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Abstract

This thesis presents trajeR, an innovative R package designed for advanced finite mixture
modeling in longitudinal trajectory analysis. trajeR addresses the challenge of identify-
ing latent subgroups in heterogeneous longitudinal data by integrating specialized distribu-
tions, including Zero-Inflated Poisson (ZIP), Censored Normal (CNORM), Logit, and Beta
models, to capture diverse trajectory patterns. A dedicated chapter on multivariate finite
mixture models extends the framework to handle complex, multi-dimensional longitudinal
data, enabling joint analysis of multiple outcomes and their interdependencies. Method-
ological contributions include enhanced Expectation-Maximization (EM) algorithms, robust
standard error estimation, and rigorous identifiability criteria for mixture models, supported
by numerical techniques such as Iteratively Reweighted Least Squares and quasi-Newton op-
timization. Applied to real-world datasets in fields like criminology, medicine, and finance,
trajeR uncovers meaningful subgroups and predictors of trajectory group membership.
Model selection criteria, including AIC and BIC, ensure optimal clustering, while techniques
like dynamic time warping enhance trajectory analysis accuracy. trajeR provides a flexible
and computationally efficient tool for researchers, with broad applications in epidemiologi-

cal studies, behavioral trajectory modeling, and multivariate longitudinal data analysis.
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Introduction

Time series are commonly encountered in various fields. For instance, in finance, researchers
may track employees’ salaries over multiple time periods Schiltz (n.d.), while in criminology,
the frequency of physical aggression may be measured over time Daniel S. Nagin and Richard
E. Tremblay (2005). In medicine, electroencephalography readings can be collected at various
time points Elmer, Bobby L. Jones, Zadorozhny, et al. (2019).These longitudinal data often ex-
hibit a typical evolution over time for the whole sample or different subgroups. Many existing
models aim to understand the variability of the data of individuals in relation to these average
trends over time.
In some cases, natural clusters may exist within the data, while in others, researchers might
create clusters based on their prior knowledge. However, forming clusters based on prior as-
sumptions can lead to errors and overlook interesting behaviors or groups within the data.
The method developed in this thesis does not assume specific groups but instead identifies
them while estimating the average trajectories.
The family of Latent Growth Model (LGM) is used to study both inter-individual (between
subjects) and intra-individual (within subjects) patterns of change over time. These patterns
may be represented by time trends or latent trajectories and can be influenced by one or sev-
eral outcomes.
A challenge in this field is that a lot of concepts have different names and notations through-
out the literature. The partial glossary in Figure inspired by Van Der Nest et al. (2020),
provides a reference for some of these terms, and readers seeking more detailed information
can refer to the original article.

In this work, we primarily focus on the Latent Class Growth Analysis (LCGA) and Group
Based Trajectory Model (GBTM) families developed by Nagin and colleagues (Daniel S Na-
gin and Richard E Tremblay (2001)). The figure[1.1]show a representation of the LGM familly.

GBTM can be seen as a special case of LCGA where the variances are equal across time and
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groups. Another noteworthy family of LGM is Growth Mixture Modeling (GMM), developed
by Muthen and colleagues (Muthén (2006) orMuthén (2004)). In GMM, within-class variation
of individuals is allowed for latent trajectory classes, whereas in LCGA, no variation across
individuals is allowed within classes. In a way, LCGA aligns with the classical definition of a
group, where each individual within a group is expected to look the same.

GBTM introduces K latent classes, and an individual’s assignment to a particular class is
based on the degree of similarity in their developmental course compared to other individu-
als. This model does not account for between-subject variability within a class. Nagin’s origi-
nal formulation assumes that the error variance is the same in each class. For more flexibility,
we allow the variance to vary independently in each class. This can provide a more realistic
representation of heterogeneity within classes. For a detailed discussion of the differences
between these two methods, you can refer to Nagin's work (Daniel S. Nagin and Richard E.

Tremblay (2005)).

The present thesis is organized as follow.

In Chapter 2, we will explore essential methods that play a foundational role in this dis-
sertation. While some of these methods are considered classics, it is always valuable to revisit

them for the benefit of the reader.

In Chapter[3] which focuses on distributions, we will provide detailed definitions of mix-
ture models for each distribution. We will also present the likelihood formulas and discuss
parameter estimation techniques, utilizing both quasi-Newton methods and the Expectation
Maximization (EM) algorithm. It’s important to note a significant departure from Nagin’s ap-
proach: first, we employ both likelihood methods and the EM algorithm, and second, we
provide explicit formulas used in our software. For likelihood-based methods, the Hessian
will be calculated through differentiation or extracted from the algorithm used. In the case
of the EM algorithm, we will determine the Hessian following the method outlined by Louis,

Louis (1982).

In Chapter[4|will delve into a fundamental issue in statistical modeling: the identifiability
of parameters. Building upon two key theorems, the first established by Teicher (1963a) and
the second applied by C. Hennig (2000), we will generalize these theorems to the longitudinal

context and apply them to the distributions used in this dissertation.
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Figure 1.1: LGM: Latent Growth Model — OLS: Ordinary Least Squares - GCM: Growth Curve
Model also know as latent growth curve model (LGCM), mixed model, multilevel model, hi-
erarchical model, latent growth factor model, random effect model, latent curve model -
FMM: Finite Mixture Model, also know as latent class models, unsupervised learning models
— GMM: growth mixture model also know as latent class growth models (LCGM), latent class
linear mixed models (LCLMM), latent class mixture model (LCMM) and generalized growth
mixture modeling (GGMM) — LCGA: Latent Class Growth Analysis — GBTM: Group-Based Tra-
jectory Models.

@ at least 2 latent classes, each with its own GCM.

@ Restriction: equal variance across time and classes
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In Chapter 5} we will discuss the critical topic of selecting appropriate starting values for
modeling. Inadequate starting values can hinder algorithm convergence or lead to incorrect
outcomes. While there is no universal method to determine the best starting values, we will
elucidate the rationale behind our default choices, while also providing users the flexibility to

choose their own starting values.

In Chapter [6| will present various methods for model selection. In addition to traditional
techniques like Schwarz (1978) and AIC Akaike (1974), we will introduce and analyze alterna-
tive approaches, including the Ratio Test, Neyman and Pearson (1928) or Wald (1941), Slope
heuristics, Baudry et al. (2012) or Birgé and Massart (2007), and non-parametric indices like
the Calinski and Harabasz criterion, Calinski and Harabasz (1974). Once a model is chosen,

we will provide insights into assessing its quality through specific calculations.

In Chapter |7, we will introduce a significant contribution to this dissertation: a novel
method for considering multiple trajectory outcomes. This is especially relevant in practi-
cal situations where multiple outcomes are measured for each individual, necessitating the

simultaneous consideration of all these trajectories.

In Chapter|[8} we will introduce our R package, called trajeR, which implements all the

necessary functions for practical use.

Concluding the dissertation, in[9} we will provide examples of how to apply this package

to real-world data, demonstrating its utility and effectiveness in real data analysis.



Finite Mixture Models

2.1 Finite Mixture Models

Consider a time-varying variable of interest Y defined in a population of size N. Let Y; =
(yir»- -, Yiy) be T measures of the variable Y, taken at times ¢, - - - , 7 for subject number ¢
belonging to a sample of size n and suppose that population is divided into K homogeneous
sub-populations C1, ..., Ckx. We note C; = k the fact that individuals ¢ belongs to cluster C}.

Furthermore, we suppose conditional independence for the sequential realizations of the el-
ements y;, over the 7" periods of measurements, i.e. that a value y;, doesn’t dependent on the
past values y;,,, t' < t. Thus the individual trajectories only depend on the typical trajectory

of a given group and not on the past values of the individuals.

Let P*(Y;) be the probability of Y; given membership in group Cj, and P(Y;) the uncondi-

tional probability of observing the realization Y; of Y. Then,

K
P(Y;) =Y P (Ci=k)P"¥)) 2.1)
k;l .
P(Y;) =) P(Ci=k) [ P*(va) (2.2)
k=1 t=1
and finally
n K
P(Y) = (Z PC;i=k]] PWY@) (2.3)
=1 \k=1 t=1

We can rewrite equation[2.3]in terms of densities. The density f of Y can be described as

a mixture model, see Daniel S. Nagin (2005):

n K T
fe) =11 < i | [ o (irs 9k)> (2.4)
k=1 =1

=1 = =
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where g, represents the conditional density of Y; given membership in cluster Cy,

Here, the group sizes 7, > 0 denote the probability of a given subject belonging to group
k, and they satisfy the condition Zszl 7 = 1. The parameters 6, describe the shape of the
trajectories in group &, making the model dependent on the parameters
= (K,m,...,Tk-1,01,...,0K).

Y depends on time measurements. For an individual i, these time measurements are
denoted as a;;. Let A be the matrix of measurements for each individual and each time, A =
(ait);;, wherel <i<nand1 <t <T.

If we also assume that the trajectories of Y are influenced by a static set of risk variables
X = (Xi,...,Xn,), as well as by a time-dependent covariate W = (W*,..., W") which is
independent of X, we can denote ny and n; as integers. For 1 < j < ny, X; = (x1;,... ,xnj)’

for some real values xj;, where 1 < i < n. Therefore,

xr11 .- :Il‘lne

Tnl -+ Tnng

and for 1 < j < ng, WY is a real matrix composed by (w{t>

and w/, € R. Thus,

wherel <i<nandl1l <t<T
t

i

wi wrs
—— ——
1 n ns
Wiy Wit W11 Wi
W =
S | ng ns
Wn Wnr W1 Wnr

n [ K
P(Y) = H ZP(Yi =yl Xi = 2, Ws = w;, C; = k) P (C; = k| X; = 2, W; = wi)] (2.5)
i=1 Lk=1
n [ K
i=1 Lk=1
n [ K
i=1 Lk=1 t=1

We can modelize the effect of the variable X; on the probability of group membership by
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a generalized LOGIT function.

eakxi

P(Cl = /€|X1 = a:z) = x (28)

§ :ekai
k=1

where 0, = <9k1, cee Hkn9> denotes the effect of z; = (z;,, ..., z;,,) on the probability of group

membership for subject i.

The complete conditional density becomes

ekxl

11 9 wie: O, w7) 2.9)

11 z
k= Z Opz; t=1

=1

and the log-likelihood becomes

K kai

y)= log | Y — H (Yit; Ok, w;) (2.10)
i=1 k=1 Z Opx; =1

k=1

Daniel S. Nagin (2005) introduced three different distributions to model the probability of

¢ the censored normal distribution ;
* the logistic distribution ;

¢ the ZIP (Zero Inflated Poisson) distribution.

In this work, among other things, we generalized the Nagin’s model by
* allowing the variability to vary inside each group.

* adding beta distribution

* adding non linear link

We summarize the model by the figure[2.1]
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Covariate / membership probability

OO
\ Y

Model

Trajectory

‘

Time variable Time dependent covariate

Figure 2.1: The global model

To estimate the parameters of the mixture model, we maximize the likelihood, denoted as

L, which is defined by the following equation:

n n K
y) = [ fitwis ) =T D_ mgw(yi; ©k) (2.11)

i=1 i=1k=1

where f;(y;;¢) = Zszl 9k (Yi; Ok, w; ), For simplicity, we uses the following notation: gx(y;; O) =

Hle 9k (Yit; Ok, w;).
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Hence, the corresponding log likelihood function is given by

n n K
y) = Zlog filys o) = Zlog (Z Tk (Yi; @k:)> (2.12)
=1 i=1 k=1

Finally, in order to maximize the log likelihood function, we define the score function S as

follows:
ol(v;y)
oY

S(y; ) = (2.13)
2.2 Quasi-Newton procedure maximum research routine

We use the classical Maximum Likelihood Estimation (MLE) method W. H. Greene (2003).

The first step is to determine the derivative of the log-likelihood function.

K
dlo s i ©
) i g <; 1k (y k))

- (2.14)
ob L o
K
B Agi(yi: ©
n Z( g yz,@k)Jerk(gwk))
b=l (2.15)
= Zﬂ;gk Yi; Ok)
k=1

As gi(y;; ©) does not depend on 6, and 7, does not depend on Oy, the equations above

simplify to:
o,
n i3 Ok)
Al(y;y) 9, 9+ Wi
_ (2.16)
90y, z_: K
- ngk vi; Ok)
- 8gk(yu Ok)
ANy y) < 90,
56, _g = (2.17)

Z Tk (Yi; Ok)

We need to compute each part of the equations above. The second part will be discussed in
Chapter 3} where we will define each function g, based on the chosen density. However, the

first part remains the same regardless of the density used. Equation (2.8) implies that we can
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write the log likelihood function as:

n n K 9 x;
y) =Y log fi(ysv) Zlog Z = (i ©1) (2.18)
i=1 k=1 eeka
- i log [ Z e g (yi; Or) (2.19)

Consequently,
ou
n n -
8 00
s log | e Z gy O) | [ =D TJ (2.20)
el Z Opa; k=1 i=1
k=1
where u = Z i g (yi; Op).
SR
We deduce,
5 _xz Z eekxl yu @k
U 1
GT?j = K + = x x;% *igi(yi; ©5) (2.21)
(eekmi)Q Z eekmi
k=1 k=1
K
—z;e’ 269 k(Yi; Ok) + i€ g (y;; © Z Oh
= =1 (2.22)

()

e (=3 auon) a0 e

= (2.23)

(5)

K
eliti <Z % (g;(yi:©5) — gr(ys; @k))>

— k=1 (2.24)

K 2
S
k=1
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Hence

K
2ief1%0> " T (g (i ©;) — g (yi; Or))

n

1(4); -
0 gg,@ = = (2.25)
k=1 k=1

This algorithm has remarkable properties W. H. Greene (2003). The maximum likelihood es-

timator ¢ of the parameters ¢ has the following characteristics:

e It is consistent, meaning that the sequence of MLEs converges in probability to the true

value of the parameter.

* Itis efficient, achieving the Cramér-Rao lower bound as the sample size tends to infin-
ity. This implies that no other consistent estimator is better in terms of having a lower
asymptotic mean square error than the MLE.

We can demonstrate that the MLE satisfies v/n (1) —1)) 4 N (0, I~1), where I represents

the Fisher information matrix defined as:

9% In <H fk(yi;¢)>
- i=1
li = [ B O Oy, }

In this expression, ¢ represents the parameter vector, and n is the sample size.

Unfortunately, these properties are not guaranteed for finite samples. The log likelihood
function is sometimes challenging to express in a simple form. Finding a closed-form solu-
tion for the MLE is not always possible, and we often have to resort to Quasi-Newton methods
to approximate a solution. Additionally, the derivative of the log of the score function can ex-
hibit multiple local maxima. A poor choice of the initial values can lead to convergence to

one of these local maxima rather than the global maximum.

2.2.1 Estimation of the standard errors

In this case, standard errors of the parameters are directly derived from the maximum likeli-

hood method. The Fisher information matrix is defined as:

0%log L
bp=-8 ( 0 )

and the covariance matrix of the parameter v is calculated as:

Cov = (L’b)*l
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However, there are instances where this matrix may become numerically singular, making it
impossible to compute its inverse. In some cases, it may not even be negatively definite due

to numerical inaccuracies. In such situations, we propose different approaches:

» Using a generalized inverse of the information matrix, known as the Moore-Penrose
inverse Penrose (1955). This is represented by a matrix G that satisfies the condition
I,G1, = Iy. If the original information matrix /,, is non-singular, the Moore-Penrose

inverse is unique and equivalent to the inverse of 1.
* Employing an alternative approximation for the Hessian matrix H,, such as:

— The outer product of the gradient, commonly referred to as the Berndt Hall Hall

Hausman (BHHH) estimator Berndt et al. (n.d.).

— The approximate matrix of the inverse of the Hessian, utilized in the Broyden Fletcher
Goldfarb Shanno (BFGS) algorithm Broyden (1970), Fletcher (1970), Goldfarb (1970),
and Shanno (1970) (see equation|2.2.2).

Another classical method for estimating the variance of an estimator defined by a function
is the delta method Oehlert (1992). We will utilize this method later in the dissertation, and it

is worthwhile to revisit some essential definitions and properties.

Theorem 1. Letbe X1, ..., X, asequence of random variables and g : R* —; R?* differentiable
ind.
If V/n[X,, — 0] £>Nd(0, Y) where Ny(0,Y) is the centered d-dimensional normal distribution

with variance-covariance matrix Y. We have

Valg(Xa) = 9(6)] =N, (0, Dg(6)=Dg(6)")
where Dg(0) is the Jacobian matrix of g in 6.

We apply this theorem to the defintion of the membership probability m;, = for

ek
K
k=1 ek

0, € R. Let g : RX — RX the function :

If the parameters 6, are estimated using MLE, we can compute the variance-covariance ma-
trix of 71, by applying the theorem mentioned earlier and taking into account the fact that:
me(l —mp) ifk =k

—mpm itk #k

87Tk _
90, —
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and

m(l—m) —mime N —MTK

—TK T oo —mgmr—1 (1 —7K)

This formula will be particularly valuable in the algorithms developed in this thesis, espe-
cially for determining the standard deviation of the membership probability in cases where

covariates are not available.

2.2.2 Newton Raphson Algorithm

In this section, we will review the key concepts of the Newton-Raphson Algorithm and the
Quasi-Newton Algorithm, both of which are concretely used in our algorithm.

Let f : RY — R be a function that is at least twice continuously differentiable. We are
seeking the root of the function f. Suppose x € R and Az € R¥. Then the first-order Taylor

approximation to f at x is given by:
flz+ Az) ~ f(x) + Vf(z)' Az
The second-order Taylor approximation to f at z is given by:
f(z+ Az) ~ f(2) + Vf(z) Az + %Aztﬂf(z) Az,

where V f represents the gradient of f and H denotes the Hessian of f (i.e., V2 f(z) = Hs(z)).
Taking derivatives with respect to vectors and matrices, and considering the symmetry of
Hy, we have:

V(x4 Az) ~Vf(x)+ Hf(x)Ax (2.26)

Since the gradient at the value that maximizes f is a vector of zeros, we can conclude that the
maximizer Az satisfies:

0=Vf(z)+ Hf(x)Ax

This implies:

Az = —H(x) 'V f(x)

In other words, the vector that maximizes the second-order Taylor approximation to f at z is:

Az = —H(x) 'V f(z)
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x+ Az =z — Hi(z) 'V f(x) (2.27)

With this in mind, we can specify the Newton-Raphson algorithm for N-dimensional function

optimization by iteratively using this method, starting with an initial value of zo € RY.

Zo

Tht1 = Tk — Hf(:L’k)_1Vf(CIZk), k>0

(2.28)

Newton’s method ensures that the sequence of iterates, denoted as z, converges. In gen-
eral, the convergence of this method is quadratic.

However, there are some challenges associated with it. For instance, the choice of the
starting value is crucial, as a poor choice may result in non-convergence. Additionally, com-
puting the derivative functions can be difficult, especially in cases where the Jacobian or Hes-
sian matrices are unavailable or too expensive to compute. In such situations, we can turn to
the Quasi-Newton method.

In the Quasi-Newton method, we replace the calculation of the Hessian matrix by an ap-

proximate matrix denoted as B. This approximation is chosen to satisfy Equation [2.26
Vf(zk + Az) ~ Vf(xy) + B Az,

Most methods use a symmetric matrix B and an iterative procedure. At each step of the algo-
rithm, they construct an update matrix By that is close to B in some norm, which can be
formulated as:

Byy1 = argyinHB — By

To find the next iterate z;, the Newton’s step is utilized, using the approximate Hessian matrix

By, in place of Hy:

o Az = —ayB, 'V f(zy), with  chosen to satisfy the Wolfe conditions Wolfe (1969) and
Wolfe (1971);

® Tki1 = Tk + Az ;

* The gradient computed at the new point V f(z;41), and yx, = V f(z+1) — V f(xy) is used
to update the approximate Hessian By, or directly its inverse Hy,1 = B, il using the

Sherman—Morrison formula Lipovetsky (2009).
The BFGS update the matrix By and the approximation of the hessian Hj by

ykyr  BrAzg(BrAzy)'
yp Az, Azt By, Ay,

Byy1 = Bk +
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and

_ Axpyt ypAxt Axp Azt
1 k k k
Hyp1 =B,/ = <I - AT Hp (I— JL Az, + o Az,

In the algorithm used in the following, we utilize the BFGS method to find the minimum of f.

2.2.3 IRLS

Iteratively Reweighted Least Squares (IRLS) is a classical method used to solve optimization

problems in the form

n
argﬁmin lly — XB|| = arggninz lyi — fi(B)|°
i=1

for some p-norm by using iterative step which involves solving a weighted least squares:

Atstept+1

B = arg minzwi(ﬁ(t))‘yi - fi(,@)}z
B =

In the case of f is a linear function, the step ¢ + 1 become

BT = argmin 3 w® |y, — X,82 = (X'WO X)X WOy
=1

where W) is the diagonal matrix of weights.

Suppose we have y = X + ¢ and the random variables ¢; are such that
 they have mean zero: E(g;) =0;

* they are homoscedastic, that is all have the same finite variance: var(s;) = 0% < +oo for

alli;
* distinct error terms are uncorrelated: (g;,¢;) = 0,Vi # j.

Thus, the Gauss-Markov theorem tells us that the estimator 3 obtained by Weighted Least
Squares is BLUE (Best Linear Unbiased Estimator). In the case of a linear model y = X5 + ¢
where e ~ N (0; 0V), the Weighted Least Squares is also the Maximum Likelihood estimation.

From a geometric point of view, we consider an expectation plane formed by all vectors in
the form of Xa, and we search for the vector ,B that minimizes the distance (in this case, the
weighted Euclidean distance or the Mahalanobis distance) between this plane and y. Thus,
y — X # must be orthogonal to the expectation plane.

In other words, j is the projection of y onto the expectation plane.
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2.2.4 Matrix decomposition

In order to determine the approximate value of 5 in the IRLS method, we need to calculate
the inverse of (XTW® X). To prevent computational difficulties, it can be advantageous to
substitute the inverse calculation with a decomposition of the matrix (X TW ®) X). This can be
accomplished through the use of either Singular Value Decomposition (SVD) or, as explained
here, QR.

Within the weighted least square approach, we encounter
t t
(X'WX) = X'Wy & (W%X) (W%X> 8= (W%X) Wiy

W2 X can be expressed as the product of two matrices, @) and R. Matrix @ is orthogo-

nal, meaning that its transpose multiplied by itself equals the identity matrix. Matrix R is an
R
upper-triangular matrix, specifically of the form R = ( 1) .
0

Thus

A R
W2X =QR = (Q1,Q2) ( 1) =11
0
Consequently

(W%X)t (W%X) 8= (W%X)t Wiy & 3= [(W%X)t (W%X) (W%X)t Wiy

By using the QR decomposition

1 —1
Wz2XpB=QR [RIQIQ1R]  RiQly
= QiRiRT! (RY) T RIQly
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where Z; = Qly.

We can thus find 3 without computing a matrix inverse.

l (Zl)
W2X3=0Q
0
A
= QRB=Q (0)

7
=~  Q'QRB=Q'Q ( 01)

(Zl)
0

= R152Z1

It is a simple task to solve for 5 by recalling that R; is an upper-triangular matrix.

2.3 Expectation maximization algorithm

2.3.1 General framework

To increase the chances of success, we can employ the EM algorithm (EM algorithm)Dempster
etal. (1977) Foulley (n.d.[a])Roche (n.d.)). This algorithm is particularly effective for address-

ing issues related to missing data.

Let’s consider a dataset, denoted as U = (Y, Z), where Y represents the known portion
of U and Z represents any missing information. U is referred to as the complete data. We
can define f as the density function of Y and h as the density function of U. Additionally,
let g be the conditional density of Z given Y, and let ¢ represent a set of parameters. Using
these definitions, we can express h(U;v) asf(Y;1)g(Z|Y;+). Finally, we can calculate the
log-likelihood as .

WU ) = U(Y59) + log(g(Z]Y;4)) (2.29)
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which implies

WY59) = (U; ) —log(g(Z|Y;4)) (2.30)

The EM algorithm involves maximizing the log likelihood by iterating a sequence ¢ *), begin-
ning with an initial value (%), until it converges to 1. During each step ¢, if we calculate the

conditional expectation of equation (2.30) given Y, we obtain the following.

1Y) = By (U )[Y) = By (log(g(Z]Y:9))Y) (2.31)

=Q <1/,; w(ﬂ) - H (w; w(ﬂ) (2.32)

Thus, to optimize the log likelihood, our goal is to maximize the function Q.

When we reach iteration (¢ + 1), 1»(‘t1) represents the value that maximizes the function
¥ = Q (¢;9®). In other words, ¢(**1) is the argument that gives the maximum value for
Q (vsv®).

Consequently, we can conclude that @ (¢(+1); (¢t ) > @Q (¥®;4®) and by applying the Jensen
inequality, we find that H (y(*+D;¢®)) < H (y®);4®). Ultimately, this leads us to the con-

clusion that

(DY) > 1Y), (2.33)
Thus, the EM algorithm consists in 2 steps:
* Estep : computation of @ (v;¢)) ;
* M step : computation of (‘1) = argmax, @ (¢;¢®).

We iterate these 2 steps until |1 — 4(®)]| is below a given threshold.

2.3.2 GBTM framework

Itis important to note that the index (¢) used in the EM algorithm is not the same as the index
t representing time in GBTM.
Let Z; = (Zik)k=1..,k,% = 1,...,n denote a random variable that indicates the membership of

subjects in a particular group (which is typically unknown in practice).

1ifC; =k
Zip = (2.34)
0 otherwise.

we can represent Z; as a vector with K coordinates, where only one coordinate is 1 and the

rest are 0. The values of Z; are determined by a multinomial distribution with parameters
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(1,71, - - -7 ), where 7 is calculated as 1 — S ! 7.

K
P(Z;))=P(Zi=2z)=P(Zn = zn, ", Zik = ziK) = Hw,j”“
k=1
The vector Z; allows us merely to write the likelihood of the complete sample in a simplified

way.

P(Yia"'7Yn7Z17"'7Zn):P(Y1a"' Y|Zla"',Zn)P(Zla"'aZn) (235)
—HP YilZy, - Z,) [ P(2) (2.36)
i=1 i=1
Since Y; only dependent on Z;,
K K
P(Y|Z1,- , Zn) = P (Yi|Zi) = [[ P (Yil Zir = 2)** = [ ] gw(wi: ©k)*

By replacing in (2.36), we finally get,

n K n K n K
=TI 11 ows 0 ITTT 7" = I1 11 (mrgn(vi: ©4) (2.37)

i=1 k=1 i=1 k=1 i=1k=1

Thus, the log likelihood function [ is given by

n K
y) =Y zirlog (mrgr(yi; O)) (2.38)
=1 k=1
The function Q become
n K
( ) > By (ziklYi = i) log (mkgk (vi; Ok)) (2.39)
i=1 k=1
But,
E(Zir|Yi = yi) = P(Zir, = 1Y; = y;) (2.40)
P(Y; = yi|Zyp = 1) P(Zi, = 1)
= (2.41)
> P(Yi =il Zip = )P(Zir. = 1)
gk (Yi, Ok)
= — (2.42)
> mrgr(yi, Ox)
k=1

= Tik (2.43)
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Hence, o o
t t
7 9k (Yi, ©}.7)
By (zaelYi = yi) = 73) = -+ AU (2.44)
> 7 g (yi, ©1)
=1
and
n K
Q (4500) = 375" 78 tog (mrg (35 04)) (2.45)
i=1 k=1

In the M step, our objective is to maximize the function ¢ — @ (w; w(t)) in order to obtain the

updated value ¢+,

(t+1)

Initially, we determine the updated value of 7,, " . In an intuitive sense, if we knew all the

z;,, values, m; would be equivalent to the sum of all indicators indicating which individuals

n .
belong to group k, 7, = M Therefore, during iteration (¢ + 1),
n

Z Tzk

alth) — k= (2.46)

n

To address this situation, our approach involves optimizing @ (¢;%(®) with respect to y,
K

while ensuring that the constraint Z 7 = 1 is satisfied. To achieve this, we will employ the

k=1
method of Lagrange multipliers Solomon (2015). Let us introduce X as the Lagrange multi-

plier, and proceed with finding a solution.

z—% [Q (w30®) - A (EK: T — 1)] —0 (2.47)
;T:k [Q () - <Z T — 1)] (2.48)

give us the constraint relation instead become

n (t)

Z - —-A=0& Zle A =04 ZTZ.(]? = AT}, (2.49)

i=1 i=1
Summing equation over all k£ values, we have

K

K
ZZ% =AY m, (2.50)
k=1

k=1 i=1

A=n (2.51)
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and by isolating 7, in equation

E :7;k

T = (2.52)
n
Thus, at iteration (¢ + 1)
Z e
(D)
y L (2.53)

n
In order to determine the value of © in the next iteration (¢ + 1), our objective is to maximize
Q (¥ ¢(t)) by optimizing 6. In the upcoming chapter we will tackle this equation for every

distribution.

(t)0log (gx (yi;Or))
z;; o ) =0 (2.54)

2.3.3 Probability descriptor

When the likelihood of being part of a group is contingent on a covariate X, we represent this

likelihood through the use of a generalized logit function.

eek,xi

Tk = T5.0, = Ki (2.55)

S
k=1

In order to establish distinguishability, we must assign a value of zero to 6;, for a specific group
k. For the purpose of establishing a baseline, we designate group 1 and set the values of 6, to
be equal to zero.

The M-step remains unchanged in its calculations, but the E-step requires alteration. Rather

than using a Lagrange multiplier to find 7, we determine 6, by maximizing log (7., ).

In equation‘2.49 or , we replace the calculation of w(tH) with the calculation of w(tﬂ)

9(‘+1)"Ei
R As the calculation of a specific 6, depends on all 6, values, we must
1,0, .
Z O
k=1
find all the 6, values simultaneously. Let (‘+1) = (05”1), cee Q%H)) be the set of these values.

o+ = arg maxz Z Tzk) log < (t)) (2.56)
=1 k=1

= argmaxZZle [ xz; — log (Z 0(”"”1)] (2.57)
=1 k=1

For 1 < k < Kand 1 <[ < ng by derivating by 6; this amounts to find the root of the
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function

Z it [zik — Tik] (2.58)

Indeed, let be

K K
HOEDSDIE lokxi —log <Z e"k%‘)] (2.59)

i=1 k=1 k=1
n K
=33 i — Z Z 2k log (Z e‘)m> (2.60)
i=1 k=1 i=1 k=1
n K . .
We find the derivative of the two terms. The right one is AEi %’5;1 zik0i:) = z;xy and the

left one is

(i Zszl zik log Zszl efui Op;
( 90 < >> ZZ%’ e (2.61)

0
i=1 k=1 Zk_ 7k

€Z; legk“” K
N Z Zk | efri Z “ik! (2.62)

k,/

kaz

T;e
Z K (2.63)

Finally we have

leeem Hkxl
89kl Z ZikXil — Z K 4. Z Tl | Zik — (264)

Orx Gm
i=1 zlzklekl i=1 zzklekZ

We lack an explicit formula for solving equation [2.58, necessitating the utilization of quasi
Newton method or IRLS method. We present a revised edition of IRLS to address the afore-
mentioned equations.

Through the implementation of the Newton Raphson’s algorithm, we obtain
0D = o — (5']g) 5 (69) (2.65)

where S is the score function.

More precisely, by equation[2.58} S(0) is a vector which elements 1 is Y~ | 2y (zi — i) and

85 (9) is the vector which elements [ is, for &k = &/,

05(0) _ 9*f(0)
= = — T Ty T (1 — 75
W~ 90000 ; 1y i k)
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and for k # £/
05(0) 02£(6) - n
aek/l/ o aek’/l’aekl - ;w,lle/ﬂ-lkﬂlk,

LetZ = (lea"' >Zn17"' 7ZIK7"' 7ZnK)t’H: (7[-117"' yTnly " T1K, """ aﬂ-nK)t’Hk:lama_
trix with diagonal’s elements are (w4 (Lig—y — m11), -+ Tk (L (ms) — Tt)), X the Kn, x Kn,

matrix with block diagonal element X and IIy a block matrix Iy, = (Ilj;),, for 1 < k,l < K.

X 0 --- 0 117 Il e 11 i
N 0o . : I
fa Iy = 12
: - 0 U1K
0 0 X IL i Iik-nx  Ukk
where, for k # [
mp(l—mp) 0 - 0 —myery 0 - 0
0 : 0
Hgx = . and 11, = )
: - 0 : 0
0 e 0 ﬂ'nk(l - 7Tnk) 0 e 00 =Ty

Thus we can write

S(0) = Xt (Z —10) (2.66)
0S(0)  sir ¢

We replace this quantities in the equation (2.65) to obtain

g+l — g(® 4 (thwf() Xtz (2.68)
_ (XtHWX> ! Xty X0l + (XfHWX) Xtz (2.69)
_ (XtHWX'> T (HWX'G,(:) v (Z- H)) (2.70)

2.3.4 Estimation of the standard errors

Estimating the standard errors of the parameters involves inverting the Fisher information
matrix obtained from the observed data. However, since the incomplete data log-likelihood
function is not directly utilized in the EM algorithm, we are unable to directly obtain it for the
observed data. To address this, we follow Louis’ procedure (Louis (1982)) to determine the
observed information matrix using the complete log likelihood in the EM algorithm.

Let us define the score function for the sample data as S(¢; y) = %ﬁy). This function rep-

resents the gradient vectors of the log-likelihood for the observed data. Similarly, we denote
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the score function for the complete data as S.(¢;u) = %J‘). This function represents the
gradient vectors of the log-likelihood for the complete data. The negatives of the associated
second derivative matrices are denoted as [ (1/3; y) and I, (w, u) Louis (1982) has provided

proof for the validity of the following statements.

S(sy) = E(Se(v;u)|U = u) (2.71)
1(sy) = B (I ($5u) [U = ) = B (Se(s ) S w)lU =) g 2.72)

The information matrix for the complete data is represented by the first term in equation[2.72]
while the second term provides the information for the conditional distribution of U given .
Essentially, the first part of the equation represents complete information, while the second
part accounts for the information that is missing due to incomplete data. To make things

simpler, we can simplify this expression by

I(dhyy) = I (wu) — I, <¢y) (2.73)
We can write this equation as
I();y)=E (—aQZ(U'z/J)\U = u) — cov (8Z(U'¢)\U = u) (2.74)
7y 81/12 ) aw ) hp:d; .

In the upcoming chapter 3} we will perform explicit computations for both parts of each dis-

tribution.



Underlying distributions

3.1 Censored normal distribution

Assuming that the variable Y}, is a censored variable, meaning it is a part of another variable

that can be observed, we can infer that its values fall between two numbers, y,,i» and y,,qz-

To analyze this, we introduce a normally distributed variable, Y;;, which can be repre-

sented as:

yiy = f(ait; By Ok, k) + €it = BrAir + 6 Wit + €31, 3.1

—1
Here, e, ~ N (0; op), Aie = (1, air, a3y, -+ a5’ ) Wig = (why, -+, wif)h Be = (Brers -+ Brng)
and (Sk = (5k1> s ,5kn5).

Referring to the matrix W on page[6}, W represents a vector with elements corresponding

to the value in row i and column ¢ for each covariate matrix, W1, ...  W"s,

Additionally, we can establish a connection between y;, and the observed and censored
data, y;;.
Ymin Y, < Ymin
Yit = Yir EYmin < ¥y < Ymaw (3.2)
Ymaz Y5y > Ymax
Assuming a normal distribution with a mean of zero and a standard deviation of oy, the vari-
able ¢;;;, can be represented as €;;;, ~ N(0, ;). Consequently, the variable v}, is also normally
distributed, with a mean of 8, A;; + 0;Wi, and is conditional on A and W with a standard
deviation of 0. Let ¢ represent the density function of a standard normal distribution with
a mean of zero and a standard deviation of one, and ® represent its cumulative distribution

function. Therefore, for a specific group %, we can express the equation as follows:

(3.3)

P (Yt = i) = PV < i) = @ (V2= 2 £ 0 )

Ok

25
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P (Ve = toae) = P (Y2 > yaw) = 1 — B (ymax - 51@;‘:1& + 5kWit> (3.4)
P(Yi=y) = —o <y“ - Bkilf; u 5’“%) (3.5)
In conclusion, if we set ;s = BrAir + 0 Wi, we can express it as follows:
o ymina_k /%k:t) 47 < Y
P(Yy = yu|Ws = w;;, C; = k) = Ulkﬁb <yzt;k'um> if Yrmin < ¥l < Ymaa (3.6)
1— <ymam0; Mz’kt> i 5% > Ymas

Thus the log-likelihood becomes

n K
y)=> log (Z Wkgk(yi;ﬂk,5k,0k)> 3.7)
i=1 k=1

where

Ymin — Mikt 1 Yit — Mikt Ymaz — ikt
gk(ylaﬂky(skao-k) | I ¢ ( or > | | O—kgb < o ) | | < < o >>

k
(3.8)

Yit=Ymin Ymin <Yit <Ymaz Yit=Ymaz

3.1.1 Likelihood

In order to fit the parameters, we employ quasi-Newton methods and must address the equa-

tions and in this specific scenario. These equations can be expressed as follows:

al(w ) n 6;r gk(yl7/8k76k70k)
891;1 =y H 1<k<K,and1<I<n (3.9)
= > gk (ii Bes O, %)
k=1
i k(Yi5 Br, Ok, o)
az(%);y) :Z KB 1 <k<K, and1<l<ng (3.10)
! = > 7rgr (is Bes On, %)
k=1
D(iy) & Wk%gk(yﬁﬁka(skvak)
65;’ :Z Ka i 1<k<K,and1<1[<n; (3.11)
= > wkgk (i; Be» Or, k)
k=1

0
. n 791@(%;&,5@%)
Olv:y) Z 98 1<k<K (3.12)

Ooy, K
Z Tk (Yis Bk, O, o)
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When we employ likelihood to match the model, the probability membership takes the shape
ki

of m, = . To compute the above equation, we will break it down into multiple steps,

Zszl efii

utilizing the properties that (®(u)) = v/¢(u) and (¢(u))" = —u'uep(u) for a specific function .
3.1.1.1 Differential by 6,

Same as section[2.2]

3.1.1.2 Differential by /3y,

For 1 <1 < ng,, our initial step involves computing the differential of 3 blocks:

o .
B — = Ymin — Hikt

Yit=Ymin

0 Ymax — Mikt
dffgm:< 11 <1—q><
aﬁkl Yit=Ymaz Tk
0 1 Yit — ikt
dBrl — ( H ¢ < i
aﬁkl Ymin <Yit <Ymazx Uk; O-k

we have

-1
—a, Ymin — Hikt Ymin — Hikt’
AP — § it | | P | Lman T Pkt 3.13
e Ok ¢( O ) < o > 5.19)

Yit=Ymin Yit! =Ymin,
Y FYit
-1
= Y ¢(ym—“ikt) 11 (1_q><ym—ukt>> 6.1
max .
o g g
Yit=Ymax k k Yit! =Ymaz, k
Yir! FYit

-1
a, it — Mg 1 it — Mikt!
dPr = Z :;3 (yit — Hikt) ¢ (ytukt> H P <ytﬂkt> (3.15)

g g g
Ymin <Yit <Ymazx k k Ymin <Y;p/ <Ymazx, k k

Yir! FYit

Next, we proceed to compute the derivative of gj.

0 1 Yit Mikt) < (ymax Mkt > )
a0 is B, Ok, O =d°H || ¢< || - —7—"
9B gk(y B O k) min . .

Ok

Ymin <Yit <Ymazx Yit=Ymazx
g H @ [ Ymin ~ Pikt H L (Yit — Wikt
+ mazx 7(?
Ok Ok Ok
Yit=Ymin Ymin <Yit <Ymaz

e I ¢,<ymn—ukt) I (1_@<ymax—ﬂm>>
Ok Ok

Yit=Ymin Yit=Ymax



28 CHAPTER 3. UNDERLYING DISTRIBUTIONS

3.1.1.3 Differential by ¢,

For 1 < < nsg, our initial step involves computing the differential of 3 blocks:

Okl i Ymin — Hikt

Yit=Ymin

0 Ymax — Mikt
Ot — 2 _ Jmar Rt
dmaa: - aékl ( H (1 ® < O )>>

Yit=Ymax

0 1 Yit — Mikt
Opt 2 il
= 00y ( H 0k¢< Ok ))

Ymin <Yit <Ymazx
we have
l
—wt . g
dff;in _ Z zt¢ (ymzn Mzkt) H & (ymln Hikt ) (3.16)
Ok Ok b Ok
Yit=Ymin Yit! =Ymin,
yit/?éyit

l
Okl — Wit Ymaz — Pikt _ Ymaz — Hikt
A, = e < o > 1T <1 @ (Uk >> (3.17)

Yit=Ymazx Y;t' =Ymazx,
Yig! FYit

!
wh P . ]_ S — Ll
A’ = Z Tg (Yit — pikt) @ <yltokﬂm> H —¢ (W) (3.18)
k

(o)
Ymin <Yit <Ymaz ymin<yit/ <Ymaz, k
Yip 7 Yit

Next, we proceed to compute the derivative of g.

1 . o
(i o 8) =2, 1 ¢<yztﬂzkt> I (1_¢<ymaxuzkt>>

Ymin <Yit <Ymaz Yit=Ymazx

Ymin — Mikt 1 Yit — Mikt
d5kz i) =
+doit, [0 ( - ) 1T i < . >

Wklgk

Yit=Ymin Ymin <Yit <Ymaz
ram I @ (ym'm - Mz‘kzt> I (1 _ & <ymax — Mikt))
g g
Yit=Ymin k Yit=Ymazx k

3.1.1.4 Differential by o},

Similar to the aforementioned, we compute the variation of three blocks:

o 0 I [ Ymin — Hikt
k — (0] -
i doy, ( ( ok ))

Yit=Ymin

0 Ymax — Hikt
dok = — 1— @ [ Lmaz bt
b (I (oo ()

Yit=Ymax

0 1 Yit — ikt
O —_ - e
d doy, ( H ok ¢ ( Ok >>

Ymin <Yit <Ymaz
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and we have

Ymin — Hikt Ymin — Hikt Ymin — Hikt/
.= > - b < ) II @ <> (3.19)
min 2 )
Yit=Ymin Gk Tk Yit! =Ymin, Tk
Yip! FYit
o max ikt max — Mikt max — Mikt’
A = S Imer T Hi g (y a ) I1 <1 — P (y“’“>> (3.20)
O = O
Yit=Ymazx Yit! =Ymazx,
Y FYit

it — Wikt)® — O it — M 1 it! — [ikt!
=Y (yit /uzs) k¢<yt uu) I ¢<yta#kt> 3.21)

o o )
Ymin <Yit <Ymazx k k Ymin <Yi¢/ <Ymaz, k k
Yir! FYit

Next, we proceed to compute the derivative of gj.

9 . k 1 Yit — Hikt Ymax — Mikt
%gk(yzn@ka Ok, %) =dok. H ;k¢ (Uk H 1—-® e
Ymin <Yit <Ymaz Yit=Ymax

Ymin — Wikt 1 Yit — Mikt
d°F o [ Lman — Hikt N (- i3

Yit=Ymin Ymin <Yit <Ymaz

e T a(eg) T (e (5))
k k

Yit=Ymin Yit=Ymazx
3.1.2 Numerical transformation

In order to prevent negative values of o, from occurring during the quasi Newton method, a
solution is to define o}, = e“* since o}, should always be positive.
Therefore, we will rephrase the score function.

