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Abstract

Managing groundwater resources effectively and sustainably amid growing global de-

mand is a challenging task that requires high-accuracy subsurface models. In many

aquifers, preferential flow features such as cracks and fractures introduce anisotropy.

This anisotropy can be modeled by incorporating an anisotropic hydraulic conductiv-

ity (AHC) tensor into the equations of poroelasticity. This work aims to investigate

the potential of interferometric synthetic aperture radar (InSAR) displacement data for

inferring information about AHC in an aquifer.

To achieve this, we develop a three-dimensional poroelastic finite element method

(FEM) with AHC, replicating key characteristics of the Anderson Junction aquifer in

southwestern Utah. Our model implements the essential features of the 1994 Anderson

Junction aquifer test, assuming a 24 to 1 hydraulic conductivity ratio along the principal

axes, previously estimated using traditional well observation techniques (V. M. Heilweil

& Hsieh, 2006).

The results of our FEM poroelastic model demonstrate that anisotropy in the hy-

draulic conductivity field induces an elliptical surface displacement pattern, which can be

detected using InSAR data. However, our simulations indicate that the surface displace-

ment resulting from the original Anderson Junction aquifer test is small to be captured

by InSAR. To address this limitation, we propose hypothetical pumping test designs that

maximize the utility of InSAR data in characterizing fractured aquifers.

Next, we construct a stochastic prior model of the AHC tensor that respects its sym-

metry and positive definiteness. This is achieved using a Bayesian model with a mixture

of circular von Mises distributions. Finally, we laid the groundwork for Bayesian inver-

sion, and we successfully constructed a NumPyro model that incorporates a Firedrake

model and a probabilistic model and derived the corresponding adjoint model.

Furthermore, our stochastic AHC model leverages spectral decomposition to inde-

pendently encode magnitude and orientation. The results of propagating AHC uncer-

tainty through our aquifer model underscore the critical influence of fracture alignment

on aquifer responses, revealing that the model is more stochastically sensitive to direc-

tional variations in AHC than to changes in its magnitude.
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In the final chapter, we validated the integration between the partial differential equa-

tion (PDE) model (Firedrake) and the probabilistic model (JAX/NumPyro) through the

Taylor test, which confirmed the correctness of the posterior gradient. In parallel, we

solved a non-probabilistic inverse problem using adjoint-based optimization to estimate

the AHC tensor from synthetic pressure observations. The results demonstrate that the

inverse framework accurately recovers the true AHC tensor, confirming the reliability of

our PDE-constrained optimization approach and its potential for future Bayesian infer-

ence applications.
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Chapter 1

Introduction

Groundwater supplies nearly half of the drinking and irrigation water. This vital re-

source is under increasing pressure due to population growth and human-driven climate

change. Overexploitation poses a serious challenge to groundwater sustainability (Basu

& Van Meter, 2014; Caretta et al., 2022)—years of excessive pumping can lower the

water table (V. M. Heilweil & Hsieh, 2006; Burbey et al., 2006), leading to land sub-

sidence (Galloway & Burbey, 2011). If left unchecked, this phenomenon can cause the

ground to sink, roads and buildings to crack, and fissures to form, resulting in costly and

irreversible damage.

To ensure the sustainable use of groundwater, we need to monitor and manage it effec-

tively. This requires integrating multiple data sources—including geological, hydrological,

and regional datasets—into comprehensive aquifer models. The more data we assimilate

into the model, the better our predictions, enabling decision-makers to develop informed

strategies for groundwater management (Singh, 2014; Amitrano et al., 2014).

Entering the PhD, I had a background in remote sensing. Under the co-supervision of

Prof. Tonie van Dam and Dr. Jack S. Hale, I was inspired to explore scientific questions

at the intersection of remote sensing, modeling, and inverse problems. Consequently, my

PhD research builds toward the integration of remote sensing data, such as interferomet-

ric synthetic aperture radar (InSAR) and global positioning system (GPS), into aquifer

models for the estimation of aquifer properties.

1
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1.1 Bayesian inverse modeling of aquifer systems

Estimating subsurface properties, such as anisotropic hydraulic conductivity (AHC), is

essential for understanding groundwater flow and associated deformation. Several meth-

ods are available for this purpose, including direct field measurements, geophysical sur-

veys, and inverse modeling. Among these, inverse modeling offers a powerful math-

ematical framework for inferring unknown parameters by leveraging observed system

responses—such as surface displacement derived from remote sensing data.

Several studies have applied inverse modeling techniques to estimate subsurface prop-

erties (Lochbühler et al., 2013; Hinnell et al., 2010; Oliver et al., 2008; Carrera et al.,

2005). For instance, Hinnell et al. (2010) performed joint inversion of hydrological and

geophysical data to enhance the estimation of hydraulic conductivity. Similarly, Oliver

et al. (2008) estimated reservoir properties such as permeability and porosity using in-

verse modeling approaches, with an emphasis on Bayesian methods to effectively quantify

uncertainty. As argued by Tarantola (2005), the Bayesian framework is particularly well-

suited for solving inverse problems, as it systematically incorporates prior information,

updates it through the likelihood function based on observed data, and yields a posterior

distribution that represents uncertainty in the estimated parameters.

Bayesian theory provides a probabilistic framework for updating our knowledge or

beliefs about a system in light of observed data. At the heart of this approach lies Bayes’

theorem, which enables the combination of prior knowledge with new observation to infer

the probability distribution of unknown parameters.

Bayes’ theorem is mathematically defined as

P (θ | D) =
P (D | θ)P (θ)

P (D)
, (1.1)

where θ denotes the model parameters, D represents the observed data, P (θ) is the prior

distribution reflecting our initial beliefs about the parameters, P (D | θ) is the likelihood

function indicating how likely the observed data are given the parameters, and P (θ | D)

is the posterior distribution that captures updated beliefs after considering the data. The

term P (D) is the marginal likelihood or evidence, serving as a normalization constant.

Bayesian inference is especially useful for complex or ill-posed problems, such as those
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involving uncertainty quantification or parameter estimation. In hydrogeology, for in-

stance, Bayesian methods are recently used to estimate aquifer properties like hydraulic

conductivity by incorporating both prior geological information and observational data

such as surface displacements or groundwater levels (e.g., Alghamdi (2020); Iglesias et al.

(2014); Fienen et al. (2004); Teixeira Parente et al. (2019)).

In a Bayesian inverse problem, the process begins with the development of a forward

model—such as a poroelastic finite element model—that predicts surface deformation

and pressure field for a given AHC tensor. To proceed with Bayesian inversion, a prior

distribution is defined to encode geological or structural knowledge about AHC, and a

likelihood function is formulated to quantify the agreement between the simulated and

observed data.

By combining the prior and likelihood through Bayes’ theorem Eq. (1.1), we obtain the

posterior distribution, which represents updated knowledge of the parameters conditioned

on the data. This posterior can be explored using computational methods such as Markov

Chain Monte Carlo (MCMC), which provide a robust means of sampling from complex,

high-dimensional distributions.

Although a full Bayesian inversion framework is not implemented in this work, several

key steps toward such an approach have been achieved. First, we developed a large-scale

poroelastic forward model to investigate the conditions under which InSAR observations

provide meaningful information for inferring AHC. Second, we constructed a comprehen-

sive hierarchical prior model for AHC, which enabled forward uncertainty propagation

and analysis of line of sight (LOS) surface deformation. Third, a differentiable program-

ming abstraction was introduced to couple the PDE model with the probabilistic model,

paving the way for gradient-based optimization and Bayesian inference in a unified frame-

work. Finally, as a proof of concept, we carried out a deterministic inversion in a 2D flow

setting using well pressure data, demonstrating the feasibility of characterizing AHC.

1.2 Forward modeling

Various theoretical models exist to simulate this response, such as the aquitard drainage

model, the poroelasticity model and the poroviscosity model (Guzy & Malinowska, 2020),
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all relying on the fundamental relationships between groundwater head, flow direction,

water pressure, and aquifer compaction. Aquitard drainage and poroelasticity models

are two key approaches for analyzing aquifer compaction and surface subsidence due

to groundwater pumping. These methods incorporate physical, hydrogeological, and

geomechanical properties of the rock matrix, along with fluid flow dynamics, to better

understand subsurface deformation (Guzy & Malinowska, 2020).

The aquitard drainage model was developed by Riley (Riley, 1970), who applied

Terzaghi’s (Karl Terzaghi, 1967) quantitative theory of one-dimensional vertical com-

paction. This model is grounded in conventional groundwater flow theory and incorpo-

rates two key consolidation principles: the effective stress principle and the relationship

between hydraulic pressure, intergranular stress, and water flow within the rock matrix.

While the aquitard drainage model has been widely used and is suitable for many hy-

drogeologic settings, more complex and realistic aquifer systems often require the use

of numerical poroelasticity models for improved accuracy and representation of coupled

flow-deformation processes (Helm, 1986; Harbaugh et al., 2000; Hoffmann et al., 2003;

Harbaugh, 2005).

The poroelasticity theory, introduced by Biot (Biot, 1941), describes the interaction

between groundwater flow, the porous rock matrix, and solid grains. It explains how

changes in pore pressure and fluid content affect deformation and stress within the solid

structure. We use aquifer pumping tests as groundwater discharge in the aquifer model.

During the test, pumping induces a drop in pore pressure, leading to a three-dimensional

deformation of the aquifer system.

1.3 Anisotropic hydraulic conductivity (AHC) in a frac-

tured aquifer

AHC describes the variation in a material’s ability to transmit water in different direc-

tions. Many aquifers exhibit anisotropic flow due to geological features such as fractures

and faults. In fractured aquifers, fluid conductivity is typically higher along the direc-

tion of fractures (Berre et al., 2019). This anisotropy can be effectively modeled at the
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macroscale by incorporating an AHC tensor into the poroelasticity equations.

At the macroscale, the AHC of a homogenized aquifer system is linked to the statistical

properties of flow features at the microscale. Several factors influence AHC, including

fracture orientation, length, spacing, hydraulic aperture, and the size and distribution of

fracture apertures (Ren et al., 2015).

However, detailed information about fracture characteristics is often unavailable, and

gathering such data is both costly and time-consuming. To address this, it is essential to

account for AHC uncertainty in aquifer modeling. One of the simplest and most accessible

sources of prior information on AHC is rose diagrams (V. Heilweil et al., 2000), which

provide a statistical representation of fracture orientations.

1.4 Why InSAR?

InSAR is a powerful technique for measuring ground surface displacement. It offers wide-

area coverage, cost-effectiveness, and frequent observations, making it an increasingly

popular tool in hydrogeological studies (Galloway & Hoffmann, 2007; Guzy & Malinowska,

2020). The technique works by sending radar waves from the satellite to Earth’s surface in

the direction of LOS and measuring the backscattered signal. The side-looking geometry

of synthetic aperture radar (SAR) imaging is shown in Fig. 1.1.

By comparing two radar images taken at different times, InSAR generates an inter-

ferogram that, through phase unwrapping and height computation from the phase differ-

ence, can detect even subtle changes in surface elevation with millimeter-level precision

(Manunta et al., 2019; Duan et al., 2020).

Since groundwater flow influences surface height, InSAR can be used to track subsi-

dence and uplift caused by changes in the water table (Gambolati & Teatini, 2015). This

data can help estimate storage coefficients and hydraulic conductivity (Bonì et al., 2020;

X. Hu et al., 2018; Bonì et al., 2016; Chaussard et al., 2014), determine the structural

boundaries of aquifer systems (Chaussard et al., 2014; Haghighi & Motagh, 2019; X. Hu

& Bürgmann, 2020), and monitor the temporal evolution of groundwater-induced surface

displacement (Zhou et al., 2018; L. Guo et al., 2019; Bonì et al., 2017).

GPS also provides highly precise observations of surface displacements, comparable to
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Figure 1.1: Geometry of SAR imaging, showcasing the side-looking acquisition geometry
in the direction of the LOS.
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InSAR in accuracy. Another key advantage of these geodetic techniques for groundwater

monitoring is their ability to generate time-series data that tracks surface displacement

over time. However, while GPS offers continuous time-series data with high temporal res-

olution, InSAR provides dense spatial coverage that would otherwise require an extensive

network of GPS stations.

In our problem, analyzing these temporal changes provides valuable insights into how

groundwater extraction influences land subsidence and aquifer behavior over time. In-

corporating remote sensing time-series data into aquifer models is expected to enhance

groundwater estimations, ultimately leading to better groundwater management strate-

gies.

1.5 Literature gaps

The influence of AHC on aquifer behavior has long been recognized, beginning with the

foundational work of Papadopulos (1965). He developed a method to determine hydraulic

conductivity in homogeneous anisotropic aquifers by analyzing water table level change

at a minimum of three observation wells placed around an aquifer pumping test. Later,

V. M. Heilweil & Hsieh (2006) and Burbey (2006) show that AHC could be inferred

using only two observation wells, provided they were aligned with the principal axes of

anisotropy.

The role of AHC has also been explored in the context of geodesy. Burbey et al.

(2006) and Burbey (2006) proposed that the elliptical vertical displacement patterns de-

tected by GPS stations surrounding a pumping test in Nevada were a direct result of

anisotropic fluid flow interacting with the aquifer formation layer. Numerical simulations

conducted by Burbey (2006) using poroelasticity theory further supported this hypothe-

sis, demonstrating that a AHC ratio of 3:1 produces surface deformation with a distinct

elliptical shape. Burbey did not incorporate InSAR wide-area displacement data in his

calibration process. Furthermore, his approach relied on a deterministic model and did

not use probabilistic modeling frameworks.

The integration of remote sensing techniques into groundwater studies has further

advanced this field. Galloway & Hoffmann (2007) demonstrated that InSAR data can
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Figure 1.2: InSAR-observed LOS deformation between May 4, 2003 and October 26, 2003,
during the Nevada aquifer pumping test performed by Burbey et al. (2006). This dataset
was used by Alghamdi (2020) to estimate hydraulic conductivity within a Bayesian frame-
work. The red dot shows the location of the pumping well. Water was pumped for 62 d
at a rate of 0.189m3 s−1. Note the distinctive elliptical subsidence bowl to the south east
of the pumping well which was attributed to AHC in Burbey et al. (2006)

.

be used to calibrate numerical models of groundwater-induced deformation, while Gal-

loway & Burbey (2011) provided a comprehensive review of remote sensing applications

for subsidence monitoring. More recently, Hesse & Stadler (2014) introduced scalable

computational methods to assimilate InSAR data into a poroelastic finite element model

within a Bayesian framework, assuming spatially varying but isotropic hydraulic conduc-

tivity.

Building upon these developments, Alghamdi (2020); Alghamdi et al. (2020, 2021)

applied InSAR data from the Nevada test site of Burbey et al. (2006) to a poroelas-

tic model with spatially varying isotropy hydraulic conductivity (IHC). However, the

original study by Burbey et al. (2006) indicated that the site’s hydraulic behavior is

likely to be highly anisotropic due to geological fracturing. This raises concerns that the

isotropic model used in Alghamdi (2020) may be insufficient for fully capturing the site’s

anisotropic properties. Moreover, the elliptical surface deformation observed in InSAR

data, shown in Fig. 1.2, can provide further evidence of anisotropic behavior, aligning

with the conclusions of Burbey (2006).
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Recent advancements in integrating aquifer hydraulic conductivity, surface displace-

ment data, and inverse modeling have led to the development of scalable computational

frameworks for inferring subsurface properties. While these studies (Hesse & Stadler,

2014; Alghamdi et al., 2020, 2021, 2024) have leveraged InSAR data for Bayesian in-

version (Tarantola, 2005; Fernández-Martínez et al., 2013) using a log-Gaussian process

prior model, they have primarily focused on estimating heterogeneous isotropic lateral

hydraulic conductivity fields.

In Bayesian inference, the choice of prior significantly impacts the final posterior

estimates, making it crucial that prior assumptions align with geological reality. How-

ever, when observations—such as geomechanical testing, remote sensing, and outcrop

mapping—indicate anisotropy (Pollard & Fletcher, 2005), the isotropic prior used in (Al-

ghamdi et al., 2020, 2021, 2024) may lead to misleading interpretations. In contrast,

V. M. Heilweil & Hsieh (2006) used the Anderson Junction aquifer pumping test to

identify flow direction by analyzing fracture outcrop data presented in a rose diagram

(Sanderson & Peacock, 2020), leveraging the relationship between small-scale fractures

and large-scale hydraulic anisotropy.

The increasing use of circular random variables in geosciences reflects the need to

model directional data, such as fracture orientations (Adler & Thovert, 2013; Lark et al.,

2014; Rad et al., 2022). These variables, constrained to the unit circle, require specialized

statistical tools (Mardia & Jupp, 1999; Ley & Verdebout, 2018). At Anderson Junction,

fracture orientations exhibit multimodal, which necessitate advanced models like von

Mises mixture distributions, as first proposed by (Lark et al., 2014) in structural geology.

This approach extends the earlier unimodal formulation of (Davis, 2002), providing a

more robust representation of multimodal directional data. While V. M. Heilweil &

Hsieh (2006) considered anisotropy in the fractured Anderson Junction aquifer, they did

not capture the uncertainty or multimodal characteristics of fracture orientations.

Both Lark et al. (2014) and Taghia et al. (2014) used mixtures of von Mises distribu-

tions in their studies—focusing on geological structures and on signal processing and brain

imaging, respectively. For posterior inference, Lark et al. (2014) employed maximum like-

lihood estimation (MLE), while Taghia et al. (2014) employed variational inference (VI)

rather than MCMC. MLE estimates parameters by maximizing the likelihood without
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incorporating prior information, which risks overfitting and poor uncertainty quantifica-

tion. VI, while computationally efficient, may struggle with complex distributions (Blei

et al., 2017a). In contrast, given enough time and samples, MCMC can explore complex

and correlated distributions, though it is computationally expensive (Neal, 2012).

For model selection—where each method presents trade-offs in flexibility, complex-

ity, and uncertainty estimation—Leave-one-out cross-validation (LOOCV)(Mao et al.,

2014), particularly in its efficient Pareto-smoothed importance sampling (PSIS)-LOOCV

form(Vehtari et al., 2015, 2017), offers a robust alternative focused on predictive perfor-

mance.

The poroelastic partial differential equation (PDE) model governing groundwater flow

and deformation requires an AHC tensor that is symmetric positive definite (SPD) (e.g.

(Guilleminot & Soize, 2012; Soize, 2000; Schwartzman, 2006)) to ensure mathematical

well-posedness (Aris, 2012). Because of this symmetry, the secondary principal direction

is constrained to be orthogonal to the primary direction. Unlike Shivanand et al. (2024),

who employed a unimodal SPD model, we require an extended multimodal SPD model.

This extension allows for a more flexible and accurate representation of AHC in geological

systems with complex directional behaviors.

1.6 Contributions

The main contributions of this thesis are summarized below.

1. We construct a three-dimensional poroelastic model Chapter 3 that explicitly incor-

porates AHC to analyze the relationship between surface displacement and ground-

water extraction at Anderson Junction in southwestern Utah. Leveraging the pro-

posed model, we compute InSAR LOS displacements, which are critical for calibrat-

ing theoretical predictions with remotely sensed observations (Alghamdi, 2020).

2. Our model shows an elliptical surface displacement pattern driven by the underlying

anisotropy in the fluid problem. This finding shows InSAR data can serve as a

viable tool for inferring AHC properties in aquifer systems by predicting surface

displacements induced by controlled pumping scenarios.
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3. Under the hypothesis of our model, the four-day pumping in the Anderson Junction

test was insufficient to generate surface displacements detectable via InSAR, we

conduct simulations under varied pumping rates, durations, and AHC ratios to

identify conditions where using InSAR observations to infer information about AHC

would be feasible. Additionally, we propose practical guidelines for designing future

pumping tests within the constraints of InSAR acquisition.

4. To address the uncertainty in AHC, we introduce a stochastic model for the AHC

tensor tailored to inverse problem using InSAR in Anderson Junction (V. M. Heil-

weil & Hsieh, 2006). Our central hypothesis is that InSAR measurements con-

tain valuable information for characterizing AHC, and that incorporating this data

into Bayesian inverse modeling can improve hydrological predictions in anisotropic

aquifers like Anderson Junction.

5. We develop a Bayesian model designed to handle multimodal directional geological

data. Extending the multimodal Bayesian circular framework of Taghia et al. (2014)

for structural data, we calibrate our model against fracture outcrop data from

Anderson Junction (V. M. Heilweil & Hsieh, 2006) to construct a probabilistic

representation of the principal direction of the AHC tensor. Our approach uses

a mixture of circular von Mises distributions with unknown parameters, weighted

using a Dirichlet distribution (Bishop, 2006, Chapter 9).

6. We extend a flexible stochastic prior model for the AHC tensor that respects its

inherent symmetry and positive definiteness. Our method for constructing a random

AHC tensor proceeds as follows:

(a) A Bayesian mixture model of circular von Mises distributions is fitted to frac-

ture outcrop data to characterize the directional component of AHC.

(b) A Bayesian model of two independent log-normal distributions is used to esti-

mate hydraulic conductivity magnitudes in the principal directions.

(c) These stochastic components are integrated into an extended multimodal sym-

metric positive definite (SPD) tensor model following the framework of Shiv-

anand et al. (2024).
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This flexibility allows us to define two conceptual states of belief about the study

region. The resulting uncertainty in AHC is then propagated through a partial

differential equation-based conceptual model of the test site. Our findings demon-

strate that the proposed methodology provides a versatile approach for capturing

the effects of uncertain AHC on surface displacements measurable by InSAR.

7. We developed a differentiable programming abstraction that bridges the Firedrake

PDE solver and the JAX-based probabilistic programming library NumPyro, en-

abling gradient-based optimization and Bayesian inference within a unified frame-

work. This coupling was made possible through custom integration using jax.pure

_callback() and jax.custom_jvp, allowing gradients to propagate correctly through

both PDE solvers and probabilistic models. We validated this integration using the

Taylor test to confirm the correctness of gradient computations within the coupled

workflow.

