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Generally (PDE-)constrained optimisation problems

min
𝑥∈ℝ𝑛
𝑓(𝑥)

subject to 𝑥− ≤ 𝑥 ≤ 𝑥+

𝑔(𝑥) = 0
ℎ(𝑥) ≤ 0

(𝑃)

min
𝑦,𝑢∈𝑌×𝑈

𝐽(𝑦, 𝑢)

subject to 𝐹(𝑦, 𝑢) = 0
𝑦− ≤ 𝑦 ≤ 𝑦+

𝑔(𝑦) = 0
ℎ(𝑦) ≤ 0
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Motivation – our interest

PDE-constrained optimisation for additively manufactured light-weight parts.

▶ Scales and scalar products
• A FEM function is not a coefficient vector
• Scales/units of controls/states

▶ No black-box oracle
• Efficient optimisation algorithms employ a-priori problem knowledge
• Formulation is a moving target

⟹ Problem specific optimisation solvers.
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Motivation – general interest

▶ Libraries, like IPOPT [�], CLARABEL [�], NLOPT [�], …are powerful tools,
but hard to extend
• Integration of custom solvers/preconditioners
• Parallelism not generally available
• If problem breaks the provided abstractions, no re-usability

▶ Well established algorithms (SQP/MMA/CONLIN/…) lack modern and
performant implementations in a common interface.

⟹ Optimisation solver integration into modern HPC software tool chain.
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Sequential optimisation

𝑓(𝑥)

Formulate an approximate
sub-problem to 𝑃 around 𝑥𝑘 ∈ ℝ𝑛.

min
𝑥∈ℝ𝑛

̂𝑓(𝑥)

subject to 𝑥− ≤ 𝑥 ≤ 𝑥+

̂𝑔(𝑥) = 0

ℎ̂(𝑥) ≤ 0

(𝑃𝑘)

Pick ̂𝑓, ̂𝑔, ℎ̂ such that [�]
▶ 𝑃𝑘 can be efficiently solved
▶ Precise approximation

(convergence)
▶ Sufficiently conservative

(feasibility)

�



Linear and quadratic approximations

Sequential Linear
Programming

̂𝑓(𝑥) = 𝑓(𝑥0) + ∇𝑓(𝑥0)𝑇(𝑥 − 𝑥0)

Sequential Quadratic
Programming [�]

̂𝑓(𝑥) = 𝑓(𝑥0)+∇𝑓(𝑥0)𝑇(𝑥−𝑥0)+ 12 (𝑥−𝑥0)
𝑇𝐻(𝑥0)(𝑥−𝑥0)
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CONLIN and MMA

CONvex LINearisation [�]

̂𝑓(𝑥) = 𝑓(𝑥0) + 𝑝𝑇(𝑥 − 𝑥0) + 𝑞𝑇𝑥20 ⊙ ( 1𝑥 −
1
𝑥0
)

𝑝 = ∇𝑓+(𝑥0)
𝑞 = ∇𝑓−(𝑥0)

Method ofMoving
Asymptotes [�]

̂𝑓(𝑥) = 𝑟 + 𝑝𝑇(𝑈 − 𝑥)−1 + 𝑞𝑇(𝑥0 − 𝐿)−1

𝑟 = 𝑓(𝑥0) − 𝑝𝑇(𝑈 − 𝑥0)−1 − 𝑞𝑇(𝑥0 − 𝐿)−1

𝑝 = ∇𝑓+(𝑥0)
𝑞 = ∇𝑓−(𝑥0)
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Efficient sub-problem optimisation

▶ SQP – Solving the KKT system (linear solve)

[𝐻𝑓(𝑥0) ∇𝑔(𝑥0)
𝑇

∇𝑔(𝑥0) 0 ] [
𝑥
𝜆] = [
𝐻𝑓(𝑥0)𝑥0 − ∇𝑓(𝑥0)
∇𝑔(𝑥0)𝑥0 − 𝑔(𝑥0)

]

▶ CONLIN/MMA – Dual method (bound constrained optimisation)

min
𝑥

max
𝜆≥0
𝐿(𝑥, 𝜆)

strong duality
= max

𝜆≥0
min
𝑥
𝐿(𝑥, 𝜆)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑊(𝜆)

= ̂𝑓(𝑥) + 𝜆𝑇ℎ̂(𝑥)

Sub-problem 𝑃𝑘 is equivalent to

max
𝜆≥0
𝑊(𝜆).