If we define

Yit=Ymin
0
Bt — 2 _ —ag s
dtte = 0By (y_ l‘_[ (1 d (e * (Ymaz Mzkt)))>
it—=Ymax
0
dP = = ( 11 e % (e (yir — Nz‘kt)))
8Bk Ymin <Yit <Ymaz

Yit=Ymin

B — azk ( IT @=2(e* (Ymar - Mikt))))

Yit=Ymax

0
APl = I ( H R G Mz‘kt))>

Ymin <Yit <Ymaz
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dérlen = Z _a’ét_leiak(ﬁ (eio”C (ymin - Mzkt)) H o (eiak (ymin - Nzkt)) (3.22)
Yit=Ymin Yit! =Ymin,
Yir FYit
dg”%x = Z aét_leiak(ﬁ (eio”C (ymaz - Mikt)) H (1 - (eiak (ymax - Nzkt))) (323)
Yit=Ymazx Yt/ =Ymax,
Yir! #yit
do = Z aly e (i — pare) & (e™ (yit — pikt)) H e (7 (yit — Hine))
Ymin <Yit <Ymaz Ymin <Y;p/ <Ymaz,
Yir! FYit
(3.24)
and with:

d%km = 80% ( H (I) ymm Nikt)))

Yit=Ymin

dgnkax - i ( H (1 —¢ (e_ak (ymax - MZkt)))>

aak Yit=Ymax
dak: — 8 —Q —Q P .
~ o H e ¢(6 (it Mzkt))
k Ymin <Yit <Ymazx

A= > =€ Ymin — ikt) & (€7 Wmin — paire)) [ @ (€7 (Ymin — pire))

Yit=Ymin Yit! =Ymin,
Yir! FYit
(3.25)
d;xnkaz = Z e ok (ymam - Mikt) ¢ (eioé/’C (ymaz - Mzkt)) H (1 - (eiak (yma:v - Mzkt)))
Yit=Ymazx Yt/ =Ymax,
Yir! FYit
(3.26)
dok — Z e (=14 e (g — pire)?) & (e (yir — pine)) (3.27)
Ymin <Yit <Ymazx
X T e (e (it — piw)) (3.28)
Ymin <Y;1/ <Ymaz,
yn’?’éyit

In order to achieve a scenario where all the o, are constant and equal to o, meaning that all
the oy, are equal to «, the derivative of the score function with respect to « can be expressed

as follows:

ZZk L T g (Yis ke, Ok, )
S o1 TG (Yis ks Oy )

Here, the term a% 9k (Yi; 1k, Ok, ) remains the same as previously mentioned, with the removal

of the index % from «,.
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3.1.3 EM algorithm

3.1.3.1 Non censored

31

If we make the assumption that Y is not a censored variable, the complete likelihood

transforms.
n K
Z Zik log (7Tk)
i=1 k=1
n K
k

T
zlkZIOg (ok) + log(V2m) +

=1 k=1 t=1

To express the same concept using matrix notation,

n K
= Z sz log (%)

i=1 k=1

(3.29)

Yit — (ﬂkAzt + 5szt)> (330)
Ok

(3.31)

—ZZ% (Tlog o) + T1og(V3m) + = (Vi — (B i + 6,1V;))' <Yz-—<5kAz»+6kWi>)>

22
i=1 k=1 Tk

where

A = (An, -

W= Wi, ,Wir) =

ns
W;q

(3.32)
1
a;
’ (3.33)
s
wilT
(3.34)
wip

Following the EM methods developed in section [2.3|we compute the two steps E and M:

* E-step
(t)

) _ ”k 9k

(yz,ﬁ(t) 5 o ))

Calculation of EW) (zikYi = yi) = 73] =

>
k=1

* M-step

)gk (yla ﬁ]g‘t)v 5]E;t)a U]E;t))

Calculate of ¢)(**1) = arg max Z Z T Mog (7kgk (Yis Brs Oy 7))

PO k=1
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Thus, with matrix notation and since the parameters are independent, we have

n
ﬂ-](:“) _ 21:71% (3.35)
n
3(t+1 fargmlnz Tk 5 2 — (Brdi + 6. W) (Y — (BrAs + 6 W5)) (3.36)
=1
1
5+ _argmlnz 7 = 2( — (BrAi + W) (Yi — (BrA;i + 6, W5)) (3.37)
no 0 (v (2D 4, s\ (v (a4, s D)
joen _ | T (3 (A A o)) (i (504 o))
n t
TZi:lTi(k)
(3.38)
To find ﬁ,(fﬂ), we calculate the differential by 5
0 @ 1
a7, - an 52 (¥i = (Bedi + D))" (Vi = (B + 6,7)) (3.39)
1 5~ 0 9y :
= Y'Y, - Y BrAi — Y<5 Al 3.40
201” Tie a0 ( Br KW — ALBLY; (3.40)
+ALBLBRA: + ALBLOKW; — WIOLY: + W6 BrAi + W} b,.6:W5) (3.41)
:2%27},?( VAl = VAL + By (A AL+ A AL + 5, WAL + 6, AL) (3.42)
Tk =1
1 n
2 STl (VAL + B A AL + 5 WA (3.43)
i=1

Assuming that 1 < ¢ < T, if the values of a;; and a;; are equal for all 1 < 4,4’ < n, then
it follows that A; = A; for all 1 < i,i < n. This is often the case in practical situations,
where the time measurements are consistent. Now, let1 < ¢t,# < TTand1 < i < n.
Since the evaluation of Y occurs at different times, it can be observed that a;; # a;v.
Consequently, 4; Al is invertible (A VOIR). To simplify the situation, we can factorize by

Aj, using it as an example. Thus, we reach the same conclusion.

o[BG awin) ("
lBk a Zn (t)
i=1Tik

If any one of the values a;; is not the same as the others, we will have

(ZT“ (A; AL >1

- [$t - ot

=1




3.1. Censored normal distribution 33

(t+1)

Similar to the previous explanation, we can establish that the root of 6, " is

LS00 (cxawt + a0+ 404007)
Tk =1

We find
5 [Z i (viwt = s am)

-1
(Z 0 (Ww) )

Finally, the M-step becomes

n ()
WIE;HI) _ Zlﬂ (3.44)

n
ﬁ(t+1) B [Z? ) z(k) (YAt 5(t)W1Af)} (AlAtl)—l
* s 0

t+1 [Z 7t <YiWit _ ﬁ](ct)AiWit)

(3.45)

n -1
(Z i (Win)> (3.46)

=1

o _ | S (v (a0 a0m)) (- (a0 80m))

(3.47)
t
T Zz 1 z(k)
If our aim is to obtain a distinct o, we employ
t
S S (Y- (874 + 6“)W~)) (Yz- ~ (84 +o"wi))
S+ — (3.48)
T Zk 1 Zz 1 zk
In the event that 7, is dependent on a covariate X, we can replace the calculation of 7r,(f+1)
Oz,
with the calculation of wf,i“) =T ) = e Equation 2.70, using the same notation
L0
3
as this section, provides us with the followmg expression:
- N1 -
pliH+D) — (XtHWX) Xt <HWX<9,(f) v (Z— H)) (3.49)

(t+1)

or a vector with coordinates 6, for1 <k < Kand1 < < nyisthe solution to the following

equation:

> @i [z — min) = 0 (3.50)
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3.1.3.2 Censored

When applying the EM algorithm to censored data, there are two types of missing data to
consider: the membership group of Y; and the censored data of Y;. The likelihood function

[2.38 can be redefined as follows:

n K
y) =YY ziplog(m) (3.51)
i=1 k=1
N2
—ZZzlkZlog (o)) + log(V2r) + 3 (W) (3.52)

=1 k=1 t=1

Thus, the EM algorithm becomes

* E-step
Calculation of @ (1;¢(")) with the coefficient E ) (zix|Y;* = y}) = Ti(,?

* M-step

Calculation of

Pt = arginaXQ (1/); W)) = arginaxE ()Y = y))

To carry out this calculus, we are required to assess
n K T 1 y* 1 2
it — Mk * *
By (Z Z ik log (7y;) Z Z Zik Zlog (o) + log(V2m) + 3 <ztaklt> v+ = ?/z>
1=1 k=1 1=1 k=1 t=1

and therefore to calculate the first and second moments of v , given y; > yq, 0Ty <

Ymin, i.€. additional to compute Eyw (zik|Y;* = yf) like above we have to compute too

2
By (zuylYii = vi) and By (s 1Y = v )-
Proposition 1.

(t) ®) (t)

Eyw (Y3195t = Ymaz) = M + O3 G i (3.53)

By (4155 < Ymin) = iy — 00 oo it (3.54)

By (03 107 = tmar ) = 0 (14 Q@i ) + s + 2015000t e (3:55)

By (v 19 < pmin) = o (14 @80 i) + 50 — 2085008080 (3.56)
where

), g = e P (3.57)

ama:c,ikt - (t)
(o
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()

O e = (3.58)
o2
(t) . ¢ (afv?ax,ikt)
Gna ikt = o (o) (3.59)
¢ O[sz)in,i

Proof. LetY ~ N (p,0?).
¢ and ® denotes the pdf and cdf of a Standard Normal distribution.

We assume that we have Y € [a; b], where —co < a < b < oo. Thus, the conditional density of

iqb(y u)
fyly € [a;0]) = @<b;u) _q)(a;u)

We consider the moment generating function for/ € R

@y e = [ [ (%)
m(t) = E (e"|Y € [a;b]) = eV f(yly € asb])dy = [ € — —dy
- (L))o
o a <b #) (a u)

Y is

g g
(3.61)
However,
b b
1 (y—p 1 _1(y=p)?
/ vl () dy = / =3 (52)" gy (3.62)
a o o oV2m Ja
1 b ty— L (y=w)?
- etv=3(*34) gy (3.63)
oV2r Ja
1 ’ — 52z (y=(o2t+)) +P— (o t410)? (3.64)
= — € 20 y .
oV2r Ja
_ 5 (u—(a?t+p)?) / — L (y—(o2t+m))*
e 202 ¢ 207 d (3.65)
- ﬁ Y
022 [P — (0%t
T / Z¢ <y(0+“)> dy (3.66)

1
Eb (th—l-u)) o <a— (th—i-u))) (3.67)

t o22
:e“+ 2 @

We replace in (3.61) and we finally have

m(t) = - & gbij) ol ) (3.68)

o) e (")
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e“t+022t2 @ bTT“—Ut — O (£ — o)
_ q><<bi”) i (a;u) ) (3.69)

When dealing with a given function v, it is important to bear in mind that the first derivative of

®(u) can be expressed as (®(u)) = u’¢(u), while the second derivative of ¢(u) can be obtained

as (9(u))’ = —u'ug(u).

it 2
m'(t) = ‘ (1 + 0?t) (Dp(t) — Pa(t)) — o (d5(t) — da(t))] (3.70)
o) (1) |
and
2
m"(t) = ¢ 02002 (B () — By (1)) — o (4 021) (dp(t) — bt
(t) q><b;u>_q)<a;ﬂ> [( )= (@ (t) (t) —o(p ) (¢(t) ()
(3.71)
+ 0% (Dp(t) — Da(t)) — o — 0*t) (¢(t) — ¢alt)) (3.72)
(3.73)

o (o)t - (S - ot) 0.0 |

Where &, (t) = & (“=£ — ot), &,(t) = ® (bjT“ - Jt), ba(t) = ¢ (“=£ — ot) and ¢y (t) = ¢ (”%ﬂ - m:).

Now, we can use this function to find the first and second moment of Y|Y € [a; b].

E(Y|Y € [a;0]) = m/(t)|t=0 = p — ng - ia

b —da o ((b—p)pp — (a— p)gpa)

E (Y?ly b)) = m" (H)|j—o = 2 + 0% —2
(Y2IY € [a;0]) = m" (t)]i=0 = p* + 0 L —

where ¢, = ¢ (£), 6, = ¢ (12), @, = ® (*2) and @, = & (2=2)

Remembering that
lim ¢, =0 (3.74)
a—=+oo
lim &, =0 (3.75)
ar——00
lim &, =1 (3.76)
ar>—+00
Letting b tend to infinity,
Pa

E(Y|Y >a) =
YY >a) ntoT S,
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and

¢a U(a - :UJ)¢a

2y > g) = 12 4 o2 .
E(Y |Y_a) uw+o —|—20ul_¢a+ - (3.77)
_ 2., 2 (a—p) oq o
=u-+o <1—|— > 1_®a>+2au1_¢a (3.78)
Letting a tend to minus infinity,
E(Y\Y<b):u_a@
@,
and
b— 1)y
E(Y?Y <b) = 12 -2 o _olb— ey 3.79
(Y?IY <) = 1" + 0% = 20p — —— (3.79)
b—p) dp ®b
u+o ( T auq)b (3.80)
d

The value of @ (;9®) is determined by the aforementioned calculations and the fact
t
that B, (zicyplvi = yi) = P (zie = 1y5) By (Wilvi, zie = 1) = Ti(k)E¢<t) (Y3 lyjps zie = 1) and
2 2 t 2 .
By (zaci i = vie) = P (oo = Uyi) Byeo (vir Wi 2 = 1) = 70 By (93 I 200 = 1) i

n K

Q (w; w@) =557 log (my) (3.81)
i=1 k=1
n K
ZTZ(’? { (log (o) + log(V2 )) (3.82)
i=1 k=1
1 T
*2 * * *
+T‘J% Z Eqp(t) (yit Vi = yjt) - 2E¢(t) (Wil Yir = yir) pike + szkt (3.83)
t=1
where
2| % s *
Ew(i) (yit ’yit < ymm) lfyit < Ymin
*2 * * . *
qu;(t) (yit Y = yit) = .%2,5 if Ymin < Y5 < Ymaz (3.84)
x2| % : *
Eqp(t) (yit ’yit > ymax) if Yit > Ymax
Eq/;(t) (y:t‘y;kt < ymln) if y;kt < Ymin
Eyo WitlY = i) = vit i Ymin < Y2 < Ymaz (3.85)

Ew(t) (y;kt‘y:t > yma:c) if y;t > Ymax

In order to determine the value of 3;, we compute the root of the derivative of ) with respect
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to fFy.

n

9Q (3 v W) 0
0Bk ﬁz

_ 9

OBk

T
Z( 2E ) (i Yit = v3) Mikt—i‘ﬂgkt) (3.86)
=1 =1

n

X o

(—21@ (BAs + W) + (BiA; + W) (BeAi + 5 W5) ) (3.87)
In the event that certain values in the vector Y; fall below y,,;, or exceed y,,4., the vector

Y; becomes censored. In this case, the order of the elements is altered, and Y; is defined as

(ym Eyw) Wilviy < Ymin)  Eyo (Wilys = ymax)>, leaves to change the order of the elements..

( 2Y; (BeAi + 0 W3)' + (BrA; + 8 Wi)" (BrAi + 5kWi)>

0B 207 = OB

(3.88)

_ 1 - m_ 9 % . Nt Atgt . t gt .
= 202 Z;Tk 95, ( 2Y; (BeAi + 0k Wi)" + Ai B BrAi + A Bron Wi (3.89)
+ W6k Bk A; + Wi,06W;) (3.90)
= %,z Z i (—213145 + 2Bk A A} + 25sz’A§> (3.91)
=2 Z Tk (_Y/iAg + BrAi AL + 5sz’A§) (3.92)

k=

In a similar manner to the equation on page[32} if all A; are equal, we can derive the following
expression:
o AP (7t o)) ()

Bt = -
Dt Ti(li)

However, if there exists at least one a;; that differs from the others, the equation becomes:

-1
t+1 [Z Tz(l? (ffi At t)W At)

(Z% (A;A) )

We can apply the same procedure to calculate 6, (t+1)
o : ®)
QWivT) _ (;z)éw ) _ 012 Z (w00 wiwt 4 B0 AW ) (3.93)
k k=1

and finally
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To find o), we calculate the differential of @) by oy.

()
0Q (vsv) _ a ( ZZ%[ (105 (01) +log(v27) (3.94)

9o i—1 k=1
> (3.95)

T
*2 * * * * *
Ta,% + Z Ez[)(t) (yit Y = yz’t) - 2E¢<t) (il Vit = vip) pane + M?kt

T
1 2 9
+Tﬁ3 Z E’(/}(t) (y:t Vit = ?/:t) - 2E¢(t> (Y3t Yit = yit) tikt + Hige
t=1

n

— 3

=1 t=1
(3.96)
— - Zflk [T} + Vialy — 2% (B4 + 6 W;) (3.97)
+ (5;: A; + 5;E;t)Wi> (5;(:)141‘ + 5;5;””@)} (3.98)

where 11 represent a vector of length 7" consisting solely of the value 1, and let 171-,2 be a vector
that contains the squared values of Y;. If any of these squared values fall below the threshold
Ymin OF exceed the threshold y;,,.., the vector ffm is considered censored. In this case, }71-72 is
redefined as (yft, Eyw (y;f lyz, < ymin) s By (y;f |yt > ymm»,with a change in the order of

its elements.

The M-step become

n _(t)
W]Ef“) _ Zl=717_zk (3.99)
n

i) (Al = o wial) | (aua) ™!
>oic1 Ti(l:)

n n -1
sl = [Z i (iw! - ﬂ,gt)Aiwf)] (Z ) (Wiwf)> (3.101)

i=1 =1

BUHY — (3.100)

s (Ylel — 2y (8 i + Wi ) + (,B(t)A +5t)W> (84 +5t)W>>

TZ@ 1 zk

S+

(3.102)

If we want unique o we use

S g <Ylt2 oy (B,it)Awré,ﬁt)Wi) ( 0 4, + 5OW, i)t(ﬁl(:)Az’-i-(S,(:)Wi))

S+ —

K 0)
Ty e 2 Tik
(3.103)
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3.1.4 Estimation of standard error

We implement the technique outlined in subsection[2.3.4}

We calculate the entire score function.

L (Ole(sy) Ale(byy) Ble(iy) Ole(wiy)\'
SCW%?J) - < 871' 9 8ﬁ 9 85 9 (90 )

Oolc(¥sy) _ [ Olc(¥sy) Ol (¥sy) \ dlc(yy) _ [ dlc(sy) dlc(Y;y)
where == —< G G ), S =\ Tamy 8%}(%)

Ao (W) _ <8lc(w;y) (¢;y)) and 6lc wy) _ Ole(sy) . Olo(diy)
B - 0011 65]("5 do ’ Y Oog

Itis important to recall that the sum of all the values in the sequence 7 is equal to 1. Using
this fact, we can express 7 as Zszl m, = 1. Additionally, when j is not equal to K, the
derivative of 7x with respect to 7; is equal to —1. Consequently, we can conclude that for all
values of k from 1 to K — 1, the following equation holds true:

Olc(V;y)  ~—(zik 2K
on, Z <7Tk B )

T
i—1 K

If we utilize equation to forecast the likelihood of membership, with 1 < &k < K and
1 <1 < ng,

Olc (V;y)
80“ Z:-Tzl zlc ﬂ-Zk

Forl <k < Kand1l <[ <ng,

n T
8ZC w y Zlkazt y'Lt (/BkiAlt + 5kW/'Lt))
OBk Z Z >

g
i=1 t=1 k

Forl1<k< Kand1l<!<ns

alc(i/% t& szwzt Yit — (BkAzt + 5szt))
00y Z Z Uk

i=1 t=1

For1<k<K
doly) g~y (o7 = (e — (Beic + 6Wi)?
8ak 0'2

i=1 t=1
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3.1.4.1 Computation of the negative second derivative matrix

The negative of the second derivative matrix of the complete likelihood is,

Ple(yy)  Ple(Wy)  Ple(n)  9Ple(@iw)

on? ords omdd ondo
) 82({)%(81#;@ 82lg/§12b;y) 52205%;@ 82l@cﬁ(a¢;y)
—B ; - _ s o
c(v: ) lo(Ysy)  Ple(y)  Plo(dyy)  02%lc(Psy)
000T 0008 062 0000
Plo(by)  Ple(sy)  Plo(y)  02le(Psy)
doom BEGE] BEGH do2

The dimensions of this matrix can be determined by evaluating the expression:
(SIS, (g +m0) +2K = 1) x (L4 (ng, +ng) + 2K — 1))
If we are using a predictor for probability, we need to make a modification: we replace all

instances of the derivative = with §. Consequently, the dimensions of the matrix will be given

by (SIS (s, +19) + (K = Dng) + K ) x (S (1, + 1) + (K = 1ng) + K).

3.1.4.1.1 Second derivative 2/ W) op 82l0(§p;y)
o o0

The second derivative matrix for % has for size (K — 1) x (K —1).

For1 <k I<K-—1is

Ol (v;y) ((’ﬂlc(w;y))
kl

on? - om0

which elements arefor1 < £, I < K —1

Plotwsy) _ [ Tin = (#+35) k=i

= Tk
aﬂkaﬂ'l Z?:l_j:gv k‘;él
2 . . .
The second derivative matrix for %ﬁf’” has for size Kny x Kny and is composed by
Tt .. S
1 1 1 K
Plc (s y) _ . )
802 . .
Plo(y) .. Ple(Wiy)
09}(801 80}(691(

which elements, for 1 < [,!’ < ny, are

no efri el _
(L) _ it Sty e (s ) (1= o) b=
i

80[66916’ - aﬁklaﬁk/l/ o Z?:]_ .’L’ilxl'l/z ki egklﬂfi k # k',

g:l egkzi Zl}le eszi 9

The outcomes remain the same for both 7 and ¢ in the subsequent sections.
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3.1.4.1.2 Second derivative 8257(8%9)

Ple(iy) _
ondp
3.1.4.1.3 Second derivative %
Plo(iy) _
omdd
3.1.4.1.4 Second derivative 2'c(V:v)
Ple(viy) _
omdo

3.1.4.1.5 Second derivative %

. . . 2 M . .
The second derivative matrix for mgTW has for size Y1 | ng, x 315 ng, and is com-

posed by block matrix
3;2659%1!) . a;lacgé;y)
1 1 1 K
»le(v;y) _ : .
8/82 . .
Ple(sy) .. Ple(Ww)
0BKIP1 0Bk IBK

which elements are, for 1 < k, k' < K,1<1<ng, and1 <! < ng,,,

n T al‘ilal‘lil
(82lc(¢;y)> C Plo(Piy) ) 2im i —Zik%v k=Fk
0810 ) -
BrOBr ) i Brr1r OBk 0.k £ K

e e 0%lo (YY)
3.1.4.1.6 Second derivative W

2 .
The second derivative matrix for %%’y) has for size S| ng, x Knsand is composed by
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block matrix
azlﬂc((;%;y) L ngcgé};y)
1 1 1 K
Plc(iy) _ : .
0896 ' )
Ple(yy) . Pl
0B 061 OB Ik

which elements are, for 1 < k, k' < K,1 <1 <ng, and1 <! < ng,

n T Z’ikwgtaélt_l /
(8210(¢;y)> _ Ple(ry) ) 2im1 2= Tz k=k
8 /85 ’ o a //86 -
Brdox )y OBk ddu 0k £ K

3.1.4.1.7 Second derivative %
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2 . .
The second derivative matrix for /%) hgs for size S ng, x K and is composed by

dBdo
block matrix

82150(81/);7;) o fglﬁcgb;y)

1001 100K
*lo(v;y) _ . )
0B0c ’

Plo(sy) .. Ple(Wiy)

0Bk 0o 0PKrIoK

which elements are, for 1 < k, k' < Kand 1 <1 < ng,,

k=K

0B 0oy,

= = Uk

n —2zpaly (yie — (BrAi + 06 Wir))
(azow;y)) dle(dyy) | T XL ’f :
Uk aﬂk/lagk

0, k#k

3.1.4.1.8 Second derivative 821%?*’)

The second derivative matrix for % has for size Kngsx Kngs and is composed by block

matrix
1 1 1 K
D%l (Y3 y) _ . )
862 . .
P%lc () 2?lc ()

96 i 061 T T8k 08
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which elements are, for1 < k. k' < Kand 1 <1[,I’ < ng,

10
Wi Wiy

Plo(iy)) _ Plolwy) _ | ST sty k=K
85k/85k i N aék/l/aak’l B ’

0, k £k

e e 0%lc (YY)
3.1.4.1.9 Second derivative "%

The second derivative matrix for 8259%((;’?3’) has for size Kns x K and is composed by block
matrix

32@%0(5/’;@ . 3;(150(%111;3/)

1001 100K
lc(sy) _ : .
0600 : )

Ple(y) . Ple@w)

0o Doy 00 0o i

which elements are, for1 < k. k' < Kand 1 <[ < ng,

=2z, (yit — (BrAit + 6 Wit))

<azc<w;y>> de(ty) | i X : k=K
Ik

— — O

~ Oowdor ) o

00y 00,

3.1.4.1.10 Second derivative %

The second derivative matrix for % has for size K x K and is composed by block

matrix

Plo(;y) <82lc(w;y)>
80'2 o aUkaUl Kl

where

2 2
Zig (=0 + 3 (Yir — (BrAit + 06 Wit))
O*lc (s y) _J) - > 23:1 ( o1 ) k=1
00,00y k
0, k#1

To calculate the conditional expectation of the negative of the second derivative matrix
E <7BC(1:; U)X = m), simply substitute 7;;, for z;; in the equations given, where £y, (Z;;|Y; =
 mrgk(Yi,0)
R gk (i, O)

Yi) = Tik-



3.1. Censored normal distribution 45

3.1.5 Computation of cov (Sc(zﬁ; w)|U = u>

The conditional matrix of the score vector is given by

cov (Se(m)) ( ( (

I (z/},y) _ | eov (Sc(B), Se(m)) cov (S¢(B)) cov (S¢(B),S:(9)) cov (S,
cov (S:(6), Se(m))  cov (Se(d), Se( (
cov (Se(0),Sc(m))  cov (Se(0), Se(B))  cov (Se(

The size of this matrixis (K (ng + ns +2) — 1) x(K(ng +ns +2) — 1) or (K(ng + ns +ng + 1)) x

(K(ng + ns + ng + 1)) in the case where we are using predictors for the probability.

In order to assess the conditional covariance of the score vector based on the data, we
must consider the auxiliary information required by the EM algorithm, which is the member-

ship group information denoted as Z;;; (refer to equation|2.34).

Proposition 2.

Tegk (Yi, 0)
S Tk (yis Or)

Ey(ZiklYi = yi) = = Tik

» var (Zy) = E(Z2,) — E* (Zix) = Tr(1 — 7ir,)

Ccov (Zika Zz' ) =F (Zz'kZil) —F (Zz' ) E (Zi ) = —T;kTil fork 75 l

cov (Z, Zj) =0

Proof.
First: by definition.
Second: we remark that Z2 = Z;.
Third: for k £ 1, Z;.Z;; = 0.

Fourth: the membership of individual i and j are independent. O

3.1.5.1 Matrix cov (S.(7))

The matrix as for dimension (K — 1) x (K —1).

For a diagonal element of the matrix cov (Sq(7)), we can writefor1 <k < K — 1

n

Tie(l — k) Tik(1 — TiK) Tikﬂ'K)
cov (S.(m = g + -2
( c( ))kk g ( ﬂl% 71%( LTk
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For a non-diagonal element of the matrix cov (S.(7)), we can write for 1 < k, I < K — 1

n
cov (Sc(ﬂ'))kl _ j : <_ TikTil 4 TikTiK + TiKTil + TZK( TzK))

2
T T T T TKT,
=1 kT kTK KT T

Proof. For a diagonal element

cov (8¢(m)) . = cov (Z <Z: - zzK) ,Z <?: - le>> (3.104)

s T
i=1 K 1 K
R z z z z
ik i K ik j K
=5 cov | 2k _ DK Tk SR (3.105)
— < Tk TK Tk TK
=1 j=1

= Z <var <%> + var (ZZK) + 2cov <Zik, ZZK)) (3.106)
— T TK TR TK

Furthermore,
var (@) _ Tik’(lgﬁk) and var (M _ TiK(lgTiK).
: ™ TK T

. ) 2 25 2 . 2 2 ) 2.
cov (Z’—" — 4K Gk —JK) = cov (z’—", ]fk) + cov (—Z’K,—JK) — cov (Zﬁ, —]K> — cov (—Z“K,L’“)
T K TR TK T T TK ' TK ) TK TK ' T

It is important to note that this model operates under the assumption that there is no corre-
lation between individuals within the same group or across different time points. As a result,

all covariances in these scenarios are considered to be zero.

For a non-diagonal element
n n
Zik  Zi > <Zil Zi )
cov — , — —
PESE DR
/U< ’L’J[()_CO/U< ’Jl)+cov< K’JI()>
T TK K T TK TK

5 (o (2 2)
= cov | —,— | —
, Tk T
As mentioned earlier, we leverage the independence between individuals within the same

group and across time points. As a result, in the sum, most terms vanish, particularly the

Zik Zik
T MK
(3.107)

_ znz (_TikTil | TkTK | TiKTi Tik (1 — TiK)) (3.108)
i=1

terms where i is not equal to j. Thus,

n
Lo s VAT T T
Ccov (Sc(ﬂ’))kl = Z (cov ( 7er , Wlll> — cov (;}f, WZK ) — COV < WZII:, 7rlll> ~+ cov

=1

TET] TETK TR W%{
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3.1.5.2 Matrix cov (S.(7), Sc(B))

cov (Se(m), Sc(B)) is composed by the matrix cov (S.(7), Sc(5x)) for all groups k£ which dimen-
sionis (K — 1) x ng,. Thus, the dimension of the first matrix is (K — 1) x Kng,.
Given 1 < k < K — 1 we compute cov (S.(7), Sc(8)) that is a matrix with elements, for

1<k <K-1landl<I[<ng,

i (Bikm'k (71;:3’“ + %)) K =k

cov (Se(m), Se(Br))p = {2?1 (Bikﬂz’k: (_:TZ—;:/’ + %)) K #k

and for k = K,
- 1 -7k T
cov (Se(m), Se(Br))pn = ; <BiKl7'iK < p + 7712; >>
it T Az 0 m
where B;; = tTla (yt (ﬂkQ t 7+ Ok t)),l <K <K-land1l<I<ng,.

O

Proof. For1 <k < K -1

= sz:’
— Z.B; 3.109
( - ) E k kl) ( )

1
Zige Zi
<cov ( , ZiiBiji ) — cov <“,ijBjkl>> (3.110)
Tkt TK
{Z?l (szmk ( o+ jnff)) K=k

Z:‘Lzl BTk ( Tik! 4 7;;;)) K Ak (3.111)

Fork =K

COU( ( ) BK Kl = ZZ (COU < gKB]Kl) — Ccov (ﬂ_;:,ZjKBjKl)> (3.112)

i=1 j=1

n
= Z ( iKITIK < LS T”f)) (3.113)
™ 7Tk_

K

3.1.5.3 Matrix cov (S.(7), Sc(0))

cov (S¢(m), Sc(9)) is composed by the matrix cov (S.(7), S.(d)) for all groups k& which dimen-
sionis (K — 1) x ns. Thus, the dimension of the first matrix is (K — 1) x Kns.

Given 1 < k < K — 1 we compute cov (Sc(), Sc(d;)) that is a matrix with elements, for



48

1<k <K-landl<l<ng

CHAPTER 3. UNDERLYING DISTRIBUTIONS

Yo Diwamin (22 + 25 ) ) K =k
cov (Sc(ﬂ)ysc((sk))k/l = n ( ( , TK>> ,
> (Dileik (— g ﬁ)) KAk
andfork = K
& I —7ik | T
c s e o n = Dz 7
COU(S(TF)S(K))kl ;( Kﬂ'[{( p— +7T/,€>>

i Ay + Wi

where D;; = tle 1 (i — (ﬁkz t+ kWt)),l <K <K-land1<I<ns,.
Ok

3.1.5.4 Matrix cov (S.(7), S.(0))

cov (S¢(r), Sc(o)) as for dimension (K —
For1<k<K-landl1<[< K -1

(cov (Se(), Se(0))) i = {

1) x K.

S (s (05204 30

71541

n .
3 (s (05280
1 TK

Z?:l( M
andforl = K
(cov (S¢(m), S,
o |oF = = (Bedu + 5w’
Ok
Proof. Ifk =1

Itk 1

) ki
1)) e

))

—Tik TZK
Tk +

(=

TZK) Tik

Tk

iK
» Y ZiSi (3.114)
S
(Zik, Zik) — =% cov (Zix, Z]k)) (3.115)
Tik +”K>> (3.116)
Tk TK
ZK) n
» ) ZuS; (3.117)
Sit
(Zik Zjl) - ECOU (Zik, Zjl) (3.118)
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_ Zn: <Til5il <_Tik . TiK))
‘ T Tk TK

=1

Forl =K

(cov (Se() ek = ZZ ( ™ Zik, ZjKk) — Sll((cov (Zik, ZJK)>

=1 j=1
n

_Z(M&K< ;”” )

3.1.5.5 Matrix cov (S.(0))

49

(3.119)

(3.120)

(3.121)

si on choist comme référence le gr k on enléve la mtrice cov thetak et on met thetak a 0

If we use predictors for the membership probability we have to calculate the matrix with

0 parameters.

cov (S¢(0)) is composed by the matrix cov (S.(6x), S.(6;)) for all groups k and [ which dimen-

sion is ny x ny. Thus, the dimension of the first matrix is Kng x Kny.

A diagonal matrix, for 1 < k£ < K and 1 < p, ¢ < ng is done by

(COU (S (9k Z xzpl‘quzk Tik’)

A non diagonal matrix, for 1 < k,l < K1 <p<mngand1 < g < ny, is done by
(COU (S (Qk) Z TipLiqTikTil

Proof. For a diagonal matrix, for 1 < p,q < ny

(cov (Sc(0g), Sc (O = cov (Z Tip (Zite — Tik) Zfﬁzq ik — Tik >
= Z Z Tip®jqcov (Zig, Zjk)
i=1 j=1

n
= inp$iq7ik(1 — Tik)
i—1

For a non diagonal matrix, 1 < p,q < ngy

(COU (S (ak) Se ( = cov (Z xzp Zik, — sz szq il — Tl >

(3.122)

(3.123)

(3.124)

(3.125)
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n n
= Z Z Tipxjqcov (Zik, Zj1)

i=1 j=1

n
= - § LipLiqTikTil
i=1

3.1.5.6 Matrix cov (S.(0), S.(5))

(3.126)

(3.127)

cov (S¢(0), Sc(5)) is composed by the matrix cov (S.(0x), Sc(5;)) for all groups k and | which

dimension is ny x ng,. Thus, the dimension of the first matrix is Kng x Kng,.

A diagonal matrix, for1 <k < K,1 < p <ngand 1 < g < ng, is done by

(cov (Se(Ok), Sc(Br)))pg = inpBiquik(l — Tik)
i=1

A non diagonal matrix, for 1 <k, < K,1 <p <mnpand1 < g < ng, is done by
n
(cov (Sc(Ok), Sc(B1)))pg = Z —ZipBilgTikTil
i=1
Proof. For a diagonal matrix, 1 < ¢ <ng,and1 <p <nyg

(cov (Se(Ok), Se(Br)))pq = cov <Z ip (Zik — Tik) Y Zisz‘kq)
i=1 i=1
= Z Z cov (xip Zik, Z 1 Bjkq)
i=1 j=1

n
= Z Tip BirgTir (1 — Tit)
i=1
For a non diagonal matrix, 1 < ¢ <ng and1 <p <mny

(cov (Se(bk), Sc(Br)))p, = cov (Z ip (Zik = Tik) Y ZilBilq>
=1 1=1

— Z Z cov (TipZik, Zj1Bjiq)

i=1 j=1

n
= E —TipBilgTirTil
=1

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)
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3.1.5.7 Matrix cov (S.(0), Sc(9))

cov (S¢(0),S.(9)) is composed by the matrix cov (S.(0y), Sc(0;)) for all groups k£ and [ which
dimension is ng x ns. Thus, the dimension of the first matrix is Kng x Kns.

A diagonal matrix, for1 <k < K,1 <p <mgand1 < g < nyis done by
(cov (Se(0), Sc(5k)))pq = sz‘pDiquik(l — Tik)
i=1

A non diagonal matrix, for 1 < k,l < K,1 <p <mngand1 < g < ng, is done by
(cov (Se(B1), Se(61)))pg = Y —ipDitgTinTi

i=1

Proof. For a diagonal matrix, 1 < ¢ <nsgand1 <p < ny

(cov (Se(Bk), Se(0k))),q = coV (Z Tip (Zik — Tik), ) ZikDikq> (3.134)
i=1 =1
=3 cov(wipZir, ZirDijkq) (3.135)
i=1 j=1
= zipDiggTir(1 — Tir) (3.136)
=1

For a non diagonal matrix, 1 < g <nsand1 < p < ny

(cov (Se(Br), Se(D1))) g = cov (Z Tip (Zik — Tik) Y zﬂDilq> (3.137)
=1 =1
=3 cov(xipZin, ZjiDjiq) (3.138)
i=1 j=1
= —@ipDigTinTi (3.139)
=1
O

3.1.5.8 Matrix cov (S.(6), S:(0))

cov (S¢(0), Sc(0)) is composed by the matrix cov (S¢(0x), Sc(o;)) for all groups k,! which di-
mension is (ny, x K). Thus, the dimension of the first matrix is K'ny, x K.
Given 1 < k < K we compute cov (S.(0x), Sc(0;)) that is a matrix with elements 1 < p < Ny

and
Yoy TipSautin(1 — Tir), k=1

cov (Sc(ek)>5’c(0l>)p = { 57 S k1
i=1 —Tip il TikTil,
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Proof.

COU( (516) = Cov <Z -sz zk 7rzk Z ZzZSzl> (3.140)

= Z Z (cov (xip Zip,, Zj15u)) (3.141)
=1 j=1
oy TipSuTik(L— k), k=1
_ ) X zapSaTin( k) 5142)
> ie —TipSuTikTit, k # 1
]

3.1.5.9 Matrix cov (S.(f))

cov (S¢(B)) is composed by the matrix cov (S.(5x), Sc(5;)) for all groups k and [ which dimen-
sionis ng, x ng,. Thus, the dimension of the first matrix is Kng, x Kng,.

A diagonal matrix, for 1 <k < K and 1 < p,q < ng,_ is done by

(COU ( (Bk) Z sz’p quTzk Tik)

A non diagonal matrix, for 1 <k,l < K,1 <p <ng, and 1 < ¢ < ng, , is done by

(COU (Sc(ﬁk’) (Bl Z Blkszlq (Tszzl)

=1

Proof. For a diagonal matrix, for 1 < p,q < ng

(cov (Se(Br)s Se(Br)))py = cov (Z ZikBikp, Y ZikBikq> (3.143)
=1 =1
=> "> cov (ZiBikp: Zjt Bjrg) (3.144)
i=1 j=1
=" BikpBikgrie(1 — 7ir) (3.145)

For a non diagonal matrix, 1 < p <ng, and1 < ¢ < ng,

n n
(cov (Se(Br), S = cov < ZinBikp, Y ZuBilq> (3.146)
=1
n n
Z Z co ZkBlkP? ]lB]lq) (3.147)
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n
= Z —BirpBitg (TikTi)
=1

3.1.5.10 Matrix cov (S.(53), Sc(9))
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(3.148)

cov (S¢(f), Sc(6)) is composed by the matrix cov (S.(8), Sc(6;)) for 1 <k <ng and1 <1 < n;

which dimension is ng, x ns. Thus, the dimension of the first matrixis Kng, x kns.

An element of the matrix cov (S¢(Bx), Sc(9;)) for1 < k,l < Kis,for1 <p <ng, and1 < g < ns

Yoiy BikpDikgTin(1 — Tir), k=1

cov (SC(Bk)’Sc(él))pq{ > BikpDitgTieTit, k # 1

Proof.

cov (Se(Br), Sc(d1)),, = cov (Z ZinBikp, Y ZilDilq>
=1 =1

= Z Z cov (ZiBikp, ZjiDjiq)

=1 j=1
) 2 BikpDikgmin(1 — k), k=1
> ie1 —BirpDigTirTit, k # 1

3.1.5.11 Matrix cov (S.(8), Sc(0))

(3.149)

(3.150)

(3.151)

cov (S¢(B), Sc(0)) is composed by the matrix cov (S.(B%), Sc(o;)) for all groups k,! which di-

mension is (ng, x K). Thus, the dimension of the first matrix is Kng, x K.

Given 1 <k, < K we compute cov (S.(8k), Sc(0;)) that is a matrix with elements 1 < p < ng,

Yoy BikpSikmi(1 — ), k=1

COU(SC(/Bk)aSC(m)>p{ Yy —BikpS k1
i=1 —DikpOil TikTil,

Proof.

cov (Sc(ﬁk), Sc(Ul))p = COv (Z Zz'kBik;m Z ZilSil>
=1 =1

= Z Z (cov (ZirBikp, Zj1Sa))

i=1 j=1

(3.152)

(3.153)
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iz1 BirpSieTin(1 — 1), k =1
{2 BSarall =) (3.154)
Yoy —BikpSuTinTit, k #1

3.1.5.12 Matrix cov (S.(9))

cov (S¢(0)) is composed by the matrix cov (S.(dx), Sc(d;)) for all groups k£ and ! which dimen-
sion is ns x ns. Thus, the dimension of the first matrix is Kns x Kng.

A diagonal matrix, for 1 < p, g < ny is done by
n
(cov (Se(0r); Se(0k)))pg = D DikpDingTit (1 — Tir)
i=1
A non diagonal matrix, 1 < p <ngand1 < ¢ < ns, is done by

(cov (Se(0k), Se(d1)))pg = > —DikpDitg (TirTit)
=1

3.1.5.13 Matrix cov (S.(9), Sc(0))

cov (S¢(0), Sc(0)) is composed by the matrix cov (S.(dx), Sc(o;)) for all groups k,! which di-
mension is (ns x K). Thus, the dimension of the first matrix is Kns x K.
Given 1 < k,1 < K we compute cov (S.(dx), Sc(07)) that is a matrix with elements for 1 < p <

ns
Yoy DikpSiktin(1 — mir), k=1

cov (Se(dk), Sc(Ul))p =
Yoy —DigpSutinits k #1

3.1.5.14 Matrix cov (S.(0))

The matrix as for dimension K x K.

For a diagonal element of the matrix cov (S.(0)), we canwritefor 1 <k < Kand1 <[ < K,

Z?zl Szszik(l - Tik)v k=1

cov (Se(0))y = -
> i1 —SikSuTikTit, k # 1

Proof. For a diagonal element we have

cov (8c(0))y = cov (Z ZinSky > ZikSk> (3.155)
i=1 =1
=3 ) cov (ZirSk, ZjxSk) (3.156)

i=1 j=1
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= Sprik(l—7) (3.157)

i=1

For a non diagonal element we have
cov (Se(0))y = cov (Z ZinSky Zﬂsl> (3.158)
i=1 i=1
= ZZCO’U (Ziksk,Zlel) (3.159)
i=1 j=1

= —SkSiTikTi (3.160)

i=1
0

3.1.5.15 Censored data and estimation of standard error

In the case of censored data, if Y; is censored, we can apply the same technique discussed in

section|3.1.3.2, By leveraging the relationship £, (zixy}|vi; = ;) = Ti(,?EW) (Y |yh, 2z = 1),

we can replace the censored vector Y; with a modified vector Y;. This new vector, denoted as
Y;, includes Y; as well as additional elements to account for values below y,,,;, and above 4,4,
Specifically, Y; is defined as (Yi, Eyo) Wiy < Ymin) » Eyo Wilyi = ymax)) It is important to
note that the order of the elements may be altered in this modified vector without conse-

quence.

3.1.6 Numerical application

We will now evaluate the various equations by comparing them to the output of the SAS pro-
cedure traj. In each example, we follow the same procedure: we create a sample with a struc-
ture of K clusters consisting of 500 values of variable Y, which are distributed normally. The

trajectories of these values adhere to a group-controlled pattern.

Consequently, we can compare the theoretical parameter values with those obtained from
the SAS procedure traj, as well as the EM algorithm mentioned earlier and the Likelihood

method mentioned earlier.

3.1.6.1 Two groups, not censored, same sigma

We set theoretical values as
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Polynomial
Cluster | Degree Shape oy, | Probability
1 2 B = (6.32,—6.4,0.567) | 2 0.32
2 2 By = (—7.31,7.41,-1.12) | 2 0.68

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM algo-

rithms. The default evaluation of Traj yields the following values: 8; = (—4.23817,0,0), 82 =

(3.22114,0,0), 0 = 5.59449, m; = 0.5. Consequently, we obtain the following results:

Theoritical Likelihood Traj Likelihood trajeR EM
param. SE param. SE param. SE
P11 6.32 6.45088 | 0.26880 | 6.45089 | 0.25153 | 6.45089 | 0.26842
P21 -6.40 -6.51492 | 0.20484 | -6.51492 | 0.19239 | -6.51492 | 0.20455
P12 0.57 0.58473 | 0.03349 | 0.58473 | 0.03158 | 0.58473 | 0.03345
B2z -7.31 -7.53980 | 0.19121 | -7.5398 | 0.19086 | -7.5398 | 0.19094
B3 7.41 7.52380 | 0.14571 | 7.52381 | 0.14563 | 7.52381 | 0.14551
B3 -1.12 -1.12967 | 0.02383 | -1.12967 | 0.02379 | -1.12967 | 0.02379
o 2 1.62214 | 0.02297 | 1.62214 | 0.03239 | 1.62214 | 0.02166
S| 0.32 0.33600 | 0.02115 | 0.336 | 0.02128 | 0.336 | 0.02112
T 0.68 0.66400 | 0.02115 | 0.664 | 0.02128 | 0.664 | 0.02112

We draw the graph of the values and the shape of the trajectory for all the groups.
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Values and predicted trajectories for all groups
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3.1.6.2 Two groups, censored, same sigma
We set theoretical values as
Polynomial
Cluster | Degree Shape oy, | Probability 7,
1 2 B1 = (6.32,—6.4,0.567) 2 0.32
2 2 By = (=7.31,7.41,-1.12) | 2 0.68
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We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM algo-

rithms, with censorship conditions of y,,;, = —10 and y,,,., = 10. The default evaluation

of Traj yields the following values: 5, = (—4.33011,0,0), B2 = (2.91028,0,0), 0 = 5.43029,

m1 = 0.5. Consequently, we obtain the following results:
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Theoritical Likelihood Traj Likelihood trajeR EM
SE SE SE
B 6.32 5.43826 | 0.32481 | 5.43825 | 0.32332 | 5.43825 | 0.25963
Ba1 -6.40 -5.28141 | 0.28597 | -5.2814 | 0.28463 | -5.2814 | 0.18483
P2 0.57 0.28047 | 0.05539 | 0.28047 | 0.05524 | 0.28047 | 0.02518
B2 -7.31 -7.39798 | 0.20786 | -7.39798 | 0.21009 | -7.39798 | 0.20756
B3 7.41 7.43075 | 0.15840 | 7.43075 | 0.15998 | 7.43075 | 0.15818
P23 -1.12 -1.12154 | 0.02590 | -1.12154 | 0.02611 | -1.12154 | 0.02586
o 2 1.71761 | 0.02599 | 1.71761 | 0.03759 | 1.71761 | 0.02468
m 0.32 0.36999 | 0.21622 0.37 0.02182 0.37 0.02159
2 0.68 0.63001 | 0.21622 0.63 0.02182 0.63 0.02159

We draw the graph of the values and the shape of the trajectory for all the groups.

