(z) A K (y) A Likes(z,y)) = 0

2. R(E(z) A K(y) A —=Likes(z,y)) = a

3. R(E(x) A Prrea(y) N K(y) A Likes(z,y)) = oo+ 3

4. R(E(x) A Pprea(y) N K(y) A —Likes(x,y)) =

5. R(E(z) A Peyyae(t) A K (y) A Likes(z,y)) = 0

6. R(E(x) A Poyyae(z) A K (y) A —Likes(z,y)) = a

7. R(E(x) A Potyae(w) A Prrealy) A K(y) A Likes(z,y)) = a + 3

8. R(E(z) A Pewyae() A Prrea(y) AN K(y) A —Likes(z,y)) = a+ 5+~

Using the above rankings, defeasible consequences may be calculated using the
conditional ranking measures that can be deduced to be common to all of the
above.

Therefore, the following inferential consequences are obtained:

o {Elephant(Clyde), Keeper(a)} A Likes(Clyde,a)
o {Elephant(Clyde), Keeper(Fred)} 4 Likes(Clyde, Fred)
o {Elephant(a), Keeper(Fred)} A —Likes(a, Fred)

In search of this ranking choice function, a further restriction on the
set of constructible epistemic measures is that of justifiable constructibility
(Weydert, 1998):

Definition 73 (Justifiable constructibility). For any default knowledge base
A = {¢; =z ;| i < n} a ranking construction scheme is justifiably con-
structible if and only if R = Ro + a1[¢1 A —r] + ... + an[dn A y] such that
for every 0 < a;, R(—; | ¢;) = 1. Let the set of all justifiably constructed
global ranking measures over A be denoted Constry;(A).
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Justifiable constructibility requires that no formula in the Lindenbaum
algebra is shifted any more than is necessary to ensure the satisfaction of
each default statement. This excludes the many epistemic measures that, for
example, satisfy the defeasible statements by arbitrarily large numbers.

This set of justifiably constructible epistemic measures naturally is itself a
ranking choice function that therefore specifies a defeasible inference relation:

Definition 74 (System JJ). The System JJ inference relation 77 is spec-
ified by the ranking choice function F77(A) = Constr;;(A).

One straightforward ranking choice function that fulfils the goal of speci-
fying a single canonical epistemic measure that determines the defeasible in-
ferences is the result of taking the greatest lower bound of all ranking values
for each formula in the domain, which corresponds to the minimal epistemic
measure in the set of all justifiably constructible epistemic measures:

Definition 75 (System JJR). The System JJR inference relation 77 is
specified by the ranking choice function F77R(A) = infConstry;(A).

Both JJ-inference and JJR-inference satisfy many of the significant prop-
erties that System J satisfies.

Lifting the construction procedure detailed in (Weydert, 1998) over the
Lindebaum algebra LB, it is also possible to specify the JZ epistemic
measure R7Z over a default knowledge base.

Conjecture 2 (JZ ranking). For any default quantifier knowledge base A,
the JZ epistemic measure RAZ € Constr;;(A) exists and is canonical.

This canonical JZ epistemic measure informs a defeasible inference rela-
tion in the usual way:

Definition 76 (System JZ). System JZ is the inference relation informed by
the ranking choice function F72(A) = {R%Z} such that for any finite T C L
and ¢ € L, T 42 ¢ if and only if RAZ(—¢ | AT) >0

System JZ verifies all the properties of System J, and additionally satisfies
RM, and so is a rational consequence relation.

A simple example of JZ-inference, lifted from propositional default rea-
soning (Weydert, 2003):

Example 13 (Simple ranking construction). Let the following be a defeasible
knowledge base A:
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o T =, A(x)
e T =, B(z)
o T =, A(x) N B(z)

These defaults result in the corresponding epistemic ranking measure con-
straints:

* R(A(z)) +1 < R(—A(z))
e R(B(z)) +1 < R(~B(x))
o R(A(z) A B(z)) +1 < R(~A(z) V ~B(z))

Since these constraints are unary — only a single variable is bound to the
default quantifiers — then this knowledge base is effectively identical to a
propositional default knowledge base.

The resultant constraints combined into a single-variable ranking measure
may be visualised as follows, just as in the propositional case:

B 10| 1
-B|1]15
Al -A

Table 4.2: JZ-model representation

The inferential relations that hold in the propositional case also hold in
the single variable case, i.e.:

e {A(a)} fva B(a)
e {=B(a)} va Ala)
o {=A(a)} va Bla)

Since the defaults are single-dimensional, multi-variable inferential relation-
ships are semantically determined purely by exploiting product measure ma-
chinery in order to evaluate the conditional ranking values, providing expected
inferences, such as:

o {=A(a),=B(b)} va Bla) A A(b)
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Single variable default bases naturally are not the most compelling ex-
amples, as a core aspect of first-order reasoning is handling multi-variable
sentences, and default bases. An example of a multi-variable default base is:

Example 14 (Multidimensional ranking construction). Let the following be
a variation on the previous default knowledge base:

o T =, A(x)
o T =, B(x)
o T =,, A(z) N B(y)

Under System J, these defaults result in the corresponding epistemic ranking
measure constraints:

e R(A(x)) + a < R(—A(x))
e R(B(x)) + < R(-B(x))
o R(A(x) A B(y)) +7v < R(-A(z) V ~B(y))

Greek letters are used for these strong semantic constraints, in order to ab-
stract across all possible J-models. Since the third default, and correspond-
ing ranking measure constraint, is defined over two variables, the resulting
constructed ranking measure must be over at least two variables in order to
incorporate all of the information in the defaults. The following table is a
model representing the class of epistemic ranking measures selected by the
System J ranking choice function.

—|A()/\—|B(x) a+B+y | a+2xB+v | 2xa+ L+ | 2xa+2x[+ 7

Az) A B(z) o+ a+ B+ 2%+ 2xa+ 4y
A( ) A ~B(z) E 25+ a+tp 2%+~
A(z) A B(z) 0 B+ « a+ B+

A(y) A B(y) | Aly) A—=B(y) | ~A(y) A B(y) | —Aly) A =B(y)

Table 4.3: J-ranking

A selection of inference relations under System J are:
o {A(a),=B(b)} tva B(a) N A(b)
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The above example demonstrates product ranking measures, and how it
preserves the patterns of reasoning existing in the propositional case to the
multi-variable first-order case. However, since the predicates in question are
still unary, the complexity is limited. The primary reason first-order reason-
ing is multi-variable is to define relational information, as in the following
example:

Example 15 (Taking care). An example from defeasible description logics
(Casini et al., 2021), originally formulated as D = {T S ANVr.—A}, A =
{r : (a,b)}. Here, it may formulated as the following defeasible knowledge
base:

o T =, A(z) ANVy(®(z,y) = —A(y))

The default statement above results in the following ranking measure con-
straint over the Lindenbaum algebra:

o Ru(A(x) AVy(®(z,y) = ~A(y))) +a < Ru(=A(2)VIy(P(2,y) AA(Y)))

Since the default statement here effectively merges what could be consid-
ered two properties, that of being in A, and that of being in Yy(®(x,y) —
—A(y)) into one statement, or source of information. This effectively removes
the language independence between these properties. Since the default quan-
tifier binds a single variable name, and therefore the independence between
the elements, or variable names, remains. All epistemic ranking measures
R € Constr(A) N ER(A) over two variable names then have to conform to
the scheme below:

— P(xy) o - P(x,y) 0
A(z) d(x,y) « = d(x,y) a =
- P(x,y) 2a - P(xy)
~A() d(x,y) 2 d(x,y) a
~A(y) Aly)

Table 4.4: J-model representation

Conditioning with the strict information ®(a,b) constrains the first-order
interpretations accordingly. Under the J-ranking illustrated above, the only

inference obtainable is: ®(a,b) A A(a) V A(b).
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The previous example can be viewed as inadequate modelling: compress-
ing the information into a single statement quantified over single individuals
is not exploiting the full expressivity this logic affords. Expressing the same
statement but defined over pairs of individuals results in the following case:

Example 16 (Taking care I1). Taking the previous example 15, and modi-
fying the knowledge base such that the default quantifier is two-dimensional,
shown as such:

o T =y Alx) AN (R(2,y) = —A(Y))
This results in the two dimensional constraints over the ranking measures:

o Ruy(A(z) A (®(7,y) = =A(y)) + a < Ruy(mA(2) V (O(2,9) A Ay))

The compliant class of epistemic measures conform to the following schema:

- d(x,y) 0 - O(x,y) 0
AW | #y) a — |t
- P(xy) - P(xy)
A ] ) B(xy) o
—A(y) Aly)

Table 4.5: J-model representation

The following consequences are then:
o Aa) oA ~®(a,b)

Combining the information regarding individuals and pairs in the same
default clearly causes a loss of information: in example 15, the unary default
was able to propagate into the two dimensional ranking measures the distinc-
tion between one abnormal individual and two abnormal individuals, how-
ever in the previous example this information is rolled into the single default
that is providing information about (ab)normal binary relations. Therefore,
default information needs to be expressed with respect to the correct arity
of tuples. Splitting up this information into two defaults of different arity
results in the following case:
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Example 17 (Taking care III). If the same example was reformulated across
two statements - breaking up the conjunction into two default statements -
then both System J-like constructible inference methods may be demonstrated,
as well as ranking measures utilising product measures in the construction.
Splitting the statement up as the following:

o T =, A(x)
o T =gy (O(z,y) = —A(y))

Results in the following strong semantic constraints over the Lindenbaum
algebra:

* R(A(z)) + a < R(-A(x))

o R(m®(z,y) vV —A(y)) + 8 < R(P(z,y) A A(y))
A representation of the schema by which any R € Constr(A) N ER(A):

- d(xyy) « - ®(x,y) 0
Alo) P(xy) a P(xy) B
A(x) - O(x,y) 2a - O(xy) «
d(x,y) 2a d(xy) a+p
~Ay) Aly)

Table 4.6: J-model representation

Therefore, System J is only able to infer ®(a,b) A A(a) due to the only
partial comparability of the ranking measure values «, 5, oo+ 3 and 2, that
is Just a < 20, a« < a+ B, and B < a+ . What System J does clarify, is
that whether or not b is in A or = A depends on which default is preferred,
which arises in the ranking measure values via the comparability of o and (.

