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Heterostructures comprised of a magnetic topological insulator (MTI) placed in the proximity of an s-wave
superconductor have emerged as a platform for the practical realization of Majorana bound states (MBSs). More
specifically, it has been theoretically predicted that MBS can appear in proximitized MTI nanoribbons (PNRs)
in the quantum anomalous Hall regime. As with all MBS platforms, disorder and device imperfections can be
detrimental to the formation of robust and well-separated MBSs that are suitable for fusion and braiding exper-
iments. Here, we identify the optimal conditions for obtaining a topological superconducting gap that is robust
against disorder, with spatially separated stable MBSs in PNRs, and introduce a figure of merit that encompasses
these conditions. Particular attention is given to the thin-film limit of magnetic topological insulators (MTIs),
where the hybridization of the surface states cannot be neglected, and to the role of electron-hole asymmetry in
the low-energy physics of the system. Based on our numerical results, we find that (1) MTI thin films that are
normal (rather than quantum spin Hall) insulators for zero magnetization are favorable, (2) strong electron-hole
asymmetry causes the stability and robustness of MBS to be very different for chemical potentials above or
below the Dirac point, and (3) the magnetization strength should preferably be comparable to the hybridization

or confinement energy of the surface states, whichever is largest.

DOI: 10.1103/x737-p9mq

I. INTRODUCTION

Magnetic topological insulators (MTIs) are a promis-
ing class of materials for studying the quantum anomalous
Hall (QAH) effect [1-12] and topological superconductivity
[13-16]. The BiySes family of materials, consisting of Bi,Ses,
BiyTe; and Sb,Tes, are 3D topological insulators (TIs) that
host surface states at the interface with vacuum, with massless
Dirac dispersion and spin-momentum locking. MTIs can be
obtained by inducing an intrinsic magnetization into such a
TI, by doping with a suitable transition metal, such as Cr, Fe,
or V[1].

A MTI that is confined to a quasi-one-dimensional
nanoribbon geometry and also proximitized by a conventional
s-wave superconductor, e.g., by depositing a superconducting
material on top of the nanoribbon [16,17], can effectively be-
come a one-dimensional (1D) p-wave superconductor [18,19].
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Such proximitized magnetic topological insulator nanorib-
bons (PNRs) host topologically protected zero-energy states at
their ends, known as Majorana bound states (MBSs) [14,15].
MBSs have potential applications in quantum computing and
information processing as carriers of quantum information
that can be stored and manipulated in a robust manner due
to their nonabelian exchange statistics [20-22].

Recently, significant effort has been dedicated to inducing
superconductivity in MTIs [23-30], to the experimental re-
alization of submicron MTI nanoribbons (NRs) [12,31] and
even PNRs based on Cr-doped (Bi,Sb),Te; [16]. It is worth
noting that MTIs have mainly been established as a solid
experimental platform for realizing the QAH effect, with a
quantized Hall conductivity [32]. For this regime, a large
magnetization, which yields a large QAH gap and, conse-
quently, strongly edge-localized states, is typically sought.
However, for inducing a (topological) superconducting gap
in PNRs, there must be sufficient overlap between the edge
states localized on opposing edges [33]. These conditions do
not generally yield a robustly quantized QAH effect.

Here, we focus specifically on the optimal conditions for
MBS formation in PNRs. As theoretical results have been
conflicting on the size and topology of the hybridization gap
of TI thin films [34-36], we opt for using an effective thin-
film model [37-39], with material-specific parameters that
directly capture the features of the surface-state Dirac cone

Published by the American Physical Society
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by fitting to ARPES measurements on TI thin films [36]. We
take an in-depth look at the low-energy physics of (P)NRs
and identify the physical properties that are crucial for the
stability and robustness of MBS formation. We introduce a
figure of merit to optimize these crucial properties of PNRs
and pinpoint the best conditions in terms of the material type
and film thickness, magnetization strength and chemical po-
tential. Notably, we find that electron-hole asymmetry, which
has been neglected in previous works [14,15,33], can signifi-
cantly alter the low-energy spectrum near the Dirac point and,
correspondingly, the optimal conditions for MBS formation.
Our work is structured as follows. In Sec. II, we present the
theoretical framework used for modeling PNRs. In Sec. I1I, we
introduce an analytical description of the low-energy states
which appear in NRs, and study the effect of electron-hole
asymmetry. In Sec. IV, the essential quantities for the for-
mation of MBS are presented and studied analytically. In
Sec. V, the numerical calculations for realistic material pa-
rameters are presented, and compared to the analytical results.
In Sec. VI, we discuss additional relevant effects for topolog-
ical superconductivity and MBSs in PNRs, and in Sec. VII,
we summarize our findings in a conclusion. For clarity, we
included a table of all abbreviation we use in Appendix F.

II. MODELS
A. Continuum models

The BiySe; family of TIs are materials that consist of
five-atom layers arranged along the z-direction, known as
quintuple layers (QL). The electronic band structure around
the I' point can be described using a four-band effective
model, where only the orbitals which are responsible for the
band inversion are considered. The bulk Hamiltonian can be
written in the following form [40,41]:

Houk (k) = e(k) + M(k)t, + M,0, )
+ Bok, T, + Ao(kyo, — k0y)T,, 2)

(k) = Co+ Cik; + G (k; + k),
M(k) = Mo + Mk + My(k; + k7). 3)

with o;, ©; (i = x,y,z) the Pauli matrices for the spin and
orbital degree of freedom, respectively, and Ay, By, Cp 1.2,
and My, parameters that can be determined from ab ini-
tio calculations, for example, Refs. [36,40-42]. The effect
of the ferromagnetically ordered, homogeneously distributed
magnetic dopants is captured by the time reversal symmetry-
breaking term M,o, with magnetization M, pointing in the
out-of-plane direction. The considered materials have large
insulating gaps in the bulk, and gapless surface states on the
interface with vacuum, ensured by a nontrivial Z, topological
invariant [43].

When confined to a thin-film geometry, the surface states
localized on opposite surfaces can hybridize, leading to a gap
opening in the Dirac cone, around the Dirac point. In this
limit, the bulk Hamiltonian in Eq. (1) cannot always be used to
describe (M)TI slabs in the thin-film limit [36]. Alternatively,
the dispersion of the surface states in MTI thin films (along
the x-y plane, i.e., parallel to the QLs) can be captured by the

following effective thin-film Hamiltonian [37]:

Hy(ky, ky) = — Dkﬁ + ve(kyo, — keoy)T,
+ (mo — mik{)t, + M0, )

with o; (i = x, y, z) the Pauli matrices for spin, 7, , the Pauli
matrices acting on the top/bottom subspace, corresponding
to the surface states localized on top and bottom of the thin
film, kﬁ =k2+ k)z,, and with 7 absorbed into vg. The asym-
metry of the Dirac cone is determined by D, vg is the Fermi
velocity and the terms mg and m; determine the hybridiza-
tion strength of the surface states. When setting M, = 0 we
obtain the Bernevig-Hughes-Zhang model [44], describing a
normal insulator (NI) phase when mom; < 0 and a quantum
spin Hall insulator (QSHI) phase when mom; > 0 [37-39].
When M, # 0 and |M,| > |mp| the system is in a quantum
anomalous Hall insulator (QAHI) phase. Here, we focus on
the effects of thin-film hybridization and electron-hole asym-
metry, which are intrinsic to the materials under consideration.
The advantages and disadvantages of the model Hamiltonians
in Egs. (1) and (4) have been discussed in Ref. [36] for TI
nanostructures without magnetic dopants.

Note that, in principle, the thin-film approximation can be
used to capture the dispersion of the topological surface states
of the top and bottom surface of a MTI slab of any thickness.
However, the approximation breaks down around and below
thicknesses of two QL (~2 nm), for which there is no longer
a MTI bulk region, and for larger thicknesses (~10 nm and
above) it fails to capture surface states on the side surfaces of
the nanoribbon, as well as residual bulk states that may appear
at low energies [36].

The effect of a superconducting material on top of a thin
film can be described using the Bogoliubov-de Gennes (BdG)
formalism, which yields the following Hamiltonian:

_ Hk) — 1 iAoy
Hgpgg (k) = < Cie,  —H*(—k) + /L>7 5
1 ;
H=7 > W Hpac (k). (6)
k

with chemical potential i and Nambu spinor vi= (cz, cfk)
and c,t = (c,tAT, sz’ cZAi, CItBi)’ where c,ti (cy;) are creation
(annihilation) operators that form a basis for H (k) (—H (—k)*)
with degrees of freedom i€ {A 1,B 1,A |,B |}. For the
bulk Hamiltonian of Eq. (1), A,B=+,— and H(k) =
Hpyk (k) while, for the thin-film Hamiltonian of Eq. (4),
A, B =t,band H(k) = Hys(ky, ky). In our calculations, we do
not explicitly include the superconductor on top of the NR and
only consider the proximity-induced pairing term that appears
at the MTT nanoribbon-superconductor interface [45]. In the
case of the bulk model of Eq. (1) specifically, A is considered
to be nonzero only in the top QL [46], while for the thin-film
model of Eq. (4) we consider A = Ag(1 + t,)/2 to repre-
sent proximity-induced pairing via the top surface [15]. We
consider a conventional momentum-independent, positive real
s-wave pairing potential Ay, as there are no phase differences
in our system.
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B. Lattice discretization

In our simulations we employ a discretized version of
the BdG Hamiltonian of Eq. (6) on a cubic (for the bulk
Hamiltonian) or square (for the thin-film Hamiltonian) lat-
tice, obtained via the finite-difference method implemented
in the KWANT package [47], which accurately captures the
physics and topological properties of the PNR when the lat-
tice constant is appropriately chosen. With these tight-binding
models, we can consider arbitrarily shaped nanostructures
(e.g., nanoribbons) in two and three dimensions. Here, we
consider in particular ribbons along x, with width W along y,
and thickness along z (in case of the bulk model), determined
by the number of QLs with N QLs ~ N nm. We also use the
Adaptive PYTHON package [48] for an effective sampling of
the parameter space.

The proximity-induced superconducting gap induced in the
nanoribbon is either topologically trivial or nontrivial. The
topology of the gap of the quasi-1D PNR can be determined
by evaluating the Z, topological invariant [20,46],

M = sign{ [] PilHeNg (k)] } (7)

ky=0,7/a

with Pf short for the Pfaffian and Hpng the tight-binding
Hamiltonian over the cross section of the PNR, and wave
number k, along the direction of the ribbon. The Pfaffian is
evaluated with the pfapack package [49].

III. LOW-ENERGY STATES

Prior to analyzing PNRs, we study the low-energy states
(LESs) that appear in NRs, when there is no superconductor
placed on top of the nanoribbon. The dispersion of the surface
states in the thin-film Hamiltonian of Eq. (4) is given by

Es:tﬂ(kxa ky) = _Dkﬁ + 9\/1)%](% + (m() + MZ B mlkﬁ)z’
®)

where =+ distinguishes two types of solutions (see Ap-
pendix B) and 6 = + differentiates between the positive (+)
and negative (—) energy branches of the dispersion. At k, =
ky, = 0, the LESs according to Eq. (8) have energies

el = 0|lmo| — IM]l, ©)

which define the surface-state gap (SSG). In a ribbonlike
geometry, the surface states are quantized and, additionally,
edge-state solutions can appear within the SSG. To this end,
we first study in Sec. III A the LESs in the electron-hole
symmetric case, with D = 0, and accordingly analyze only
the positive-energy states. In particular, we determine the two
LESs with the lowest positive energy, which we denote as
LES; and LES,. Subsequently, by setting D # 0, in Sec. III B,
we investigate the effect of electron-hole asymmetry on the
LES (not to be confused with particle-hole symmetry, which
generally applies for the BdG Hamiltonian). In what follows,
our results were determined for M, > 0, but the M, < 0 case
can be treated analogously. Additionally, as the topological
properties of MTI thin films are determined by the relative
sign of mg and m;, we choose to set m; > 0 and use the sign of
my to differentiate between the QSHI and NI phases, without
the loss of generality.