Values and predicted trajectories for all groups
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3.1.6.3 Three groups, censored, same sigma

We set theoretical values as
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We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM algo-
rithms, with censorship conditions of y,,,;, = —10. The default evaluation of Traj yields the

(—4.65719,0,0), B2 = (—0.45513,0,0),8; = (3.74692,0,0), o = 4.20206,

Censored normal distribution

Polynomial
Cluster | Degree Shape oy, | Probability
1 2 B = (6.32,—6.4,0.567) | 1 0.32
2 2 By = (—7.31,7.41,-1.12) | 1 0.54
3 2 By =(—2.34,-0.2,0.14) | 1 0.14

following values: 5, =

m1 = my = w3 = 0.33333. Consequently, we obtain the following results:

Theoritical Likelihood Traj Likelihood trajeR EM
SE SE SE
B 6.32 6.20585 | 0.23489 | 6.20585 | 0.24855 | 6.20585 | 0.23004
B21 -5.80 -6.29939 | 0.19108 | -6.29938 | 0.19506 | -6.29938 | 0.18783
B31 1.00 0.55338 | 0.03397 | 0.55338 | 0.0343 | 0.55338 | 0.03462
B2 -6.69 -2.13727 | 0.17021 | -2.13728 | 0.17869 | -2.13728 | 0.16984
B2z 6.92 -0.39408 | 0.12971 | -0.39408 | 0.13539 | -0.39408 | 0.12943
B2 -1.23 0.17383 | 0.02121 | 0.17383 | 0.02228 | 0.17383 | 0.02116
B3 -2.34 -7.25379 | 0.14086 | -7.25378 | 0.14041 | -7.25378 | 0.14055
Bas -0.20 7.34223 | 0.10735 | 7.34223 | 0.10772 | 7.34223 | 0.10711
B3 0.14 -1.10750 | 0.01755 | -1.1075 | 0.01774 | -1.1075 | 0.01751
o 1 1.01100 | 0.01481 1.011 0.02609 1.011 0.02137
m 0.32 0.198 0.1786 0.198 | 0.03061 | 0.198 | 0.01782
2 0.54 0.326 | 0.21009 | 0.326 | 0.02029 | 0.326 | 0.02096
3 0.14 0.476 0.22384 0.476 0.02292 0.476 0.02751

We draw the graph of the values and the shape of the trajectory for all the groups.
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Values and predicted trajectories for all groups

Value
0
|

-10

Time

3.1.6.4 Three groups, censored, same sigma but bigger

We set theoretical values as

Polynomial
Cluster | Degree Shape o | Probability 7y,
1 2 By = (6.32,—6.4,0.567) | 3 0.32
2 2 By = (—7.31,7.41,-1.12) | 3 0.54
3 2 By = (—2.34,-0.2,0.14) | 3 0.14

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM algo-
rithms, with censorship conditions of y,,,;;, = —10. The default evaluation of Traj yields the
following values: 8; = (—4.65719,0,0), 82 = (—0.45513,0,0),83 = (3.74692,0,0), o = 4.20206,

m = my = w3 = 1/3. Consequently, we obtain the following results:
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Value

Censored normal distribution

Theoritical Likelihood Traj Likelihood trajeR EM
SE SE SE

B 6.32 8.77009 | 0.62884 | 8.77008 | 0.63866 | 8.77008 | 0.61173
Ba1 -6.40 -8.25825 | 0.48912 | -8.25825 | 0.49685 | -8.25825 | 0.46623
B 0.57 0.86305 | 0.08129 | 0.86305 | 0.0824 | 0.86305 | 0.07677
B2 -7.31 -2.86283 | 0.55533 | -2.86283 | 0.56286 | -2.86283 | 0.55327
P22 7.41 0.31732 | 0.43404 | 0.31732 | 0.43876 | 0.31732 0.432

B2 -1.12 0.05114 | 0.07073 | 0.05114 | 0.07154 | 0.05114 | 0.0704
Bis -2.34 -7.78899 | 0.46525 | -7.789 | 0.48551 | -7.789 | 0.46318
B3 -0.20 7.75605 | 0.36216 | 7.75606 | 0.37741 | 7.75606 | 0.35949
Bss 0.14 -1.17223 | 0.05918 | -1.17223 | 0.06166 | -1.17223 | 0.05876
o 3 3.04703 | 0.04681 | 3.04703 | 0.08364 | 3.04703 | 0.06954
m 0.32 0.2294 | 0.01889 | 0.2294 | 0.03464 | 0.2294 | 0.01868
2 0.54 0.32679 | 0.0238 | 0.32679 | 0.02399 | 0.32679 | 0.02128
3 0.14 0.44381 | 0.0249 | 0.44381 | 0.02499 | 0.44381 | 0.02832

10

-10

We draw the graph of the values and the shape of the trajectory for all the groups.

Values and predicted trajectories for all groups

Time

61
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3.2 Logistic distribution

3.2.1 Generality

If we are dealing with dichotomous data represented by Y, we can employ the LOGIT model

to estimate it. We introduce a latent variable y, in this case.
Yir = flait; Br, 0) + €t = BrAir + 0k Wit + €ie (3.161)

where €, ~ N (0; 01), Air = (1, a4, 0%, ,ay’~ 1) Wi = (wi, -+ w0l B = (Brts -+ Bing)
and 0, = (0k1, -+ 5 Okny)-
In the traditional sense, it is commonly believed that the binary variable y;; = 1 when y}, > 0
and y;; = O when gy}, <0.
If we assume that ¢;;; follows a normal distribution, we can define the probit function. Let
pirt = P(Yy = 1|W; = w;, C; = k) be the probability of y;; = 1 given membership in group .

We make the assumption:
eBreAit+0, Wi

Pikt = T B A 5T (3.162)

Thus the log-likelihood becomes

n K
= log (Z Wkgk(yi;5k75k)> (3.163)
i=1 k=1

where

T eBPrAit+6 Wit Yit 1 1—yit

3.2.2 Likelihood

To fit the parameters, we employ quasi-Newton techniques and need to resolve equations

and This becomes necessary in this specific scenario:

67%9 (Yi; Br» Ok)
. n k\Yi; Pk, Ok
alé?’y) :Z ?f =0 1<k<K,and1<I<ny (3.165)
ki —
B Zﬂkgk Yi; Bk, Ok)
k=1
gk(y17/8k75k)
=0 1<k<K 1<i< 1
8&: Z R 0 1<k<K, andl<I<ng (3.166)

= Zﬂkgk Yi5 Br Ok)
k=1
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0
n ac iy 75
OM(Wy) _ o= ™ oy I W e Ok)
0oy

e =0 1<k<K,and1<!l<mns (3.167)
= > 7k (Yi; Br: k)

k=1

(3.168)

When employing likelihood to fit the model, the probability membership takes the shape of

eekxi

N >ohey €0k
yet it is important to acknowledge that there are no solutions available in closed form.

Tk . The aforementioned equation will be computed through multiple stages,

3.2.2.1 Differential by ¢,

Same as section[2.2

3.2.2.2 Differential by 5y,

Let1 <[ < ng,, the derivative

0
i 76 is
3ﬁkzgk(y B, Ok,

T gl eyiv (BeAs +6,Wip) | L BrAin o Wiy Yit 1 1—yi
Z L yir — (1 — ) A HonWir H
bt (1 4 eBkAit’+6kWit/)2 1+ eBrAit+5k Wit 1+ ePrAit+5k Wit

t=1,
£t
(3.169)

Proof. In our calculations, we employ the Leibniz formula, which provides us with the nec-

essary formula to find the derivative of a product:
d [ d
ST =X | 5@ T H@
t=1 t=1 jAt
However,

o eBrAit+6, Wit Yit 1 1-yit
0B <1 + eBrAit+o Wi > <1 + eﬁkAit+5kW¢t> (3.170)

aét_leBkAit‘i’&kWit (1 + eﬁkAz‘t+5kWn) _ aé;IeBkAit+5kWit ePrAit+0KWit eBrAir 61 Wi Yir—1
= Yit
Yi (1 + e,BkAit+5kWit)2 1 + eBkAit"F(;kWit

(3.171)
1 -yt
x (1 + e/BkAit+6kWit> + (3.172)
eBrAitt0u Wiy Yit . _aét—leﬁkAit‘i‘(skWit 1 —Yit 5173
1+ eBrAit+os Wit X ( - yit) (1 4 eﬁkAit+5kWit)2 1+ eBreAit+0 Wit (3. )
=1 (BeAi+0p Wit ) Vi NalL Aip 46, Wi\ 1
_ Y ( kit on Vi) T (I —wi)ay, ( kAt ontar) T (3.174)

(1+ eﬁkAit+5kWit)2 (1+ eBkAit+§kWit)2



64 CHAPTER 3. UNDERLYING DISTRIBUTIONS

_ aét—l (eﬁkAit+5kW¢z)yit (yz‘t . (1 _ yit)eﬁkAit+6kWit) (3.175)
(1 + e/BkAit+6kWit)2 .

We deduce the result. O

3.2.2.3 Differential by ¢y,

0 )
—— 9k (Yi; Br, Or,) is

Let 1 <[ < ng, similarly the derivative 9%
ki

T w eyzt /BkAzt+6szt)

T B Air46, Wi Yit 1-yi
Z (y —(1—y )eﬁkAit-HSkWit) H ek 1 '
(1+ e,BkAzt+5kW1t) i & Pt 1 + eBrAit+6 Wi 1 + eBrAi+6sWit

#1

~

(3.176)

3.2.3 EM algorithm

The complete likelihood

n K
Z Z zig log (k) + Z Z Zik (Z Vit (BrAie + 0, Wit) — log (1 + eﬁkAit+6kWit>>
i=1 k=1 i=1 k=1 t=1
(3.177)

Following the EM methods developed in section[2.3|we compute the two steps E and M:

* Estep:
W( )gk <y“5(t) 5 ))

kz:l W;(gt)gk (yz‘, /3;(:)7 5;(:)>

Calculation of E ) (zix|Y: = yi) = Tf,? =

* Mstep:
Calculate of ¢)(**1) = arg max Z Z Tzk log 7k 9k (Yi, Bk, 0x)) which is done by
=1 k=1
n ()
W}E:t+1) — Zl 1 7,k (3178)
n
T
(D) _ arg maxz 7! <Z yit (BeAs + 6. Wi) — log (1 n eBkAit”kWit)) (3.179)
t=1
T
5D = arg maxz 7t (Z yit (BrAs + 0, Wi) — log (1 n eﬁkf“it”kwit)) (3.180)
=1 t=1
Or
n (1)
m = Ei:; -k (3.181)
B A+ Wy
t+1 ek k
) root of T it — - - 1<i<n (3.182)
; tzl ik ¢ (y ! 4 eﬁ;(C )Az’tJré,(g Wi ) A
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n T B(t)A' +5(t)”r,

e’k it k 1t

t+1 ) root of g E T(]z wiy | Yyir — p - 1<l<ng (3.183)
Pl 1+ BV AutoP Wi

Neither 8, nor 0, have a closed form. Thus, we use quasi-newton methods such as the

BFGS approach to seek for their approximation.

3.2.4 Iteratively Reweighted Least Squares

A modified version of IRLS is suggested to solve the aforementioned equations.

According to equation [2.28, which is the Newton Raphson’s algorithm, we have
t+1 t -1 t
B =5 - (S/LB;(C“) S(8,) (3.184)

where S is the score function.

ePrAi+6 Wi >

. . . . T -1
More precisely, S(f) is a vector which elements lis > | >, Tika;, <yit T AT

for1 <1 <ng. Wewriteitas ), Zt 1 Tzkazt (yn — pikt) and 2 ( ) is the vector which ele-

ments [ is

< 85“/ ) ZZ lea’bt CL plkt(l_pzkt)

i=1 t=1
for1 <1,I!' <ng.

Let be the matrix

1 1 1 1
1 1 1 1
all “ e alT o« e e anl ) anT
Ag = (3.185)
nﬁk_l n»@k_l an—l ngk—l
a11 “ e alT o« o anl o o e a/nT
1 ns ns
Wiy Wyp 00 Wyp o Wyp
W = : : : : (3.186)
1 1 L 15y,

wnl “ e w’rLT e wnl “ e wnT
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pik1(l = pik1) O 0
0

pikr(1 — p1xT)

W, =
pnkl(l - pnkl)
0
0 ce pnkT(l - pnkT)
(3.187)
Z is adiagonal matrix with diagonal elements (le, e Tkt s Trks s Tnk) , Y is the matrix
N——— N——
T T

withallvalues Y;, Y = (Yiy, - Yir, -, Y1, -, Yar) and P = (p1g1, - P1kTs -+ s Prkls = > PrkT) -

Thus we can write

S(B) = AgZ (Y — P) (3.188)
5B ,
o5 = ~AsZW,Al (3.189)

We replace this quantities in the equation (3.184) to obtain

-1
/8’(:—&—1) _ ;(:) 4 (ABZ(t)W/St)Atﬁ) AﬁZ(t) (y _ p(t)> (3.190)
—1 -1
_ it ) At g(t) t t ¢ t
- (ABZ( W Mg) AgZOW® ALaY 4 (ABZ( >W§t>Aﬁ) A5Z® (Y _ pl >)
(3.191)
-1 ' .
= (4520w a) 4,200 (A58 + WO (v - PO)) (3.192)

We can observe that A%B,Sf) + Wp(t)f1 (Y — P(t)) is a vector whose elements are, with respect
to the notations and indices provided earlier, the following:
()

}/,L- — 0.
BY Ay + —— = Pikt__ (3.193)
® (1_ 0
Pikt Pikt

In the same way we write for d,

S(6,) =WZ (Y — P) (3.194)

95(31)
09y,

— —WZW,W* (3.195)
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and
—1 _
D = (WZ(t)WFSt)W) W zOw (Wtﬁ,?) +wiH (Y - P(t)>) (3.196)

Furthermore, we have the following information: W*3\") + Wi (Y — P®) is a vector whose

elements, based on the provided notations and indices, can be expressed as:

Yie — oy

O3 Wi + — Lkt
Pl = pig)

(3.197)

3.2.5 Numerical method

-1
To avoid problems with singular matrices when attempting to find (AﬁZ ) W,S”A%) , we

can employ the QR method to determine ﬁ,(fﬂ). Using the results presented in Section

,Efﬂ) should satisfy the following condition:

t
(x‘l,B(Z(’f)VVp“”)”2 ((Z(t)Wp(”)l/?) A%) (t+1) (3.198)
= Ag(ZOW p1))1/2 [(Z(t)wlgt))lﬂ (At/j l(:) I Ok (S(t) _ p(ﬂ)ﬂ (3.199)

We note that ZOW." is a diagonal matrix with positive terms. Hence, (ZOW,")1/2 is a diag-
onal matrix with the square root of Z (t)Wét). Thus, we compute the following expression:
t
Y « QR ((Aﬁ(zmwp(t))w) )

QY «+ QR.Q(EY)
R® « QR.R(EW)

backsolve (R(t), Q(t)t(Z(t)I/V[Et))l/2 (Atﬂﬁl(:) T Wp®! (S(t) _ p(t))))

3.2.6 Estimation of standard error

We use the method describe in subsection[2.3.4]

We compute the complete score function

Olc(v;y) Olo(v;y) alcw;y))t

SC(way): ( on ’ 85 ) 95

where 2l — (detu) | dewu)) dol) (azo(w;w alo(w;w) and Zeln) _

omy "7 Ok op P11 77" 9PKng 06

<8lc(w;y) Ol (vsy) ) _

611 L 65}(77,6
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It is important to recall that the sum of all the values in the sequence = is equal to 1. Using
this fact, we can express 7 as Zszl 7 = 1. Additionally, when j is not equal to K, the
derivative of 7x with respect to 7; is equal to —1. Consequently, we can conclude that for all
values of k from 1 to K — 1, the following equation holds true:

Olc(V;y)  ~—(zik 2K
ot ()

T
i—1 K

If we utilize equation to forecast the likelihood of membership, with 1 < k¥ < K and
1 <1< ny,

Olc (V;y)
80“ Z le Zik — 71—119)

Forl1 <k < Kand1l <[ <ng,

Al ( w, n L eBrAit+0x Wit
0B - Z Z z’kalt <yit 1+ eﬁkAit+5kWit>

i=1 t=1

Forl1<k< Kandl1l<!<ns

Al 1/}, n I eBrAit+0 Wit
2wk -
Ok ; ; kit (th 1 + eBrAit+6Wie >

3.2.6.1 Computation of the negative second derivative matrix

The negative of the second derivative matrix of the complete likelihood is,

lo(vy)  Ple(vy)  9Ple(Py)

on2 ondp onos
_ oy = — | Ple@iy)  PPlc(v)  8%le (@)
Beo(y; ) = B50m o5 550
Plo(iy)  Ple(yy)  Plo(Pi)
D80 9608 952

The dimensions of this matrix can be determined by evaluating the expression:
(SH g +m0) + K = 1) x (X4S, (ng, +19) + K = 1))
If we are using a predictor for probability, we need to make a modification: we replace all

instances of the derivative = with 6. Consequently, the dimensions of the matrix will be given

by (25:1 (ng, +ns) + (K — 1)”0) X (Z?ﬂ (ng, +ns) + (K — 1)n9).

3.2.6.1.1 Second derivative 2 Wy) or Ple (3y)
on 00

The second derivative matrix for w has for size (K — 1) x (K —1).
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For1 <k I<K-1is

Plo(byy) (8zlc(w;y)>
on? N omom ) 1y

which elementsarefor1 < k, I < K —1

Plotusy) _ [ Tin = (3 +3) k=1

87rk87rl Zlﬂ:l_i@?}:, k#l
The second derivative matrix for % has for size Kny x Kny and is composed by
e .. Sl
1 1 1 K
Plo(sy) : .
892 . .
Plo(y) .. Ple(Ww)
0000, 005 00

which elements, for 1 < [,!’ < ny, are

n Ok Ok Ti — 1/
Ploti)) _ doty) _ | Tio—wurw () (1= s i) b=
89k80k/ w agk’laek/l/ Zn ekzi eGk/Ii k # k?l

-1 L L1 - -
> ST v

The outcomes remain the same for both 7 and ¢ in the subsequent sections.

3.2.6.1.2 Second derivative 8218&7%”/)

Ple(viy) _
omdp
3.2.6.1.3 Second derivative Z'C(V:v)
Ple(sy) _
omdd

3.2.6.1.4 Second derivative %

svati ; 9%l (1hiy) i K K i
The second derivative matrix for —55-* has for size } ;" ng, x >, ng, and is com-
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posed by block matrix
8230 ggy)
Plo(wiy) _ | .
032 :
o (¥sy)
0Bk 0B
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o (Piy)
06108k

9%lo(Yiy)
0K IBK

which elements are, for 1 < k, k' < Kand 1 <[,I' < ng,

l+l/—2eﬁk At +0, Wit

n T —Rik®y 1t
<62l0(¢3y)> _ Plo(biy) ) 2ima 2= (1 + ePrAatorWin)2 b=k
BBk )y OBk 9B 0 k%
3.2.6.1.5 Second derivative %
The second derivative matrix for 6218%%”’) has for size 3"+, ng, x Knsand is composed by
block matrix
3(291;(8@%;1/) B;gcg/g;y)
Po(wy) _ [ L
toJerel) ' :
&2lc (Py) &g (¥y)
0B K 001 OBr 00K

which elements are, for1 < k, k' < K,1 <l <ngand1l <l <ny,

ol =1 B Ait+Ik Wit
n T kO Wit _
(O;ZC(g;y)> _ (?;lc(q(/;; ) _ D i1 2= (1 + ePedutonVi)? k=k
/ 5 / n 6
B Ok ) 11y Brer1r 00kt 0.k %I
3.2.6.1.6 Second derivative %
The second derivative matrix for % has for size Kngsx Kngs and is composed by block
matrix
g . St
1 1 1 K
Plc(iy) _ : .
862 . .
»lc(Yiy) Pl (Yiy)
85}(851 851{651{
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which elements are, for1 < k. k' < Kand 1 <,1,I' < ng,

/ . .
_Zlkwizrl eﬁk Ait +6k Wit

n T _
Plo(iy)\  _ Ploiy) _ ) i X (L1 Aoy =k
a5k/8(5k 1 a5k/l/85kl
0, k # K

3.2.7 Computation of cov (Sc(z[;; u)|U = u)
The conditional matrix of the score vector is given by

cov (Se(m)) cov (Se(m), Sc(B)) cov (Se(m), Sc(6))

Lpu (159) = | cov (Su(8), Se(m))  cov (Su(B))  cou(Se(8), Sel8))
cov (Se(9), Se(m))  cov (S.(0),S.(8)) cov (S.(9))

The size of this matrixis (K (ng +ns + 1) — 1) x(K(ng +ns + 1) — 1) or (K(ng + ns +ng + 1)) x
(K (ng + ns + ng + 1)) in the case where we are using predictors for the probability.

As areminder (see proposition[2|page[45),

* E(Zik) = Tk

e var (Zy) = mir(1 — i)

* cov(Zig, Zy) = —mpq for k # 1

* cov(Z, Zj1) =0

3.2.7.1 Matrix cov (S.(7))

The matrix as for dimension (K — 1) x (K —1).

For a diagonal element of the matrix cov (Sq(7)), we can writefor1 <k < K — 1

o0 (Su(m)) = 3 (n’k(l . Tik) | Tirc (1 - TiK) | 2mm<>

— L Tk TETK

For a non-diagonal element of the matrix cov (S.(7)), we can write for 1 < k,l < K — 1.

n
TikTil  TikTik | TikTi . Tik (1 — TiK))
cov (Se(m)) = - + + +
(Se(m)) ;( T TETE | TKT T2
3.2.7.2 Matrix cov (S.(7), S.(8))

cov (Se(m), S.(B)) is composed by the matrix cov (S.(7), Sc(5x)) for all groups k£ which dimen-

sionis (K — 1) x ng, . Thus, the dimension of the first matrixis (K — 1) x Kng,.
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Given 1 < k < K — 1 we compute cov (Sq(m), Sc(5x)) that is a matrix with elements, for

1<K <K-landl<I<ng

TK

cov (Se(m), Se(Br)) e =

> (Bszszk ( =Tk 4 TZK)) K =k
(

> i1 ( BLimTik (— A+ %)) NN
andfork = K
g 1—r T,
— Tk ”
cov (Se(m). So(Br ) = 3 (mmm ( i’ Ti ))
i=1 TK 0,
T ePrAit+0 Wit
where Blad = 2. o <yit 1+ eﬁkAit+5kWit>’ <K< K-landl<l<ng.

Proof. For1 <k < K -1

n . , Z
cov (Sc(), Se(Br)) = cov <7T:/ - > ZszBszz) (3.200)
=1
= <cov ( ]kBijl) — cov (, ijBijl>) (3.201)
i=1 j=1 TK
die ( Likimi (1 T“”r:ﬁfj)),k':k
(3.202)
Die (Bszszk ( T ;;;)) Kk

Fork =K

cov (Se(m), Se(BK)) k'l—ZZ<CO’U< ” ]KBL]KI>_COU<i”(,

7k BL, K,)) (3.203)

=1 j=1 K
- 1 —Tik | Tiw
= > BLiimix +3 (3.204)
i—1 TK Tk
L]

3.2.7.3 Matrix cov (S.(), S.(0))

cov (Se(), Sc(d)) is composed by the matrix cov (S.(7), S.(d%)) for all groups & which dimen-

sionis (K — 1) x ns. Thus, the dimension of the first matrix is (K — 1) x Kns.

Given 1 < k < K — 1 we compute cov (Sc(m), Sc(dx)) that is a matrix with elements, for
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1<k <K-landl<l<ng

cov (Se(m), Sc(0k)) i = {

L TK

D (Dszszk ( =Tk 4 ;;‘)) K =k
> (Dszszk ( g M)) K £k

andfork = K

n
1 — TiK Tik!
cov (Se(m), S Vi = Z (DLZ‘KITZ‘K < - =4 ﬂZ_],f ))

=1 K

eBreAit+6, Wit
1 + ePrAitt+oWit

where DL, = Zt 1w <th >,1§k’§K—1and1§l§n5.

3.2.7.4 Matrix cov (S.(0))

If we use predictors for the membership probability we have to calculate the matrix with 6

parameters.

cov (S.(0)) is composed by the matrix cov (S.(6y), Sc(6;)) for all groups k and ! which di-

mension is ng x ng. Thus, the dimension of the first matrix is Kng x Kng.

A diagonal matrix, for 1 < £ < K and 1 < p, ¢ < ngy is done by

(COU (S (Hk Z xszquzk Tik)

A non diagonal matrix, for 1 < £, < K and 1 < p,q < nyg, is done by

(COU (S (ak) Z TipLiqTikTil

3.2.7.5 Matrix cov (S.(0), S.(3))

cov (S¢(0), Sc(5)) is composed by the matrix cov (S.(0x), Sc(5;)) for all groups k and | which

dimension is ny x ng,. Thus, the dimension of the first matrixis Kny x Kng.

A diagonal matrix, for1 <k < K,1 <p <mnpand1 < g < ng, is done by

(COU< ( ) (51{ ZmzpBszquk( Tik)

i=1
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A non diagonal matrix, for 1 <k, < K,1 <p <mngand1 < g < ng, is done by

(COU( ( ) (ﬁl Z mzpBLzquszzl

=1

Proof. For a diagonal matrix, 1 < ¢ <ng, and1 <p <ny

(cov (S¢(0k), Sc(Bk))),, = cov (Z Tip (Ziky — k) ZZk:Bszq> (3.205)

= Z Z cov (zipZiks ZiBLjqg) (3.206)
i=1 j=1
n
=Y ipBLikgmit(1 — it (3.207)

=1

For a non diagonal matrix, 1 < ¢ <ng and1 <p <ny,

(cov (Se(0k), Se(Br))) g = cov (Z Tip (Zik — Tik), D ZilBLZ-lq) (3.208)
=1 =1
=3 cov(wipZin, ZjiBLjig) (3.209)
i=1 j=1
= —wipBLagTirTi (3.210)
=1
O

3.2.7.6 Matrix cov (S.(0),S.(9))

cov (S¢(0), Sc(6)) is composed by the matrix cov (S.(0%), Sc(d;)) for all groups k and [ which di-

mension is ng x ns. Thus, the dimension of the first matrix is Kny x Kns.

A diagonal matrix, for1 <k < K,1 <p <mngand 1 < q < ngis done by

(cov (Se(Br), Se(1))) lepDszqm( — Tik)
1=1
A non diagonal matrix, for 1 < k,l < K,1 <p <mngand1 < g < ng, is done by

(cov (Se(61), Se(31))) Z ~ipD LigTikTa
=1
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Proof. For a diagonal matrix, 1 < ¢ <nsand1 <p <mny

(cov (Se(Ok), Sc(0k))),q = cov (Z Tip (Zik — k) ,Z ZikDLikq>

i=1 i=1

n n
= Z Z cov (TipZik, ZikDLjkq)
i=1 j=1

n
= Z TipD LijqTir(1 — Ti)
=1

For a non diagonal matrix, 1 < ¢ <nsand1 < p < ny,

(cov (Se(Br), Se(81))) g = cov (Z Tip (Zik — k) Y z,»lDLi,q>
i=1 =1

n n
- Z Z cov (TipZik, ZjiDLjig)

i=1 j=1
n

= E —TipD LijjgTikTit
i—1

3.2.7.7 Matrix cov (S.(3))
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(3.211)

(3.212)

(3.213)

(3.214)

(3.215)

(3.216)

cov (S¢(B)) is composed by the matrix cov (S.(5k), Sc(5;)) for all groups k and [ which dimen-

sion is ng, x ng,. Thus, the dimension of the first matrix is Kng, x Kng,.

A diagonal matrix, for1 <k < K and 1 < p,q < ng,_is done by

(cov (Se(Br)s Se(Br)))pg = D BLikpBLingTit (1 — i)
im1

A non diagonal matrix, for 1 < k,l < K,1 < p <ng, and1 < ¢ < ng, is done by

(cov (Se(Br), Se(B)))pg = Y —BLikpBLig (TirTit)

i=1

Proof. For a diagonal matrix, for 1 < p,q < ng,

n n
(cov (Se(Br)s Se(Br)))pg = cov (Z ZikBLikp, Y ZikBLikq>
=1 =1
n n
=> "> cov (ZaBLikp, ZjrBLjkg)
i=1 j=1

(3.217)

(3.218)
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n
= BLiypBLikgrit(1 — Tit) (3.219)
=1

For a non diagonal matrix, 1 <p < ng, and 1 < ¢ < ng,,

(cov (Se(Br), Se(B))) pg = cov (Z ZikBLikp, » ZilBLilq> (3.220)
=1 =1
=> > cov(ZxBLikp, Zj1BLjig) (3.221)
i=1 j=1
= —BLikpBLig (Tit71) (3.222)
=1
O

3.2.7.8 Matrix cov (S.(5), S(9))

cov (S¢(f), Sc(6)) is composed by the matrix cov (Sc(8x), Sc(d;)) for 1 <k <ng and1 <1 < n;

which dimension is ng, x ns. Thus, the dimension of the first matrix is Kng, x kns.

An element of the matrix cov (Sc(B), S¢(0;)) for 1 < k,I < Kis, for1 < p < ng, and
1 < g < ng,
Z?:l BlepDleqTZk(l — Tik)a k’ = l

cov (Se(Bk), Se(d1)) g
Yoy —BLigpDLjgrirmit, k #1

Proof. Let1 <k, Il <K,1<p<ng and1 < g < ng,

cov (SC(Bk)a Sc((sl))pq = cov <Z ZikBLikp7 Z Zil-DLilq> (3.223)
=1 =1
=> > cov(ZixBLikp, Zj1DLjiq) (3.224)
i=1 j=1

7-L_ BL,L DL,L T; 1—7'@' ,k’:l

_ ) 2 BLip D LikgTin( k) (3.225)
Yoy —BLigpyDLjgripmi, k #1

O

3.2.7.9 Matrix cov (S.(9))

cov (S¢(0)) is composed by the matrix cov (S.(dx), Sc(d;)) for all groups k£ and ! which dimen-

sion is ns x ng. Thus, the dimension of the first matrixis Kns x Kny;.
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A diagonal matrix, for 1 < p, ¢ < ns is done by

(cov (Se(0k), Se(0k)))pg = D DLitpDLikgmir(1 — Tit)
=1

A non diagonal matrix, 1 < p, ¢ < ng, is done by

(cov (Se(0k), Se(01)))pg = Y —DLikpD Litg (TikTit)
i—1

3.2.8 Numerical application

In the following sections, we will assess the accuracy of the various equations by comparing
their results to those obtained from the SAS procedure traj. In each example, we generate a
sample dataset consisting of K clusters, each comprising 500 observations of a binary vari-
able Y. The trajectories of these observations are structured to follow a group-specific pat-

tern. This pattern is achieved by modeling the probability p;x; = P(Yiy = 1|W; = w;, C; = k)
eBreAit+0p Wi

1 + eBrAit+6 Wit ”

using a polynomial function, specifically p;x; =

This approach allows us to compare the theoretically expected parameter values with
those obtained from the SAS procedure traj, EM algorithm, EM IRWLS, and the Likelihood

method presented earlier.

3.2.8.1 Two groups

We set theoretical values as

Polynomial
Cluster | Degree Shape Probability 7,
1 2 B = (6.32,—-5.8,1) 0.32
2 2 By = (—6.69,6.92, —1.23) 0.68

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM al-
gorithms. The default evaluation of Traj yields the following values: 5, = (—1.37214,0,0),
B2 = (1.87751,0,0), m; = 0.5. Consequently, we obtain the following results:
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Theoretical Likelihood Traj Likelihood EM EM - IRWLS
SE SE SE SE
B11 6.32 6.44400 | 0.48633 | 6.44401 | 0.4826 6.4392 | 0.48145 | 6.44401 | 0.48171
B2 -5.80 -6.07143 | 0.41677 | -6.07144 | 0.41127 | -6.06715 | 0.4112 | -6.07144 | 0.41141
P13 1.00 1.05217 | 0.07239 | 1.05217 | 0.07125 | 1.05145 | 0.0714 | 1.05217 | 0.07144
Bo1 -6.69 -6.36800 | 0.37241 -6.368 | 0.36963 | -6.37234 | 0.36869 | -6.368 | 0.36847
B22 6.92 6.55591 | 0.34949 | 6.55591 | 0.34533 | 6.56008 | 0.3451 | 6.55591 | 0.34486
P23 -1.23 -1.16831 | 0.06374 | -1.16831 | 0.06266 | -1.16905 | 0.06289 | -1.16831 | 0.06284
m 0.32 0.377368 | 0.023127 | 0.37737 | 0.02338 | 0.37744 | 0.02207 | 0.37737 | 0.02207
mo 0.68 0.622632 | 0.023127 | 0.62263 | 0.02338 | 0.62256 | 0.02207 | 0.62263 | 0.02207

To visually represent the data, we have provided the graphic below. Given that the values

are restricted to O or 1, they all occupy the same location, making it challenging to distinguish

individual points. To address this issue, we applied a slight random shift to each point and

included a band to indicate the 0 and 1 values. This approach allows us to highlight differ-

ent points for each value and illustrate the trajectories leading to these points. The shape is

depicted more prominently with darker shading.

Value

Values and predicted trajectories for all groups

Time
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3.2.8.2 Three groups

We set theoretical values as

Polynomial
Cluster | Degree Shape Probability 7,
2 81 = (6.32,—5.8,0.85) 0.32
2 By = (—6.69,6.92, —1.03) 0.54
1 f3 = (1,—0.83) 0.14

79

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM al-
= (_37070)’ /82 =
(3.99763,0,0), B3 = (—0.07089,0), m; = w2 = 73 = 1/3. Consequently, we obtain the following

gorithms. The default evaluation of Traj yields the following values: 5;

results:
Theoretical Likelihood Traj Likelihood EM EM - IRWLS
SE SE SE SE

P11 6.32 6.31493 | 0.41218 | 6.31493 | 0.39688 | 6.3155 | 0.41167 | 6.31493 | 0.41165
P21 -5.80 -5.89028 | 0.32610 | -5.89029 | 0.31635 | -5.89085 | 0.32571 | -5.89029 | 0.32568
[GE 0.85 0.86311 | 0.04761 | 0.86311 | 0.04636 | 0.86319 | 0.04755 | 0.86311 | 0.04755
P21 -6.69 -6.79063 | 0.34699 | -6.79062 | 0.33389 | -6.79312 | 0.34657 | -6.79063 | 0.34648
B22 6.92 6.92935 | 0.31837 | 6.92935 | 0.30366 | 6.93168 | 0.31799 | 6.92935 | 0.31788
B3 -1.03 -1.03462 | 0.04751 | -1.03462 | 0.04527 | -1.03496 | 0.04745 | -1.03462 | 0.04744
B31 1 1.11515 | 0.30950 | 1.11515 | 0.29868 | 1.11512 | 0.30908 | 1.11515 | 0.30909
B2 -0.83 -0.96600 | 0.13215 -0.966 | 0.12662 | -0.96596 | 0.13194 | -0.966 | 0.13195
m 0.32 0.32185 | 0.209739 | 0.32185 | 0.02113 | 0.32185 | 0.02094 | 0.32185 | 0.02094
o 0.54 0.53989 | 0.224251 | 0.53989 | 0.0227 | 0.53988 | 0.0261 | 0.53989 | 0.0261

m3 0.14 0.13826 | 0.157080 | 0.13826 | 0.01527 | 0.13827 | 0.01558 | 0.13826 | 0.01558

To visually represent the data, we have provided the graphic below. Given that the values

are restricted to 0 or 1, they all occupy the same location, making it challenging to distinguish

individual points. To address this issue, we applied a slight random shift to each point and

included a band to indicate the 0 and 1 values. This approach allows us to highlight differ-

ent points for each value and illustrate the trajectories leading to these points. The shape is

depicted more prominently with darker shading.
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Values and predicted trajectories for all groups
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3.3 ZIP distribution

3.3.1 Definition

The Zero Inflated Poisson (ZIP) model is applied to situations where a random event exhibits
an excess of zero counts within a specific unit of time. Typically, we use a Poisson distribution
to model scenarios that are rare and therefore result in many zero values. However, in some
cases, the number of zeros is much higher than what a Poisson distribution can adequately
capture. In such instances, the ZIP model proves valuable in addressing this phenomenon.

For example, when dealing with insurance claims, one might encounter zero-inflated
data. You can refer to sources such as Mouatassim and Ezzahid (2012) or Sarul (2015) for
more information on this topic. The ZIP model incorporates two distinct processes: a binary
distribution that generates structural zeros, representing the excess zeros in the data, and a
Poisson distribution that generates count data.

In this model, we consider the random variable Y;;, where 1 < ¢ < nand1 < t < T.
Y;: can only take non-negative integer values. We assume that the probability of observing
Yi:, denoted as y;;, given a group k£ and covariate W;, follows a Poisson distribution with a

parameter \;;;. This parameter can be viewed as a deviation from the mean rate, \x;, of the
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event’s occurrence for all individuals in group & at time ¢. Therefore, for the count part of
the model, we use a conditional Poisson distribution given the group k and covariate W,

represented as P (\jx¢).

P (Yt = yir| Wi = w;, C; = k) = lyi,
it!

Moreover, for a given time period ¢, we can consider that a member i of a group £ is inactive
with arate p;i;. This can be seen as a deviation from the mean rate p;; of event occurrence for

all individuals in group £ at time ¢.

In this model, we estimate the parameters with a conditional binary distribution given the

group k and covariate W;, denoted as B (pix):
P(excess zero,|W; = w;, C; = k) = pixe

Consequently, in this model, zero values can arise from two sources. One possibility is that
the count is equal to zero with a probability P(Y;; = 0) when Y;; ~ P(\;x:). The second source

is due to the binary process, which produces zero values with a probability p;;.
(Yie = yie|Wi = wi, C; = k) ~ pire + (1 — pirt) P (Nike)
Finally, we have

. pikt + (1 = pire)e” M, yir =0
P(Yy=ya|W; =wi,C;=k) =4 ' '

ikt

N (3.226)
(L = pikt) =+ —

ayit>0

'Lt!

It’s evident that when p;;; = 0, the ZIP model simplifies to the classical Poisson model.

3.3.2 Link function

We select a polynomial function as the link between the trajectory and the time variable. To

be specific, we assume that \;;; varies over time according to the following equation:
log (Aikt) = BrAit + 6 Wi (3.227)
or

)\ikt — eﬁkAit'i‘(skWit (3228)
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where A;; = (1, ai, a?t, S a?fil)t, Wi = (wir, -, wina)t! Be = (Br1,- -, 5knﬁ) and §, =
(Ok1, - 5 Okng)-

We employ the logarithm of \;;;, denoted as log (\;¢), because it ensures that \;;; remains
positive, which is a requirement for rates.

Furthermore, we employ a polynomial function to describe the relationship between time

and p;;. This relationship is defined as:

1og< Pikt ) — v Aiy (3.229)
L = piks
This equation is equivalent to:
eVkAit
Pikt = 1+ erAz't (3230)

where Vi = <Vk;1, SN Vk?nuk)'

Thus the log-likelihood becomes

n K
l(i;y) = log (Z Tk (Yis B, Ok Vk)) (3.231)
i—1 k=1
where
. )\ylt eiAikt
9k (Yis; Bry Oxs Vi) = H (pilct + (1 — pikt)ei/\lkt) H (1- pikt)% (3.232)
yit=0 Yt >0 e

3.3.3 Likelihood

To estimate the parameters, we utilize quasi-Newton methods, and we need to solve the

equations and In this particular case, these equations become:

o,
obiy) <& ngk(yi; B, Oks Vi)

) 0 1<k<K, and1<l<n (3.233)

001 z} ?

K
Tk 9k (Yis Bres Os Vi)
=1

S 9(Yi3 Br, Ok, Vi)
. n ks 9k\Yi; Pk, Ok, Vi
81(%’”) => K‘%’“ =0 1<k<K,and1<1<ng (3.234)
kl —
S mgk (Wi B Ok, vi)

k=1

- 9 (Wi Br, Oks Vi)
. n ke 9k\Yi; Pk, Ok, VE
oWiy) _ 00 —0 1<k<K andl1<I<n; (3.235)

K

—

‘ § ek (Vi Brs Oks Vi)
=1




3.3. ZIP distribution 83

0
oiy) & Fkangk(yuﬂk,5k7Vk)

OV _izl K
> gk (i Bes O, vi)

k=1

=0 1<k<K,and1<I[<n,, (3.236)

When we employ likelihood to fit the model, the probability membership takes the form
eekxi
Zle eekxi
noted that there is no closed-form solution.

T = . We will calculate the equation above in several steps. However, it should be

3.3.3.1 Differential by 0,

Same as section[2.2

3.3.3.2 Differential by 5y,

Let 1 <1 < ng,, we start by calculating the derivatives of the two blocks by posing:

0 )\
dg™ = 9B I1 (pikt + (1 = pire)e A““)
M yit=0
o= D] (1 pay M
o — 9 1 — pigy) ikt
! OBk >0 ’ Yit!
Noting that %’};:f = al A and 6%76:“ = —al ! \ipre ™ i*t we can deduce the following equa-
tions:
ot =" —al (1= pir)e [ (Pikt’ +(1- pikt’)ei)\ikt/) (3.237)
yit=0 Y;r=0
Yir FYit
=1y ¥it -\ Yit! =Ny
TN (1 — pi1p ek (U — Ns AT e Nikt
dfkl _ Z it 'th( szt)" (yzt zkt) H (1 *Pikt’) ikt — (3.238)
i >0 Yit- Y1 =0 Y
Yir! FYit
Next, we calculate the derivative of the function g (y;; ©):
5 Mige kg Y
9k (i; Br: 0, v) = do' ] (1= pire) “H— + ™ [ (,Oik:t + (1= pire)e "+
a8 n
ki yit>0 Yit: yit=0

3.3.3.3 Differential by §;;

Let 1 <[ < ng, we start by calculating the derivatives of the two blocks by posing:
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84
8 )\yite )‘ikt
e — H (1= pie) L
]
a(skl Vi1 >0 ot
we have
5 - —Aikt!
dy = Z *wflit)\ikt(l — pikt)e Akt H (pik’t’ + (1 = pirr)e Aikt ) (3.239)
yit=0 Yirr =0
yitfsﬁyit
doH = Z WAL (1 = piee)e ™% (Yir — Nike) H (1- P-kt/)w (3.240)
; .
0 Yi! vy >0 Yir'!
Yir! FYit

Next, we calculate the derivative of the function g (y;; ©):

Yit e—)\ikt

p}: .
(Y33 O, %) = dg [T - pikt) e + ik 11 (pik:t + (1 - pikt)e_/\““>

o Ik
Dor Yit >0 Yit: Yit=0

3.3.3.4 Differential by vy,

Let1 <! <mn,,, we start by calculating the derivatives of the two blocks by posing:

0
ok = ikt — Pikt A
dgH | | (p + (1 — pire)e "“t)

ov
M yit=0
Vkl a A’Lylzfe_)\lkt
4" =5 [T (0= pane) =2
Kl Yit >0 Yit:

-1
Recognizing that %’j:lf = vy, we can proceed with the calculation.
-1 —;
;. pike (1 —e 7kt A
dgt' = ) - ) IT (o + (1= pie)e™) (3.241)
— (1 + emdi) -
yit=0 Y0 =0
Yir FYit
-1 Yit ,— ik Yit! =N,
—y PiktAje N € ikt
dllsz _ Z it ikt H (1 — pire) ikt'” (3.242)
v, Az . | ? . ,l
10 (14 evedie) yy! yir >0 Yit'*
Yipt FYit

Secondly we calculate the differential of g,

0 ” Npe e N
Tklgk(yi; Br Ok, Vi) = dy* H (1- Pikt)T + di* H (pikt + (1 = pire)e” zkt)

0 !
Yit >0 it Yi+=0
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3.3.4 EM algorithm

We can consider the problem as having two missing data: the group to which Yj; belongs and
the zero state of Yj;. Let S;; be the covariate, which, given a group &, is 0 if Y}, is in a Poisson
state and 1 if Y}, is in an excess state. Thus, (S5i:| Z;x) ~ B(pix:). Moreover, we suppose that the
covariates (Yj¢, Sit)i+ are independent conditionally to Z;;, meaning that, given a group k, the

different values of (Yj;, Si;):: are independent.

We define X, = (Y, S, Z) as the complete data, where Y is the given data, S = (Sy,---S,,)"
with SZ = (Sﬂ, s aSiT>; and Z = (Zl, cee Zn)t with ZZ = (Zﬂ, s ,ZzK)

The EM algorithm can be expressed as:

Le (Yyy) = P (Y. S, Z) (3.243)
=1
=[1P ¥, 8i2) P (Z) (3.245)
=1
Or,
K
P(Z)=P(Zy =21, Zig = zix) = | [ 7o (3.246)
k=1
Thus we have
n K
Lo (Wsy) = [T T (P (%, Sil Zir = 1) i) % (3.247)
i=1k=1

Remember that that the covariate (Y}, S;;);; are independent conditionally to Z;.

1~

P(Y;,Si|Zip =1) = | | P (Yit, Sit| Zir, = 1) (3.248)

5~
Il
—

I
=

P (Yit|Ziy = 1,84) P (S| Zip, = 1) (3.249)

w
I
—

(Sit|Zi = 1) can take only 2 values : 0 and 1 similar to a binomial distribution B (p;:). Con-

sequently

P (Sitl Zir. = 1) = (pire) ™ (1 = pige)F =5 (3.250)
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Given S;;, we know that Y;; comes from either a zero-excess state or a Poisson state. Thus,

P (Yit|Zi, = 1, Sit) = 60(Yit)** (Ppoisson (Nike, Yie)) '~

We observe that dy(Y;;)%* = 1. In other words, if S;; = 0, i.e., Y}; is in a Poisson state, the
expression simplifies to 1. If S;; = 1, i.e., Y}, is in a zero-excess state, then dy(Y;;) = 1, and

again, the expression simplifies to 1. Hence, we have:

P(Yit‘Zik = 1;Sit> = ZT
it:

By substituting this expression into equation (3.247), we can derive the complete likelihood.