Using an approach by which a canonical ranking measure is constructed,
it 1s possible to have specific ranking measure values. The System JZ ranking,
for instance, can be visualised as follows:

- d(x,y) 1 - ®(x,y) 0
A gy 1 = #e)! =
- P(x,y) 2 - P(x,y) 1
") ) 2 D(xy) 2
—A(y) Aly)

Table 4.7: JZ-model representation
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The JZ ranking, however, does not differentiate between the defaults ei-
ther, and so the inferential benefits over System J are marginal, in this case.
In this framework, specifying ranking constraints such as:

e R(A(x)) +1 < R(—A(z))
o R(—=®(z,y) V-A(y)) +0.5 < R(P(x,y) A Aly))

Will result in the custom constructible ranking measure, called R for con-
venience:

= (I)(X, ) 1 - (I)(X, ) 0
Alx) d(x,y) 1 ’ d(x,y) 0.5 ’
- d(x,y) 2 - d(x,y) 1
~A() d(x,y) 2 d(x,y) 1.5
~A(y) Aly)

Table 4.8: Custom ranking measure R

Under this ranking measure, the inferential relation {®(a,b)} 37 A(D)
is verified by this ranking, and so, in fact, the inference {®(a,b)} 37 A(a)A
A(b) are obtained.

The above examples are intended to provide an insight into the inferen-
tial machinery at work in this framework, and to help convey the intuitions
behind these definitions.

A question might occur when modelling information, are the statements
¢ =z Y and T =z ¢ — 1 equivalent? Although it might seem, at first
glance, like these statements could semantically be equivalent, they result in
very different constraints, that when integrated in a default base result in
different epistemic measures. This is easily illustrated with an example:

Example 18. Let the following be a defeasible knowledge base:
o T =, A(x)
o T =4y (d(x) ANY(y)) = —A(y)

These induce the associated epistemic ranking measure constraints are:

o R(A(z)) + a < R(-A(x))
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o R(=(o(z) N(y)) v

These constraints inform that every R € Constr(A) N ER(A) conforms to
the following schema:

—A(y)) + 8 < R((¢(x)

ANY(y)) A

Ay))

A(z) A (z) 1 1 0 1

A(2) A —o(@) 1 1 0 0

—A@) A (:c) > 2 1 1

—A(z) A —¢(2) 2 2 1 1
~Ay) A (y) | —AW) Ay) | Aly) A—9(y) | Aly) Ad(y)

These result in the following selected inferences:
o {#(a)} X Ala) A
o {¥(0)} X Ala) A

Table 4.9: Z-model representation over (x,y) tuples

A(b) A
—¢(a) N A(b

—4(b)

Additionally, the following are not inferred:

o {=A(a),
o {=A(a),

Y(0)} X
¢la)} X

¢(a) or =¢(a)
»(b) or —(b)

Now, compare the aforementioned with the following defeasible knowledge

base:

o T =, A(x)

o ¢(x) ANP(y) =ay

—A(y)

Notice the changed second default statement distinguishing this from the pre-
These induce the associated epistemic ranking measure

vious default base.
constraints:

o R(A(z)) + a < R(-A(z))

e R((¢()

A p(y)) A=A(y) + 8 < R((o(x)

ANY(y)) A

A))




A(x) N ¢(x) 1 1 0 2

A(z) A —o(x) 1 1 0 0

A(z) N ¢(x) 2 2 1 2

—A(x) A —¢(z) 2 2 1 1
Ay A (y) | ~AW) AYD) | Aly) A—9(y) | Aly) Av(y)

Table 4.10: Z-model representation over (z,y) tuples

These result in the following selected inferences:
o {¢(a)} X Ala) N A(D) A —¥(b)
o {v(0)} X A(a) A=g(a) A A(D)
Additionally, the following are inferred:
o {=A(a),¥(b)} X —o(a)
o {—A(a), d(a)} X (D)

The second default base distinguishes the satisfying and violating sets more
finely than the first, where in order to satisfy the second default a much
larger set of tuples are taken as reference, whereas in the second case the
second default admits far fewer tuples as the reference for shifting.

This chapter defined a coherent approach to defining defeasible infer-
ence over a first-order logic extended with default quantifiers. The default
reasoning framework used was that of ranking measure theory, well defined
in propositional default reasoning, where specifically the notions of ranking
choice functions and constructible inference are developed in the literature.
These notions were lifted and redefined here for the first-order default quan-
tifier case into a complete first-order default reasoning framework. However,
there are many aspects and concepts in this framework worthy of a more dis-
cursive treatment. Certain decisions have to always be made in formalising
such a framework, which will be elaborated in the final chapter.
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Chapter 5

Defeasible description logics

5.1 Defeasible ALC

A straightforward method to express defeasible information in the context
of Description Logic is to extend the ALC-language with defeasible concept
inclusion statements of the form C'S D (Britz et al., 2020). C't D is here
assumed to mean that if all is known is that some individual is an instance of
the concept C, then it may be expected by default that it is also an instance
of D. It may be read as “instances of C' typically/usually are also instances
of D”.

Definition 77 (DALC Language). A DALC-language Lp = L(E) is ob-
tained by enriching the logical vocabulary of an ALC-language L with the de-
fault subsumption symbol % , i.e. Vi = VI9U{ £}, and adding to Lp all the

all the defeasible subsumption statements, i.e. Sp = SU{C' £ D | C,D € C}.

A DALC-knowledge base is an ALC-knowledge base T U A extended by a
finite collection D of Sp-statements called a DBox.

A standard requirement for defeasible subsumption T is that it is pref-
erential (Britz et al., 2019). It is imposed in addition that it is possibility
preserving, that is non-empty concepts are not defeasibly subsumed by L.

To impose more linearity one may also ask for disjunctive rationality or
rational monotony.

Definition 78 (Preferential and rational defeasible subsumption). The de-
feasible subsumption relation & is called preferential if and only if it satisfies

forall C,D,E € C:
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C & L implies C C L (Consistency preservation)

C t C (Reflexivity)

C=D,CLE implies DL E (Left logical equivalence)

CLD,DCE implies CL E (Right weakening)

CED,CLE implies CS DME (Right conjunction)

CLE, DEE implies CUDEE (Left disjunction)

CLE,CED implies CMDEE (Cautious monotonicity)
It is called disjunctively rational if it validates in addition
e CUDCLE implies CE E or DS E (Disjunctive rationality)
and respectively rational if it satisfies in addition:
e CL D and not CL—E implies CTEL D (Rational monotonicity)

The failure of T C L in ALC obviously implies the failure of T T L in
DALC, referred to as a nontriviality postulate. The TBox and the DBox then
specify our initial knowledge about strict and defeasible subsumption links
between various concepts. Formally speaking, these rules correspond to those
known from standard conditional logics for strict and defeasible implication.
This relationship can be exploited fruitfully to guide the specification of new
monotonic and nonmonotonic semantics for DDLs.

5.2 Monotonic reasoning over defeasible de-
scription logics

With the syntax defined for a defeasible ALC, a semantics capable of giving

these default conditionals a reasonable interpretation is naturally necessary.

Now, a ranking measure semantics for defeasible description logics is defined,
along with the associated monotonic inference.
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5.2.1 Ranking measures for DDL

Most semantics for DDLs are based on preference orders over the interpreta-
tion domain A. The simplicity and robustness of this approach are appealing,
but it seems the lack of expressiveness is less well suited for representing, re-
lating, and aggregating defeasible ontologies. In particular it is insufficient
to handle independence in a general, theoretically and intuitively appropri-
ate way (Weydert, 2003). This motivates developing a semantics using a
more fine-grained, quantitative but still robust plausibilistic semantics based
on ranking measures. These are rooted in Spohn’s integer-valued ranking
functions (Spohn, 1988, 2012), also known as k-functions, which are the
simplest instance of the general mathematical notion of a ranking measure
introduced in (Weydert, 1995). They play an important role in graded belief
modelling, iterated belief revision, and default reasoning. Ranking measures
are quasi-probabilistic implausibility valuations defined over a boolean alge-
bra, and whose value domain carries a commutative additive structure. This
allows to obtain a reasonable independence notion and to define (Jeffrey-
)eonditionalization. For our purposes, general default reasoning over finite
knowledge bases, it is necessary and in general sufficient that the value range
encompasses the (countably many) positive rationals with infinity: [0, 00]g.
For the sake of generality, we will however include all the positive reals (with
infinity) as possible values: [0, colg.