1.7 Thesis outline

In Chapter 2, we revisit the three-field formulation of Biot’s poroelasticity theory, which

serves as the foundation for constructing a conceptual model of the Anderson Junction

pumping test in Chapter 3. We provide a detailed description of our proposed model,

which explicitly incorporates the AHC tensor. Additionally, we discuss the principles of

poroelasticity, the finite element method (FEM), and the discretization process in both

space and time. Further explanation on boundary conditions and mesh generation are

also presented to ensure a clear understanding of the model setup.

Chapter 3 presents a comprehensive version of the Anderson Junction conceptual

model, designed to compute surface displacements based on known pumping rates and

evaluate the potential of InSAR data for inferring AHC in aquifer systems. We provide

an overview of the Anderson Junction study area and the aquifer test. We also present

an introduction to the InSAR technique, followed by details of the transformation of

three-dimensional deformations into InSAR LOS observations. Additionally, we describe

our proposed model in depth and discuss the outcomes of our simulations.

In Chapter 4, we develop a flexible stochastic prior model for the AHC tensor that
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preserves its inherent symmetry and positive definiteness, making it a suitable prior for

Bayesian assimilation. We introduce a Bayesian model that employs a mixture of circular

von Mises distributions to capture the rotation angle from fracture outcrop data. To

represent the magnitude of the hydraulic conductivity tensor, we present a Bayesian model

consisting of two independent log-normal distributions to incorporate existing estimates

of hydraulic conductivity in the principal directions. These stochastic models are then

integrated into a version of the SPD model to generate random AHC tensors. Finally,

we calculate summary statistics of the LOS surface displacement using Monte Carlo

simulations and present the results, along with a summary of our research findings.

In Chapter 5, we integrate a PDE model with a probabilistic model, marking a critical

step toward fully automated Bayesian inversion. We develop a differentiable program-

ming interface that couples the Firedrake PDE solver with the NumPyro probabilistic

programming library, enabling gradient-based inference through custom JAX-compatible

callbacks. The correctness of the posterior gradient is verified using the Taylor test.

In addition to the probabilistic framework, we formulate and solve a non-probabilistic

inverse problem using adjoint-based optimization to estimate AHC tensors. Synthetic

pressure observations are generated via a physically consistent method in Firedrake, and

the estimated AHC tensor closely reproduces these observations. Finally, we discuss how

this foundational framework supports future extensions toward full Bayesian inversion

and more complex multiphysics models.

Finally, Chapter 6 outlines the main conclusions and limitations of this thesis and

explores potential avenues for future research.
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In this chapter, we present the forward model and the scientific foundations necessary

for understanding it. As outlined in the previous chapter, we adopt a finite element

poroelasticity model to simulate the aquifer system. We begin by introducing the theory

of poroelasticity and Biot’s equations. We then describe the FEM as a numerical tool for

solving the governing PDEs and detail the discretization of Biot’s equations within the
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FEM framework. Finally, we validate our implementation using the classical Terzaghi

consolidation problem to demonstrate the model’s accuracy and reliability.

2.1 Poroelasticity theory

Poroelasticity describes the coupled behavior of fluid flow and mechanical deformation

in porous materials, such as soils, aquifers, and biological tissues. It combines fluid

mechanics (Darcy’s law) and solid mechanics (elasticity theory) to explain how a porous

medium deforms in response to fluid pressure changes. When fluid moves through the

pores, it exerts pressure on the solid framework and pushes outward or pulls inward,

causing the solid skeleton to expand or shrink.

When pressure is applied or removed, the system does not instantly reach equilibrium.

Fluid moves slowly through the pores, causing delayed deformation (time-dependent re-

sponse). This is why land subsidence due to groundwater pumping may continue even

after pumping stops.

Poroelasticity theory has numerous real-world applications in geosciences. Extracting

groundwater lowers pore pressure, which leads to the compaction of aquifers and land

subsidence, as observed in locations such as Mexico City, California, and Shanghai. Simi-

larly, storing water in reservoirs increases pressure, causing deformation of the underlying

rock, as discussed in studies like Gupta (2002). The removal of hydrocarbons also re-

duces pressure, which can result in subsidence or even induce seismic activity, as shown

in Huang & Ghassemi (2015).

2.2 Biot’s poroelasticity model

In this section, we recall a three-field formulation of Biot’s poroelasticity theory that

we will use to construct a conceptual model of the Anderson Junction pumping test in

Section 3.4.

In the three-field formulation of poroelasticity, the coupled behavior of a saturated

porous medium is governed by three equations: fluid mass conservation, mechanical equi-

librium, and Darcy’s law. The mass conservation equation accounts for changes in fluid
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content due to both pore pressure variation and deformation of the solid skeleton, ensur-

ing that fluid is neither created nor lost. The equilibrium equation enforces mechanical

balance by relating the total stress—which includes contributions from both elastic de-

formation and pore pressure—to external body forces. Finally, Darcy’s law links fluid

flux to the pressure gradient, describing how pore fluid moves through the medium under

pressure-driven flow. Together, these equations model the complex interplay between

fluid movement and solid deformation within the poroelastic framework.

We use the following three-field formulation of Biot’s poroelasticity theory Ferronato

et al. (2010); Alghamdi (2020). To discretize the following equations, we use a three-

field finite element formulation adapted from Ferronato et al. (2010). We leave details

of the FEM discretization to Section 2.3. The full solver is given as supplementary

material in Salehian Ghamsari & Hale (2025). Precise specification of the domains and

their boundaries, boundary and initial conditions and parameter values for the Anderson

Junction site will be given in Section 3.4.

Given a domain Ω ⊂ R3 with boundary Γ and outward-pointing normal n, find the

fluid-pore pressure p : Ω × (0, T ] → R, deformation u : Ω × (0, T ] → R3 and fluid flux

q : Ω× (0, T ] → R3 such that

(Sεp+ α∇ · u)t +∇ · q = fp on Ω× (0, T ], (2.1a)

−∇ · σ̄(u, p) = fu on Ω× (0, T ], (2.1b)

q + k∇p = 0 on Ω× (0, T ], (2.1c)

with notations and units summarized in Table 2.1, plus boundary conditions

u = ud on Γd
u × (0, T ], (2.1d)

σ̄ · n = gu on Γn
u × (0, T ], (2.1e)

p = pd on Γd
p × (0, T ], (2.1f)

q · n = gp on Γn
p × (0, T ], (2.1g)

where the boundary Γ has been partitioned into disjoint parts for both the solid problem
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Symbol Description Units

()t time derivative s−1

∇ gradient operator m−1

∇· divergence operator m−1

Tr trace operator dimensionless
(·)T transpose operator dimensionless
p fluid pore pressure Pa
u elastic deformation m
q volumetric fluid flux ms−1

fp fluid source density s−1

gp boundary fluid flux ms−1

fu body force density Nm−3

gu traction Pa
σ stress tensor Pa
σ̄ Biot stress tensor Pa
I identity tensor dimensionless
α Biot coefficient dimensionless
Sε drained storage coefficient Pa−1

k hydraulic conductivity tensor m3 s kg−1

µs drained shear modulus Pa
λ second Lamé parameter Pa

Table 2.1: Table of main notations and units used in the three-field formulation of Biot’s
poroelasticity theory.

Γ = Γd
u ∪ Γn

u and the fluid problem Γ = Γd
p ∪ Γn

p , plus initial conditions

p(x, 0) = p0 on Ω, (2.1h)

u(x, 0) = u0 on Ω, (2.1i)

q(x, 0) = q0 on Ω. (2.1j)

The AHC is modeled as a second-rank tensor. When the principal axis of hydraulic

conductivity are aligned with the global coordinate system (x, y, z) this tensor can be

represented as a diagonal matrix with entries kxx, kyy and kzz

k =


kxx 0 0

0 kyy 0

0 0 kzz

 .
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The stress tensor is given for isotropic linear elasticity by Hooke’s law

ε =
1

2

(
∇u+ (∇u)T

)
, (2.2a)

σ = 2µsε+ λ(Tr ε)I, (2.2b)

and the Biot stress tensor as

σ̄ = σ − αpI, (2.3)

with notations also described in Table 2.1.

2.3 Finite element discretization of Biot’s poroelastic-

ity model

In this section, we present an overview of the finite element method (FEM) and recall

the three-field FEM discretization of Biot’s theory, which broadly follows the original

development in Ferronato et al. (2010).

2.3.1 FEM overview

The Finite Element Method (FEM) is a widely used numerical technique for solving

partial differential equations (PDEs) across various fields, including structural mechanics,

fluid dynamics, and geomechanics (Zienkiewicz et al., 2005; Hughes, 2012).

The FEM process begins by reformulating the governing PDEs into their weak (inte-

gral) form, which captures the physical behavior of the system at the element level—such

as equilibrium equations in structural analysis (Bathe, 2006). Appropriate boundary

conditions, such as prescribed displacements, pressures, or fluxes, are then applied to

represent the physical constraints of the problem.

Next, the problem domain is discretized into a mesh composed of smaller subdomains

known as elements. The weak form equations are solved locally within each element and

subsequently assembled into a global system of equations that represents the behavior

of the entire domain. This global system is then solved—typically using matrix-based

numerical solvers—to compute the coefficients of the finite element basis functions (e.g.,
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displacements or pressures), which in certain cases (such as first-order Lagrange elements)

correspond directly to values at the mesh nodes (Zienkiewicz et al., 2005).

FEM is highly versatile, capable of handling complex geometries, heterogeneous ma-

terial properties, and varied boundary conditions. The accuracy of the FEM solution de-

pends on the type and quality of elements, as well as the mesh density. Finer meshes can

yield more accurate results but require increased computational resources (Zienkiewicz

et al., 2005; Reddy, 2019).

2.3.2 Notation

We recall the aquifer problem domain Ω ⊂ R3 and its boundary Γ with outwards pointing

normal n. For any subset ω of Ω̄ := Ω∪Γ we denote L2(ω) as the usual Sobolev space of

square integrable functions on ω, and (·, ·)ω the associated inner product, which for two

arguments f, g ∈ L2(ω) can be written

(f, g)L2(ω) =

∫
ω

fg dx. (2.4)

For brevity, we introduce the compact notation (·, ·)ω := (·, ·)L2(ω) and (·, ·) := (·, ·)L2(Ω).

We can similarly denote H1(ω) as the usual Sobolev space of square integrable functions

with weak derivatives in L2(ω) with associated inner product (·, ·)H1(ω) defined as

(f, g)H1(ω) =

∫
ω

fg +∇f∇g dx, (2.5)

where ∇ is the usual gradient of a scalar function.

Finally, we introduce the slightly less standard Sobolev space H(div;ω) as the space

of Sobolev space of vector-valued square integrable functions with square integrable di-

vergence on ω

H(div;ω) = {f : f ∈ (L2(ω))3 , div f ∈ L2(ω)}, (2.6)

where the div operator is acting on a vector-valued function f with components (f1, f2, f3)
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can be written as

div f := ∇ · f :=
∂f1
∂x1

+
∂f2
∂x2

+
∂f3
∂x3

. (2.7)

2.3.3 Weak formulation

First, we need to define a function space for each field variable. To simplify what follows,

but without loss of generality, we make the following regularity assumptions in space for

the pressure

P = {p : Ω× [0, T ] → R | p ∈ L2(Ω)}, (2.8a)

U = {u : Ω× [0, T ] → R3 | u ∈ (H1(Ω))3, u = ud on Γd
u}, (2.8b)

Q = {q : Ω× [0, T ] → R3 | q ∈ H(div; Ω), q · n = gp on Γn
p}. (2.8c)

Additional sufficient regularity assumptions in time are also required, which we ignore

for simplicity.

To derive the weak form of the system Eq. (2.1), we multiply them by test functions

p̃ ∈ P , ũ ∈ U0, and q̃ ∈ Q0, respectively, where

U0 = {u ∈ U | ud = 0}, (2.9a)

Q0 = {q ∈ Q | g = 0}, (2.9b)

and then integrate over the domain Ω before applying any necessary integration by parts

results to obtain a weak form that satisfies the required regularity assumptions.

Starting this process with Eq. (2.1a) we straightforwardly obtain

((Sεp+ α∇ · u)t, p̃)Ω + (∇ · q, p̃)Ω = (fp, p̃)Ω, ∀p̃ ∈ P . (2.10)

Continuing with Eq. (2.1b), we obtain

(−∇ · σ̄, ũ)Ω = (f, ũ)Ω ∀ũ ∈ U0, (2.11)
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and then using integration by parts gives for all ũ ∈ U0

(∇ · σ̄, ũ)Ω = −(σ̄,∇ũ)Ω + (σ̄n, ũ)Γ ∀ũ ∈ U0. (2.12)

Splitting the integral on the boundary into its two constituent parts

(σ̄n, ũ)Γ = (σ̄n, ũ)Γd
u
+ (σ̄n, ũ)Γn

u
, (2.13)

and, using the definition of the space U0 and the knowledge that σ̄n = gu on Γn
u, allows

us to write

(σ̄,∇ũ)Ω = (f, ũ)Ω + (gu, ũ)Γn
u
, ∀ũ ∈ U0. (2.14)

Finally, for equation Eq. (2.1c) we obtain

(∇p, q̃)Ω = −(k−1q, q̃)Ω, ∀q̃ ∈ Q0, (2.15)

where k−1 denotes the inverse of k, and applying integration by parts on the term on the

left hand side of Eq. (2.15) gives

−(∇ · q̃, p)Ω + (p, q̃ · n)Γ = −(k−1q, q̃), ∀q̃ ∈ Q0. (2.16)

Splitting the integral on the boundary into its two constituent parts

(p, q̃ · n)Γ = (p, q̃ · n)Γd
p
+ (p, q̃ · n)Γn

p
, (2.17)

and using the definition of the space Q0 and the knowledge that q · n = g on Γn
p and

p = pd on Γd
p

−(k−1q, q̃)Ω + (p,∇ · q̃)Ω = (pd, q̃ · n)Γd
p
, ∀q̃ ∈ Q0. (2.18)

In summary, the final variational problem is to find p ∈ P , u ∈ U , and q ∈ Q that
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satisfy the equations

((Sεp+ α∇ · u)t, p̃)Ω + (∇ · q, p̃)Ω = (fp, p̃)Ω, (2.19a)

(σ̄(u, p),∇ũ)Ω = (f, ũ)Ω + (gu, ũ)Γn
u
, (2.19b)

−(k−1q, q̃)Ω + (p,∇ · q̃)Ω = (pd, q̃ · n)Γd
p
. (2.19c)

for all test functions p̃ ∈ P , ũ ∈ U0, and q̃ ∈ Q0. We emphasize that in this three-field

formulation the flux boundary condition Eq. (2.1g) is built strongly into the space Q and

the pressure boundary condition Eq. (2.1f) occurs weakly in Eq. (2.19c). By contrast,

in the classical two-field formulation the flux boundary condition occurs weakly and the

pressure boundary condition is built strongly into a space P with stronger H1-regularity

requirements.

2.3.4 Discretization in time

For discretizing Eq. (2.19) in time, we use a first-order backwards Euler method, see e.g.

Langtangen & Logg (2016) for full details.

Consider M + 1 time steps 0 = t0 < t1 < t2 < . . . < tM = T uniformly spaced on the

interval [0, T ] giving a constant timestep ∆t = ∆tn = tn+1− tn for n ∈ 0, . . . ,M −1. The

first-order backwards Euler scheme approximates the time derivative on the displacement

u and pressure p as

(pn+1)t ≈
pn+1 − pn

∆t
, ∀n ∈ 0, . . . ,M − 1, (2.20a)

(un+1)t ≈
un+1 − un

∆t
, ∀n ∈ 0, . . . ,M − 1. (2.20b)

Following standard arguments, and after some minor rearrangements, the discrete time

version of Eq. (2.19) can be written: For n = 0, . . . ,M − 1 find pn+1 ∈ P , un+1 ∈ U , and
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qn+1 ∈ Q such that

(Sεp
n+1 + α∇ · un+1 +∆t∇ · qn+1, p̃) = (∆tfn+1

p + Sεp
n + α∇ · un, p̃), (2.21a)

−(σ̄(un+1, pn+1),∇ũ) = −(fn+1
u , ũ)− (gn+1

u , ũ)Γn
u
, (2.21b)

−(∆t k−1qn+1, q̃) + (∆t pn+1,∇ · q̃) = (∆tpn+1
d , q̃ · n)Γd

p
, (2.21c)

for all test functions p̃ ∈ P , ũ ∈ U0, and q̃ ∈ Q0. Note that Eq. (2.21c) has been multiplied

by ∆t to maintain symmetry with the term (∆t∇ · qn+1, p̃) in Eq. (2.21a).

2.3.5 Discretization in space

For spatial discretization, we employ the mass-conservative three-field finite element for-

mulation (Ferronato et al., 2010) ensuring conservation of mass within the numerical

model. The implementation of the finite element formulation (Brenner & Scott, 2008)

was carried out using DOLFINx, a finite element computing library (Baratta et al., 2023).

We are guided by Ferronato et al. (2010); Haagenson et al. (2020) in choosing finite

element spaces in which the field variables p, u and q are approximated. Specifically,

we approximate the pressure ph ∈ Ph ⊂ P by zero-order discontinuous Lagrange finite

elements, the displacements uh ∈ Uh ⊂ U vector-valued first-order continuous Lagrange fi-

nite elements, and the flux qh ∈ Qh ⊂ Q the vector-valued Brezzi–Douglas–Marini (BDM)

elements (Brezzi et al., 1985) of lowest order which naturally discretize H(div; Ω). This

formulation is known to be inf-sup stable according to the stability theory of finite element

methods (Brenner & Scott, 2008), to guarantee discrete mass conversation (Ferronato et

al., 2010), and to be free from spurious pressure oscillations that can cause numerical

issues in two-field pressure-displacement formulations of Biot’s theory (Ferronato et al.,

2010). We note that Ferronato et al. (2010); Alghamdi (2020) use a lowest-order Raviart-

Thomas (RT) type space for the flux which has slightly weaker interpolation results than

the BDM space used here.
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2.3.6 Boundary conditions

In this problem, we need to define both solid and fluid boundary conditions to properly

capture the coupled poroelastic behavior of the aquifer system. The solid boundary

conditions govern the behavior of mechanical deformation of the system, while the fluid

boundary conditions control the constraints on groundwater flow.

Dirichlet and Neumann boundary condition (BC) are two fundamental types of bound-

ary conditions used in solving partial differential equations (PDEs). In our PDE-based

model, we apply these boundary conditions based on their physical relevance. The Dirich-

let boundary condition specifies the function’s value on the boundary, which is useful for

enforcing fixed displacements in the solid problem or maintaining fixed hydraulic pres-

sure in the fluid problem. The Neumann boundary condition, on the other hand, defines

the derivative (or flux) of a function at the boundary, representing external forces (e.g.,

stress) in the solid domain or prescribed fluid flow rates in the fluid domain.

2.3.7 Mesh generation

Mesh generation is a crucial step in finite element analysis, where a complex geometry is

discretized into smaller, simpler elements over which Biot’s equations can be numerically

solved. For this purpose, we use Gmsh (Geuzaine & Remacle, 2009), an open-source mesh

generation tool that enables the definition of geometry, assignment of physical regions

(e.g., boundaries and material zones), and creation of high-quality meshes.

In modeling the aquifer system, the resulting 3D mesh conforms to the conceptual

model of the multilayered subsurface. It incorporates variable element sizes across dif-

ferent locations and layers to allocate higher spatial resolution where it is most needed.

While finer elements increase spatial resolution and accuracy, they also lead to higher

computational costs. Therefore, mesh refinement is selectively applied—for example,

near the pumping well—to accurately capture localized pressure gradients and deforma-

tion effects with reduced numerical error.
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Figure 2.1: Schematic of Terzaghi’s one-dimensional consolidation problem, represented
by a column of height H. A downward load PL is applied at time t = 0.

2.4 Validation using Terzaghi’s consolidation problem

In this section, we first present the theory behind Terzaghi’s consolidation problem along

with its analytical solution. We then compare the classical Terzaghi model with the more

general Biot poroelasticity model. Following this, we describe how the Terzaghi problem

can be implemented in three dimensions using Biot’s equations. Finally, we validate our

numerical implementation by comparing the 3D poroelastic finite element solution with

Terzaghi’s analytical solution.

2.4.1 Terzaghi’s one-dimensional consolidation theory

Terzaghi’s consolidation model (Terzaghi, 1925) is a classical analytical solution describ-

ing the dissipation of excess pore pressure (increase in pore pressure above the initial

pressure) in a saturated soil layer under loading PL. The model assumes vertical flow and

deformation only, with drainage allowed at the top boundary (see Fig. 2.1). The govern-

ing equation is a one-dimensional diffusion equation. Given a domain ΩT := [0, H] ⊂ R
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with boundary ΓT find the fluid pressure pT : ΩT × (0, T ] → R such that

∂pT
∂t

= cv
∂2pT
∂z2

, (2.22)

where cv m2 s−1 is the coefficient of consolidation (see Table 2.2), with boundary condi-

toins

pT = pd = 0 on Γd
p(:= z = H)× (0, T ], (2.23)

−k∇pT · n = gp = 0 on Γn
p (:= z = 0)× (0, T ], (2.24)

and initial conditions

pT (z, 0) = p0T on ΩT . (2.25)

This equation, as a diffusion-type PDE, illustrates how pressure dissipates over time due

to drainage, which leads to soil consolidation.

Although Terzaghi’s original formulation does not explicitly provide a displacement

equation, vertical deformation uT (z, t) is governed by changes in pressure through the

effective stress principle:

σ′ = σ − pT (z, t), (2.26)

assuming a constant stress σ = −PL applied at t = 0, the vertical strain εz is given by

εz =
∂u

∂z
= mv(σ − pT (z, t)), (2.27)

where mv is the coefficient of volume compressibility (see Table 2.2) and deformation

uT : ΩT × (0, T ] → R is obtained by integrating the strain over the domain

uT (z, t) =

∫ z

0

εz(z, t) dz. (2.28)

2.4.2 Analytical solution

The analytical solution to Terzaghi’s equations is expressed as:
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pT (z, t) =
4

π
p0T

∞∑
n=0

1

2n+ 1
sin

(
(2n+ 1)πz

2H

)
exp

(
−(2n+ 1)2π2cvt

4H2

)
, (2.29)

where pT0 is the initial pressure

p0T =
αM

Ku + 4µs/3
PL, (2.30)

and other parameters are in Table 2.2.