Zik,

n K Yie — i 1-Si¢
_5) [ A
CTETTTI Lo (1= s <kyt|> - (3.251)
o

i=1k=1 \t=1

n K T Yie Zig(1=5it)
)\ it ikt ik
= [T T IT (piwe) % — pip) =S (Dt ™" (3.252)
: Yit!
i=1k=11=1
And, finally, the complete log-likelihood.
n T K
y) = Z Z Z — Sit) (Yitlog (Aikt) — Aike — log (Yie!)) (3.253)
i=1 t=1 k=1
Z;
+ ZirSit10g (pirt) + Zix(1 — Sit) log (1 — pixt) + Tk log ()] (3.254)
n T K
= Z Z [Zir(1 — Sit) (Yielog (Nike) — ik — log (Yie!)) (3.255)
i=1 t=1 k=1
+ ZikSl-t (VkAz't — 10g (1 + eykA“)) — Zik(l — Szt) log (1 + 6”’“4“) (3.256)
Zi
- 3.25)
n T K
=> Zir(1 = Sie) (Yie (ByAie + 0W3) — A0 1og (V1)) (3.258)
i=1 t=1 k=1
Z.
+ Zig S Air — Zirlog (1 + e+t 4 Tk log (71,)] (3.259)
n T K
= leps (V3y) +low (Piy) + (k)] (3.260)
i=1 t=1 k=1

Where ¢, (13 y) = Zik(1 = Sit) (Yie (B A + 06 Wr) — P4t —log (iyl)) and I, (15 y) =
ZikSitvi Air — Zix log (1 + el’kAit)'

To compute Q (1/1; w(t)) we need Eyw (Zix|Yit = yit), which is calculated using the formula



3.3. ZIP distribution 87

1| Now, we must compute E) (ZikSit|Yit = vit)-

Eyw (ZigSit|Ys) = P(ZiSie = 1|Y7) (3.261)
— P(Zp = 1,54 = 1Y) (3.262)
B P(Y;,Sit =1 Zixy =1)P(Zy = 1)
= P(Y)) (3.263)

Clearly, for ¢’ # t, we can observe that Y;, are independent given Z;;, to (Y, Six = 1). We know
that (Y;;);; are independent conditionally to Z;;, and S;; = 1 does not provide any additional

information about Y;4, only about Y;;. So we can write:

[1/—1 P(Yi| Zie = 1) P(Yt, Siz = 1| Ziy, = 1)my

B (ZaSalY) = o (3.264)
w0 (ZikSit | Yi) S P(Yi|Zip = 1)P(Zi = 1)

15—y P(Yiv| Zik = 1)P(Yir, Sit = 1| Zi = 1)y

= - (3.265)
> i1 9k(Yi> Bres Oy Vi) T

1/ P(Yi | Zip = 1) P(Yat| Zi, = 1, Sit = 1) P(Sip = 1| Zig = 1)y,

= - (3.266)
> k1 9k (Yis Br, O, Vi) T,

_ IS PYalZi = DIP(Yie| Zig = 1, Si = VP (Siy = 1 Zig = 1)mi

- (3.267)
P(Yi|Zi = 1) 3251 96(Yi, Bre, Ok Vi) Tk
9k, Br, Ok, vi) TR P(Yie| Zip = 1, 83y = 1) P(Siy = 1| Zy, = 1)
= - (3.268)
P(Yit| Zir, = 1) D11 9% (Yis By Oy Vi) Tk
E, o (ZinlYi = yi) P(Yie Zir = 1, S5t = 1)P(Sip = 1| Zgp = 1
_ w0 (Zik| i) P(Yit| Zi, ¢ =1)P(Si =1|Zy = 1) (3.269)

P(Yi|Zy, = 1)

When (S;; = 1,Z;; = 1), it implies that the value Y;; originates from a zero-excess state. If
Yii~0, we can be certain that this value originates from the Poisson state, as the zero-excess
state only produces zero values, meaning P(Y;; = v;|Si: = 1, Z;x, = 1) = 0. On the other hand,
if Y;; = 0, this value could originate from either the Poisson state or the zero-excess state. We
have:
0, ify; >0
P(Yi = yiu| S = 1, Zi = 1) = (3.270)
1, ify; =0
For yiy > 0, By (ZikSit|Yie = yit) = 0.
For y;; = 0, we have P(Yy = yit| Zir, = 1) = pire + (1 — pire)e o+ and

By (ZikSi|Yie = yir) = v Fiik;»kt)e%kf Ey (Zir]Yi) (3.271)
? 7
1
= T oA Lo (ZinlYi) (3.272)
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Finally, we have

0ify; >0
Eyo (ZinSut|Yie = yur) = B, ) (ZunlV?) (3.273)
fyzt =0

1+e_”kA'Lt Aik

Following the EM methods developed in section[2.3|we perform the two steps E and M:

* Estep:

Calculation of

() s @)y ()
9k (Yi, B, 05,
Eyo(Zin|Ya = yu) = 7f) = ZK’“( : k o k 5@')“ )(’;) — (3.274)
k=1 9k\Yi; P " Tp
) 0ify >0
By (ZirSit|Yie = yir) = Typy = 0 . (3.275)
W lfyit =0
1+e TNkt

* Mstep:
Calculate of ¢yt = arg maxz ZTM log (719 (Yi, Bk, Ok, vk )) which is done by
=1 k=1
n T (t) n (t)
W}(Ct-i-l) _ i1 %tﬂ Tik 2 i=1 Tik 1<k<K (3.276)
n n

n T
5(t+1 = arg maxz Z { l(,:) — ngt (Yit (BrAis + 0, Wy) — efn At orWe _ log (Et'))}

i=1 t=1
(3.277)
5(t+1 = arg max ; XT: [ m < i (BeAi + 0 W) — ePeAntorWe _og (th')”
i=1 t=1
(3.278)
( +) _ arg max Y ZT: (kthA,t zk) log (1 + e”’“A“) (3.279)
i=1 t=1

We compute the partial derivatives of the functions above to find their roots. The deriva-

tive with respect to 3, where 1 <1 < ng,, is as follows:

Olcps (V;y) -1 Br As 40, W,
E E a; Zig(1 =8 Yy — ePRaTORTS (3.280)
OBk p a )( ¢ )

The differential by 6y, is, for 1 <1 < ny,

Olops (Vi) Zan (1= Si) (Yig = ePrdt0u7e) (3.281)

9oy i—1 t=1
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The differential by vy, is, for 1 <1 < mn,,

T

Aoy (V1Y) < - e it
3sz Z Z a“f ’k 1 + eVeAit

i=1 t=1

(3.282)

There are no closed-form solutions for g, é; or 1. Therefore, we search for approximations

of these parameters using the quasi-Newton method, such as BFGS method.

3.3.5 Iteratively Reweighted Least Squares

We present a modified version of Iteratively Reweighted Least Squares (IRLS) to solve the two
equations above, as discussed in Section|3.2.4

We define the matrix

1 1 1 1
Ag = : : : : (3.283)
1 -1 -1 -1
a;‘fk . a?ff“ . aszk . aZﬁ}’“
1 1 e 1 1
A, = : : : : (3.284)
Ny, —1 ny, —1 Ny, —1 Ny, —1
asi” ay g’ i nT
wiy Wiy wif wip
w—| : : : (3.285)
ns ns
w7111 wTILT nllC wnﬂb
Z is a diagonal matrix with diagonal elements STiks " Trk> " > Tnk
T T
We define too,
0 lfyt >0
Sikt = Z (3.286)
— L ify; =0
Tt hAin—ine 1 Yit

3.3.5.1 Logistic part

In this case, S(v;) is a vector which elements 7 is 37" | S°7 | ol 17y, (Sikt 6’“7”) for1 <

I < ny,. Wewrite it like Y7, ST al i (sipe

1+-evk At
aS(Vk)

— pire) and, for1 <1 <mn,,, e is the vector
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which elements [ is

n T

85 14 ’_
< 8< k)> = Z Z _Tikzaét - 1alit 1pil~ct(1 - pikt)
S R
p1k1(1 —p1g1) O 0
0
pikr (1 — p1rr)
W, =
pnkl(l - pnkl)
0
0 t pnkT(l - pnkT)
(3.287)
S = (S1k1, s SIKTs "+ Snkl, asnkT)t and P = (p1k1, -+ P16Ts "+ Pkl aPnkT)t-
Thus, we can write
S(u) = A, Z (S — P) (3.288)
O5Wh) _ _ 4, 7w, At (3.289)
oy,
We substitute these quantities into equation (3.184) to obtain
—1 _
W = (A,20w0AL) T 4,20W0 (A + Wi (50 - p0)) (3.290)

It can be observed that A%y + W™ (S® — PW) is a vector whose elements correspond to

the notations and indices mentioned earlier,

(t) (t)

Viit)AV i+ _Sikt — Pikt (3.291)
’ (®) 1— (t)
Piget Pirt)

3.3.5.2 Poisson part

In this case, S(3;) is a vector which elements,1 < [ < ng,is Y7 | S/, ag_l)nk(l—sikt) (Yiy — ePrdictoniVe)

for 1 <1 < ng,. We write it like > | Zle agfl)nk(l — Sikt) (Yie — Aige) and, for 1 </ < ng,,
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%}i’j) is the vector which elements [ is

<35kz’ >z ZZ —Tin(1 = sike)aly 'ai A

i=1 t=1
W) and S, are diagonal matrix: Wy = diag (1 — s1g1,--- , 1 — S1gr, -+ s 1 — Spg1, -+, 1 — Spier)

and S\, = diag (Alkla e MET oy Ankls 7AnkT)- Y is the matrix with all values Y;, Y =

(Yila"'YITa"' 7Yn1a"' aYTLT)t andA — (Alk’la"')\lk‘Ta"' a)\nkh"' 7)‘nk‘T)t'

Thus we can write

S(B) = AsZSy (Y — A) (3.292)
95 (Bk)
5 6: —AgS\ZWy Al (3.293)

We substitute these quantities into equation (3.184) to obtain
—1
B = (480 20w a) Ay 20w (ahs? + WP (v —A0)) (3.294

It can be observed that Atﬁﬁ,(f) + W,gt)fl (Y — A®) is a vector whose elements correspond to

the notations and indices mentioned earlier,

Y;

() it
By Ait + W -1 (3.295)
ikt
In the same way, we have
S(8,) = WZSy (Y — A) (3.296)
)
95() _ —WS\ZW,W* (3.297)
O

We substitute these quantities into equation (3.184) to obtain
—1 _
oy = (ws{ zOwOw) " wsPzOwD (wisd + Wi (v —a0))  (3.298)

It can be observed that Wté,(f) + W,St)_l (Y — A®) is a vector whose elements correspond to

the notations and indices mentioned earlier,

Yy
8w, + =1 1 (3.299)
NG

ikt
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3.3.6 Numerical method

-1
To prevent issues related to singular matrices when attempting to compute (AZ,Z () Wﬁgt)A,t,> ,
we can apply the QR method to determine u,(fﬂ). As discussed in Section ‘ u,gtﬂ) must

satisfy the following equation:

<AV(Z(t)Wp(t))1/2 ((Z(t)Wp(t))l/2>tAf,> V]E:tJrl) (3.300)

= A, (ZOW p®)1/2 [(Z“)Wgt))l/? (Af;u,(:) + W (s“) - PW))} (3.301)

It's worth noting that Z()W{" is a diagonal matrix with positive terms. Consequently, (Z®W{")1/2
is a diagonal matrix containing the square roots of the diagonal elements of Z(*) W,§t>.

Thus, we compute

E® « QR <(A,, 1/2) >

Q"+ QR.Q(EM)
Y« QR.R(EW)
backsolve (R(t), Q(t)t(Z(t)Wp(t))l/2 (Aij]it) +Wp®! <S(t) _ p(t)>>)

To prevent issues related to singular matrices when attempting to compute (AB S/(\t) AQ) WA(t)Ag) -

we can apply the QR method to determine ,B(tﬂ .

As discussed in Sectlonu 3, B (1) must satisfy the following equation:

t
<A6(S/(\t)Z(t)W>(\t))l/2 ((S/(\t)Z(t)W,\)l/Z) Atﬁ) /BlitJrl) (3.302)
_ Aﬂ(sgt)z(t)w/gt))lﬂ [(Sit)Z(t)W)(\t))l/Q (Atﬁﬂlit) n WA(t)‘1 (Y _ A(t)))} (3.303)

It's worth noting that ZWW" is a diagonal matrix with positive terms. Consequently, (Z®W{"”)1/2is

a diagonal matrix containing the square roots of the diagonal elements of Z (t)W/st).

Thus we compute

t
B Qr ( (assPz0w ) 1))

QY « QRQ(EY)
R® « QR.R(EY)
backsolve ( ), QW (50 zOm 172 (Ag O 4y ® (y _ A@))))

To prevent issues related to singular matrices when attempting to compute (WS@ AQ) Wét) Wt> -
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we can apply the QR method to determine 5,(f+1).
As discussed in Section ‘ 5,(:“) must satisfy the following equation:

(W(Sit)z(t)wp(t))l/Q ((Sg\t)z(t)wp(t))l/Q) Wt) 5(t+1) (3.304)

Thus, we compute

E(t %QR (<W6 S(t)Z W(t))1/2> )

)+ QR.Q(EY)
) < QR.R(EY)
backsolve (R(t)7 QW' (s )Z(t)W;’f))l/2 (Wt(slgf) + WO (y _ A(ﬂ)))

3.3.7 Estimation of standard error

We use the method describe in subsection2.3.4

We compute the complete score function

L (Blc(Wiy) dle(y) Alc(biy) dlo(bry)
SC(w7y) - < 87{' ) 8,3 ) 8V ) 8(5 )

where Blca(w;y) _ <alc(¢;y) 3lc(¢;y))’ dlc () _ [ dlc(diy) lc (¢sy)

omy "0 Omk o P11 77" IPKng
Al (byy) <5lc(¢;y) 8lc(lb;l/)) and ley) _ (310(111;3/) 3lc(¢;y))
ov - vy YUt Qui 00 - 0011 7 86K"6 .

Itis important to recall that the sum of all the values in the sequence = is equal to 1. Using
this fact, we can express 7x as Zszl 7 = 1. Additionally, when j is not equal to K, the
derivative of 7x with respect to 7; is equal to —1. Consequently, we can conclude that for all
values of k from 1 to K — 1, the following equation holds true:

Olc(V;y)  ~—(zik %K
o, _Z 4y TK

=1

If we utilize equation to forecast the likelihood of membership, with 1 < k < K and

].SZSTLQ,

Olc (V;y)
89kl szl ik 7Tzk
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Forl1 <k < Kandl<I[<ng,

T
dlc () "
- OPu ZZait ' Zin(1 = Si) (Yie = Aiwe) = D > 0 Zin(1 — Sin)
kl i=1 t=1 i=1 t=1
where p,,, = aly ! (Yie — Aike)-
Forl1<k<Kandl<I[l<mn,,
Y 17[) n T n T
C Y
W =) i Zi (Si — pire) = DY P Zi
ki i=1 t=1 i=1 t=1
where p%j,, = aly ! (Sit — pire)-
Forl<k<Kandl<I[<n;
a1 w n T n T
C Y J
o =N wh Zin (1= Su) (Yie = i) = D D P Zin(1 — Sir)
i=1 t=1 =1 t=1

o 0l
where DPikir = Wit (Y;t - )‘zkt)

3.3.7.1 Computation of the negative second derivative matrix
The negative of the second derivative matrix of the complete likelihood is,

Plc(y)  Ple(sy)  Plo(y)  02%lc(Psy)

on? ondp Ondv ondd
82[8%(8%?/) 3210(3);2/) 3218%(81#;21) 325906((;13;?;)
—-B cah) — T ap v
c(v: ) Plc(by)  Ple(y)  Ple(by)  9Plo(Py)
ovor ovdB ov? Ovdd
Ple(y)  Ple(y)  Ple(Pn)  9Plo(¥y)
000 00083 000V 062

The dimensions of this matrix can be determined by evaluating the expression:
(Zszl (ng, + Ny, +15) + K — 1) X (ZkK:l (ng, + Ny, +15+) + K — 1).
If we are using a predictor for probability, we need to make a modification: we replace all

instances of the derivative = with 6. Consequently, the dimensions of the matrix will be given

by (Zle (nﬁk + ny, + n5) + (K - 1)719) X (Zf:l (nﬂk + 1y, + né) + (K - 1)”0)-

3.3.7.1.1 Second derivative ale(f;y) or 82ZC(§W)
o 90

The second derivative matrix for w has for size (K — 1) x (K —1).
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For1 <k I<K-1is

Plo(byy) (8210(w;y)>
on? N omom ) 1y

which elements are

):z

Plo(yy) <

aﬂ'kaﬂ'l - Zn

i=1"

32 . . .
The second derivative matrix for %W has for size Kny x Kny and is composed by

e . Bt

1 1 1 K
*lo(v;y) _ . .
802 . .

Plo(y) .. Ple(Ww)

89}(391 8‘91(801(

which elements, for 1 < [,!’ < ny, are

n Oz ki B
(Bt _ Tty _ St —ewe () (1 Z*) k=K
aek’aek/ w aeklaekll/ ZZTL:I TTi ZKekz e k/zz # k/
k

Opz; K eOkwi
ek Y ek

The outcomes remain the same for both 7 and ¢ in the subsequent sections.

3.3.7.1.2 Second derivative 2 ggy)

Plory) _
ordp
3.3.7.1.3 Second derivative agfrigf}’)
Ple(by) _
omov
3.3.7.1.4 Second derivative £ lacﬂ (8’% )
Ple(viy) _
Omdd

3.3.7.1.5 Second derivative %W
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2 .
The second derivative matrix for mgiéff’y) has for size (Zszl n5k> X (Zszl nﬁk) and is

composed by block matrix

3;lﬂc(a¢gy) . a;écgé;y)

1081 108K
O*lc (s y) _ : .
8/82 . .

Ple(sy) .. Ple(Ww)

08K 0p1 0Bk IBK

which elements are, for1 < k, k' < K,1<1<ng, and1 <! < ng,

(32lc(¢;y)> CPlery) ) S Y —Za( = Si)al T N, k=K
BBk )1y OBk B 0, k # Kk

3.3.7.1.6 Second derivative 822%%3/)

o : 2lc (1iy) . K K
The second derivative matrix for a%auy has forsize (> .1 ng, ) X (D _r—q My )-

lo(v;y)

opoy 0

3.3.7.1.7 Second derivative %

2 .
The second derivative matrix for %%’%’y) has for size (Zszl n5k> x Kns and is composed

by block matrix
32815(81%;1/) . aggcgﬁ;y)
Plosy) | L L
0B )
Ple(y) . Plo@)
0Bk 001 OBr 00K

which elements are, for1 < k, k' < K,1 <l <ngand1 <l <ny,

<825c<w;y>> _ PloWiy) _ ) T e —Zin(1 = Siaiy wi ik, k=K
aﬁk/aék 1 8,8k/[/8(5kl 0, k ?é K

3.3.7.1.8 Second derivative %

The second derivative matrix for % has for size Kn, x Kn, and is composed by block
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matrix
E)Zlcgb;y) L Bglcgl};y)
v10v1 V10vkg
O*lo(v;y) _ .
ov? : )
Ploc(y) . Ple(Wiy)
Qv Ovy Ovi v

which elements are, for1 < k. k' < Kand1 <1[,lI' <n,,

<a2l0 (¥; y)> CPle(sy) ) S Yiey —Zaal" o (1= pire)s k=K
Il

vk )y Owdv | o g2

s e 0%lc(Yiy)
3.3.7.1.9 Second derivative —¢ ¢

The second derivative matrix for % has for size Kn, x Kns.
lo(v;y) _0
ovod

3.3.7.1.10 Second derivative %

The second derivative matrix for % has for size Knsx Kns and is composed by block
matrix
Sl .. Sl
Pleviy) | T e
652 . .
Plo(y) .. Ple(Ww)
D6 001 D8k Db

which elements are, for 1 < k, k¥’ < Kand 1 < [,I' < ng,

<82l0(dj’y)> = M _ Dim1 Zthl —Zik(1 — Sz‘t)wﬁjl/_%‘ikt’ k=Fk
86k165k 1 aék’l’adkl 0, k # k/
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3.3.8 Computation of cov (Sc(zﬁ; )| X = 35)

The conditional matrix of the score vector is given by

The dimensions of this matrix can be determined by evaluating the expression:

(Zf:l (ng, + nuy +1n5) + K — 1) X (Z?:l (ng, +ny, +ns+) + K — 1)-
If we are using a predictor for probability, we need to make a modification: we replace all

instances of the derivative = with 6. Consequently, the dimensions of the matrix will be given

by (Zszl (ng, + 1y, +ns) + (K — 1)n9> X <ZkK:1 (ng, + My, +ns) + (K — l)ng).

As areminder (see proposition 2] page[45),

* E(Zir) = Tik

* var (Zy) = mir(1 — 1)

* cov (Zi, Zy) = —mimy for k # 1

* cov(Zin, Zjy) =0

We have to compute cov (Z;yr, Z;i.Sit) and cov (Z;xr Sit, ZixSit)-

Proposition 3. Let1 <k k' < K,1<i<nandl1 <t<T,

—Tik/ TikSikt, k 7# K
cov (Zik/,ZikSit){ i TikSikes K 7 (3.306)

TiwSikt(1 — Tig), k=K'

—Tik! Sikt TikSikts k # K
cov (Zin Sit, ZinSit) { ik Sit TikSike, K 7 (3.307)

/
TikSikt (1 — TipSikt) , kK =k

Proof. We observe that cov (ij/, ZikSit) = 0 for: # j because Z;; and Z;;.S;; are indepen-
dent. In other words, if we are aware of the group membership of individual j, it provides no

information about individual ;.

cov (Zi , ZigSit) = E(Zi ZireSir) — E (Ziny) E (ZirSiz) (3.308)
=P (Zik:’ZikSit = 1) — Tik' TikSikt S€e (]3_275]) and (]3_2-73]) (3.309)

=P (Ziw =1,Zir, = 1,5 = 1) — Tiw TikSikt (3.310)
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If £ # k' the Z;» = 1 and Z;;, = 1 are not possible. Thus, cov (Z;x/, Zi1.Sit) = —Tir TikeSike and if
k= k/ thenP(ZW = 1, Zz’k = 175it = 1) = P(Zik = 1,Sit = 1) = E(Zik = 1, Sit = 1) = TikSikt-

Finally,

—Tik! TikSikt, k k,
cov (Zy, ZixSit) = b TikSikt: k7 (3.311)

TikSikt (1 — Tir), k=K

cov (Ziy Sit, ZirSit) = E (Ziny St ZinSit) — E (Ziry Sit) E (Zig Sit) (3.312)

= E (Zij Sit Zi.Sit) — Tt Sik/t Tik Sikt (3.313)

If k # k' then E (ZywSuZuSi) = 0 and if k = &' then E (Zyw Sy ZuSi) = E ((ZikSit)2> -
P ((Zikzsit)2 = 1) = P(ZySiy = 1) = E(ZipSit) = TiSikt-

Thus,

— Tk Sikt TikSikts k # K
cov (Zz‘k;/Sit, szszt) _ k! k't Tik ikt 7& (3314)

/
TikSikt (1 — TigSikt) , kK =k

3.3.8.1 Matrix cov (S.(7))

The matrix as for dimension (K — 1) x (K — 1).

For a diagonal element of the matrix cov (S.(7)), we canwrite 1 < k < K — 1

o0 (o)) = 3 (n’k(l . Tik) | Tirc (1 - TiK) 2mm1<>

— T Tk TETK

wherel <t < K — 1.

For a non-diagonal element of the matrix cov (S.(7)), we can write

n
TikTil | TikTi TikTi  Tik(l—m7
cov (Se(m)) = E (_ ik T4l + ikTiK n 1K Til " ik ( . zK))
=1\ TETL TRTE MK w2

3.3.8.2 Matrix cov (S.(7), Sc(3))

cov (Se(m), S.(B)) is composed by the matrix cov (S.(7), Sc(5x)) for all groups k£ which dimen-

sionis (K — 1) x ng, . Thus, the dimension of the first matrix is (K — 1) x S, ng, .
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Given 1 < k < K — 1 we compute cov (S.(7), S.(8x)) that is a matrix with elements, for

1<k <K-1landl<I[l<ng,

1 Ti T _
Zz IZJ lelelk (%—’_ﬁ)’k,_k

cov (Se(m), Se(Br))w; =
v 2im1 21 BluTik (#:,/ - ZTI;) Kk

andfork = K

cov (Se(m), Se(BKr)) ;= ZszKﬂzK (Tzk' + 1 —nK)

s
=1 j=1 K

where BY, = ST pP (s —1),1 <K <K —land1 <1< ng,.

Proof. Let1 <k,k <K —1land1 <[ < ng,,

n T Z; n
cov (Se(m), Se(Br)) = cov <Z < 7Tkl _ WK> ’ Z Zi(1 — zklt) (3.315)
i—1 Nk K/ 3=
- 8 ZiK 8
- Z Z Z cov " Zik(1 — Sjt)pijt — cov P Zik(1 — Sjt)pjkzt
i=1 j=1t=1
(3.316)
n n T p/g)
- Z Z Z Zklt COU 1k’ Zlk‘) - COU( ik’ szzt)) (3.317)
=1 j=11t=1 K
B
— Bt (cou (Zigc, Zin) — cov (Zixe, ZnSie) (3.318)
TK

ifk =&

n n T

Ié] 3
b; p;
cov (Se(m), Se(Br)) i = § E E T]:t (Tie(1 = Ti) — TiSire (1 — k) — "2 (—7i 5 Tig + Tk TikSikt)

i=1 j=1 t=1 TK
(3.319)
n n T
1—71: T
=33 P (1= sike) Tan <(’“) NRNLLS ) (3.320)
i=1 j—1 t=1 Tk TK
itk £k
n n T p@ pg
Cov (Sc(ﬂ')a Sc(ﬁk))kl = Z Z Z % (_Tiszik’ + Tik’Tiksikt) — ;]Zt (—TiKTikz + Tz'KTikSikt)
i=1 j=1 t=1

(3.321)
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G ¢ —Tik! TiK 29
= ZzzpikltTik (1 — siket) pas (3.322)
i=1 j=1 t=1 k K
Fork =K
n n T 5 ZiK 5
cov (Se(m), Se(BK)) = ZZZCOU " Zik(1— S]t)pJKt — cov P Zik(1— Sjt)ijt
i=1 j=1 t=1
(3.323)
n n T p@
- Z Z Z L (cov (Zig, Zixc) — cov (Zip, Zirc Sit)) (3.324)
=1 j=1 =1 "
o’
- #Kt (cov (Zix, Zik) — cov (Zixc, Zirkc Sit)) (3.325)
K
v, pﬁ
= Z Z Z ZKt —Tik' TiK + Tzk’Tszth) —iKt (TZK(l - TZK) - TzKSth(l - TZK))
i=1 j=1 t=1
(3.326)
RO 3 Tik | 1 — TiK
=33 —plemin (1= sike) p oK (3.327)
=1 j=1 t=1 K TK
]

3.3.8.3 Matrix cov (Sc(7), Sc(v))

cov (S¢(), Sc(v)) is composed by the matrix cov (S.(), Sc(vx)) for all groups k& which dimen-

sion is (K — 1) x n,,. Thus, the dimension of the first matrix is (K — 1) x Yt n,,.

Given 1 < k < K — 1 we compute cov (S.(m), Sc(v)) that is a matrix with elements, for

1<K <K-land1<Il<n,,

Zz 1 NikiTik < —ik TlK) K=k

TK

cov (Se(m), Se(Vi))py = P T /
Yo 1Nzkl7—zk( e +ﬁ) L

and fork = K,

— T Tik!
cov (Se(m), Se(VK)) —Z NszK< - K zlf)

K T

where N;;,; = Zt 1 lt (Sikt —pikt), 1 <K <K—-1land1<1[<mn,,.

Proof. Let1 <k,k' <K —1land1 <[ < ng,,

n n T
Zik  Zi _
cov (Se(m), Se(vg)) g = cov ( g < 77:/ — W;;) , g Zik E aﬁt 1 (Sit — pm)) (3.328)
i=1 t=1

i=1
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= (COU ( » ]ka_l]t 1 (S]t — pjkt)) (3.329)
i=1 j=1 t=1
—cov (2K 7 at L(Sit — p (3.330)
— kAt it = Pikt) .
-1 (-1
PiktQ;
= ZZ Z < CO’U zk:’ ijjt) - #COU (Zik’a Z]k) (3331)
Tt Tp
i=1 j=1 t=1
-1 (I-1)
a et Qs
—;—tcov (Zikc» ZjiSje) + Mcov (Zik, ij)> (3.332)
K TK
n T /-1 (-1)
=> > ( i cov (Zin, ZinSit) — PE—cou (Ziga, Zig) (3.333)
=1 t=1 \ ¥ Tk
I—1 ) (l—l)
Yt cop (Zix, ZinSit) + plkta”tcov(ZiK,Zik)> (3.334)
TK TK

Zz 1Zt 1( Qjy Tzk (Sikt (:ﬁg —L> _pzkt< — W))),k’;ék
S S (ol i (sne (22— ) — e (26— 5m))) oK =

(3.335)

>t Zt 1 ( Ay ik (Sikt — Pikt) (TZK — %)) K £k

D e Zt 1 ( it L (Sikt — Pikt) <Tu< _ 1;%)) W=k (3.336)

n o n T Z
cov (Se(m), Se(VK))py = Z Z (cov < 77,:; ZixaTt (S; — ijt)> — cov ( MI: Z]Kaét L(Sj — ijt))>

i=1 j=1 t=1
(3.337)
n T
- Z (—alz-t_lTiK (sikt — pikt) (1 ;TiK + Til,cl>) (3.338)
i=1 t=1 K Tk
L]

3.3.8.4 Matrix cov (S.(7), S:(0))

cov (Se(m), S.(9)) is composed by the matrix cov (S.(7), S¢(d%)) for all groups k£ which dimen-

sionis (K — 1) x ns. Thus, the dimension of the first matrix is (K — 1) x Kns.

Given 1 < k£ < K — 1 we compute cov (S¢(m), Sc(d%)) that is a matrix with elements, for

1<k <K-landl1l <1< ng

Zz 123 1D$ct7-zk<( Tm)“‘%)ak/:k

cov (SC(TF),Sc((Sk))k/l = &/ T, /
Doy >y Dy Tik (#k/ - ZK) k' #k
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andfork = K

ik’ 1- %
cov (Se(m), Sc(dK)) k’l_ZZDthTZK (Tk TK)

™
1=1 j5=1 K

where D], = Zle pfkt (sipt — 1), 1<k <K—-T1and1 <[ <ny.
Proof. Same as f. O

3.3.8.5 Matrix cov (S.(0)) si on choist comme référence le gr k on enléve la mtrice cov

thetak et on met thetak a0

cov (S¢(0)) is composed by the matrix cov (S.(6x), Sc(6;)) for all groups k and ! which dimen-

sion is ng x ng. Thus, the dimension of the first matrixis Kng x Kng.

A diagonal matrix, for 1 < k£ < K and 1 < p, ¢ < ng is done by
(cov (Sc(0k), S, Z TipTiqTik (1 — Tik,)
A non diagonal matrix, for 1 < k,l < K and 1 < p, ¢ < ny, is done by
(000 (Su(80). S0y = — 3 pigricra
See proof page

3.3.8.6 Matrix cov (S.(0),S.(5))
cov (S.(0), S.(8)) is composed by the matrix cov (S.(0x), Sc(5;)) for all groups k and ! which
dimension is 7y x ng,. Thus, the dimension of the first matrix is Kng x S0, ng,.

A diagonal matrix, for1 <k < K,1 <p <npand 1 < ¢ < ng, is done by

n T
(cov (Se(Br), Se(Bi))pg = D > TipPlpgTit (1 — 7it) (1 — sikt)
i=1 t=1
A non diagonal matrix, for 1 <k, < K,1 <p <mngand1 < g < ng, is done by

n T
(COU (Sc(ak)a SC(ﬁl)))pq = - Z Z xzppzlthszzl 1 + 3zlt>

i=1 t=1
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Proof. For a diagonal matrix, let1 <k < Kand1<¢g<ng and1 <p <ny

(cov (Se(0k), Se(Br))),q = cov (Z Tip (Zik — mit) Z Z Zigo(1 — qut> (3.339)
i=1 t=1
_ Z Z Z cov (wipZins Zin(1 = S8 (3.340)
i=1 j=1 t=1
n T
= 33" cov (wipZins Zin(1 = Sit)piey) (3.341)
i=1 t=1

n
- Z Z (xippiﬁkthOU (ZZk’ Zlk) - wippfkqtcav ( ik> zkszt)) (3342)

i=1 t=1
n

= Z Z$i}7piﬁkqt (Tir(1 = Tix) — TirSie (1 — Tir.)) (3.343)
=1 t=1
n T

=>2 f'fz‘ppfkqt (Tie(1 — 7 ) (1 — Sike)) (3.344)
=1 t=1

For a non diagonal matrix, let1 <k, < Kand1 < g <ng and1 <p <ny

=1 t=1

(cov (Sc(0k), Sc(5) g = Cov <Zx1p ik — Tik) ZZZ” — Sy pllqt> (3.345)

= Z Z cov (wzp ik, Zji(1 — Sjt)pflqt) (3.346)
i=1 j=1 t=1
n T

=" cov (wipZins Zu(L — Sl (3.347)

-
Il
—
-
I
—

Il
[+
E

(xippz‘zqtcov (Zik» Zar) —ﬂfippflqtcov( iks zlSzt)> (3.348)

=1 t=1
n T

= Z Z xz‘ppflqt (=TikTit — TikTuSiit) (3.349)
i=1 t=1
n T

- Z Z _$ippgqt7ik7il(1 + sit) (3.350)
i=1 t=1

]

3.3.8.7 Matrix cov (S,(6), S.(5))

cov (S¢(0), Sc(9)) is composed by the matrix cov (S.(0), Sc(;)) for all groups k and [ which di-

mension is ny x ns. Thus, the dimension of the first matrix is Kng x Kns.
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A diagonal matrix, for 1 < k,l < K,1 <p <mgand1 < g < ngis done by
n T
(cov (Se(O1), Se(Bi)))pg = > D TipPigeTir (1 — Tit) (1 = Sike)
i=1 t=1
A non diagonal matrix, for 1 < k,l < K,1 <p <mngand1 < g < ng, is done by
n T
(cov (Se(0k), Se(B)))pg = — DD TipPlguTinTar (1 + site)
i=11t

=1

Proof. Same as above O

3.3.8.8 Matrix cov (S.(6), Sc(v))

cov (Sc(0), Sc(v)) is composed by the matrix cov (S¢(0x), Sc(v;)) for all groups k and ! which

dimension is ny x n,,. Thus, the dimension of the first matrix is Kng x Y1*, n,,.
A diagonal matrix, for1 <k < K,1 <p<mgand1 < g < n,, is done by

(cov (Se(Bk), Se( Z Z wipady T (1 = Ti) (Sike — pike)
i=1 t=1
A non diagonal matrix, for1 < £,/ < K,1 <p <mpand1 < g <mn,, is done by
(COU (S (Hk Z Z xzpazt Tszzl let - S'th)

i=1 t=1

Proof. For a diagonal matrix,let1 <k < Kandl1<p<myand1l <gq<mn,,

(COU (Sc(ek)y Sc( = Ccov (Z xzp zk 7Tzk Z Zlk Z azt zt - szt)) (3.351)
= Z Z Zcov (l’lp ik — Tik) s Z]kajt (Sjt - pjkt)> (3.352)
i=1 j=1t=1
n T
= Z Z zipals tcov (Zig — min) » Zir (Sit — pire)) (3.353)
i=1 t=1

= Z Z xzpalt COU Ziks lk'Slt) PiktCOV (Z’Lk" sz)) (3.354)

=1 t=1
=Y wpaly ! (Fiksi (1= 7ik) = pikemin(1 — Tir)) (3.355)
i=1 t=1
n T
= wipad k(1 — k) (Sike — pire) (3.356)

i=1 t=1
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For a non diagonal matrix, let1 < k,l < Kand1 <p <ngand1l < ¢ <n,,

(cov (Se(Ok), Sc(11))) g = cov (Z Tip (Zig — mik,) Z Zy Z alt Sit — mu,)) (3.357)

= ZZZCOU ($1p ik — Tik) s Z]la]t (Sjt —pﬂt)> (3.358)

i=1 j=1 t=1

n T
= Z Z ipady ‘cov ((Ziw — min) , Zia (Sit — par)) (3.359)

=1 t=1

_szw% cov (Zik, ZuSit) — pitrcov (Zik, Zir)) (3.360)
=1 t=1

=3 wipal (—miwTasae + panTinTit) (3.361)
=1 t=1

n T
=3 wipad ki (pae — sin) (3.362)

=1 t=1

3.3.8.9 Matrix cov (S.(f))

cov (S¢(B)) is composed by the matrix cov (S.(5k), Sc(5;)) for all groups k and [ which dimen-

sionisng, x ng,. Thus, the dimension of the first matrixis Y5 ng x S35 ng,.

A diagonal matrix, for1 <k < K and 1 < p,q < ng,_is done by

n T
(cov (Se(Br), Se(Br)))pg = Z prkptpfkqu (1= 7ir) (1 — 288¢) — Sike(1 — TinSike))
i=1 t=1
A non diagonal matrix, for 1 <k,l < K,1 <p <ng, and 1 < ¢ < ng, is done by

(cov (Sc(Br), Sc(B1))) Z Zplkptpzlqum(szkt —1)(1 — s4¢)

=1 t=1

Proof. For a diagonal matrix, let1 <k < Kand1 < p,q < ng,

(COU (SC(/Bk) (/Bk = Cov (Z Z sz(l - zt P,kpta Z Z sz - zt pqut> (3363)

=1 t=1 =1 t=1
T

I
M:

pzﬁkptpqutcov Zit(1 = Sit), Zir(1 — Sit)) (3.364)

i=1 t=1
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n T
=3 iptPig i = i) = 27ik5ike (1 — Tik) — TawSine(1 — TawSine))

(3.365)

n T
= Z Zpiﬁkptpfkqu (T —7k) (1 — 284¢) — sine(1 — Tinsine))  (3.366)
=1 =1

For a non diagonal matrix, let1 < k,l < K,1 <p <mng and1 < ¢ < ng,

n T n T
(cov (Se(Br), Se(B1))),q = cov (Z > Zi(1 = Sit)plgps D> Zu(1 — Sit)pflqt> (3.367)

i=1 t=1 i=1 t=1
n T
=3 PPigcov (Zix(1 = Sit), Zu(1 — Sir)) (3.368)
i=1 t=1

n T
_ 8B
= Z Z PikptPilqt (=TikTit + TikTiSite + TuTikSikt — TikSiktTil Silt)

=1 t=1
(3.369)

n T
=3 D PgTinTin(sike — 1)(1 = sie) (3.370)

i=1 t=1
[

3.3.8.10 Matrix cov (S.(53), Sc(v))

cov (S¢(B), Sc(v)) is composed by the matrix cov (S.(8k), Sc(v))for1 <k < Kand1 <[ < K

which dimension is ng, x n,,. Thus, the dimension of the first matrix is > 1, ng, X Y1, 1.

An element of the matrix cov (S.(Bk), Sc(v)) for1 <k < K,1 <l < K,1 <p < ng, and

1§Q§nulis

S Sy a ik (Sie — 1) (Tawsine + pire (1 — 7ir)), ke =1

cov (Sc(ﬁk)v SC(VI))
" Y Y azqtilpfkptnknl (siwe = 1) (siae = pan) , kb # 1

Proof. Let1 <k < K,1<I<K,1<p<ng andl <q<n,.
Fork =1,

n T n T
cov (Se(Bk), Se(Vk)) g = cov <Z > Zi(1 - Sit)Pfkpt, > Zip > alTt (S - Pz’kt)) (3.371)
: =1 =1

=1 t=1
n T
= Z Z cov (Zik(l — Sz‘t)z?fkpt, Zipal " (S — Pikt)) (3.372)

i=1 t=1
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n T
ZG Plkpt (cov (ZikSit, Zik,) — cov (ZiSity ZirSit) — cov (pike Ziks Zik)
=1 =1

(3.373)

+cov (pikt Zik, ZikSit)) (3.374)

=> > aft_lpfkpt (TikSikt (1 — Tik) — TinSike (1 — TikSikt) — pireTik (L — Tik)

i=1 t=1
(3.375)
+piktTikSikt (1 — Tir.)) (3.376)
= Z Z it pzkpthk: Sikt — 1)(Tzk‘32kt + pzkt(l - Tzk)) (3377)
i=1 t=1

For k # 1,

cov (Sc(ﬁk)v Sc( Zik(1 — Sit pzk‘pt’ Z Zil Z a’zt pzlt)) (3.378)

||

(@)

S
/\
3
Mﬂ

i=1 t=1
n T
= Z cov (Zz'k(l - Sit)p?kpﬁ Zald (Si — put)) (3.379)
=1 t=1
n T
= Z Z ajy lp'fkpt (cov (ZySit, Zir) — cov (ZuSit, ZiSit) — cov (parZit, Zik)
=1 =1
(3.380)
+cov (putZa, ZiSit)) (3.381)

= § § % pzkpt —TakTalSite + TaSittTikSikt + Pit TaTik — Pilt Tl Tik Sikt)

i=1 t=1
(3.382)
n T
= Z Z agflpfkpﬂ ik Tit (=St + SitSikt + Pitt — PiteSike) (3.383)
=1 t=1
n T
=" al P minma (sike — 1) (sie — pae) (3.384)
i=1 t=1
O

3.3.8.11 Matrix cov (S.(3), Sc(0))

cov (S¢(B), Sc(d)) is composed by the matrix cov (S.(8), Sc(0;)) for1 <k < Kand 1 <[ < ng

which dimension is 7, x ns. Thus, the dimension of the first matrix is "1, ng, x Knj.
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A diagonal matrix, for 1 <k < K,1 < p <ng, and 1 < ¢ < ng, is done by

T
prkptpqumk (1 = 7ir) (1 — 28ikt) — Sike (1 — TinSike))
1 1=1

(cov (Se(Br), Se(6k)))pg =

n

=

A non diagonal matrix, for 1 < k,l < K,1 < p <ng, and1 < g < ng,, is done by
n

T
(cov (Se(Br), Se(0))pg = D prkptpfkqum(sikt - 1)1 = siu)

i=1 t=1
3.3.8.12 Matrix cov (S.(v))

cov (S¢(v)) is composed by the matrix cov (Sc(vx), Sc(v;)) for 1 < k,! < K which dimension is

Ny, X n,,. Thus, the dimension of the first matrixis Y7 n,, x S35, n,,.

k

A diagonal matrix, for 1 <k < K and 1 < p,q < n,, is done by

(cov (Se(vi), S Z Z ay ' % Tik Slkt(l — TikSikt) + Pige (1 — Tik))

i=1 t=1
A non diagonal matrix, for1 < k,l < K,1 <p <n,, and1 < q < n,, is done by

n T
(cov (Se(Vi), Se()))pg = 3 D aby tad  ripmia (—simesite + paeSine + PikeSite — Pinepite)
i=1 t=1

Proof. For a diagonal matrix, let1 <k < Kand1 <p,q <n,,,

n T n T
(cov (Se(vk), Se(Vk))),, = cov (Z Zik Z ali " (Sit — pire) Z Zik Z ad " (Sie — Pikt))
=1 t=1 =1 =1

(3.385)

T
Z co ( " (Sie — pike) » ij:a?t_l (Sje — ijt)) (3.386)

I
M=
M=

i=1 j=1t=1
n T
= Z Z aft_lagt_lvar (Zik (Sit — pirt)) (3.387)
i=1 t=1
n T
= > a7 el (var (ZiSu) + piivar (Zix) (3.388)
=1 t=1
+2PiktCOU (ZikSits Zix)) (3.389)
= Z a?ad ™t (Tinsine (1 — Tawsine) + Pl Tine(1 — Tir) (3.390)

i=1 t=1

+2pit TikeSikt (1 — Tik)) (3.391)
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n T
=Y al T el T (sike (1= Tiksine) + i (1= Tir) + 2pigesine (1 — 7ir)
i=1 t=1

(3.392)

For a non diagonal matrix, let1 < k,/ < K,1<p<mn, and1 < ¢ <mn,,

n T
(cov (Se(vk), Se(M))),,, = cov (Z Zik Z a7 (S —pire) Y Zu Y aly (S — pm))
=1 =1

(3.393)

n n T

= Z Z Z cov ( wab (St — pirt) » Zjl@?f (Sjt — let)> (3.394)

i=1 j=1 t=1
n n T
=33 al al  cov (Zik (Sit — pine) - Zit (Sit — pie)) (3.395)
i=1 j=1 t=1
n T
= Z a? " ad™t (cov (ZinSits ZiSit) — parcov (ZigSit, Zir) (3.396)
i=1 t=1
—piktcov (Zig, ZSit) + pirepircov (Zig, Zir)) (3.397)
n T
= Z aft_la?t_l (—TikSikeTaSite + Pt TuTikSike + Pikt TikTil Silt — Pikt Pilt TikTil)
i=1 t=1
(3.398)
n T
= Z aftilagtilTiszl ( SiktSilt + PittSikt + PiktSiit — sztﬂzlt) (3.399)
i=1 t=1

O]

3.3.8.13 Matrix cov (S.(v), Sc(9))

cov (S.(v), S¢(0)) is composed by the matrix cov (S.(vg), Se(d)) for1 <k < Kand1 <[ < K

which dimension is n,, x ns,. Thus, the dimension of the first matrixis >, n,, x Y1 ng,.

An element of the matrix cov (S¢(vy), Sc(6;)) for1 <k, Il < K,1 <p <n, and1 < g < ny,

is

Sy Sy b DTk (Sike — 1) (TikSine + pire (1 — 7ir)), k=1

cov (Sc(Vk)7 Sc(fsl)) n T p—1_§
2oim 2ot=1 Wi PageTiwTat (Site — 1) (Sike — pie) » b # 1

pq

Proof. Let1 <k < K,1<I<K,1<p<n, andl <q <ng.
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Fork =1,

n T n T
cov (Se(Vk), Se(dk)) g = cov ( Z Zind" " (Sit — pine) » Z Z Zik(1 — Sit plkqt) (3.400)
i=1 t=1

1 i=1 t=1
n T
=> > cov ( inal, " (Sit = pine) , Zan(1 — Sit)p?kqt) (3.401)
=1 t=1
n T
= Z ap 1pfkqt COU ( ikSiu sz) — COV (ZikSit, Z@kSzt) (3.402)
=1 t=1
—cov (pikt Zik, Zix) + cov (pigt Ziks ZirSit)) (3.403)

-1
=l Pyt (Tiwsine(1 = i) — Tinsine(1 = Tinsine) — pirein(1 — Tir)

=1 t=1

(3.404)

+pirtTikSikt (1 — Tir.)) (3.405)
n T

= Z Z ik (Sike — 1) (Taksine + pire (1 — 7)) (3.406)
=1 t=1

n T n T
cov (Se(vk), Se(d1)),,, = cov (Z Zi > ab ! (Si — pire ,ZZZ — Sit pdqt> (3.407)

i=1 t=1 i=1 t=1
n T
=3 cov (Zinaly ™ (Su = pie) s Za (1 = Sit)plar) (3.408)
i=1 t=1

n T
=33 al phy (cov (ZinSie, Za) — cov (ZinSits ZaSi) — cov (pir Zin, Zir)
(3.409)

+cov (PiktZik; ZiSit)) (3.410)

E E azt pzlqt —TikTitSikt + TilSitTikSikt + PiktTilTik — Pikt Tl Tik Silt)

i=1 t=1
(3.411)
n T
= Z Z aby plTinTit (—Sike + SiteSike + pike — pireSite) (3.412)
i=1 t=1
n T
=l phymintit (sie — 1) (Sike — pine) (3.413)
i=1 t=1
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3.3.8.14 Matrix cov (S.(6))

cov (S¢(0)) is composed by the matrix cov (Sc(dx), Sc(61)) 1 < k,I < K which dimension is

ng X ng. Thus, the dimension of the first matrix is Kns x Kng.