Definition 79 (Real-valued ranking measures). A real-valued ranking mea-
sure is a function R : (B,M,U, =) — ([0, oo]r, 0, 00, +, <) such that:

e R(T)=0, R(L) = oo,
e R(AUB) =min{R(A),R(B)},

They are possibility-conserving if for each A € B, R(A) = oo implies A = L.
The associated conditional ranking measure R(.|.) is defined by
R(A| B) = R(AN B) — R(B) for R(B) # oo, and R(A | B) = 0 otherwise.

For example, to interpret defeasible subsumption, consider the boolean al-
gebra consisting of the congruence classes of concept terms modulo logical
equivalence. Each class is represented by any of its members. Hence, for all
C,D € C, Faec C =D if and only if R(C') = R(D).

For evaluating defeasible inferential relationships involving role assertions,
one needs in addition ranking measure products, in analogy to products of
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probability measures. In a general scenario, one may want to define the
product of a tuple of ranking measures Ry, ..., R,, respectively defined over
the boolean algebras By,...,B,. W.l.o.g. it is assumed that each B; is a set
algebra over a universe W;. The product will be denoted R1 ® ... ® R,.

The first step is to specify the product boolean algebra associated with
Bq,...,B,. This is by definition the boolean closure of the product base
consisting of all the cross-products A; x ... A, for A; € B,. Note that the
product base is closed under intersections. Let B; ® ... ® B,, denote the
resulting product boolean algebra. It is not difficult to see that each of its
elements can be written as a finite union of product base elements. Therefore,
to define a product ranking measure over B; ®. . .®B,,, because of the min-rule
for finite unions, it is enough to do two things:

1. Identify the ranking measure values for the elements of the product
base.

2. Prove that for each B € B; ® ... ® B,,, any reconstruction as a finite
union of product base elements produces the same ranking measure
value.

The idea is that R; ® ... ® R,, constitutes the independent aggregate of the
individual ranking measures R; so that the ranking measure value of a cross-
product, which represents an independent aggregate of sets, is just the sum of

the ranking measure values of the individual component sets. In particular,
for each A € B;,

(R1®...0 R,) (Wi X ...x Wiy x AX Wiy x ... W,) = Ri(A).
This gives us the following definition.

Definition 80 (Product ranking measures). For any ranking measures Ry, ..., R,
over boolean algebras By, ... ,B,, the product ranking measure R ® ... ® R,

s defined to be the unique ranking measure R on B,y ® ... ®B,, such that for
each Ay X ... A, with A; € B;,

R(A; x...x A,) =R(A1)+ ...+ R(A,).

Proposition 4 (Product ranking measures). For any finite tuple of ranking
measures R; over B;, the corresponding product ranking measure exists and
1s canonical over Bi ® ... ® B,
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However, one further step is needed. In fact, arbitrary role relations may
not be reconstructible as finite unions of cross-products of concepts. Even if
a canonical boolean algebra C = B (for all 0 < i < n) is assumed, there is no
guarantee that a given role relation r is representable in C* = C® C = ®*C.
Therefore, to express and evaluate the plausibility of arbitrary role relation-
ships, ®"R is lifted to some boolean algebra C* extending ®"C and repre-
senting all the definable relations resulting from admissible combinations of
roles and concepts.

Fortunately, it is not necessary to discuss in detail what constitutes a
definable relation. What can be done is to lift R} ® ... ® R,, to the boolean
subset algebra S(W™) based on 2", the full power set of W™, which is
stipulated to constitute a — in some specific way — maximal instantiation
for the relevant signature.

Definition 81 (Completion). Let R = Ry ® ... ® R, be a product ranking
measure over the boolean algebra Q"C, which can be interpreted as a subal-
gebra of a set algebra S(W™). The completion R* of R is defined for each
AC W™ by

R*(A) = sup{R(B) | AC B, B € @"C}.

One can now show that the completion process gives us a functions with
the appropriate features, namely possibility-conserving real-valued product
ranking measures which are coherent across dimensions.

Conjecture 3. Let R* be the completion of R = R ® ... ® R, over Q"C.
Then:

. . n
1. R* is a real-valued ranking measure over 2",

2. R* is possibility-conserving if this holds for R and the image set of each
factor measure R; is finite.

3. [f R** ’és th@ completiOn Of R — Rl ® . ® R’n+m wzth dOmain 2W'n+m’
then the projection of R™ to 2"" is R*.

The standard scenario in defeasible description logic is that a basic ranking
measure R over C has to be extended to the product measures ®" R to handle
all the relational expressions definable through roles and concept assertions
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in the given language context. The chosen semantic framework, the infer-
ential needs, and possible representational purposes point here to a natural
extension of ALC where the roles are closed under boolean operations and
the inverse operator.

This would be a relatively moderate generalization which ensures that,
for a finite signature, the number of explicit role names stays finite. However,
because there may be countably infinitely many distinct combined concepts,
the combination of role and concept assertions in ABoxes still allows count-
ably many relational descriptions in each dimension. Note that the minimal
dimension is determined by the number of individual constants appearing
in the ABox. The important point is that it is enough to specify for each
dimension n a countable subalgebra of the full set-algebras over 2", en-
suring cross-dimensional compatibility. It is obtained by restricting the full
completion of each product measure ®™R to the relations definable over the
relevant sub-signature. Now there is a ranking measure value for each role
induced from the original ranking measure over concepts. In fact, this value
can be determined without specifying the full completion, but the definition
above may be slightly more convenient.

Definition 82 (Ranking roles). Given a role r € Ng, its ranking measure
value, sloppily written R(r), is defined to be R*(r) where R* is the completion
of the product measure R ® R.

If in an ALC-context the domain and the range of r are subsumed by the
concepts Agom respectively A,,, which can be expressed in ALC, then it holds
that R(r) > R(Ajom) + R(A,y). If moreover there are no less plausible sub-
suming subconcepts Ay, or A}, C Agg, i.e. verifying R(Aj,,,) > R(Agom) or
R(A;,) > R(A,g), then the definitions ensure that R(r) = R(Adom)+R(Arg).
Note that this observation relies on the absence of direct defeasible infor-
mation about roles, e.g. as provided by defeasible role subsumptions, not
available in ALC.

Now the basic machinery for interpreting and reasoning with defeasible

concept subsumptions is defined.

5.2.2 Defeasible description logic: Semantics

To interpret the defeasible subsumption statements in DALC the ALC-
interpretations are expanded, which are just a special instance of classical
first-order structures, with ranking measures.
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Definition 83 (DALC-interpretation). A DALC-interpretation over L is
a pair (I, R) consisting of an ALC-interpretation T = (A,-T) over L and
a ranking measure R over the boolean algebra of the concept interpreta-
tions induced by T such that for any concept C € C, R(CT) = oo iff
CT = 0. If T is fived, R(C%) is abbreviated by R(C). 1 denotes the set of
all DALC-interpretations for a given relational signature (Ng,Ng). DALC-
interpretations are also referred to as ranking interpretations.

A monotonic DALC-semantics for a given DALC-language L£( %) is char-

~

acterized by a DALC-satisfaction relation =; which determines for each
DALC-interpretation (Z, R) the DALC-formulas ¢ it verifies. Of course,
4 is expected to be a conservative extension of |, over the ALC-language
L. That is, (Z, R) should 4-satisfy exactly those ¢ € L which are f=4.-
satisfied by Z. What remains to be done is to specify under which conditions
a DALC-interpretation (Z, R) g4-satisfies a given defeasible subsumption
statement.

The basic idea, well-known from the logic of default conditionals, is to
say that C'E D holds if and only if C'T1 D is sufficiently more plausible than
C' M =D. The question is then what one may consider sufficient. Here there
are essentially two alternatives: on the one hand, simple dominance without
any further conditions, which is the weakest and most common approach, and
on the other hand, threshold dominance, which is stronger and offers more
conceptual and technical flexibility, e.g. to define advanced inference methods
based on minimization. Because all the real-valued ranking measure values
# 0,00 are structurally equivalent!, it is fortunately enough to consider a
single threshold, by convention 7 = 1. In what follows the stronger truth
condition will be exploited. Note that for the traditional integer-valued rank-
ing functions, both variants are equivalent. Another, maybe more productive
way to experiment with strength would be to encode the different possibil-
ities at the object-level, e.g. by introducing graded defeasible subsumption.
But here the focus on the single-strength scenario.

Definition 84 (DALC satisfaction relation). Let (Z, R) be a ranking measure
interpretation over L, C; D € C, and ¢ € L.

« (LR ap if andonly if T g,
¢ (Z,R)Fa CED if and only if R(CTMI D)+ 1< R(CM-D,).