Description Symbol Unit Value
Column height (length) H m 15.0
Prescribed distributed load PL Pa 104

Hydraulic conductivity of sand k m3 s kg−1 1.02× 10−9

First Lamé parameter λ Pa 4× 107

Shear modulus µs Pa 4× 107

Biot coefficient α - 1.0
Biot modulus M Pa 2.3× 10−10

Specific weight of water ρg Nm−3 9807

Undrained bulk modulus Ku Pa λ+ 2µs/3 + α2M
Vertical uniaxial compressibility cM Pa−1 (λ+ 2µs)

−1

Coefficient of volume compressibility mv Pa−1 M−1 + α2cM
Coefficient of consolidation cv m2 s−1 k/mv

Drained storage coefficient Sε Pa−1 1/M

Table 2.2: Parameters in Terzaghi’s consolidation formulation. The upper section lists
the principal values, while the lower section presents model parameters along with their
relationships to other parameters.

The vertical displacement uT (z, t) is given by

uT (z, t) = u0T (z) + cMp
0
T

[
(H − z)

− 8H

π2

∞∑
n=0

1

(2n+ 1)2
cos

(
(2n+ 1)πz

2H

)
exp

(−(2n+ 1)2π2cvt

4H2

)]
, (2.31)

where

u0T (z) =
1

Ku + 4µs/3
PL(H − z), (2.32)
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and other parameters are in Table 2.2.

2.4.3 Relation to Biot’s poroelasticity theory

Terzaghi’s model is a simplified, one-dimensional case of Biot’s more general poroelastic

theory. While Terzaghi considers only vertical deformation and fluid flow, Biot’s frame-

work models the full coupling of stress and pressure in porous media across one, two, or

three dimensions.

Feature Terzaghi Model Biot Model

Dimensionality 1D 1D, 2D, or 3D
Governing equations Diffusion equation Coupled elasticity + Darcy’s law
Material behavior Linear elastic, compressible Fully tensorial elastic behavior
Flow direction Vertical only Multidirectional
Coupling No coupling Full stress–pressure coupling
Solution type Analytical Numerical (e.g., FEM)

Table 2.3: Comparison between Terzaghi and Biot poroelasticity models

2.4.4 3D implementation of the Terzaghi problem

Although Terzaghi’s model is formulated in 1D, a similar model can be implemented in

3D to validate numerical poroelastic solvers. By designing the computational setup to

enforce effectively one-dimensional behavior, we can replicate the analytical conditions

numerically.

We use the three-field Biot’s equations Eq. (2.1) to implement Terzaghi problem. The

domain consists of a tall, narrow box with 1m × 1m × Hm dimension (see Fig. 2.2),

discretized with a structured mesh refined in the vertical direction. A uniform initial

pressure is applied throughout the domain. Drainage is permitted at the top surface,

while the lateral surfaces are constrained to prevent horizontal displacement and lateral

fluid flow. Boundary conditions are presented in Table 2.4.

The system is then solved using a poroelastic finite element solver to track time-

dependent pressure dissipation and vertical deformation. Table 2.2 presents the model

parameters that are used in the numerical simulation and analytical solution.
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Figure 2.2: 3D representation of Terzaghi’s problem using a box domain with 1m× 1m×
Hm and defined boundaries.

Boundary condition Boundary

Fluid problem
(q, p)

q · n = 0 Γb ∪ Γsx ∪ Γsy

p = 0 Γt

Solid problem (u)

u = 0 Γb

ux = 0 Γsx

uy = 0 Γsy

σ · n = gu = (0, 0,−PL) Γt

Table 2.4: Boundary conditions of fluid and solid problem of 3D Terzaghi consolidation
problem.
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Figure 2.3: Comparison of analytical and numerical solutions of pressure and vertical
deformation in the Terzaghi consolidation problem. The jump behavior observed in the
numerical pressure results arises from the use of an L2 function space for the pressure
field, which does not enforce continuity between adjacent elements.

2.4.5 Model validation

To validate our numerical implementation, we compare the 3D finite element solution of

the Terzaghi problem against its 1D analytical counterpart. We model the 3D Terzaghi

problem using Biot’s equation so which represents 1D behavior, to be able to compare

with the analytical solution.

Figure 2.3 show close agreement between the analytical and numerical results in both

vertical displacement and pressure dissipation. This confirms the accuracy of the poroe-

lastic solver in capturing the essential mechanics of consolidation and builds confidence in

applying the model to more complex hydrogeological scenarios in the following chapters.
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Abstract

Due to geological features such as fractures, some aquifers demonstrate

strongly anisotropic hydraulic behavior. The goal of this study is to use a

poroelastic model to calculate surface displacements given known pumping

rates to predict the potential utility of InSAR data for inferring information

about AHC in aquifer systems. To this end, we develop a three-dimensional

anisotropic poroelastic model mimicking the main features of the 1994 An-

derson Junction aquifer test in southwestern Utah with a 24 to 1 ratio of

hydraulic conductivity along the principal axes, previously estimated in the

literature using traditional well observation techniques. Under suitable model

assumptions, our results show that anisotropy in the hydraulic problem leads

to a distinctive elliptical surface displacement pattern centered around the

pumping well that could be detected with InSAR. We interpret these results

in the context of InSAR acquisition constraints and provide guidelines for

designing future pumping tests so that InSAR data can be used to its full

potential for improving the characterization of aquifers with anisotropic hy-

draulic behavior.

3.1 Introduction

Groundwater is a vital resource that provides drinking water to billions of people and

supports critical agriculture and industrial activities (Food and Agriculture Organization

of the United Nations (FAO), 2022). One of the biggest challenges for sustainability of

global groundwater resources is overexploitation (Basu & Van Meter, 2014; Caretta et al.,

2022). The consequences of overexploitation include reducing the amount of water avail-

able to surface water bodies (Walker et al., 2020), lowering the water table to the extent

that it leads to surface subsidence (V. M. Heilweil & Hsieh, 2006; Burbey et al., 2006; Gal-

loway & Burbey, 2011) and saltwater intrusion (Q. Guo et al., 2019). Over-exploitation

of groundwater resources is a global issue with the largest impacts in areas with high

population densities, rapid urbanization and agricultural intensification (Poland, 1984;

Famiglietti et al., 2011; Erkens et al., 2015).
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Consequently, there is a need for increased research and monitoring to understand bet-

ter the complex hydrological processes that govern groundwater systems and contribute

data to support effective management strategies. To this end, groundwater modeling

and simulation tools have become an increasingly important component in supporting

decision-makers to design effective strategies (Singh, 2014; Amitrano et al., 2014). One

aspect of ensuring that groundwater simulation tools can produce reasonable predictions

is ensuring that all possible data sources are assimilated into the model for e.g. parame-

ter inference. Specifically, in this study, we ask “is there potentially valuable information

in InSAR data for inferring AHC in a poroelastic model of an aquifer?”. This ques-

tion forms part of broader research efforts on developing new approaches for assimilating

remote sensing data into hydrogeomechanical models of aquifers – however, we do not

tackle the data assimilation problem here.

The use of InSAR in hydrogeological research has become increasingly popular due

to its high precision in measuring ground surface displacement, wide-area coverage and

cost-effectiveness (Guzy & Malinowska, 2020; Galloway & Hoffmann, 2007). InSAR ob-

servations of surface uplift and subsidence allow inference of groundwater levels and flow

gradients (Gambolati & Teatini, 2015). InSAR observations can be used to determine

the structural boundaries of aquifer systems (Chaussard et al., 2014; Haghighi & Mo-

tagh, 2019; X. Hu & Bürgmann, 2020), provide the temporal evolution of the ground

surface (Zhou et al., 2018; L. Guo et al., 2019; Bonì et al., 2017) and to contribute

to estimate storage coefficients and hydraulic conductivity (X. Hu et al., 2018; Bonì et

al., 2016; Chaussard et al., 2014). Development of InSAR technology has contributed

to the regional hydrogeological models of groundwater flow and land deformation (Gal-

loway & Hoffmann, 2007; Gambolati & Teatini, 2015). Since the accuracy of the InSAR

measurement is the most important parameter for the estimation of the aquifer proper-

ties (Guzy & Malinowska, 2020) and using InSAR time-series enhances the accuracy of

surface displacement estimation (Li et al., 2022), consequently using InSAR time-series

would improve the accuracy of estimating aquifer properties.

The pumping of subsurface fluids during an aquifer test causes a drop in pore pressure

which leads to a three-dimensional deformation. This response has been simulated using a

number of modeling approaches, see e.g. (Guzy & Malinowska, 2020). While conventional
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groundwater flow theory in the aquitard drainage model has been widely used (Helm,

1986; Harbaugh et al., 2000; Hoffmann et al., 2003; Harbaugh, 2005) it has been argued

that the use of numerical poroelasticity models is necessary for realistic aquifer settings

(Hsieh, 1996). The theory of poroelasticity introduced by Biot (1941) describes the

interactions between water, the porous matrix of rock and solid grains. This theory

explains how changes in pressure and fluid content within the porous matrix can cause

deformation and stress among the solid grains, and vice versa. Verruijt (1969) proposed a

formulation of Biot’s linear theory that is suitable for problems in soil mechanics. In the

context of calibrating groundwater flow models with InSAR-derived displacement data,

it is necessary to use a model that directly links fluid flow to deformation by including

poroelasticity theory.

The underlying cause of AHC in hydrogeology is often a preferential rock fracturing

direction that allows for higher fluid conductivity along the direction of fractures (Berre et

al., 2019). The recognition of the importance of AHC on the behaviour of aquifer systems

dates back to the work of Papadopulos (1965) who presented a method to determine

the hydraulic conductivity of a homogeneous anisotropic aquifer from the observation of

pressure (head drop) at a minimum of three wells situated at different directions around

a constant-rate aquifer extraction test. V. M. Heilweil & Hsieh (2006) demonstrated that

AHC could be inferred from two observation wells, if the wells are assumed to be aligned

with the principal directions of AHC. The possibility was also mentioned by Burbey

(2006).

In the specific context of AHC and geodesy, both Burbey et al. (2006) and Burbey

(2006) proposed that the elliptical vertical surface displacement pattern observed from

GPS receivers positioned around a Nevada pumping test could be directly related to

the interaction between an anisotropy in the fluid flow and rock skeleton. In support

of this theory, Burbey (2006) presented computer simulations based on a poroelasticity

theory showing elliptical vertical displacement patterns at the Earth’s surface under a 3

to 1 AHC ratio. The elliptic pattern in the displacements is driven by the underlying

anisotropy in the fluid problem caused by the fractures tedency to provide directional

conduits for flow.

Galloway & Hoffmann (2007) showed that InSAR can be used to calibrate numerical
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models of groundwater flow and deformation. Galloway & Burbey (2011) conducted a

review of various remote sensing techniques and models used for studying subsidence

due to groundwater extraction. Hesse & Stadler (2014) proposed scalable computational

methods for assimilating InSAR data into a poroelastic finite element model with spatially

varying isotropic hydraulic conductivity within a Bayesian framework. Continuing with

the line of work developed by Hesse & Stadler (2014), recently Alghamdi (2020); Alghamdi

et al. (2020, 2021) assimilated InSAR data from the test site of Burbey et al. (2006) into a

spatially-varying IHC poroelastic model. We remark that in the original study of Burbey

et al. (2006) it is mentioned that due to the underlying geology (fracturing) the hydraulic

behavior of the site is likely to be strongly anisotropic and therefore the isotropic model

used in Alghamdi (2020) for calibration using the data from Burbey et al. (2006) may be

insufficient to fully capture the anisotropic behaviour of the site. In addition, the elliptical

shape observed in the surface displacement measured by the InSAR technique, as shown

in (Alghamdi et al., 2020, Figure 1c), may be evidence of anisotropy, as discussed by

Burbey (2006). As discussed in Section 1.5, the elliptical shape observed in the surface

displacement measured by the InSAR technique, as shown in Fig. 1.2, may be evidence

of anisotropy, as discussed by Burbey (2006).

In this study, we develop a three-dimensional linear poroelastic model that includes

AHC to gain insight into the relationship between surface displacement and pumping

at Anderson Junction in southwestern Utah. The goal is to use our anisotropic model

to calculate surface displacements given known pumping rates to predict the potential

utility of InSAR data for inferring information about AHC in aquifer systems. We choose

this site because V. M. Heilweil & Hsieh (2006) specifically studied the role of anisotropy

there, giving estimated AHC ratio of around 24 to 1 determined using two observation

wells. Using our model, we predict the InSAR LOS displacements for the region, i.e. the

quantity of interest for calibration of the model against theoretical InSAR observations

(Alghamdi, 2020).

We show that the duration of four days and rate of the pumping used in the Anderson

Junction test was likely insufficient to induce surface displacements that can be measured

with InSAR. We then run our model under a number of alternative scenarios, including

different pumping rates, pumping lengths and anisotropy ratios to determine when the
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displacements would be observable by InSAR. We conclude that there could be pumping

regimes in which InSAR data could contain important information about AHC. Finally,

we discuss some guidelines for designing future pumping tests in the context of InSAR

acquisition constraints.

An outline of this manuscript is as follows. Section 3.2 provides an overview of the

Anderson Junction study area and the aquifer test. In Section 2.2, we outline the the-

oretical foundations by presenting the Biot equations. In Section 3.3, we introduce the

InSAR technique and present the transformation of the three-dimensional deformations

into InSAR LOS observations. In Section 3.4, we describe our proposed model in detail.

The outcomes of our simulations are presented in Section 3.5. Finally, in Section 3.6, we

present our conclusions from our study.

3.2 Case study

Our case study is located at Anderson Junction, Utah, USA (see Fig. 3.1), and is based

on the pumping test conducted by the US seological survey (USGS) in March and April

1996 (V. M. Heilweil & Hsieh (2006)). In this section, we provide a review of the main

geologic and hydrologic features of the site. This information will be used in Section 3.4

to setup a simplified conceptual model of the Anderson Junction site.

3.2.1 Pumping test

The Anderson Junction aquifer pumping test was conducted to determine the Navajo

Sandstone’s transmissivity and storage properties in the vicinity of Anderson Junction.

Full details can be found in the original study (V. Heilweil et al., 2000). The test involved

a multiple-well setup, including a pumping well ((C-40-13)28dcb-2) and two observation

wells ((C-40-13)28dca-1, from now on referred to as well A, (C-40-13)28dcc-1, from

now on referred to as well B). Groundwater was pumped for approximately 4 d at an

average rate of Pr = 6000m3 d−1 = 0.07m3 s−1 (V. Heilweil et al., 2000). The information

about the pumping and observation wells can be found in U.S. Geological Survey (2016).

The aquifer test protocol is depicted in Fig. 3.2. This protocol will be used in the
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Figure 3.1: Location of the Anderson Junction site in Utah, USA. Lower map data
Copyright Google 2023.
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Figure 3.2: Aquifer test protocol. The pumping phase began at t = 0 with a constant
extraction rate of gp = −Pr/A. The pumping ceased at t = Tp = 4 d, followed by a
20-day relaxation phase.

model and will be discussed in more detail in Section 3.4.2 and Fig. 3.8. The pumping

began at t = 0 d with a constant extraction rate of gp = −Pr/A ms−1, where A m2

denotes the area of the pumping boundary. The pumping stopped at t = Tp = 4 d and

the extraction rate (gp) returned to zero. Following the four-day pumping phase, the field

observations continued for an additional 20 d (t = Te = 24 d) to capture the relaxation

phase and to measure transmissivity.

3.2.2 Cross section

The cross-section illustration Fig. 3.3 of the Anderson Junction region provides infor-

mation that can be used to better understand the layered structure of the aquifer. In

Fig. 3.3, the detailed geologic cross-section of Anderson Junction is shown, as documented

in Hurlow (1998), while Fig. 3.4 indicates the location of the II’ cross-section transect

line. The case study area is highlighted by a red rectangle in both figures. Faults are

visually depicted as nearly vertical lines in the cross-section.

According to V. M. Heilweil & Hsieh (2006), the Anderson Junction site features

a confined aquifer characterized by a 180m thick deposit of Navajo sandstone. This

indicates the presence of upper and lower confining layers in addition to the aquifer layer.

The geologic map of Washington County (Hintze, 1980) shows that Anderson Junction’s



CHAPTER 3. CAN THE ANISOTROPIC HYDRAULIC CONDUCTIVITY OF AN
AQUIFER BE DETERMINED USING SURFACE DISPLACEMENT DATA? A CASE
STUDY 43

Figure 3.3: Geologic cross-section of Anderson Junction site (Image courtesy of U.S.
Geological Survey (Hurlow, 1998) in the U.S. Public Domain.). On the y-axis is elevation
in feet with respect to mean sea level. The red rectangle highlights the case study area.
The cross-section reveals the geological layers, including the unconsolidated alluvial and
colluvial deposits (Qs) on the surface as the upper confining layer, the Navajo sandstone
(Jn) as the aquifer layer, and the Kayenta formation (Jk) as the lower confining layer.
Faults are depicted as nearly vertical lines.

surface primarily consists of unconsolidated mixed alluvial and colluvial deposits. The

geologic cross-section shows that beneath the alluvial and colluvial layer lies the Navajo

sandstone, acting as the aquifer layer, thereby making the alluvial and colluvial layer

the upper confining layer, while the lower layer corresponds to the Kayenta formation,

serving as the lower confining layer.

3.2.3 Fracturing

The Anderson Junction site is strongly characterized by fracturing of the Navajo sand-

stone, with two fracture clusters: a primary cluster at orientation of 180◦ to 210◦, and

secondary cluster at orientation of 90◦ to 130◦ with respect to north. Figure 3.5a shows

a rose diagram (radial histogram) summarising the relative frequency of fracture trends

based on outcrop data.

Comparing the magnitudes of the principal hydraulic conductivities (Fig. 3.5b) com-

puted via the method proposed by V. M. Heilweil & Hsieh (2006) with the fault density

summarized in the rose diagram (Fig. 3.5a), we note that the major principal direction

of hydraulic conductivity is approximately aligned with the secondary clusters of fracture

density. Conversely, the minor principal direction of hydraulic conductivity coincides with

the primary clusters of fracture density. It is also important to note that the rose diagram

(Fig. 3.5a) summarizes outcrop data acquired at the surface, while the magnitudes of the
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Figure 3.4: Location of the II’ cross-section transect line on structure-contour map. The
study area is highlighted by a red rectangle. Note that the orientation of the cross-section
aligns with the axis of major hydraulic conductivity shown in Fig. 3.5b. (Image courtesy
of U.S. Geological Survey (Hurlow, 1998) in the U.S. Public Domain.)
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~120 m specifically for the aquifer test at approximately
the same radial distance from the production well but at
perpendicular orientations. The total depth of the pro-
duction well is ~180 m, with casing set to 150 m. The
drillers logs for all three wells indicate uniform fine-
grained sandstone beneath 1 to 12 m of unconsolidated
soil. Observation well A is located 117 m east-southeast
of the production well along a 110� orientation (parallel
to the 90� to 130� azimuthal cluster of fractures). The
static water level in well A before pumping was 6.4 m.

Observation well B is located 115 m south-southwest of
the production well along a 200� orientation (parallel to
the 180� to 210� azimuthal cluster of fractures). The static
water level in well B before pumping was 9.4 m. A sim-
plifying assumption was made that the orientation of
the fracturing within the aquifer is the same as that of the
surface fractures. This assumption is justified by both
regional areal photos showing the uniform direction of
these fracture lineaments and cross-sectional observations
of the planar nature of the fractures throughout the entire
exposed 2000-feet thickness of the Navajo Sandstone at
nearby Zion National Park and Snow Canyon State Park.

The multiple-well aquifer test involved pumping the
production well for ~4 d at an average rate of 4.2 m3/
min. Discharge was measured with a pito tube, v-notch
weir, and pygmy meter. The discharge from the pro-
duction well was diverted into a 0.38-m-diameter ABS
drain pipe, which transported the water 150 m away from
the well to a natural dry wash. In addition to the two
observation wells, a preexisting well (the ‘‘original’’ well)
located 3 m due east of the production well also was used
for evaluating drawdown. Water levels were measured in
the three observation wells and the production well for 4
d prior to the test, during the 4 d of pumping and for as
many as 20 d after the pump was shut off.

Measured water levels at the observation wells were
not corrected for barometric changes because the magni-
tude of drawdown and recovery at all the wells was much
larger (5.8 to 24.4 m) than the effects of barometric
changes (generally <0.3 m). Prepumping trend correc-
tions were applied to all the observation well drawdown
data because of a rise in water levels resulting from
recovery after the development of the production well
shortly before the aquifer test. Prerecovery trend correc-
tions were applied to the observation well recovery data

Figure 2. Location of the Anderson Junction aquifer test, Washington County, Utah.

Figure 3. Rose diagram showing fracture orientations (from
Hurlow 1998) and locations of production and monitoring
wells used for the Anderson Junction aquifer test, Wash-
ington County, Utah.

V.M. Heilweil, P.A. Hsieh GROUND WATER 44, no. 5: 749–753 751

(a) Rose diagram of fracture density

Minor principal direction

Major principal direction

(b) Principal directions of hydraulic con-
ductivity

Figure 3.5: (a). Rose diagram showing fracture orientations (from V. M. Heilweil & Hsieh
(2006)) and locations of pumping and observation wells used for the Anderson Junction
aquifer test. (b). Principal directions of hydraulic conductivity of the Anderson Junction
aquifer system derived from modified Papadopulos method in V. M. Heilweil & Hsieh
(2006). Arrows represent major and minor principal directions, indicating that hydraulic
conductivity in the major direction is approximately 24 times greater than in the minor
direction. Note: Arrow lengths do not signify the scale of hydraulic conductivity.
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principal hydraulic conductivities are inferred from pressure drop measurements taken in

the aquifer layer.