A. Symmetric case (D = 0)

We consider a semi-infinite plane geometry along x-y
with y > 0, and determine the edge-state solutions ¥F o
exp(—y/A* + ik.x), where AT is the decay length into the
bulk of the (M)TI and we impose ¥E(y=0)=v¢vE(y —
o0) = 0 [50]. There are two edge-state solutions when the
system is in the QSHI phase (here my > 0 and |M,| < my),
corresponding to superscript &+, and their decay length is
equal to

At (k) = 2m . 10)

Vg — \/vlz: —4my(my £ M) + 4m3k?

When v > 4m;(mg £ M), we can approximate the decay
lengths as
UF

AE (k) X .
( ) mO:I:Mz—mlkf

an
By considering the approximation above, it becomes clear
that, away from the ' point, A* increases slightly with the
magnitude of k,. Also note that A~ (A1) diverges around the
phase transition point M, &~ my (M, ~ —mg), when my > 0
(my < 0). In this regime, we cannot use /. (1/,e+ ) to approx-
imate the LESs of the nanoribbon. However, for M, away
from these phase transition points, the energy of the edge-state
solutions, up to first order in k,, is given by

&3 (ky) = Fopks. (12)

We define the Dirac point (DP) energy Epp as the energy of the
edge state in the semi-infinite plane at k, = 0. In the electron-
hole symmetric case, Epp = 0. As this point will be relevant
later, we note here that the edge states also do not carry a net
spin z polarization for any k, [51].

When the system is in the NI phase (here my < 0 and
M| < |my]|), there are no edge-state solutions, which is also
reflected in the decay lengths of Eq. (11) becoming negative
in this case. However, when magnetization overcomes the
surface state hybridization strength |M,| > |myg|, the system
enters the QAHI phase. For M, > 0, only one edge-state
solution survives with inverse decay length A™ away from
the edge. Note that, close to the phase transition A™ strongly
depends on the sign of my.

We can approximate the edge states which appear at oppo-
site sides of a MTI nanoribbon of width W, with the solutions
obtained for the semi-infinite plane when the decay length
of the edge states stays sufficiently below the ribbon width:
At <« W. For example, for a 50 nm-wide nanoribbon, the
edge-state solutions at k, =0, wsc, satisfy AT < W when
mo = M, > 15 meV. In Fig. 1, we show the probability density
for k, = 0 and the dispersion of the edge states and other
LESs in a NR in qualitatively different regimes, when varying
the parameters mo and M,. Note that we associate the term
LES () with the entire first (second) lowest-energy subband
of k,-dependent solutions.

In the finite-width geometry, the overlap of the edge states
from opposite edges causes a small but relevant gap to appear
(see Fig. 1). This gap is due to edge-to-edge hybridization
and not to be confused with the SSG introduced above. In the
QSHI phase, the two edge states localized on one edge couple
only to their counterpart on the opposite edge with the same
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mgo >0

myo
o

my < 0

FIG. 1. The wave function density || at k, = 0, and the dis-
persion of the low-energy states LES; (green continuous line) and
LES; (orange dashed line), for different values of the hybridization
parameter mg and magnetization M,, without electron-hole asymme-
try D = 0. In the insets, |1 |? is shown as a function of the transverse
coordinate y, and the label of the state that can be used to analytically
describe the state. On the right side, we show the effect of the
electron-hole asymmetry parameter D on the dispersion of the NR.
The different background colors represent the possible topological
phases, with the NI (0 < M, < —my), QSHI (0 < M, < my), and
QAHI (Jmy| < M,) phases shown with a white, orange and blue
background, respectively.

decay length (see Fig. 1). The edge states gap out at k, =0
and their energy is shifted approximately from 0 to £E=, with

EF o« exp[-W/AE(k, = 0)]. (13)

In Fig. 2(a), we present the numerically determined spin-
degenerate spectrum for a TI nanoribbon (M, = 0), and in
Figs. 2(b) and 2(c), the spectrum of a NR (M, # 0), for dif-
ferent signs of my. The analytical expression for the energy of
the edge states according to Eq. (13) shows good agreement
with the numerical results.

In the QSHI phase, the low-energy states LES; and LES,
correspond to the edge states ¥;" and v/, respectively, as we
have AT < A~ such that E;* < E;. In order to determine the
LESs for the other phases, we have to consider higher-energy
states that originate from the confinement of surface states to a
ribbon geometry. These confined surface states can be treated
as standing wave-like states in the transverse direction, with
wave function ¥" ~ sin(ny/W )exp(ik,x) and quantized
transverse momenta k, — nw /W (n € Zgy). We can use the
dispersion of the surface states given in Eq. (8) and set 6 = +1
to approximate the energy of the confined surface states with
E > 0atk, =0as[52]

EEH ~ [(Imo| £ M,)? + n2n2, (14)

where n = vgm /W is the confinement energy (e.g., for vg =
3 eVA and W = 50 nm, we obtain n ~ 19 meV). Note that
we have ignored the terms quadratic in k, for obtaining this
expression. At low magnetization, two states appear for each

TABLE I. The order of the LESs and corresponding wave func-
tion in the electron-hole symmetric (D = 0) and asymmetric case
(D < 0). The labels 2,1, —1 and —2 indicate the ordering with
respect to E = 0 (D = 0). In the asymmetric case, we use the same
labels for the same states, albeit E = 0 is no longer a good reference
point. The colors show the net spin z polarization of the state, with
red (blue) corresponding to a net spin up (down) polarization.

LES QSHI NI QAHI
D=0
2 v Y] —+2 Yo
L :
—1 w: w:r.—l eJr
-2 Ve v A AN
D#0
Mzé\rZT)l M. 2 o my>0  my<0
2 1ﬁ+ w+.+l w—,+2 er w—ﬁrl
1 l/;t— ) —+l * —L+1 ;/;Jr
-1 1ZC~ 1//54 1 1}}» llf‘
-2 U v A S

nonzero integer n, with opposite spin z polarization—one is
pushed up, and the other is pushed down in energy by M..
When M, > |mg| however, all confined surface states at pos-
itive energies are spin up polarized along z (see Fig. 2). In
general, a significant discrepancy between the analytical ex-
pression in Eq. (14) and the numerical values for the confined
surface states is observed only near the phase transition points
(i.e., when |mgy| =~ M,).

In the NI phase, no edge-state solutions are present (see
Fig. 1), thus the confined surface state ¥~ *! corresponds to
LES;. If the confinement energy dominates over M,, more
precisely, M, < n?/|mo|, ¥~ corresponds to LES, while,
for higher magnetization, v 2 pecomes LES,, as can be
seen in Fig. 2(c).

In the QAHI phase, LES; is the edge-state solution ¥,
which hybridizes with its counterpart on the opposite edge
of the nanoribbon with energy E; (see Fig. 1). Note, that
the decay length AT strongly depends on the sign of mq [see
Eq. (13)]. The LES, is a spin z up-polarized surface state, with
energy approaching £ 1. In Figs. 2(b) and 2(c), we present
how increasing M, drives the system from the QSHI and NI
phase, respectively, into the QAHI phase.

In Table I, we summarize the LESs for the different phases
of the system. We also give the LESs for negative energies,
where we label the first (second) LES closest to E = 0 with
LES_; (LES_,), with energy opposite to that of LES; (LES,).

B. Asymmetric case (D # 0)

In most cases, the experimentally determined material
parameters for the thin-film Hamiltonian of Eq. (4) point
to the presence of strong asymmetry (|D| & |m,]|), and also
D < 0 [36,53]. A careful examination reveals that consid-
ering nonzero D has a drastic effect on the LESs of NRs.
Following the discussion of the previous section, we analyze
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48]
~0.25
20t ~0.50
NI —0.75
0 L - - -
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-40  -20 0 20 40 0 20 40
mg [meV]

M, [meV]

FIG. 2. Low-energy states at k, = 0 in a 50 nm-wide MTI nanoribbon, as a function of the hybridization parameter m or the magnetization
M, with blue-to-red color scale indicating the (up-to-down) spin z polarization of the states: (a) the nonmagnetic case (M, = 0) as a function
of hybridization parameter m,, with the sign of m, controlling whether the system is in the QSHI or NI phase; [(b) and (c)] the magnetic
case (|my| = 40 meV) as a function of magnetization M,, with (b) my > 0, giving rise to a QSHI-to-QAHI crossover, and (c) my < 0, giving
rise to a NI-to-QAHI crossover. The dashed orange and yellow lines represent the approximate energy of the edge states [Eq. (13)] and the
continuous black lines represent the approximate energy of the confined surface states [Eq. (14)]. The inset in (a) shows the different parameter
sweeps that are evaluated in M, — my space. The inset in (b) shows the two lowest energy states on a logarithmic scale in the QSHI phase. The
background colors signify the topological phase, as already introduced in Fig. 1. We consider vg = 3 eVA, m; = 15eVA2 and D = 0 eVA2,

how electron-hole asymmetry modifies the relevant features
of the LESs, focusing on the first four LESs.

First, the phase boundaries between the NI, QSHI, and
QAHI phases are not affected by asymmetry. Second, the
decay length of the edge states ¥* in the QSHI phase (and
¥+ in the QAHI phase) is modified to

(k) ~ -

* (mo +M, —mlkf)\/l —a2:|:otvpkx’
where « = D/m; and we also use a tilde above the symbols
to denote the quantities derived in the asymmetric case. Note
that this approximate expression is obtained in the limit vZ >
4mi(my £ M;)(1 — «?), which is satisfied for all the material
parameters under consideration here, except two-QL Sb,Tes
(see Appendix A). The energy of the edge states up to first
order in k, is given by

EE (k) = —(mo = M) @ F vpy/ 1 — a2k, (16)

At k, = 0, the edge states no longer have zero energy, as the
energy of the DPs is shifted to ESEP = —(my £ M;)x [54]. As
M, increases, Egp become separated and &; (1/}; ) is shifted
up (down) in energy, which has significant consequences that
we discuss below. Throughout the paper, we refer to the DP

with energy ESEP as DP*. Additionally, the Fermi velocity is

rescaled by /1 — @2, which can become significantly smaller
than 1 for strong asymmetry. More details on this calculation
are given in Appendix B.

In Fig. 3, we show the k, dependence of the decay length
AT in the QAHI phase, when my < 0. When D =0 [see
Fig. 3(a)], the decay length slightly increases away from the I"
point independently of the sign of k., as already mentioned in

s)

the previous section. In the case of strong asymmetry (Jo| —
1), however, we observe a much stronger k, dependence [see
Fig. 3(b)]. The decay length diverges when the energy of
the edge state reaches —(my + M;)/«, which, for ¢ — —1
(the relevant regime for realistic material parameters, see Ap-
pendix A), lies just above the top of the SSG at energy &, + =
moy + M. [see Eq. (9)]. Incidentally, Eg, = —(mo + M)« is
also approaching the top of the SSG. As a consequence, the
decay length A * for energies near and above DP* is generally
much larger than for energies below DP*. In Table II, we
have listed the approximate value of A+ at relevant energies,
which we also show in Fig. 3(d), as a function of asymmetry
strength D/m;. In the case of « — —1 (v =1+« — 0), the
decay length A+ diverges at the top of the SSG and at DP*,
and vanishes at energies below DP*. The resulting behavior is
starkly different from the electron-hole symmetric case, where
the decay length stays roughly constant throughout the SSG.
Note that, while we considered the impact of asymmetry on
the decay length A* in the QAHI phase with my < O here, a
similar analysis can be carried out for A* in the QAHI phase
when mg > 0, or for both decay lengths A* in the QSHI phase,
with qualitatively similar results.