!They can be exchanged by automorphisms on the value structure
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ForT' C L(%), let Modg(T') ={(Z,R) €| (Z,R) =4 ¢ for each ¢ € T'} be
the corresponding model set. Forp € L( L), is written Mod(p) = Mod({¢}).

The DALC-semantics now determines in the usual way a corresponding
(monotonic) Tarskian entailment relation.

Definition 85 (DALC-entailment). A knowledge base I' C L( 5 is said to
monotonically entail a formula ¢ € L(S), written T' b4 o, if and only if

Mody(T') € Mody(o).
Under this interpretation, T shows the expected properties.
Conjecture 4. -, validates:

e the preferentiality of & over C,

o disjunctive rationality for &, but

e does not validate rational monotonicity for T .

One feature of the description language is that it allows to some extent
to translate logical connectives into boolean operations over concept terms.

Conjecture 5. Let a € Ny and C, D € C. Then:
e, a:CANhNa:D < a:CND,
et;, a:CVa:D < a:CUD,
ety —(a:C) < a:—C.

This will be useful to induce ranking measures over assertions from rank-
ing measures over concepts.

5.2.3 Ranking measure semantics for assertions

Up to this point, ranking measure semantics for concept subsumption state-
ments has been described, but without explicitly considering assertions. So,
now the focus will be shifted to considering the primary challenge considered
here, that of defeasible reasoning about assertions.

Now, ranking measures need to be extended to assertions. As a baseline,
observe that the concept assertions restricted to one individual constitute a
Lindenbaum algebra:
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Definition 86 (Assertion algebra). The algebra of assertions (A, V, A\, ~) is
such that, given any individual name a:

e a:CNa:D << a:CND
e a:CVa:D < a:CUD
e ~(a:C) < a:-C

The assertion algebra provides a domain for induced ranking measures,
defined relative to ranking measures over the concept algebra. These struc-
tures allow:

Definition 87 (Induced ranking measures). An induced ranking measure ]:2,

is derwed from a ranking measure function R such that R:A— 0, ool
such that R(a : C) = R(C).

Induced ranking measures by themselves only represent the perspective of
a single individual. Different individuals introduce interacting ranking mea-
sures which require aggregating in order to combine different individuals into
a canonical ranking function. This multidimensional aspect to the reasoning
process is handled by product measures:

Definition 88 (Product measures). The rank of the conjunction of any two

~

concept assertions in an induced ranking measure is: R(a : C ANb: D) =
R(a:C)+ R(b: D).

It is more tricky to define the rank of a role assertion, (a,b) : r, seeing as
ranks on roles are not explicitly defined. In DALC there is no way to explic-
itly reason about roles, and so for every role r € Ny, and the ranking measure
R? over the cross-product of concepts, for now R%(r) = 0 is stipulated.

However, in general:

Definition 89 (Role assertion ranks). Given any role assertion, the rank is
the same as the rank of the underlying role R((a,b) : r) = R*(r).

This will be useful for extensions to DALC where explicit statements
about role typicality are explored.

The next definition is crucial for nonmonotonic entailment on the level of
assertions. Ranking conditionals over assertion statements is necessary for
specifying a default inference relation on the level of the assertion language.
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In order to evaluate whether an assertion statement follows from a knowledge
base including an Abox, the rank of an assertion needs to be well-defined,
and then the conditional ranking over assertions allows for specifying default
inference of assertions:

Definition 90 (Conditional induced ranking measure). A conditional rank-
ing measure statement over assertions o, € A, R(a|p), is defined such

that R(a|B) = R(a A B) — R(B)

5.3 Semantics for nonmonotonic reasoning

5.3.1 General defeasible inference

Defeasible reasoning over D ALC has focused primarily on the task of inferring
defeasible subsumption statements from a default subsumption base, leaving
aside the assertion language and the ABox. Less studied is the task of defea-
sibly inferring assertions: that is defining a nonmonotonic inference relation
to defeasibly infer concept assertions or role assertions from a default sub-
sumption base and assertion box TUDUA |~ a: Cor TUDUA |~ (a,b) @ r.

The usual semantics for defeasible reasoning in the literature revolve
around preferential and ranked interpretations (Britz et al., 2019), which
are adapted from the KLM framework defined for propositional default con-
ditional logics (Kraus et al., 1990).

The main focus at the core of this chapter is the defeasible inference of
assertions. The following example will illustrate much of what is tackled in
this chapter with respect to role assertions (Britz et al., 2018):

Example 19 (Abnormality choice). Consider the knowledge base T = ),
D = {T-AnNVr—-A}, and A = {(a,b) : r}. Intuitively either a or b
should be normal, but this requires the other to be abnormal with respect to
the default statement. Britz et al (Britz et al., 2018) introduces a procedure
based on System Z that calculates two extensions, as they are referred to in
their work, of the ABox: {a: A,a:3Ir.—Ab: —=A} and {b: A,a:3Ir.A}, and
proposes the intersection of the consequences of these choices, {a : Ir. T} as
a canonical solution, and Bonatti (Bonatti, 2019) considers each extension
as equally valid.

However, there are some preliminary considerations before true nonmono-
tonic inference may be introduced.
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5.3.2 Ranking choice

To specify proper nonmonotonic reasoning using our ranking measure seman-
tics, the idea is to choose a preferred subset of Mod(7T UD U A) to realise
a justifiable defeasible inference relation. This is done via ranking choice
functions (Weydert, 2003):

Definition 91 (Ranking choice functions). A ranking choice function F :
25 1 2T associates to a finite default knowledge base a set of ranking measure
interpretations such that:

1. F(TUD)C Mod(T UD) (Choice)

2. {Mod(0) | 06 € D} ={Mod(d") | &' € D'} implies F(TUD) = F(TUD')
(local semanticality)

3. Mod(T UD) # 0 implies F(T UD) # 0 (nonmonotonic consistency)

Ranking choice functions are used to define a defeasible inference relation
by selecting specific subsets of ranking interpretations to specify entailment
(Weydert, 2003):

Definition 92 (Ranking choice inference). Let F be ranking choice function,
T a TBox, D a DBox, A an ABoz, and o an assertion, then TUDUA |7 «
if and only if for every (Z, Ry € F(T UD) then the resulting product measure
R over all induced ranking measures R, for each named individual a in A,
R(-a | A) > 0. A p o may be used as an abbreviation.

Now, a defeasible inference relation for DALC has been properly defined.
The next question is how to define specific ranking choice functions in order
to obtain the inferences that best align with intuitions regarding common-
sense reasoning, and that satisfy desired principles in the literature.

5.3.3 Reconstructing System Z

Among the most popular default inference relations is System Z, or rational
closure (Lehmann and Magidor, 1992; Pearl, 1990). In the context of our
approach, System Z corresponds to assigning the minimal ranking measure
values that satisfies our subsumption statements (Giordano et al., 2015).
This amounts to a ranking measure choice function that seeks to minimally
satisfy, with respect to the ranking algebra values, the default subsumption

85



statements, which is comparable to inference schemes based on plausibil-
ity maximization. For further explanation it is covered in detail by Britz
et al (Britz et al., 2018).

For the construction of System Z in this framework, a useful definition in
the context of ranking choice regards how to compare two ranking functions:

Definition 93 (Comparison of ranking measures). Given two ranking func-
tions, Ry and Rs, we set Ry = Ry if and only if for every C € C, Ry (C) <
Ry(C).

In natural language, this definition states that a ranking measure that
assigns every concept to the same rank or lower than another ranking function
is at least as preferred. T'wo ranking functions are incomparable if there exists
C, D € C such that Ry(C) < Ry(C) and Ry(D) < Ry(D).

Conjecture 6 (Existence and uniqueness of Z ranking). Given the preference
ordering over a set of ranking measures in definition 93, then there always
exists a unique ranking measure R? such that R < R for all other ranking
measures R, i.e. RZ is a global minimum with respect to <.

Then, this global minimum can be used to define the set of System Z
models as such:

Definition 94 (Z model). Given a defeasible knowledge base, the Z-ranking
model (I, R%Z 1) is such that for all ranking measure functions defined using
strong, i.e. threshold, semantics, Rrup, R%,p < Rrup.

Having the Z-ranking measure for the concept language, allows the spec-
ification of the System Z inference relation for the assertion language via the
usage of induced ranking measures:

Definition 95 (System Z). For a knowledge base, T, D, A, and an assertion
a € A, then TUDUA I «a if and only if for the product measure R?
obtained over all induced ranking measures defined from the individuals in

A, it is such that R? (o | A) > 0. A N2 p a is used as shorthand.

Example 20 (Abnormality choice cont.). Let us take the knowledge base
from example 19: T =0, D ={T L AnNvr—-A}, A={(a,b):7r}

The default provides the (strong semantics using the default parameter 1)
constraint over any satisfying ranking measure:
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o R(ANYr.—A)+1< R(~AU3r.A)

Under System Z, the distinguished Z-ranking measure R% . obtained by min-
imally satisfying the above constraint, then is represented in the following ta-
ble, where the integers are to be read as the ranking value of the intersection
of the concepts on the left hand side and the top row, such that each cell in
the central area shows the rank in R%UD of the intersection of the concepts
that coincide at that cell:

Al —-A
Vr. AMVr.—A 0 1
dr—-AnNvVr-A| 0| 1
Vr. AN dr.A 1 1
Jr—-AndrA |1 1

Table 5.1: Single dimensional induced ranking Z-values

So, R(Vr. AMYr.mAM —=A) =1 which corresponds to the top right octant
of the table of integers, and similarly R(Ir.—AMIVr.—AMN A) = 0 which may
be read off the second row from the top and left hand side octant.