3.2.4 Faults

Figure 3.6 is a fault map of the study area, with the Anderson Junction site highlighted

within a red rectangle. The Navajo Sandstone and Kayenta Formation exhibit dip angles

due to tilting associated with the Hurricane Fault. It is estimated that the top of the

Navajo Sandstone may lie approximately 610m below sea level (Hurlow, 1998). Within

the Anderson Junction aquifer, several faults act as boundaries to water transport. The

Hurricane Fault fully offsets the Kayenta Formation and Navajo Sandstone along its

entire length. Additionally, an unnamed series of faults between Anderson Junction and

Toquerville partially offsets the Navajo Sandstone and Kayenta Formation in the study

area. These faults, along with others whose precise offset cannot be determined, appear

to impede groundwater flow perpendicular to their fault planes. The low permeability

observed along the fault planes is attributed to the presence of poorly-sorted breccia and

clay-rich materials (Hurlow, 1998).

3.3 Precision of InSAR displacement measurements

In this section, we indicate the precision of the InSAR technique in measuring displace-

ment, a critical information in evaluating its suitability for analyzing the Anderson Junc-

tion aquifer displacement. Then, we provide an equation to compute LOS displacement

from the deformation field predicted by the Biot equations to compare with InSAR pre-

cision.

InSAR is a technique used to measure displacements of the Earth’s surface over time

using phase differences of two SAR images acquired from different satellite positions and

at different times. In general, the precision of the determined surface displacements

can range from millimeters to centimeters (Bamler & Hartl, 1998). However, the actual

precision in practical applications is influenced by spatial-temporal decorrelation and

atmospheric delays. In recent years, researchers have actively sought solutions to address
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Normal fault: bar; dashed where 
inferred or approximate, dotted 
where concealed.

Figure 3.6: Fault map of the Anderson Junction area, indicating the study area within
a red rectangle. The map highlights the presence of the Hurricane fault and other faults
acting as boundaries around the Anderson Junction aquifer. (Image courtesy of U.S.
Geological Survey (Cook, 1960) in the U.S. Public Domain.)
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these limitations, leading to the development of a variety of multi-temporal InSAR (MT-

InSAR) algorithms (J. Hu et al., 2014).

To assess if the Anderson Junction aquifer test induced detectable surface displace-

ment using the InSAR technique, we need to acquire multiple SAR data during the test

period. In 1996, there were four operational SAR satellites: ERS-1, ERS-2, RADARSAT-

1, and JERS-1. However, due to the unavailability of proper SAR data in the Anderson

Junction area in the aquifer test time (March and April 1996), and considering the brief

test duration (4 d) versus the repeat cycle of SAR data in 1996 (approximately 24 d to

35 d), obtaining sufficient data is not possible. So, we can compare the InSAR accuracy

with the surface displacement predicted by the proposed model. This is one of our mo-

tivations for building the poroelastic model to be able to simulate the aquifer test and

measure the surface displacement.

In this study, we explore the surface displacement accuracy of Sentinel-1 as an ex-

ample. This choice is motivated by its favorable attributes, including an extensive area

coverage (global coverage), open data policy (free data), high temporal resolution (6 d),

and long projected mission lifespan (2013-present).

Several studies have examined the precision of displacement measurements derived

from Sentinel-1 InSAR. These investigations have shown that achieving sub-centimeter

precision is possible for individual displacement records within the time series (Cigna et

al., 2021). To assess precision, these studies compare Sentinel-1 displacement with various

references, including artificial corner reflectors (Quin & Loreaux, 2013), global navigation

satellite system (GNSS) measurements (Duan et al., 2020; Bovenga et al., 2013), and

geodetic leveling measurements (Raucoules et al., 2009). Notably, comparisons between

Sentinel-1 InSAR data and GNSS measurements reveal a precision of less than 5mm

(Manunta et al., 2019) or 8mm (Duan et al., 2020) for InSAR time series projected along

the satellite’s LOS. We will use the precision of InSAR displacement measurement to

compare with the calculated LOS displacement to check the possibility of using InSAR

for the Anderson Junction aquifer test. If the computed LOS is equal to or larger than

the InSAR precision, we consider the deformation signal detectable.
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3.3.1 Calculating LOS displacement

The SAR data use side-looking images, with radar pulses emitted in the LOS direction,

oriented perpendicular to the satellite’s direction of motion. The LOS is an imaginary

line that connects the antenna to the specific point on the Earth’s surface being imaged,

inclined at the incidence angle θ. The satellite heading angle α is the direction in which

the satellite is pointed or oriented in space and is determined by the orientation of its

sensors. The Fig. 1.1 represents the geometry of SAR imaging showing the incidence

angle (θ) and heading angle (α). The study area is highlighted by a red rectangle.

Following (Fuhrmann & Garthwaite, 2019) the displacement in the LOS direction

uLOS can be calculated from the incidence angle θ and satellite heading angle α as

uLOS =
[
− sin θ cosα sin θ sinα cos θ

]
uE

uN

uU

 . (3.1)

where uE, uN , and uU are deformation in directions of East, North, and Up, respectively,

that can be calculated by transforming the predicted deformation (Section 2.2) in the

model coordinate system (u = (ux, uy, uz)) to east-north-up (ENU) coordinate system.

This transformation involves a rotation of 180◦ around the y-axis followed by a rotation

of approximately 20◦ around the z-axis. Figure 3.7 depicts the model coordinate system

in relation to the ENU reference frame.

Sentinel-1 SAR data offers a powerful and accessible tool for detecting and monitoring

surface displacement over diverse landscapes and for various applications. In our calcu-

lations, we use Sentinel-1 ascending geometry values. During ascending satellite passes

(flight direction NNW), the heading angle (α) is 15◦. The incidence angle varies among

SAR sensors based on factors like image extent (near-range vs. far-range) and image

mode. For specific information on the incidence angle of the Interferometric Wide Swath

(IWS) mode in Sentinel-1 data, please refer to European Space Agency (ESA) (2023). In

our analysis, we assume an average incidence angle (43.86◦) that represents all points in

entire image.
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Figure 3.7: Simplified conceptual model of the Anderson Junction aquifer system show-
casing the dimensions, names, formations, and thicknesses of the layers within the cross-
section. The pumping well is accurately positioned and labeled in the 3D model. The
figure also illustrates the model coordinate system in relation to the ENU global coordi-
nate system. The domain is not to scale.

3.4 Conceptual model construction

In this section, we provide an overview of the model parameters and the boundary con-

ditions that have been defined for the problem. We specify the simplifications and other

assumptions that we use to model the Anderson Junction aquifer. We also detail the

generation of the computational mesh that represents the physical domain, and describe

the computational tools used for model implementation.

3.4.1 Aquifer model layers and parameters

Since the Anderson Junction aquifer is confined, two confining layers surround the main

aquifer layer. These three layers are illustrated and described in the simplified conceptual

model shown in Fig. 3.7.

We simplified the geological complexity by assuming horizontal layers for our aquifer

model (Fig. 3.7). Acknowledging variations in the shape and thickness of each layer along

the aquifer system, we opted for horizontal layers due to a lack of information about the

height of layers throughout the aquifer system. Additionally, the aquifer’s width and
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Description Symbol Unit Value

Fluid source fp s−1 0.0
Body force fu Nm−3 0.0
Specific weight of water ρg Nm−3 9807
Pumping rate Pr m3 s−1 0.07
Extraction rate gp ms−1 1.9× 10−3

Table 3.1: Model parameters

Description Symbol Unit Upper conf. Aquifer Lower conf.

Porosity ϕ - 10% 32% 8%
Biot coefficient α - 0.868 0.998 0.858
Specific storage Sε Pa−1 0.8× 10−10 1.5× 10−10 0.8× 10−10

Shear modulus µs Pa 7.7× 109 5.06× 109 7.9× 109

Lame’s first param. λ Pa 6.088× 109 3.768× 109 6.156× 109

Hydraulic conductivity xx kxx m3 s kg−1 5× 10−12 1.1× 10−8 5× 10−12

Hydraulic conductivity yy kyy m3 s kg−1 5× 10−12 4.7× 10−10 5× 10−12

Hydraulic conductivity zz kzz m3 s kg−1 5× 10−12 5× 10−7 5× 10−12

Table 3.2: Material parameters of the layers.The Anderson Junction site is an extensional
tectonic regime, which usually leads to more vertical than horizontal faults, thereby
increasing the value of kzz.

length were estimated based on the map of effective land subsidence due to groundwater

depletion Herrera-García et al. (2021).

The simplified conceptual model of the aquifer system (Fig. 3.7), details the areal

extent, names, formations, and thicknesses of the layers within the cross-section (Fig. 3.3).

The pumping well has a total depth of 180m, with the casing set at 150m. The precise

position (Lxw and Lyw) and depth of the pumping well are indicated in the 3D model

(Fig. 3.7).

Table 3.1 and Table 3.2 present the model parameters and layer parameters, respec-

tively, that are used in the finite element formulation. Each aquifer parameter is assigned

a single value for the entire layer while recognizing the potential variations within the

layer.

References to USGS books and maps, particularly (Marston & Heilweil, 2012; V. Heil-

weil et al., 2000), guided the establishment of boundary conditions in the Anderson

Junction aquifer and provided details about the pumping test. Additionally, most of the
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parameters of the Biot equations for the aquifer layer were extracted from various regional

studies (Torabi et al., 2015; Cheng & Toksöz, 1979; Loope et al., 2020), and sandstone

properties studies (Batzle et al., 2007; George et al., 2010; Molina et al., 2017).

The estimate for aquifer hydraulic conductivity was obtained from V. M. Heilweil &

Hsieh (2006). In their work, the permeability of the porous medium was calculated, and

we used the following equation to calculate hydraulic conductivity.

k =
κ′

ρg
. (3.2)

Here, k m3 s kg−1 is the hydraulic conductivity, κ′ ms−1 is the specific permeability of

the porous medium and ρg Nm−3 is the fluid’s specific weight.

For the confining layer properties we employ porosity-based estimation based on the

findings in Dehghani et al. (2018). This method allows the estimation of confining layers

properties by integrating approximate porosity data. Specifically, we used (Dehghani

et al., 2018, Figure 5) for approximating the Biot coefficient, (Dehghani et al., 2018,

Figure 7) for Biot’s modulus, (Dehghani et al., 2018, Figure 8b) for Young’s modulus,

and (Dehghani et al., 2018, Figure 9) for the shear modulus. The average total porosity

of the aquifer layer was derived from V. Heilweil et al. (2000). The assumed porosity

of the confining layers were derived from studies on sandstone properties. Given that

sandstone with low permeability typically exhibits porosity between 7% and 10% (Qi

et al., 2022; Earle, 2019), we suppose the porosity of the upper confining layer to be

10%. Additionally, considering the general trend of decreasing porosity and permeability

with depth below the land surface (Herod, 2013), we assume the porosity of the lower

confining layer to be 8%. Dehghani et al. (2018) estimated poroelasticity parameters

based on porosity, facilitating the estimation of confining layers parameters using these

plots.

3.4.2 Boundary conditions

Two sets of boundary conditions are considered in this problem: fluid boundary con-

ditions and solid boundary conditions. These boundary conditions are implemented to

sufficiently represent the physical behavior and constraints on the system, i.e. the fluid
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Figure 3.8: Aquifer model illustrating the domain and defined boundaries referenced in
the Table 3.3, domain not to scale. Γb is the bottom boundary, Γt is the top boundary,
Γsx is the two sides with normal facing in the x-direction, Γsy is two sides with normal
facing in the y-direction, Γw is the well boundary from the surface until the end of the
casing set, and Γpw is the screened area of the well boundary where water is pumped.
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Boundary condition Boundary

Fluid problem
(q, p)

q · n = 0 Γb ∪ Γsx ∪ Γsy ∪ Γt ∪ Γw

q · n = gp Γpw

Solid problem (u)

u = 0 Γb

ux = 0 Γsx

uy = 0 Γsy

σ · n = 0 Γt ∪ Γpw

u · n = 0 Γw

Table 3.3: Boundary conditions of fluid and solid problem. The boundary sets are defined
in Fig. 3.8.

flow and deformation processes. Table 3.3 shows the boundary conditions for the state

variables u (displacement), p (pressure), and q (flux). The boundaries referenced in the

table are defined in Fig. 3.8.

In the study area and during the aquifer test period, precipitation was assumed to be

negligible due to prevailing weather conditions. Consequently, we assumed no recharge

through the top boundaries Γt. Although evapotranspiration as discharge was not low

during this period, we considered it insignificant compared to the pumping rate. As a

result, the fluid boundary at the top is treated as a no-flux boundary. The boundary

conditions for the fluid problem assume no flux on the faces of the model domain Γb,

Γsx, Γsy, and Γt) as described above. Additionally, no fluid flux is assumed at all other

boundaries, excluding the pumping well boundary Γpw, where the extraction rate gp is

specified.

Given that the study area is not an urban area, the load on the top boundary Γt

is considered negligible, so we assume the top boundary is traction-free. Recognizing

the minimal displacement in the layers beneath the aquifer system and considering its

negligible impact on the surface, we assume there is no displacement on the bottom

boundary Γb. Therefore, the boundary conditions for the solid problem include: zero

displacement at the bottom boundary Γb, zero normal displacement at the sides boundary

(Γsx, Γsy) and well boundary Γw, and traction-free boundary conditions at the top surface

Γt and at the pumping well boundary Γpw.
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Enforcing no normal displacement at well boundary

We briefly describe the method by which we enforce the boundary condition on the normal

component of the displacement u · n = 0 on the well surface Γw as specified in Table 3.3.

This boundary condition is recommended as being the most physically justifiable choice

in Burbey (2006). By contrast, Alghamdi (2020) did not explicitly include the well surface

in their model, instead choosing to model the extraction as a volume forcing using fp.

Instead of building the boundary condition u · n = 0 strongly into the space U ,

we choose to enforce it weakly using a penalty-free non-symmetric Nitsche-type method

proposed in Chouly et al. (2015). Our decision to enforce this condition weakly was made

largely to ease the implementation in DOLFINx, where imposing boundary conditions of

type u · n = 0 strongly in the space is not straightforward.

For simplicity we did not include this more complex boundary condition when devel-

oping Eq. (2.21), instead choosing to enforce this by a modification to Eq. (2.21b) here.

Following Chouly et al. (2015) we add two terms on the left-hand side of Eq. (2.21b)

−(σ̄(un+1, pn+1),∇ũ)

−(σ̄(un+1, pn+1) · n, ũ · n)Γw + (σ̄(ũn+1, p̃n+1) · n, u · n)Γw

=− (fn+1
u , ũ)− (gn+1

u , ũ)Γn
u
, ∀p̃ ∈ P0,∀q ∈ Q0.

(3.3)

that weakly enforce the condition u · n = 0 on Γw.

3.4.3 Main modeling assumptions

We briefly discuss the main modeling assumptions and their justification. Our modeling

approach is a parsimonious one, prioritising model simplicity over capturing all possible

features of the real Anderson Junction site.

As in Burbey (2006), we assume a purely elastic deformation of the skeleton, i.e.

no inelastic deformation. This is an acceptable assumption in the context of a single

constant pumping cycle (as opposed to cyclic and/or pulsed pumping), however, this

elasticity assumption may be invalid if we wanted to simulate subsidence across multiple

seasons and using more complex pumping regimes.

We assume that seasonal recharge and evapotranspiration is zero; for this site this is
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a valid assumption if the pumping test occurs during the summer months due to the cold

semi-arid (steppe) climate (BSk - Köppen type system).

Our boundary condition on the capped well boundary Γpw is zero normal component

of the displacement, which in a cylindrical coordinate system would be equivalent to

zero radial displacements. The physicality of this boundary condition is discussed in

Burbey (2006); in summary, it is likely that displacements near the well boundary are

inaccurate due to localized effects such as sand grains near the well screen not being

radially constrained during strong pumping. Consequently, the displacements and flux

patterns given by the simulation in the region immediately around the well should be

considered as indicative or approximate, rather than precise.

We do not model the fluid flow through fractures in our model explicitly, e.g. Berre et

al. (2019), but instead incorporate their dominating effect on the fluid flow through the

anisotropic hydraulic conductivity tensor. In the broader context of data assimilation, it is

unlikely that SAR or GPS displacement data could be sufficiently informative to constrain

information about microstructural features such as individual fracture paths. Further on

this point of information content, we remark that Alghamdi (2020) demonstrated that

SAR data is not informative about the variability of hydraulic conductivity in the vertical

(z) direction. With this limited information content in mind, we also assume that the

global anisotropic behaviour of the model is in the fluid problem, allowing us to assume

that the solid problem is isotropic. This is the same assumption used in Burbey (2006).

3.4.4 Mesh generation

The geometry of the model was meshed using gmsh (Geuzaine & Remacle, 2009) for

finite element analysis. The resulting 3D mesh, as shown in Fig. 3.9, represents the

aquifer system’s three layers. The element size varies from 6 to 40 m, and the total

number of the elements is 368 329. The mesh incorporates different element sizes at

different locations and in different layers, this will ensure an appropriate resolution that

will improve the accuracy of the model. As we approach the well, the mesh elements

become finer, enabling the capture of localized effects with higher precision. Figure 3.9

highlights the relative positions of the pumping and observation wells in the model. The
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Figure 3.9: Generated 3D mesh of the aquifer system illustrating the three layers and
their element sizes. The 2D mesh shown at the top represents a vertical cross-section of
the 3D mesh, aligned with the y-axis and intersecting the pumping well. The figure also
highlights the positions of the pumping and observation wells, as well as lines xx′ and
yy′. The xx′ line extends from x = 0m to x = 2000m, passing through the pumping well
and aligned with the x-axis, while the yy′ line extends from y = 0m to y = 3500m, also
passing through the pumping well and aligned with the y-axis.

two lines xx′ and yy′ will be used later to present the model output graphically.

3.5 Results and discussion

In this section, we report the deformation and flux of our simulations for the Anderson

Junction case study. In addition to the constraints from the actual pumping test, we ex-

plore higher pumping rate and longer pumping times to determine what conditions would

allow for detection of surface displacements using the InSAR technique. We also conduct

simulations with different conductivity anisotropy ratios to investigate their effects on

surface displacement.

3.5.1 Simulation of the Anderson Junction pumping test

In this section, we simulate the Anderson Junction pumping test using our FEM model

outlined in Section 3.4 and the parameters provided in Table 3.1 and Table 3.2 to estimate

the deformation u, pressure p and flux q within the aquifer system.
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Figure 3.10: Magnified visualization of aquifer displacement after four days of pumping,
showcasing the detailed shape of the displacement. The displacement is magnified ap-
proximately 70,000 times, allowing for enhanced visualization of the fine-scale features.
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Figure 3.10 shows the aquifer displacement after four days of pumping, magnified

70 000 times to visualize the detailed shape of the displacement. The areas close to

the pumping well exhibit displacements on the order of 3mm. The larger vertical dis-

placements in the x direction (versus the y direction) are driven by the higher hydraulic

conductivity that we imposed in the x direction. This would allow us to observe the

impact of AHC on the surface displacement pattern.

Figure 3.11 shows the flux evolution (from the onset of pumping to the end of obser-

vations at 24 d of the experiment) for both the xx′ and yy′ cross sections across the three

layers of the model. The arrows indicate the direction and magnitude of the flow within

and among the layers. The higher flux values close to the pumping well are a response

to the higher pressure gradient set up by the pumping. The downward arrows near the

well in the Fig. 3.11a represent the fluid flux near the well boundary (Γw) because of the

no normal flux boundary condition applied in this boundary. As the test progresses into

the relaxation phase (4 d to 24 d), the magnitude of flux arrows reduces.

3.5.2 The effect of anisotropy ratio on the surface displacement

We begin by conducting simulations with varying anisotropy ratios to explore their impact

on the resulting surface displacement. Figure 3.12 presents the surface displacement for

three simulated scenarios at three times through the pumping phase. The scenarious

are IHC with kxx = kyy = 0.6 × kAJ
yy ; AHC with a 3:1 anisotropy ratio, similar to the

anisotropy observed in Burbey et al. (2006); Burbey (2006), where kxx = 3 × 1.7 × kAJ
yy

and kyy = 1.7 × kAJ
yy ; and AHC with an anisotropy ratio of about 24:1, representative

of the Anderson Junction aquifer, where kAJ
xx and kAJ

yy are hydraulic conductivity from

V. M. Heilweil & Hsieh (2006) (in Table 3.2). We selected the scaling values for kxx and

kyy to achieve a similar range of displacements between the scenarios, making comparison

easier. The hydraulic conductivity in the z direction remains constant across all scenarios

at kzz = 5× 10−7.

Figure 3.13 presents a comparison of these scenarios along line xx′ and line yy′ at the

end of the pumping period (Tp). As Fig. 3.12 shows, the outcomes of these simulations re-

veal distinct patterns in surface displacement. The IHC scenario exhibits circular surface
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(b) Visualization of the flux on a cross-section intersecting the line yy′ with normal pointing in
the x-direction.

Figure 3.11: Flux distribution at different times for (a) a cross-section intersecting the
line xx′ with normal pointing in the y-direction and (b) a cross-section intersecting the
line yy′ with normal pointing in the x-direction. The figure illustrates the flux generation
process across the upper confining layer, aquifer layer, and lower confining layer over 4
days of pumping followed by a 20 day relaxation phase. The magnitude of the arrow
represents the logarithm of the flux value and the color bar shows the actual predicted
flux.