A diagonal matrix, for 1 < p, g < ns is done by

n

T
(cov (Se(08), Se(0k)))pg = D > DlptPlhgeTik (1 — Tir) (1 = 28ike) — Skt (1 — TinSine)
i=1 t=1

A non diagonal matrix, 1 < p, ¢ < ng, is done by

n

T
(cov (Se(0k), Se(01)))pg = D > DitptPhqrTikTit (sine — 1) (1 — sz

i=1 t=1

3.3.9 Numerical application

In the following sections, we will test the different equations by comparing them to the results
obtained from the SAS procedure "traj". We conducted the same procedure in each example,
where we constructed a sample consisting of a structure with K clusters, each containing 500
values of a ZIP variable Y. These variables follow a group-controlled pattern, achieved by

linking the probability of the Poisson component to \;; = e+4it+%Wit and the probability of

evk Ajt

the zero excess state to p;p; = oo

Therefore, we can compare the theoretical parameter values with those obtained from

the SAS procedure "traj", the EM algorithm, EM IRLS, and the likelihood method described

above.

3.3.9.1 Two groups

We set theoretical values as

Polynomial
Cluster | Degree Shape Probability 7y

2 By = (1.2,0.5,—0.06)

1 0.4
1 v = (—0.2,—0.1)
2 By = (.89,0.01,0.01)

2 0.6
1 vy = (—1,0.01)

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM al-
gorithms. The default evaluation of Traj yields the following values: 5; = (—0.91659,0,0),
B2 = (0.41657,0,0), 71 = m2 = 0.5, v; = (—3,0) and 1» = (—3,0). Consequently, we obtain the
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following results:

113

Theoretical Likelihood Traj Likelihood EM EM - IRWLS
SE SE SE SE

P11 1.2 1.20813 | 0.27160 | 1.20813 | 0.38364 | 1.20853 | 0.22685 | 1.20813 | 0.22686
B2 0.5 -0.21036 | 0.20755 | -0.21036 | 0.25447 | -0.21066 | 0.173 | -0.21036 | 0.17301
[GE -0.06 0.04368 | 0.03350 | 0.04368 | 0.03894 | 0.04373 | 0.02812 | 0.04368 | 0.02812
Ba1 0.89 0.84365 | 0.38653 | 0.84365 | 0.26589 | 0.8422 | 0.31234 | 0.84365 | 0.31227
B2 0.01 0.74046 | 0.25960 | 0.74046 | 0.20205 | 0.74125 | 0.20373 | 0.74046 | 0.20369
B3 0.01 -0.09178 | 0.03979 | -0.09178 | 0.03253 | -0.09188 | 0.03094 | -0.09178 | 0.03093
V11 -0.2 -1.11050 | 0.43066 | -1.1105 | 0.65786 | -1.11041 | 0.42564 | -1.1105 | 0.42566
V12 -0.1 0.10653 | 0.12406 | 0.10653 | 0.19801 | 0.10651 0.123 0.10653 0.123

V21 -1 -0.42696 | 0.67909 | -0.42696 | 0.38557 | -0.42716 | 0.70395 | -0.42696 | 0.70394
V29 0.01 -0.01780 | 0.20510 | -0.0178 | 0.11375 | -0.01775 | 0.21318 | -0.0178 | 0.21318
m 0.4 0.77495 | 0.6239 | 0.77495 | 0.06064 | 0.77495 | 0.05977 | 0.77495 | 0.05977
o 0.6 0.22505 | 0.6239 | 0.22505 | 0.06064 | 0.22505 | 0.05977 | 0.22505 | 0.05977

We have created graphs that display the values and the trajectory shapes for all the groups.

Value

Values and predicted trajectories for all groups

Time
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3.3.9.2 Three groups

We set theoretical values as

CHAPTER 3. UNDERLYING DISTRIBUTIONS

Polynomial
Cluster | Degree Shape Probability 7,

2 B1 = (1.88998, —0.584769, 0.0492597)

1 0.54
1 v = (—10.4919,1.2217)
2 By = (1.15384, —0.131227, —0.000409647)

2 0.32
1 vy = (—0.57109, 0.429338)
1 Bs = (1.50031,0.0536479)

3 0.14
1 v3 = (—1.32511,0.161581)

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM al-

gorithms. The default evaluation of Traj yields the following values: 3; = (—3,0,0), f2 =

(—0.40104,0,0), B3 = (0.31986,0), 1 = m = w3 = 1/3, 1 = (-3,0), r» = (-3,0) and

v3 = (—3,0). Consequently, we obtain the following results:

Theoretical Likelihood Traj Likelihood EM EM - IRWLS
SE SE SE SE

P11 .88998 1.09270 | 0.16275 | 1.0927 | 0.16497 | 1.09266 | 0.11397 | 1.0927 | 0.11402
Bi2 | -0.584769 | -0.09181 | 0.11294 | -0.09181 | 0.11634 | -0.09178 | 0.06943 | -0.09181 | 0.06948
b1z | 0.0492597 | -0.00377 | 0.01522 | -0.00377 | 0.01576 | -0.00378 | 0.00837 | -0.00377 | 0.00837
B21 1.15384 1.92186 | 0.05409 | 1.92186 | 0.05479 | 1.92151 | 0.05191 | 1.92186 | 0.05192
B2z | -0.131227 | -0.61193 | 0.03523 | -0.61193 | 0.0358 | -0.61167 | 0.03332 | -0.61193 | 0.03333
B2z | -0.00041 0.05202 | 0.00431 | 0.05202 | 0.00436 | 0.05199 | 0.0039 | 0.05202 | 0.0039
B31 1.50031 1.54134 | 0.05171 | 1.54134 | 0.05131 | 1.54135 | 0.04391 | 1.54134 | 0.04392
P32 | 0.0536479 | 0.04431 | 0.01031 | 0.04431 | 0.01026 | 0.04431 | 0.00827 | 0.04431 | 0.00827
vi1 | -10.4919 | -0.27347 | 0.17867 | -0.27347 | 0.1825 | -0.27339 | 0.17987 | -0.27347 | 0.17985
V12 1.2217 0.39473 | 0.04675 | 0.39473 | 0.04707 | 0.39474 | 0.01876 | 0.39473 | 0.01876
vo1 | -0.57109 | -6.96464 | 1.35652 | -6.96466 | 1.35296 | -6.95276 | 1.60232 | -6.96465 | 1.61021
veo | 0.429338 | 0.79069 | 0.17761 | 0.7907 | 0.17667 | 0.78914 | 0.21116 | 0.7907 | 0.21212
V31 -1.32511 -1.40935 | 0.22272 | -1.40935 | 0.22773 | -1.40935 | 0.23822 | -1.40935 | 0.23822
v | 0.161581 | 0.17636 | 0.04208 | 0.17636 | 0.04195 | 0.17636 | 0.0467 | 0.17636 | 0.0467
m 0.54 0.3185 | 0.22896 | 0.3185 | 0.02284 | 0.31848 | 0.02203 | 0.3185 | 0.02203
o 0.32 0.54759 | 0.24124 | 0.54758 | 0.02428 | 0.5476 0.0233 | 0.54758 | 0.0233
3 0.14 0.13391 | 0.15764 | 0.13392 | 0.01587 | 0.13392 | 0.03207 | 0.13392 | 0.03207
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We have created graphs that display the values and the trajectory shapes for all the groups.

Values and predicted trajectories for all groups

Value

Time

3.4 Betadistribution

3.4.1 Definition

The Beta distribution serves as a valuable tool for dealing with percentages and proportions,
relying on two parameters, namely « and $. Its chief strength lies in its ability to offer a versa-
tile range of density shapes, rendering it less restrictive when compared to other distributions
like the normal distribution. However, it’s important to note that the Beta distribution is lim-
ited in its application, as it requires data to fall within the range of 0 to 1. It is not the case, we
can use the

The Beta distribution’s density can be represented using various parameterizations. In
the context of regression, it's common to use the parametrization of the density based on
the mean, as outlined in Ferrari and Cribari-Neto (2004). When dealing with a Beta random

variable 0 < Y < 1, we denote the parameters as p and ¢, such that

Vip
+

~—

EY)=pandV(Y) =

—
-
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Figure 3.1: Distributions of Beta law.
Example of different shapes of the beta density for some parameters.

where V(1) = u(1 — ). The parameter ¢ can be interpreted as a precision parameter. For any

u, alarger value of ¢ results in a smaller VV(Y"). Let f the density of Y

F08159) = i = ey =

where 0 < 4 < 1and ¢ > 0.

Suppose that Y;, follow a beta distribution with the mean parameterization Beta (¢, dikt)-

The probability can be expressed as

. I'(Pike) e bine—1 Vi —
P (Y = yu|Wi = wi,C; = k) = HikePike =11 _ o). (1= pint) Pire—1
(Yie = g ) F(Miktcbikt)r((l—Mz’kt)@'kt)yn (=)
(3.414)

In classical beta regression, we establish the relationship between the trajectory and the time

variable using the following formula:

eﬁkAit"!‘(skWit CkA
ikt = e Jit
Wikt = T ohnAnTovy, and G = €7 (3.415)
where A;; = (1’ait’azzt7 T ’GZEB ) Acit = (Laz‘t,a?p T 7aZ€< )b Wit = (wit, -+, Wing)', B =
Bkt 5 Bkng) €t G = (Ck15 -+, Ckne)- The formula for ¢, provides increased flexibility for

modeling changes in the precision parameter over time.

Thus the log-likelihood becomes

n K
l(¢;y) = log (Z Wkgk(yiSBka(skaCk)> (3.416)
i=1 k=1
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where

F(¢zkt) yﬂzkt¢zkt 1(1 _ yit)(l_ﬂikt)¢ikt_1 (3.417)

T
9 (Yi3 Br» Ok, Cr) = tl;[l D (it Pire )T (1 — piet) Piree) "

3.4.2 Likelihood

To estimate the parameters, we employ quasi-Newton methods, and we need to solve equa-
tions[2.16/and [2.17} which, in this specific case, become:

o
ekgk(yz‘;ﬂk,5k,Ck)

zgg; y) Z? —0 1<k<K andl<I<ng (3.418)
kl _
- Z?Tkgk ylaﬁk‘)(skagk)
k=1

0
oy) & Wk%ﬂk(?/i?ﬁkvém@c)

T => = =0 1<k<K,and1<[<ng, (3.419)
= Z?Tkgk(yi;ﬁk,5k,Ck)
k=1
0 9k (Yi; Bk, Ok, Ck)
. n ki k\Yi; Pk, Ok, Gk
81(;?@:2 K5 =0 1<k<K,and1<I[<ng (3.420)
Kl -
- Zﬂkgk Yis Br» Ok, Ck)
8
Al y) 9k (Y33 Br, Ok, Cr)
Y =0 1<k<K,and1<I<n (3.421)
OCkl g “

K
Z Tk (Yis Bk, Ok, Ck)
k=1

When fitting the model using likelihood, the probability membership takes the form 7, =

eekﬂ%‘

Zszl efiTi

equations we're about to calculate.

. However, it’s important to note that there are no closed-form solutions for the

3.4.2.1 Differential by 0,

Same as section 2.2

3.4.2.2 Differential by 3y,

Let1 <! < ng,, the derivative 82 k(Yi; By Ok, Cx) 1S
kl

T eBrAit+0 Wit

0
86 gk(yhﬁkvékagﬁ') = 9k yz,ﬁka(SkHCk Z
t=1

-1 ok
1 + €BkAit+5kWit)2ait (Z)Zkt (ylt 'ulkt) (3.422)
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where y};, = log ( Yiki ), Wiy = V(pike@ine) — (1= phire ) dire ), and ¢ (-) is the digamma function

1—yine
00 L1 _
. Y Inye ¥ dy
deinebyv(2) = 5 = 2 ST
0

Proof. Following Ferrari and Cribari-Neto (2004), to find «’ for some function u, we may com-

pute log u since v’ = ulog u.

Let1 <[ < ng,, the differential of the logarithm of g, (y; Bk, Ok, Ck) = s kt)(qéﬁt)u % kt)yz‘?’“‘z"’“ l(1

yit)(lff‘ikt)‘f’ikt*l (see pagefor the definition of gx (yi; 1)) is

eBreAit+6, Wit

% log (gx (Yit: Br» Or» Ck)) = (1+ eﬁkAit+5kWit)2aét_l¢ikt (Yir — Hixe) (3.423)

By consequence

eﬁkAzt +5k Wit

0 *
%gk(yit§ﬁk>5k»<k): Bkt (3 — 1) 9 (Wit B O, C) (3.424)

(1 =+ eBkAzt“l‘(sszt)Q Z

Thus
) Lo
B 9w B B Gi) = Z 7 9+ it B O, i) H 9k Wit Brs 0> Cr) (3.425)
= =
T ePrAit+0 Wit - i . T
=3 G o2 G Qi (Wi — Hie) 9 (Yit: B, Ok, Ci) T 9 (it Br: 6k i)
i— (1 —|—e k4Lt k zt) i}
£t
(3.426)
T eBk 1t+§szt .
= gk‘(yZ? ﬁka 5]67 Ck) ; 1 4 eﬁkAzt‘f‘(;kWt)z ’Lt ¢'th (ylt Mzkt) (3.427)
O
3.4.2.3 Differential by §;
.. 0 .
Let 1 <[ < ng, the derivative %gk(yi; B, O, C) 1S
T . _
0 eﬂkAzt-Hsszt . .
901, = 9k(Yis Bk Ok Ck) = 9r(Yi3 Bres Ok Cie) tzl T eﬁkAit+5kWit)2w§t¢ikt (Y5 — ire) (3.428)

where y};, = log (1%’;?“ ) y 1y = Uikt Dikt) — 0 (1 — pike) ikt ), and 4 (-) is the digamma function

Xy lnye ¥V dy

f re _Jo Yy .
define by ¢ (2) = +; [yl vdy

Proof. Same as above O
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3.4.2.4 Differential by (;;

Let1 <1 < ng,, the derivative a?gk(yi; By Ok, Cke) 1S
ki

0
acn ——9(Yi; Br, Ok, Cr) (3.429)

M'ﬂ

= 9k(Yi; Brs Ok» C) ((ﬁzktazt (pire (Yir — pie) + O(Pike) — V(1 — pike) Pire) + log(1 — yit)))

t=1
(3.430)

where y, = log (ﬁiﬁfkt ) y W = Y (piktDine) — 0 (1= pike) dine ), and ¢ (+) is the digamma function

r'(z) _ Iy inye? dy.
I'(2) fooo yz—le_y dy

define by ¢ (z) =

Proof. Let1 <1 <ng,

0
o 10g (g (Yit; Br: Ok k) = Simealy ' (pine (Wi — tipe) + 1 (Bine) — (1 — pine) bire) + log(1 — yir))

(3.431)
By consequence
9 (Yit; Br» Ok, C) (3.432)
8Cklgk Yit; Pk, Ok, Gk .
= ((bikta’ét_l (pirt (Yiy — tine) + (Gire) — V(1 — pne) Pire) + log(1 — yit))) 9k (Yit; By Ok C)
(3.433)
Thus,
J B, 0 (3.434)
aCu 9k (Vi3 Brs Ok Cr) .
T
= gk (Yi: Br: Ors k) D (¢zktazt (tikt (Y5 — Wige) + 0 (Bike) — V(1 — pige) Pire) + log(1 — %‘t)))
=1
(3.435)
O

3.4.3 Numerical application

We will test the different equations by comparing them to the results obtained from the SAS
procedure traj. In each example, we have created a sample with a structure of K clusters, each
containing 500 values of a Beta distribution using mean parametrization for variable Y. The

trajectories follow a group-controlled pattern, achieved by linking the mean and dispersion
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eBrAit T Wit

_ePkTitTOk Wit L — oCkAc
1+ePrAit o Wiy and Dy = ek,

parameters to the time variable as follows: p;,; =

This allows us to compare the theoretical parameter values with the results obtained from

the SAS procedure traj and the Likelihood method mentioned earlier.

3.4.3.1 Two groups

We set theoretical values as

Polynomial
Cluster | Degree Shape Probability 7,

2 B = (6.32,-5.8,1)

1 0.35
1 G =15
2 By = (—6.69,6.92, —1.23)

2 0.65
1 (=05

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM al-
gorithms. The default evaluation of Traj yields the following values: 3, = (—0.69315,0,0),
B2 = (0.69315,0,0), 711 = me = 0.5 and ¢1 = ¢2 = (1 = (2 = 0.30125. Consequently, we obtain

the following results:

Theoretical Likelihood Traj Likelihood
SE SE
Bi1 6.3.2 3.29783 | 0.17397 | 3.29825 | 0.17617
B2 -5.8 -3.06134 | 0.12606 | -3.06173 | 0.12821
bBis 1 0.51554 | 0.01918 | 0.51562 | 0.01948
Ba1 -6.69 -1.98798 | 0.13714 | -1.98786 | 0.13835
B2z 6.92 2.30117 | 0.09593 | 2.30129 | 0.09644
Bas3 -1.23 -0.40448 | 0.01431 | -0.4045 | 0.01435
o1 1.5 1.24648 | 0.05792 | 1.24648 | 0.05877
b2 0.5 0.54114 | 0.01695 | 0.54101 | 0.01707
T 0.35 0.35199 | 0.02139 | 0.35198 | 0.02141
T 0.65 0.64801 | 0.02139 | 0.64802 | 0.02141

We have created graphs that display the values and the trajectory shapes for all the groups.
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Values and predicted trajectories for all groups

Value

Time

3.4.3.2 Three groups

We set theoretical values as

Polynomial
Cluster | Degree Shape Probability 7,

2 By = (1.8833,—1.90201, 0.219884)

1 0.25
1 =3
2 P2 = (—0.456576,1.02901, —0.134615)

2 0.54
1 G2=3
1 B3 = (0.279827, —0.0385803)

3 0.21
1 G2=28

We have applied identical initial values to the Traj’s Likelihood, Likelihood, and EM algo-
rithms. The default evaluation of Traj yields the following values: §; = (—1.09861,0,0), 83 =
(0,0,0), ,33 = (1.09861,0), Tl = Mg = T3 = 1/3 and d)l = (f)z = 453 = Cl = CQ = C3 = 0.3539753.

Consequently, we obtain the following results:
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Theoretical | Likelihood Traj Likelihood

SE SE
P11 1.8833 1.89622 | 0.10729 | 1.89621 | 0.10955
B2 -1.90201 -1.90181 | 0.05960 | -1.9018 | 0.06183
B3 | 0.219884 0.21951 | 0.00654 | 0.21951 | 0.0068
B21 | -0.456576 | -0.32613 | 0.08574 | -0.32613 | 0.08908
B2z 1.02901 0.99940 | 0.04574 | 0.9994 | 0.04719
Ba23 | -0.134615 | -0.13289 | 0.00506 | -0.13289 | 0.00516
P31 0.279827 0.16656 | 0.07724 | 0.16657 | 0.07776
B32 | -0.0385803 | -0.01781 | 0.01507 | -0.01781 | 0.01492

o1 3 3.01461 | 0.11416 | 3.01461 | 0.11636
2 3 3.07932 | 0.09129 | 3.07932 | 0.09167
o3 8 7.33059 | 0.51445 | 7.33062 | 0.50200
m 0.25 0.35802 | 0.21577 | 0.35802 | 0.02141
o 0.54 0.51807 | 0.22964 | 0.51807 | 0.02317
3 0.21 0.12390 | 0.15801 | 0.1239 | 0.01558

We have created graphs that display the values and the trajectory shapes for all the groups.

Values and predicted trajectories for all groups

Value

Time



3.5. Non linear mixture model 123

3.5 Non linear mixture model

We assume that the variable Y}, is defined by

Yit = f(ait; Br, k) + €itk (3.436)
where €, ~ N (0; 0%), Be = (Bk1, s Bkng)» Ok = (k15 -+, Okn,) and the function f is not
linear in the parameters .

In this case we have
E(Yiy = yu|Wi = w;, C; = k) = f(ait; Br, o) (3.437)

Assuming ¢ represents the density function of a standard normal distribution with mean 0
and standard deviation 1, and ® represents its cumulative distribution function, the mem-

bership probability for a given group £ can be expressed as follows:

P(Y = ya|Wi = wi, C; = k) = i¢ <yit - f(ait;ﬁk,5k)> (3.438)

Ok ok
Thus the log-likelihood 2.10|becomes
n K
() = log (Z T 9k (Yis B 5k,0k)> (3.439)
i=1 k=1

where

cuyl
9k (i3 Br: 0, 0) = [ [ =

g
=1k

<yit — flait; B, 51c)> (3.440)

Ok

3.5.1 Likelihood

The Newton method in likelihood optimization requires that the gradient of the function to
maximize or minimize becomes zero at a certain value. In practice, this approach can be used

effectively when the gradient can indeed be set to zero.

To fit the parameters, we utilize quasi-Newton methods, and the equations and

become, in this specific case:

oy,
n an i a6 )
al(why) 80klgk(y ﬁk k Uk)

e =0 1<k<K,and1<I<mny (3.441)
= > wkg(is B ks o)



124 CHAPTER 3. UNDERLYING DISTRIBUTIONS

gk(ylu 5]67 5k7 Uk)

azgﬂp; Y) Z K —0 1<k<K, and1<[<ng, (3.442)
kl —
- Z Tk (Yis Bk, Ok, 0k
k=1
o 9 (Yis Brs Ok, Ok)
. n ko 9k\Yi; Pk, 0k, Ok
aléf’y) = Kaékl =0 1<k<K,and1<I<n; (3.443)
kl —
TS gk (i Bes Ok 0k)
k=1
n s 6]4:70-/4:)
al(w; ) 9k (Yi; B,
1<k<K 444

Zﬂkgk Yi3 Brs Ok k)

In the scenario where we employ likelihood to estimate the model, the membership proba-
Orx;
(&

bility takes the form 7, = We will compute this equation in several steps. It is

K -
D ey €0k
essential to be aware that there are no closed-form solutions for this process.

3.5.1.1 Differential by 6

Same as section[2.2

3.5.1.2 Differential by 3y,

Let1 <[ < ng,, the derivative 9k (Yi; Br, Ok, 0% 1S

9B
85 22— 9k(Yi; Brs Ok, %) = (3.445)
Z Of (ait; Br: Ok) (yir — f(aiﬁﬁkvék))(b (yit - f(ait;ﬁmfsk)) I—T[ i(ﬁ (yit’ - f(ait’QBkvak))
til aﬁkl 0’2 O'k t/: 7 Uk Uk
/£t
(3.446)
3.5.1.3 Differential by J;
Let1 <1 < ns,, the derivative %gk(yi; Bk, O, %) iS
kil
9 (Yi: Bos Ores 01) = (3.447)
8oy, Wi Bk O o) = .
i Of (ait; Br, r) (yit — f(ait;5k75k))¢ <yit - f(az'tsﬁk,5k)> l—T[ igb <yit’ - f(aztfsﬁk,(sk))
=1 86]{;[ O‘]% Ok t/:L & ok
£t

(3.448)
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3.5.1.4 Differential by o,

. 0 .
Let1 < k < K, the derivative a—gk(yi;ﬁk, Ok, o) is
Ok

0
@gk(yi§ﬁk76kvak) = (3.449)
ZT: (yit — f(ait;ﬁfﬁk))Q - 0’;3¢ <yit — f(aiﬁﬁkaék)) ﬁ 1, <yit’ - f(ait/;ﬁk,&c)) (3.450)
t=1 Ok Ok go1 Ok ok
£t

3.5.2 EM algorithm

To apply the Likelihood method, we need to compute various differentials for each function,
which can be a laborious process. To streamline this, we can utilize the EM method to esti-
mate the parameters. In this case, we don’t need to explicitly provide the differentials; except,

we aim to obtain the standard errors. The complete likelihood is expressed by equation[2.38

n K
y)=>_ ) ziplog (m) (3.451)
i=1 k=1
L . 2
—Zzzm (Zlog or) + log( \ﬁ) ; (ylt f(zll:’ﬁk’ék)) ) (3.452)
i=1 k=1

By noting
e Y thevector (Y11, -+, Yip, -+, Y1, ,YnT)t.

* Fy, the vector (f(ai1; Bk, 0k),- - » F(a17; BrsO), -+ - s F(an1; Brs Ok)s -+ f(anT; Br, 0k))" for
1<k<K.

t

* 7 the diagonal matrix with elements | 715, -« , 71k, = Tnks -+, Tk | forl <k < K.

T T
We follow the EM method, as discussed in section[2.3] and compute the two steps: E (Expec-

tation) and M (Maximization):

* Estep:
7T](C)gk: (yhﬁ(t) 5k)> ](€)>

S ol (18050010
k=1

Calculation of Ed)(” (zik|Yi = vi) = Ti(;? =

* Mstep:
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Calculate of ¢)(**1) = arg max Z Z Tzk log 7.9k (Yi, Bk, Ok, ox)) which is done by

i=1 k=1
L) >ic1 Ti(l? (3.453)
k n :
B = argmax|| 2" (v - K HQ (3.454)
Bk
(5,(:“) = arg max HZl/2 K (Y F(t)> H (3.455)

HZ”Q(” (a2

(t+1)
Tk
1/2(0) ||

(3.456)

THZ

3.5.2.1 Non linear regression geometry

In this context, ¢ represents any parameters for a given cluster 1 < k£ < K. Unlike linear
regression, the expectation surface is not flat, so the estimated parameter 1[1 does not lieon a
plane. To find 4(**1) in equation [3.454} we aim to find the value on the expectation surface

that is nearest to Y in terms of a Weighted Euclidean distance.

Therefore, if some function f is twice differentiable, we can use Taylor-Lagrange approxi-

mation to express, within a neighborhood of z, the following relationship:
f@+ Ax) = f(2) + [Vf(2)]' Az + %Ath(i) Az, (3.457)

where V f is the gradient of f, H is the Hessian of f and z € [0; Ax].

If Az is close to 0,
flz+ Az) ~ f(z) + [Vf(2)]" Az

For values of 2’ that are close to z, we can approximate f(z’) as a linear function: f(z') =~
f@) + V@] (@ - ).

In our case, which is a nonlinear model, we have y;; = f(ai; Ok, dx) + €ix- This can be
rewritten using vector notation as described in section [3.5/on page whereY = F + ¢ =
n(v) + €. Here, n(v) is an nT-vector with elements similar to those in F, and ¢ is a vector
containing all the ¢;;/ values.

With the approximation mentioned earlier, we can write for ¢)* near to :

n() = n(*) + V(") (¢ —¢7) (3.458)

Here, V (1)*) represents a matrix containing the derivatives of f(a;; Sk, d) with respect to each
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parameter. We can replace the expectation surface 7(1)) with the tangent plane and then find
the point on this plane that minimizes the distance to the observed values Y. It’s worth noting
that if the expectation surface is very steep or non-linear, the tangent plane approximation
may not be very accurate, potentially leading to a suboptimal approximation of the parameter

values.

3.5.2.2 Gauss Newton method

The Gauss Newton method consist to
1. Obtaining a starting value 1/°.
2. Using a linear approximation to 7(¢) for ) near to v°.
3. Using linear regression methods to give the estimate of ), named .
4. Repeat 2 and 3 until convergence.

At step (t), to find the parameter )(‘t1) we use equation (3.458). Let V() = V(). For

¥ near to 1, we have

() =) + VO — yp®)

It follows that
Y — @) =Y —n®) - VO — Oy = g® — y© 40

where U®) =y — 5(yp®) and d® = ¢ — ®.

2
So, choosing v to minimize S(¢) = HZ,}/ 2 (Y — F)H is approximately equivalent to choos-

2
ing d® to minimize H 7!/ 20 (U® —vOa®) H which is a linear regression problem.
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Thus the value of d(*) that minimize the expression above is
1 -1 1
o — [V@)’f 7 v<t>] AN

This calculate can be estimated by using QR decomposition to avoid the search of an inverse.

Next, we can obtained the update 1(*+1),
D = @ 4 g

With this approach, there’s no guarantee that the updated parameters will lead to a reduction
in the objective function. If it turns out that after the update, we have S()(‘t1)) > S((®),
we take a different approach. We modify the update as follows: (1) = ¢®) 4 )\cz,(:), where
0 < A < 1. We start with A = 1, and if it doesn’t result in a lower objective function, we
continue to try decreasing values of A such as 3, 1, and so on, until we find a A value that leads
to S(yp(+1)) < S(xp®). This process helps us adjust the step size to improve the optimization

process.

3.5.2.3 Levenberg Marquardt Method

In Gauss Newton method, at step (¢), we have to solve (V(t)tZ %V(t)> 5 = V' Z2U® called
normal equation.

The inversion of this matrix depend on the condition number of the matrix, the ratio of the
maximal eigenvalues in norm and the minimal one. Levenberg’s contribution is to replace

this equation by a "damped" version :
(VWZ%V“) + )J) §=v® Zziy®

where I is the identity matrix. The non-negative damping factor \ is adjusted at each it-
eration. Small value of X result in Gauss-Newton update and large value result in gradi-
ent descent update. A is initialized to be large such that first updates are small step in the
steepest-descent direction. In any iteration happens to result in a worse approximation, the
parameter is increased. Otherwise, as the solution improve, \ is decreased, Lourakis et al.
(2005), Madsen et al. (2004), Marquardt (1963). When the damping factor \ is large relative to
Hv(wt 737 ®
by the small gradient step A~ V"' 227 ®),

), inverting V' Z 2V® 4 AT is not necessary, as the update is well-approximated

In Marquardt’s update relationship, see Marquardt (1963), the damping parameter ) is scaled
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by the diagonal of V(' 22V for each parameter.
(VWZ%V“) + Adiag (VWZ%V@)) d=v®' z3y®

the values of ) are normalized to the values of V(' Z2V® and it make the solution scale
invariant.

For information about numerical implementation we can see Gavin (2022) for example.

3.5.3 Estimation of standard error

We use the method describe in subsection2.3.4

We compute the complete score function

L (Ole(iy) dle(wiy) Blc(dry) dle(viy)
SC(?/J,Z/) — < 671' ) 86 3 65 5 80' >

ol ; ol ; ol ; ol ; ol ; ol ;
where ) — (2glu) s deu) _ (det) c(ww),

o 0 omk o8 =\ o Oy,
Olc(¥sy) _ [ Olc(sy) Olc(¥y) \ and 3lc(¢ y) _ Ole(pyy) . Ole(¥sy)
00 - 0611 65K,L5K do do1  ? ' dog "

Itis important to recall that the sum of all the values in the sequence 7 is equal to 1. Using
this fact, we can express 7 as Zszl 7 = 1. Additionally, when j is not equal to K, the
derivative of 7x with respect to 7; is equal to —1. Consequently, we can conclude that for all
values of k from 1 to K — 1, the following equation holds true:

Olc(V;y) <~ (zik 2K
on, Z <7Tk B )

T
i—1 K

If we utilize equation to forecast the likelihood of membership, with 1 < k£ < K and
1 <1< ny,

Olc (;y)
80“ Z:-Tzl zk ﬂ-Zk

Forl1 <k < Kand1l <[ <ng,

n T

ol 2UCTH
c(;ﬁl/;ly -3y Zéffatﬂ’“) (yit — f(ai; Br))
i=1t=1 k
Forl<k<K
Dl (sy) n T sz[ (yit — flai; Br))?

o ; tz 2

1
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3.5.3.1 Computation of the negative second derivative matrix
The negative of the second derivative matrix of the complete likelihood is,

Plo(y)  Ple(Wy)  Ple(n)  9Ple(@w)

on? ondp ordd Ondo
32{005(61&;?4) 6210(12%) 822%(5%;1/) 32({9%%1/1;11)
_B cah) — T ap o
c(v: ) Plo(ry)  Plo(by)  Ple(y)  Ple ()
000m 0008 062 0000
Plc(y)  Plo(ry)  Fle(by)  Plo(dy)
Oodr dc0B 00D do2

The size of this matrix is (Zle (ng, +ns) + 2K — 1) X (Zszl (ng, +ns) + 2K — 1). In
case we are using predictor for probability, we replace all derivatives by 7 by 6. The size of the

matrix becomes (Z,ﬁil (ng, +ns) + (K —1)ng) + K) X (Zszl (ng, +ns) + (K —1)ng) + K)

3.5.3.1.1 Second derivative angﬁ;y) or 621%;"”’)

The second derivative matrix for % has for size (K — 1) x (K —1).

For1 <k I<K-1is

lo(vyy) (3210(¢; Y) )
on? omom ) 4y

which elementsarefor1 < k, I < K -1

9 . no_ (zzk M) k=1
9 lC'(,l/}vy) _ 2121 Wz + w%{ )
omOm | L - kA
The second derivative matrix for 82l§g§”y) has for size Kny x Kny and is composed by
T,
1 1 1 K
lo(vsy) . :
802 . .
Ple(y) . Blo(diy)
69[{891 80}('69K

which elements, for 1 < [,!’ < ngy, are

n eIkwi ki o
(a‘%(w;y)) ey _ | S () (V- ) B =W
80k89k/ w 89kl80k’l’ Z?:l Tz z efkzi eek/a:i k # k/

5:1 eekzi 25:1 eszi ’

The outcomes remain the same for both 7 and ¢ in the subsequent sections.
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3.5.3.1.2 Second derivative 8257(8%9)

Ploby) _
ordp
3.5.3.1.3 Second derivative %
Ple(viy) _
orwdd
3.5.3.1.4 Second derivative /¢ (Viv)
Plelviy) _
ondo

3.5.3.1.5 Second derivative %

ivati ; 02lc (¢y) i K K i
The second derivative matrix for —55-* has for size }_," ng, x >, ng, and is com-

posed by block matrix
82{305;%;9) . 3;lﬁcgé;y)
1 1 1 K
Plc(sy) _ . .
0p2 )
Ple(y) . Ple(¥iy)
0Bk 0P 0Bk OBK

which elements are, for 1 <k, & < K,1<1<ng and1<1'<ng,,

(32lc(¢;y)> _ Ple(sy) (3.459)
0BwoBr )y OBrkirOBu
n T Zik (9f(ai;Br,0k) . Of (ait;Br.0k) Of (ait;Bx,0 _
D1 21 o7 (W (yir — f(ai; By, 0x)) — gk (ajgklf ’“)) k=K
0, k£ K
(3.460)

ivative 2-lc (V)
3.5.3.1.6 Second derivative 805785?/

2 .
The second derivative matrix for %%’y) has for size S| ng, x Knsand is composed by
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block matrix
azlﬂc((;%;y)
Plo(wiy) _ | .
0896
22l (viy)
0Pk 061
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P%lo(Yiy)
0p100 K

2?lc ()
OB Ik

which elements are, for 1 < k, k' < K,1 <1 <ng, and1 <! < ng,

PloWiy)\ _ Plo(iy)

(3.461)

T Zik (02 f(ait; B, . Of(@it;Bk,0k) Of (@it;Bk,d _
Sy ST 2 (BLR ) (g — flais i, 0)) — 2t OMeBub) ) — g

O

0, k £k

3.5.3.1.7 Second derivative 8218%%?/)

(3.462)

2 . .
The second derivative matrix for 818%7(52’?4) has for size S5, ng, x K and is composed by

block matrix
8(29[56’ (aw;y)
Plo(wsy) _| L
0B0c )
2%lc(viy)
0fKdo1

which elements are, for 1 < k, k' < Kand 1 <[ < ng,,

%o ()
0p100 K

P?lc ()
0K oK

[

<6lc(1/);y)> _Ole(vry)
Uk

OBy 0oy, ~ OBwidoy, 0, k £ K

3.5.3.1.8 Second derivative %

n —2z:1. Of(ait;Bk,0
Sy Yoy g OHEGRet) (s — f(ais B, 61)) k= K

3

The second derivative matrix for % has for size Kngsx Kngs and is composed by block

matrix
Tty
1 1
D%l (Y3 y) _ .
062 )
22l (viy)
351 001

o (Piy)
00100 ¢

PPlo(Y5y)
LYl e
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which elements are, for1 < k. k' < Kand 1 <1[,I’ < ng,

n T witwi:ﬁ /
(W) _ Plosy) _ ) Dim Xz g b=k
06y 09 y o 00Oy
Ple(iy)) _ Plolbiy) _ (3.463)
aéklaék Il aék/l/aékl .
n T Zik (02f(ait;Be,d . 0f(ait;Bi.0k) 91 (ait;Bi.0 =
Doic1 21— 07]% (W (yie = f(ait; B, x)) = I 3t5klk 21 ‘931@: k)> k=K
0, k £k
(3.464)

e e 92lo(iy)
3.5.3.1.9 Second derivative “—" %

The second derivative matrix for % has for size Kns x K and is composed by block
matrix

82816c((9¢;y) L 8;écé¢;y)

1001 100K
Plc(byy) _ : .
0000 :

Plo(y) .. Ple(Wiw)

00 Doy 00 0T i

which elements are, for1 < k. k' < Kand 1 <1 < ng,

00y 0o, 0600,

n —2z; Of (ait;Bk,0
(Tetv) _elvin) _ J iy = PR i = S o B 00) s k=K
Ik 0, k# K

(3.465)

3.5.3.1.10 Second derivative %

The second derivative matrix for % has for size K x K and is composed by block

matrix
Plo(sy) _ (Ple(®sy)
Oc? dodoy )y
where ( )
2 2
zik (=02 + 3 (yir — [(ait; Br))
Ple@Wiy) _ ) =X, Y o k=1
80k801 k

0, k#1
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Tk (Yi, 0)

K
> k1 TkIk (Yi, Ok)
tion of the negative of the second derivative matrix, replace z;; by 7, in the equations above.

Since Ey(Zy|Yi = yi) = = 7;t, to compute the conditional expecta-

The resulting expression would be for the negative of the second derivative matrix, denoted
as —Bc(z; ), given X = z. This allows to obtain a conditional expectation that takes into

account the updated value 7;; for z;.

3.5.4 Computation of cov (Sc(z[;; z)| X = x)

The conditional matrix of the score vector is given by

cov (Se(m)) cov (Se(m), Sc(B))  cov(Se(m),Sc(d)) cov(Se(m),Sc(0))
v suB)sm) v (S8 cov(5u(8),5.8)) cov (8u(8), elo)
Iy/u (¢7 y) -
cov (S¢(0), Se(m))  cov (Sc(9), Se(B)) cov (S¢(0)) cov (S¢(0), Sc(0))
cov (Se(0),Sc(m))  cov(Sc(0),Sc(B)) cov(Sc(o),Sc()) cov (Sc(o))

The size of this matrixis (K (ng + ns +2) — 1) x(K(ng +ns +2) — 1) or (K(ng + ns +ng + 1)) x

(K (ng + ns + ng + 1)) in case we are using predictor for probability.

As reminder (see proposition 2|page[45),

Ey(Zik) = Tik

» var (Zy) = E(Z2) — E* (Zix) = Tr(1 — 7i1,)

cov (Zik, Z) = E(ZixZu) — E(Zix) E(Zi) = —migTa for k #1

cov (Zig, Zj1) =0

3.5.4.1 Matrix cov (S.(7))

The matrix as for dimension (K — 1) x (K — 1).

For a diagonal element of the matrix cov (S.(7)), we can write for 1 <k < K — 1

cov (Se(m))pe = > 5 5

- (Tik(l — Tik) n Tik(1 —Tik) 27'ik7'z'K>
— 3 2 TETK

For a non-diagonal element of the matrix cov (S.(7)), we can write for 1 < k, Il < K — 1

n
cov (Se(m))y = Z (_ TikTil | TikTik | TiKTil ik ( : TZK))

T T T TKT s
— kTl kTK KT K
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3.5.4.2 Matrix cov (S.(7), Sc(B))

cov (S¢(m), Sc(/)) is composed by the matrix cov (S.(7), S¢(5)) for all groups k which dimen-

sionis (K — 1) x ng,. Thus, the dimension of the first matrix is (K — 1) x Kng,.

Given 1 < k < K — 1 we compute cov (S.(7), Sc(f)) that is a matrix with elements, for

1<K <K-1landl<I[l<ng,

S (
Sy (Bileik

TK

cov (Se(m), S wmm{ B E:i;gi#z

andfork = K

n

cov (Se(m), Se(Br ) = D <BiK’TiK <1 ;W( " Ti’f'))

T
i1 K k

—0f(aw; Br) (yie — f(ait; Br, Ox))
Bk o}

where B;; = Ztl , 1<k <K-1land1l<![<ng,.

3.5.4.3 Matrix cov (S.(7), Sc(0))

cov (S¢(m), Sc(6)) is composed by the matrix cov (S.(w), Sc(d)) for all groups k£ which dimen-

sionis (K — 1) x ns. Thus, the dimension of the first matrix is (K — 1) x Kns.

Given 1 < k£ < K — 1 we compute cov (S¢(m), Sc(d%)) that is a matrix with elements, for

1<k <K-landl1l <1< ng

con (5.(r), S.0) ) = {Z? ED (S50 2)) o =

> it ( Dimin (—r;j,' + M)) K #k

TK

and fork = K

n 1—7; ik
cov (Se(m), Se(6K )k = Z (DiKmK < + :Tlf >>
¢ k

TK

—0f(ai; Br) (yir — f(ais Br, Ox))
OB o}

where D;;,; = Zt 1 , 1<K <K-1land1<I<ny,.

3.5.4.4 Matrix cov (S.(7), S:(0))

cov (Se(m), Sc(0)) as for dimension (K — 1) x K.
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For1<k<K-land1<I<K-1

Zn (Tzkszk (% + TZK)) , k=1

(cov (Se(m), Se(0))) = { > (Tl;rifﬂ ( sy rzK)>, k#1

andfor! = K
n 1 . )
(cov (Su(m), S N e Y)
i—1 TK Tk
s %k~ (yar — f(ai; ﬁkﬁk)ﬂ
where S, = - >, 3
Oy,

3.5.4.5 Matrix cov (S.(6))

If we use predictors for the membership probability we have to calculate the matrix with 6

parameters.

cov (S¢(0)) is composed by the matrix cov (Sc(6x), Sc(6;)) for all groups k and [ which di-

mension is ny x ny. Thus, the dimension of the first matrix is Kng x Kng.

A diagonal matrix, for 1 < k < K and 1 < p,q < ny is done by

(COU (S (ek Z xszzq'rzk Tik)
A non diagonal matrix, for 1 < k,l < K1 <p <mngand1 < g < ny, is done by

(cov (S¢(0k), S Z LipTiqTikTil

3.5.4.6 Matrix cov (S.(0), S.(3))

cov (S¢(0),S.(5)) is composed by the matrix cov (S.(0x), Sc(5;)) for all groups k and | which

dimension is ng x ng,. Thus, the dimension of the first matrix is Kny x Kng,.

A diagonal matrix, for1 <k < K,1 <p <mnpand1 < g < ng, is done by

(cov (Se(0r), Se(Br))pg = D ipBikgTin(1 = Tir)
=1
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A non diagonal matrix, for 1 <k, < K,1 <p <mngand1 < g < ng, is done by

(cov (Se(Ok), Se(B)))pg = > —wipBugTikTa
=1

3.5.4.7 Matrix cov (S.(0), S:(6))

cov (S¢(0), Sc(5)) is composed by the matrix cov (S.(0k), Sc(d;)) for all groups k£ and | which

dimension is ny, x ns,. Thus, the dimension of the first matrix is Kng, < Kng,.

A diagonal matrix, for1 <k < K,1 < p <ny, and 1 < g < ng, is done by
n
(cov (Se(0k), Se(0k)))pg = D TipDingTit (1 — Tir)
i=1
A non diagonal matrix, for 1 <k,l < K,1 <p <ny, and 1 < g < ng, is done by

(cov (Sc(Ok), Sc(01))) pg = Z —ZipDilgTikTit
i=1

3.5.4.8 Matrix cov (S.(0), S.(0))

cov (S¢(0), Sc(0)) is composed by the matrix cov (S.(y), Sc(o;)) for all groups k,! which di-

mension is (ng x K). Thus, the dimension of the first matrix is Kng x K.

Given 1 < k < K we compute cov (S.(0y), Sc(0;)) that is a matrix with elements 1 < £/,1 <

Kand1 <p < ny,

cov (Se(bk), Sc(a1)), =

Z?:1 xipSikTik(l —Tik), k=1
Y1 —TipSaTikTit, k # 1

3.5.4.9 Matrix cov (S.(3))

cov (S¢(B)) is composed by the matrix cov (S.(5x), Sc(5;)) for all groups k and [ which dimen-

sionis ng, x ng,. Thus, the dimension of the first matrix is Kng, x Kng,.

A diagonal matrix, for 1 < k£ < K and 1 < p, ¢ < ng, is done by

(cov (Se(Br), Sc(Br)))pg = Z Bip BikgTit (1 — Tit:)
i=1
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A non diagonal matrix, for 1 < k,l < K,1 <p <ng, and 1 < ¢ < ng, , is done by

(cov (Se(Br), Se(B1))pg = > —BikpBitg (TikTit)

=1

3.5.4.10 Matrix cov (S.(f3), S.(0))

cov (S.(B), Sc(0)) is composed by the matrix cov (S.(Bk), Sc(07)) for all groups k, ! which di-

mension is (ng, x K). Thus, the dimension of the first matrix is Kng, x K.

Given 1 < k,l < K we compute cov (S.(8), Sc(0;)) that is a matrix with elements 1 < p <

ng and
Yoy BigpSikmi(1 — ), k=1

cov (Se(Br), Se(01)), = S By S k#1
i=1 —DPikpil Tik Til,

3.5.4.11 Matrix cov (S.(0))

The matrix as for dimension K x K.