The above ranking measure is naturally defined over concepts, however
since default inference among assertions is of interest here, it is necessary
to define ranking values over the assertions themselves. Therefore, the above
ranking measure will be translated into ranking measures over the assertion
language.

Since there are two individual names here, a and b, the induced ranking
measures, following definition 88, may be represented as follows:

SH
N
|

N

b:

a: AN (Vr.ANVr—oA)
a:—-AMNE@Gr-ANVr.-A)
a:—AMNNr.Andr.A)
a:—-AMN(Ir-ANIr.A)
a: AN (Vr.ANVYr.—A)
a: AN (Ir—~ANVr-A)
a: AN (Vr. AN 3r.A)
a: AN (Ir—ANIr.A)

el =l =l e il e R B
NN NN N DN

Table 5.2: Two dimensional induced ranking Z-values
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Stmilarly as table 5.1, the integers in the central area represent the ranking
value by combining the assertions on the left column and top row. So, ]%({a :
—AN Vr.ANVr—=A),b: A}) = 1, corresponding to the top left cell, and so
on.

The ABox A = {(a,b) : r} provides a role assertion. This role assertion
imposes constraints based on the concepts a can be: first a, by monotonic
entailment, is in either Ir.A or Ir.—A, i.e. a : Ir.A U Ir—A, which is
equivalent to a : =(Vr.mATYr.A), i.e. R(a:V¥r—ANVYr.A| (a,b):r) = oco.
Taking this further, conditioning additionally with b : A gives a : =Vr.—A,
and b : —=A gives a : ~Vr.A, and so R(a : =Vr—A | b: A, (a,b) : 1) =0 and
R(a:—Vr.A|b:=A, (a,b):r)=0.

Thus, a visual representation of conditioning the induced product measure
with the ABox produces:

b:A|b:—-A
a:—ANNr.ANVYr—A) | oo 00
a:—-AMN@r-ANvVr—-A) | oo 1
a:—AN(Vr.AN3r.A) 0 00
a:—-AMN(Ir—AN3Ir.A) 0 1
a: AN (Vr.ANVr.—A) 00 00
a: AN (Ir—~ANVr-A) | oo 0
a: AN (Vr. AN 3r.A) 0 00
a: AN (Ir—AM3IrA) 0 1

Table 5.3: Two dimensional induced ranking Z-values

Reading the ranking values conditioned with the given ABox information,
now observe that the ranking values have changed. To evaluate inference, the
same process of checking conditional ranking measure values is followed: to
evaluate if b : A is inferred, for example, the ranking value of b : = A needs to
be checked, and specifically b : A may be inferred if ]—?(b : = A) > 0 in the above
representation of the conditional ranking measure. Since the table contains
a cell where b: —A is 0, this is the value of R(b : mA) and so b: A may not
be inferred. The opposite may also be checked — if I%(b :A) >0 then b: -A
may be inferred. Again, there are (many) instances of R(b: A) = 0 as well in
the representation above. Therefore, there is no way to infer whether b is in
A or =A. Is there something else that may be inferred? Not at the moment,
but observe that there are some more conditional inferences — if a : = A were
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also to be added to the ABozx, then the equivalent of the bottom half of the
representation above is no longer considered, and then R(b: —A) = 1 which
satisfies the inference requirement, and so then b: A would be inferred.

5.4 Hypothesis-driven inference

One possible conclusion that may drawn so far is that having a classical
language that allows for expressing strict information about binary relations,
without also having the capability to express defeasible relational information
results in an over-restriction of the modelling process that can adversely affect
the defeasible inference processes.

5.4.1 Hypotheses

Consider the example from before:
Example 21. Given the knowledge base T =0, D = {T T ANVr.—A}, and
A={(a,b):r}.

The Z-ranking on the concepts is then RZ(=A U Ir.A) = 1 and for all

other concepts C, RZ(C) = 0. All roles have rank 0, and so R((a,b) : r) = 0.
So, the conditional rankings are therefore:

1. R%(a:-AlA) =1

2. R%(a:A|A) =0

3. R(a:3IrAlA) =1

4. RZ(a:3r—A|A) =0

5. R%(a:Vr—A|A) = R%(a:Vr.A| A) =0
6. R%(b: A|A) =0

7. RZ(b:—=A|A) =1

Therefore the inconsistent set of inferences: {(a,b) : r,a : A, a : Ir.—A, a :
Vr.—A,b: A} can be naively concluded.
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The primary issue targeted here is that simply lifting System Z (Pearl,
1990) also known as rational closure (Lehmann and Magidor, 1992) to defea-
sible description logics in our approach appears to lead to some inconsistent
defeasible inferences as demonstrated above.

One reason for System Z being insufficient is the presence of role assertions
from which a naive lifting of default reasoning methods from propositional
logic cannot extract useful information regarding role restrictions and instan-
tiations. The projection principle applied to System Z, referred to as System
PZ, is one attempt to try to instantiate and formalize this extraction.

Here, projection is conceptualised as a “hypothesis”, or a speculative,
meta-defeasible lemma, that works as a pre-processing step before the infer-
ence scheme is applied.

To formalise this notion of a hypothesis, first define a hypothesis box,
or HBox, H, as a collection of hypothetical, speculative statements C' < D
where C' and D are either atomic concepts, or complex concepts depending on
the scheme chosen. These defeasible constraints are comparable to negated
conditionals (Booth and Paris, 1998) as in both cases semantic constraints
are introduced that are also satisfied by the relevant formulae having the
same ranking value. This introduces new challenges in incorporating a new
collection of weak, comparative constraints and resolving possible inconsis-
tencies.

Definition 96. A hypothesis box H describes a collection of speculative defea-
sible constraints on ranking measure functions. For any two concepts C, D,
here constraints of the form C < D are considered.

In general, an HBox may be induced from the terminological information,
or prescribed by a knowledge engineer. Here, one scheme for the former is
of interest. The scheme here is as follows: given a TBox and DBox, a set of
speculative statements are induced, and collected in an HBox. Then, these
speculative statements provide further constraints on the set of models that
may satisfy the knowledge base.

The methods for inducing these speculative statements from the regular
terminology are theoretically many. Here, one general type of scheme is
presented in focus: projection.
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5.4.2 Projection principle

The projection principle is a family of speculative methods to extend the
strict and defeasible terminological information, in order to extract more
information from role assertions. With the current logic so far defined, there
is no clear way to incorporate implicit knowledge from role assertions into
defeasibly inferring concept assertions.

In order to combine information from defaults and both classical and de-
fault statements containing concepts constructed from role relations, consider
a hypothesis box containing defeasible assumptions about concepts related
through a role.

A collection of concepts are selected from the terminology, and projection
constraints are generated using those concepts as the basis. These constraints
are represented in the HBox and used to constrain the set of ranking measure
interpretations.

5.5 System PZ

The first kind of hypotheses considered are constraints generated by the
projection principle:

Definition 97 (Projection HBox induction). For a defeasible terminology
TUD, then the function H(T UD) = Hyup generates speculative constraints,
in the case of the projection principle: for a set of complex concepts C C C,
add a set of speculative, defeasible ranking measure constraints of the form

{Vr.CM3r.C > C| for every C € C} to the hypothesis boz, denoted H.

One way of conceptualising projection is it prevents individuals from
“forcing” other individuals into exceptionality. The scenario where a be-
ing normal causes b to be exceptional should be somehow less preferred to
the scenario where b being normal simply causes us to be ignorant regarding
a.

Ranking measure semantics need to be extended to consider hypothesis
boxes:

Definition 98 (HBox satisfaction). A ranking measure interpretation ((A%,-F), R)
satisfies all constraints in the hypothesis box if and only if R(C) < R(D) for
alC<DeH.
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The results of these projection constraints can be various, and investiga-
tions into schemes for how to choose the set C is an interesting topic. One
possible scheme is to define C as the set of concepts C' such that R(C) > 0
after only the DBox is considered.

Considering the structure of projection constraints, one question is whether
it is possible to express and reason about these constraints using the syntax
of DALC. It seems convincing that they should not be.

Conjecture 7. H constraints are not expressible in the regular language of

DALC.

The above appears to be true due to, firstly, the simple fact that the
default constraints induced by defeasible statements are always of the form
C D < Cr =D whereas hypothetical constraints may take the form of
D < C where C and D may be logically independent concepts. Secondly,
the comparison between the concepts in defaults are, with the exception of
defaults parametrized with 0, strictly less-than. This seems incompatible
with the possible equality allowed in hypothesis box statements.

Once the HBox is processed, then the nonmonotonic inference scheme is
applied. One main inference schemes are considered now, although in theory
many may be defined.