CHAPTER 3. CAN THE ANISOTROPIC HYDRAULIC CONDUCTIVITY OF AN
AQUIFER BE DETERMINED USING SURFACE DISPLACEMENT DATA? A CASE
STUDY 61

𝑡 ൌ
𝑇௣
3 𝑡 ൌ

2𝑇௣
3 𝑡 ൌ 𝑇௣

A
ni

so
tro

py
 ra

tio
 ሺ𝑘

௫௫
:𝑘

௬௬
ሻ

~24: 1

3: 1

1: 1
z

3.0

2.5

2.0

1.5

1.0

0.5

0.0
𝑢 ௭

 ሺ𝑚
𝑚
ሻ

Figure 3.12: Surface displacement for three simulated scenarios: IHC, AHC with a 3:1
anisotropy ratio, and AHC with an anisotropy ratio of approximately 24:1. The images
display the surface displacements at three times during the pumping phase.
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Figure 3.13: Negative vertical surface displacement (−uz) for three simulated scenarios:
IHC, AHC with a 3:1 anisotropy ratio, and AHC with an anisotropy ratio of approxi-
mately 24:1. The graph displays the surface displacements along line xx′ and line yy′ at
the end of pumping (Tp).
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displacement, indicating a relatively uniform distribution of deformation. In contrast, the

AHC simulations demonstrate elliptical surface displacement. Notably, the greater the

disparity between the principal hydraulic conductivity values in the x-direction (kxx) and

the y-direction (kyy), corresponding to higher anisotropy ratios, the more pronounced the

elliptical shape of the surface displacement becomes.

3.5.3 Possibility of using InSAR to determine AHC in aquifers

In this section, we aim to ascertain whether the surface displacement resulting from our

model of the Anderson Junction aquifer pumping test can be detected using InSAR.

Additionally, we explore the scenario of higher pumping rates or a longer duration of

pumping to understand if such conditions could lead to observable surface displacements

with InSAR.

As explained in Section 3.3, successful detection of surface displacement using Sentinel-

1 InSAR requires displacements exceeding 8mm along the LOS within a specific region

around the well, e.g. an elliptical displacement pattern that demonstrates AHC. Fig-

ure 3.14 illustrates the surface displacement along line xx′ and yy′ at various time points.

It is evident that the maximum surface displacement is only 3mm. Consequently, under

our conceptual model assumptions the magnitude of the surface displacements created

during the original Anderson Junction test described in V. M. Heilweil & Hsieh (2006)

was likely insufficient to be detected by Sentinel-1 InSAR.

Despite this negative result, the model gives us a tool to explore under which scenarios

a future test at Anderson Junction could produce a sufficient response detectable by

InSAR and containing potentially valuable information for inferring AHC. To this end,

we explored three alternative scenarios. For reference in the following discussion, the

LOS surface displacement under the original Anderson Junction test conditions is shown

in Fig. 3.15.

In the first scenario, high pumping rate, shown in Fig. 3.16a we increase the pumping

rate to eight times the value used in the original Anderson Junction test, while keeping

the pumping duration fixed. The maximum line of sight displacement increased to 18mm

(detectable by InSAR) and the displacement pattern has a strong elliptical character.
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Figure 3.14: Negative vertical surface displacement along line xx′ and line yy′ at differ-
ent time points. The results, obtained using the poroelastic model, demonstrate that
the maximum predicted surface displacement during the Anderson Junction aquifer test
reaches 3mm.
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Figure 3.15: Simulated LOS surface displacement at the end of pumping for Anderson
Junction test (4 d, Pr). Note the different colorbar scale to Fig. 3.16.

In the second scenario, long pumping duration, shown in Fig. 3.16b, we increase the

pumping time to 32 d and keep the pumping rate the same as that used in the original

Anderson Junction test. The maximum line of sight displacement is significantly lower

than the first scenario at 8.6mm, although still potentially at the threshold for detection

by Sentinel-1 InSAR. Additionally, the longer pumping has led to a significantly more

diffuse and isotropic displacement response than in the high pumping rate scenario. This

can be attributed to the longer pumping having sufficient time to activate the slower

diffusion timescale of the fluid problem along the minor axis y.

Finally, we show an intermediate rate and duration scenario, shown in Fig. 3.16c with

eight days of pumping and four times the pumping rate of the original Anderson Junction

test. This scenario is a compromise between the high pumping rate scenario Fig. 3.16a

and the long pumping rate scenario Fig. 3.16b. We can see that a strong elliptical LOS

displacement pattern is visible and that the maximum displacement at 13.3mm exceeds

the threshold for detection by Sentinel-1 InSAR. Note that by design the total water

extracted

Q =

∫ Tp

0

∫
Γpw

gp dx dt, (3.4)

is the same in the three scenarios.

Figure 3.17 presents a comparison of LOS surface displacement for the different scenar-
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ios along line xx′ and yy′. Notably, the graph shows that along line yy′, the high pumping

rate causes substantial surface displacement gradients around the pumping well, which

could result in sinking and fissure formation (Galloway et al., 1999, p. 132–133) (although,

our model cannot predict this type of localized process directly).

We conclude that in terms of maximising the potential information content with

respect to inferring possible anisotropy, it is important to strongly perturb the system

via the pumping rate to ensure that the anisotropic character is visible and to pump a

sufficient volume of water such that the LOS surface displacement can be detected by

the chosen InSAR technology. However, it is important to note that there are practical

limitations to how much we can increase the pumping rate or pumping duration, as they

must align with the aquifer’s properties, sustainability considerations and engineering

considerations, see e.g. (Osborne, 1993) for a discussion.

3.5.4 The required aquifer test features for using InSAR Data

In assessing the potential utility of SAR data for studying an aquifer system undergoing

an aquifer test, several key considerations need to be taken into account, including the

availability of data, the temporal resolution of SAR mission, and accuracy of surface

displacement measurements. The temporal resolution of the SAR data is important in

case of acquiring more SAR data around the aquifer test time. We need at least one

suitable pair of InSAR data within the aquifer test interval like in Alghamdi (2020)

study, although having multiple data points within a longer test interval can enhance

the understanding of the aquifer system. Moreover, it is crucial to assess whether the

surface displacement caused by the aquifer test is observable through InSAR techniques.

Therefore this is one of our motivations to build the proposed model to predict the surface

displacement in the Anderson Junction aquifer.

To ensure the feasibility of using SAR data to estimate aquifer properties, three key

considerations should be taken into account for the aquifer test:

1. Availability of SAR data: It is essential to confirm the availability of SAR datasets

specifically for the time and location of the aquifer test.

2. Adequate test interval: The aquifer test should have a sufficiently long time in-
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(a) High pumping rate 
(4d, 8𝑃௥)
Max LOS def. = 18.0 mm

(b) Long pumping duration 
(32d, 𝑃௥)
Max LOS def. = 8.6 mm

(c) Intermediate rate and duration 
(8d, 4𝑃௥)
Max LOS def. = 13.3 mm
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Figure 3.16: Simulated LOS surface displacement at the end of pumping for: (a) an 8
times pumping rate compared to the Anderson Junction test. (b) an extended pumping
duration of 32 d, replicating the aquifer test characteristics of Anderson Junction (c) an
extended intermediate pumping with 4 times rate and 8 d duration. In all cases, the
total volume of extracted groundwater is the same. Note the different colorbar scale to
Fig. 3.15.
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Figure 3.17: Comparison of LOS surface displacement along line xx′ and line yy′ at the
end of pumping (Tp) for different pumping scenarios. Along yy′, excessive pumping leads
to significant surface displacement, which could lead to sinking and the formation of
fissures near the pumping well (Galloway et al., 1999, p. 132–133).
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terval. This allows for the collection of multiple SAR data sets, enabling a more

comprehensive study of the aquifer over time.

3. Sufficient LOS displacement: The observed LOS displacement should exceed a min-

imum threshold, ideally more than 5 mm and preferably 8mm or more (Cigna et al.,

2021) if we want to use Sentinel-1 mission otherwise, we need to check the surface

displacement accuracy of the SAR mission. For this purpose, we use the proposed

model to predict the LOS surface displacement to compare with the SAR accuracy.

The guideline for conducting an aquifer test involves several key considerations to

ensure accurate results and meaningful analysis. One important aspect is determining

the appropriate pumping rate for the specific aquifer under investigation. The pumping

rate should be selected based on the aquifer’s properties, including its transmissivity,

storage coefficient, and permeability, among others (Osborne, 1993). It should be set at

a level that allows for effective characterization of the aquifer’s hydraulic behavior while

avoiding excessive drawdown or other undesirable effects.

After selecting the pumping rate, the pumping duration should be carefully chosen

to allow for significant and measurable changes in the aquifer, enabling the detection

of anisotropic elliptical patterns through InSAR. In addition, we cannot simply pump

groundwater indiscriminately; rather, we must carefully consider both the aquifer prop-

erties and the project’s budget constraints, as extended pumping may increase operational

costs.

3.6 Conclusions

We have developed an anisotropic poroelastic finite element model of the Anderson Junc-

tion site that is capable of predicting coupled fluid flow and displacements. Our re-

sults show that the effective elastic response of the aquifer at the Earth’s surface has an

anisotropic nature driven by the underlying anisotropy in the fluid problem, even when

the elasticity problem is assumed to be isotropic. In the LOS displacement this anisotropy

manifests in distinctive elliptical patterns.

Under our model assumptions, the original Anderson Junction aquifer test described
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in (V. M. Heilweil & Hsieh, 2006) probably did not exhibit sufficient surface displace-

ment for detection using InSAR. In three alternative scenarios we explored longer and/or

stronger pumping rates to explore the potential of using InSAR data to calibrate aquifer

models with AHC – in two of these scenarios, Fig. 3.16a and Fig. 3.16c we predict LOS

displacement levels necessary for detection by the contemporary Sentinel-1 InSAR mis-

sion. We add that the proposed model can be adapted to another aquifer test with a

longer and/or stronger pumping rate or another confined aquifer system by changing the

properties of the aquifer. It is also recommended to conduct extended pumping duration

to gather InSAR data from multiple satellite passes.

Our upcoming research will explore two directions. First, due to uncertainty in the

hydraulic conductivity tensor, we want to develop a stochastic model of AHC that re-

spects the underlying material symmetries, e.g. (Cowin & Doty, 2007, Chapter 5). Sec-

ond, with this stochastic model developed, we plan to assimilate InSAR-derived data

into our aquifer model. This entails collecting field and remote sensing data to assess

aquifer discharge and recharge dynamics. InSAR will offer valuable insights into surface

displacement and underlying aquifer structures. By solving the inverse problem using

spatiotemporal data, we aim to estimate aquifer properties following e.g. Alghamdi et al.

(2020, 2021). These investigations promise to significantly advance our understanding of

aquifer with AHC behavior leading to models with improved predictive power for use in

a groundwater management context.
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Abstract

Sustainable aquifer management depends on reliable predictive models cal-

ibrated against diverse sources of data. Poroelastic coupling between fluid flow

and surface displacement in an aquifer indicates that precise Interferometric

Synthetic Aperture Radar (InSAR) displacement observation can be used to

calibrate lateral hydraulic conductivity values within an aquifer. While pre-

vious Bayesian inference approaches to this problem have assumed isotropic

random models for the hydraulic conductivity, many aquifers are characterized

by strong anisotropic hydraulic conductivity (AHC). Consequently, isotropic

models are in many cases inadequate. Leveraging a recently proposed Lie

group approach for constructing random symmetric positive definite matri-

ces, we propose a new random model for describing AHC in aquifer systems

that can incorporate directional information from complex and potentially

multi-modal structural geological data. We apply this methodology to de-

scribing two conceptual states of uncertainty regarding the 1996 Anderson

Junction aquifer pump test where both multi-modal circular fracture outcrop

and AHC principal magnitude data is available. After calibration against this

data, the induced uncertainty in AHC is propagated through a partial dif-

ferential equation-based conceptual model of the test. Our results show that

the proposed methodology provides a flexible tool for modeling the effect of

uncertain anisotropic hydraulic conductivity on InSAR-measurable surface

displacements. Complete open source scripts using the DOLFINx finite ele-

ment solver and numpyro/JAX are given as supplementary material.

4.1 Introduction

Water extracted from aquifers is essential for drinking water, agriculture and indus-

try (Food and Agriculture Organization of the United Nations (FAO), 2022). However

over-exploitation presents a major threat to sustainability (Basu & Van Meter, 2014;

Caretta et al., 2022), with adverse consequences including land subsidence (V. M. Heil-

weil & Hsieh, 2006; Burbey et al., 2006; Galloway & Burbey, 2011), reduced water avail-



CHAPTER 4. A RANDOM MODEL OF ANISOTROPIC HYDRAULIC
CONDUCTIVITY TAILORED TO THE INSAR-BASED ANALYSIS OF AQUIFERS75

ability (Walker et al., 2020) and salt water intrusion (Q. Guo et al., 2019). Therefore,

water management, supported by predictive computational models calibrated against all

available data sources, is an important part of ensuring the future sustainability of the

Earth’s water resources (Singh, 2014; Amitrano et al., 2014).

In recent years, the remote sensing methodology InSAR has become popular for ac-

quiring data about ground surface displacements due to its wide spatial coverage, cost-

effectiveness and non-invasive nature (Massonnet & Feigl, 1998; Tomás et al., 2014).

Because the coupling between the solid skeleton of the sedimentary rocks and the fluid

flowing through the aquifer’s pores, it has been proposed (Burbey et al., 2006; Burbey,

2006; Alghamdi, 2020) that geodetic surface displacement data derived from methodolo-

gies such as InSAR and GPS may contain valuable information for inferring the lateral

hydraulic conductivity field of an aquifer.

Focusing on work exploring inverse problems and surface displacment data for in-

ferring aquifer hydraulic conductivity, a series of recent papers (Hesse & Stadler, 2014;

Alghamdi et al., 2020, 2021, 2024) introduced a scalable Bayesian inversion framework

that uses a log–Gaussian process prior model (Tarantola, 2005; Fernández-Martínez et

al., 2013) to infer from a heterogeneous isotropic hydraulic conductivity field from In-

SAR displacement data. However, in many aquifers the hydraulic conductivity exhibits

anisotropy due to networks of lower scale flow-promoting features such as cracks and

faults (Hurlow, 1998; Berre et al., 2019). In the subjective Bayesian approach to inverse

problems (Tarantola, 2005) the choice of prior is critical in drawing conclusions from

the posterior, after incorporating data via the likelihood. Consequently, the isotropic

prior model imposed on the hydraulic conductivity field in Alghamdi et al. (2020, 2021,

2024) may be a unsuitable when field studies indicate that flow at the site is likely

anisotropic (Pollard & Fletcher, 2005).

In Salehian Ghamsari, Dam, & Hale (2025) we investigated the link between aquifer

AHC and InSAR derived surface displacements by constructing a poroelastic PDE-

based model of the Anderson Junction aquifer test, which was determined be strongly

anisotropic during a pump test described in V. M. Heilweil & Hsieh (2006). We used

forward modeling to determine that site-scale AHC would lead to distinctive elliptical

displacement patterns at the surface that, with correct pump test conditions, could be
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detected using InSAR. Consequently, our hypothesis is that InSAR data contains valuable

information for inferring AHC and that it is necessary to develop random models of AHC

tailored for InSAR-based aquifer analysis. To address this gap, in this paper we develop a

random model on the AHC tensor that could be used as a prior in a subjective Bayesian

inference setting to assimilate InSAR data. In the following paragraphs, we outline the

key points of and justification for our development using the Anderson Junction pumping

test described in V. M. Heilweil & Hsieh (2006) as a foundational element.

In the original study (V. M. Heilweil & Hsieh, 2006) describing the Anderson Junction

aquifer pumping test, the authors proposed a modified Papadopulus method (Papadop-

ulos, 1965) to infer the magnitude of the hydraulic conductivity in the direction of two

pressure observation wells assumed to be aligned with the principal directions of AHC1.

V. M. Heilweil & Hsieh (2006) used the predominant fracture azimuths determined from

a circular histogram which we reproduce (rose diagram in Fig. 1) to decide where the

observation wells should be drilled. The fracture data reveals two nearly-orthogonal pri-

mary directions – consequently well A was drilled approximately along the direction of

the first principal direction (x direction). Well B was drilled orthogonal to x (y direction),

a constraint imposed by the modified Papadopulus method rather than in the statistically

determined direction (more on this below). After observing the pressure drop data and

calculating the two principal hydraulic conductivities, the major and minor directions

were assigned to the x and y directions, respectively.

There are limitations to the analysis of the fracture data in V. M. Heilweil & Hsieh

(2006). Firstly, as noted by V. M. Heilweil & Hsieh (2006), the principal direction is

inherently uncertain and so if well A is not in fact aligned with the principal direction, then

this directional uncertainty will introduce further uncertainty in the inferred principal

values of the anisotropic hydraulic conductivity. This fact supports the motivation for

developing a random model that can represent uncertainty in the principal direction.

Secondly, although V. M. Heilweil & Hsieh (2006) indicate that it is ‘neither necessary

(nor warranted) to assume which is the major and which is the minor principal direction

at the start of the analysis’, it is not always the case that there are two or more nearly

1In the original Papadopulos (1965) method no assumption is made on the alignment of the wells
with respect to the principal directions of AHC thus a minimum of three, rather than two, observation
wells are required to uniquely determine the AHC tensor.
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~120 m specifically for the aquifer test at approximately
the same radial distance from the production well but at
perpendicular orientations. The total depth of the pro-
duction well is ~180 m, with casing set to 150 m. The
drillers logs for all three wells indicate uniform fine-
grained sandstone beneath 1 to 12 m of unconsolidated
soil. Observation well A is located 117 m east-southeast
of the production well along a 110� orientation (parallel
to the 90� to 130� azimuthal cluster of fractures). The
static water level in well A before pumping was 6.4 m.

Observation well B is located 115 m south-southwest of
the production well along a 200� orientation (parallel to
the 180� to 210� azimuthal cluster of fractures). The static
water level in well B before pumping was 9.4 m. A sim-
plifying assumption was made that the orientation of
the fracturing within the aquifer is the same as that of the
surface fractures. This assumption is justified by both
regional areal photos showing the uniform direction of
these fracture lineaments and cross-sectional observations
of the planar nature of the fractures throughout the entire
exposed 2000-feet thickness of the Navajo Sandstone at
nearby Zion National Park and Snow Canyon State Park.

The multiple-well aquifer test involved pumping the
production well for ~4 d at an average rate of 4.2 m3/
min. Discharge was measured with a pito tube, v-notch
weir, and pygmy meter. The discharge from the pro-
duction well was diverted into a 0.38-m-diameter ABS
drain pipe, which transported the water 150 m away from
the well to a natural dry wash. In addition to the two
observation wells, a preexisting well (the ‘‘original’’ well)
located 3 m due east of the production well also was used
for evaluating drawdown. Water levels were measured in
the three observation wells and the production well for 4
d prior to the test, during the 4 d of pumping and for as
many as 20 d after the pump was shut off.

Measured water levels at the observation wells were
not corrected for barometric changes because the magni-
tude of drawdown and recovery at all the wells was much
larger (5.8 to 24.4 m) than the effects of barometric
changes (generally <0.3 m). Prepumping trend correc-
tions were applied to all the observation well drawdown
data because of a rise in water levels resulting from
recovery after the development of the production well
shortly before the aquifer test. Prerecovery trend correc-
tions were applied to the observation well recovery data

Figure 2. Location of the Anderson Junction aquifer test, Washington County, Utah.

Figure 3. Rose diagram showing fracture orientations (from
Hurlow 1998) and locations of production and monitoring
wells used for the Anderson Junction aquifer test, Wash-
ington County, Utah.

V.M. Heilweil, P.A. Hsieh GROUND WATER 44, no. 5: 749–753 751

Figure 4.1: Rose diagram (circular histogram) summarising fracture orientations and
locations of the observation wells at Anderson Junction. We remark on the two modes
along the x and y axis. Figure reproduced from V. M. Heilweil & Hsieh (2006).
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orthogonal fracture sets that allows well B to be orthogonal to well A. This observation

supports the development of a random model that can represent multi-modal and/or

non-orthogonal fracture sets. Finally, we note that when using InSAR to infer AHC for

any prior model to be useful it should not be necessary to assume which direction is the

major and minor one a priori. As we will show here, the proposed random model of AHC

can naturally support these diverse states of uncertainty.

The fracture data discussed in the previous paragraphs represent a circular random

variable. Circular random variables are increasingly used in the earth sciences to represent

directional data (Adler & Thovert, 2013; Lark et al., 2014; Rad et al., 2022). Circular

random variables are distributed on the unit circle, characterized by the property that the

upper limit is topologically close to the lower limit. This distinctive feature necessitates

specialized approaches for all aspects of statistical analysis, see e.g. Mardia & Jupp (1999);

Ley & Verdebout (2017) for a full treatment. Examples of circular random variables

include gene expression (Taghia et al., 2014) and wind direction data (Rad et al., 2022).

Returning to structural geological data (Pollard & Fletcher, 2005), Lark et al. (2014)

were the first to propose using a mixture of von Mises distributions (Pewsey & García-

Portugués, 2021) within a frequentist MLE framework to capture complex multimodal

directional data, and thereby extending the earlier unimodal construction of Davis (2002).

The first contribution of this paper is to develop a Bayesian model for potentially

multi-modal directional structured geological data. This model will be calibrated against

the fracture data acquired at the Anderson Junction site (V. M. Heilweil & Hsieh, 2006)

to produce a random model of the principal direction of the AHC tensor. The proposed

model consists of a collection of circular von Mises distributions with unknown means and

variances that are then mixed with weights modeled using a Dirichlet distribution (Bishop,

2006, Chapter 9). In contrast to the non-probabilistic analysis of the fracture outcrop

data performed in the original study of V. M. Heilweil & Hsieh (2006), our model is

capable of capturing uncertainty in the principal direction and the multi-modality present

in the original data. Additionally, it is able to represent fracture sets (modes) that are

non-orthogonal. Aside from some structural differences that we discuss later, a distinct

methodological difference between our work and Taghia et al. (2014) is that we use a

Markov chain for posterior exploration, rather than VI (Blei et al., 2017b). Further,
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we include an alternative approach for determining model complexity (here, the strict

number of mixtures) based on LOOCV (Mao et al., 2014), rather than reversible jump

MCMC (Mulder et al., 2020) or ELBO (Taghia et al., 2014).