The edge states also acquire a net spin polarization along
z, given by

W Elol¥™) = Fa, (17

which is independent of k,. In the case of 1", the edge state
becomes completely spin up (down) polarized as |¢| — 1,
when D < 0 (D > 0), as shown in Fig. 3(c). Note, while previ-
ous works have determined the spin polarization for the edge
states analytically, they typically consider D = 0 and a chiral
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TABLE II. The decay length A* at relevant energies and corre-
sponding k, values, in the QAHI phase (M, > |myl), when my < O,
with v =14« = 1 + D/m,. The decay length A~ in the QSHI
phase (M, < |my| and my > 0) can be obtained by substituting M, —
—M_. In the case of my > 0, 2T has a similar m2, and M, dependence.

E A (my + M)/ ve

N
1/(/v(2—v))
Jv(2—v)
NGy (PR

SSG top (E) M — |my|
DP* (Ey) Ejy
SSG center (Eyy) 0

SSG bottom (Epy) —M + |mo|

edge state in the QAHI phase with no net spin z polarization
[24,50].

When considering a ribbon with finite width, the edge
states localized at opposite edges hybridize, and cause an
exponentially small gap to appear. In the QSHI phase, the
hybridization gap opens up around E§P with energy EF for
the edge states i/* at k, = 0 that is proportional to

EF oc exp[-W/AE (k, = 0)], (18)

considering A* <« W. This results in the following energy for
the k£ = 0 edge states,

EFXY =E, +0EZF, (19)

where, due to the absence of electron-hole symmetry, we use
6 = =% to differentiate between states that are shifted above
(0 = +) and below (@ = —) the DP energy. In Table I, we
show the order of the LESs in ascending energy. In the previ-

D=0
(@) 30 . . (b)
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Eof _
+
=
------ (M. —mol)
1 1 AV 1 1 1 ! —60
—0.02 0.00 0.02 —0.02 0.00, 0.02
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D/m1

D/ mq

FIG. 3. [(a) and (b)] The energy ¢} and decay length A* of the
edge state in the QAHI phase as a function of k,, with (a) no electron-
hole asymmetry (D = 0) and (b) with electron-hole asymmetry (D =
—10 eVA?). The gap edges are shown with dashed lines and the
Dirac point energy EJ, is indicated. (c) The spin z polarization of
the edge state as a function of the asymmetry parameter D. (d) The
decay length A as a function of asymmetry parameter D for different
energies, as listed in Table II and indicated in (b). We consider
ve = 3eVA, m; = 15eVA2, my = —10 meV, and M, = 40 meV.

ous section, we have labeled the LESs with positive (negative)
index for positive (negative) energy. Here, with electron-hole
asymmetry, £ = 0 is no longer a good reference point and
we define LES; »(LES_; _;) more carefully by identifying the
first two lowest (highest) energy states at k, = 0, with positive
(negative) second derivative, i.e., d°E (LESl,z)/dkf >0 (<
0). Note that, when mg > 0 (see first and second to last col-
umn), the order of the LESs changes to an alternating one (see
Fig. 1, when D < 0). This effect can be attributed to the two
pairs of edge states following the energies of their DP, which
as mentioned previously, diverge as magnetization increases.

At higher energies, the confined surface states "
are present, with energy EX" not significantly affected by
electron-hole asymmetry, as described by Eq. (14). We also
have to take into account the confined surface states originat-
ing from setting 6 = —1 in Eq. (8), with energy

EET" ~ —(Imo| F M,)* + n?n?, (20)

where the sign of M, has changed such that the energy of the
state with 4+ (—) increases (decreases) with M, (when M, <
[mol).

In the NI case, the LESs are the same confined surface
states as in the symmetric case (see Table I).

In the QAHI phase, as in the symmetric case, the edge
state ¥~ couples to its counterpart on the opposing side of
the NR. The energy of the two states at k, = 0 gaps out to
E}+ (EfF), corresponding to LES; (LES_). Also LES, _»
remain confined surface states, with energy at k, = 0 roughly
matching E.-*! and EJ~!, respectively. Note that, when
mg > 0 and asymmetry (D < 0) is strong, the DP" edge states
at k, = 0 can have higher energy than the lowest confined
surface states with & = 4 such that LES; (LES;) now corre-
sponds to a confined surface (edge) state, as shown in Table I
(also see Appendix B).

IV. MAJORANA BOUND STATES

In this section, we switch to the PNR heterostructure,
where an s-wave superconductor is placed on top of the NR.
We identify in Sec. IV A the two essential quantities in PNRs
for hosting robust and stable MBS. Building on our findings
regarding the properties of the LESs, in Sec. IV B, we deter-
mine approximate analytical expressions that provide insight
into the optimal conditions for MBSs.

A. Robustness and stability

In a PNR heterostructure, superconducting correlations are
induced into the states of the MTI with energy close to the
chemical potential p and give rise to topological supercon-
ductivity (note that Fermi level and chemical potential can be
used interchangeably in this context). In particular, we analyze
the crucial properties of PNRs for the formation of MBSs.
To this end, we present schematically in Fig. 4 the dispersion
of a 3D TI nanoribbon and we analyze how it changes when
all the necessary components for the formation of MBSs are
included.

First, in Fig. 4(a), we consider the doubly degenerate
dispersion a TI nanoribbon in the NI phase, with a sizable
hybridization gap. The energy of the confined surface states

094504-6



OPTIMIZING PROXIMITIZED MAGNETIC TOPOLOGICAL ...

PHYSICAL REVIEW B 112, 094504 (2025)

(a) u =0, M =0, Aof()

w=0,M,#0,A¢ =0

Op#O0M £0,M=0 (d)p#0,M #0,Ag#0

=, m AN

40
20 F s’
M
1% 70 V

==

o /N
k

FIG. 4. Schematic showing the realization of a PNR with MBS in steps, starting from a TI nanoribbon. (a) The dispersion of a TI
nanoribbon in the NI phase has spin-degenerate bands, which in the presence of nonzero magnetization M, # 0 are split up (grey lines).
(b) When M, > |myg| the nanoribbon enters the QAHI phase, with the lowest energy state being an edge state. (¢c) The chemical potential
is tuned to the center of the topological regime. The extent of the topological regime (E,), indicated with orange shading, is an important
quantity for the robustness of topological superconductivity throughout the PNR. (d) When proximitized by an s-wave superconductor, a
superconducting gap (A,) opens up around zero energy. The size of this gap will determine the stability of the MBSs. The BdG spectrum is
shown, with red (blue) lines corresponding to electron (hole)-like states, and the induced superconducting gap indicated with green shading.

can be approximated by EX" [see Eq. (14)]. The addition
of magnetic dopants lifts the time-reversal symmetry and the
corresponding twofold degeneracy of the subbands, as shown
for [M| < mg by the grey subbands in Fig. 4(a). When mag-
netization overcomes the hybridization strength, the system
enters the QAHI phase and within the SSG the edge state vt
appears, as shown in Fig. 4(b).

At this point, we note that the number of MBSs appearing
at the ends of a PNR is equal to the number of subbands of
the nonsuperconducting NR crossing u (at E = 0). However,
the PNR has a nontrivial topological invariant with a single
stable MBS at each end of the ribbon only if an odd number
of subbands are crossing zero energy, while pairs of MBS
appearing at the same end are not protected against disorder
[19,33,46,55,56]. In this work, we focus on the case when a
single subband crosses E = 0 and a single MBS appears at
each end of the PNR. Consequently, we identify the energy
range where only a single subband crosses £ = 0, which
we refer to as the topological regime (TR). In Fig. 4(c), the
chemical potential u is shifted with respect to Fig. 4(b) such
that E = 0 is intersected by the edge state y;F. The size of the
TR in this case is E, = E_. P! — EF.

Additionally, due to the dispersion of the NR, the num-
ber of subbands crossing E = 0 increases as the chemical
potential is further away above or below DP™ (see Fig. 4).
Thus we distinguish two TRs, the one above DP' with range
E,, and the one below DP' with range E;. Note that the TR
above DP* rather appears around DP™ in one specific case,
namely in the QAHI phase with my < 0 and strong asymmetry
(i.e., the case with LES; being a confined surface state, see
top right of Fig. 1 and Appendix B). For convenience, we
generally refer to the TR with range E, as the TR above
DP* below.

In real PNR systems, there will be some amount of dis-
order, which can be understood effectively as local chemical
potential variations w — w + du(r). Such fluctuations can
shift the chemical potential to such a degree, that the number
of subbands crossing £ = 0 changes along the length of the
PNR, and additional MBSs appear, which then hybridize with
the end-localized MBSs. In order to ensure the robustness of
the topological regime with end-localized MBSs against such

detrimental effects, we identify the size of the TR as the first
property of PNRs that should be maximized.

Next, we consider the proximity-induced superconducting
gap (PG). In Fig. 4(d), we show the BdG spectrum of a PNR,
with red (blue) representing electron (hole)-like subbands. A
proximity-induced topological gap Aj,q opens up when the
chemical potential p is tuned within a sufficiently large TR.
The localization length of the MBS & & vg/Ajy is inversely
proportional to Aj,g. A larger PG, and thus a shorter local-
ization length, is beneficial for the stability of MBSs, as it
ensures a good separation of MBSs at opposite ends of the
PNR (L > &) and offers better protection against quasiparti-
cle poisoning [57]. Consequently, we consider the size of the
PG as the second property of PNRs that should be maximized.

We have identified the two crucial properties, the size of the
TR to ensure the robustness of topological superconductivity,
and a large PG for the stability of MBSs in PNRs. Next,
we want to simultaneously maximize these properties for any
given set of parameters of the PNR. To this end, we introduce
a dimensionless figure of merit (FOM) that we can maximize,
defined as

Ap  Eg

FOM; = ¢
p Ao 100 meV

@

The FOM comes in two flavors, with 8 = a, (b) denoting the
TR above (below) DPT, and A g the size of the PG, evaluated
for chemical potential u tuned to the center of the correspond-
ing TR.

Note, that both the PG and the TR have natural upper limits
in our system (the pairing potential A at the top surface of the
PNR, and the subband spacing, at most up to bulk gap of the
PNR spectrum, respectively, with the latter here reasonably
capped at 100 meV such that FOM < 1 for all systems under
consideration), such that a relatively large FOM guarantees
that both PG and TR are relatively large.

B. Analytical approximations

Using what we learned in Sec. III about the physics of the
LESs, we can estimate the size of the TR and strength of the
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TABLE III. Analytical estimations of the size of the topological regimes (TRs) E, , [see Egs. (22) and (23)] and the decay length X, of the
corresponding edge states with chemical potential in the center of the TR [see Eqs. (26) and (27)], considering strong asymmetry (|D| =~ |m;|)
with D < 0, which is equivalent to v = 1 4+ D/m; — 0. The color of LES; _; shows the net spin z polarization of the state, with red (blue)
corresponding to a net spin up (down) polarization. The edge-state solution ¥ is a valid approximation only when the condition my = M, > 7

is satisfied (see Sec. III). The transition between QSHI, and QSHIj; is given by solving Ef, — Ef = E5, + E; for M,. “"When |mo| > .
GWhen my > M.. **When my < M,.
QSHI NI® QAHI
(i) small M. (ii) large M. Q) M, < n?/Img| (i) M, Z n*{lmo| i) my >0 (i) mo < 0

E, SEpp — EZ 2FF 2M, 302/ (2|mg|) 2EF M, — |mo| — Efp
Ey SEpp +E; 2E; 2M, 3n%/Q2lmo|) M, — |mo| + Egp M, — |mo| + Egp
LES, Ve yo ! Yyt v
LES_ v AN v v
5 VR 1 U

! my — MZ ﬁ my + MZ ﬁ
X UF 1 ) Vg 1 D) Vg 1

’ my /2 —v M, 2 —v mo+ M, /2 —v

PG with analytical expressions. In Table III, we summarize
the size of the TRs and decay length of the edge states in
different regimes where they can be determined analytically,
for strong electron-hole asymmetry |D| =~ |m;| and D < 0.
We refer to the different ranges of the parameters of the system
that we consider as PHASE_,s., with PHASE = QSHI, NI, or
QAHI, and case =i or ii.