Definition 99 (Hypothesis preprocessing). Given a default base T, D, H,
then S(TUD,H) C H is a selection function that chooses what subset of the
speculative statements to use to constrain the set of models available to the
ranking choice function.

5.5.1 PZ closure

The general task to be addressed now is how to identify reasonable defeasible
inference notions in the context of a hypothesis generation mechanism H and
a DDL-inference notion 7, , both defined over the extended ALC-language.
Within our ranking measure based framework for DDL this amounts to de-
termine for any TD-Box 7 U D a suitable preferred collection of plausible
ranking measure models F3 (7 UD) C Mod,,(T UD). As the parameter H
indicates, this choice function will exploit hypothesis generation.

Suppose there is a finite subsumption base 7 U D. H then generates an
associated set of justifiable speculative hypotheses H(T UD). We recall that
these hypotheses may be formulated over an extended language (including
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concept relations beyond C and £ ) as long as they are interpretable by
ALC ranking measure models. This defines a bi-prioritized base pair (7 U
D, H(T UD)), where the first component describes hard ranking measure
constraints over DALC-interpretations, and the second component possibly
conflicting soft hypothetical ranking measure constraints. Its evaluation will
fix the choice set F (7T UD), also taking into account the origin and nature
of the hypotheses.

The idea is to develop an hypothesis-driven approach which still relies
on the defeasible background semantics characterized by F, but also on a
well-informed selection of hypotheses among those provided by H. That
is, a hypothesis selection function H% is specified, refining H for filtering
hypotheses in the context of F and H. This step is necessary because H will
be typically inconsistent with 7 U D. At this level of generality only three
conditions on H’% are imposed:

e Selection H%(X) C H(X)
e Consistency Mod,,(H%(X)) # 0 if Mod,(X) # 0

e Local semanticality H%(X) = Hx(X') if {Mod,x(n) | n € X} =
{Mod,i(n) | n € X'}

Based on F, H, and H’, then the corresponding hypothesis-driven inferential
semantics Fp 4+ can be defined as follows:

Fuu(TUD)=F(TUDUHLT UD)).

In other words, in the context of F and H we identify and add preferred
hypotheses specified by H* to the input base 7 U D and use F to evaluate
the resulting extended base.

This general approach may be illustrated by taking a closer look at the
family of those instances where (1) the inferential semantics is based on
plausibility maximization (generalizing System Z), i.e. F = FZ, and (2) the
hypothesis generation H only relies on the Projection Principle. In fact,
most existing proposals in DDL profit in one way or another from System Z,
exploiting its simplicity and its computational features. Presupposing (1) ad
(2) has several interesting consequences.

1. Global semanticality of F: The ranking measure choice function
F? is invariant under logical equivalence w.r.t. DALC-entailment. That is,
it is fully determined by the model sets of the input bases 7 U D. Note
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that this condition is violated by well-behaved inference notions supporting
exceptional inheritance.

2. Ranking measure monotony: The canonical Z-ranking measure
RE associated with a subsumption base I' pointwisely increases (weakly) with
[, ie., I CT"implies RZ(A) < RZ(A). This is useful for the stability induc-
tive ranking measure constructions, like those exploited for computing Fy.

3. Choice cautiousness/skepticality: The speculative character of
the projection principle suggests to drop the resulting hypotheses in the
presence of any noticeable conflicts with other hypotheses of similar quality.
This has quite an impact on the specification of Fy.

The central task is now to specify in this context a suitable hypothesis
selection method H%. Because this work restricts itself to F = FZ, the
sub/superscript F is dropped.

A standard strategy would be to introduce an extension concept Euxty
over the induced HBoxes H (7T UD):

Exty (T UD) C Pow(H).

The selected hypothesis set H*(7T U D) could then be identified with the
intersection of all the extensions NExty (7 U D). Focusing on this robust
collection of unquestioned hypotheses, and their conclusions, as opposed to
a more adventurous approach including the joint consequences of all the
extensions, seems more in line with speculative hypotheses. What would be
reasonable demands for the extensions?

¢ 1. Relative Consistency: The extensions should be consistent with
the TDBox T U D.

e 2. Relative Maximality: They should be maximal relative to the
TDBox.

e 3. Possibility conservation: Adding the extension to the TDBox
does not entail new strict subsumptions.

The first requirement is obvious. The second one reflects the desire not
to spoil information without good reasons and therefore requires maximal
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admissible sets of hypotheses. The third one is another way to implement
cautiousness w.r.t. speculative hypotheses. One should not assume emptiness
or impossibility without a logical or theoretical necessity to do so. This may
be seen as an anti-circumscriptive principle. This property, which strength-
ens (relative) consistency, is referred to as (relative) coherence. It has the
advantage that individual observations compatible with the TDBox cannot
invalidate preferred hypotheses.

However, such a straightforward extension-based approach has some draw-
backs. One is that it makes no distinction between hypotheses, but this
ignores the fact that in the context of 7 U D, adding different hypotheses
may have different impacts. For instance, making changes affecting concepts
more exceptional from the perspective of System Z is informationally less
disruptive than doing so for less exceptional ones. This actually reminds the
minimal change principle from belief revision. So one may want to give prior-
ity to those hypotheses whose addition to the TDBox has an impact on higher
ranked (more implausible) levels when plausibility maximization is applied.
For hypothesis generation based on the projection principle, the hypotheses
have the form A < B. Only those hypotheses where R% (A) > R% ,(B)
will modify plausibility maximization, that is, RZ (a<p) 7 R%Z . But
only those layers > R% ,(B) will be affected. This suggests the following
prioritization notion for H in the context of a TDBox and plausibility max-
imization:

Relative hypothesis prioritization: Let I' be a TDBox and (A <
B), (A’ < B') € H(T'). Then
(A< B) <r (A < B)iff RE(B) < RE(B)

The relevant structure to evaluate will therefore be (H(I'), <r). This
immediately gives us a prioritized extension concept

Ext7VP (T UD).

The corresponding prioritized extensions are obtained in the usual way,
namely through maximizing the hypothesis sets, starting at the highest pri-
ority levels and moving downwards, but ensuring coherence. This defines a
simple priority-driven hypothesis selection function given by

H;, (T UD) =NExty, " (T UD)
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However, it is possible to do even better. In fact, the above handling of
priorities may be too rigid and thereby unable to exploit all the information
available in the context of a TDBox, H and FZ. The current prioritization
approach relies on the Z-ranking induced by the original TDBox, but one
could also imagine an iterated construction with evolving Z-rankings. The
idea is to first consider the top priority hypotheses, locally identifying the
maximal coherent subsets and taking their intersection, as was done before
over the full hypothesis set. Next, on the one hand the preferred hypotheses
obtained from the local evaluation to the TDBox may be added, forming a
new TDHBox, and on the other hand subtract the top priority hypotheses
from the hypothesis set, because they have already been taken into account.
The preferred ones are part of the extended TDHBox, whereas speculative
hypotheses involved in conflicts are automatically removed.

The procedure will then be restarted from the revised pair consisting of
the extended TDHBox and the reduced hypothesis set. The new TDHBox
also determines a revised Z-ranking with ranking values increasing or staying
constants. It follows that the prioritization of the hypothesis base must be
recomputed as well, defining a fresh set of top hypotheses. These steps
are repeated until no hypotheses are left, but this means that it is enough
to apply plausibility maximization on the completed TDHBox to determine
Fx(TUD). Besides the conceptual appeal of this incremental procedure, one
may also mention the possible computational advantages resulting from less
costly local maximizations and intersections, as well as the anytime flavour
of the algorithm. Formally, the iterated priority-driven hypothesis selection
function H},, is specified as follows.

Let H determine for each finite TDBox 7 U D a finite collection of <-
statements figuring as hypotheses and backed by the projection principle.
The idea is to specify by parallel induction two sequences of finite bases over
the extended language, namely (I';);<oo and (H;)i<c0, With growing I'; and
shrinking H;.

The starting points of the induction are I'y = T UD and Hy = H(T UD).
Suppose I'; and H; are given. Set M; = Maz,. (H;). Let Extx (K B) be our
basic extension function, which collects the maximal subsets of X coherent
with KB. Let N; = NExty,(I;) N M;. Weset I';;; =T, UN; and Hyyq =
H; — M;. Because H; is always finite, maxima exist and M; # (). Hence
H;.y C H; and the H; will become empty after finitely many steps. When
H, =0, T',, is maximal, and the process stops. H3,_ (Iy) = UN;.
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System PZ is a family of inference notions for DDL which extend Sys-
tem Z to handle speculative hypotheses suggested by different restrictions or
variations of the projection principle. For any specific finitary PP-hypothesis

choice function H the associated characteristic ranking choice function for
PZ is defined by

FATUD)=F4(TUDUH; (TUD))

Consistent HBox

The case of an HBox that is consistent with the existing knowledge base is
relatively straightforward. Consider the following example:

Example 22. Take the same knowledge base from example 19.
Using System PZ allows to revise the rankings such that:

o RA(mAUIrA) =1
e Hypothesis: R(Vr.(mAUIr.A)NIr(mAUIr.A)) =1

The second constraint is provided by the projection principle — it states that
any element contained in the domain of a role, such that it is only related to
one type of concept through that role, may be defeasibly assumed to be at least
as exceptional as that concept. In this case, the result is as shown above.