The poroelastic model of the Anderson Junction pump test described in Salehian Gham-

sari, Dam, & Hale (2025) is parameterized by the AHC tensor. For this model to be well-

posed, the AHC tensor must be SPD. To convert the stochastic model of the principal

direction to an SPD tensor we follow an approach for constructing random SPD second-

rank tensors as proposed in (Shivanand et al., 2024). In short, the SPD AHC tensor

undergoes spectral decomposition – its positive eigenvalues represent the strength of the

hydraulic conductivity along the principal axis, while its orthogonal eigenvectors capture

its orientation. The eigenvectors are parameterized by a (random) angle, the eigenvalues

by (random) strictly positive reals, and the SPD property of the random AHC tensor

is then guaranteed by a rigorous Lie group derivation. Importantly for our application,

this construction allows for separate control of magnitude and direction, facilitating the

representation of complex anisotropy like that induced by the directional model described

in the previous paragraph.

To demonstrate the flexibility of our development, we construct two conceptual states

of uncertain AHC based on data from the Anderson Junction site. In the first setting,

we assume knowledge of the fracture outcrop data and the magnitude of AHC in the

principal directions inferred in V. M. Heilweil & Hsieh (2006) – this allows us to only

consider the fracture set mode in the direction of well A. In the second setting, we assume

that we do not posses knowledge of the magnitudes of AHC, so the major direction could

be in the direction of well A or well B. For the two cases, we calculate summary statistics

of the InSAR LOS surface displacement to evaluate the influence of AHC uncertainty.

The results indicate that the uncertainty is greatest in regions far from the pumping

well and that directional uncertainty leads to potentially complex standard deviation

patterns in space and time, underscoring the importance of modeling uncertain AHC on

the subsidence response of an aquifer.

In summary, the main contributions of our paper are as follows:

1. We introduce a Bayesian mixture model for the rotation angle representing the

complex multi-directional fracture data at Anderson Junction. This extends the
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frequentist approach for fitting structural geology data originally described in Lark

et al. (2014) to a Bayesian setting.

2. Leveraging the Bayesian rotation angle model we extend the Lie group construction

of SPD tensors proposed in Shivanand et al. (2024) to more complex anisotropic

settings, including multi-modal principal directions.

3. We show that our AHC model is sufficiently flexible to replicate two conceptual

states of knowledge about the Anderson Junction site.

4. We propagate the resulting uncertainty through a poroelastic model of the pump

test and show that uncertain AHC leads to a substantial impact on the model’s

prediction of InSAR LOS displacements.

Although our method is applied to a hydrological problem, the overall approach is rel-

atively general and could be applied to any setting where complex uncertainty in an

anisotropic second-rank tensor quantity is present.

This paper is structured as follows: Section 4.2 provides an overview of the Anderson

Junction study area, focusing on the aquifer pumping test and fracturing observed in this

area. In Section 4.3, we detail the methodology, including the PDE-based forward model,

the parametric Bayesian model for fracture outcrop data, the construction of a model for

the AHC tensor, and finally the forward uncertainty analysis through the PDE-based

forward model. The implementation and results are presented in Section 4.4, before we

conclude in Section 4.5.

4.2 Case study

In this section, we restate the main features of the Anderson Junction aquifer pump-

ing test, Utah, USA, see Fig. 3.1 (Hurlow, 1998; V. M. Heilweil & Hsieh, 2006; Sale-

hian Ghamsari, Dam, & Hale, 2025). The test used a pumping well and two observation

wells, assumed to be aligned with the principal directions of AHC, to estimate the major

and minor hydraulic conductivity of the confined Navajo sandstone aquifer. Groundwa-

ter extraction from the pumping well occurred over a period of four days at an average
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rate of 0.07m3 s−1. Salehian Ghamsari, Dam, & Hale (2025) predicted that the vertical

surface displacement induced by this pumping would likely be insufficient to be detected

using Sentinel-1 InSAR. To address this limitation, we designed a hypothetical scenario

where pumping occurred at 0.28m3 s−1 for 8 days – this rate is used in our numerical

experiments in this paper.

Figure 4.1 summarizes the relative frequency of fracture directions (azimuths) in the

Navajo Sandstone. The primary fracture cluster (x direction) is oriented towards the

east at 90◦ to 130◦ and the secondary fracture cluster (y direction) at 180◦ to 210◦.

After acquiring pressure drop data at the observation wells, V. M. Heilweil & Hsieh

(2006) estimated the hydraulic conductivity in the major principal direction as kxx =

1.1× 10−8± 21% m3 s kg−1 and in the minor direction kyy = 4.7× 10−10± 19% m3 s kg−1.

Hydraulic conductivity is an intrinsic property of the aquifer, independent of pumping

rate. Thus, we use these inferred conductivities in our hypothetical scenario.

4.3 Methodology

In Fig. 4.2, we outline the key elements of our proposed methodology. In this section, we

discuss the mathematical aspects of the model. The calibration and application to the

Anderson Junction site is left for Section 4.4.

4.3.1 The anisotropic hydraulic conductivity (AHC) tensor

The poroelastic finite element model is detailed in Chapter 2. We replace the AHC tensor

k in Eq. (2.1) with k̃, both of which will be defined in detail below. To represent the AHC

tensor k̃ using vector and matrix notation, we specify the three-dimensional Euclidean

space with mutually orthogonal axes (x, y, z). The x-axis and y-axis are aligned with the

directions x and y shown in Fig. 4.1. The z-axis points downward into the earth. Unless

otherwise stated, all first- and second-ranked tensor-valued quantities in the paper are

written as vectors and matrices, respectively, with respect to this Euclidean space.

We define the space of real-valued symmetric second-rank tensors (matrices) as

Sym(d) := {k ∈ Rd×d | kij = kji}, (4.1)
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Figure 4.2: Overview of methodology. 1. Principal direction data from structural geo-
logical data; 2. Data on hydraulic conductivity in principal directions; 3. Calibration
of Bayesian model for rotation angle from structural geological data; 4. Calibration of
model on hydraulic conductivity in principal directions using hydraulic conductivity data;
5. and 6. Using calibrated models from 3. and 4. generate random SPD AHC tensors;
7. Propagate uncertainty induced by AHC tensor through the conceptual model of An-
derson Junction aquifer system; 8. Summary statistics of the InSAR LOS displacement.
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and the subset of positive definite tensors as

Sym+(d) := {k ∈ Sym(d) | zTkz > 0, ∀z ∈ Rd \ {0}}. (4.2)

To guarantee that Eq. (2.1) is well posed, the AHC tensor k̃ must be a member of

Sym+(3). We assume that one of the eigenvectors of k̃ is aligned with the z-axis and thus

kxz = kyz = 0. In this case we have k̃

k̃ =


kxx kxy 0

kyx kyy 0

0 0 kzz

 , (4.3)

where the lines in the tensor emphasize the natural block structure. The random modeling

in our paper will focuses on the top left block of k̃, which we denote k ∈ Sym+(2), and

represents uncertainty in the AHC in the x–y plane. Alghamdi (2020) noted that InSAR

displacement data provides little information for inferring kzz. Therefore we treat kzz as

perfectly known (non-random).

The arguments presented in Shivanand et al. (2024) that lead to a natural parametriza-

tion of k ∈ Sym(2) in terms of a clockwise rotation angle ϕ in the x− y plane about the

z-axis and two positive eigenvalues λx and λy. We focus here on basic notions that apply

in both the deterministic and random setting, and return to the specifics of the stochastic

construction in Section 4.3.4. We begin by defining the space of diagonal tensors as

Diag+(d) :=
{
Λ ∈ Rd×d | Λ = diag(λ1, λ2, . . . , λd), λi ∈ R+

∗
}
, (4.4)

where R+
∗ is the space of strictly positive real numbers. The space of orthogonal tensors

O(d) :=
{
Q ∈ Rd×d | QTQ = I

}
, (4.5)

the subset of special orthogonal tensors

SO(d) := {R ∈ O(d) | det(R) = 1} , (4.6)
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and its Lie algebra of skew-symmetric tensors

so(d) :=
{
W ∈ Rd×d | W T = −W

}
. (4.7)

We also define the unit circle

S1 = {(cos(ϕ), sin(ϕ)) | ϕ ∈ [0, 2π)} . (4.8)

Any k ∈ Sym+(2) can be decomposed into a tensor Λ := diag(λx, λy) ∈ Diag+(2) of

eigenvalues and an tensor of eigenvectors Q ∈ O(2)

k = QΛQT . (4.9)

We can further rotate the eigenvectors Q by applying a rotation tensor R ∈ SO(2)

k = (RQ)Λ(RQ)T , (4.10)

It is this decomposition that forms the basis of the stochastic construction in Shivanand

et al. (2024). Using the rotation angle ϕ about the z-axis we construct an infinitesimal

rotation tensor W ∈ so(2) as

W = ϕ

0 −1

1 0

 . (4.11)

Following Hall (2015), it is possible to connect the space SO(d) with its Lie algebra so(d)

through the map exp : so(d) → SO(d), leading to

R = exp(W ). (4.12)

As a consequence of the Cayley-Hamilton theorem (Axler, 2024), the Euler-Rodrigues

formula gives

R = exp(W ) = I +
sinϕ

ϕ
W +

1− cosϕ

ϕ2
W 2, (4.13)
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which reduces to the standard result linking a rotation angle with a rotation matrix

R =

cosϕ − sinϕ

sinϕ cosϕ

 . (4.14)

This construction can be extended to the more general three-dimensional case without

the block structure in Eq. (4.3). By parametrizing R using two angles ϕ and η, the latter

representing a tilt around the y-axis, we can incorporate uncertainty about an additional

preferential direction, for example, in a bedding plane dip angle.

4.3.2 Rotation angle model

In this subsection we develop a hierarchical Bayesian model for the rotation angle ϕ used

in Eqs. (4.10) to (4.12). Throughout the rest of the paper we use a hat ·̂ to emphasize

that a quantity is non-stochastic, i.e. is perfectly known.

To model potentially multi-modal directional data, a mixture of circular von Mises dis-

tributions is a suitable choice (Ley & Verdebout, 2017; Taghia et al., 2014). We write the

joint random model for n ≥ 1 mixtures on the latent parameters θn = (µ1, κ1, c1, w1,m1 . . . ,

µn, κn, cn, wn,mn) and p independent and identically distributed (i. i. d.) rotation angles

ϕ1, ϕ2, . . . , ϕp

µ1, . . . , µn
iid∼ VonMises(µ̂, κ̂), (4.15a)

κ1, . . . , κn
iid∼ Gamma(α̂, β̂), (4.15b)

c1, . . . , cn
iid∼ VonMises(µi, κi), (4.15c)

w1, . . . , wn ∼ Dirichlet(â1, . . . , ân), n ≥ 2, (4.15d)

w1 = 1, n = 1, (4.15e)

m1, . . . ,mn ∼ Categorical(w1, . . . , wn), (4.15f)

ϕ1, ϕ2, ..., ϕp
iid∼ Mixture((m1, . . . ,mn), (c1, . . . , cn)), (4.15g)
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Figure 4.3: DAG of the mixture of von Mises model for n ≥ 2 mixtures. The square
boxes denote fixed or observed quantities, and the circles denote unknowns.

which in the case of n = 1 (i.e., no mixtures) reduces to

µ1 ∼ VonMises(µ̂, κ̂),

κ1 ∼ Gamma(α̂, β̂),

ϕ1, ϕ2, ..., ϕp
iid∼ VonMises(µ1, κ1).

The hierarchical model for the n ≥ 2 case is visualized as a directed acyclic graph (DAG)

in Fig. 4.3. Here, we summarize the components, parameterization and structure of the

model. We do not show explicit expressions for the probability density function (PDF)

associated with each component, as these are relatively standard, and instead refer the

reader to e.g. Mardia & Jupp (1999); Taghia et al. (2014). The VonMises distribution,

parameterized by a mean µ and concentration κ is the natural extension of the normal

distribution to the circle. For each von Mises component ci in the mixture, we place a

VonMises hyperprior on each µi, and a Gamma hyperprior on each κi, parameterized by

shape α̂ and rate β̂ parameters. The mixture weights w are selected from a Dirichlet

prior with concentration parameters â1, . . . , ân, fed into a Categorical prior to produce

the latent component probabilities m1, . . . ,mn. Finally, the rotation angles are assumed

i. i. d. from a Mixture of c1, . . . , cn weighted with m1, . . . ,mn.

Our model construction roughly follows that of Taghia et al. (2014) except that those

authors choose to set the hyperprior µi concentration parameter as β̂κi with β̂ a positive

constant. We have experimented with both versions of the model and did not find any
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issues with identifiability using our construction on the examples we present later.

After observing p iid samples of the rotation angle ϕobs
1 , . . . , ϕobs

p , we condition the joint

model for a specific number of mixtures n in Eq. (4.15) on data to form the Bayesian

posterior θn | ϕobs
1 , ϕobs

2 , . . . ϕobs
p . We generate samples from the posterior using the No-U-

Turn Sampler (NUTS) (Hoffman & Gelman, 2014), a gradient-based Hamiltonian Monte

Carlo (HMC) method (Duane et al., 1987; Neal, 1996). In our numerical computa-

tions we use the parameterizations as defined in the probabilistic programming language

NumPyro (Phan et al., 2019; Rønning et al., 2021).

Later, we will calibrate models with varying number of mixtures n to the observed

rotation angle data. Consequently it will be necessary to select the number of mixtures

that best represents the underlying data, while remaining conservative. This model se-

lection problem can be tackled via a number of approaches, e.g. information theoretic

approaches (Akaike, 1998; Spiegelhalter et al., 2002; van der Linde, 2005; Watanabe &

Opper, 2010), Bayes factors (Friel & Pettitt, 2008) and cross-validation (CV) (Vehtari et

al., 2017). Please see Gelman et al. (2014); Watanabe (2021); Zhang et al. (2023) for the

relative merits of these different approaches.

In this study we use a CV approach, specifically Leave-one-out cross-validation (LOOCV)

as described in (Vehtari et al., 2017) via the implementation in ArviZ (Kumar et al., 2019),

a Python package for exploratory data analysis. LOOCV is widely used to obtain a reli-

able test for model performance estimation and less commonly used as a model selection

criterion. Although LOOCV is significantly more computationally expensive than infor-

mation theoretic approaches such as Akaike information criterion (AIC) (Akaike, 1998)

and deviance information criteria (DIC) (Spiegelhalter et al., 2002; van der Linde, 2005),

LOOCV offers greater flexibility and applicability to complex models like the mixture

model we consider here (Vehtari et al., 2015, 2017).
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4.3.3 Eigenvalue model

We model the eigenvalues as log-normal random variables

λx ∼ Lognorm(µ̂x, σ̂
2
x), (4.16a)

λy ∼ Lognorm(µ̂y, σ̂
2
y). (4.16b)

This representation ensures positivity thus guaranteeing Λ ∈ Diag+(2). 2

The simplicity of the model and the available data allow us to calibrate our model

with V. M. Heilweil & Hsieh (2006) by calibrating the four parameters (µ̂x, σ̂
2
x, µ̂y, σ̂

2
y)

manually. In the presence of richer data more complex models could be developed and

formally calibrated using e.g. MLE or Bayesian approaches.

4.3.4 Anisotropic hydraulic conductivity model

Following the arguments in Shivanand et al. (2024), we extend the construction of k in

Eqs. (4.10) and (4.14) to the stochastic setting. We treat k as a function of the random

variable ω := (ϕ, λx, λy) composed of the rotation angle and eigenvalues, i.e.

k(ω) : [0, 2π)× R+
∗ × R+

∗ → Sym+(2), (4.17)

on a probability space (triple) defined in the standard way, see e.g. Klenke (2020).

We now discuss the full stochastic extension of Eq. (4.10) and two special cases (Shiv-

anand et al., 2024). In the full model, we will generate AHC tensors with randomness in

both scaling and rotation

k(ω) = R(ϕ)Q̂Λ(λx, λy)Q̂
TR(ϕ)T . (4.18)

In the first simplified model ks we assume that ϕ is known perfectly and there is no

rotation, i.e. ϕ̂ = 0 and R = I. This means that the scaling is the only parameter that

2In Shivanand et al. (2024) precisely the same construction is derived via Diag+(2) having Lie algebra
Diag(2) and modeling log(Λ) ∈ Diag(2) with the two diagonal entries modeled as two normal random
variables.
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is varied, leading to

ks(ω) = Q̂Λ(λx, λy)Q̂
T . (4.19)

In the second simplified model kr we assume that both λx = λ̂x and λy = λ̂y are perfectly

known, leading to randomness only in the rotations

kr(ω) = R(ϕ)Q̂Λ̂(λ̂x, λ̂y)Q̂
TR(ϕ)T . (4.20)

To produce samples {k(ωi)}Ni=1 distributed according to k in Eqs. (4.17) and (4.18),

we first generate rotation angle samples assumed i. i. d. {ϕi}Ni=1 according to the posterior

predictive distribution ϕ | ϕobs
1 , . . . , ϕobs

p (Gelman et al., 2020, Section 6.1) induced by the

model Eq. (4.15) at fixed n. We then generate eigenvalue samples {λx}Ni=1 and {λy}Ni=1

using a standard generator for the log-normal distribution, before finally passing each

ωi = (ϕi, λxi, λyi) through equation Eq. (4.18). The process for generating samples from

the models with fixed parameters Eqs. (4.19) and (4.20) will be described in the following

section.

4.3.5 Forward uncertainty propagation

To study how uncertainty in the AHC tensor induces uncertainty in the LOS surface

displacement we calculate summary statistics of the LOS surface displacement using the

Monte Carlo technique. Given N assumed i. i. d. samples {ki}Ni=1 we can calculate N

solutions of {uLOS(x, t, ki)}Ni=1 by solving the PDE system Eq. (2.1) and calculating the

LOS displacement Eq. (3.1). The mean of the LOS displacement is then computed as

µ(uLOS(x, t)) :=
1

N

N∑
i=1

uLOS(x, t, ki), (4.21)

and the unbiased estimation of standard deviation is calculated as

Std(uLOS(x, t)) :=

[
1

N − 1

N∑
i=1

[uLOS(x, t, ki)− µ(uLOS(x, t))]
2

]1/2

. (4.22)
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4.4 Results

We apply the methodology described in Section 4.3 to develop two models reflecting

different states of subjective Bayesian belief (Jaynes, 2003) about the Anderson Junction

site. The specification of the poroelastic finite element model can be found in Chapter 3

and Salehian Ghamsari, Dam, & Hale (2025).

In the first scenario, detailed in Sections 4.4.1 to 4.4.4 we use the fracture data Fig. 4.1

and the major and minor hydraulic conductivity estimates from the pump test in V. M. Heil-

weil & Hsieh (2006). Since the pump test determined the major principal direction of

AHC using Papadopulus method, the rotation angle ϕ cannot lie along the fracture mode

coinciding with well B. Consequently, we construct a model that captures the complexity

in the rotation angle data only in the direction of well A.

In the second scenario, described briefly in Section 4.4.5, we assume no knowledge

of the outcome of the pump test. Instead, we rely solely on the fracture data and the

general understanding that the hydraulic conductivity may be anisotropic – this is the

same state of knowledge as in V. M. Heilweil & Hsieh (2006) prior to the pump test.

Without the pump test data, the major principal direction remains uncertain and could

be aligned with either of the primary fracture directions in Fig. 4.1.

4.4.1 Calibrating the rotation angle model

Following the developments in Section 4.3.2 we calibrate the rotation angle model Eq. (4.15)

for n = 1, 2, 3 mixtures against the fracture direction isolated around the direction of well

A in Fig. 4.1. This leads to three calibrated models denoted VM1, VM2 and VM3.

Because fracture orientation data at the Anderson junction site is only available in

summarized form Fig. 4.1, rather than raw rotation angle data
{
ϕobs
i

}M

i=1
, we generate

M = 1000 synthetic rotation angle observations for use in the calibration. Our method-

ology is not limited to this setting and works well with raw rotation angle data.

The models Eq. (4.15) are implemented in NumPyro (Phan et al., 2019; Rønning et

al., 2021). Samples are simulated from each posterior using the built-in implementation

of NUTS. Standard MCMC chain convergence diagnosis is performed and pass (results

not shown). Further exploratory analysis including the model selection via LOOCV–
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Symbol Description Unit Value

µ̂ measure of location rad 0.0
κ̂ measure of concentration rad−2 π
α̂ shape parameter - 20.0

β̂ rate parameter rad2 0.1
â1, . . . , ân concentration parameters - 1, 1, ..., 1.

Table 4.1: Non-informative prior parameters for the rotation angle model.

Model rank elpd_loo p_loo elpd_diff SE

3VM 1 276.80 23.41 0.00 20.63
2VM 2 260.81 4.95 15.99 21.52
1VM 3 44.48 1.41 232.32 13.98

Table 4.2: Model selection results. rank: The rank-order of the models based on
elpd_loo. elpd_loo: Expected log pointwise predictive density. p_loo: Estimated
effective number of parameters. elpd_diff: The difference in ELPD between models,
computed relative to the top-ranked model, which always has an elpd_diff of 0. SE:
Standard error of the ELPD estimate. 2VM is the preferred model; interpretation of the
results is given in the text.

expected log pointwise predictive density (ELPD) is performed using ArviZ (Kumar et

al., 2019).

The posterior predictive distributions of the three calibrated models are shown in

Fig. 4.4. The blue histogram summarizes the posterior predictive rotation angle data,

and the green histogram summarizes the rotation angle data used for calibration. 2VM

and 3VM show a reasonable fit to the original data, while 1VM is, as expected, inadequate.