The size of the TR above (below) DP* is determined by
the difference between the energy of LES; (LES_;) and the
energy of LES, (LES_;) atk, =0, or

E, = E (LES;)|r,—0 — E(LES))[x,—0, (22)

E, = E (LES_1)|x,—0 — E(LES_2)|t,—0. (23)
When mg > 0, in the QSHI or QAHI phase, the energy at k, =
0 of LES; can be lower than LES_; for strong enough mag-
netization. In the QSHI phase particularly, this occurs when
Efp — E} > Ejp + E. . The value of M, where this transition
occurs is determined through the interplay of the asymmetry
strength (controlled by D and m,), the hybridization parameter
mo and the nanoribbon width W. In this situation, in order
to correctly evaluate the size of the TRs, one has to switch
LES; and LES_; in Egs. (22) and (23) (for more details see
Appendix C).

The size of the TRs are determined by evaluating Egs. (22)
and (23). From the contents of Table III we can conclude
that, in the NI phase, there should be no significant difference
between the TRs above and below DP*. However, in the
QAHI and QSHI phases, we should expect E, < Ey.

The size of the PG will depend on whether the proximitized
state is an edge state or a confined surface state. In case of the
latter, the PG can be approximated by [46]

Aing @ Ao/2. (24)
However, when the proximitized state is an edge state (with
A K W), we can consider

w
Aing ~ Tefw/kv 1 —a?A,

(25)

where A is the decay length of the edge state crossing £ = 0
(see Appendix D for more details). We determine the size of
the PG in the different TRs by setting the chemical potential
to the center of the TR. When p lies in the center of E, (E}) the
state crossing £ = 0 corresponds to LES; (LES_) and the PG
is A, (Ap). Consequently, in the QSHI or QAHI phases, the
crucial parameter determining the size of the PG is the decay
length of the edge state. To this end, we can approximate the
decay length of the edge state in the TR above and below DP™*

as
Ao X\ MEDA(En), (26)
Ay V MEDMEry), 27

where A(E;), A(Ey) and A(Ep) represent the decay length
of the edge state at the SSG top, DP" and SSG bottom,
respectively (see Fig. 3 and Table II). Simply put, for the TR
above (below) DPT, we take the geometric average of the
decay length at DP™, A(Ey), and the decay length at the top
(bottom) of the SSG, A(Ey) [AM(Ew)].

Examining the analytical results, we can reach several im-
portant conclusions regarding the PG. When the state at E = 0
is a confined surface state (for the NI phase and QAHI phase
with mo > 0, above DP™), the PG is generally expected to be
large, as the states with k, and —k, have a good spatial overlap.
In the other cases (QSHI phase and QAHI phase), however,
the PG will depend on the decay length of the edge state [see
Eq. (25)], with approximate values given in Table III. The
edge state with momentum k, has to couple to the edge state
with momentum —k,, which is localized at the opposite edge
of the nanoribbon [33]. Consequently, we expect a smaller PG
when the state at £ = 0 is an edge state, than when it is a con-
fined surface state. Furthermore, when asymmetry is strong
(|D] = |my]) and D < 0, we have A, > Ay, and consequently
A, > Ay in the QAHI and QSHI phases. In the QSHI phase,
A, is also expected to be large close to the phase transition
(M, =~ |my)), as the decay length diverges there.

Summarizing our analytical findings, we expect a good
FOM in the NI phase, due to the state at £ = 0 being a
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surface state, independently of the position of ;. In the QAHI
and QSHI phases, however, we have simultaneously E, < Ej,
and A, > Ay, which prevents us from drawing any clear
conclusion on dependence of the FOM on the position of u.
Nonetheless, as the state at E = 0 is almost always an edge
state in these cases, we generally expect the FOM to be lower
as compared to the NI phase.

V. OPTIMIZED CONDITIONS

After having introduced our approach for optimizing PNRs
for MBS and expectations based on analytical expressions, we
present our numerical simulations results. In subsection V A,
we demonstrate the consequences of electron-hole asymme-
try, by extending the results of Ref. [33]. In this work, the
thin-film model of Eq. (4) was employed using model parame-
ters without electron-hole asymmetry (D = 0). We clarify the
effect of asymmetry on the TR and PG. In subsection V B, we
consider the material parameters derived for Bi,Ses, BiyTes
and Sb,Te; thin films in Ref. [36] and determine the TR and
the PG for a range of magnetization values and thicknesses.
We evaluate the FOM and find the optimal parameter ranges
for maximizing the robustness and stability of MBS. Lastly,
in subsection VC we test the FOM-based optimization by
evaluating the low-energy spectrum of disordered PNRs with
finite length.

A. Impact of asymmetry

We emphasize the role of asymmetry in PNRs by eval-
uating Ajg in a 50-nm-wide nanoribbon, as in Fig. 1(b)
of Ref. [33]. The size and topology of the PG, with trivial
(nontrivial) regions indicated by a gray (red) color scale, is
evaluated as a function of u and M,, for D = 0 in Fig. 5(a),
and for |D| = |m;| and D < 0 in Fig. 5(b).

When the system is electron-hole symmetric (D = 0), the
TR above and below DP", E, and E,, represented by the
two red colored wedges above and below u = 0 in Fig. 5(a),
are identical for any value of the magnetization, E,(M,) =
Ey(M.). The size of Aj,g depends on the spatial distribution
of the proximitized state. For M, < |mg| (m9 = —5 meV) the
nanoribbon is in the NI phase, with confined surface states
that are delocalized over the width of the nanoribbon. For
M, > |my| the nanoribbon enters the QAHI phase, and LES;
and LES_ are edge states, which yield a weaker Aj,g as M,
is increased. The proximitized states also inherit the electron-
hole symmetry of the Hamiltonian, and the size of the PG for
chemical potential w in the center of the TR is equal above
and below DP*, A, (M,) = Ay (M,).

In the presence of strong electron-hole asymmetry the TR
and the PG are strongly affected, as shown in Fig. 5(b). As
outlined in Sec. IV B, the TR above DP* gets reduced as
Eg, is pushed upwards with M, and the TR below DP* is
enhanced. The size of the PG is also significantly affected
by the presence of asymmetry. As explained in Sec. IV B, the
decay length of the edge states, and consequently the strength
of Ajnq is exponentially suppressed towards the SSG bottom
and it reaches its maximal value close to the SSG top [see
Fig. 3(b)]. We take a line cut at M; = 40 meV, and compare
the numerically extracted value of Aj,g with the result of

@) = (b) 0.4A
] 0.3A

1 0.2A

B 1 f FIHHo.1a
=0 L % 0.0A

0 10 0 10 20

20 30 4 30 4
M; [meV] M, [meV]
(C) 1 T T T : : T
o f T e i
- -== *|my+ M| :
S ——— Numerical
2 —— Analytical
£ 10-2} y
4 10 ;
1
1
1
1074 1 : 1 1 1
—40 —-20 0 20 40

y [meV]

FIG. 5. The size and topology of the proximity-induced super-
conducting gap Aj,g, determined numerically fora W = 50 nm-wide
PNR. The red (black) color map shows the size of the topological
(trivial) gap in the case of (a) no asymmetry D = 0 and (b) strong
asymmetry D = —14 eVAZ2. In (c) we show a cross section of
(b) taken at M, = 40 meV, and we compare the numerical result
with the analytical formula in Eq. (25). We use vg =3 eVA, m =
15eVA2, my = —5 meV [33], and Ay = 1 meV.

Eq. (25) in Fig. 5(c). The analytical result shows very good
agreement with the numerically determined Aj,g.

B. Material parameters

In this section, we turn to analyzing the FOM of PNRs with
the material parameters for Bi;Ses, BiyTes, and Sb,Te; in the
thin-film limit, derived in Ref. [36]. The width of the nanorib-
bon is fixed to W = 50 nm, and a realistic superconducting
pairing of Ag = 1 meV is chosen [58]. We evaluate the rele-
vant quantities for thickness d = 2-6 QL, while varying the
magnetization M, = 0-70 meV. We ignore two-QL Bi,Se; as
the model parameters yield a nonphysical Fermi velocity.

As expected from general considerations based on the ana-
lytical expressions in Sec. IV B, we find that the sign of the
hybridization parameter m( has a significant impact on the
FOM. We analyze separately the TR and PG in two repre-
sentative cases: in Figs. 6(a)-6(d) for four-QL Bi,Se,, a NI
(when M, = 0 and Ay = 0), and in Figs. 6(e)-6(h) for six-QL
Sb,Te,, a QSHI (when M, = 0 and Ay = 0).

In the case of my < 0, we can approximate the size of
the TR above and below DP' using Table III. As shown
in Figs. 6(a) and 6(c), for low values of magnetization
M, § n? /Imp| (NI;), the TRs both increase linearly with the
magnetization E,, (M) ~ 2M.. For higher values of the mag-
netization but still in the NI phase (NI;;), the confinement
energy n determines the size of the TRs, with almost con-
stant E,}, as a function of M,. When M, overcomes the
hybridization strength mg, we can describe the size of the
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FIG. 6. [(a)—(h)] The numerically determined topological regimes (TRs) E, , and induced superconducting gaps (PGs) A,y for (a)—(d) four-
QL Bi,Se; (my < 0), for energies [(a) and (b)] above (E,, A,) and [(c) and (d)] below (E;, Ayp) the Dirac point (DP*). Similarly for [(e)—(h)]
six-QL Sb,Te; (my > 0), the TR and PG [(e) and (f)] above (E,, A,) and [(g) and (h)] below (Ej,, Ap) DPT are shown. Analytical approximations
listed in Table III are indicated for the TRs with red dashed lines. [(i)—(n)] The figure of merit of Eq. (21) shown for the studied materials [(i)
and (j)] Bi»Ses, [(k) and (1)] Bi,Tes, [(m) and (n)] Sb,Te; with the FOM determined [(i), (k), and (m)] above DP™ and [(j), (1), and (m)] below

the DP.

TRs using QAHI;;, with E,}, again increasing linearly with
M,. In this regime, we observe that E, < E}, as predicted in
Sec. IV B. The size of the PGs A,} is shown in Figs. 6(b)
and 6(d). In the NI phase, the state crossing £ =0 is a
surface state and in the QAHI phase it is an edge state (see
Table III), leading to A, generally larger in the NI phase
than in the QAHI phase. However, we also see that A, is
maximal around the phase transition between a NI and a
QAHI. This effect can be explained by the fact that LES;
changes its spin z polarization from a down to an up polarized
state (see Table III), and around the phase transition point
M, = |my| it has no net spin polarization, thus enhancing the
PG. Note that, when n > |myg| (not the case here), LES; does
not show a clear transition between a confined surface state
and an edge state around M, = |my|. In this case, we rather
observe that FOM, peaks when the magnetization is com-
parable to the confinement energy M, ~ n, where the decay
length of the edge state is comparable to the width of the
PNR, % ~ W.

In the QAHI phase above DP*, as we increase M, the edge
state is increasingly edge localized leading to an exponentially
suppressed A, [see Eq. (25)] while, as a consequence of
strong asymmetry, the decay length of the edge state is much
shorter below than above DP, resulting in A, (M, > |mg]|) >
Ap(M > |mo|).

Bringing together our observations for the TR and PG,
we can determine the FOM for four-QL Bi,Ses, as shown
in Figs. 6(i) and 6(j). Above DP", FOM, peaks around the
phase transition point M, = |my|, where A, also peaks, which
can be understood considering that E, stays roughly constant
throughout the range of M,. Below DP' the FOM, is worse

than above DP™, due to the effect of electron-hole asymmetry
on the decay length of the edge state.