The ranking measure values may visually represented as below, where the
difference thanks to projection is highlighted in red, compared to the ranking
measure in table 5.1.

A A
0 I yr ANVr.—-A

1 1 Ar.—AMVr.-A
1 1 |Vr. A 3dr.A

1 1 |Fr—-An3Ir.A

The above representation of the PZ ranking measure over the concept lan-
guage of this knowledge base is read as usual throughout this thesis.

These ranking measure constraints induce the following conditional rank-
ing measure results:
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o RPZ(q:=A|A) =0
o RPZ(q:3r.A|A) =0
e RPZ(h:-AlA) =1

So, it holds that A ~T5P b . A. This may be verified as b : —a is ranked higher
than 0 given the ABox as a condition. However, this is a consistent, stable
entailment relation that is able to produce a distinguished set of inferences
from this default base.

This chapter presented an approach to formalising a defeasible extension
to the description logic ALC using the syntactic extension of adding a set
of default conditional statements between concepts, as is the standard in
the literature. However, in this work the semantics are extended with rank-
ing measures. Representational and reasoning shortcomings were identified
and illustrated, and a general approach to address these was presented: that
of speculative default reasoning with hypotheses. These hypotheses are a
syntactic extension that specify certain defeasible relationships that are se-
mantically interpreted as “pre-processing” constraints to which to attempt
to conform. One full inference relation using hypothesis box reasoning was
presented: that of System PZ — a modification of System Z, also referred to
as rational closure, incorporating such speculative information. Nevertheless,
HBox reasoning is highly flexible and there could be very many methods by
which to define defeasible inference incorporating such hypotheses. There-
fore, this work represents the first steps in this approach to default reasoning.
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Chapter 6

Discussion and conclusion

The first-order logic of default quantifiers presented is the primary novel con-
tribution of this project. The formulation of ALC extended by conditionals
interpreted by ranking measure semantics is an interesting alternative se-
mantics to the literature, and the proposition to extend defeasible ALC with
speculative inference properties by extending the language with H statements
and associated inference relations is another novel contribution.

To conclude this thesis, some final general remarks will be made about
certain aspects of this work that were illustrated during the presentation of
the techniques, and may benefit from further critical emphasis.

6.1 Discussion

Taking this work in the broader context of common-sense reasoning in first-
order logics, certain issues warrant a discursive treatment. Particular choices
in defining a nonmonotonic semantics bake in assumptions about the nature
of the world and the forms of reasoning to be employed. These considerations
should be explicated and therefore taken into account in future work in this
area; defeasible first-order reasoning need not prioritise the same desiderata
as this approach, and instead explicitly take into account which assumptions
to import and which to eschew.
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6.1.1 Neutrality

An important element when considering defeasible inference in the first-order
context is the topic of neutrality: a general concept that here is defined to be
the principle of not privileging any particular first-order structure for the pur-
poses of default inference. Ranking choice effectively selects a distinguished
set of ranked structures, as all epistemic measures are generated from an
underlying, or a set of underlying, ranked first-order structures. There is
a choice to be made, then, whether the resulting set of epistemic measures
used to specify inference is aggregated from sets of ranked structures includ-
ing those assigning the empty set to certain exceptional predicate names,
which under these semantics would assign those predicates oo, as opposed to
some ranking value greater than 0. For certain sophisticated constructible
inference relations, this is a non-trivial point, and can affect how one might
decide is best to define the default inference process.

The decision made in the framework presented in this thesis was to keep
the constructible inference processes coherent with the defeasible frameworks
in propositional default reasoning. This amounts to defining constructibility
notions over epistemic ranking measures, and then performing inference with
the associated ranked structures underlying these epistemic measures. This
has the advantage of easing the process of calculating the inferences, and
reliably replicating the examples lifted from propositional default reasoning.
However, this procedure may possibly neglect neutrality. When constructing
a canonical epistemic measure, the underlying set of ranked structures may
not contain all those that are models of the default knowledge base under
the desired scheme. There are two perspectives one can take on this: on the
one hand, defeasible inference is always a procedure of model selection —
certain semantic elements are chosen, or structured, in order to gain a desired
inference, and this may be seen as no different, as this general strategy is the
same. On the other hand, for this particular case of first-order reasoning,
certain structures having certain predicates map to the empty set while still
satisfying the default base may be viewed as relevant information that should
be incorporated.

An alternative procedure to the one taken here could be to generate an
epistemic measure by aggregating a set of ranked structures. This amounts
to defining a map from a set of ranked structures to a single epistemic mea-
sure that aggregates the values according to a particular strategy. In such
a framework, where the model set of the default base is aggregated to a
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single canonical epistemic measure to determine the various inferences, con-
structibility would be defined on the level of the ranked structures, and then
the aggregation scheme would have to ensure that the resulting epistemic
measure was also constructible over the default knowledge base. In this case,
neutrality is relevant as emptiness is one simple route towards specifying cer-
tain difficult examples for aggregating constructible epistemic measures from
constructible ranked structures. Generating an epistemic measure from a set
of ranked structures requires defining aggregation strategies that can reliably
replicate desirable results, for example from known propositional default rea-
soning examples. The challenge is that given a set of ranked structures with
respect to a set of default statements, it is almost certain that there will exist
models of the knowledge base such that R(¢) = oo, where ¢ is an arbitrary
formula representing some exceptional, or atypical, sentence. Formulating
aggregation strategies that reasonably take this into account, which pre-
cludes straightforward strategies like taking the minimum ranking for each
formula across the set of ranked structures, is a non-trivial task.

6.1.2 Independence

Product ranking measures, that facilitate defeasible reasoning from n-variable
formulae using default bases perhaps only defined over j < n variables, con-
tain within their usage assumptions about the nature of the defeasible knowl-
edge. Given a tuple (a,b), then defining the product measure of this tuple
such that R({(a,b)) = R(a) + R(b) assumes that the (ab)normality of a and
b are, essentially, independent events. This reading, that if a is abnormal,
then still nothing is assumed of b (or rather, the degree of surprise of b being
atypical is unchanged), is not necessarily the only way of modelling uncertain
reasoning. In this work, it is motivated by inheriting the quasi-probabilistic
nature of ranking measure theory, and that it is a natural assumption in the
defeasible reasoning literature to define frameworks that maximise normal-
ity (as is the assumption in rational closure (Lehmann and Magidor, 1992)
and approaches based on maximum entropy (Penaloza and Potyka, 2016;
Goldszmidt et al., 1993)). However, approaches that modify this indepen-
dence property could prove effective, for example by investigating the loss of
independence if individuals are connected via some type of relation.

This independence issue is distinct from independence issues already well
understood in the propositional case. First-order reasoning provides another
dimension, that among individuals, over the existing independence criteria
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with respect to the language, and formulae themselves. Naturally, indepen-
dence among formulae is replicated in this framework, on the level of the
ranking measures considering a single individual, and independence on the
level of individuals, and tuples of individuals, is taken here to hold. The
conjecture behind these comments is that just as language independence on
the level of the syntax is studied in propositional default reasoning ( (Heyn-
inck et al., 2023) for instance), tuple independence (whether singletons or
n-tuples) is an issue worthy of further examination for first-order default
reasoning.

6.1.3 Speculative reasoning

In the context of defeasible description logics, this thesis defined a framework
for expanding the defeasible reasoning capabilities via the syntactic extension
of a hypothesis box, referred to as an HBox, and adjusting the associated
ranking measure semantics in order to interpret them. The motivation for
this extension is multifaceted. Compared to default quantifiers in defeasible
first-order logic, the expressivity of a given default in defeasible description
logic is far lower. Defeasible description logic defaults are essentially propo-
sitional default conditional statements. However, the structures also contain
information regarding binary relations. Since these defaults in DALC all
express a default conditional relationship between two unary predicates, i.e.
subsets of individuals of the domain, it is a priori not possible to extract
any information regarding the typical binary relations in a structure. This
limitation especially affects the reasoning process as concepts make use of
roles, i.e. binary relations, in their construction; therefore, in order to ad-
dress the goal of an inference relation on the level of assertions, it is necessary
to be able to reasonably condition with role assertions, which is not possible
if there is no easy way for default information to inform what is a typical role
relation and what is atypical. Given only default information regarding indi-
viduals, and so corresponding single-dimension ranking measure constraints,
when presented with an assertion box with a single role relation with which
to condition there is no way to infer the rank of the role assertion.

The goal of HBox reasoning is to enrich the inference process with defeasi-
ble assumptions about the knowledge base. These assumptions are intended
to make up for this gap in default knowledge resulting from the syntax lim-
itations described above. In this thesis, the form of speculative reasoning
investigated was that of projection: a set of defeasible assumptions intended
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to overcome specifically this inability to infer the rank of role assertions from
a set of DALC default conditionals. However, the idea behind speculative
inference, or HBox reasoning, is broader than just the projection based infer-
ences explored here. The kinds of statements possible to include in an HBox
are theoretically very many, not just the projection based system presented
here.