In Table 4.2 we show the results of the model selection. The models are ranked from

best to worst based on the elpd_loo – a higher elpd_loo indicates a better out-of-

sample predictive fit. The estimated effective number of parameters p_loo reflects the

complexity of the model – a higher value indicating greater complexity. Following the

guidelines in Vehtari et al. (2017), a model can be considered better than another only

if the elpd_diff significantly exceeds the standard error SE of the ELPD estimate. The

elpd_diff between 2VM and 3VM is 15.99, which is less than the standard error of 21.52,

so we cannot conclude that 3VM is superior to 2VM. We then compare the complexity

using p_loo and determine that 2VM is less complex than 3VM - consequently we choose

2VM and continue with 2VM through the following sections.
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Figure 4.4: Posterior predictive checks: posterior predictive (green) and original training
data (blue).
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Figure 4.5: Probability density functions of the two eigenvalues.

4.4.2 Calibrating the eigenvalue model

We calibrate the four parameters (µ̂x, µ̂y, σ̂
2
x, σ̂

2
y) of the stochastic model of the eigenval-

ues Eq. (4.16). As data we use the inferred values of the AHC kxx ± 21% and kyy ± 19%

reported in V. M. Heilweil & Hsieh (2006) which corresponds to an anisotropy ratio of

approximately 24 to 1. The values of kxx and kyy are provided in Table 3.2. In the original

study no precise meaning is attached to the quoted ± statistic, so we choose to interpret

this to mean that approximately 98% of the probability mass of the Lognorm should lie

between the ± limits. We set µ̂x = kxx, µ̂y = kyy and iteratively adjust the variance. We

find that σ̂2
x = σ̂2

y = 0.0064 approximately satisfies the 98% condition. The PDF with

these parameters are shown in Fig. 4.5.
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4.4.3 Generation of AHC tensors

Using the calibrated models in Sections 4.4.1 and 4.4.2 we generate stochastic AHC

tensors via Eqs. (4.18) to (4.20). Figure 4.6 provides a visualization of the random

samples of the three different AHC models. The elliptical shape of the AHC tensor

illustrates both the direction and magnitude of AHC along the principal directions. The

direction of the ellipses indicates the principal major and minor directions of hydraulic

conductivity, while the radii represent the magnitude of hydraulic conductivity in those

principal directions.

4.4.4 Forward uncertainty analysis

Eqs. (4.18) to (4.20) we generate N = 8000 samples of the AHC tensor and propagate

this uncertainty through the PDE model of the Anderson Junction. The evaluation

of the model for each sample takes around 10min on 32 MPI processes on a single

node of the aion cluster at the University of Luxembourg (Varrette et al., 2022). The

evaluations are parallelized and are distributed across 32 nodes of the high-performance

computing (HPC), with 4 simultaneous evaluations per node. For each evaluation line-

of-sight displacement uLOS on the top surface Γt is written out to disk (around 35MB)

in the ADIOS2 format using adios4dolfinx (Dokken, 2024). The data is read back in

on a single HPC job with 8 MPI processes to compute summary statistics Eqs. (4.21)

and (4.22).

As a baseline for comparison in Fig. 4.7, we show the deterministic Anderson Junc-

tion hypothetical intermediate pumping scenario with rate 4 × Pr after 8 d duration

from (Salehian Ghamsari, Dam, & Hale, 2025). We remind the reader the effect of the

LOS perspective in the outputs, which ‘shifts’ the observed displacement towards the

east-south of the pumping well, assuming the satellite is positioned to the west-north of

the aquifer.

The mean and standard deviation of the random scaling and rotation LOS displace-

ment are shown in Fig. 4.8. When comparing the mean in Fig. 4.8a with Fig. 4.7, there is

a more diffuse displacement response particularly in the west-north area. The standard

deviation (Fig. 4.8b) in the west-north area supports this.
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(a) Samples from scaling and rotation model Eq. (4.18).
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(b) Samples from scaling model Eq. (4.19). Line in x direction is shifted by a constant translation
for easier visualization.

East

N
or

th

x direction

(c) Samples from rotation model Eq. (4.20).

Figure 4.6: Visualization of random samples from three models for stochastic AHC. Each
random sample is plotted as an ellipse with the direction of the ellipse representing the
principal directions and the radii representing the magnitude of the hydraulic conductivity
in the principal directions.
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Figure 4.7: Simulated LOS surface displacement at the end of pumping for an hypothet-
ical intermediate pumping with 4× Pr and 8 d duration. Used under CC BY 4.0 license
from Salehian Ghamsari, Dam, & Hale (2025).

 

(a) Mean of LOS displacement (random scaling
and rotation AHC).

 

(b) Standard deviation of LOS displacement
(random scaling and rotation AHC).

Figure 4.8: Mean and standard deviation of the LOS displacement outputs from executing
the poroelastic model using AHC with randomness in both scaling and rotation. Tp is the
time when the pumping finished after 8 d of pumping. The mean values are truncated at
zero from above.
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(a) Mean of LOS displacement (random scaling
AHC).

 

(b) Standard deviation of LOS displacement
(random scaling AHC).

Figure 4.9: Mean and standard deviation of the LOS displacement outputs from executing
the poroelastic model using AHC with randomness in scaling. The mean values are
truncated at zero from above.

In Fig. 4.9, we present the mean and standard deviation of LOS displacement calcu-

lated using AHC with random scaling alone. The mean Fig. 4.9a closely resembles the

LOS displacement predicted at Anderson Junction using the hypothetical intermediate

pumping test scenario (Fig. 4.7). The standard deviation indicates a very slight variation

along a band aligned with the major principal direction.

Figure 4.10 shows the mean and standard deviation of the LOS displacement with

random rotation applied. The results are similar to those observed in the random scaling

and rotation scenario, implying that the randomness in rotation, induced by the structural

geological data, has the dominant effect on the line-of-sight displacement here.

4.4.5 Second scenario

In this second modeling scenario, we assume that the AHC (from V. M. Heilweil & Hsieh

(2006)) is unknown. Consequently the major principal direction could be coincident with
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(a) Mean of LOS displacement (random rota-
tion AHC).

 

(b) Standard deviation of LOS displacement
(random rotation AHC).

Figure 4.10: Mean and standard deviation of the LOS displacement outputs from exe-
cuting the poroelastic model using AHC with randomness in rotation. The very small
mean values are truncated at zero from above.
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either of the fracture modes Fig. 4.1. The lack of knowledge of the pump test also means

that we need to express a greater degree of uncertainty about the anisotropy ratio between

the principle directions.

Because of the additional mode to account for in the fracture data, we choose to

calibrate 3VM and a new richer 4VM model for the rotation angle - the model selection

process (full results not shown) selects 4VM. The posterior predictive distribution of this

mixture model is shown in Fig. 4.11a.

Using Eq. (4.16), we generate eigenvalues applying a higher standard deviation, which

leads to a anisotropy ratio from around 1:9 to 1:1. We then generate random AHC tensors

with random scaling and rotation using Eq. (4.18). The elliptical shape of these random

AHC tensors is shown in Fig. 4.11b. We can see that our parameterization using the

angle and two eigenvectors supports the hypothesis that the major principal direction

could lie along the direction of either well A or B.

Finally, we quantify AHC uncertainty in the LOS displacement outputs by solving

our poroelastic finite element model for the generated random AHC tensors. A few

sample LOS displacement outputs are presented in Fig. 4.11c, illustrating the variability

in responses due to different AHC orientations and magnitudes. We remark how the

mean shown in Fig. 4.11d exhibits an almost circular shape due to the AHC tensors

having major direction approximately oriented along the direction of either well A or B.

4.5 Conclusions

In this study we presented a novel random model of AHC that can incorporate uncertain

structural data. The model consists of three components; a Bayesian rotation angle

model built from a mixture of circular von Mises distributions that encodes the principal

direction of AHC, a model for positive eigenvalues that controls the magnitude of the

AHC in the principal directions, both feeding into a Lie group construction for the AHC

tensor. Our goal has been to design a model that could serve as a prior in a Bayesian

inference setting where InSAR-derived line-of-sight data contain information about AHC.

By calibrating the model against observed fracture orientations and pump test data from

Anderson Junction, we were able to define two conceptual states of belief about the site.
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Figure 4.11: Results of second scenario. The scale and unit for samples Fig. 4.11c is the
same as the mean Fig. 4.11d.
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Our results show that the methodology provides a flexible tool for modeling uncertainty

and that uncertainty in the AHC orientation has a larger impact on the LOS InSAR

displacement predictions than the magnitudes of the principal directions.

In the future, we plan to explore the Bayesian calibration of the full model against

real and synthetic InSAR data in order to explore parameter identifiability. The compu-

tational burden of the PDE solver presents some technological challenges. In particular,

to minimize the number of model evaluations needed to create a Markov chain on the

posterior we need to use a gradient-based sampling algorithm, e.g. NUTS, which requires

the derivative of the log-posterior with respect to the model parameters. This can be cal-

culated efficiently via the adjoint (back-propagation) technique. However, our full model

is constructed from a complex mixture of NumPyro (probabilistic) and DOLFINx (PDE)

components and although we can derive the adjoint model of each part individually

and automatically using NumPyro/JAX (Phan et al., 2019; Bradbury et al., 2018) and

pyadjoint (Mitusch et al., 2019), we are not currently able to write a NumPyro model con-

taining a DOLFINx PDE solve and then derive the corresponding adjoint model. Some

recent work (Bouziani & Ham, 2023) show coupling of PDE and machine-learning model

graphs for gradient calculation, and we anticipate that this technique could be adapted

to our model.

Supplementary material

The supplementary material (Salehian Ghamsari & Hale, 2024) includes input data, full

code and further mathematical details of the finite element model.
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Chapter 5

Automatic differentiation of models

involving machine learning and PDE

components

5.1 Introduction

In this chapter I will describe some ongoing work towards solving an inverse problem

involving the models shown in the previous two chapters.

To specify an inverse problem where the AHC parameter will be estimated from

observations of the aquifer system, there are two main approaches: deterministic inverse

problems that ignore the uncertainty in the parameter and provide a point estimate, and

probabilistic Bayesian inverse problems that account for uncertainty through construction

and exploration of the full posterior distribution, that is, the probability of the parameters

given the data.

Whether solving a deterministic optimization problem or sampling from the posterior,

a critical component required for a tractable computation is the derivative of a functional

of the model output with respect to its underlying parameters.

Derivatives are essential in gradient-based optimization methods, such as gradient

descent, Newton’s method, conjugate gradient, and quasi-Newton methods (e.g., BFGS).

These techniques use derivatives to determine the direction in which the objective func-

103
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tion decreases most rapidly. Typically, the first derivative (gradient) guides the direction

of steepest descent, while the second derivative (Hessian matrix) provides curvature in-

formation in second-order methods.

Derivatives are also increasingly used in numerical algorithms for solving Bayesian

inverse problems. Modern approaches typically employ gradient-based sampling algo-

rithms such as HMC and its adaptive variant, the NUTS, to explote the posterior. These

algorithms depend on computing the gradient of the log-probability (i.e., the log joint

density) with respect to the model parameters.

Calculating the automatic differentiation (AD) is already challenging for PDE mod-

els—doing so for a coupled probabilistic and PDE model is even more difficult. Many

scientific and engineering problems involve such coupling, such as subsurface aquifer mod-

eling, seismic inversion, and weather and climate modeling. Fully integrating PDE frame-

works like Firedrake and DOLFINx with machine learning tools such as JAX (Bradbury

et al., 2018) and NumPyro (Phan et al., 2019) is challenging, as these systems are complex

and developed independently. The goal is to enable end-to-end differentiable workflows

that seamlessly combine PDEs with probabilistic components.

pyadjoint (Mitusch et al., 2019) is a Python framework for computing reverse-mode

AD (adjoint method) for PDE models expressed in unified form language (UFL). JAX, on

the other hand, provides automatic differentiation for models defined within its ecosystem.

While we may have a PDE model and its differentiation handled by pyadjoint, we still

need to interface it with JAX in order to integrate the PDE solve into NumPyro model.

This integration would allow us to incorporate the AHC random model and perform

probabilistic inference.

Bouziani et al. (2024) introduces a differentiable programming layer that bridges PDE

solvers and machine learning (ML) frameworks, allowing researchers to combine PDEs

and ML models with minimal code modifications. Using our approach, it becomes possible

to integrate a probabilistic model informed by complex prior knowledge and automatically

construct a Bayesian statistical model in NumPyro. This leverages JAX’s speed and

automatic differentiation capabilities for efficient Bayesian modeling and inference.

Several studies have explored PDE-constrained inverse problems using adjoint-based

optimization, particularly in geophysical and environmental modeling. For instance, Pe-
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tra et al. (2012) applied an inexact Gauss–Newton method to estimate basal sliding coef-

ficients and rheological parameters in a nonlinear Stokes ice sheet model. Their approach

formulates the inversion as a regularized nonlinear least-squares problem, using adjoint

equations to efficiently compute gradients and Hessian-vector products. This method

shares strong conceptual similarities with our work, where we estimate the anisotropic

hydraulic conductivity (AHC) tensor in a time-dependent groundwater flow model. Both

approaches rely on sparse observational data, exploit the structure of the forward PDE

model, and use gradient-based methods enabled by automatic or algorithmic differentia-

tion.

Our main contribution is the development of a differentiable programming abstraction

that enables users to build models combining PDEs and probabilistic components, while

maintaining full compatibility with tools such as jax.grad, jax.jit1, and jax.vmap2.

In our framework, gradients propagate correctly through both the PDE solver and the

probabilistic model. This makes it possible to seamlessly integrate the PDE model into

an automatic NumPyro workflow, allowing users to construct Bayesian statistical models

and perform probabilistic inference using modern, scalable tools. The approach brings

together the strengths of numerical PDE solvers and probabilistic modeling within a

unified, gradient-based optimization framework.

To verify the correctness of AD, we apply the Taylor test to the gradient of the

posterior in the NumPyro model. The results confirm that the coupling of Firedrake,

pyadjoint, JAX, and NumPyro functions correctly. Specifically, the gradient of the pos-

terior, resulting from the integration of the probabilistic model with the PDE model, is

accurately computed.

From Chapter 2 and Chapter 3, based on Salehian Ghamsari, Dam, & Hale (2025),

we have the forward PDE model of the aquifer system. Additionally, in Chapter 4, based

on Salehian Ghamsari, van Dam, & Hale (2025), we defined the probabilistic model of

the AHC tensor. In this chapter, we demonstrate the feasibility of integrating a PDE

1jax.jit is a JAX decorator that compiles a Python function into highly efficient XLA (Acceler-
ated Linear Algebra) code, enabling faster execution by optimizing and fusing operations. It improves
performance by just-in-time (JIT) compiling the function the first time it is called.

2jax.vmap is a JAX transformation that automatically vectorizes a function by mapping it over batch
dimensions, allowing for efficient parallel computation without the need for explicit loops. It preserves
the function’s structure while applying it across inputs in a batched manner.
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model implemented in Firedrake, a finite element computing library (Rathgeber et al.,

2016), with a probabilistic model built in JAX and Numpyro.

Due to the expense of the PDE solver within the three-dimensional poroelastic model

with three-field formulation of Biot’s equations, we solve the inverse problem of a two-

dimensional aquifer flow model in Firedrake to estimate the AHC tensor. To optimize the

objective functional using a gradient-based method, we compute the gradient of the PDE

aquifer flow model using pyadjoint. Although this is a simplified version of our poroe-

lastic aquifer model, it retains many of the key challenges found in our PDE poroelastic

model, such as time dependency and the presence of the AHC tensor. In the determin-

istic inversion, the AHC tensor k was parameterized directly by its matrix components

rather than by angle and magnitude, providing a simplified and computationally efficient

representation of the parameter space.

The results show that the estimated AHC tensor yields fluid pressure values that

closely match the synthetic observations.

5.2 Methodology and implementation

In Fig. 5.1, we visualized the hierarchical structure of the NumPyro model as two DAGs.

Figure 5.1a illustrates what we have accomplished so far, while Fig. 5.1b shows the overall

NumPyro model and the remaining steps needed to fully automate Bayesian inversion.

To implement the complete Bayesian inversion system in NumPyro, beyond developing

an eigentensor NumPyro model and coupling Firedrake with NumPyro (as shown in

Fig. 5.1a), we must determine how to handle multiple outputs in the NumPyro model to

account for water level observations from several wells.

In this section, we discuss in detail how we implement various components of the

NumPyro model to address the technological challenges. Additionally, we present our

method for solving a non-probabilistic inverse problem for a 2D aquifer flow model.

5.2.1 Integration of Firedrake and NumPyro

On our path to solving the Bayesian inversion problem, we encounter several technological

challenges, which we address by breaking the problem into smaller subproblems. First, we
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(a) DAG of the probabilistic model for AHC, along with the simplified NumPyro/Firedrake
implementation validated in this chapter. J is the assembled objective functional (e.g., data
misfit + regularization).

Figure 5.1: Overview of the NumPyro model (part 1).
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(b) DAG representing the overall structure of the NumPyro model.

Figure 5.1: Overview of the NumPyro model (continued). The process begins with a
Bayesian stochastic model for the AHC random tensor, as described in Chapter 4, where
ϕ, λx, and λy represent the rotation angle and eigenvalues in the x and y directions,
respectively. The resulting conductivity tensor k is transformed from a JAX tensor to
a Firedrake Function via φF , then used in a Firedrake FEM model to compute surface
displacement on observation points. The displacement u is then mapped back to a JAX
tensor using φP . This model can be embedded within an MCMC framework to infer ϕ,
λx, and λy, and thus estimate k.
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implement the probabilistic AHC model as a standalone component within a NumPyro

model. Next, to couple Firedrake with NumPyro, we implement a simple model in

Firedrake, embed it into the NumPyro framework, and verify its gradient using the

Taylor test.

In Chapter 4, we constructed a NumPyro model for the rotation angle ϕ. To extend

this, in this chapter, we add λx and λy as two separate log-normal distributions and

generate k accordingly. However, using λx and λy directly to construct Λ can lead to

label switching, a problem that arises from the symmetry in the model’s parameter space.

When the model (Λ) is symmetric, the sampler may randomly switch the roles of λx and λy

across posterior samples, making the interpretation of individual parameters ambiguous.

To avoid this, we define a difference term ∆λ such that λx = λy +∆λ, thereby breaking

the symmetry and mitigating label switching.

To compute the AD (adjoint derivatives) for PDE models, we use pyadjoint. Since

pyadjoint is not compatible with the updated DOLFINx backend used in FEniCSx, we

transitioned to Firedrake, which provides native support for pyadjoint and thus enables

adjoint-based PDE-constrained optimization.

The methodology presented in Farrell et al. (2013) introduces an efficient and au-

tomated approach for computing adjoint models of time-dependent PDE simulations by

reversing the steps of the forward problem. Although the original implementation targets

the FEniCS framework, the same conceptual foundation applies to Firedrake through its

own integration with the pyadjoint library. Firedrake, like FEniCS, expresses PDEs us-

ing a high-level domain-specific language, allowing pyadjoint to record and differentiate

the forward solution automatically. This enables users to compute gradients of objective

functionals with respect to model parameters in a scalable and efficient way.

For the next subproblem, we aim to build an automated system that computes both

the output of the PDE model from Firedrake and its derivative from pyadjoint, all within

a NumPyro workflow. Since NumPyro is a probabilistic programming library built on

top of JAX, we need to convert our standard Python function into a JAX-compatible

one. To achieve this, we use callbacks, which allow Python code to be executed inside

a JAX-transformed function. Specifically, jax.pure_callback() is suitable for pure
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functions—that is, functions without side effects3.

JAX does not understand the internals of non-JAX functions, but we can still use

them by wrapping them with jax.pure_callback(). This allows JAX to call the non-

JAX function during execution (not during tracing), enabling its use within jit() and

vmap(). However, gradients will not work by default—since pure_callback() treats the

wrapped function as a black box, JAX cannot compute grad() or higher-order derivatives.

To address this, we define a custom gradient using jax.custom_jvp, which explicitly tells

JAX how to compute the derivative. Once this is in place jax.grad() can be used.

It’s important to note that this method can be slow on GPUs or TPUs because every

call to pure_callback() involves transferring data from the device to the host to run

the non-JAX function, and then sending the result back to the device. This device-host

communication introduces overhead on accelerators. On CPUs, however, this cost is

minimal since there’s no such separation.

In the following, we present the code that implements this setup.

1 # Define the reduced functional:

2 # J can be the assembled objective functional (e.g., data misfit +

regularization), and the controls are the parameters: k_11 , k_12 ,

and k_22.

3 # This sets up the objective in terms of just the control variables ,

implicitly accounting for the PDE constraints through the adjoint

method.

4 J_reduced = firedrake.adjoint.ReducedFunctional(firedrake.assemble(J),

[k_11_control , k_12_control , k_22_control ])

5

6 # A function to define the inputs of the Firedrake function and

calculate the results

7 def _J(k):

8 k_11_firedrake = firedrake.Function(K)

9 k_12_firedrake = firedrake.Function(K)

10 k_22_firedrake = firedrake.Function(K)

11 k_11_firedrake.vector ()[:] = k[0]

12 k_12_firedrake.vector ()[:] = k[1]

3A side effect is anything your function does other than return a result — like printing, saving, or
changing something outside itself.
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13 k_22_firedrake.vector ()[:] = k[2]

14 return jnp.array(J_reduced ([ k_11_firedrake , k_12_firedrake ,

k_22_firedrake ]), dtype=jnp.float64)

15

16 # A function to calculate the derivative of the Firedrake function

using pyadjoint

17 def _J_vjp(k, k_dot):

18 _J(k)

19 return jnp.array(J_reduced.derivative(adj_input=float(k_dot)),

dtype=jnp.float64)

20

21 # Adding the function and its custom gradient using pure_function in

custom_jvp

22 @jax.custom_vjp

23 def J_jax(k):

24 result_shape = jax.ShapeDtypeStruct ((), k.dtype)

25 return jax.pure_callback(_J, result_shape , k)

26

27 def _J_fwd(k):

28 return J_jax(k), (k)

29

30 def _J_vjp_jax(k, k_dot):

31 result_shape = jax.ShapeDtypeStruct(k.shape , k.dtype)

32 return (jax.pure_callback(_J_vjp , result_shape , k, k_dot),)

33

34 J_jax.defvjp(_J_fwd , _J_vjp_jax)

We can then use this JAX-transformed function within the NumPyro model, as shown

below

1 def simple_model(y_obs):

2 mu11 = numpyro.sample("mu11", dist.Normal (0.0, 1.0))

3 mu12 = numpyro.sample("mu12", dist.Normal (0.0, 1.0))

4 mu22 = numpyro.sample("mu22", dist.Normal (0.0, 1.0))

5 mu = jnp.array([mu11 , mu12 , mu22])

6 J = numpyro.deterministic("J", J_jax(mu))

7 numpyro.sample("y", dist.Normal(J, 0.01), obs=y_obs)
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For the final step, we aim to handle multiple outputs from the Firedrake func-

tion—specifically, the pressure observations at multiple observation wells—within the

NumPyro model (represented by the blue dashed rectangle in Fig. 5.1b). To achieve this,

we need to define a vector-valued output in the NumPyro model, replacing the previously

used scalar-valued J .