Next, we turn to the mg > 0 case. The size of the TR in
the QSHI above DP* can be described by the case QSHI;.
When M, > my, we can mostly understand the size of the
TR [Figs. 6(e) and 6(g)] and the PG [Figs. 6(f) and 6(h)]
by considering case QAHI;; (see Table III). The size of E,
above DPT in Fig. 6(e) is given by the exponentially small
hybridization gap of the edge states while, below DPY, in
Fig. 6(g), Ey similarly to the my < O case increases linearly
with M. The PG above DP™ in Fig. 6(F) is determined by the
surface state crossing £ = 0, yielding an almost constant A,.
Interestingly, we observe that the PG above DP™ peaks around
the confinement energy, M, ~ n (similar to the my < O case
when 1 > |mg|). We generally find that, for M, < 5, the PG
increases with magnetization due to finite-size effects. When,
however, M, is increased further above the confinement en-
ergy, the proximitized state LES; becomes increasingly spin
z up polarized, leading to a decreasing PG. The interplay of
these effects leads to a PG that is maximal in the intermedi-
ate regime when M, ~ n. Additionally, the PG below DP*
is much smaller than the PG above DPT, due to the state
Y crossing E = 0 being edge localized, such that A,(M, >
[mol) > Ap(M; > |mg)).

We also determined the FOM for six-QL Sb,Te; in
Figs. 6(k) and 6(1). Above DP", FOM, has a peak around
the confinement energy n coinciding with the peak in A,,
and in comparison with the my < O case [see Fig. 6(i)], is
much smaller due to the exponentially suppressed TR. Below
DP* the FOM, is extremely small, reflecting the significantly
smaller PG A, > Ay,
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FIG. 7. BdG spectra of 50-nm-wide PNRs, considering [(a) and (e)] four-QL Bi,Se; with M, = 20 meV (FOM, ~ 0.22), [(b) and (f)]
four-QL Bi,Se; with M, = 20 meV (FOM, =~ 0.1), [(c) and (g)] six-QL Sb,Te; with M, = 60 meV (FOM, = 0.05), and [(d) and (h)] six-QL
Sb,Te; with M, = 60 meV (FOM, =~ 0.04). The spectra are determined as a function of disorder strength with the (average) chemical potential
w tuned to the middle of the TR in [(a)—(d)] for PNR length L = 3 um, and as a function of PNR length in [(e)—(h)] for fixed disorder strength
8 = 10 meV. The size of the topological regime E, is shown with dashed lines. In the inset of (e), the energy of the MBS is shown on a
logarithmic scale, with the analytical value overlaid. In the inset of (h), a 50 x 50 nm? section of a disorder profile is shown, with correlation
length ¢ = 2 nm. Only the 30 lowest energy states are shown, averages were performed over 20 disorder profiles, and the standard deviation is

indicated by shading.

Evaluating the FOM for all three considered materials in
Figs. 6(1)-6(n), we can draw a few conclusions regarding
the optimal parameter values for MBSs in PNRs. We in-
deed see that (1) in the case of my > 0 (two- and five-QL
Bi, Te; and four to six-QL Sb,Te;) the FOM is comparatively
worse than for my < 0, even vanishing in some cases, due
to higher-energy surface states (see Appendix C for details).
Additionally, in the presence of strong asymmetry (|D| ~
|my]) with D < O (being the case for all material parameters
under consideration here, see Appendix A) (2) FOM, above
DP™ [Figs. 6(i)-6(k)] is always better than FOM,, below DP™
[Figs. 6(1)-6(n)], as above DP™ the proximitized state is either
a surface state or an edge state with a much longer decay
length than the edge state below DP". Finally, (3) the value
of the FOM above DP™ peaks close to the absolute value of
the hybridization parameter |mg|, where the state has no net
spin z polarization, when |my| is larger than the confinement
energy 1. However, when 1 > |my|, we observe that the FOM
is maximal around the confinement energy n due to a combi-
nation of finite-size effects and properties of the LESs.

C. Robustness and stability with disorder

In experimentally realized MTIs, e.g., Cr-(Bi,Se), Tes sam-
ples, a Fermi level that aligns closely with the DP can be
achieved by choosing the right ratio of Bi and Sb, which leads

to inhomogeneously doped regions appearing throughout the
device [59-61]. These inhomogeneities (i.e., disorder) can
effectively be described by local chemical potential fluctua-
tions. In this section, we put our FOM to the test by studying
numerically the spectra of disordered PNRs with finite length.
We use a similar approach as described in Refs. [33,46] to
model chemical potential fluctuations 8u(r) = Su ¢ (r), with
m the fluctuation amplitude and ¢(r) the spatial distribution
given by a function with a Gaussian random-field profile

(@) = exp[—(r —r')?/(2¢7)]. (28)

with correlation length ¢. In our simulations we set to ¢ =
2 nm, in agreement with experimentally resolved values
[59,60,62]. Larger correlation lengths were considered in
Ref. [33], with the disorder having a similar impact, as long as
the correlation length is smaller than the ribbon width, which
is a reasonable assumption for PNRs.

Here we also consider 50-nm-wide PNRs based on four-
QL Bi,;Se; and six-QL Sb,Tes (as in Figs. 6(a)-6(h), with
magnetization M, =20 and 60 meV, within the range of
experimentally determined values [59-61]), which above the
DP™ cover both relatively high and low values of FOM, [see
Figs. 6(i) and 6(m)].

To confirm the robustness of the topological gap with
MBSs against disorder (determined by the size of the TR E,),
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we vary the amplitude of the disorder 8 and determine the
low-energy spectrum in Figs. 7(a)-7(d). The length of the
PNR is set to L = 3 um, which is considerably larger than the
localization length of the MBS in the case of a large FOM,
e.g., for four-QL BiySes, M, =20 meV it is § ~ vp/A, =
0.5 um. The two MBSs with energies around £ = 0 (shown
with red lines), are localized at opposing ends of the PNR. In
Figs. 7(a), 7(b) and 7(d), the MBSs start hybridizing when the
disorder amplitudes approaches the size of the TR 8 ~ E,. In
Fig. 7(c), however, the MBSs hybridize due to the very small
PG [see Fig. 6(e)]. Overall, in the case of a low FOM,, the
MBSs hybridize for lower disorder amplitudes than in the case
of a high FOM,.

We also test the stability of MBSs (spatial separation de-
termined by the size of the PG A,), by changing the length of
the PNRs in the range L = 0.5-4 um, and show the spectrum
of the PNRs in Figs. 7(e)-7(h). Here, the disorder amplitude
is set to 8¢ = 10 meV, which lies in the range of experimen-
tal observations [60-63]. The hybridization gap of the MBS
decreases as o exp(—LA,/vr) [see inset in Fig. 7(e)]. When
the TR is smaller than the disorder strength, however, the
MBS pair couples to other low-energy states and is no longer
topologically protected, as shown in Figs. 7(f)-7(h) for a low
FOM,.

In general, we find that a low FOM signals that the sys-
tem is unsuitable for MBS applications, whether the system
mainly suffers from a low PG [as in Figs. 7(c) and 7(g)] or a
low TR [as in Figs. 7(d), 7(h) and 7(b), 7()].

VI. DISCUSSION

Throughout this work, the numerical calculations were
performed for 50-nm-wide PNRs. Although ribbons with sim-
ilar dimensions have been demonstrated, devices with wider
MTI nanoribbons may be more easily fabricated. When con-
sidering wider nanoribbons, our findings (1)—(3) still stand,
however. We find that, due to the confinement energy being
smaller, when m, < 0 (i.e., QSHI or QAHI phases) the surface
states are closer in energy to the DP, and consequently the TR
vanishes for lower magnetization values. This can also be seen
for five-QL Sb,Tes in Fig. 6(m). The magnetization value M,
where this happens decreases as the width of the PNR is in-
creased. Thus, when considering wider PNRs, our conclusion
(1), i.e., MTI nanoribbons with my < O (i.e., ribbons in the
NI phase when magnetization is absent) being better for the
formation of MBS, becomes even more decisive.

In order to have a better understanding of our results,
we also evaluated the FOM of thin-film Bi,Se; and Bi,Tes
using the bulk Hamiltonian given in Eq. (1). Some of our
results obtained with the thin-film Hamiltonian were repro-
duced qualitatively, such as (3) the FOM peak aligning with
the hybridization or confinement energy. However, the (1)
stark difference in FOM between NI and QSHI phases, or (2)
between energies above and below the DP, was not reflected
in the results obtained when using the bulk Hamiltonian. The
observed discrepancies can be attributed to the fact that the
material parameters used in the two models are obtained by
fitting to different low-energy band structures. We discuss our
findings in more detail in Appendix E.

In experimental setups, PNRs are usually placed on a sub-
strate or are interfaced with different materials, which can
lead to interface effects (e.g., band bending) that are beyond
the scope of our FOM analysis [64-68]. Even in the setup
that we have considered, the presence of a superconductor is
expected to give rise to charge transfer across the interface
with the MTI [69]. In this work, we have neglected such
effects and focused on how the intrinsic PNR properties affect
MBS formation. The insights from our FOM analysis remain
relevant, however, even in the presence of such interface ef-
fects. Band bending that pushes the Fermi level away from
the DP may be counteracted, for example, by electrostatic
gating or adjusting the composition of the MTI close to the
interface in such a way that band bending is compensated
and the Fermi level remains close to the DP throughout the
ribbon [70].

In this work, we studied the robustness of MBSs in PNRs,
assuming a uniform magnetization M, throughout the sample.
However, randomly distributed magnetic dopants can give rise
to local fluctuations of M, [59-61]. The tolerance against
such fluctuations can be estimated from the dependence of the
FOM on M, (see Fig. 6). If the PNR is optimized such that
its average value of M, corresponds to a peak of the FOM,
the width of this peak (~10 meV) indicates how large the
magnetization fluctuations can be without reducing the FOM
significantly. If the typical fluctuations become comparable to
this width, sizable TR and PG are no longer guaranteed and
the PNR becomes unsuitable for MBSs.

We also note that we have neglected finite-temperature
effects in this study, as we consider PNRs at rele-
vant low-temperature conditions (~100 mK), with kg7 ~
10 eV negligible in comparison with the relevant energy
scales.

VII. CONCLUSION

In this work, we present a detailed analysis of PNRs,
mainly focusing on the MTI thin films obtained by combining
materials of the BiySes; family, doped by transition metals,
with a superconductor placed on top of the MTI, inducing
superconducting correlations. We study this material platform
with the intent of obtaining topological superconductivity,
with a single pair of MBSs localized at opposing ends of
the ribbon. To this end, we analyze the low-energy physics
of PNRs and reveal the effect of electron-hole asymmetry on
the system. We identify the relevant quantities for maximizing
the stability and robustness of the topological superconducting
regime and its MBSs. Based on analytical and numerical
calculations, we pinpoint the optimal material properties and
system parameters for the formation of MBSs in such het-
erostructures.

The optimal conditions for MBSs correspond to a large
range of chemical potentials for the topological regime and a
large proximity-induced superconducting gap. Our results in-
dicate that, to maximize both these properties simultaneously,
it is better to consider thin films of MTI materials (in particular
magnetically doped thin films of the Bi;Ses; family of TIs)
that (1) are NI (my < 0) in the absence of magnetization and
superconductivity, (2) the chemical potential should be near or
above the Dirac point energy DP*, and (3) the magnetization
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TABLEIV. Parameters of the thin-film Hamiltonian [Eq. (4)], for

Bi,Ses, Bi; Te; and Sb,Tes, for thicknesses ranging 2—-6 QL, adapted

from Ref. [36].

