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Landau-damped oscillations in collisionless plasmas, described by van Kampen and Case, are
quasi-modes, representing a continuous superposition of singular eigenfunctions, not true eigen-
modes. Recent work by Ng et al. shows that even rare collisions replace these singular modes with
discrete regular modes having complex eigenvalues for the phase velocity (or frequency), approach-
ing Landau eigenvalues in the collisionless limit. We analytically derive approximate expressions
for the eigenvalue correction due to rare collisions and for the shape of the eigenfunction describing
DF perturbations in velocity space, demonstrating its increasing oscillations in the resonance region
as the collision frequency tends to zero. We also obtain approximate expressions for the resonance
region’s width and peak value, and the oscillation period within it. We validate these analytical
results with high-precision numerical calculations using a standard linear matrix eigenvalue problem

approach.

I. INTRODUCTION

The initial-value problem of Landau [1] showed that
small perturbations in a collisionless Maxwellian plasma
exhibit exponential decay (Landau damping) of macro-
scopic quantities like density and electric field. However,
as shown in the same work, the electron distribution func-
tion (DF) does not decay, but instead becomes increas-
ingly fragmented in velocity space. This indicates that
the exponential decay is not a true eigenoscillation with a
complex frequency wy, with a negative imaginary part. In
other words, it does not correspond to any eigenfunction
(EF) for the DF that would evolve while preserving its
shape in velocity space. Several years later, van Kampen
[2] and Case [3] clarified that the spectrum of eigenmodes
in a Maxwellian plasma is real and continuous, with fre-
quencies w (or phase velocities w/k) spanning an infinite
range. The corresponding EFs of the DF, f.(v), are sin-
gular at v = ¢ and form a complete set. Landau damping
is then understood as the evolution of a continuous su-
perposition of these van Kampen modes. Thus, the per-
turbation associated with exponential Landau damping
is a quasi-mode, not a true eigenmode.

Similar connections between damped oscillations and
singular van Kampen modes exist in collisionless self-
gravitating stellar media (see, e.g.,[4, 5]) and stable in-
viscid shear flows [6-8]. This unphysical behavior of the
EFs arises from neglecting dissipative factors, such as
collisions in the Boltzmann equation or viscosity in the
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Navier-Stokes equation. These factors become important
as gradients of perturbed quantities increase, inevitably
influencing the fine-scale structure of the DF or flow ve-
locity profile, regardless of how small the collision fre-
quency or viscosity coefficient is.

Escande et al. [9] used an original N-body approach in
which collisions are intrinsic property of plasma. While
their approach successfully reproduces the Landau damp-
ing rate of the electric field, it has a fundamental limi-
tation for our purposes: their model’s collisions can be
chosen sufficiently rare to obtain the correct damping
rate but remain too frequent for examining the detailed
behavior of the DF in the collisionless limit. This makes
their approach irrelevant for our goal of tracking DF be-
havior as collision frequency approaches zero.

In contrast, Ng et al. [10] showed that adding a collision
term with a second derivative with respect to velocities
to the collisionless Vlasov [11] kinetic equation provides a
traditional approach that radically alters the eigenmode
picture. The complex frequencies associated with Lan-
dau damping in the collisionless case become eigenfre-
quencies of true eigenmodes. These frequencies receive a
small correction related to the collision frequency, tran-
sitioning smoothly to the Landau frequencies in the col-
lisionless limit. The corresponding collisional EFs are
regular. Furthermore, Ng et al. [12] demonstrated that
the spectrum of eigenmodes corresponding to the com-
plex Landau frequencies is complete, replacing the real
van Kampen mode spectrum, which vanishes with any
non-zero collision frequency.

However, the limiting transition of regular collisional
EFs as the collision frequency approaches zero remains
unclear. While the transition of collisional eigenvalues
to collisionless Landau values is smooth, tracing the EF
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transition requires extremely small dimensionless colli-
sion frequencies, hindering traditional numerical meth-
ods.

In this work, using the most important least-damped
mode as an example, we aim to trace the transformation
of its characteristics as the collision frequency approaches
zero. We derive approximate analytical expressions in
Section II and validate them with high-precision numeri-
cal calculations in Section III. Section IV summarizes the
results.