For a diagonal element of the matrix cov (S.(c)), we canwritefor1 < £ < Kand1 <[ < K,

S SA (1 — i), k=1

cov (Se(0)) = .
Y i1 —SikSatikTis k #1

3.5.5 Numerical applications

In the following, we will test the procedure described above. In each example, we constructed
a sample with a structure of K clusters, each containing 500 values from a variable Y. The
trajectories of these values follow a nonlinear group-controlled pattern, which is determined

by the definition of the function f.

3.5.5.1 Two groups

We set theoretical values as

Function | f(t; ) = Brie’r2t
Cluster Parameters Probability 7y
B1 = (—0.5,0.15)
1 0.32
o1 = 0.45
By = (0.3,0.24)
2 0.68
o9 = 0.65




3.5. Non linear mixture model

We have started the algorithm with default starting values, see chapter[5| We find

Theoretical Likelihood EM
SE SE
P11 -0.5 -0.46084 | 0.02589 | -0.46084 | 0.02589
P12 0.15 0.17615 | 0.01446 | 0.17615 | 0.01446
B21 0.3 0.31839 | 0.02362 | 0.3184 | 0.02362
P22 0.24 0.22783 | 0.01833 | 0.22783 | 0.01833
o1 0.45 0.43453 | 0.02592 | 0.43455 | 0.01126
02 0.65 0.66971 | 0.01715 | 0.66971 | 0.01149
m 0.32 0.31118 | 0.04837 | 0.31115 | 0.02071
o 0.68 0.68882 | 0.04837 | 0.68885 | 0.02071

139

We have created graphs that display the values and the trajectory shapes for all the groups.

Values and predicted trajectories for all groups

Value

3.5.5.2 Three groups

We set theoretical values as

Time
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I
Function | f (¢;8%) =
(£ ) Bi1 + Byat + Byst?
Cluster Parameters Probability 7
Bf1=(1,3,-0.2)
1 0.32
o1 = 0.1
By = (8.94, —22.4,16)
2 0.54
09 — 0.1
63 = (87 -8, 1)
3 0.14
09 — 0.2

In this example, the Likelihood method cannot be used because the gradient of f(¢; 8x)

has no root. Therefore, we use only the EM method. The initial parameters are 71 = m =

3 = 1/3, B1
0.285456.

(5.59293,0,0), B2 = (2.198027,0,0), B5 = (1.367784,0,0), and o, = 0y = 03 =

Theoretical EM
Param. SE
B 1 1.01318 | 0.08021
P12 3 2.97746 | 0.42337
P13 -0.2 -0.29066 | 0.4232
Ba1 8.94 9.25528 | 0.17665
B2 -22.4 -23.22537 | 0.51216
Ba3 16 16.52991 | 0.36616
B31 8 9.19966 | 1.00919
B2 -8 -10.75779 | 2.49206
Bss 1 2.54838 | 1.5088
o1 0.1 0.09973 | 0.00287
o9 0.1 0.10193 | 0.00215
03 0.2 0.19555 | 0.00512
m 0.32 0.25166 | 0.01944
o 0.54 0.45157 | 0.02823
3 0.14 0.29677 | 0.02047

We have created graphs that display the values and the trajectory shapes for all the groups.
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Values and predicted trajectories for all groups

<
i
<]
=
< Q|
> o
S ]
S

0.2 0.4 0.6 0.8 1.0
Time
3.5.5.3 Two groups
We set theoretical values as
. Bre1 + Bra(t — 2)?
Function t; Br) =
S Be) Brz + Bra(t — 2)*
Cluster Parameters Probability 7
By = (0.83,1,0.5, —1.23)
1 0.32
g1 = 0.32
By = (12,0.03,5.54, —0.3)
2 0.68
g9 = 0.18
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Clearly, this model lacks parameter identifiability for g;. In other words, finding a spe-

cific value for §; that fits the model is not unique, as any multiple of 3, would also be a

valid fit. Nevertheless, we can evaluate the algorithm’s performance by checking whether

it correctly identifies clusters, determines the appropriate values for o;, and probabilities,

and captures the correct trajectory shapes. The initial parameters used are m; = w5 = 0.5,

Bf1 = (1.779046,0,1,0), B2 = (2.193121,0,1,0), and o1 = o2 = 0.4806698. Some parameters

might not provide valid standard errors.
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Theoretical EM

B 0.83 0.6054

B2 1 0.26984
P13 0.5 0.39223
Bia -1.23 -0.29846
B 12 4.32295
Ba2 0.03 -0.02109
P23 5.54 2.05088
B4 -0.3 -0.03011
o1 0.32 0.35637
o9 0.18 0.18479
m 0.32 0.31552
D 0.68 0.68448

We have created graphs that display the values and the trajectory shapes for all the groups.

Values and predicted trajectories for all groups

3.5

Value
1.5 20 25
|

1.0

0.5

Time

We can obtain another set of parameter approximations for the model by multiplying each f;,

by the average average, = Zle i which is the sum of the quotients of the real parameters

B
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to their corresponding approximations.
average, x (1 = (1.58506,0.7065, 1.02693, —0.78143)

and

averages X By = (15.15009, —0.07392, 7.18746, —0.10552)



Identifiability of the model

4.1 Identifiability

4.1.1 Introduction

In longitudinal studies, we can view the individual observations Y;; for1 <: <nand1 <t <
T as a vector Y; = (Y;1, Yo, ..., Yir). Therefore, under the assumption that the individual ob-
servations Y;; are independent and identically distributed (i.i.d.), we can extend the analysis

from a one-dimensional distribution to a T-dimensional distribution.
K
Felyis ) =D mrgr(is Ox) (4.1)
k=1

Utilizing the linearity of both integration and differentiation, this is equivalent to the follow-

ing expression:

K
Filys;¥) = Y 7Gr(yi; Ok) (4.2)
k=1

where F}, is the cdf of f;, and Gy, the cdf of gy.

We rely on Teicher (1963a) to establish the identifiability of multiple distributions, with par-
ticular references to Yakowitz and Spragins (1968) who provided a proof for multidimensional
distributions.

Consider a family denoted as 7 = {F(z;a), € RT, a € R}'} comprising T-dimensional
cumulative distribution functions (cdf) indexed by a parameter a within a Borel subset R} of
the Euclidean n-space R™. Bach F(z;a) is measurable in R” x R?}. The n-dimensional cdf
H (z) can be expressed as the image of a mapping, denoted as Q, acting on the n-dimensional
cdf G (with the measure 1, induced by G assigning a measure of 1 to RT). H is referred to as
the mixture of F, and G represents the mixing distribution.

Let G represent the collection of all n-dimensional cdf’s G, and H denotes the correspond-

144
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ing set of induced mixtures H. We consider # to be identifiable if the mapping Q is a one-to-
one map from G to H. A finite mixture occurs when the mixing distribution, or more specifi-
cally, the associated measure 14, is discrete and assigns positive mass to only a finite number
of points in RY.

In this scenario, we can represent the mixture as described in our paper. The set #, con-
sisting of all finite mixtures from the class F of distributions, corresponds to the convex hull

of F.
N N
H = {H(x) cH(x) = ZCiF(x,ozi), ci > O,Zci =1, Flz,4) e F, N=1,2,--- } (4.3)
i=1 i=1
The «a;’s are presumed distinct.

We remark that # is equivalent to

N

N
Hp= {h(x) h(z) =) af(zo), 6 >0,) ¢ =1, f(z,0) the pdfof F(z,04) € F, N = 1,2, -

i=1 i=1
(4.4)

In this context, the definition of identifiability means that F generates an identifiable finite

mixture model if and only if

M
ciFy =) dF (4.5)
=1 i=1

M=

-
I

implies N = M and for each i, 1 < i < N thereissome j,1 < j < N, such that¢; = c;- and

F; = F}. F; means F(z, ;).

In the context of mixture models, there are two main types of indeterminates:

e Label Switch: Label Switch occurs when the labels or elements of a mixture model are
swapped without change basic distribution. In other words, components can be rela-
beled in different ways, leading to different parameter estimates representing the same
statistical model. This unrecognizability can make it difficult to interpret results and

compare models because components can be rearranged arbitrarily.

e Parameter Redundancy : Parameter redundancy occurs when some parameters of a
mixture model are not uniquely identifiable from the observed data. This can happen
when there is not enough information in the data to estimate all the parameters sepa-
rately. In such cases, it is not possible to determine the exact values of certain parame-

ters, and different parameter values may lead to the same likelihood.

}
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4.1.2 Characterizations of identifiability

Theorem 2. A necessary and sufficient condition that the class H of all finite mixtures of the

family F beidentifiable is that the F be a linearly independent set over the field of real numbers.

We note < A > the span of A over the real numbers.

Proof. Necessity.

Suppose that the family F is not linearly independent. Thus, there exist a linear relation
in F, Zf\il a;F; = 0, a; € R* such, at least, one value a; # 0. Without lose on generality,
we can suppose that a; are subscript such as, for some M € N, a; < 0 & i < M. Then
Zf\il |a;| F; = Zf\; 141 |ai| ;. Not all values of a; can be exclusively negative or positive, as F;
represents cumulative distribution functions (CDFs) that are inherently positive.

Since F; are cdf, we have lim Fi(z) =1and
x— (400, ,+00)

M N
lim a;|F; = lim a;| F; (4.6)
Ll S ledi= 3 (el
M N
lail= ) ai (4.7)
i=1 i=M+1

_ la

Bynotingb = " ., |a;|, we remark thatb > 0 and if ¢; = lj' for all i we obtain the following

relationship:
M N
San- Y an
i=1 i=M+1
Clearly by definition Zf‘i 16 = Zij\i 141 ¢ = 1 and thus we have two different distinct repre-

sentation of the same mixture and therefore # is not identifiable.

Sufficiency.
If F is linearly independent there exist a basis of < F >. If we suppose that # is non identi-
fiable there exist two distinct representations of the same mixture. Therefore H Cc< F > and

they would contradict the uniqueness of representation property of bases. O

Theorem 3 (Teicher, 1963). Let F = {F'} be a family of cdf’s of one dimensional with trans-
forms ¢(t) defined fort € S,, the domain of definition of ¢, such that the mapping M : F — ¢
is linear and one-to-one. Suppose that there exists a total ordering (%) of F such that Fy, < F»

implies

(i) Sy, C Sy,
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(ii) the existence of somet, € Sy, (t1 being independent of ¢2) such thattlij? P2(t)/p1(t) =
1
Then the class H of all finite mixtures of F is identifiable.

Proof. Suppose that there are two finite sets of elements of F, say F; = {F;, 1 <i < k} and
Fy ={F,, 1 <i <k} such that

k k
ZCiFi(x):Zéij( ), 0 <ci, ¢ <1, ZchZc]—l (4.8)
i=1 i=1 i=1
Without any loss of generality, we can arrange the indices of the cdf’s such that F; < F; and
F; < Fjforalli < j.
If F, # Fy, we can also assume, without loss of generality, F; < . Then Fy, < j, 1 < j <k
and from the modified version of equation (4.8), it follows that for ¢ € Ty = Sy, [t : ¢1(t) # 0],

k
c1+Zcz i(t)/ 1 (1) Zé [65(1)/1(2) (4.9)

=2

Since F; < F;, 1 <i<kand Fy < E}, 1 < j <k, we have

IN
x>

* S, € S84, 1 <i< kand Sy, gsq;j, 1<y

* there exist some t; € S, (t; being independent of ¢; and ¢;) such that tlg? di(t)/p1(t) =
1
0and lim 6j(t)/p1(t) =0for1 <i<kandl<j<k.
—t1

Thus, letting t — ¢, through values in 7} (this is possible because t; € Sg,), we have ¢; = 0

Contradlctlng that c1 > 0. By consequence, F; = Fyandfort € Ty
k k
(e1 —é1)+ Y cildil®) /o1 ()] =D &5l6;(6)/ 1 (1) (4.10)
1=2

Jj=2

Again letting ¢t — t; through values in 71, ¢; = ¢; whence

(4.11)

<.
(]~
QQ>

k
Z CzFl(:E) =
=2

Repeating the prior argument a finite number of times, we conclude that F; = Frand ¢; = ¢
fori=1,2,---min(k, k).

Further, if k # k, say k > k then Zf:kﬂ ¢iFi(z) = 0 implying ¢; = 0, k 4+ 1 < i < k in contra-
diction to (4.8).

Thus, k =k, ¢; = ¢; and F, = Fi,1<i<k, implying F; = F» and identifiability of #.
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O

Teicher (1967) extended the concept of identifiability from mixtures to mixtures of prod-
ucts, whether finite or infinite.
Let . = {F(z;) : « € R",x € R"} a family of n-dimensional cdf’s indexed by « in a Borel
subset R}" of R™ such that F'(z; ) is measurable in R” x R}, G the class of m-dimensionnal
cdf’s G whose induce measures y; assign measure one to R” and H = { / rp F (r;2)dG(a), G € g}.
It can be observed that when the entire mass of a measure y is concentrated on a finite set
of points in R}, the resulting mixture H is finite. In this case, we align with the definition of
‘H introduced earlier in the context of finite mixture models.

For n = 1, we write F; ,,, = F and forn > 1,
n
Fovmn = {F*(:U;a) : F*(z;a) = HF(xi;ai), F(zi;o) € F,1<i < n}
i=1

Theorem 4 (Teicher). Ifthe class of all mixtures of F1 ,, is identifiable, then for everyn > 1, the
class of mixtures of F, ., is likewise identifiable.
Conversely, if for somen > 1, the class of all mixtures of F; ,,,, is identifiable, the same is true

for Fi .

Proof. The converse is trivial since taking F'(x; o) € Fy y, if

/F:UadG /Fxosz

By multiplying both sides of the equation by ]_[?:_11 F(z;; o) where ag € RY",

n—1 n—1

/F(:L";a) HF(mi;ao)dG(a)d ap ALy, = /F Ty HF 235 ) dG()dG(a)dly, - - - dlg,
i=1

Since F; ,,.,, is identifiable, necessarily 1, - - oy - G = Loy -+ Loy - G and therefore G = G.

To prove the first part of the theorem, we assume that it is true for some n, and we will
show that it is also true for n + 1. This means that if we assume the class of all mixtures of

F* e F* _ isidentifiable, the same is true for '* ¢ F*

n,mn n+1,m(n+1)"
We assume that, for F* € F; ., F' € Fim,
/F*(x;a)F(y; B)dG(a, B) = /F*(x;a)F(y;ﬂ)d@(a,ﬁ) (4.12)

Let G»(8) and G(3) denotes the marginal distributions of 3 corresponding to G and G. Let
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G(«|B) and G(a|3) denotes the versions of the conditional probabilities, such that for each
there are distribution functions in the variable « and for each «, G(a|3) and G(«a|3) are equal
almost everywhere to measurable functions of /.

Then equation (4.12) become

[ FspHw:)dGa(6) = [ Pl 6)f(w: 2)dGa(9) @.13)
where
H(z;a) = /F*(m; a)doG(a, B) (4.14)
Az 0) = / F* (2 0)doC(a, B) 4.15)
Remember that if for some function measurable on X f, (E) = [ fdu we have [y gdp =

Jx 9fdu for every g measurable on X (see for example Rudin 1.29), we can write equation

(4.13) as

[ Fssan@) = [ Fussaie) (4.16)

where for each 3
-/ i H (237)dGa(7) @.17)
= / i H(x;7)dGa(y) (4.18)

Since F* is a cdf, H(z; ) < 1 and H(z; ) < 1 therefore .J,(8) < G2(8) and J,(8) < G2(B).
Since Go(3) and G»() are cdf, the dominated convergence insures that for each z, .J,(c0) =
jx(oo) is a finite value.

Thus, from (4.16) and the initial hypothesis J, = J.., that is, for each B,

/ H(z:)dGCa( / (2 7)dCs () (4.19)

Letting 2 — oo in equations (4.14) and (4.13) yields

/ Fly: )dGa(5) = / F(y: B)dGa(8) (4.20)

implies as above that

Gy = Gy (4.21)

However, equation (4.20) with (4.19) necessitates H (x; 3) = H(z; 3) for almost all .
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Combines with equation lb and the hypothesis 7}, . is identifiable, entails

mn
G(-|8) = G(-|8), almost all 3 (4.22)
Finally, combining and , G(-|) = G(|)sothatF; , . .. isidentifiable. O

4.1.3 Some identifiable family of mixtures

Proposition 4 (Teicher, 1963). The class of all mixtures of one dimensional normal distribu-

tions is identifiable.

Proof. Let N = N(x;u;0?) denote the normal cdf with mean ; and variance o2. Its bilateral
Laplace transform is given by ¢(t; u; 0?) = eo’t*/2=1t _ Order the family lexicographically by :
Ny = N(x;p1;0%) < N(x;p2;03) = Ny if 1 > o9 orif o1 = o9 but 3 < po. Then the theorem
Blapplies with Sy = (—o0,00) and t; = +oc. O

Proposition 5 (Yakowitz & Spragins, 1968). The family F of n-dimensional Gaussian cdf’s

generate identifiable finite mixtures.

Proof. Let’s assume that F is not identifiable, which means that F is not linearly indepen-
dent. In this case, there exist non-zero real values c¢;, M > 0, and distinct cdf F; such that
Zf\i 1 ciF; = 0. We can express this as Zf\i 1 ¢ifi» where f; represents the pdf of F;. Each f;
corresponds to the pdf of a Gaussian distribution with mean vector 6; and covariance matrix
A, for arandom variable X;.

We should also note that the moment generative function (mgf) of a continuous random
variable X is defined, if it exists, as the bilateral Laplace transform of its probability density
function fy.

Mx(t) = B (%) = B{fx}(-1)

where B{fx}(s) = [*_e 5" fx(x)dz,

Since the Laplace transform is linear, we have

M M )
Dby, (1) = Y eer A =0 (4.23)

i=1 i=1

where the points (6;, A;) are all distinct.

Setting ¢t = cu where c is a scalar and u a vector, becomes

M 2
D e Attt =g (4.24)
=1
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If we assume that all the covariance matrices A; for 1 < ¢ < M are identical, then all the

vectors 6; for 1 < i < M are distinct. For1 < #£ 5 < M,
W0, =u'0; = ueH = {u ' (0; — 0;) = O}

So, if
u & Ui<izj<m {u : u’(Gi —0;) = 0}

i.e., for a points u outside a finite number of hyperplanes, the inner products u - §; are distinct
forl1 <i:< M.

It’simportant to note that we can always find such a point « that satisfies these conditions.
If we fail to find such a u, we would have to write R" = Uij‘i'lHi, but this is not possible ac-
cording to Baire’s theorem, which implies that the countable union of closed sets with empty
interior cannot cover the entire space.

Therefore, for values of « that do not lie on a finite number of hyperplanes, the pairs of

real numbers (v’ A;u, ub;), where 1 < ¢ < M, are distinct.

Suppose, without loss of generality, that Ay, ..., Ay are the only distinct matrices among
Ay, ..., Ay

In the same way as before, for « not in a finite number of conics, the pairs of real numbers
(W' Asu,ub;),1 < i < k are distinct. Since the pairs (0;, A;) are all distinct, the 6, associated
with the same A; are different for k¥ < 7 < M, and outside a finite number of conics, the cor-

responding numbers «’6; are distinct.

Consequently, for » not in a finite number of hyperplane and a finite number of conics,

the pairs of real numbers (v A;u, u6;), 1 <1i < M are distinct.

For such a choice of u, Equation (4.24) asserts that the class of finite mixtures of one-
dimensional normal distributions is not identifiable, which contradicts proposition[4] O
4.1.4 Elements of identifiability of mixtures of regression
4.1.4.1 Normal distributions

In the case of normal distribution we have

Yie = f(ai; Br, k) + €tk = BrAir + Wit + €irge (4.25)

Y = BrAi + Wi + € (4.26)
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withY; = (Y, -+, Yir), Ai = (Air, -+, Air), W = (Wi, -, Wir) and €, ~ N (0; 0% I7). For a
long description of these variables see|3.1.3.1

Hence, we can express Y; in the following manner for each cluster £:
Y; ~ N (BA; + W, 0lr)

C. Hennig (2000) demonstrates the identifiability of clusterwise regression models when
dealing with a one-dimensional normal distribution. We build upon this research by extend-
ing their findings to encompass multi-dimensional normal distributions. When considering

fixed covariates, we denote

L((V)ier) = Q) Fawi.s (4.27)
el

where Fi, w, 7 (Y:) = [, ®ox(Yi — BA; — W) dJ (8,6,0%), Tt = R" x R xRy, J € O =
J(T1), X =olp.

J (T1) denotes the set of mixing distributions with finite support on the parameter set 7. S(.J)

is the support set of J € J(71). Thus, s = |S(J)| is the number of mixture components. That

is, the members of 7 (T} ) are distributions generating parameters values (1, 61, 0%), - -, (Bs, 6502)
for s clusters with probability J(81,61,0%),---,J(Bs,ds,02). I is some index set, here I =

1,---n. Q) denotes the independent product of distributions.

4.1.4.1.1 Case [, A;

Let

C1 = (FA,J NS ®FA,L-,J>
Je

icl
A denote the setofall 4;, : € 1.

In this context, identifiability means that given the data distributions £(Y;);c, we can uniquely
determine the mixing distribution J, and there are no two distinct sets of parameters, such
as (Bii, 0%, J(Bri, 02), -+, (Bsis 0%, J(Bsin 0%)), i = 1,2, that result in the same data distribu-

tions.

Let H,,—; is the set of (n — 1)-dimensional hyperplane.

Theorem 5. Leth; = min{q : {A;;,i € [} CUL H; Hi € Hyp_1}.
If there exist some j such that |S(J)| < h;, VJ thenC, is identifiable.

Proof. We need to show only Fy, ; = F, ; = J = J because .J contains all information to
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define the common distribution Fy, ; of (Y;)c;.

Let Fa, g = F, jand J # J, without loss of generality we can suppose |S(.J)| > |S(J), |. Thus

there exist (81,01) € S(J) such as

J{(B1,01)} # J{(Br, o)} (4.28)
Fp,g=F A implies the equality of the marginal Gaussian mixtures atall A;, i € I.
Fa,a(Y))= | ¢pa.x (Ye)dJ (B,07) (4.29)
=F, ;) = | dépax(Ys)dJ (8,0%) (4.30)
By identifiabilty of finite Gaussian mixtures, fori € I :
J{(B,0%) : (BAi,0%) = (B14;,07)} = j{(5752) : (BAz‘,&?) = (51141‘70%)} (4.31)

The proof relies on the idea that the restriction to |S(.J)| ensures the existence of a matrix,
denoted as 4;, in such a way that the marginal mixture, N'(81 4;, o7), which is parameterized
by J, cannot be accounted for by any combination of (3,52) € S(J) where 3 is not equal to
1. Consequently, it follows that S(.J) must include the pair (31, 7).

Suppose that for all (3, 02) € S(J), and in particular for (31, o%), there exists i(3) € I such that

V(,@,(}Z) S S(j) : BAz(B) = BAZ(B) = 0= B (4.32)

Fori = i(), tThe definition of A; = A;(g,) implies that

VS(J) 2 (B,6°) # (Br,0%) : (BA:,5°) # (BrAi, 01) (4.33)

Thus, using (4.30) and (4.31),

J{(Br,01)} = J{(B,0) : (BAs,0%) = (B14i,07)} (4.34)

J{(B,0) : (BA;,0%) = (B14i,07)} # 0because (51, 0?) belong to it. Thus, J{(51,07)} # 0 too.
Therefore, equation leads to the conclusion that (8, 4;,0%) € S(J).
By (4.28), J{(51,03)} # J{(51,0?)} and remember (4.34), we can deduce

AS(J) 3 (B2,03) # (B1,07) : (B2As, 03) = (Br4s, 07) (4.35)



154 CHAPTER 4. IDENTIFIABILITY OF THE MODEL

Consider A; = A;(5,) and apply the arguments above again to get (324;,03) € S(J J). This

results leads a contradiction between (4.33) and (4.35) .

Indeed, (B2, 03) € S(J) and (B2, 03) # (B1,07%). By (4.33), (8244, 03) # (H14;,07) and by (4.35),
(B24i, 03) = (B14i, 07).

Thus there exist some (3, 0) € S(J) such that Vi € IY(5,52) € S(J) : BA; = BA; = B # B.
Thus,

{Ajjiel, j=1---T} C Uy ppgle: fo= Bz} (4.36)
Therefore Uig,52):3 #B{x . Bz = Bz} is composed by |S(.J)| different hyperplanes.
Soforj=1---T,h; <[S(J)| < |S(J)|. O

4.1.4.1.2 Using trajectory for 5, A;

In LCGA, we possess knowledge about the trajectory’s shape, which is specifically linked
to the passage of time. Consequently, the explanatory covariate and the trajectory’s shape

contain a greater amount of information than what is considered in the Hennig theorem.

Let
CQ = (FA’J : FA,J = ®FAi’Wi7J> (437)
el JeM
Con = <FA,J : Fayg = ®FAZ-,J> (4.38)
el Je
Cow = (FA,J VWS ®FWi,J> (4.39)
el Jey

Proposition 6. C, 4 is identifiable if and only ifd;, < T foralll < k < K and a;; are all distinct,
forallie ITand1 <t <T.

Proof. We need to show Fy, ; = Fy 5o J= J.

Faa(Yi) = L Op,.a,5 (Yi)dJ (8,07 (4.40)

=F,, ;i) = /T ®p,a,5 (Yi)dJ (8,07 (4.41)

By identifiabilty of finite Gaussian mixtures, the equality above is equivalent, for i € I, to:
J{(8.0%) : (BAs,0%) = (u,03)} = T{(B,5%) : (B4i.6?) = (m.o})}  (442)

for some (u1,071).
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Assume there exist § in S(.J) such that 8A4; = SA; for some 8 € S(J), thatisfor1 < ¢t < T,
BAy = BAy but 3 # Bforall g e S(J).
If d;, < T and a;; are all different, we have 2 different polynomials there are equal on T points.
The unisolvence theorem states that when we have a set of n + 1 distinct points, namely
xo, 1, ..., Ty, along with their corresponding values yo, y1, . . . , yn, there is a single polynomial,
of degree no greater than n, that can precisely pass through all these data points, forming an
interpolation of the dataset {(xo, o), - - -, (Zn, Yn)}-

Consequently, for any set of 7" points, there exists a unique polynomial with a degree no
greater than 7" — 1 that can interpolate the given data.

Thus 8 = 8. O

If we know the membership of cluster for each value Y;, we can write .

Y, = ApfBy
dj—1
Y11 1 ann - af
where Y}, = : and A, =
dj,—1
Yin, T L anr -+ a)fp
If d, < T, which is a requirement for the matrix to be invertible, then, given that the matrix
dj,—1
1 a1l P allf
is aVandermonde matrix in the form of: | : : the condition for invertibility
dy,—1
1 ankT . e an’ZT

is ensured if all the values of a;; are distinct. We can write
Br = Y (AZAk)_l Ay (4.43)

Proposition 7. Ifforalll <t,t' < T and fori,j € I, aix = a;j; and a; # a;y, C24 is identifiable
if and only if the degree of the polynomial shape is strictly inferior to the number of time values
for all clusters.

Co4 is identifiable if and only ifd;, < T foralll < k < K.

dp—1 dp—1
1 a/ll PR a’llf 1 all DY a1T
Proof. In this case the matrix | : : become | : : and it is
dp—1 dp—1
L apr -+ a))p 1 air --- ayp
invertibleifd, < T and ay; # a;, 1 < t, ¢/ < T'. O

4.1.4.1.3 Numerical example
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Figure 4.1: multiple line regression passing by two points.

To demonstrate the theorem mentioned above, we generated synthetic data with varying
parameters. In all cases, we intentionally selected coefficients in such a way that the resulting
clusters are well-separated to avoid issues related to separation.

In each group, we set o, = 0.1 and used two clusters with equal probabilities (0.5 each).
Each mixture distribution was defined with two data points, specifically (1, 2), and we manip-
ulated the degree of the polynomial that shapes the trajectory.

As per Teicher’s results, we understand that the mixture distribution %/\/ (11t 01)—1—%/\/' (pot; 02)
is identifiable, meaning we can determine unique values for (p1;, 01) and (pa, 02).

Nonetheless, when attempting to express p; and p» in terms of a polynomial with time as
the variable, it’s important to note that the coefficients of this polynomial may not always be

uniquely identifiable. For example, if we suppose that for the two clusters:
e t=1,a11=1,t=2, a0 =-1lando; = 0.11;
e t=1, a9 =2,t=2, a0 =4and oy, = 0.11;
and if we want write ux; = B A, for all k, t, we have two solutions
e 31 =(5,-3)or B =(-2,3);
* f1=(3,—-2)or B2 = (0,2).

The mixture is not identifiable.
However, if we have prior knowledge that the values follow a linear trajectory, we can distin-
guish which of the two solutions is correct. This is because two points uniquely determine a
straight line, making the coefficients identifiable, and consequently, the mixture distribution
as well.

On the other hand, if we desire a polynomial of a higher degree, for example, 2, the mix-

ture distribution typically remains unidentifiable. In the right part of Figure it's evident



4.1. Identifiability 157

< P S
o — o
N @ N
— —® —
— ® I
I I I I I I I I I I I I
1.0 1.2 14 16 1.8 20 1.0 1.2 14 16 1.8 20

Figure 4.2: Line and 2 degree polynomials passing through 2 points.

that only one solution exists, while in the left part, multiple degree-2 polynomials can pass
through the data points, rendering the mixture distribution non-identifiable. To demonstrate
the algorithm’s ability to illustrate this issue, we generated 50 samples, each containing 100
observations from the mixture models with parameters, in addition to the ones previously

defined.
* (1 =(3,-2) or B2 = (0, 2) for the line version ;
* /1 = (10,—12.5,3.5) or B2 = (—2,5, —1) for the degree 2 polynomial version.

In each sample, a mixture with two clusters and equal standard deviation is fitted using the
| trajeR| algorithm. To mitigate the risk of getting stuck in local maxima, we run the algo-
rithm five times with different random initializations and report the best solution obtained.
To prevent degeneracy, we remove the lowest and highest 5 % of values for each dimension.
To investigate the estimated parameters, we employ parallel coordinate plots (as described
by Wegman (1990)). In the case of an identifiable two-mixture model, this type of graphic
should reveal two distinct bundles of lines or data clusters. In the linear model (the left part),
we observe two distinct bundles for 5y and /1, and a single bundle for 7 and ¢. However, in
the second-degree model, we only see one large bundle with a wide range of variability for

the parameters 3; and fs.

4.1.4.1.4 Using trajectory for 5, A; + 0, W;

dp—1 n
Yin1 1 air -+ aif wip e wyg
LetY, = : and A, = | : : and W, =
dp—1 n
Yk:nkT 1 Qn, T an];T Wn, T - wn:T
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Figure 4.3: Parallel coordinate plots: CNORM
Parallel coordinate plots of the estimated parameters for 50 samples of the artificial example
with different degree of the polynomial shape of trajectory.

Thus,
Yy, = ARl + Wi},

Proposition 8. C, is identifiable if
* dp < T foralll <k < K anda; areall distinct, foralli € I and1 <t <T
* there existt such that W, is full rank ;
o rk(As, W) = rk(As) + rk(W:) whererk(-) determines the rank of a matrix.

Proof. The complete model is

Yi = BrAi + 0 Wi + €

If, foralli € Tand1 < ¢t < T, wy = w; is time-independent, the model simplifies to:
Yit = BrAit + Ok (wi, - -+, w;) + €t

In this case, the model represents a translation of the polynomial shape for all clusters £. Con-
sequently, the parameters of the polynomial are identifiable, and since the rank of the matrix
Ay, W is equal to the sum of the ranks of A; and W (i.e., rk(Ay, W) = rk(A4;) + rk(W)), we can

determine the value of ¢§;, as well.

Suppose that d;, < nT forall 1 < k < K. Thus for a integer ¢ a mixture of ¢ component of
form >, mN (BrAit, or) is identifiable.
If we know the membership of each Y;, we can write like in equation , B =Y (AZA,.C) ! Ag.
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We note P, = A}, (AkA};)fl Apand R, = I — P,.

BrAy + 0 Wy = BrAk + . Wi P + 6. Wy (I — Pk) (4.44)
= BLA + 5kaAi: (AkAI;C)_l A + 6. Wy (I — Pk) (4.45)
= (B + 8WAL (45A4L) ") Ak + 6, Wi Ry (4.46)
t ty—1 Ay,
= (/Bk + 0 Wi Aj, (ARA}) 5k) (4.47)
Wi Ry,
=\V (4.48)

Suppose AV = 0 for some \;. This give ;. Ay, + 6 W}, = 0, with both 5, = §;, = 0 by linear
independence of the columns of A; and Wj. Hence V is a full rank 7" + k(W) matrix .

Since Y, = A,V + ¢, we have

e =Y (VYT (4.49)
—1
A AL AR
= (A, WiRy) (4.50)
WiR AL, W,RLRLW}
-1
A AL AR
= (A WiRp) [ CF TR (4.51)
Wi R AL Wi, Ry Ry W

From the definition R, = I — A!, (AkA',;)fl Ay, we have Ay Ry, = R Al = 0and P? = P.

=Y (VYO TV (4.52)
-1
Cvia ARAL 0
=Yy (A WiRy) (4.53)
0  WiRW}
= Yk (Ak (AkAl,;)_l WkRk (WkRkW]D_l) (4.54)
= <YkAk (AkAZ)_l YkaRk (WkRkW,ﬁ)_l) (4-55)

From the right part we have
O = YiWiRy, (W RyWE) ™

and from the left one

B = YAy (ApA5) ™" = WAL (ApAL) ™
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Figure 4.4: Parallel coordinate plots: CNORM.
Parallel coordinate plots of the estimated parameters for 50 samples of the artificial example
with different degree of the polynomial shape of trajectory.

It proves the identifiability of the parameters. O

4.1.4.1.5 Numerical example

To illustrate the theorem mentioned above, we generated synthetic data with various pa-
rameters. In each case, we intentionally selected coefficients to create well-separated clusters
and avoid separation problems.

In all scenarios, we maintained o, = 0.1 and used two clusters with equal probabilities
(0.5 each). The parameter values were set as follows: 5; = (3,-2), 52 = (0,2), 6; = 2, and
02 = —3. For each example, we generated 50 samples, each consisting of 100 observations

from the mixture models with a time covariate and the specified parameters.
e time covariate is independent of time and it value is 1 or 0;
* time covariate is dependent of time but linearly independent;
* time covariate is dependent of time but linearly dependent;

As depicted in Figure the two left graphs display two distinct bundles of parameters,
indicating that the mixture is identifiable. However, in the right graph, the linear dependence
on the time covariate leads to non-identifiability, with wide parameter value ranges for gy, o,
and Jy.
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4.1.4.2 Logistic model

In the case of the logistic model, we introduce a latent variable, denoted as y;, such that
Yir = Brdit + 0 Wit + €t (4.56)

-1
where Ait = (17 it a?t) T 70/7;,6 )t’ Wit = (wz'ltv e ’wa)t’ 5]6 = (61617 U 7/8]677,5) and 6]{ =
(5k’1’ e 75kn5)'

Based on this assertion, it is typically assumed that the binary variable y;; takes the value 1 if

ys >0and0ify}, <O0.

Let p;t = P(Yy = 1|W; = w;, C; = k) the probability of y;; = 1 given membership in group

eBrAit 0 Wi
Pikt = 1 + eBrAit+s Wi

(4.57)

We call H¢ the set of discrete distributions on H with at most C atoms.

[

Heo = {H(m) : H(I‘) = Zcif(x,ﬁi,éi), c; > O,Zci =1,¢ € [[O,C]]} (4.58)
=1

i=1

where f is cdf of a mutlivariate Bernoulli distribution.

The paper by Blischke (1964) demonstrates that a finite mixture of X binomial distribu-
tions, each constructed from n independent repetitions of a Bernoulli experiment, is identifi-
ableifand onlyifn > 2K —1. Notably, since a univariate Bernoulli distribution corresponds to
a binomial distribution with » = 1, this finding implies that there are no identifiable mixtures
of univariate Bernoulli distributions.

The study by Gyllenberg et al. (1994) establishes that there are no identifiable mixtures of

multivariate Bernoulli distributions.

Consequently, this implies that there are no identifiable mixtures of multivariate Bernoulli

distributions for regression, and as a result, H¢ is not identifiable.

4.1.4.2.1 Numerical example

To illustrate the theorem mentioned above, we generated synthetic data with various pa-
rameters. In each case, we intentionally selected coefficients to create well-separated clusters

and avoid separation problems.
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Figure 4.5: Parallel coordinate plots: logistic.
Parallel coordinate plots of the estimated parameters for 100 samples of the artificial
example.

In all scenarios, we used two clusters with equal probabilities (0.5 each) and set the pa-
rameter values as follows: 5, = (—3.5,5,—1.2) and p2 = (—3,0.45,0.2). For each example, we
generated 100 samples, each consisting of 100 observations from the mixture models.

As shown in Figure the covariate (3 is not identifiable, with a wide range of possible

values, confirming the non-identifiability of the mixture.

4.1.4.3 ZIP model

In the case of ZIP model, we confider

pikt + (1L — pire)e ikt gy =0
Yit o= Aig

Al :
(1- Pikt)ilktyitg » Yir >0

P (Yir = yu|W; = wi, C; = ci) = (4.59)

where log (Aixt) = BrAit + 6xWir and log (%) = v Ay with Ay = (1,a4, 03, - ,aZf*l)t,

Wit — (wiltv o awgé)t’ Bk‘ = (ﬁklv' o 7/819715) et(Sk — (5k‘15 et 75kn§)'

The paper by C.-S. Li (2012) demonstrates that, under certain conditions, the ZIP model

is identifiable. If we consider the ZIP model as follows:

e @) \(z)¥
fy;p(@), A(@), #) = (1 = p(2))L{y=0 +p($)T (4.60)

fory = 0,1,... and = a continuous covariate in the design space [ag, a1] where —co < a¢ <

a; < +00.

It has been proven that if the probability function p(z) is linked via the logit function to
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a smooth function, and the Poisson parameter \(x) is linked via the natural logarithm to a
smooth function, then the ZIP model is identifiable in the sense that: f(y;p(z), \(z),z) =
fy;p*(x), \*(x), z) if and only if p(z) = p*(x) and A(z) = A*(x) for all = within the design

space, and for all values of y = 0, 1,. ..

Theorem 6 (Li). Let x be a continuous covariate in the design space x = |ag, a1 here —oco <

ap < a; < 4+o00. The ZIP model is identifiable if

1. p(z) is specified as logit[p(x)] = log [p(z)/(1 — p(x))] = Bo + Prx and \(x) is specified as
log[\(z)] = ap + az.

2. p(a) is specified as logit[p(x)] = log [p(x)/(1 — p(a))] = fo + frz and log]A(2)] = s(x),

where s(x) is an unspecified smooth function instead of the linear form ag + o x.

3. logit[p(x)] = r(x) wherer(x), is an unspecified smooth function instead of the linear form

Bo + Brx and \(z) is specified aslog[\(z)] = ag + oy .

4. logitp(x)] = r(z), wherer(x) is an unspecified smooth function instead of the linear form
Bo+ Prx andlog[A\(z)] = s(x), where s(x) is an unspecified smooth function instead of the

linear form ag + a; x.

Proof. We need to show that f(y; p(z), A(z),z) = f(y;p*(z), \*(x),z) ifand only if p(z) = p*(x)
and A\(z) = M*(z) for x € x, the design spaceandy =0, 1,....
The logic from left to right is indeed self-evident; therefore, we must demonstrate the second
part of the statement.
Assume that f(y; p(z), A(x),z) = f(y;p* (), \*(x), z). Using equation (4.60), with some alge-
bra,

p) Loy — e MO N @) /y!

pr(x) Ley—o0y — e~ @) [\(2)]Y /y! (4.61)

The left-hand side of the ratio depends on x, while the right-hand side depends on both x

and y. Therefore, the ratio can be represented as a positive function of x, denoted by ¢(z), for

z € x. The values of p*(z) and \*(z) must satisfy the following equations:
pr(e) = —— (4.62)

()
VO W@ = (1= @)y gy + cl@)e O D@, y=0,1,. (469

Fory = 1, we have e " (")\"(x) = ¢(x)e X \(x)
For y = 2, we have e="(®) [\ ()] = ¢(x)e =) [\(x))?

Thus, \*(xz) = A(z) for x € x and hence ¢(z) = 1 and p*(z) = p(z).
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The other proof are the same. O
We call # z the set of discrete ZIP distributions on # with at most C atoms in which all
Poisson parameters are different.
Hz = {H(a:) :H(zx) = ZciF(x,Tri,)\i), ¢ > O,Zci =1, ce[0;C], N\ # \j Vi # j} (4.64)
i=1 i=1

where F' is cdf of a ZIP distribution with pdf

e i)Y
flysmis M) = (1 —m) L=y + m

Proposition 9. Under the hypotheses of theorem|6], the class Hz of all finite mixtures of Zero

Inflated Poisson distributions is identifiable.

When we use mixtures of ZIP distributions with the same Poisson parameter A, the model
becomes non-identifiable. For instance, the following mixtures can produce the same distri-

bution:

Ma s {(1; f(e51/2;0)))} (4.65)
Ma: {(1/2; f(o51/4;0))), (1/2; f(9;3/4;0)))} (4.66)
Ms o {(1/2; f(051/6;0))), (1/2; f(;5/6;0)))} (4.67)

Lemma 1. The moment generating function Mx of variable X of a ZIP distribution of param-
eters (m, \) is

Mx(t)=1—7m+ )

Proof. We write Mx the moment generating function of variable X of a ZIP distribution of

parameters (7, \).

Mx(t) = E (') (4.68)
= P(X = k) (4.69)
k>0
=P(X =0)+> P(X = k) (4.70)
k>0
e ANk
=l-mtme 4+ o etk (4.71)
k>0 )
t\k
=1-m+me+me Z ()\Z') (4.72)
k>0 )

=1l—-n+me X +me? (e)‘et - 1) (4.73)
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—1— 74 meMeD (4.74)

Lemma2. Letp(t; \,7) =1 — 7+ 7M€~V and A\, Ay € N*. For Ay > Ay,

. d(t; A, m)
m ——— =
t—+oo (b(t; Aa, 7T2)

Proof.
ot M, m) 1 —mp 4+ meED s
d(t; Ao, m2) 1 — my + maet2(e'=1) i
—A1(et—1
_ ey (Lo m)e D (4.76)

(1 — mg)e— 2" =1) 4 79

. : ) o )e—A(ef-1)
Since A, Ao > 0and A\; — Ay < 0, lim eMi—22)(e=1) —gand lim U=mlet* " 4m _m
t——+oo t—+oo (1—mg)eA2(e" =1 4y 2

Proof. (of proposition).

Let M be the mapping that transforms a ZIP distribution with cumulative distribution
function F into its moment generating function, denoted as Mp. This function is defined as
o(t; A7) =1 — 7 + 7~ It's worth noting that M is a linear mapping.

We order the family lexicographically by : F; (e, 71, A1) < Fa(e, w2, A2) if \; > Ag. This induce a
total order on the family # ;.
Let S, the support of ¢, we have Sy =]0, +oo[ for each ZIP distribution.

For F (e, 71, A1) < Fy(e,m2, A2) we have

. Pa(tima, Ag)
1 —— =0 4.77
1450 ¢y (571, A1) (4.77)
Hence, for t; = 400 we can use the theorem 3|to prove the proposition. O

Remark: The identifiability of a Zero-Inflated Poisson (ZIP) distribution can be estab-
lished by applying the proof of Teicher’s theorem 3]

4.1.4.3.1 Numerical example

To illustrate the theorem mentioned above, we generated artificial data with various pa-
rameters. We considered two cases: the first case involved two clusters with different Poisson
parameters, and the second case involved two clusters with the same Poisson parameter. In

all scenarios, we used two clusters with equal probabilities (0.5), and
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Figure 4.6: Parallel coordinate plots: ZIP
parallel coordinate plots of the estimated parameters for 100 samples of the artificial
example.

¢ for the first

- By = (2.331,-2.275,0.4) and 8, = (—1.639, 3.461, —1.142) ;

- v = (1,-0.75) and 1, = (—1,0.25).
¢ for the second

- B1= 2 =(2.331,-2.275,0.4) ;

- v =(1,-0.75) and vy = (—11.6,3.4).

For each example, we generated a sample of 500 observations for each mixture model and
fitted the model using a polynomial of degree 2 for the polynomial part and 1 for the exceeded
zero state. We randomly generated starting points and fit the model, excluding solutions with
only one component.

As depicted in Figure the two left parts reveal identifiable parameters, while the right

part lacks identifiability, with only one bundle for the v parameters.

4.1.4.3.2 Using trajectory for 55 A;

Let
L((YV)ier) = Q) Fa,i (4.78)
iel
and
Ca=\|Fay: Fay= ®FAZ~,J (4.79)

iel Je
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where Fyu, 1(Y:) = [, 15, Fopi, (Yi) dJ (v, B), J define like in pagemand F,pp.pine 18 Cdf

of avector of 7" variable of ZIP distribution with parameters such thatlog (\jxt) = BrAit+0 Wit
. dg, —1

and log (1'01;;; ) = vpAy with Ay = (Lag, a2, ,a;% ), Wiy = (wh, -, wli®), By =

(/Bkla"' 7Bkd5k) eték’ = (5k1a"' 75kd5k)'

Thus, C4 is the set of the mixture of product of ZIP distributions and a element F4, ; can

be rewrite like

K T K
> ek [T Forsepne Witi vis Br)s >0, e =1 (4.80)

Proposition 10. Ifds < T andd,, < T foralll < k < K, a; are all distinct, foralli € I,1 <
t < T, and the hypotheses of theorem|6 hold then C 4 is identifiable.

Proof. By theorem[4]

o

T
’Hp:{ ci | | F(xe; Ait, pit)s CZ>OZCl—1CL‘—($1,..., ),CE[[O;C]]}

i=1 t=1 i=1

is identifiable if,

Hz = {H(m) s H(x) = ZCiF(UU;/\i,Pi), ¢ > O,Zci =1,ce [[O;C]]}
i=1 i=1

is identifiable.
If \; and p; fulfill the conditions on proposition 9} the set A is identifiable and 7{, too regard-
ing to \; and p;.