5.2.2 Prototype inverse problem

In addition to our effort for the Bayesian inverse problem, we also implement a non-

probabilistic inverse problem for a 2D time-dependent aquifer flow model involving the

AHC tensor. After properly setting up the forward problem in Firedrake, we use the

adjoint method to compute the AD of the PDE model. We then define a functional J

(the loss function) and minimize it to estimate the optimal AHC tensor. In this section,

we present the strong and weak forms of the forward problem, followed by the non-

dimensionalization process and the formulation of the inverse problem.

Two-dimensional aquifer flow problem statement

We aim to solve the inverse problem for the following 2D aquifer flow model. Given a

domain Ωs ⊂ R2 with boundary Γs and outward-pointing normal vector n, find the fluid

pore pressure ps : Ωs × (0, T ] → R such that

S
∂ps
∂t

−∇ · (k∇ps) = fp on Ωs × (0, T ], (5.1a)

with notations and units summarized in Table 5.1, plus boundary conditions

ps = pd on Γd × (0, T ], (5.1b)

(−k∇ps) · n = gp on Γn × (0, T ], (5.1c)

and initial condition

ps(x, 0) = p0s on Ωs. (5.1d)
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Symbol Description values Units

ps fluid pore pressure output Pa
fp fluid source density 0 s−1

pr pumping rate 1 m3 s−1

r radius of pumping well 0.01 m
gp boundary fluid flux pr/πr

2 ms−1

S Storage coefficient 1 Pa−1

k11 hydraulic conductivity 1 m3 s kg−1

k12 hydraulic conductivity 0.5 m3 s kg−1

k22 hydraulic conductivity 1 m3 s kg−1

Table 5.1: Model parameter used in the 2D aquifer flow model. We simplify the model
by rescaling variables and parameters.

The AHC is modeled as a second-rank SPD tensor in the x-y plane.

k =

kxx kxy

kxy kyy

 .
The computational domain and the specified boundary conditions are illustrated in

Fig. 5.2a. In practice, measuring pressure requires observation wells placed at specific

locations to record water levels. The positions of the synthetic observation wells used in

our setup are shown in Fig. 5.2b.

Weak formulation

Before performing the weak form calculation, we need to define a function space for ps.

P∫ = {ps : Ωs × [0, T ] → R | ps ∈ H1(Ωs)} (5.2)

To derive the weak form, multiply the PDE by a test function p̃s ∈ P∫ , and integrate

over the domain Ωs:

(S
∂ps
∂t

, p̃s)Ωs − (∇ · (k∇ps), p̃s)Ωs = (fp, p̃s)Ωs , ∀p̃s ∈ P∫ . (5.3)
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(a) 2D aquifer flow model showing the computational domain, the location of the pumping well,
and the specified boundary conditions for both the aquifer boundaries and the pumping well
boundaries.
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(b) Location of observation wells within the domain (Ωs).

Figure 5.2: The domain and boundary conditions of the 2D aquifer flow model and the
location of synthetic observation wells.
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Using integration by parts

(∇ · (k∇ps), p̃s)Ωs = −((k∇ps),∇p̃s)Ωs + ((k∇ps · n), p̃s)Γs . (5.4)

Then since k∇ps · n = gp

(S
∂ps
∂t

, p̃s)Ωs + ((k∇ps),∇p̃s)Ωs = (fp, p̃s)Ωs + (gp, p̃s)Γs . (5.5)

To discretize in time, we apply a first-order backwards Euler method, as described

in Section 2.3.4. Considering M + 1 time steps, the time derivative of the pressure ps is

approximated by

∂pn+1
s

∂t
≈ pn+1

s − pns
∆t

, ∀n ∈ 0, . . . ,M − 1. (5.6)

After time discretization, the problem becomes: for n = 0, . . . ,M − 1, find pn+1
s ∈ P∫

such that

(S
pn+1
s − pns
∆t

, p̃s)Ωs + ((k∇ps),∇p̃s)Ωs = (fp, p̃s)Ωs + (gp, p̃s)Γs . (5.7)

for all test functions p̃s ∈ P∫ .

Synthetic data

To generate synthetic pressure observations at specified observation wells, we adopt the

methodology introduced by Nixon-Hill et al. (2024) for consistent point data assimilation

in Firedrake. Instead of interpolating model outputs onto the mesh or using smoothed

observation fields, we directly evaluate the finite element solution at predefined point

locations corresponding to well positions. This is achieved by defining point observations

as discontinuous fields supported on disconnected mesh vertices, enabling accurate and

stable extraction of model values at arbitrary coordinates. The approach is fully compat-

ible with Firedrake’s automatic differentiation stack, allowing us to integrate point-based

observations into the inverse problem framework without disrupting gradient computa-

tions.
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By employing this technique, we ensure that the synthetic observations retain their

physical and spatial fidelity, providing a consistent and reliable dataset for validating

the inverse estimation of aquifer AHC parameters. This approach allows for precise

extraction of simulated pressure values at the exact coordinates of observation wells,

avoiding numerical artifacts that can arise from projection or interpolation. Moreover,

the method is not limited to pressure data; it is general and versatile enough to be applied

to other types of pointwise measurements, such as surface displacement data collected via

Global Positioning System (GPS) instruments. This flexibility makes it a powerful tool

for incorporating various observational datasets into PDE-constrained inverse problems

while maintaining full compatibility with Firedrake’s adjoint framework.

Adjoint problem

To solve the inverse problem using gradient-based optimization, we compute the gradient

of the objective functional with respect to the control parameters, the components of the

AHC tensor. This is efficiently achieved using the adjoint method, which avoids the need

for finite differences or solving a sensitivity system for each parameter.

The objective functional is defined as:

J(k) =
N∑

n=1

M∑
m=1

∫
Ω

δ(x− xm)
(
pns (x)− pnobs,m

)2
dx + α2(k211 + 2k212 + k222) dx, (5.8)

where pnobs,m are synthetic pressure observations at M observation well locations xm,

δ(x − xm) is the Dirac delta ensuring pointwise evaluation, and α is the regularization

parameter.

To compute the gradient ∇kJ , we introduce the adjoint variable λn, which satisfies

the adjoint equation at each time step n = N,N − 1, . . . , 1:

∫
Ω

S

∆t
(λn−λn+1)ψ dx+

∫
Ω

k∇λn ·∇ψ dx =
M∑

m=1

∫
Ω

2 δ(x−xm)
(
pn(x)−pnobs,m

)
ψ dx, (5.9)

for all test functions ψ ∈ V , with terminal condition λN+1 = 0.



CHAPTER 5. AUTOMATIC DIFFERENTIATION OF MODELS INVOLVING
MACHINE LEARNING AND PDE COMPONENTS 117

The adjoint system runs backward in time and provides the sensitivity of the objec-

tive functional to changes in the forward solution. Once the adjoint variables {λn} are

computed, the gradient of the objective functional with respect to k is given by:

δJ

δk
=

N∑
n=1

∫
Ω

∇pn · ∇λn dx+
δJreg

δk
, (5.10)

where δJreg
δk

is the gradient of the regularization term.

This adjoint-based formulation significantly reduces computational cost and enables

efficient solution of the inverse problem using optimization algorithms such as BFGS.

Inverse problem

The inverse problem aims to estimate the spatially constant components of the AHC

tensor that best reproduce observed pressure data collected at discrete observation wells

over time. While the forward problem computes the pressure field ps(x, t) based on known

physical parameters, initial conditions, and boundary conditions, the inverse problem

works in the opposite direction: given noisy pressure observations at specific spatial and

temporal locations, the goal is to recover the unknown components of the AHC tensor,

k11, k12, and k22.

Building on the foundation of automated adjoint derivation, Funke & Farrell (2013)

introduced a framework for PDE-constrained optimization that automates the entire

workflow—from forward modeling to gradient evaluation and parameter updates—by

leveraging the high-level abstractions of FEniCS and the adjoint capabilities of dolfin-

adjoint. Their methodology emphasizes automation and reproducibility, reducing the

manual burden on users. Although their implementation is based on FEniCS, the core

concepts extend naturally to Firedrake, which shares the same underlying abstraction

framework via UFL but employs a different execution backend. In this work, we adopt

similar principles using Firedrake, utilizing pyadjoint (the successor of dolfin-adjoint)

to compute derivatives of the PDE-constrained objective functional, enabling efficient

gradient-based optimization.
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The inverse problem is formulated as the following optimization problem

min
k

J(k) =
N∑

n=1

M∑
m=1

(
pns (xm)− pnobs,m

)2
+ α2

(
k211 + 2k212 + k222

)
, (5.11)

subject to the weak form Eq. (5.7).

The first term quantifies the data misfit between predicted and observed pressures,

while the second term introduces Tikhonov regularization to promote stability and well-

posedness.

5.3 Results

In this section, we apply the Taylor remainder test to verify the correctness of the gradient

of the posterior in our simplified Firedrake/NumPyro model. Additionally, we estimate

the AHC tensor by solving the inverse problem using synthetic pressure observations

generated from the model.

5.3.1 Taylor test for derivative verification

The Taylor test is a numerical technique used to verify the correctness of computed

derivatives, such as gradients or Jacobians. It is especially useful in contexts involving

automatic differentiation or PDE-constrained optimization. The core idea is that if a

function’s derivative is correct, then small perturbations in the input should produce

changes in the output that match the prediction from a Taylor series expansion.

Consider a scalar-valued function f(x), where x ∈ Rn, and suppose we want to test

the correctness of its gradient ∇f(x). Let δx be a small perturbation direction and h a

scalar step size. The first-order Taylor expansion of f around x gives:

f(x+ h δx) = f(x) + h∇f(x)⊤δx+O(h2). (5.12)

Subtracting the linear approximation yields the first-order Taylor remainder:

R(h) = f(x+ h δx)− f(x)− h∇f(x)⊤δx. (5.13)
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If the gradient ∇f(x) is correct, then the remainder R(h) should decrease quadrati-

cally as h→ 0, i.e.,

R(h) = O(h2). (5.14)

This behavior indicates that the gradient correctly captures the local linear behavior

of the function.

Zeroth-Order Taylor Test. A simpler baseline check is the zeroth-order Taylor test,

which omits the gradient term and focuses solely on the function values

R0(h) = f(x+ h δx)− f(x). (5.15)

This test is expected to show linear convergence with respect to h, i.e.,

R0(h) = O(h). (5.16)

By comparing the zeroth- and first-order tests, we gain a useful diagnostic tool: if

R0(h) ∼ O(h), the function is continuous, and if R(h) ∼ O(h2), the gradient is likely

implemented correctly.

Figure 5.3 presents both the first-order and zeroth-order Taylor remainders of the sim-

ple Firedrake/NumPyro model. The observed convergence rates are 0.98 for the zeroth-

order test and 1.99 for the first-order test. As expected, the zeroth-order error exhibits

linear convergence—corresponding to a slope of 1 on a log-log plot—while the first-order

error demonstrates quadratic convergence with a slope of 2. These results confirm the

correctness of the computed gradient.

5.3.2 Estimation of AHC tensor

Figure 5.4 shows the simulated pressure field (ps) from our 2D aquifer flow model after

pumping. The elliptical shape of the pressure distribution reflects the underlying AHC

oriented at a 45 deg angle to the x-axis. This figure illustrates how the forward model

behaves and demonstrates the influence of the AHC tensor on the resulting pressure field.
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Figure 5.3: Taylor test results for the simple Firedrake model within the NumPyro frame-
work. The zeroth-order (uncorrected) Taylor error is shown as the rectangular orange
line, and the first-order (gradient-corrected) error is shown as the circled blue line. The
observed error reduction rates are 0.98 for the zeroth-order and 1.99 for the first-order.
As expected, the zeroth-order error decreases linearly (slope of 1 on a log-log plot), and
the first-order error decreases quadratically (slope of 2), validating the correctness of the
gradient implementation.

By minimizing the objective functional J , we obtain an estimate of the AHC tensor.

Figure 5.5 illustrates the convergence trend of J(k) over 33 iterations, while Table 5.2

compares the true and estimated values of the AHC tensor obtained by solving the inverse

problem. The results indicate that the inverse approach yields an accurate estimation of

the AHC tensor.

In Fig. 5.6, we present synthetic pressure observations alongside predicted pressures

computed using the estimated AHC tensor from Table 5.2, shown over time at the ob-

servation wells. The close agreement between observed and predicted pressures validates

the results of the inverse problem.
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Figure 5.4: Pressure in a 2D aquifer flow model after pumping, computed for a ground-
water flow problem. The elliptical pattern in the pressure field reflects the anisotropic
behavior introduced by the AHC tensor in the aquifer.

Estimated parameter True value Estimated value

k11 1.0 0.915
k12 0.5 0.473
k22 1.0 1.013

Table 5.2: Results of the inverse problem, showing a close estimation of the AHC tensor.

5.4 Conclusion

In this chapter, we addressed the technological and methodological challenges involved in

integrating PDE-based models with probabilistic programming frameworks for Bayesian

inversion. We demonstrated how the Firedrake and pyadjoint frameworks can be coupled

with NumPyro through JAX’s callback mechanisms, enabling automatic differentiation

and gradient-based inference in complex physical models.

To validate the correctness of computed gradients, we applied the Taylor test and

confirmed the expected convergence behavior, reinforcing the reliability of our gradient
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Figure 5.5: Convergence of objective function J(k) over iterations.
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Figure 5.6: Comparison of synthetic pressure observations (solid lines) and predicted
pressure using the estimated anisotropic hydraulic conductivity tensor (dashed lines).
Each color corresponds to data from a different observation well. This figure demonstrates
the effectiveness of the inverse modeling approach in reproducing observed data.

computations. Furthermore, we implemented a deterministic inverse problem for a time-

dependent 2D aquifer flow model, successfully estimating the anisotropic hydraulic con-
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ductivity (AHC) tensor using synthetic pressure data. The estimated parameters closely

matched the true values, and the predicted pressure fields aligned well with synthetic

observations, demonstrating the accuracy and effectiveness of the results.

Overall, this work provides a foundation for building scalable, differentiable, and prob-

abilistically robust inverse modeling pipelines in computational hydrology and beyond.

The methods developed here pave the way for fully automated Bayesian inversion work-

flows that integrate complex PDE solvers with modern probabilistic inference tools.

For future work, we plan to complete the implementation of the final component

of the NumPyro model—support for vector-valued outputs—to enable fully automated

Bayesian calibration. Additionally, we aim to explore the use of Stein Variational Gra-

dient Descent (Stein variational gradient descent (SVGD)) as a means of accelerating

posterior approximation within the MCMC framework.
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Chapter 6

Conclusions and future work

6.1 Conclusions

This thesis aimed to explore how InSAR satellite data can enhance our understanding

of aquifer system properties, with a particular focus on AHC. We began by discussing

the motivation behind this research, reviewing relevant literature, and outlining our key

contributions.

In Chapter 2, we provided a brief introduction to poroelasticity theory and the FEM

framework, followed by a presentation of Biot’s poroelasticity equations. We introduced

an anisotropic poroelastic finite element model capable of simulating coupled fluid flow

and solid displacements. Furthermore, we discretized the three-field Biot poroelasticity

model in both space and time using finite element discretization and the backward Euler

method, respectively.

In Chapter 3, we proposed an anisotropic poroelastic finite element model designed to

replicate the key characteristics of the 1994 Anderson Junction aquifer test, incorporating

a 24 to 1 anisotropy ratio. Using this model setup, the simulation shows that the surface

displacement resulting from the original Anderson Junction aquifer test (V. M. Heilweil

& Hsieh, 2006) was insufficient to be detected by InSAR. To further explore the relation-

ship between AHC and surface displacement, we simulated different anisotropy ratios and

analyzed the resulting displacement patterns. Our findings indicate that, even when as-

suming isotropic elasticity, the elastic response of the Earth’s surface exhibits an elliptical

displacement pattern. A key strength of our model is its adaptability, as it can be modi-

125
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fied for different aquifer tests or alternative aquifer settings with varying hydrogeological

properties. To assess the potential of InSAR data for calibrating anisotropic aquifer

models, we examined three alternative scenarios involving extended pumping durations

and/or higher pumping rates. Our results demonstrate that in two of these scenarios, the

predicted LOS displacement would be detectable by Sentinel-1 InSAR data.

In Chapter 4, we developed a flexible stochastic prior model for the AHC tensor that

maintains its inherent symmetry and positive definiteness. The model emphasizes the

incorporation of AHC uncertainty in a way that allows independent control over both the

scaling and directional properties of the tensor, while preserving the material’s symmetry.

To generate rotation angles for the direction of AHC tensor, we applied a mixture of two

von Mises models, which effectively represent the bimodality observed in fracture outcrop

data. We consider two states of belief: one that incorporates the findings of V. M. Heilweil

& Hsieh (2006), and another that excludes them. These differing assumptions introduce

uncertainty in the AHC, which we propagate through a PDE-based model of the Anderson

Junction site. The results demonstrate that our approach serves as a flexible tool for

capturing the effects of uncertain AHC on LOS surface displacements.

In Chapter 5, we developed and validated a computational framework that integrates

a finite element PDE solver (Firedrake) with a probabilistic programming environment

(JAX/NumPyro). We demonstrated the correctness of our PDE–probabilistic coupling

using the Taylor test, ensuring accurate gradient propagation through the posterior. Ad-

ditionally, we solved a deterministic inverse problem using adjoint-based optimization

to estimate AHC components from synthetic pressure observations generated within the

Firedrake environment. The close agreement between estimated and true values con-

firmed the reliability of the inversion. This work lays the foundation for future Bayesian

inference with more complex models and real-world datasets, providing a scalable and

extensible platform for uncertainty-aware groundwater modeling.

6.1.1 Future work

The primary limitation of this thesis lies in data availability. Below, we outline these

constraints along with recommendations for future research, emphasizing opportunities
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for further advancements.

1. There is no existing InSAR dataset for the Anderson Junction aquifer test with

a 24:1 anisotropy ratio. To address this limitation and apply real data to our

poroelastic finite element model, we propose two potential solutions:

• Conducting a new aquifer pumping test: Performing a new aquifer pumping

test at Anderson Junction, following one of the two recommended scenarios,

could produce necessary data for validation.

• Identifying an alternative site: Finding an existing aquifer pumping test in a

region with a known anisotropic (fractured) aquifer with the considerations

mentioned in Section 3.5.4 could provide suitable data for validation.

By implementing either of these solutions, we can integrate InSAR data into our

proposed aquifer model. This process involves collecting and processing multiple

datasets, including field measurements, remote sensing data (InSAR, GPS), and

hydrogeological information. Solving the proposed Bayesian inversion using these

multidimensional datasets would enable the estimation of aquifer properties, as

demonstrated in Alghamdi et al. (2020, 2021). These efforts have the potential to

significantly improve our understanding of aquifers exhibiting AHC behavior, ulti-

mately leading to more accurate predictive models for groundwater management.

2. Generating a time series of LOS displacement from InSAR data requires a long-

duration pumping test to acquire a greater number of InSAR data pairs. A longer

pumping test enables the collection of more InSAR images, which in turn improves

the temporal resolution of surface displacement measurements. By leveraging In-

SAR time series, we can track surface displacement with higher accuracy (Li et al.,

2022). Moreover, incorporating these time-series data into inverse modeling allows

for a more precise estimation of aquifer properties.

3. Future work could also extend the model to account for inelastic deformation of

the aquifer system by incorporating an inelasticity term, such as plasticity or vis-

coplasticity. Inelastic deformation develops over long timescales due to prolonged
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groundwater extraction or increased water injection, whether artificial or natu-

ral. Investigating different constitutive models for inelastic behavior and validating

them against field observations and geodetic data could significantly improve the

predictive accuracy of aquifer deformation under long-term discharge and recharge

conditions.

4. Another direction to explore is the impact of loading displacement caused by the

weight of water (precipitation) or snow on the aquifer. This can be incorporated into

Biot’s poroelastic equations as boundary conditions or source terms. By modeling

these effects, we could gain a better understanding of aquifer behavior under varying

surface loads, such as seasonal variations or climate impacts. This approach would

also improve the prediction of land subsidence, particularly in areas affected by

heavy precipitation or snowmelt.

5. To increase the realism of our AHC stochastic model, we could introduce an addi-

tional rotation angle in the direction of the z axis. In this case, the AHC tensor

would become a 3x3 tensor, extending the anisotropy into three dimensions. To

account for the new rotation angle, we can develop another Bayesian model using a

circular von Mises distribution for this angle. This model could then be integrated

into the existing SPD tensor framework. By doing so, we would better capture the

full anisotropic behavior of the aquifer, enabling a more accurate representation of

the hydraulic conductivity tensor and its impact on the aquifer system.

6. By successfully coupling PDE-based models with probabilistic models, we move to-

ward the development of an automated Bayesian inversion framework. With the fi-

nal component—support for vector-valued outputs in the NumPyro model—addressed

in Chapter 5, we complete the pipeline necessary for fully automated uncertainty

quantification. This enables the use of MCMC methods to explore the posterior

distribution of model parameters, providing a principled approach to quantify un-

certainty in aquifer hydraulic conductivity estimates.
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