II. ANALYTICAL EXPRESSIONS

Here, we derive approximate analytical expressions for
eigenvalues and EFs with very rare collisions. Follow-
ing Landau [1], we consider potential plasma oscillations,
E = —V®, assuming ions are immobile. For simplic-
ity, we restrict ourselves to one-dimensional perturba-
tions and start, as in [10], with the linearized Boltzmann
equation (with a Lenard-Bernstein collision term [13])
and the Poisson equation:
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where 0f(t,z,v) and 0®(t,x) are the electron DF and
electric potential perturbations, —e and m are the
electron charge and mass, and v is the collision fre-
quency. The unperturbed DF is Maxwellian: fo(v) =
no (2mo?) =12 exp[—v?/(20?)], where ng is the electron
concentration and o is the thermal velocity. For per-
turbations 6f = f(v)elk*=“t and §& = peilkz—wt)
we switch to dimensionless variables, noting —k2¢ =
4me [dv f. Dimensionless variables are u = v/(v20),
9(w) = V20 f/no, go(u) = V20 fo/no = e/,
a = 1/(krp)? = 4mnge?/(mk?c?), ¢ = w/(v2k o), and
w=v/(V/2ko), yielding

(=) g(w) ~n(u) fau o) = £ 2 (ug+ 3 $2). 9
where n(u) = (a/2) dgo/du = ~(a/ /) w exp(~u?).

A. Collisional Correction to Landau frequency

For u < 1, a first-order correction in u to the collision-
less Landau eigenvalue can be found using perturbation
theory. Starting with Eq. (3), we set

g(u):g(o)(u)—‘,—g(l)(u), c=cL+cr, (4)

where cr, and g(o)(u) are the collisionless eigenfrequency
and EF, satisfying
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In a collisionless Maxwellian plasma, no EF exists on
the real w-axis; the dispersion equation (6) has no so-
lutions for any complex c¢;,. However, an EF exists if
g% (u) (5) is considered on a contour in the complex u-
plane, passing below ¢j, [4]. Therefore, the dispersion
equation becomes:

(u—rc) g (u) -

with
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where “~=” indicates integration along a contour in the

lower half-plane of the complex u-plane, passing below
u = cr,. With this in mind, we obtain
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Dividing Eq. (8) by (u—¢r1,) and integrating over u yields
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The second term vanishes due to Eq. (7). Thus, the solv-
ability condition of (8) for g(*) requires
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allowing us to find c¢;.
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For I, we have
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Integration by parts gives ¢; =



where we have used equality (7), and defined
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Integral J can be found from the dispersion equation (7),

“aud
¢7/ uizU7é%/éﬂam+%J:a+%l
— CL

(14)

so J = —(1+ «)/cp. Thus,
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For I, three integrations by parts, followed by subse-
quent manipulations similar to those used for I, yield
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Finally, we obtain
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Note that it can be verified that (17) is consistent with
the result obtained by Chavanis [14] using more cumber-
some techniques (without perturbation theory and tran-
sition to the complex plane), but which allow one to ob-
tain an eigenvalue not only for small but also for arbitrary
collision frequencies.

B. Eigenfunction Behavior in the Rare Collision
Limit

We now analytically approximate the EF g(u) near the
resonance u = ¢, = Re(c) for small damping rates v =
—Im(c) < 1, representing it as g(u) = h(u) exp(—u?).
For h(u) we obtain:
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In the spirit of matched asymptotic expansions method
[e.g., 15, 16], we divide the w-axis into a narrow inner
region around the resonant level, u = ¢, and an outer
region. We introduce the inner variable U = (u — ¢,.)/¢
and set I' = /¢, where ¢ = (p/2)'/? < 1 is the inner
region scale. This same scale has previously appeared in
weakly collisional plasma in the context of plasma echo
[17] as well as in the context of Langmuir waves near
resonance [18] (see also comments on this paper in the
Conclusion). Analogously, in shear flow stability theory
of a nearly inviscid fluid, a viscous critical layer of width

¢, = /3 is introduced near the critical level Ye, Where
Ul(y.) = c [19-22].
With the normalization [ du h(u) exp(
obtain the approximate equation
d?h dh
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with the asymptotic h ~ /\f[ + (¢/¢ — i) /U] as

|U| — oo. Letting H(U) = h(U) + a/+/7, we have H =
O(1/U) as |U| — oo, and
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The Fourier transform,
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yields the inhomogeneous first-order equation for the
Fourier image H(q):
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where §(q) is the Dirac delta function. The solution is

H(q) =—  exp(¢®/3 - Tq+iclg®) O(—q), (23)
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where ©(x) is the Heaviside step function. The inverse
Fourier transform gives

N —q*/3—iq (U+il'—¢, £ q)
Finally,
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Integrating by parts verifies that this matches the outer
solution h(u) = —au/[y/m(u—c)]. Numerical calculations
in the next section confirm this analytical approximation.