Now we will show that F, j = Fy ;< J = J.

Building upon the results discussed earlier and considering that the parameters of the ZIP
distribution are expressed as polynomials, we can infer that the equality mentioned above is

equivalent to the following condition for i € I:

T{.8): (vAw BA) = (1, B0)} = T {740, BA) : (BA1.67) = (n1,51) |

for some (v, 31).

Suppose there exists a parameter vector 3 in S(.J) such that 8A; = 3A; for some 5 € S(J),

which means that for 1 < ¢t < T, fA;; = BA;. However, 3 is not equal to § for any 3 in S(.J).
If dg < T and all the values of a;; are distinct, this situation leads to two different polyno-

mials that are equal at 7" distinct points.
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Figure 4.7: Parallel coordinate plots: ZIP
parallel coordinate plots of the estimated parameters for 50 samples of the artificial
example. The left part with polynomial of degree 2 and the right one degree 4.

The unisolvence theorem implies 5 = 3.

Similarly, if d, < T and all the values of a;; are distinct, it results in v = p.

4.1.4.3.3 Numerical example

To illustrate the theorem above we generate artificial data with different parameters. In
all the case we have make the choice to take the coefficient in such way to have clusters there
are very separate to avoid separation’s problem.

Thus in all groups we use two clusters with probability 0.5 and
e 31 =(2.3025851,0.5493061, —0.5493061) and 2 = (0.6931472, —0.3465736, 1.0397208) ;
* V= (—3, —1) and v, = (—2,0.2).

For each example, we generated 50 samples, each comprising 100 observations of the mix-
ture models. We then fit the model using polynomials of degree 2, 3, and 4 for the polynomial
part and 1 for the exceeded zero state.

As shown in Figure the two left parts exhibit identifiable parameters, while the right
part lacks identifiability, displaying only one bundle. Additionally, we can observe that the
parameters v are identifiable, but they have a wide range of values. This variability is due
to the fact that in the zero-exceeded state, there are relatively few data points, around 10 %,

which amounts to approximately 50 values.

4.1.4.3.4 Using trajectory for 5, A; + 6, W;
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Proposition 11. A REVOIRCs is identifiable if
* dg, <Tandd, <T foralll <k < K and a; are all distinct, for alli,t
* there existt such that W, is full rank ;
* rk(Ay, W) =rk(A;) + rk(W) where rk(-) determines the rank of a matrix.

Proof. Since the covariates are just a linear addition to the model, the proof follows directly

from proposition

4.1.4.4 Betamodel

In the case of the beta model, we assume that Y;; follows a beta distribution. The conditional

density of this distribution, given the group k, is defined as:

(1—pint) Pkt —1

L(¢ikt) mm¢im—1(1

ittt D (1 — piiee) Gike) = Yit)

P (it ikt , Pikt) = T

where
ePrAit+06 Wi
Hikt = T B A T 0e and ¢igr = CrAir

It’s important to note that mixtures of Beta distributions are generally not identifiable, as es-
tablished by a characterization demonstrated in Yakowitz and Spragins (1968), and further
remarked upon in Ahmad and Al-Hussaini (1982). This assumption serves as a crucial point
in demonstrating the identifiability of our mixture model.

The non-identifiability of the Beta-GBTM may not be a significant issue, especially as the
parameters of the shape are typically not directly interpretable in practical applications. The
identifiability of the § parameters is primarily used to establish the identifiability of the §
parameters, which can have practical significance. While the g parameters lack a global in-

terpretation, they still possess local meaning in relation to the /5 parameters.
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Figure 4.8: Parallel coordinate plots: Beta
parallel coordinate plots of the estimated parameters for 100 samples of the artificial
example. We can see 2 differents model.



Starting values

5.1 Starting values

The selection of initial values is a critical aspect of the optimization process, especially when
dealing with likelihood functions that may contain numerous local maxima. Starting values
that are too distant from the true solution can impede the convergence of the optimization
method. Unfortunately, there is no universally applicable method for determining the opti-

mal initial values for every scenario. However, some heuristics can guide our choices.

In the context of regression with a normal distribution, it is commonly recommended
to initialize the intercept parameter as the initial value. In our approach, we adhere to this
principle and set the initial parameters to a vector of values, beginning with the intercept
and followed by zeros for any additional coefficients. Considering our specific case with K
groups, we partition the data from a normally distributed population into these K groups.
This partitioning ensures that, for an observation following the normal distribution, each
group has an equal probability of containing it. To determine the initial intercept value, we
look for the 'center’ of the divided data, a point that splits the area into two regions of equal

probability. This 'center’ corresponds to a probability mass of .

Concretely, if the distribution is characterized by a general probability density function
(PDF) denoted as D with parameters #, we divide this PDF into K subgroups. The initial in-
tercept value is then estimated based on the group that encompasses the point representing
the 'midllde’ of the PDE By 'middle,” we mean the value that separates the area into two re-

gions of equal probability, each accounting for a probability mass of .

171
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==
X[=
==
==
X|=
==

Therefore, the different value for the intercepts with K groups and a D(#) distribution are
intercept, = , , k=1,---K
PG q2(k211<)+1 D(6)

is the quantile of order % for a distribution D(#) and k =1, - - K.

where qa2(—
T2 25 Do)

5.1.1 Censored normal

In the Censored Normal model, we assume that the data Y follows a normal distribution
with a mean equal to the sample mean Y and a standard deviation equivalent to the sample

standard deviation oy . The initial estimation of the intercept is determined as follows:

intercept, = qg(k;{mw(?py), k=1,2,...,K.

2(k—1)+1

In this context, g2x—1)+1 N(F oy represents the =~5——-th quantile of the normal distribution
2K )

)
with a mean of Y and a standard deviation of oy, with k ranging from 1 to K.

0) _
kE <q2(k2711()+1’/\/-(?7ay),0, e 7O> (5]-)
For o we consider the whole variability of sample.

‘71(60) =0y (5.2)
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5.1.2 Logit
In the Logit model, we postulate that the values Yj; for an individual i are linked to predictor
variables X; through a latent variable Y}, defined as:

Yii = BrXi + €

Here, ¢; ~ G(-), and Yz = ly=~o.
In the Logit model, G(-) corresponds to the logistic distribution, while in the Probit model,

G(-) represents the normal distribution.

pi = P (Yy = 11X;) = P (Y > 0|X;) (5.3)
=P (BkX; + e > 01X;) (5.4)
=P (e > X)) (5.5)
= P(e; < BrXi) (5.6)
=G (B X)) (5.7)

We can consider that the p; are distributed according to GG(-), and the quantities of interest
are  ~ Y and o ~ sy.

The choice between the Probit or Logit model depends on the specific situation, and the
distinction between them is not particularly significant. This is because the logistic distribu-
tion and the normal distribution exhibit close similarities.

The Logit model allows for straightforward interpretation of the coefficient /i, but the
logistic distribution tends to assign more weight to extreme values compared to the normal
distribution. It is for this reason that we prefer to use the normal distribution rather than the
logistic distribution to determine the intercept.

By employing the method described above, we calculate the probability for each group as
follows:

. k=12,....K

Pr = qQ(kg;{)ﬂLl ,N(?,O’y)

We then determine the intercept using the logistic distribution:

interceptk:10g<1pk ), k=1,2,... K
— Pk

In these expressions, it’s possible for pj;, to be negative. In such cases, to ensure mathemat-

ical consistency, we replace intercept, with a value that results in a probability close to zero,
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such as intercept = —5.

Finally, the initial values are established as follows for 1 < £ < K:

92(k—1)+1 N (T oy)
log 2K . b4 0 s 0 iqu(k71)+1 — > 0
1— _ o ) ’ -
12;0) = ( 120 DFL N(F y) DL N(Vov)

(—5, 0,--- ,0) ifQ2(k511()+17N(?’Uy) <0

5.1.3 ZIP

In the Zero Inflated Poisson model, we assume that the values Y;; for an individual 7 follow a

distribution given by:

Yit ~ pire + (1 — pie) P (Aike)

To begin, we make an arbitrary choice to allocate approximately 5 % of individuals to the
zero excess state for each group. Consequently, we initialize the intercept for the parameter
pike @8 —3 (e73 ~ 0.0498).

Next, we exclude the count of individuals in the zero excess state, and consider that the
remaining values follow a Poisson distribution with the parameter \ = e™tercept,

Following the methodology outlined by Resear et al. (2016), we assume that the distribu-

2

tion of \ is of Pearson Type III, with rate & = Y and shape r = X -
Syf
The initial value, for 1 < k < K, is set as follows:
0 _ (1og (qmgﬂ’r(k,m)) 0, ,0) (5.8)
VIEO) = (=3,0,---,0) (5.9)

5.1.4 Non linear model

In the case of non linear model, we suppose that the values Y;; of an individual i is defined by

Yit = f(ait; Br, Ok) + €ir

where €;; ~ N (0; o).
Thus we can use the same method as Normal distribution. If n : ;. — f(ai; Bk, 0r) is re-

versible we consider

For o we consider the whole variability of sample.
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o\ = oy (5.11)

5.1.5 Beta

The beta distribution is unique due to its dependence on two parameters. In the parametriza-
tion proposed by Ferrari Ferrari and Cribari-Neto (2004), the first parameter represents the
mean, while the second parameter characterizes the degree of variability. When the variabil-
ity is too small, it may lead to situations where a group does not receive all the individuals.
Conversely, excessive variability can result in numerical errors due to individual values.

We explore two distinct approaches for determining initial values. First, we utilize the
same method as previously, involving a beta sample. Second, we employ a normal approxi-
mation.

In the Beta model, we assume that the values Y;; for an individual ¢ follow a beta distribu-

tion with parameters p;;; and ¢;x;.

5.1.5.1 One beta sample - obs

In this section, we assume that all values adhere to a Beta distribution and result from the
summation of K Beta distributions, each carrying a weight of +. An approximation to the
linear combination of independent Beta distributions is presented by Johannesson J6han-
nesson and Giri (1995).

Suppose

Ko
Y = —B 5.12
;K k (5.12)

Y can be approximate by using v~ 'Y* where Y* has a central beta distribution with param-
eters (g, h). These three parameters are determined by equating the first three central mo-
ments of the variable Y.

Let,

b =Y (5.13)
vz

ky = 3; (5.14)
Y3

ks = — (5.15)

Equating the first three centrals moments we obtained

A = k3ky + kskoky — 2k2k; (5.16)
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B = k3 — 3ksko + 3ksk1 — kak:

C=2ky—ki — k3

By substitution

 _B-VBZ—1AC
T 24
(vks —1) (vk2 — 1)
v (ks — k2)
. ’ykgg + 2’}/]{73 -2
B 1 — ks

h

Finally we obtained the mean parameters (u*, ¢*) of Y*

M*:L
g+h
" =g+h
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(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

For the starting values we use this parameter ¢ and for the parameter g we follow this

method :

Let = p*/,

e if the number of groups is peer let

_ 7 K/2p 1—p K/2(1—p)
mo = T 7a 1 10 7N+ y T T e | 1
K/2+1 K/2+1 K/2+1
| | | | |
[ I I I I
0 I K/2u H 1—p
K/2+1 K/2+1 K+ ®pm ... b+

e if the number of groups is odd let

- u K/2u 1—p K/2(1—p)
mo = ,tt N0y e ey e R CK/2+1
K2+ Kj2+1 K/2+1
\ | | | I
\ l ! ‘ !

Inverting the equation[3.4.1, ¢ = 2~ _ 1 and

(5.24)

(5.25)

(5.26)
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o_(YA-Y)
o _(V(Y) 1,0, ,0)) (5.27)

The log above is due to numerical transformation.

5.1.5.2 Normal approximation - na

A Taylor series expansion of the Beta distribution probability density function shows that
the Beta(a, b) distribution can be approximated by the Normal distribution when « and b are

sufficiently large. More specifically, the conditions are:

a+1 b+1
a_l_landb_—l_l (5.28)
In such case,
Beta(a,b) ~ N a4 ab (5.29)
T a+b\ (a+b)?(a+b+1) '

We use this approximation, even if it is not necessarily accurate, to find starting point of
the algorithm. We remark that the parameters of the normal distribution is the mean and the

standard deviation of the beta distribution too. Thus, with the mean characterization, see

page|115| we have

Beta(p, ¢) ~ N (u, m> (5.30)

For the g parameter and for 1 < k£ < K, we first calculate the intercept as for normal distri-

bution for 1 < k < K, as qa—1)+1 N and then we have,
2K ’

Y,ovy)

q2(k—1)+1 Yo
B = <1og< e Ny ) 0, ,o) (5.31)
)

1— _ _
Q2D N (Vo

Inverting the equation[3.4.1, ¢ = “1~%) _ 1 and

V(Y)
o_ (YA=Y)

5.1.6 Comparison with Traj SAS

To compare the selection of initial values, we utilize the dataset provided within the R package
trajeR. For all the examples, we employ initial values comprising only the non-zero inter-

cept, i.e., (intercept, 0,0, ...). We then compare these values with those obtained using SAS,
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along with the likelihood.
Furthermore, it’s worth noting that the probability of membership for each group remains

consistent across the comparisons.

5.1.6.1 CNORM model

We use the data CNORM_data01l.csv. The model is fit with 2 groups and the polynomial

trajectory degrees are both 3.

I¢] 0 Likelihood

Intercept1 | Intercept2 | Group 1 | Group 2

SAS -2.760426 | 11.255411 0.5 0.5 | 9292.7890572

trajeR -2.84408 11.33906 0.5 0.5 | 9294.883100

We use the data CNORM_data07.csv. The model is fit with 3 groups and the polynomial

trajectory degrees are 1, 3 and 4.

8 T Likelihood

Intercept 1 | Intercept2 | Intercept3 | Group 1 Group 2 Group 3

SAS 3.136829 9.61599 6.47916 0.33333 0.33333 0.33333 | 16510.2557917

trajeR 3.347283 9.615996 15.88471 | 0.3333333 | 0.3333333 | 0.3333333 16492.294126

5.1.6.2 LOGIT model

We use the data LOGIT_2gr.csv. The model is fit with 2 groups and the polynomial trajec-

tory degrees are both 3.

J¢; T Likelihood

Intercept 1 | Intercept2 | Group 1 | Group 2

SAS -1.372136 1.877511 0.5 0.5 2140.571368

trajeR | -1.396918 1.912452 0.5 0.5 2156.367378

We use the data 1logitSASV2.csv. The model is fit with 2 groups and the polynomial

trajectory degrees are both 3.
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J¢; T Likelihood
Intercept1 | Intercept2 | Group 1 | Group 2
SAS -5 -1.37390 0.5 0.5 857.0584407
trajeR -5 | -1.362981 0.5 0.5 857.705652

We use the data dataLOGIT.csv. The model is fit with 3 groups and the polynomial

trajectory degrees are 1, 3 and 4.

3 iy Likelihood
Intercept 1 | intercept2 | Intercept3 | Group1 Group 2 Group 3
SAS -5 | -0.725423 | 1.355464 | 0.333333 0.33333 0.33333 | 3235.7175153
trajeR -5 | -0.7254226 | 1.264463 | 0.3333333 | 0.3333333 | 0.3333333 | 3223.413976

5.1.6.3 ZIP model

We use the data z1Pdata01.csv. The model is fit with 2 groups and the polynomial trajec-

tory degrees are both 3.
J¢] v T Likelihood
Intercept 1 | Intercept2 | Group 1 | Group 2 | Group 1 | Group 2
SAS -0.738409 0.489316 | -3 0]-3 0 0.5 0.5 | 9034.0838866
trajeR | 0.2625239 1.55318 | -3 0]|-3 0 0.5 0.5 | 6411.139523

5.1.6.4 BETA model

We use the data BETAdata01.csv. The model is fit with 2 groups and the polynomial trajec-

tory degrees are both 2.
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0 Likelihood
Intercept 1 | Intercept 2 Group 1 Group 2 Group 1 | Group 2
SAS -0.69315 0.69315 0.30125 0.30125 0.5 0.5 -10874.38183
trajeR -0.17575 3.08273 0.39929 0.39929 0.5 0.5 | -10591.376253
(obs) (¢1 =-0.91806) | (¢1 =-0.91806) 0.5 0.5
trajeR -1.26929 1.45496 0.29963 0.29963 0.5 0.5 | -10061.386189
(na) (€1 =-1.2052) | (C2 =-1.2052) 0.5 0.5

We use the data BETAdata02.csv. The model is fit with 3 groups and the polynomial

trajectory degrees are 2 for the first two and 1 for the last one.

B [0} ™ Likelihood
Intercept 1 | Intercept2 | Intercept 3 Group 1 Group 2 Group 1 Group 2 | Group 1 | Group 2
SAS -1.09861 0 | 1.09861 1.42472 1.42472 | 1.42472 0.33333 | 0.33333 | 0.33333 | -611.293760
trajeR -1.34602 0.06882 | 1.57065 1.42125 1.42125 | 1.42125 0.33333 | 0.33333 | 0.33333 | -440.763465
(obs) (¢1 =0.35153) (€1 =0.35153) | (¢1 =0.35153)
trajeR | -1.738337 | -0.2064379 | 0.5424494 1.250157 1.250157 | 1.250157 0.33333 | 0.33333 | 0.33333 | -468.840693
(na) (¢1 = 0.2232689) | (¢1 =0.2232689) | (¢; = 0.2232689)




Model selection and performance

6.1 Model selection for Mixture Models

Model selection is a major challenge in mixture models, especially in GBTM. It is necessary
to determine the number of components G of finite mixtures and the degree of polynomial

shape of the trajectory, and Nagin explains that there are two steps to proceed:
* the first step is to find the optimal number of clusters, the number of clusters,
* the last step is to determine the correct degrees of each trajectory.

Celeux et al. (2019) or Van Der Nest et al. (2020) make a review of different tools to determine
the "best" number of clusters while Daniel S. Nagin (2005) use BIC and AIC method to select

model.

6.1.1 Likelihood Ratio test

From a frequentist perspective, a commonly employed approach for determining the appro-
priate order of a statistical model is to employ the likelihood ratio test denoted as Air. This
test facilitates a comparison between two hypotheses: (Hy), representing a simpler model la-
beled as modely, and (H; ), denoting a more complex model referred to as model;. The formula

for \rr is expressed as:

ALR = —2 [ﬁ(éo) — 0(6y)

Here, 0; signifies the maximum likelihood estimator under (H,), while 6, represents the
maximum likelihood estimator under (Hy).
Nevertheless, the proposed tests are numerically difficult to implement and slow. Fur-

thermore, the likelihood-ratio test mandates that the models exhibit a nested structure. In

181
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other words, the more complex model must be transformable into the simpler model by im-
posing constraints on the parameters of the former. Consequently, the likelihood ratio test
can prove valuable for exploring the degree of a polynomial but is unsuitable for determining

the number of distinct groups within the data.

6.1.2 Information criteria

The information criterion is a method that involves penalizing the logarithm of the likelihood
function based on a set of parameters. This concept is mathematically expressed as: L (©) =
Hfi 1 (Z,ﬁil Tk Hle 9k (Yi,); @k>. In this equation, (2 represents the set of parameters for the
model, denoted as {K, 71, ..., 7k, 0!, ..., 0k}, and © belongs to the space defined by (.

The key feature of the information criterion is that it introduces a penalty term that is directly
proportional to the number of free parameters within the model, which is denoted as vq,.
The choice of this penalty term plays a critical role in shaping the criteria. Essentially, the
information criterion serves as a tool for quantifying the complexity of the model. It aids
in balancing the goodness of fit of the model with its complexity, helping researchers make

informed decisions when selecting models for their data analysis.

6.1.2.1 AICandBIC

In the realm of classical model selection criteria, two widely recognized methods are the
Akaike Information Criterion (AIC), introduced by Akaike (1974), and the Bayesian Informa-
tion Criterion (BIC), formulated by Schwarz (1978). These criteria provide valuable tools for

assessing the goodness of fit of statistical models.
AIC = —2log L(©) + 2vq (6.1)

whereas BIC is defined as

BIC = —2log L(©) + vg log(N) (6.2)

6.1.2.2 The Slope Heuristics

Within the framework of Slope Heuristics, the penalty function is designed to be directly pro-
portional to the number of free parameters denoted as vg. To determine the appropriate
penalty, a data-driven slope estimation procedure, known as Data-Driven Slope Estimation
(DDSE), is employed. This method operates under the assumption of a linear relationship
between the likelihood of observed data and the penalty term.

The primary goal of the DDSE procedure is to estimate the slope, represented as «, within
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Figure 6.1: Artificial dataset

this linear relationship. This slope defines the minimum penalty, kv, below which smaller
penalties would favor the selection of more complex models. Conversely, higher penalties are
meant to favor the selection of models with a reasonable level of complexity. This concept has
been advocated by Birgé and Massart (2007) and Baudry et al. (2012), who suggest setting the

penalty to be 2kvq. As a result, the Slope Heuristics criterion (SH) is defined as:
SH = —log L(©) + 2kuvg

To estimate the slope «, one can utilize the capushe package in the R programming envi-

ronment, as demonstrated by Baudry et al. (2012), for instance.

6.1.3 Numerical example

For illustrative purposes in this section, we employ synthetic data. This dataset is generated
to emulate a distribution that consists of a mixture of normal distributions.

In the initial step, our objective is to determine the optimal number of groups.
We set the polynomial degree to 2 for all models and employ the t ra jeR package to fit various
models, systematically varying the number of groups from 2 to 11. Subsequently, we compute
and evaluate three different information criteria—namely, AIC, BIC, and SH—for each group

configuration.
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Group AIC BIC
2 6972.187 | 7005.521
3 6548.822 | 6600.675
4 6285.395 | 6355.767
5 6293.933 | 6382.823
6 6300.2 6407.61
7 6307.999 | 6433.927
8 6309.845 | 6454.293
9 6323.433 | 6486.4
10 6327.453 | 6508.939
11 6333.31 6533.314

When applying the SH method, we rely on the capushe package to calculate the Slope
Heuristics (SH) score. Interestingly, each of these methods consistently identifies a model

with four groups as the optimal choice.

In the second step of our analysis, our focus shifts to determining the appropriate poly-
nomial degree.
Recalling the previous step where we opted for a model with four groups and a polynomial
degree of 2, we now visually explore the data to assess if an alternative choice of polynomial

degree could be more suitable.

Upon examining the plot, it becomes evident that the segments marked in pink and blue
exhibit a nearly flat trend. As a result, it seems reasonable to consider maintaining a polyno-
mial degree of 2 for the yellow and orange segments, while potentially using a lower degree,
such as 0 or 1, for the pink and blue sections.

To explore these possibilities, we proceed to fit various models with differing polynomial de-

gree configurations using the AIC, BIC, and SH methods.
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Figure 6.2: Model fitted for the data.

Group AIC BIC
(2,2,2,2) | 6285.395 | 6355.767

(0,2,2,0) | 6873.03 | 6928.587
(0,2,2,2) | 6358.474 | 6421.439
(2,2,2,0) | 6829.348 | 6892.313

(2,2,2,1) | 6305.923 | 6372.591

(1,2,2,2) | 6293.308 | 6359.976

(1,2,2,1) | 6313.667 | 6376.631

(1,2,2,0) | 6833.981 | 6893.241

(0,2,2,1) | 6377.591 | 6436.852

(1,2,3,1) | 6315.057 | 6381.725

The necessity for the last change arises from the fact that the SH method requires a minimum
of 10 data points. Following the guidance provided by AIC and BIC, we opt to maintain a
polynomial degree of 2 for all segments. Interestingly, the scores obtained for degree 1, 2, 2,
and 2 are quite similar according to AIC and BIC. In contrast, the SH method recommends a

slightly different configuration, leading us to select degree 2, 2, 2, and 0.
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15
15

10
10

Figure 6.3: Comparison of three models.
Different models fitted. The left one is the model preconized by AIC and BIC. The middle one
is the model near the preconized one. The right one is the model preconized by SH.

6.1.4 Non parametric indices for the number of clusters

One limitation of using likelihood-based methods to determine the number of clusters is
their sensitivity to the initial choice of the polynomial’s degree. Different initial degree se-
lections can lead to varying cluster numbers. To mitigate this challenge, alternative indices
can be employed to evaluate clustering quality. For instance, B. Desgraupes and M. B. Des-
graupes (2018) has compiled a list of such indices for optimizing clustering solutions. Ad-
ditionally, studies by Shim et al. (2005) and Milligan and Cooper (n.d.) have compared the
efficiency of several indices, highlighting the Calinski and Harabasz (CH) criterion as one of
the top performers.

The CH criterion is based on a combination of within-group variance and between-group
variance. To define this, we introduce two essential terms: BGSS (Between-Group Sum of
Squares), which quantifies the dispersion between clusters, and WGSS (Within-Group Sum
of Squares), representing the cumulative dispersion within each cluster. The WGSS term is
computed as the sum of squared distances between individual observations and the barycen-
ter (center of mass) of their respective clusters. On the other hand, the BGSS term is calcu-
lated as the weighted sum of squared distances between the barycenter of each cluster and

the overall barycenter of the entire dataset.
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The CH index is defined as follows:

o BOSS/(K —1)

-~ WGSS/(N - K) (6.3)

Here, N denotes the total number of elements in the dataset, and K represents the number
of clusters. The optimal number of clusters is determined by finding the value of K that
maximizes the CH index. In order to calculate the CH indey, it’s necessary to define a measure
for the trajectories. This measure is crucial for evaluating and selecting the optimal number

of clusters based on the CH criterion.

6.1.4.1 Euclidean distance

To gauge the distance between two trajectories, the Euclidean distance can be employed by
comparing values at the same time points. Consequently, the mean trajectory is defined as
¥ = (Y11, - - ., yir), where J is calculated as £ >~ , y;;, capturing the average trajectory values
across all data points.

With this measure in place, the CH index is then expressed as follows:

k=1
CH = a (6.4)
SN i) i —w)
k=1 i=1
yzeck
where 7, is the mean trajectory of the cluster &, y; = (i1, ..., yir) and Cy, the cluster k.

While the CH index offers the advantage of straightforward computation, it has a limita-
tion in that it does not consider the shape or pattern of the trajectories. For instance, when
employing the Euclidean distance, the index treats the distance between the red path and the
black path as equivalent to the distance between the blue path and the black path. This lim-
itation arises from the fact that it solely relies on point-to-point distance measures, failing to

capture the potential differences in trajectory shape.
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6.1.4.2 Discrete Fréchet distance

Several distance metrics are available that consider the shape of trajectories, such as Dynamic
Time Warping (DTW) and the Fréchet distance.

In the case of the Fréchet distance, it is often illustrated using the scenario of a man and
his dog walking together. Both the man and the dog are permitted to move along curves at
different speeds, but they are not allowed to backtrack. The Fréchet distance is defined as the
length of the shortest leash required for both the man and the dog to traverse their respective

curves without violating these constraints.

Definition 6.1.1. Fréchet distance Let P and () be two metric curves in a metric space S. Let
a and [ be two reparametrization mappings, i.e. continuous, non-decreasing, surjective func-
tion from [0,1] to [0, 1]. Let d be a distance function int he metric space S. The Fréchet distance
O is defined as :

0p = inf max d (P(a(t)), Q(A(1)))

In the context of our study, the trajectories represent polygonal curves, and we can ef-
fectively utilize the Fréchet distance. Specifically, this distance is referred to as the discrete
Fréchet distance, and it serves as a valuable measure of similarity between two polygonal
curves.

In this context, the trajectories can be considered as P and @, corresponding to the man
and the dog’s paths, with the mappings « and 3 representing their respective speeds. The dis-
crete Fréchet distance is a measure that quantifies the resemblance between these polygonal

curves, taking into account their specific characteristics.

Definition 6.1.2. Coupling Let P = (u1,us,...,up) and Q = (vi,vs,...,v,) be two polygonal

curves. A coupling L between P and Q) is defined as a sequence:

(ua17vb1)7 SRR (uanmvbm)

Such that:
ca=b=1a,=pandb, =q;

Vi1, T G OT G = 0t
bit1 ="0b;orbjy1 =b;+1

This definition avoid back-step and allow different speed on each curve.

Definition 6.1.3. Length of coupling L The length of a coupling L, denoted ||L|| is the length of
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Vs

Figure 6.4: Fréchet distance
Example of coupling between two curves. A coupling is

(ul, 1)1), (ul, UQ), (UQ, UQ), (U3, 1)3), (’u,g, 1)4), (U3, U5), ('LL4, 125), (U5, 1)6), (’U,G, 1)6).

the longest link in L,

HLH = Z.I{lax d (uai7 Ubi)

Definition 6.1.4. discrete Fréchet distance The discrete Fréchet distance d,r between two polyg-
onal curve P and Q is the minimum length of all the coupling between P and Q).

dp = min  max d(ug,,vp,)
coupling i=1,....,m '

To calculate the discrete Fréchet distance, we have the option of using optimized algo-
rithms, such as the ones developed by Devogele et al. (2017), or the original method pro-
posed by Eiter and Mannila (n.d.). The distance is computed via dynamic programming and
involves filling two matrices.

Consider two polygonal curves, denoted as P = (uy, ug, ..., u,) and @ = (v, v2,...,v4). The

process involves the following steps:

1. First, we compute the distance matrix, labeled as DM, where each element (3, j) is de-
fined as:

DMij = d(uz, Uj)

2. Next, we calculate the Fréchet matrix, referred to as F' M, with each element (i, j) ex-

pressed as:

FMij = max (DMij, min [FM; )5, FMig 1), FMi1)(-1)))

The discrete Fréchet distance is ultimately found in the last cell of the £’ M matrix. This dis-

tance measure effectively captures the similarity between the two polygonal curves, account-
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ing for their distinctive characteristics.

For instance, in order to calculate the discrete Fréchet distance between the two curves

depicted in the previous example which values are

1. First we compute DM

3.00 | 3.16 | 2.83 | 4.24 | 5.66 | 5.83

4.12 | 4.00 | 3.16 | 4.47 | 5.83 | 5.66

3.61 | 3.16 | 2.00 | 3.16 | 4.47 | 4.24

3.61 | 2.83 | 1.41 | 2.00 | 3.16 | 2.83

5.66 | 5.00 | 3.61 | 4.12 | 5.00 | 4.12

7.07 | 6.40 | 5.00 | 5.38 | 6.08 | 5.00

2. Next we compute F'M

3.00 | 3.16 | 2.83 | 4.24 | 5.66 | 5.83

4.12 | 4.00 | 3.16 | 4.47 | 5.83 | 5.66

3.61 | 3.61 | 3.16 | 3.16 | 4.47 | 4.47

3.61 | 3.61 | 3.16 | 3.16 | 3.16 | 3.16

5.66 | 5.00 | 3.61 | 4.12 | 5.00 | 4.12

7.07 | 6.40 | 5.00 | 5.38 | 6.08 | 5.00

Thus, the discrete Fréchet distance is 5.

We introduce the Calinski-Harabasz-Fréchet (CHF) criterion, which combines the con-
cepts of the Calinski and Harabasz (CH) criterion with the Fréchet distance to evaluate the

quality of clustering solutions.

K

> mdb @ Y) /(K — 1)
CHF = =1
> di (v wr) /(N — K)
i=1

Zi
yi €Ck
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where 7 is the Fréchet mean of all values, 7 is the Fréchet mean of the values within cluster

k, denoted as C},.

To calculate the Calinski-Harabasz-Fréchet criterion, it is necessary to find an average
curve. There are several strategies to determine a central curve when dealing with sets of

polygonal curves, denoted as S, containing n elements {p1, ..., pn}.

1. One approach is to use the equations of the polynomial curves fitted by the clustering

algorithm for each cluster.

2. Another method involves approximating the median using a marginal median, as de-
scribed in works such as Puri and Sen (1971), or utilizing algorithms presented in Petit-

jean et al. (2011).

3. Alternatively, an approximation of the mean can be employed. Some methods for this

include:

* Genolini, Ecochard, et al. (2016) define the mean between two polygonal curves P

and @ by coupling their vertices and averaging them:

meanFréchet (P, Q) = <pa1 ; b, L Pan, ‘2*‘ Qbm>

They expand this method to multiple curves by calculating the mean two by two

and propose several ways to pair the curves.

e Ahn et al. (2020) offer an algorithm to compute the mean curve by selecting each

vertex from all the curves.

* Buchin, Driemel, Gudmundsson, et al. (2018) use the (k,)-center method to find

amean curve. By setting k = 1 and [ = T, we obtain a mean curve.

However, it is important to note that these methods have certain drawbacks. They can
be computationally expensive, and differences in the y-values and x-values, potentially ex-
pressed in different units, may affect the Fréchet distance. For example, in Figure we
have illustrated three curves p; in black, ps in red, p3 in blue, and p, in green, but with differ-
ent x-value scales. From left to right, the scales are 1, 0.1, and 2. If we compute the discrete

Fréchet distance in all of these cases, we find:
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Figure 6.5: Scale effect of Fréchet distance.
The impact of scaling the x value ont he distance betweenn trajectories.

Discrete Fréchet distance

Left case Middle case Right case
scale 0.1 1 2
dp (p1,p2) | 2.147 2.933 2.933
dr (p1,p3) 1.883 2.473 3.000
dr (p1,p4) 0.400 3.887 5.600

In the case on the left, the curves p; and p, exhibit the closest proximity, indicating a lower
Fréchet distance. In the middle case, it’s the curves p; and p3 that are most closely aligned.
Conversely, in the rightmost scenario, it’s the curves p; and p» that show the least separation,

resulting in a smaller Fréchet distance.

It’s worth noting that as the scale tends toward positive infinity, the discrete Fréchet dis-
tance converges toward the Euclidean distance, while as the scale approaches zero, the dis-
crete Fréchet distance tends to resemble DTW. To mitigate this challenge, Genolini, Ecochard,
etal. (2016) introduced a time scale index that allows for the adjustment of the cost associated
with horizontal shifts. The user is required to define the time scale according to the specific

context and needs of their analysis.
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6.1.4.3 Dynamic time Wraping (DTW)

Another classical method for comparing trajectories is the DTW approach. DTW seeks to
find the optimal alignment between two curves by minimizing a cost function, allowing for
flexible comparisons by matching the coordinates within both curves. In this method, the
cost of an association is represented by the distance metric d between two elements. More

precisely, DTW is defined through a recursive process:

dprw (Ai—1, Bj_1)
dprw (Ai, Bj) = d(a;,bj) + min ¢ dpry (A, Bj_1)
dprw (Ai-1, Bj)

where A; is the subsequence (a, ..., a;) and B; is the subsequence (b1, ..., b;). The final

measure of overall similarity is computed as the last term, dprw (A‘ A By B‘).

It’s important to note that d oy is not a distance metric in the traditional sense.

In this context as well, a challenge lies in finding a 'middle’ curve. Petitjean et al. (2011)
introduce a heuristic strategy for obtaining an averaging curve, known as DTW Barycenter
Averaging (DBA). This approach involves iteratively refining an initially computed average
sequence to minimize its square DTW distance from the average sequences. One drawback
of this method is that the choice of the initial average can influence the final outcome. In our
approach, we opt to begin with a curve whose elements represent the arithmetic mean of all
elements with the same time value in the set of curves.

We define the Calinski-Harabasz-DTW (CHDTW) criterion:

CHDTW = S nddy (T8, 7) /(K — 1)
Zniggj dhrw Wi Tk) /(N — K)
Yi k
Here, 7 represents the Fréchet mean of all data points, while 7, signifies the Fréchet mean

of values within cluster &, noted as Cj,.

6.1.4.4 Numerical example

In the example above, we calculated several indices to determine the number of clusters,
including AIC, BIC, CH, CHF (using polynomial shape), CHF (using Fréchet mean with time
scales of 0.1 and 4), and CHDTW for various degrees of the polynomial shape in the model.

We present only the number of clusters selected by each method.
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Degree of | AIC | BIC | CH | CHF polynomial | CHF scale 0.1 | CHF scale 4 | CHDTW
polyno-

mial

1 3 3 2 2 3 3 3

2 4 4 3 3 3 4 3

3 4 4 3 3 3 4 3

4 4 4 3 3 3 6 3

5 3 3 3 2 3 3 3

Another approach to assess the accuracy of a model is by evaluating its 'performance,” a

concept we will define in the following sections.

6.2 Using posterior Group-Membership probabilities

6.2.1 Posterior probability

The posterior probability of group membership, denoted as P(k|Y;), represents the likelihood
of individual 7 belonging to group & based on their observed behavior in each period. Using

Bayes’ formula, we can express this probability as:

N P(Y;|k)my
PN = S i,

With this probability in hand, we have a method for assigning individuals to specific groups.
Specifically, we assign individual i to the group for which the posterior probability is highest.
It's important to note that this is the method used to color the data points in each graph

throughout this text.

To illustrate this concept, we utilize artificial data comprising four groups, with each group
characterized by a 2-degree polynomial function. The time periods span from 1 to 5, and the

probabilities are influenced by five covariates, represented by the variable X.
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X1 X2 X3 X4 X5
3.68 -9.37 9.01 1 1
587 -238 1951 O 1
945 942 93.78 1 0
3.28 -5.62 1292 1 1
254 532 5866 0 O
8.92 -223 3015 1 0
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X1, X9, and X3 may represent continuous covariates, such as salary or hemoglobin levels

in the blood, whereas X, and X5 may denote binary characteristics, like gender or health sta-

tus (e.g., male/female or sick/not sick).

For instance, in the artificial data mentioned earlier, let’s examine the membership probabil-

ities for the first 17 individuals:

Group Probability - individual

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 0o 0 0o 0O 003 00 00 O O 071710738 0 0 0902 0
2 0 0 0 0 0OO4 0 0 0O O O O O 0238 0 0 0.043 o
3 1 1 0 1 0 1 01 1 0 1 1 0 1 1 0 0
4 0 01 0 096 0 1 0 0 1 0 O 0024 0 0 0.056 1

In each plot, the most likely group for each individual is highlighted in gray. This practical

application offers valuable insights.

6.2.2 Profiles of group

An essential question for researchers is whether certain characteristics of individuals in tra-

jectory groups can distinguish them from their counterparts in other trajectory groups. To ad-

dress this question, the posterior probabilities serve as a straightforward foundation for cre-

ating such profiles. By performing a cross-tabulation of individual-level trajectory group as-

signments with individual-level characteristics that could be associated with trajectory group

membership, valuable insights can be gained.
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Grl Gr2 Gr3 Gr4

X1 1.8467 3.2709 6.0562 6.5621
X2 7.7916 -0.9212 -4.9915 5.3515
X3 56.1620 74.0841 41.0704 32.8957
X4 03636 0.2895 0.4972  0.3333
X5 0.2545 03289 0.4525 0.3421

Since X, X5, and X3 are continuous variables, the values in the table represent the means
of each variable within each group. On the other hand, X, and X5 can be interpreted as per-
centages. In the figure shown below, it’s evident that Group 3 exhibits an increasing trend
over time. Further analysis of group profiles reveals that this group tends to have lower val-
ues for the covariate X5, and a higher proportion of individuals possessing the covariates X4
and X5. These findings strongly suggest that these covariates may influence an individual’s

membership in a particular group.

6.2.3 Model adequacy

In practice, a crucial question arises: Is our model adequate? In other words, does the model
accurately represent the data, and can we trust it as a reliable description, or is it merely the
'least worse’ model available? This section serves as a guide to help address this fundamental

question.

6.2.3.1 Average Posterior Probability - diagnostic 1

We refer to the Average Posterior Probability (AvePP) as the average posterior probability of
membership for individuals assigned to each group. In an ideal scenario, the assignment
probability for each individual would be 1, and AvePP would also equal 1. When the posterior
probability assignments decrease, AvePP decreases as well. The question arises: from what
value can we consider AvePP to be sufficiently close to 1?

Daniel S. Nagin (2005) suggests, based on experience, that AvePP should be atleast 0.7. In the

example above, we calculated AvePP for each group while considering the covariate:

AvePP - with covariates

Grl Gr2 Gr3 Gr4

0.9999 0.9983 1 1

AvePP is close to 1, the model classifies correctly the individuals.
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Calculating AvePP without considering covariates results in:

AvePP - without covariates

Grl Gr2 Gr3 Gr4

0.8984 0.9396 0.9843 0.9974

It's worth noting that the values are lower when no covariates are considered compared
to when covariates are included. This observation suggests that the addition of covariates
enhances accuracy by correctly assigning more individuals to the appropriate groups. For in-
stance, in the case of Group 1, the model without covariates correctly classifies approximately
89.84 % of individuals. However, when covariates are included in the model, the accuracy rate

significantly improves to 99.99 %.

6.2.3.2 0dds of Correct Classification - diagnostic 2, no covariate

The Odds of Correct Classification (OCC) for group k£ (OCC;) is a measure obtained by com-
paring the odds of a correct classification into group j using the posterior probability rule
with the odds of correct assignment based on random assignments, where the probability of

assignment to group j is represented by 7, which is the probability estimated by the model.

AvePPy /(1 — AvePPFy,)

0CC: = /(1 — T)

(6.5)

This statistic can be interpreted as follows: Imagine that the maximum probability assign-
ment rule has no predictive capacity compared to random chance, meaning 7, = AvePP.
In this scenario, OCC}, would equal 1. Conversely, if the maximum probability assignment
rule demonstrates good predictive capacity, causing Ave P P, to approach the ideal value of 1,
OCCY increases. Therefore, larger values of OCC}, indicate better assignment accuracy.

It’s important to note that this method is applicable only when we have no covariates influ-

encing the membership probability.

In the example above, we fitted the model without covariates

Probability AvePP

™ o 3 Ty Grl Gr2 Gr3 Gr4

0.1023 0.3118 0.2247 0.3612 0.8984 0.9396 0.9843 0.9974

and then OCCy,
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oCcCc, 0CCqy 0CCs 0Ccy

77.59455 34.3318 216.7626 676.5347

All this values are big, the model allow better assignment accuracy.

6.2.3.3 Estimated group probabilities versus proportion of the sample assigned to the

group - diagnostic 3, no covariate

The probability of group membership can be estimated in two ways: firstly, by using 7, and
secondly, by using the proportion P; of the sample assigned to group k. When assignments
within each group are perfectly done (i.e., AvePP is 1), 7, = P;. Therefore, differences be-

tween these two quantities indicate assignment errors.

Grl Gr2 Gr3 Gr4

Probability 0.0980 0.3180 0.2220 0.3620
Proportion 0.1023 0.3118 0.2247 0.3612

6.2.3.4 Confidence interval - diagnostic 4, no covariate

A narrow confidence interval of 7 indicates that the probability is accurately estimated.
However, this diagnostic has two limitations. First, there are no formal criteria for determin-
ing what constitutes a sufficiently narrow confidence interval to consider it accurate. Second,
calculating the interval directly from the model’s parameter estimates can be challenging due
to the use of nonlinear functions.

The second challenge can be overcome by employing statistical methods like bootstrap. Af-
ter fitting the model, we obtain the distribution of 6, which is the vector of all 6. As 6 results
from maximum likelihood estimation, it asymptotically follows a normal distribution with a
mean of § and a variance-covariance matrix of V(6). We can utilize these values to generate a
large sample of 6 values and calculate associated probabilities. Then, using these computed

probabilities, we can determine confidence intervals with a 98 % degree of confidence.

Grl Gr2 Gr3 Gr4

1%  0.0819 0.2720 0.1916 0.3166
99% 0.1273 0.3521 0.2620 0.4101

6.2.3.5 Summary

Let’s summarize the methods discussed above in a single table.
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Gr1l Gr 2 Gr3 Gr4
Prob. est. 0.1023  0.3118  0.2247 0.3612
Clinf. 0.0819 0.2728  0.1909 0.3170
CI sup. 0.1269  0.3522 0.2611 0.4087
Prop. 0.0980 0.3180  0.2220 0.3620
AvePP 0.8984 0.9396  0.9843 0.9974

0CC

77.5945 34.3318 216.7626 676.5347
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Group-based multi-trajectory modeling

7.1 Definitions

In practical situations, it's common to analyze various indicators of interest. Rather than
studying each indicator separately, a more intriguing approach is to examine them jointly.
Daniel S. Nagin (2005) and Daniel S Nagin, Bobby L Jones, et al. (2018) introduce a method to
address this situation, which is an extension of the GBTM model.

The central concept of interest is the outcomes conditional on age. In the GBTM, the likeli-

hood for each individual i conditional on group & is as follows:

K K
P(Y;) =Y mPF(Yi|A, Wi, ©p) = ) m PF(Y;]04) (7.1)
k=1 k=1
Where: Y; represents an individual’s longitudinal measurements, A; is a vector of time mea-
surements, 7, denotes the probability of belonging to group &, W; is a vector of covariates,
Oy is an unknown vector, among other things, determining the shape of the group-specific
trajectory. For a more comprehensive explanation of this notation, you can refer to page|6]
For a given group, we assume the independence of the elements y;; in Y;. Therefore, the
probability for an individual belonging to group & and their measurements is represented as

follows:

T
PE(Y;|0k) = [ [ P*(wirlOk) (7.2)

t=1

Here, p*(-) is the distribution of y;; conditional on group membership k.

In the multi-trajectory framework, each group contains a set of trajectories for multiple

outcomes, denoted as Y7, where 1 < j < .J. More specifically, Yij represents the time mea-

200



7.1. Definitions 201

surements for the ith individual and the jth outcome. Let P"“(Y;j |®i) be the distribution of

that vector conditional on group k and the parameters @i.

7.1.1 Constrained model

In this model, we posit the existence of K distinct groups to represent the combined develop-
mental trajectories of Y7, where 1 < j < J. As in the model with a single outcome, we assume
that, within a given group, Y;j are independently distributed. This assumption implies that
the behavior of the outcomes is determined by certain intrinsic characteristics specific to
each group. It'simportant to note that at the population level, the outcomes are not indepen-
dent. However, the conditional independence of the time measurements for each outcome
within a given group is preserved.