No.  D(@eVA®)  my(eV) m (eVA?) vg(eVA)
2 —16.14  —0.120 17.56 —0.048
3 —13.94  —0.041 15.82 1.697
Bi,Ses 4 —13.31 —0.017 16.35 1.920
5 —13.23 —0.007 16.51 2.010
6 —13.06  —0.003 16.75 2.046
2 —28.41 0.077 29.14 2.463
3 —2752  —0.014 28.10 0.876
Bi,Te; 4 —29.55 —0.002 30.06 1.301
5 —28.50 0.003 28.97 1.340
6 —28.36 0.000 28.81 1.232
2 -2170  —0.127 26.29 0.482
3 —15.45 —0.032 16.04 2.921
Sb,Te; 4 —13.39 0.004 13.89 2.952
5 —12.65 0.009 13.10 2.870
6 —13.38 0.006 13.83 2.887

M should be smaller or close to either the modulus of the
hybridization parameter |my| or the confinement energy of the
surface states n, whichever is larger. The optimal PNR for
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APPENDIX A: MATERIAL PARAMETERS

The material parameters of the thin-film Hamiltonian
[Eqg. (4)] were taken from Ref. [36] and are listed in Table IV.
The parameters describing the hybridization of the surface
states are related as follows: my = —A/2 and m; = —B.

APPENDIX B: EDGE STATE IN THE PRESENCE OF
ASYMMETRY

hosting MBSs can be considered as a system with my < O (see
Table 1V), magnetization tuned close to the phase transition
between the NI and QAHI phases, and the smallest possible
width in order to maximize the topological regime with robust

To understand the effect of the electron-hole asymmetry
controlled by D in the thin-film Hamiltonian of Eq. (4), we an-
alyze the wave function of the system in a semi-infinite plane,

MBSs (see Table III). similarly to the calculation outlined in Ref. [50]. Starting from
Eq. (4), we define a unitary transformation U,
1 0 1 0
ACKNOWLEDGMENTS U 1 1o 1 0 -1
This work is supported by the QuantERA grant MAGMA, 210 10 L
by the German Research Foundation under Grant No. 10 -1 0

491798118, and by MCIN/AEI/10.13039/501100011033 ik ook 10 Hy feads to

J

A +m + M, ivgk_ 0 0
o o —ivpk+ Ak — Ny —Mz 0 0
Hy=UHsU" = 0 0 Ac4me—M.  —ivpky (B1)
0 0 ivpk_ Ay —my + M,

where, for simplicity, we defined Ay = —pu — Dk, my = mo — m k> and ks = k, + ik,. The topological properties of the system
are determined by the signs of myg, m;, and M,. In the case of the parameters chosen in Sec. III B (my < 0 and M, > |my|), only
the upper 2 x 2 block of H' has an edge state solution, while the lower block has no solution. We are interested in finding a
solution for general energy ¢ inside the band gap, for a system that semi-infinite in the x-y plane, with an edge at x = 0. We
therefore take the ansatz

P kery) = (f,((’,z)))expeﬁy), (B2)

where kT = 1/A7 is the inverse decay length. We consider the boundary conditions
¥ ke, y — 0) =0, (B3)
Ve (ke,y = 00) = 0. (B4)

When my < 0 and M, > |mg| a band inversion occurs in the upper block of H; in Eq. (B1). In the main text, the index +
differentiates between quantities determined when the band inversion happens in the upper (+) or lower (—) block of H'.
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Inserting the ansatz into H; we obtain

Hypper(k, k1) = =D(ki — (T)?) + ivpok ™ — vpkeoy + [mg — my (ki — ()?) — M. ]o. (B5)

By solving the eigenvalue problem we can derive the relation between «*, k, and the energy & as

v — 2my(mo + M,) — 2D&S
2(mt - D?)

k*Y —k; =

\/ vk — dvdmy (my + M) + 4D2(mo + M. — 4DEF (v — 2my(mo + M.)) + 4m3(E3 )2
+ .

(B6)

The second boundary condition in Eq. (B4) restricts ™ to
positive values, which we label «;" and «5". Thus, using the
fact that both positive solutions «,” and «,~ of Eq. (B6) are
solutions of the eigenvalue problem, we obtain the dispersion
relation

8 (key k1", 10y ) = (mo + M) — (D + mi) (k" + iy ke
— (D + m)if i — (D +mp)k>. (BT)

As k" and &) are both k, dependent, we can determine the
dispersion perturbatively up to first order k, [39] and we
obtain Eq. (16). When the band inversion occurs in the lower
2x2 block of H); [see Eq. (B1)] for my > 0 and M, < my, one
can similarly obtain the decay length A~ with dispersion given
by & .

APPENDIX C: SIZE OF THE TOPOLOGICAL REGIME
WHEN m, > 0

As mentioned in the main text, when mg > 0 (QSHI phase
with M, < myg) the size of the TRs may vary depending on
the parameters of the system. The possible situations are pre-
sented in Fig. 8, with the dispersion shown in the electron-hole
symmetric (D = 0) case, in Figs. 8(a) and 8(d), and in the
strongly electron-hole asymmetric (|D| =~ |m;, D < 0) case,
in Figs. 8(b), 8(c), 8(e), and 8(f). In Sec. V B, for all consid-
ered materials in the QSHI phase, the size of the TR can be
described well by the QSHI, case (see Table III), which can
be observed in Fig. 8(b). When the hybridization energy E_-
[see Eq. (18)] is small compared to the difference in energy of
the DPs §Epp, the TRs can be described well by the QSHI;;
case, when, at k, = 0 the energy of LES| becomes lower than
the energy of LES_, as presented in Figs. 8(c) and 8(f).

Additionally, in the QSHI or QAHI phases the energy of
some surface states (such as ES”“) can become lower than
the energy of the edge states E;Y, which causes the FOM
above DP* to vanish. This effect is captured in Fig. 8(c) at
M, =~ my, and is also the reason for FOM, vanishing in Fig. 6
for two-QL Bi, Tes and five-QL Sb,Tes.

APPENDIX D: PERTURBATIVE ESTIMATE OF THE
INDUCED SUPERCONDUCTING GAP

Here, using degenerate perturbation theory, we derive the
size of the induced superconducting gap when a MTI nanorib-
bon is tuned into the QAHI phase, and the edge state is

2(mi - D?)

(

proximitized by an s-wave superconductor. In the BdG pic-
ture, the particle- and hole-like states are coupled by the
superconducting pair potential. When the Fermi energy is
tuned into the surface-state gap, the edge state localized on
one side of a ribbon is coupled to the edge state on the oppo-
site side. As such, we assume that the ribbon is significantly
wider than the decay length of the edge state and we can
approximate the edge state of the ribbon with that of the
semi-infinite plane derived above (see Appendix B). For the
edge state localized on the opposite edge, we also use the
wave function of a semi-infinite plane. We first separate the
BdG Hamiltonian in Eq. (5) into two parts

. Hy(k) — 0
Ho = ( 0 —He—ky+u) O
. 0 iAoy
Hy = <—iAay 0 ) (D2)
(@) 4QLSbyTe; (b) 4QLSbyTes () 5QLSbyTes
D= D <0, |D|~ |my| D<0,|D|~ |m]

LN o

LN

-20 I I I
—0.01 0.00 0.01
k[1/A]

—0.010.00_ 0.0
k[1/A]

—0.01 0.00, 0.01
k[1/A]

FIG. 8. The dispersion of a 100-nm-wide nanoribbon for four-
QL Sb,Tes [(a) and (d)] without and [(b) and (e)] with electron-hole
asymmetry, and for [(c) and (f)] 5 QL Sb,Te;. The dispersion is
evaluated [(a)—(c)] at k, = O as a function of M, and [(d)—(f)] in the
QSHI phase at selected magnetization values as a function of k,. The
energy of the DPs E, are shown with green lines and in the bottom
row we highlighted with orange the TR E, and E,.
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BiySe; Bi, Tes TABLE V. List of abbreviations.
(@ (© I L o
(three-dimensional) topological insulator
02k QSHI | MTI magnetic topological insulator
< NR magnetic topological insulator nanoribbon
Cz) PNR magnetic topological insulator nanoribbon
Fo1h ] with proximity-induced superconductivity
MBS Majorana bound state
DP Dirac point
0.0 F ] . =3 | ] : i QL quintuple layer
QAH() quantum anomalous Hall (insulator)
T T T T T NI normal insulator
®) : igi (d) QSH(I) quantum spin Hall (insulator)
02k 4oL ] BdG Bogoliubov-de Gennes
o —5QL PG proximity-induced superconducting gap
= ——6QL TR (single-subband) topological regime
9 01k 1L ] LES low-energy state
SSG surface-state gap
FOM figure of merit
0.0 , , i , , :

0 20 40 60 0 20 40 60
M; [meV] M, [meV]

FIG. 9. The figure of merit of Eq. (21) shown for the studied
materials [(a) and (b)] Bi,Ses, [(c) and (d)] Bi,Te;, with the FOM
determined [(a) and (c)] above the DP and [(b) and (d)] below the
DP. Here we use the bulk Hamiltonian [Eq. (1)].

We are interested in the overlap of the particle- (|\W¥,.)) and

holelike states (|\W})), localized on the two opposite edges
of the ribbon, which are the ground states of upper and
lower section of Hy, respectively. We evaluate the perturbative
correction to the energy due to the pair potential as [72]

|(We|H1[W)l
VW) (W, W)

One can find the decaying edge state solution for —H (—k)* as
outlined in Sec. III B, thus for the electron and holelike wave
functions, we obtain

k <
‘IJE X9 ~
lkxy) 1 —exp(—2WkT)

x exp(—«Ty) (i *11 ;(;),

K+
lI'h,[(k)c’ y) ~ 1 — exp(—2WK+)
x exp(k T (y — W))(i%)’ B

where we only give the part of the wave function localized to
the top layer (denoted by the subscript), and we set the width
of the ribbon to W. The perturbation is

Aing = (D3)

(D4)

T, + To
2

which is present only in the top layer of the MTIL, and Ay is
real and positive. We evaluate the proximity-induced gap by

A =

Ao, (D6)

inserting Egs. (D4) and (DS5) in Eq. (D3) and we obtain

+
KW vV 1-— OZZA(),

- exp(k TW) — exp(—«*tW)
w w
Ajng & Fexp(—F>\/ 1- Ole(). D7)

This result is a good approximation of the size of the PG
Aing When the decay length of the edge states is less than
W/2.5, as the part of the wave function which resides outside
the edges of the ribbon accounts for less then 10% of the
total weight.

Ajng

APPENDIX E: COMPARISON WITH THE BULK
HAMILTONIAN

We also evaluate the FOM using the bulk Hamiltonian
of Eq. (1) for the materials Bi,Se; and Bi,Tes, using the
model parameters derived in Refs. [41] and [36], respectively,
with the results shown in Fig. 9. In the case of Bi,Ses; we
observe a qualitatively similar behavior for FOM,, with a peak
appearing around M, = 22 meV for 3 QLs, probably matching
the surface-state hybridization energy. For larger thicknesses
(4-6 QL), the peak appears at lower magnetization, at the
same M, for all three cases, approximately aligning with the
confinement energy. Remarkably, below the DP we do not
see a suppressed FOM, and the curves are almost identical
to the ones obtained for FOM,. For Bi,Te;, we observe again
similar results above and below the DP. Surprisingly, when
evaluated with the 3D model, the FOM in the my > 0 case (5
QL) is not substantially worse than in the m < 0 cases (3, 4,
and 6 QLs). Similarly to the FOM determined with the thin-
film Hamiltonian, in the case of 2 QL, there’s no TR and thus
no FOM, as the edge states are buried in higher-energy surface
states. At high values of M,, in all calculations the system
enters the QAHI phase, with an exponentially suppressed PG
and consequently a low FOM.

The difference in FOM obtained with the two Hamilto-
nians can be attributed to the fact that we have chosen the
material parameters of the bulk Hamiltonian [see Eq. (1)]
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on the basis of the size and topology of the hybridization
gap in the thin-film limit [36]. These parameters do not
guarantee an accurate description of the low-energy elec-
tronic structure (i.e., the Dirac cone). Consequently, when
it comes to the bulk Hamiltonian with the material pa-
rameters chosen here, one should not expect to accurately
capture such effects as the electron-hole asymmetry of the

Dirac cone, which as we have seen previously, is critical
in determining the FOM. Nonetheless, there is rather good
overall agreement.