6.2 Future work

This thesis proposes a semantic framework for interpreting and defeasibly
inferring a logic of default quantifiers, and this work has opened up many
lines of inquiry, both theoretical and practical. It should be emphasised that
while this work present a coherent semantic framework for first-order default
reasoning, it exposes many lines of future research that are out of scope of
this thesis. Before concluding, a selection of potential topics for future work
will be discussed.

6.2.1 Proof theory

While postulates that are sound for the model theory were covered in this
thesis, the semantic framework presented here lacks a completeness proof,
and so finding a set of rules of inference which are sound and complete for
the semantics presented in this thesis would be a major theoretical advance.
A proof theory would provide an important step into defining algorithmic
implementations of these inference relations. Of course, algorithmic imple-
mentations of these logics would assist in theoretical investigations as well.

6.2.2 Complexity analysis

A thorough complexity analysis of this logic, and specifically the question
of the complexity of an algorithm that can decide if a particular formula is
inferred by some set of formulae under a specific default base and specific
inferential strategy, was out of scope for this thesis, and so remains as future
work for this project.

Following from comparable defeasible logics, some conjectures may be
made: first-order logic itself is semi-decidable, and so naturally the relevant
complexity questions are primarily relevant for deciding tautologies. Relevant
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algorithms could be defined as a series of classical entailment checks, as they
are in propositional default reasoning (Lehmann and Magidor, 1992; Pearl,
1990), where the complexity is normally limited to a polynomial number of
classical entailment checks in the size of the knowledge base.

6.2.3 Epistemic measure spaces

In this thesis, inference was done via defining corresponding epistemic mea-
sures over the Lindenbaum algebra unifying all the ranked structures of a
default base. The ultimate result of this approach is that the inference re-
lation effectively concludes about any particular individual, or model of an
individual, what is believed about the individual across all ranked structures
selected by the ranking choice function.

This intersects with a general point regarding first-order default reason-
ing: whether and when to order over individuals, as opposed to, or in con-
junction with, ordering over worlds (Delgrande, 1998). In this framework,
the ranking measures provide a type of ordering over sets of variable assign-
ments, which implies an ordering over the powerset of all sequences, of all
sizes, of individuals in a ranked structure. Default inference as defined here
is then, functionally, a matter of selecting a set of these models and tallying
the default inferences regarding generic individuals on which they agree. The
approach taken here for default inference is analogous to giving all structures
that model the default base equal rank (rank 0), and assigning to structures
that do not satisfy the default base rank oo. The inferences are what all
these models agree are defeasibly inferred from the default base. Note that
the preference ordering that defines System Z in the minimal model seman-
tic definition given in section 4.2 is not a ranking employed in the inference
relation itself. It is used to select the epistemic measure, and corresponding
set of ranked structures, that specifies the inference relation.

An alternative approach to defeasible inference is to define a global struc-
ture that provides a ranking over the ranked models themselves. Instead
of assigning all models of the default base the same rank of 0, there would
be an ordering over them as well. How this ordering would be determined
would be the primary goal of such a framework, and a non-trivial consid-
eration. One could define the ordering based on how the ranked structure
satisfies the default base — assigning a normality metric that encodes a way
to measure how exceptional a particular ranked structure is, for example.
Otherwise, one could also bind a variable to the default quantifier itself that
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is interpreted as the “world” itself. These would amount to specific state-
ments regarding what are the most normal, respectively abnormal, worlds,
i.e. ranked structures.

This essentially amounts to having a two tiered semantics: local ranked
structures as defined here, which provide a local ranking measure that de-
fines degrees of belief over individuals, and then a global ranking measure
semantics that ranks these structures, in what could be termed an epistemic
measure space. These global ranking measures would encode a degree of be-
lief in these worlds themselves. How this degree of belief would be determined
would be the immediate question: one can imagine that this would intersect
with the issue of neutrality, as whether emptiness in a local structure affects
the credibility of a particular structure in the global ranking measure would
be a relevant decision in defining relevant default inference relations in the
context of these epistemic measure spaces.

Consider example 11: one question it may be relevant to ask is what
could be defeasibly inferred about all variables. As was noted, defeasibly
inferring such universally quantified formulae is not condoned by this frame-
work. However, it is not conceptually unreasonable to desire the default
inference “in the most typical worlds, Clyde likes all regular keepers”. This
would be reasonably achievable in a framework such as the one described,
where, in theory, the most typical worlds could verify universally quantified
conclusions.

In the context of defeasibility over individuals versus defeasibility over
worlds, these two approaches to defining default inference may be contrasted
by prioritising one over the other. The approach defined in this thesis pri-
oritises default inference regarding what is (defeasibly) believed regarding
an individual, whereas an epistemic measure space would prioritise default
inference regarding what is (defeasibly) believed about the world in general.

6.2.4 Defeasible description logics

Here, a defeasible extension of ALC was defined, which extends the base
classical logic with a default conditional relation over the concept language
collected in a default box, much as has been done by (Britz et al., 2020;
Bonatti, 2019; Giordano et al., 2010), which guides the defeasible inference
procedure. The focus here was therefore on building a semantics for this de-
feasible logic based around ranking measures, and investigating the general
problem of extending defeasible reasoning for the assertion language. The
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main approaches that attempt to characterize a defeasible inference for as-
sertions as well (Britz et al., 2018; Bonatti, 2019) tend to avoid semantically
investigating the defeasible inference relation specified by a default box be-
tween an assertion box and an individual assertion. Future projects could
focus on lifting these defeasible extensions to more expressive description
logics, such as SROZQ (Horrocks et al., 2006), building on work such as
(Britz and Varzinczak, 2017).

In this thesis, a remedy to some semantic issues surrounding inconsistent
inferences was proposed: that is the framework of speculative inference, a
specific instantiation of which, the projection principle, was described here.
One primary point of interest regarding this strategy is the novelty. While
all defeasible extensions add both a syntactic and a semantic novelty, the
specific syntactic quality of H statements separates them from syntactic no-
tions such as default conditionals that try to specify defeasible relationships
between elements of the language, which then have to be interpreted in the se-
mantics in a particular way, whereas H statements essentially try to directly
specify the relationships between semantic elements and extend the language
in this way. What remains to be seen is what kind of various other issues
in defeasible reasoning the general approach of HBox reasoning, or specu-
lative inference ideas, may effectively address. Other possible approaches
aside from projection are theoretically possible, and perhaps worthy of the
experimentation.

Another way to specify defeasible reasoning in description logics, similar
to a recent approach by (Hahn et al., 2024), is to specify the default condi-
tionals by extending a more expressive base logic, and combining this with a
classical knowledge base in description logic. This has the benefit of allowing
one to express a lot more information about the unary and binary predicates
that make up a description logic knowledge base, however does mean that
you introduce syntax from outside the base classical language. One approach
investigated briefly within this project but not developed properly was to de-
fine default bases in ALC by extending the assertion language with default
quantifiers. This has the detriment of introducing variables into a logic that
specifically aims to exclude them, for complexity reasons, but does allow for
far more expressivity regarding default information, specifically with regard
to default information regarding binary relations.
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6.3 Conclusion

This thesis presented a novel logic for uncertain reasoning about first-order
information, both in representing statements regarding typicality, and for de-
feasible inference over those statements. On the syntactic level, formulating
statements that can express default information about individuals or n-ary
relations using default quantifiers continues work first described in (Wey-
dert, 1997; Delgrande, 1998), but has not been picked up since for thorough
investigation.

On the semantic level, a novel method for interpreting default quantifier
statements was defined, by lifting the ranking measure semantic framework
(Weydert, 1998) used for interpreting propositional default conditional logics
to first-order structures. These ranking measures were defined over the pow-
erset of the variable assignment functions of a first-order structure, allowing
them to assign a truth value to any dimension of default quantifier, i.e. any
number of variables bound to the quantifier. On the inferential level, lifting
various concepts for defining sophisticated defeasible inference relations is an
important contribution for defeasible first-order logics, as even frameworks
that attempted to formalise defeasible first-order information typically did
not formalise associated default inference relations.

Finally, a defeasible extension of the specific case of the fragment of first-
order logic, the description logic ALC (Baader et al., 2007), was investigated
to address the open problem of default reasoning of assertions in this area
(Bonatti, 2019). A possible framework using the same ranking measure se-
mantics for default reasoning was proposed, and some limitations pointed
out. To address this, a novel proposal for speculative default reasoning in
description logics was proposed, where additional information regarding the
world may be specified in a hypothesis box, a collection of default informa-
tion expressed in an extended syntax, that guides the inference procedure in
a preprocessing like stage.

This work should ideally stimulate new ideas and investigations into for-
malising uncertain reasoning approaches in first-order logic and fragments
thereof. A proof theoretic characterization, algorithmic implementations,
and alternative semantic inference formulations were all described as future
works. Analysing the shortcomings of the approach made here in defining
defeasible description logics represent problems to be kept in mind when
defining defeasible extensions to description logics, particularly on the rep-
resentation side. Ultimately, these many lines of future work point to the
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variety of projects that could be built on this framework.
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