The analytical expression (25) for the inner-region EF
h(u), neglecting a small O({) correction in the exponent,
allows us to estimate the resonant region’s half-width for
I > 1 (see Tab.I). We find that the half-width, when ex-
pressed in the unscaled variable u = U/, depends mainly
on the damping rate v (approximately 1.6+v...2vy, as
confirmed numerically) and weakly on ¢. We can also
estimate the oscillation period and maximal relative am-
plitude.

Consider the exponential modulus in the integrand,
exp(I'qg— 5 ¢*), which peaks at ¢ = ¢. = VT with a value
of exp( I'3/2). Expanding near the maximum, we have

exp(Tq — § ¢*) = exp | 31%/2 = TV%(g —q.)%| . (26)



The integration over ¢ then yields (with p = ¢ — ¢.)
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The lower limit, p = —q¢, = —I'*/2, can be extended to
—oo since the added interval’s contribution is negligible
for I' 2 1. We have
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The expression (28) for h(U) contains a factor
exp(2T%/2 — 1 U?I'~1/2) describing the envelope. This
factor is large at U = 0 and decreases exponentially with
increasing |U|. We define the resonant region as the area
around U = 0 where this factor exceeds unity:

hU)= R S )
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This yields a half-width of AU = /8/3T ~ 1.63T, or
Au~ 1.637 (30)

in ordinary variables w = U ¥ and v = I'/. This half-
width is consistent with EF plots using a logarithmic
scale for the ordinate axis. The coefficient 1.63 in-
creases slightly when considering the pre-exponential fac-
tor o (¢/€) T~1/* in (28), which has a weaker dependence
on p (see Tab. I, column Awu for = 9, where one can ob-
serve how the half-width Awu slowly approaches the value
of 1.63~ from above as u decreases). Note that the de-
pendence of the limiting width of the resonance region on
v alone (as well as its order of magnitude) was asserted
in Ng et al. [10], although the authors could not confirm
this numerically due to computational limitations that
prevented calculations at sufficiently small p values.
The oscillation period T, in u is found from the expo-

nent exp(—ivTU):
m
T,=2 —. 31

From (28), the resonant peak height 8 of the normalized
EF g(u) = h(u)e " is

]

‘13(04;,“) ~ F1/4 7

exp(% 32 cf), (32)

growing without limit as y — 0.

III. NUMERICAL VALIDATION

For numerical evaluation of the eigenvalue problem at
finite p, we expand in normalized Hermite polynomials
H,,(u), similar to [10]:

g(u) = e " h(u) =™ > A Hy(u),  (33)
n=0

where H,,(u) = H,(u)/(2"/2y/nl 71/4) and

n
2 d >
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are physicist’s Hermite polynomials [see, e.g., 23]. For
n = 0, Ho(u) = 7%, so normalizing g(u) to unity
yields Ay = 7~/ for all u. Equation (18) leads to the
linear system for expansion coeflicients A,,:

Ho(u) = (—1)"e
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for n > 2. Unlike [10], we formulate this as a standard

matrix eigenvalue problem. Introducing é = v/2c¢ and
it = v/2 1, we obtain

A07

EAn = Mum(ft) Am, 120, (35)
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where M., (i) is a tridiagonal matrix:

0 0 0
1+ i 0 0
_ 0 V2 —2ip V3 0
M=\ g 0 VB 31 Vi
0 0 0 VA —4if
To solve Eq. (35), we used Matlab’s sparse matrix

function eigs, enhanced by Advanpix for multiprecision
calculations. This finds a single eigenvalue near a preset
value with quadrupole (128-bit) or higher precision. The
matrix was truncated at some ny,.x for convergence.