• The separability of the CONLIN/MMA approximations, yield closed form
expressions for𝑊(𝜆).
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Interface – MMA implementation

class MMA:
def create(self, tao):

subsolver = PETSc.TAO().create()

def setUp(self, tao):
def W(tao, λ, G) -> float:

# compute x(λ)
# evaluate W(λ), grad W(λ).

subsolver.setSolution(λ)
subsolver.setObjectiveGradient(W, J_λ)

def solve(self, tao):
for k in range(1, tao.getMaximumIterations()):

# evaluate f(x), grad f(x)
f = tao.computeObjectiveGradient(x, gradient)

if h:
# evaluate h(x), grad h(x)
h(tao, x, c, *h_args, **h_kwargs)
Jh(tao, x, J, None, *Jh_args, **Jh_kwargs)

# update move limits, bounds, intermediates

# solve subproblem with dual method
subsolver.solve()

tao.setIterationNumber(k)
tao.monitor(f=..., res=...)
tao.checkConverged()

▶ Builds on top of petsc4py [�]
▶ Vectors, matrices, solvers, etc. are
PETSc [�] objects
▶ Integrates no different than a

native TAO optimiser
-tao_type python
-tao_python_type MMA
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Example: topology optimisation

Let 𝑑 ∈ {2, 3},Ω = (0, 1)𝑑−1 × (0, 2), Γ ⊂ 𝜕Ω, 𝑓 ∈ ℝ𝑑, 𝜌min = 10−9, 𝑉𝑓 ∈ (0, 1)

min
𝜌, ̂𝜌,𝑢∈𝒟𝒫0×𝒫1×𝒫𝑑1

∫
Γ
𝑓 ⋅ 𝑢 d𝑆

subject to 𝜌min ≤ 𝜌 ≤ 1

∫
Ω
𝜎(𝑢, ̂𝜌) ∶ 𝜖(𝑣) d𝑥 = ∫

Γ
𝑓 ⋅ 𝑣 d𝑆 ∀𝑣 ∈ 𝒫𝑑1

∫
Ω
𝑟2∇ ̂𝜌 ⋅ ∇𝜏 + ̂𝜌𝜏 d𝑥 = ∫

Ω
𝜌𝜏 d𝑥 ∀𝜏 ∈ 𝒫1

1
Vol(Ω)
∫
Ω
𝜌 d𝑥 ≤ 𝑉𝑓

𝜎 the Cauchy stress tensor of linear isotropic elastic material, with SIMP
penalised [��] Young’s modulus 𝐸( ̂𝜌) = (𝜌min + (1 − 𝜌min) ̂𝜌𝑝)𝐸0 (here 𝑝 = 3).
▶ FEM analysis in FEniCSx [��]
▶ Custom interface to TAO [��]
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Example: �D cantilever

Plot of compliance ∫
Γ
𝑓 ⋅ 𝑢 d𝑆 relative to first iterate.

(a) move-limit = 0.1, 𝑛 = 50 (b) move-limit = 0.01, 𝑛 = 50

(c) move-limit = 0.1, 𝑛 = 100 (d) move-limit = 0.01, 𝑛 = 100

(e) move-limit = 0.1, 𝑛 = 200 (f) move-limit = 0.01, 𝑛 = 200
ConvergedMMA results with varyingmove-limit and
discretisations.
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Example: large scale

0.5 and 0.1 density contours for iterations �-��� (left) and cross section of final design (right).

▶ {2, 6} × 106 DOFs in {density, displacement} field
▶ single node, 96 cores �, approx. 12 hours runtime

�AMD EPYC ����
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Example: options

-tao_type python
-tao_python_type dolfiny.mma.MMA
-tao_mma_move_limit 0.01
-tao_mma_subsolver_tao_type bqnls
-tao_mma_subsolver_tao_ls_type more-thuente

-elasticity_ksp_type cg
-elasticity_pc_type gamg
-elasticity_mg_levels_ksp_type chebyshev
-elasticity_mg_levels_pc_type sor

-filter_ksp_type cg
-filter_pc_type jacobi
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dolfiny.uni.lu

fenics-dolfiny/dolfiny

pip install dolfiny

��

https://dolfiny.uni.lu
https://github.com/fenics-dolfiny/dolfiny
https://pypi.org/project/dolfiny/
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