APPENDIX F: LIST OF ABBREVIATIONS

For convenience, we provide a list of abbreviations used in
the text in Table V.

[1] R. Yu, W. Zhang, H.-J. Zhang, S.-C. Zhang, X. Dai, and Z.
Fang, Quantized anomalous Hall effect in magnetic topological
insulators, Science 329, 61 (2010).

[2] C.-Z. Chang, J. Zhang, X. Feng, J. Shen, Z. Zhang, M. Guo,
K. Li, Y. Ou, P. Wei, L.-L. Wang, Z.-Q. Ji, Y. Feng, S. Ji, X.
Chen, J. Jia, X. Dai, Z. Fang, S.-C. Zhang, K. He, Y. Wang et al.,
Experimental observation of the quantum anomalous Hall effect
in a magnetic topological insulator, Science 340, 167 (2013).

[3] J. Wang, B. Lian, H. Zhang, Y. Xu, and S.-C. Zhang, Quantum
anomalous Hall effect with higher plateaus, Phys. Rev. Lett.
111, 136801 (2013).

[4] X. Kou, M. Lang, Y. Fan, Y. Jiang, T. Nie, J. Zhang, W. Jiang,
Y. Wang, Y. Yao, L. He, and K. L. Wang, Interplay between
different magnetisms in Cr-doped topological insulators, ACS
Nano 7, 9205 (2013).

[5] J. Wang, B. Lian, and S.-C. Zhang, Quantum anomalous Hall
effect in magnetic topological insulators, Phys. Scr. T164,
014003 (2015).

[6] K. Yasuda, M. Mogi, R. Yoshimi, A. Tsukazaki, K. S.
Takahashi, M. Kawasaki, F. Kagawa, and Y. Tokura, Quantized
chiral edge conduction on domain walls of a magnetic topolog-
ical insulator, Science 358, 1311 (2017).

[7] Y. Tokura, K. Yasuda, and A. Tsukazaki, Magnetic topological
insulators, Nat. Rev. Phys. 1, 126 (2019).

[8] H. Sun, B. Xia, Z. Chen, Y. Zhang, P. Liu, Q. Yao, H. Tang,
Y. Zhao, H. Xu, and Q. Liu, Rational design principles of
the quantum anomalous Hall effect in superlatticelike magnetic
topological insulators, Phys. Rev. Lett. 123, 096401 (2019).

[9] Y. Deng, Y. Yu, M. Z. Shi, Z. Guo, Z. Xu, J. Wang, X. H. Chen,
and Y. Zhang, Quantum anomalous Hall effect in intrinsic mag-
netic topological insulator MnBi, Te4, Science 367, 895 (2020).

[10] K. Yasuda, T. Morimoto, R. Yoshimi, M. Mogi, A. Tsukazaki,
M. Kawamura, K. Takahashi, M. Kawasaki, N. Nagaosa, and
Y. Tokura, Large non-reciprocal charge transport mediated by
quantum anomalous Hall edge states, Nat. Nanotechnol. 15, 831
(2020).

[11] P. Wang, J. Ge, J. Li, Y. Liu, Y. Xu, and J. Wang, Intrinsic
magnetic topological insulators, Innovation 2, 100098 (2021).

[12] G. Qiu, P. Zhang, P. Deng, S. K. Chong, L. Tai, C. Eckberg,
and K. L. Wang, Mesoscopic transport of quantum anomalous
Hall effect in the submicron size regime, Phys. Rev. Lett. 128,
217704 (2022).

[13] J. Wang, Q. Zhou, B. Lian, and S.-C. Zhang, Chiral topologi-
cal superconductor and half-integer conductance plateau from
quantum anomalous Hall plateau transition, Phys. Rev. B 92,
064520 (2015).

[14] Y. Zeng, C. Lei, G. Chaudhary, and A. H. MacDonald, Quan-
tum anomalous Hall Majorana platform, Phys. Rev. B 97,
081102(R) (2018).

[15] C.-Z. Chen, Y.-M. Xie, J. Liu, P. A. Lee, and K. T. Law,
Quasi-one-dimensional quantum anomalous Hall systems as
new platforms for scalable topological quantum computation,
Phys. Rev. B 97, 104504 (2018).

[16] O. Atanov, W. T. Tai, Y.-M. Xie, Y. H. Ng, M. A. Hammond,
T. S. Manfred Ho, T. H. Koo, H. Li, S. L. Ho, J. Lyu, S.
Chong, P. Zhang, L. Tai, J. Wang, K. T. Law, K. L. Wang, and
R. Lortz, Proximity-induced quasi-one-dimensional supercon-
ducting quantum anomalous Hall state, Cell Rep. Phys. Sci. 5,
101762 (2024).

[17] P. Schiiffelgen, D. Rosenbach, C. Li, T. W. Schmitt, M.
Schleenvoigt, A. R. Jalil, S. Schmitt, J. Kolzer, M. Wang, B.
Bennemann, U. Parlak, L. Kibkalo, S. Trellenkamp, T. Grap,
D. Meertens, M. Luysberg, G. Mussler, E. Berenschot, N. Tas,
A. A. Golubov et al., Selective area growth and stencil lithog-
raphy for in situ fabricated quantum devices, Nat. Nanotechnol.
14, 825 (2019).

[18] A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig,
Classification of topological insulators and superconductors in
three spatial dimensions, Phys. Rev. B 78, 195125 (2008).

[19] S. Tewari and J. D. Sau, Topological invariants for spin-
orbit coupled superconductor nanowires, Phys. Rev. Lett. 109,
150408 (2012).

[20] A. Y. Kitaev, Unpaired Majorana fermions in quantum wires,
Phys.-Usp. 44, 131 (2001).

[21] M. Freedman, A. Kitaev, M. Larsen, and Z. Wang, Topo-
logical quantum computation, Bull. Amer. Math. Soc. 40, 31
(2003).

[22] J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A. Fisher,
Non-Abelian statistics and topological quantum information
processing in 1D wire networks, Nat. Phys. 7, 412 (2011).

[23] P. Mandal, N. Taufertshofer, L. Lunczer, M. P. Stehno, C.
Gould, and L. W. Molenkamp, Finite field transport response of
a dilute magnetic topological insulator-based Josephson junc-
tion, Nano Lett. 22, 3557 (2022).

[24] A. Uday, G. Lippertz, K. Moors, H. F. Legg, R. Joris, A.
Bliesener, L. M. C. Pereira, A. A. Taskin, and Y. Ando, Induced
superconducting correlations in a quantum anomalous Hall in-
sulator, Nat. Phys. 20, 1589 (2024).

[25] H. Yi, Y.-F. Zhao, Y.-T. Chan, J. Cai, R. Mei, X. Wu, Z.-J. Yan,
L.-J. Zhou, R. Zhang, Z. Wang, S. Paolini, R. Xiao, K. Wang,
A. R. Richardella, J. Singleton, L. E. Winter, T. Prokscha, Z.
Salman, A. Suter, P. P. Balakrishnan ez al., Interface-induced
superconductivity in magnetic topological insulators, Science
383, 634 (2024).

[26] P. Mandal, S. Mondal, M. Stehno, S. Ili¢, F. Bergeret, T.
Klapwijk, C. Gould, and L. Molenkamp, Magnetically tun-
able supercurrent in dilute magnetic topological insulator-based
Josephson junctions, Nat. Phys. 20, 984 (2024).

094504-16


https://doi.org/10.1126/science.1187485
https://doi.org/10.1126/science.1234414
https://doi.org/10.1103/PhysRevLett.111.136801
https://doi.org/10.1021/nn4038145
https://doi.org/10.1088/0031-8949/2015/T164/014003
https://doi.org/10.1126/science.aan5991
https://doi.org/10.1038/s42254-018-0011-5
https://doi.org/10.1103/PhysRevLett.123.096401
https://doi.org/10.1126/science.aax8156
https://doi.org/10.1038/s41565-020-0733-2
https://doi.org/10.1016/j.xinn.2021.100098
https://doi.org/10.1103/PhysRevLett.128.217704
https://doi.org/10.1103/PhysRevB.92.064520
https://doi.org/10.1103/PhysRevB.97.081102
https://doi.org/10.1103/PhysRevB.97.104504
https://doi.org/10.1016/j.xcrp.2023.101762
https://doi.org/10.1038/s41565-019-0506-y
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1103/PhysRevLett.109.150408
https://doi.org/10.1070/1063-7869/44/10S/S29
https://doi.org/10.1090/S0273-0979-02-00964-3
https://doi.org/10.1038/nphys1915
https://doi.org/10.1021/acs.nanolett.1c04903
https://doi.org/10.1038/s41567-024-02574-1
https://doi.org/10.1126/science.adk1270
https://doi.org/10.1038/s41567-024-02477-1

OPTIMIZING PROXIMITIZED MAGNETIC TOPOLOGICAL ...

PHYSICAL REVIEW B 112, 094504 (2025)

[27] Y. Sato, S. Nagahama, I. Belopolski, R. Yoshimi, M.
Kawamura, A. Tsukazaki, N. Kanazawa, K. S. Takahashi, M.
Kawasaki, and Y. Tokura, Molecular beam epitaxy of super-
conducting FeSe,Te,_, thin films interfaced with magnetic
topological insulators, Phys. Rev. Mater. 8, L041801 (2024).

[28] W. Yuan, Z.-J. Yan, H. Yi, Z. Wang, S. Paolini, Y.-F. Zhao, L.
Zhou, A. G. Wang, K. Wang, T. Prokscha, Z. Salman, A. Suter,
P. P. Balakrishnan, A. J. Grutter, L. E. Winter, J. Singleton,
M. H. W. Chan, and C.-Z. Chang, Coexistence of superconduc-
tivity and antiferromagnetism in topological magnet MnBi, Te,
films, Nano Lett. 24, 7962 (2024).

[29] Y. Huang, Y. Fu, P. Zhang, K. L. Wang, and Q. L. He, Inducing
superconductivity in quantum anomalous Hall regime, J. Phys.:
Condens. Matter 36, 37LTO1 (2024).

[30] Y.-H. Wan and Q.-F. Sun, Quarter-quantized thermal Hall
effect with parity anomaly, Phys. Rev. B 109, 195408
(2024).

[31] L.-J. Zhou, R. Mei, Y.-F. Zhao, R. Zhang, D. Zhuo, Z.-J. Yan,
W. Yuan, M. Kayyalha, M. H. W. Chan, C.-X. Liu, and C.-Z.
Chang, Confinement-induced chiral edge channel interaction
in quantum anomalous Hall insulators, Phys. Rev. Lett. 130,
086201 (2023).

[32] E. D. L. Rienks, S. Wimmer, J. Sanchez-Barriga, O. Caha,
P. S. Mandal, J. Ruzic¢ka, A. Ney, H. Steiner, V. V. Volobueyv,
H. Groiss, M. Albu, G. Kothleitner, J. Michalicka, S. A.
Khan, J. Mindr, H. Ebert, G. Bauer, F. Freyse, A. Varykhalov,
O. Rader er al., Large magnetic gap at the Dirac point in
Bi, Te;/MnBi, Te, heterostructures, Nature 576, 423 (2019).

[33] D. Burke, D. Heffels, K. Moors, P. Schiiffelgen, D.
Griitzmacher, and M. R. Connolly, Robust Majorana bound
states in magnetic topological insulator nanoribbons with
fragile chiral edge channels, Phys. Rev. B 109, 045138
(2024).

[34] T. Forster, P. Kriiger, and M. Rohlfing, Two-dimensional topo-
logical phases and electronic spectrum of Bi,Se; thin films from
GW calculations, Phys. Rev. B 92, 201404(R) (2015).