Numerical validation is presented in Tab. I and Figs. 1,
2.  Tab.I shows damping solution characteristics for
Maxwellian DF with varying a and p. The first row
of each block gives collisionless Landau eigenfrequencies
cr, and collisionless corrections from (7) and (17). Subse-
quent rows show finite-p quantities. Grey cells mark nu-
merical estimates of analytical counterparts: Ac/pu as the
difference between ¢ for given y and ¢, and Awu as the
half-width between the the EF’s imaginary part right-
most and leftmost zeros. One can observe that Ac/pu
is nearly constant for considered g, indicating that c
smoothly transits to the collisionless Landau eigenfre-
quencies ¢, as 4 — 0. Also, the half-width approaches
its analytical value (30) in this limit.



a lgup cL Ac/u L r Ay B T,
4.0 —  2.00205 —0.216881 —0.53996 — 0.565601i — — 0.354 — —
-4 —0.53994 — 0.56561i 0.03685 5.8851  0.440 34671 0.0954
6.5 —  2.29853 —0.10924i —0.41198 — 0.682841i — — 0.178 — —
-5 ? 0.01711 6.3858  0.204 131231 0.0425
9.0 —  2.54582 —0.054891 —0.29897 — 0.73744i — — 0.0895 — —
-7 ? 0.00369 14.891 0.0996 2.1010'7  0.005997
—6 ? 0.00794 6.9124 0.1065 498278 0.01896
-5 —0.29896 — 0.737441  0.01711 3.2087 0.1193 71 0.05997

TABLE I. Characteristics of the least-damped mode eigenfunction (EF) in the resonant region for a Maxwellian DF with
varying a and p. Each block corresponds to an a value. The first row gives collisionless solution characteristics: Landau value
cL, analytical collisional correction (17), parameters ¢, I', resonance half-width Au (30), resonance peak P (32), and oscillation
period T, (31). Subsequent rows show finite-u quantities. Grey cells indicate numerical values; others use respective equations.
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FIG. 1. Modulus of expansion coefficients |Ap|, n > 1, for the
least-damped mode’s EF g(u) with @ = 9 at four u values. Ag =
74 for all . |Ay| peaks at n. ~ v/ for very low pu.

Unlike eigenfrequencies, the EFs do not converge to
any EF in the collisionless limit. This is already evident
in the lack of convergence at 1 = 0, indicated by the
growth of |A,| from solving Eq. (35) (Fig.1). Numeri-
cally, maxima are attained for n = n, < v/u, with n,
approaching v/u as p — 0. Eigenvalue problem con-
vergence requires ny,ax several times larger than n,. As
u — 0, the maximum shifts to larger n., reflecting the
divergence of the series for EF and, as a consequence, its
absence in the collisionless case.

Figure 2 validates our analytical EF expression (24),
which closely matches the numerical matrix solution (33,
35). The left column (for & = 9 and decreasing p) shows
increasingly oscillatory functions in u, with smaller os-
cillation periods and increasing resonance peaks. The
resonance half-width decreases slightly, approaching the
analytical limit (30). Outside the resonance region, the
solution matches the nonresonant solution (5). The right
column shows EF's for three a values with damping rates
in a 4:2:1 ratio and yu values of 1074, 10, and 107, re-
spectively. The resonance region width generally follows

our analytical finding (30), although the estimate’s accu-
racy is limited for the upper model due to the relatively
large ¢ (Tab.T).

IV. CONCLUSION

Nearly three-quarters of a century after Landau’s dis-
covery, questions about its interpretation and applica-
tions remain highly relevant across physics. As detailed
in Ryutov’s review [24] commemorating the 50th anniver-
sary of Landau’s famous publication, Landau damping
extends far beyond plasma physics into stellar dynamics
[25], hydrodynamics [26], and even quark-gluon plasma
[27]. Despite the significant differences between these
media, there exists a remarkable analogy in how Lan-
dau damping manifests in their inherent oscillations. A
fundamental question arises in all cases: how do nearly
vanishing dissipative factors affect Landau damping? For
small amplitude oscillations, this leads to questions about
the behavior of eigenvalues and eigenfunctions (EFs) as
dissipation approaches zero.

The series of papers [10, 12, 28] as well as [18] ana-
lyze the transition of collisional modes in idealized sce-
narios of infinite, homogeneous, isotropic plasma with a
Maxwellian DF and its stellar dynamical counterpart in
the collisionless limit. These studies show that eigenval-
ues transition smoothly to discrete Landau frequencies as
collisions vanish, rather than to the real continuous spec-
trum of singular van Kampen modes. However, despite
presenting EF's for relatively small collision frequencies
1, these works examine values that are still too large to
reveal what truly happens to the EFs as the collisionless
limit is approached. This gap was addressed in our recent
work [29] on Landau damping in self-gravitating stellar
systems, where we pushed numerical methods to examine
collision frequencies as low as p = 10710, This allowed us
to study in unprecedented detail how the EF evolves and
ultimately disappears in the strictly collisionless limit.

In this paper, using the least-damped mode, we demon-
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zero, indicated by grey shading).

strate that despite the smooth transition of eigenvalues
to the Landau collisionless value cr,, a true EF becomes
increasingly oscillatory as p approaches zero, with both
the oscillation frequency and amplitude diverging in the
strict 4 = 0 limit. Building on our analysis of collisionless
infinite homogeneous self-gravitating media [4], we show
that the DF perturbation with self-similar decay exists
only on complex-valued u-contours passing below cr,, not
for real-valued velocities. This insight enables us to de-
rive refined Landau eigenvalues, ¢ = c¢r, + Ac(u), and
approximate analytical expressions for the EF at very
small but finite u. We analyze its behavior near res-
onance, deriving expressions for the resonance region’s
half-width, peak value, and oscillation period in u. No-
tably, we find the resonance region maintains a finite lim-
iting half-width of 1.63~ even as p approaches zero.

We demonstrate numerically that the problem of de-
termining the eigenvalues and EFs can be reduced to a
standard linear eigenvalue problem for a tridiagonal ma-
trix. Utilizing efficient computational techniques, we can
solve this problem for matrices of rank on the order of

10° on a standard desktop computer, enabling the in-
vestigation of models with collision frequencies as low as
p ~ 1079, These high-resolution calculations provide an
excellent opportunity to validate our theoretical findings.
The comparison of the calculations and analytical solu-
tions reveals strong agreement.

During the review process, our attention was drawn to
significant earlier analytical work by Auerbach [18] that
examined DF behavior near resonance in weakly colli-
sional plasma. Auerbach also introduced the ;!/3 scaling
for the inner region using the same matched asymptotic
expansions method [15], widely applied in high Reynolds
number shear flow hydrodynamics (e.g., [20, 30, 31]).

Our analysis and high-precision numerical calculations
reveal important aspects that Auerbach’s analysis did not
capture. We specifically clarify the behavior of the res-
onance region width. When g is not very small, p'/3
is comparable to the damping rate ~, making it diffi-
cult to determine the resonance region’s true extent. For
proper matching of inner and outer solutions, an inter-
mediate scale L must exist where { < L < 1 (with



¢ = (u/2)Y3 being the inner region scale). When pa-
rameter I' = /¢ becomes of order unity or larger, the
resonant region extends beyond / into the intermediate
region, maintaining a finite limiting width of 1.63+ as
1 approaches zero, rather than vanishing. This finding
is derived in our analytic expressions (Egs. 28-30) and
confirmed numerically. Moreover, our analytical expres-
sions for the EF (Eq. 25) and peak estimate (Eq. 32)
fit the exact numerical solutions more accurately than
Auerbach’s counterparts (Eqs. 24 and 25), particularly
in correctly reproducing the complex phase of the res-
onant solution. Through this combined analytical and
numerical approach, we provide a complete description
of the resonance region, including its width, peak am-
plitude, oscillation frequency, and the EF with correct
phase structure.

We do not pursue here the delicate question of the
Lenard-Bernstein collision term’s applicability for study-
ing weak collision effects on Landau damping of small-
amplitude Langmuir waves. For discussions of this issue,
see [10, 13, 14, 17, 18].

A more sophisticated collision term was employed by
Callen [32], accounting for the three-dimensional nature
of Coulomb collisions. This approach produces not only
diffusion in |v| but also angular scattering, resulting in an
effective collision frequency veg that, as shown in [32], ex-
ceeds the ordinary collision frequency v. This more com-

plex collision term does not change the main result in the
long-time asymptotic regime (¢t > 1/veg) — the electric
field still dampens at Landau’s rate. However, when solv-
ing the initial disturbance evolution problem (following
Landau’s approach), it allows tracking the DF’s behavior
during intermediate stages (t < 1/vegr and t 2 1/ves).
Unfortunately, such a sophisticated collision term is too
complex for the eigenvalue problem we consider here.
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