[35] T. Forster, P. Kriiger, and M. Rohlfing, GW calculations for
Bi,Te; and Sb,Tes thin films: Electronic and topological prop-
erties, Phys. Rev. B 93, 205442 (2016).

[36] E. Zsurka, C. Wang, J. Legendre, D. Di Miceli, L. Serra,
D. Griitzmacher, T. L. Schmidt, P. RiiBmann, and K.
Moors, Low-energy modeling of three-dimensional topolog-
ical insulator nanostructures, Phys. Rev. Mater. 8, 084204
(2024).

[37] H.-Z. Lu, W.-Y. Shan, W. Yao, Q. Niu, and S.-Q. Shen, Massive
Dirac fermions and spin physics in an ultrathin film of topolog-
ical insulator, Phys. Rev. B 81, 115407 (2010).

[38] W.-Y. Shan, H.-Z. Lu, and S.-Q. Shen, Effective continuous
model for surface states and thin films of three-dimensional
topological insulators, New J. Phys. 12, 043048 (2010).

[39] S.-Q. Shen, Topological Insulators: Dirac Equation in
Condensed Matters, Springer Series in Solid-State Sciences
(Springer, Heidelberg, 2012).

[40] H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C.
Zhang, Topological insulators in Bi,Se;, Bi;Te; and Sb,Te;
with a single Dirac cone on the surface, Nat. Phys. 5, 438
(2009).

[41] C.-X. Liu, X.-L. Qi, H. Zhang, X. Dai, Z. Fang, and S.-C.
Zhang, Model Hamiltonian for topological insulators, Phys.
Rev. B 82, 045122 (2010).

[42] I. A. Nechaev and E. E. Krasovskii, Relativistic k - p Hamilto-
nians for centrosymmetric topological insulators from ab initio
wave functions, Phys. Rev. B 94, 201410 (2016).

[43] L. Fu and C. L. Kane, Superconducting proximity effect and
Majorana fermions at the surface of a topological insulator,
Phys. Rev. Lett. 100, 096407 (2008).

[44] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Quantum spin
Hall effect and topological phase transition in HgTe quantum
wells, Science 314, 1757 (2006).

[45] P. Sitthison and T. D. Stanescu, Robustness of topological
superconductivity in proximity-coupled topological insulator
nanoribbons, Phys. Rev. B 90, 035313 (2014).

[46] D. Heftels, D. Burke, M. R. Connolly, P. Schiiffelgen, D.
Griitzmacher, and K. Moors, Robust and fragile Majorana
bound states in proximitized topological insulator nanoribbons,
Nanomaterials 13, 723 (2023).

[47] C. W. Groth, M. Wimmer, A. R. Akhmerov, and X. Waintal,
Kwant: a software package for quantum transport, New J. Phys.
16, 063065 (2014).

[48] B. Nijholt, J. Weston, J. Hoofwijk, and A. Akhmerov, Adap-
tive parallel active learning of mathematical functions (Zenodo,
2019), doi:10.5281/zenodo.1182437.

[49] M. Wimmer, Efficient numerical computation of the Pfaffian for
dense and banded skew-symmetric matrices, ACM Trans. Math.
Softw. 38, 1 (2012).

[50] R.-X. Zhang, H.-C. Hsu, and C.-X. Liu, Electrically tun-
able spin polarization of chiral edge modes in a quan-
tum anomalous Hall insulator, Phys. Rev. B 93, 235315
(2016).

[51] B. Zhou, H.-Z. Lu, R.-L. Chu, S.-Q. Shen, and Q. Niu, Finite
size effects on helical edge states in a quantum spin-Hall sys-
tem, Phys. Rev. Lett. 101, 246807 (2008).

[52] J. H. Bardarson, P. W. Brouwer, and J. E. Moore,
Aharonov-Bohm oscillations in disordered topological insulator
nanowires, Phys. Rev. Lett. 105, 156803 (2010).

[53] Y. Zhang, K. He, C.-Z. Chang, C.-L. Song, L.-L. Wang,
X. Chen, J.-F. Jia, Z. Fang, X. Dai, W.-Y. Shan, S.-Q.
Shen, Q. Niu, X.-L. Qi, S.-C. Zhang, X.-C. Ma, and Q.-K.
Xue, Crossover of the three-dimensional topological insula-
tor Bi,Se; to the two-dimensional limit, Nat. Phys. 6, 584
(2010).

[54] J. Legendre, E. Zsurka, D. Di Miceli, L. Serra, K. Moors, and
T. L. Schmidt, Topological properties of finite-size heterostruc-
tures of magnetic topological insulators and superconductors,
Phys. Rev. B 110, 075426 (2024).

[55] A. C. Potter and P. A. Lee, Multichannel generalization
of Kitaev’s Majorana end states and a practical route to
realize them in thin films, Phys. Rev. Lett. 105, 227003
(2010).

[56] T. D. Stanescu, R. M. Lutchyn, and S. Das Sarma, Majorana
fermions in semiconductor nanowires, Phys. Rev. B 84, 144522
(2011).

[57] D. Rainis and D. Loss, Majorana qubit decoherence by quasi-
particle poisoning, Phys. Rev. B 85, 174533 (2012).

[58] A. B. Odobesko, S. Haldar, S. Wilfert, J. Hagen, J. Jung, N.
Schmidt, P. Sessi, M. Vogt, S. Heinze, and M. Bode, Prepara-
tion and electronic properties of clean superconducting Nb(110)
surfaces, Phys. Rev. B 99, 115437 (2019).

[59] I. Lee, C. K. Kim, J. Lee, S. J. L. Billinge, R. Zhong,
J. A. Schneeloch, T. Liu, T. Valla, J. M. Tranquada, G.

094504-17


https://doi.org/10.1103/PhysRevMaterials.8.L041801
https://doi.org/10.1021/acs.nanolett.4c01407
https://doi.org/10.1088/1361-648X/ad550a
https://doi.org/10.1103/PhysRevB.109.195408
https://doi.org/10.1103/PhysRevLett.130.086201
https://doi.org/10.1038/s41586-019-1826-7
https://doi.org/10.1103/PhysRevB.109.045138
https://doi.org/10.1103/PhysRevB.92.201404
https://doi.org/10.1103/PhysRevB.93.205442
https://doi.org/10.1103/PhysRevMaterials.8.084204
https://doi.org/10.1103/PhysRevB.81.115407
https://doi.org/10.1088/1367-2630/12/4/043048
http://doi.org/10.1007/978-3-642-32858-9
https://doi.org/10.1038/nphys1270
https://doi.org/10.1103/PhysRevB.82.045122
https://doi.org/10.1103/PhysRevB.94.201410
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1126/science.1133734
https://doi.org/10.1103/PhysRevB.90.035313
https://doi.org/10.3390/nano13040723
https://doi.org/10.1088/1367-2630/16/6/063065
https://doi.org/10.5281/zenodo.1182437
https://doi.org/10.1145/2331130.2331138
https://doi.org/10.1103/PhysRevB.93.235315
https://doi.org/10.1103/PhysRevLett.101.246807
https://doi.org/10.1103/PhysRevLett.105.156803
https://doi.org/10.1038/nphys1689
https://doi.org/10.1103/PhysRevB.110.075426
https://doi.org/10.1103/PhysRevLett.105.227003
https://doi.org/10.1103/PhysRevB.84.144522
https://doi.org/10.1103/PhysRevB.85.174533
https://doi.org/10.1103/PhysRevB.99.115437

EDUARD ZSURKA et al.

PHYSICAL REVIEW B 112, 094504 (2025)

Gu, and J. C. S. Davis, Imaging Dirac-mass disorder from
magnetic dopant atoms in the ferromagnetic topological insu-
lator Cr,(Big;Sbgg),_,Tes, Proc. Natl. Acad. Sci. 112, 1316
(2015).

[60] Y. X. Chong, X. Liu, R. Sharma, A. Kostin, G. Gu, K. Fujita,
J. C. S. Davis, and P. O. Sprau, Severe Dirac mass gap suppres-
sion in Sb,Tes-based quantum anomalous Hall materials, Nano
Lett. 20, 8001 (2020).

[61] A. Park, A. Llanos, C.-I. Lu, Y. Chen, S. N. Abadi, C.-C. Chen,
M. L. Teague, L. Tai, P. Zhang, K. L. Wang, and N.-C. Yeh,
Phonon and defect mediated quantum anomalous Hall insulator
to metal transition in magnetically doped topological insulators,
Phys. Rev. B 109, 075125 (2024).

[62] H. Beidenkopf, P. Roushan, J. Seo, L. Gorman, I. Drozdov, Y. S.
Hor, R. J. Cava, and A. Yazdani, Spatial fluctuations of helical
Dirac fermions on the surface of topological insulators, Nat.
Phys. 7,939 (2011).

[63] H. Nam, Y. Xu, I. Miotkowski, J. Tian, Y. P. Chen, C. Liu,
M. Z. Hasan, W. Zhu, G. A. Fiete, and C.-K. Shih, Microscopic
investigation of Bi,_,Sb,Tes;_,Se, systems: On the origin of a
robust intrinsic topological insulator, J. Phys. Chem. Solids 128,
251 (2019).

[64] V. N. Men’shov, V. V. Tugushev, and E. V. Chulkov,
Anomalous Hall and spin Hall conductivities in three-

dimensional ferromagnetic topological insulator/normal
insulator heterostructures, Europhys. Lett. 114, 37003
(2016).

[65] V. N. Men’shov, V. V. Tugushev, and E. V. Chulkov, Quantum
anomalous Hall effect in magnetically modulated topological
insulator/normal insulator heterostructures, JETP Lett. 104, 453
(2016).

[66] J. Wang, B. Lian, and S.-C. Zhang, Electrically tunable mag-
netism in magnetic topological insulators, Phys. Rev. Lett. 115,
036805 (2015).

[67] S. K. Chong, P. Zhang, J. Li, Y. Zhou, J. Wang, H. Zhang,
A. V. Davydov, C. Eckberg, P. Deng, L. Tai, J. Xia, R. Wu, and
K. L. Wang, Electrical manipulation of topological phases in
a quantum anomalous Hall insulator, Adv. Mater. 35, 2207622
(2023).

[68] L. Chen, X.-H. Pan, Z. Cao, D. E. Liu, and X. Liu, Electrostatic
environment and Majorana bound states in full-shell topological
insulator nanowires, Phys. Rev. B 109, 075408 (2024).

[69] P. Riimann and S. Bliigel, Proximity induced superconductiv-
ity in a topological insulator, arXiv:2208.14289.

[70] M. Lanius, J. Kampmeier, C. Weyrich, S. Koélling, M. Schall,
P. Schiiffelgen, E. Neumann, M. Luysberg, G. Mussler, P. M.
Koenraad, T. Schipers, and D. Griitzmacher, P-N junctions in
ultrathin topological insulator Sb,Te,/Bi,Te, heterostructures
grown by molecular beam epitaxy, Cryst. Growth & Des. 16,
2057 (2016).

[71] https://github.com/ezsurka/mti-nanoribbon-fom.

[72] D. J. Griffiths and D. F. Schroeter, Introduction to Quantum
Mechanics, 3rd ed. (Cambridge University Press, Cambridge,
2018).

094504-18


https://doi.org/10.1073/pnas.1424322112
https://doi.org/10.1021/acs.nanolett.0c02873
https://doi.org/10.1103/PhysRevB.109.075125
https://doi.org/10.1038/nphys2108
https://doi.org/10.1016/j.jpcs.2017.10.026
https://doi.org/10.1209/0295-5075/114/37003
https://doi.org/10.1134/S0021364016190012
https://doi.org/10.1103/PhysRevLett.115.036805
https://doi.org/10.1002/adma.202207622
https://doi.org/10.1103/PhysRevB.109.075408
https://arxiv.org/abs/2208.14289
https://doi.org/10.1021/acs.cgd.5b01717
https://github.com/ezsurka/mti-nanoribbon-fom