Therefore, the joint likelihood for each individual conditional on group & is as follows:

K J
P} Y =Y m [ PR 1ed) (7.3)
k=1  j=1
K J TI ' '
=> = ][I Whler,) (7.4)

7.1.2 Unconstrained model

In Nagin’s book, he initially worked with two groups, but we can extend his method to accom-
modate several groups. In this model, we assume that the trajectories of an outcome can be
related to the trajectories of other outcomes. Specifically, we consider a scenario where there
are J outcomes, and each outcome Y7 can be assigned to one of the K; groups.

Similar to previous models, we maintain the assumption that, within a given set of groups, the
individual measurements Yij are independently distributed. In other words, conditional on
(k1,....ky) € [LKi] x --- x [1;K;], the joint probability is expressed as
Phikryl YY) = H}]:1 P*i(v7). Additionally, the conditional independence of time
measurements for each outcome within a given group is preserved.

It’s important to note that in this model, the joint probability is not simply the product of in-
dividual probabilities. This is because the outcomes are interconnected. Therefore, the joint

likelihood for each individual, conditional on group k, is as follows:

J
PY},....Y) = > Thrky | | ij(Yijl@fcj) (7.5)
(kl,..‘7kJ)€K1><"'><KJ 7j=1
J T

= 2 men [TV GRE) (7.6)

(k1,...kg)EK1 XX Ky j=1t=1
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that we can rewrite with conditional probabilities

J TI
P(Yilv S 7Y;'J) = Z Thylky.kyq X" X Thylky X Thy H Hpkj (yzj't‘@;cj) (7.7)
(k1,.. k)€K x- XK j=1t=1

where 7y 1, .x,_, is the membership probability to belonging to the group j conditional

to the membership to groups 1 to j — 1.

7.1.3 Membership probability

In the constrained model, the model for membership probability remains the same as in the
single outcome model. We employ multinomial logit functions, either with or without co-
variates. However, in the unconstrained model, we must use multinomial logit functions as
well, both with or without covariates. The key difference is that we need to introduce multiple
probabilities, one for each conditional probability.

For a model without covariates, we must calculate:

‘9k1 gk; 69 1--kj—1
M, = . s S T = ks (7.8)
k1 — K ’ k2|k1 — Ko o 9 e ) k]lkl...kJ71 - K *poky 1 .
E eakl 5 66k2 Z eekj
ki=1 ka=1 k=1
where 6., 6" i eR
k1 koot k1...]€J_1 *

When calculating the probabilities 7, , we need to determine K; — 1 parameters, one for
each group, as the last one can be derived by subtracting the sum of the others from 1. For
Tho|ky» W€ must calculate (Ky — 1) x K; parameters, where we need one for each group of
K5 and for each group of the K groups associated with the outcome Y;. The same principle
applies to the other membership probabilities. For instance, for 7, 1, ., ,, we have to com-
pute (Kjy — 1) x Kj_1 x --- x K7 parameters.

The number of probabilities to compute then is H}]:1 K; —1.

In the model with covariates, we assume the existence of variables such as z; that influence
the probability of group &1, xfl that influence the probability of group k2 given group k;, and
so on, up to azfl"'k" ~! that influence the probability of group k; given groups ki,...,kj_1.

Consequently, equations (7.8) transform into:



7.1. Definitions 203

k k
k1 ko le"‘kJ 1 1 J—1
k1% e i €k,
Thy = o Tholky — . 5 - Thylkr.ky_1 =
1 K, ) 2|k1 Ky - o ) glk1. kg1 K, - kJ_lzfl'”k"*l
§ egklxz § e ko Ti E e kj
k=1 ko=1 kj=1
(7.9)
where 6, € Rnel,e’g; € Rz .. .,9’,:{._.%71 € R"’ for some integers ngi,- - ,ngJ.

When calculating the probabilities 7,, we need to determine ny: (K; — 1) parameters, the
number of covariate and intercept for each group, as the parameters of the last one can are
set to zero. For m, |, , we must calculate ng2 (K2 — 1) x K; parameters, where we need n,: for
each group of K> and for each group of the K; groups associated with the outcome Y;. The
same principle applies to the other membership probabilities. For instance, for 7y, 1, ,»
we have to compute nys (Ky— 1) x K;_; X -+ x K; parameters.

The number of parameters to compute then is ng (K1 — 1) + 23]22 (nm (K;—1) Hg;ll Kl)

A limitation of this approach is the substantial increase in the number of parameters,

making it challenging to interpret these parameters effectively.

For example, if we consider three outcomes, each containing three groups, and two co-
variates that influence the probabilities of group membership, we have to compute 78 pa-

rameters in total.

7.1.4 Multivariate Logit Group Based Trajectory Modeling

In this section, we utilize the Multivariate Logit (MVL) model introduced by Cox (1972) and
further specified by Russell and A. Petersen (2000), Ben-Akiva and Lerman (1985) and K. Bel
and Paap (2014) to calculate the probabilities, particularly using the formulation refined in

those works.

We denote the covariate as Z; = (Z},...,Z;), which contains the group membership of
individual i for each outcome Y, ..., Y”, and S represents the set of all possible realizations
of Z;. Therefore, Z; € [1; K1] x --- x [1; K/].

As previously, we consider the conditional membership probabilities for the j-th outcome
given all other choices 27, for 1 < k < K, represented as:
Bl

P(Z.j = k|2h forh;éj,Xj) = (7.10)
(A (2 1 leijl eBZl
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Where:

Bl = 0x)+ Yl
hj

6, is a choice-specific intercept.

* 0] is a vector corresponding to the covariate X .

2! is the group membership of individual i for the h-th outcome.

. 1/1%1 represents association parameters between belonging to group & for the j-th out-

come and belonging to group [ for the /-th outcome.

It's worth noting that if all parameters 1/1,]; = 0, we obtain the definition of 7, when the
outcomes are independent. Therefore, to achieve parameter identification, we impose stan-
dard identification restrictions by selecting one group and setting the parameter values to
zero. For this purpose, we choose 6{ = 0 for all 5. Additionally, as we aim to use the parame-
ters ¢! to describe correlations, we enforce the symmetry condition ¢/ = v/ for all k and
l. For parameter identification, we set these parameters to zero for some groups. Specifically,
we impose 1/1{7 = wlhlj = 0 for all £ and /. This choice aligns with the aforementioned selec-

tion and allows for a straightforward interpretation of the association parameters with odds

ratios.

Theorem 7. The joint probability is characterize as:

> o
z; €S
where, i, = Z 0, X + Z wf,zzj , X; represents the J covariates X] and S is the set of all

possible realizations of Z;.

Proof. The probability P(Z; = z;) is denoted as P(z;), and P(Z; = (1,---,1)) is denoted as
P(1).
According to the theorem by Besag (1974a), we have:

J A -
P(z) HP(zf]zzl,,zf T )

: . (7.12)
PQlz],...,z

J=1

In the conditional probabilities below, the value 1 indicates that all groups for the outcomes

from j to J are set to the first one. The denominator in the conditional probability in equation
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is the same as both the numerator and denominator in the equation above, and we can

simplify the ratio as follows:

, -
P2z}, 2070 01,00000)

PQz,..., 27 ,.00)

1

o Ny Ny
=exp |0/, X] + Y 0+ v, (7.13)

h<j "'  h>j

With the identification relations:

¥, =0
we have
J
Pla) _ [Texo (&7, x7 +> ", (7.14)
P(]l) e 2 hey 2i %
Furthermore
Py) = LE/PA) (7.15)

> P(s)/P(1)
seS

where S is the set of all possible choice combinations. Thus,

etz
P(z) = (7.16)
>
seS
; o i
where i, = Y5, (ei{Xi] + D he; ZIZ#) O
With the chosen identification, z; = (1,...,1) = 1, we have iy = 0. This allows us to view

equation as a generalization of equation Moreover, we can provide a simple inter-

pretation of the coefficients .
The log odds ratios are given by:

log < = 0, X7+ M (7.17)
P(Z; = 1|X;) JZ 7 hz<] 2z

k3

J
=1
Applying these result, we can write:

P(Zi:(1,...,1,zg,1,...,1,zzh,1,...,1))

.,
o8 P(Z; = 1]X,) =0, X +6,X] +475 (7.18)
L 1 k2 1 Tt
P(Zi=(@1,...,1,2,1,...,1) o
K
o =0,X] (7.19)

P(Z; = 1]X,) z
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P(Z;=(@1,...,1,2"1,...,1 o
log< ( ED e n):eihxg (7.20)

Hence, by subtracting the equations above:

P(Zi:(l 1,400, ..,1,z{b,1,...,1)>P(Zi:]l\XZ-) o

¢j?h:]og
P(Z,-:(1,...,1,zg,1,...,1))P(Zi:(1,...,1,41,1,...,1))

This interpretation allows us to understand the parameter W . If the probability of z
and 2! moving together is greater than the probability of them movmg apart, wi i >0 Con-

versely, if the probability of zf and z! moving together is lower than the probability of them

moving apart, wi?zh < 0. If 2 and 2! move apart, zpi?z_h =0.

The model can also be extended to cases where some covariate U; influences the link be-

tween two outcomes, by replacing 1/’14;1 in (7.10) with:
vl = Ui (7.22)
Proposition 12. The numbers of parameters is
J
Z ngi (K — 1) + Z (K —1)(Kjy —1) (7.23)
j=1 1<5'<y

The term ny; represents the number of covariates included for outcome j, in addition to the

intercept term.

Proof. The left sum represents the total number of #-parameters, considering the base group,
while the right sum represents the number of ¢)-parameters.

Let #1 the number of ¢-parameters. We can construct a block matrix M¥ as follows:

* A diagonal block ij’, with a size of (K; — 1)?, containing arbitrary values, such as 0.

* Ablock M;./;L, with a size of (K; — 1) x (K}, — 1), containing elements wﬁ‘ for k and .

We take into account the fact that the first group of each outcome is considered the base
group. The assumption %z = Py "J for all k and [ implies that the block matrix at row j and
column 4 is the transpose of the block matrix at row A and column j, i.e., M]’/,’l = (M,ffj) .

Therefore, the matrix M¥ is symmetric.
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Outcomes
1 B
A, L J 1-parameters for the outcomes % and j
. D v ¢ h . h -
3 J ’A Mjh SRR wzljcj
& : : :
oy : : . : : :
8 . . . . . .
= N e .
Ol h lej ’A "//'k,JLQ T ¢kikj
L
S 2
The number of values in M? is Z(K . —1) | . Each diagonal block contains (K; — 1)
j=1

elements for j € [1; J]. Therefore, the total number of ¢)-parameters is given by

(S - 1) = S, (5 - 1)

#p = 5 (7.24)

= Z (Kj —1)(Ky —1) (7.25)
1<j#§'<J

O

7.1.5 Numerical example

We consider three outcomes, denoted as Y!, Y2, and Y3, each consisting of three distinct
groups. Additionally, there are two covariates that influence the probabilities of group mem-
bership. Following|7.11} the membership probabilities for these outcomes are given by:

etk

T = Thyky = W (7.26)
c

J
. .
where iz, = > | 6 X7+ WY

7=1 h<j
In the constrained case, where outcomes are independent of each other and the covariates

are the same for all outcomes, we have 1/1%? = 0 for all values. Consequently, the vector p;, can
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be expressed as:
J . J .
=S (0,%) = (X6 | X=X, (7.27)
j=1 j=1

This results in a definition that aligns with the one presented in Chapter|[l}

In the unconstrained case, where the values zpj " are not necessarily null, we assume the
first group to be the base group. According to the identification restrictions, wkl = lhk” and
wll = 7/151 = 0 for all £ and [. In this scenario, the conditional probabilities are defined as
shown in equation (7.10):

P(Z} =112, 23, X)) « 1

R

P(Zl—2|z:z,zl,X)ocexp(@QXl—i—w 2 +1hy0 )
P(7} = 3]22, 28, X1) o exp (03X -+l + 41

P(Z? = 1|2}, 23, X?) « 1

(R

P(Z2 = 2|z:z ) zl ) X2) x exp (92X2 + wzl 9 1/1533)
P( 3|zl ) 2 ,X2) X exp (9§XZ-2 + wi%z + wgﬁg)
P(Z? = 1|2}, 22, X}) « 1

P(Z} = 2|2}, 22, X?) oc exp («92X3 ;?2 + 35’2)

[ Nad A

P(Z3 = 3|2}, 22, X3) o< exp (9§XZ-3 + wif’g + ¢§233)

Using formula (7.23), we need to estimate 18 §-parameters and 12 ¢)-parameters, as evident
from the equations above. In contrast, the Nagin model requires the estimation of 78 param-
eters.

To define 7, = 7, kyky, We must calculate P(Z; = (2}, 22,23)) for 2} € [1;3], 22 € [1;3],

Rt RNl

and 2} € [1; 3]. This entails determining 27 joint probabilities.

Following equation (7.26), we can calculate each joint probability.

P(Z; = (1,1,1)) 1

P(Z; = (2,1,1))  exp(03X})

P(Z; = (1,2,1))  exp(03X7)

P(Z; = (1,1,2)) x exp(03X3)
(Zi = ( ) (03X7)
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P(Z; =(2,2,1)) x emp(QQXl + 92X2 + 1/) )
P(Z; = (2,1,2)) o« exp(03X] + 05X7 + 33)
P(Z; = (1,2,2)) « exp(05X] + 05X7 + ¢33)
P(Z; = (2,2,2)) o< exp(As X} + 03X2 + 03X3 + pi2 4 pd3 4 23)

We can summarize all the probabilities in the table below, reporting only the parameters.

Gr. Param. Gr. Param. Gr. Param.
1,1,1) / 2,1,1) 62 (3,1,1) 03

(1,1,2) 03 2,1,2) 03,03 i3 (3,1,2) 03,03, i3
(1,1,3) 03 2,1,3) 03,03, 113 (3,1,3) 03,03, 433
1,2,1) 03 2,2,1) 03,03 12 3,2,1) 01,03 312

(1’2’2) 0379%’ %3 (2’2’2) 9 933027 22’ %gv %g (3’2’2) 9379 7w32’¢323 23

(1,2,3) | 63,05, 933 | (22,3) | 63,03, 05, 955,153,935 | (3,23) | 03,63, 65, 53, 33, 033

(1,3,1) 63 2,3,1) 03,03 32 3,3,1) 01,03 32

(1)3»2) 29 77[)23 (2)3)2) 923 9 29 Q1)23a 227 ¢23 (3!3)2) 927 9 29 w33a 77[)32 ) ¢25

(1,3,3) 037 9%’ %g (2,3,3) 02’ 937 9;’, 1/)23’ 237 ?%g (3,3,3) 93’ 637 9%’ ¢337 33’ %g

7.1.6 Differential of Likelihood

The joint likelihood for each individual is given by:
L(; Y, ... V7)) = > Thyoky HP’“ (Y7 1A, W) (7.28)
(k,‘l ..... k}J)GKlX-~~><KJ ] 1
Since each outcome is assumed to be independent given time, in terms of density, we have:
J T

L(; Y. Y) = > Thooks || [] 9% (0 © (7.29)

(k1,..,kg)EK1 XX K j=1t=1
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where ¢* is the density of the outcomes j and the groups k;. The log likelihood is then:

J TI

Z(Y;la--'v}/;J) :ZIOg Z Tky.. k]HHg ym (7.30)
=1

(k1,....k)EK1 % XKy Jj=1t=1

Therefore, equation (2.15) provides the differential of the log likelihood of the entire dataset

with respect to each parameter. For1 < j < Jand1 < k < K7,

J T3

87Tkl kJ HH
Z g yzt7
8l(w, (kl, ,k‘J)GKlX XKy j=1t=1
007 Zl — (7.31)
Z Thy. kg H Hg ym
(k’l,...,k‘J)Eleme] j=1t=1
J T
n Z Tk ky o 37 8@] H Hg ylt’
ol(Y;y) _ Z (K1, kg)EK1 XX K g j=1t=1 (7.32)
ool = J T '
1=
Z Tky..k g H Hg yzt?
(k‘1,...,k:(])€K1><~“><KJ j=1t=1
In the following, we will denote
J T
dp = [[T1¢" i@ (7.33)
j=1t=1
and
J 17 o
die, = [T T19" Whs01) (7.34)
j=1t=1
J'#3
7.1.6.1 Fist part
Just as in equation (7.11), we have
M
Th = Thyoky = o (7.35)
: T Yes €
J
j j hj . . .
where 11, = Z Gij X!+ Z wkfl K |- Thus we have the partial differential for/ =1,...,J
j=1 h<j
ony, ;
=l | Lgen — D ™ (7.36)

67 g
8 kjl kj Ck
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ony,
o~ | Lok ~ Yoo (7.37)
k:jkh kj,le];’

Proof.
oy, Ly, iy @€t Yjes €1 — et 2k ch e’ (7.38)
LA 2 '
6%, (Xies )
A B etk el
N P e V_ , i (7.39)
il (kjCk) ZZGS e ZZGS et ok ZZES et
J
= | 1 (k;ck) Tl — Tk Z Tk (740
k;Ck
Om, Ly ki@ Dies € — € Dop, ik € (7.41)
OV ke (Cies )’
eMi eMlE etk
(1, - _ (7.42)
(ks knCR) S~ b S g el e Dies
= | La, by ™ — T Z Tk 749
k]',k‘hC];‘
O

Now, to complete the numerator in equation (7.31), let’s consider a #-parameter and in-

troduce.

Zle (k; k)™l — Tk Z T | di. = Z wlmidy Z%ﬂk Z T | d (7.44)

kes kjck kjck kjck
=al [ > o mdi = | Y | D md (7.45)

ij];; k‘jCk k
= x{l Z midj, — Z . Zﬂ'kdk (7.46)

k;iCk k;Ck k

Similarly, for a ¢)-parameter,

Do\ Yo~ Do m A= D mdi— | > m | Do md (7.47)
F

keS kj.knCk kj.knCk kj.knCk

In conclusion, the derivatives of the likelihood with respect to the #-parameters or the -
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parameters, for 1 < j,h < J,1 < k; < K7,1 <k, < K" and 1 < | < ny;, are

09, = Zkes Tdg P’
M:i Loty kTR S o (7.49)

OVjn kk : es Tidr )
/lp] shvgvh i=1 Zkes kYK ]fj,k}LCk

7.1.6.2 Second part

In each situation, the parameters are separable given outcomes .J. Thus, by omitting the

conditional condition to simplify the expression, we have:

J Ti J 77 L P T3
8@] HHg yzt’ = H Hg 7 (szb@i;j,) X 907 Hg (yzt’@j ) (7.50)
j=1t=1 j'=1t=1 k \t=1
J'#j

where (D) is calculated as in the chapterfor k; € k, otherwise, the derivative is null.

Thus, for all distributions, for1 < j < Jand1 < k; < K J,

Z T, k\kj({w] ( (ygt?eij)>

al( 1/1, "L kjck
— (7.51)
; E;;es A
. Z Tk k\kj ({MJ ( 7 (i @ij))
a&; . = Z;;es i
For the Censored Normal distribution
. Z mid k\kja 7 <9kj (y%yt?@ij))
-y ck (7.53)

aak P Zkes T dj,

and if we want same sigma for each group,

KI

> ik, 5,7 (gk” (Y13 O, ))

8l T,Z), i J_l k‘jCk
(7.54)
do’ ; > kes Tdj
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For the ZIP distribution

Z mid k\kja j ( (ym@j ))

8%-5 i=1 Zkes Ty

The function ¢* and its derivative with respect to a parameter have the form as shown on
section[3.1for the censored normal distribution, section3.2]for the logistic distribution, and

section[3.3|for the ZIP distribution.

7.1.7 EM algorithm

LetY; = (Y,....,Y), Zi = {(zik = Zi(hy,..0))); k1 € [LiK1] X -+ x ky € [1; K]} a sequence

of zero values except for one value equal to 1, S; = (S},...,5/) a covariate with values of

0 or 1, and in the case of the ZIP distribution, it indicates if the individual is in the Pois-

son state or the excess zero state for all time values ¢. Thus, S; = (S},...,5/), where S =
S7 if the density of the outcome j is ZIP
Y/ else

are independent given Z,. The complete data associated with Y, is (Z;, S, Y;), and the com-

. Since (Yf , SZJ ) are independent given Zf , (Y4, Si)

plete likelihood is:

n n

Le=[[P (S Z, Yl-> -IIP (S Yi|Zi) P(Z) (7.56)

11 ﬁ P(W|Zi)li[P(W753123) P(Z;) (7.57)

=1 7=1 7j=1
LOGIT ZIP
CNORM
(7.58)
Here, the variables Z/ are not dependent each other but the Y/ are. We have :
P(Zi)=P(Z} =ki,.... 2} =ky) = [[ =" (7.59)

kes

Thus

Lo = f[ f[ P (Yg’yzi) ﬁ (w SJ\ZJ) [~ (7.60)

=1 j= j=1 kes
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Zik
n J ) J ) ) ]
=TIII| II P(712) I1 P (v7.s02) = (7.61)
i=1jes | j=1 j=1
LOGIT Zrp
CNORM
and the complete log likelihood is
=3 wlog | H Hg (i 00 [T TT " s sl ©0) (7.62)
=1 kcsS j=1t=1
LOGIT ZIP
CNORM
J T .
53 I AR S Zlog( (v 1) + 2 3 1os (6 (o2 01)
i=1 LS j=1 t=1 j=1t=1
LOGIT Zrp
CNORM
(7.63)
As in formulas (2.44) and (2.45), for each step in the EM algorithm, we have:
;01
E(z|Y) =7 = mi 1T 1JH;19 (03 ©1) (7.64)
> ][ 119" @i
kes J=1t=l1
and
J T
Q=3 o)+ 3 Son (0 00) + 33 o ()
=1 kcS j=1 t=1 j=1 t=1
LOGIT ZIP
CNORM
(7.65)

Given that the parameters @i in the densities ¢*/ are independent, to fit them, we need to

solve:

arg min Z Z Z 7,1, log < yzt, @{C)) (7.66)

Op =1 jest=1

= argminz Zlog( (yzt,@ )) Z Ti (7.67)

© =1 [t=1 kes
k;jCk

>~ kes Tii; can be seen as a marginal rate of ;. In the case of ZIP, we replace g% (yl,; ©]) with
ki Ck

g% (yl,, s1,; ©1). We also need to solve E(z,;5%,|Y ;) = 7/, as in the previous step.
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0ify’, >0
O _ * ®
Tt E¢(t)(szSzt|Y ) = ‘FQ5> T = SiktT;
—g o 1Y =0
1+4e J,k it ] ikt
Letfor1 < j h<J,1<k;<Kiand1l <k, < K"
For the parameters Hi
arg min Z Z Tik log TI'k
O i=ljes
= arg min Z Z T | i —log Z etk
O i=1jes keS

and zpk ks

aurgmmzz:Tu,C r, — log Zeuk

vy ik 1=1kes kes

As in the section we have, for

n
J J . J (r- .
67, isaroot of 67, > > " ad) (rp — mip)
=1 kES
kek

n
jh
kklsarootofzp n—>z E
=1 jes
kj ki €k
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(7.68)

(7.69)

(7.70)

(7.71)

(7.72)

(7.73)

Furthermore, by denoting 75, = Z T,;» We can express the parameters in the specific case of:

kes
kjek

e normal distribution N/ (BiA{t + 5in{;; ai):

= 13 (o2 () -l (a)')| (35 (2 () _1
1

7 = 5o (32 () -t () )| (3o (w2 (w2)) )

i=1

oo | T (v - ("l o w7)) (v - (8 A+ W)

o = D)
T Z?:l Té

(7.74)

(7.75)

(7.76)
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In the case of the same value of o within each cluster
, ) RN ) )
o T (7 - (6] W) (v - (8 AT e W)
o’ =

T Zkl1 dic1 72(:)

(7.77)

 censored normal distribution A/ (ﬁ” A +5’ Wft, )
n n -1
(t o . N
ﬁi(H—l) = [Z TS) (Y'ZJ (Ag) 53(t) ( 7-t Az 3) )) (7.78)
=1 1=
-1
. j At
5100 [Z ( , ( ) BijJ ] <ZT§ J Z) )) (7.79)
~t ~t , . ) .
R Dy (YgQ 1 — 27 (874l + o] W) + (8" Al + o] )Wg) (81" 4] +of" >W5)>
jOHD ’
oy = n_ ()
Ty s
(7.80)
In the case of the same value of o within each cluster
(t) (1) (1) () A\t () s TN
o T (v () (W) (50 W)
o =
T Zkil D it 7'2)
(7.81)
where Y}, Y;g and 17 are respectively defined pagesand
* logistic distribution
) ()
. Bl Al +o]
rootonZ ® all =t S ,(t)t ,k O (7.82)
i=1 t=1 1+ B Autd Wi
) n T ) ) 51 AJ +5J( )Wj
&7, root of O it i = € (7.83)
kl ;tzl s Wi | Y 1+eﬂj<>A]+5j<>

e Zero Inflated Poisson distribution

(1- Sz(t) ) ( (B]AJ 4 5JWJ> A{ﬁ&thj) (7.84)

5 (t+1)
Ak‘jt

S

Il

&

]
25

&
]

M\]S

E

(1= sig) (Vi (Bl + 6w} ) — HAHANT) - (7.85)

>
EEN
¥
Il
I
=
o
"B
o
"
M\]’;}
(]~
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n
G+ (t)
vy, = arg max Z Ty,

i=1

T

()

1

J AT _
Sikjtl/kAit Tik

(®)

log (1 + eViAgt)

These formulas are derived from the equations presented in Chapter[3}

7.1.8 Numerical example

7.1.8.1 Normal - normal - normal

217

(7.86)

We use artificial data to illustrate the behavior of our algorithm. We consider 3 outcomes,

denoted as Y, Y2, and Y3, each divided into 3 groups. These outcomes follow a normal

J

distribution with means [igj X7 and standard deviations oy, for each individual 7. Here, X/

represents a column vector of ones. In this context, the -parameters exclusively represent

intercepts. The model parameters are given by:

« V' p

o Y2:p2

o Y3:3}

= (3.53,—2.25,0.47), B3 = (—1.62, 3.9, —0.65), 83 = (0.263,0.036,0.01), 0f = 0§ =

031, =0.5;

= (0.015,-0.11,0.2), 32 = (3.9, 3,—0.8), #% = (4.7,0.1,-0.1), 0? = 03

= (0,0,0), 83 = (2.5,0,0), 85 = (5,0,0), 03 = 05 = 05 = 0.5.

O'% =0.5;

Furthermore, we set all Gi values to 0 and establish a connection between outcomes 1 and 2

by adjusting the parameter ¢ = (1.5,

—2,-2.15, -2, -2,

_27 _27

the probabilities of group membership are defined as follows:

_27 _27

—2,—-2). As aresult,

Groupl Group2 Group3 probability || Groupl Group2 Group3 probability
1 1 1 0.05664 3 2 2 0.00014
2 1 1 0.05664 1 3 2 0.00767
3 1 1 0.05664 2 3 2 0.00014
1 2 1 0.05664 3 3 2 0.00465
2 2 1 0.25385 1 1 3 0.05664
3 2 1 0.00767 2 1 3 0.00767
1 3 1 0.05664 3 1 3 0.00767
2 3 1 0.00767 1 2 3 0.00767
3 3 1 0.25385 2 2 3 0.00465
1 1 2 0.05664 3 2 3 0.00014
2 1 2 0.00767 1 3 3 0.00767
3 1 2 0.00767 2 3 3 0.00014
1 2 2 0.00767 3 3 3 0.00465
2 2 2 0.00465
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We can observe that group 1 in outcome 1 is linked to group 1 inoutcome 2 (P (V;! = 1,Y2 =1) =
0.16992), group 2 in outcome 1 is linked to group 2 in outcome 2 (P (Y;! = 2,Y;* = 2) = 0.26315),
and group 3 in outcome 1 is linked to group 3 in outcome 2 (P (V;! = 3,Y;? = 3) = 0.26315).

We have simulated 200 individuals for each outcome. In the first step, we use trajeR to

fit the model for each outcome independently and use the results as a starting point for the

algorithms.
Outcome 1 Outcome 2 Outcome 3
group Parameter Estimate | group Parameter Estimate | group Parameter Estimate
| |
_____________________________ ey
1 Intercept 0.09116 | 1 Intercept 0.16163 | 1 Intercept 2.61661
Linear 0.17219 | Linear -0.22154 | Linear 0.00171
Quadratic -0.00996 | Quadratic 0.21645 | Quadratic -0.0091
| |
2 Intercept 3.45455 | 2 Intercept 4.59404 | 2 Intercept 0.07683
Linear -2.17899 | Linear 0.16384 | Linear -0.0152
Quadratic 0.45516 | Quadratic -0.10973 | Quadratic -0.00118
| |
3 Intercept -1.5896 | 3 Intercept 3.69664 | 3 Intercept 4.69277
Linear 3.83929 | Linear 3.14766 | Linear 0.21049
Quadratic -0.63617 | Quadratic -0.82292 | Quadratic -0.03043
_____________________________ T
1 sigmal 0.49507 | 1 sigmal 0.494 | 1 sigmal 0.49796
2 sigma?2 0.49507 | 2 sigma2 0.494 | 2 sigma2 0.49796
3 sigma3 0.49507 | 3 sigma3 0.494 | 3 sigma3 0.49796
_____________________________ T
1 pil 0.34 | 1 pil 0.34 | 1 pil 0.1
2 pi2 0.38999 | 2 pi2 0.36 | 2 pi2 0.815
3 pi3 0.27 | 3 pi3 0.3 | 3 pi3 0.085
_____________________________ T
Likelihood : -933.3929 Likelihood : -932.8815 Likelihood : -843.0038

As starting values for the algorithms, we use the previously mentioned values but change
the order of the groups to match the theoretical case. For example, for outcome 1, the fitted

group 2 corresponds to the theoretical group 1.
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Parameters Outcome 1 Outcome 2 Outcome 3
EM L EM L EM L
Bi1 3.45456 | 3.45456 | 0.16163 | 0.16163 | 0.07689 | 0.07689
P12 -2.17900 -2.179 | -0.22154 | -0.22154 | -0.01524 | -0.01524
[GE 0.45516 | 0.45516 | 0.21645 | 0.21645 | -0.00117 | -0.00117
P21 -1.58961 | -1.58961 | 3.69664 | 3.69663 | 2.61661 | 2.61661
P22 3.83930 3.8393 | 3.14766 | 3.14766 | 0.00170 | 0.00170
Bos -0.63617 | -0.63617 | -0.82292 | -0.82292 | -0.00910 | -0.00910
B31 0.09111 0.0911 | 4.59404 | 4.59404 | 4.69300 | 4.69301
B2 0.17223 | 0.17224 | 0.16384 | 0.16384 | 0.21031 | 0.21031
B33 -0.00996 | -0.00996 | -0.10973 | -0.10973 | -0.03040 | -0.03040
o 0.49507 | 0.49507 | 0.49400 0.494 | 0.49796 | 0.49786
01 0.00000 0 | 0.00000 0 | 0.00000 0
62 -0.22727 | -0.2272 | 0.21016 | 0.21020 | 0.06437 | 0.06444
03 -0.10618 | -0.10608 | 0.17453 | 0.17463 | -0.16475 | -0.16472
and for the parameters 1) for the EM-algorithm,
le zﬂlS
1 2 3 1 2 3
1 0.00 0.00 0.00 1 0.00 0.00 0.00
2 0.00 1.06318 -10.4754 2 0.00 -2.14664 -1.69506
3 0.00 -10.50618 1.29510 3 0.00 -2.57744 -2.76700
23
1 2 3
1 0.00 0.00 0.00
2 0.00 -2.03381 -3.01771
3 0.00 -10.92514 -2.12342
and for the likelihood algorithm,
12 13
1 2 3 1 2 3
1 0.00 0.00 0.00 1 0.00 0.00 0.00
2 0.00 1.06309 -14.04538 2 0.00 -2.14658 -1.69503
3 0.00 -14.09561 1.29504 3 0.00 -2.57705 -2.76658

219
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23

1 2 3
1 0.00 0.00 0.00
2 0.00 -2.03375 -3.01733
3 0.00 -14.58479 -2.12344

The coefficient 1/!? represents the relationship between outcome 1 and outcome 2, with the
first group being the base group. For example, 142 = 1.06, indicating that group 2 of outcome
1 is more likely to move with group 2 of outcome 2 than with group 1. Conversely, ¢33 =
—10.48, suggesting that group 2 of outcome 1 rarely moves with group 3 of outcome 2. These
parameters highlight the connection between groups 2 of outcome 1 and 2, as well as the
groups 3 of outcome 1 and 2.

We can confirm these findings by examining the theoretical probabilities and constructing
a table using the model to show the number of individuals in specific groups. For example,
the model indicates that the first individual belongs to group 3 for outcome 1, group 3 for
outcome 2, and group 1 for outcome 3. This supports the notion that certain groups are

linked, as reflected in the parameters.

Out. 2 Out. 3 Out. 3
Out.1 || Grl | Gr2 | Gr3||Grl | Gr2|Gr3| Out.2| Grl1 | Gr2|Gr3

Grl 40 20 18 47 17 14 Grl 37 17 14

Gr2 14 40 0 50 2 2 Gr2 56 3 1

Gr3 14 0 54 66 1 1 Gr3 70 0 2

We conducted a similar analysis with a larger dataset, comprising 500 individuals, and
different standard deviations within each group, where ¢! = ¢2 = 1 and ¢® = 0.5. For the

parameters 6, 3, and o, we obtained the following results:
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Parameters Outcome 1 Outcome 2 Outcome 3

EM L EM L EM L
Bi1 3.49454 | 3.49453 | -0.14544 | -0.14544 | 0.02716 | 0.02715
P12 -2.23470 | -2.23470 | 0.02445 | 0.02445 | -0.03983 | -0.03982
Bis 0.46777 | 0.46777 | 0.17627 | 0.17627 | 0.00902 | 0.00902
P21 -1.67768 | -1.67768 | 4.04774 | 4.04774 | 2.71487 | 2.71487
P22 3.97145 | 3.97144 | 2.91493 | 2.91493 | -0.18089 | -0.18089
Bos -0.66243 | -0.66243 | -0.78962 | -0.78962 | 0.03207 | 0.03207
B31 0.25214 | 0.25214 | 4.68652 | 4.68652 | 5.24299 | 5.24298
B2 0.04869 | 0.04869 | 0.09741 | 0.09742 | -0.13227 | -0.13226
B33 0.00909 | 0.00909 | -0.09761 | -0.09761 | 0.01754 | 0.01754
o 0.49325 | 0.49324 | 0.49665 | 0.49665 | 0.49626 | 0.49626
01 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000
62 -0.25744 | -0.25743 | 0.09665 | 0.09666 | -0.22177 | -0.22186
03 -0.11759 | -0.11752 | -0.38528 | -0.38527 | -0.29925 | -0.29919

and for the parameters 1) for the EM-algorithm,

w12 ,(/}13
1 2 3 1 2 3

1 0.00 0.00 0.00 1 0.00 0.00 0.00
2 0.00 1.51337 -1.81561 2 0.00 -2.88368 -1.3438
3 0.00 -1.90342 1.83277 3 0.00 -1.76906 -2.29668
w23
1 2 3

1 0.00 0.00 0.00
2 000 -1.97297 -2.57788
3 000 -1.27005 -1.68043

and for the likelihood algorithm,

¢12 w13
1 2 3 1 2 3

1 0.00 0.00 0.00 1 0.00 0.00 0.00
2 0.00 1.51337 -1.81635 2 0.00 -2.88410 -1.34378
3 0.00 -1.90350 1.83267 3 000 -1.76904 -2.29673
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,(/]23
1 2 3

1 0.00 0.00 0.00
2 0.00 -1.97281 -2.57736
3 0.00 -1.27008 -1.68083

The model become more accurate.

7.1.8.2 Normal - normal - logit

In a similar experiment, we replaced the last outcome with one following a LOGIT model with
2 groups and polynomial shapes of degree 2 and 1. The parameters for this modified scenario

are:
o Y1: 8l =(3.53,-2.25,0.47), 83 = (-1.62,3.9,—0.65), 81 = (0.263,0.036,0.01), o} = 0l =
a% =1;
e Y2: 37 =(0.015,-0.11,0.2), 55 = (3.9,3,-0.8), 83 = (4.7,0.1,—0.1), 03 =05 =05 = 1;
o Y3: 3} =(6.32,-5.8,1), 33 = (—6.69,1.92).

Additionally, we set all Qi =0andy = (1.5,—2,-2,1.5,0,—2,—1,—2). Weran trajeR for each
outcome separately and used the output as the initial values for the multi-outcome model.

The results are as follows:

Outcome 1 Outcome 2
Th. EM L Th. EM L
B 3.53 | 3.56459 | 3.56460 | 0.015 | -0.17405 | -0.17406
Bi2 | -2.25 | -2.31530 | -2.31530 | -0.110 | 0.03371 | 0.03372
Bis 0.47 | 0.48376 | 0.48376 | 0.200 | 0.18095 | 0.18095

B21 | -1.620 | -1.68194 | -1.68194 | 3.900 | 3.85913 | 3.85915
B22 | 3.900 | 4.01305 | 4.01305 | 3.000 | 3.03961 | 3.03959
Bas | -0.650 | -0.67322 | -0.67322 | -0.800 | -0.80338 | -0.80338

Bz1 | 0.263 | 0.22700 | 0.22702 | 4.700 | 4.80305 | 4.80305
B32 | 0.036 | 0.04902 | 0.04901 | 0.100 | 0.02368 | 0.02368
B33 | 0.010 | 0.00630 | 0.00630 | -0.100 | -0.08565 | -0.08565

o 1| 0.99597 | 0.99597 1| 1.00209 | 1.00208
01 0 | 0.00000 | 0.00000 0 | 0.00000 | 0.00000
02 0] 0.05413 | 0.05431 0| 0.29607 | 0.29615
03 0| 0.16613 | 0.16633 0 | 0.09321 | 0.09341
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Outcome 3
Th. EM L
Bi1 | 6.32 | 6.50352 | 6.50299
P12 | -5.8 | -5.88881 | -5.88849
Bis 1| 1.01188 | 1.01184
Ba1 | -6.69 | -6.48525 | -6.48559
Bay | 1.92 | 1.80831 | 1.80841

0, 0 0 0

0 0| 0.11835 0.1185
Parameters | i3 | oB|  wB| ol 3 i
Theoretical 1.5 -2 -2 1.5 0 -2 -1 -2
EM 1.27394 | -2.25331 | -3.41611 | 1.38477 -0.4814 | -1.50997 | -0.60894 | -1.32099
Likelihood | 1.27378 | -2.25176 | -3.41844 | 1.38448 | -0.48173 | -1.51061 | -0.60897 | -1.32194

7.1.8.3 Normal - ZIP - logit

We repeat the experiment, replacing the second outcome with an outcome following a ZIP
model with 3 groups. The degree of the polynomial shapes for the Poisson part is 4, 0, and 3
for the zero state in each group, and the degree of the polynomial shapes for the zero state is

2 in each group. The parameters are as follows:

o Y1:8! = (3.53,-2.25,0.47), B} = (—1.62,3.9, —0.65), B} = (0.263,0.036,0.01), o} = o} =

aézl;

e Y2: 52 =(1.2,2.3,-1.2,0.5,-0.1), B2 = (2), 83 = (~7.5,0,2.2,—4), v1 = (=2,1), o =
(_170'1)! V3 = (07 _1);

e V3.5 =(6.32,-5.8,1), B3 = (—6.69,1.92).

We also chose to set all Gi to 0 and used the parameter values ¢ = (—3,3,4,0,—-2,5,1,0). After
running the t ra jeR algorithm for each outcome separately, we used this output as the initial

value for the multi-outcome model. The results are as follows:
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Outcome 1 Outcome 2
Th. EM L Th. EM L
Bin | 3.53| 3.37162 | 3.37154 || 311 | 1.2 | -3.92980 | -3.92950
B2 | -2.25| -2.13530 | -2.13523 || B2 | 2.3 | -4.11672 | -4.11653
B3 | 0.47 | 0.45090 | 0.45089 || f13 | -1.2 | 3.88076 | 3.88051
B21 | -1.620 | -1.71513 | -1.71513 || B4 | 0.5 | -0.68312 | -0.68305
B2o | 3.900 | 3.96422 | 3.96422 || 15 | -0.1 | 0.01616 | 0.01615
B23 | -0.650 | -0.66183 | -0.66183 || B2 2| 2.01483 | 2.01483
B31 | 0.263 | 0.04619 | 0.04624 || (31 | -7.5 | -0.39232 | -0.39204
B3z | 0.036 | 0.15730 | 0.15725 || (32 0 | 4.55945 | 4.55895
B33 | 0.010 | -0.00882 | -0.00881 || B33 | 2.2 | -1.69650 | -1.69623
o 1| 2.69943 | 2.69943 || B34 | -0.4 | 0.17702 | 0.17698
0 0 | 0.00000 | 0.00000 || v1; | -2 | -0.98558 | -0.98296
02 0 | 2.00645 | 2.00672 || v12 1| -0.7915 | -0.79232
03 0 | -5.40659 | -5.43048 || vo; | -1 | -1.08749 | -1.08734
veo | 0.1 | 0.13039 | 0.13035
V31 0 | -3.38530 | -3.38515
v3p | -1| 1.53658 | 1.53652
6, 0 | 0.00000 | 0.00000
02 0 | -0.07507 | -0.07461
03 0| 0.14593 | 0.14628
Outcome 3
Th. EM L
B | 6.32 | 6.28035 | 6.28024
P12 | -5.8 | -5.73551 | -5.73545
P13 1| 0.98963 | 0.98962
Bo1 | -6.69 | -7.46613 | -7.46609
Bao | 1.92 | 2.09930 | 2.09930
0, 0 | 0.00000 | 0.00000
02 0 | -2.09538 | -2.09295
Parameters 135 133 V35 V33 3 55 V33 Vi
Theoretical -3 3 4 0 -2 5 1 0
EM -5.47292 | 4.33422 | -4.57086 | -4.46658 | -2.12297 | 3.23218 | 1.18008 | -7.96007
Likelihood | -5.46968 | 4.35722 | -4.57081 | -3.3298 | -2.12013 | 3.23351 | 1.17703 | -10.00915
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7.1.8.4 Real data

We'llillustrate the use of this method with real data from a study by Jones and Nagin (available
athttps://www.andrew.cmu.edu/user/bjones/strtxmpl?2.htm). The data comes from
the Montreal Longitudinal Study, and we’ll explore the potential link between hyperactivity
and opposition scores. The hyperactivity scale ranges from 0 to 4, while the opposition be-
havior score ranges from 0 to 10.

In the figure[7.1} we've plotted the data for each outcome, and to aid in understanding, we've
represented two trajectories in different colors: To obtain starting values for the joint model,
we launched t rajeR on the two behaviors separately, using single models. We won'’t go into
detail about the choice of polynomial degree and the number of groups for the model, but we

obtained the following starting values:


https://www.andrew.cmu.edu/user/bjones/strtxmpl2.htm
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Score

With these starting values in hand, we can proceed to launch the joint model. The results

indicate:
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Score

Oppositional

Temps

Figure 7.1: 3 outcomes. 3 groups for the two first and two for the third.

Outcome 1 Outcome 2
TrajeR | traj (SAS) TrajeR | traj (SAS)
B11 | -2.69733 | -2.69735 || 811 | -1.81222 | -1.81222
Bo1 | 0.18631 | 0.18638 || B2 | -1.98170 | -1.98171
Baa | -6.36477 | -6.36393 || B21 | 1.99617 | 1.99617
Bos | -1.33906 | -1.34019 || Ba2 | -6.55146 | -6.55134
Bos | 17.41459 | 17.4095 || o3 | -4.16659 | -4.16671
Ba1 | 2.69890 | 2.69893 || B24 | 20.70683 | 20.70610
Bso | -2.21390 | -2.21387 || B3 | 4.84779 | 4.84780
B33 | -5.57631 | -5.57613 || B3z | -2.31239 | -2.31240
o | 2.32828 | 2.32828 || (33 | -9.48859 | -9.48858
m | 0.24064 | 0.24064 || B41 | 6.56601 | 6.56603
7y | 0.41862 | 0.41863 || o | 2.54834 | 2.54834
73 | 0.34074 | 0.34073 || 7; | 0.25657 | 0.25657
7 | 0.43094 | 0.43094
73 | 0.24189 0.2419
T 0.0706 0.0706
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Outcome 1 Outcome 2

TrajeR | traj (SAS) TrajeR | traj (SAS)

Bi1 | -2.55343 | -2.55348 || f11 | -1.67252 | -1.67258
B1 | 0.48071 | 0.48074 || 312 | -1.48300 | -1.48308

Boo | -6.24514 | -6.24425 || B2 | 2.15443 | 2.15440
Ba3 | -3.53665 | -3.53676 || B2 | -6.79570 | -6.79186
Bos | 14.90876 | 14.90347 || fBos | -4.29020 | -4.29356
B31 | 2.66416 | 2.66411 || B2s | 20.58775 | 20.56512

By | -1.98842 | -1.98840 || B3 | 4.96622 | 4.96615
Bss | -4.14192 | -4.14164 || B3y | -2.12531 | -2.12503
o | 231949 | 23195 || Bs3 | -9.72094 | -9.71914

Ba1 | 6.59242 | 6.59246

o 2.54359 2.5436
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With the tra jeR package, you have 6 parameters of links between each group of each out-

come. These parameters are essential for understanding the relationships and associations

between different groups in your data.

Parameters Vi3 P32 Vi3 3

12
33

12
34

19.97949 | 10.51569 | 8.94481 | 28.44746 | 31.69029

40.0845

The first three )-parameters indicate that the group 2 of outcome 1 most often varies with

the group 2 of outcome 2. In contrast, 133 suggests that the group 2 of outcome 2 varies most

often with the group 3 of outcome 1. Regarding the last three parameters, they imply that the

group 3 of outcome 1 and the group 4 of outcome 2 vary more frequently together. However,

it's worth noting that the proportion of group 4 in outcome 2 is relatively small.

Traj SAS computes only the membership probabilities, joint probabilities, and conditional

probabilities. We are comparing these results with the two algorithms.

Membership’s probabilities for the outcome 1

Group 1 | Group2 | Group 3
TrajeR | 26.40014 | 42.02427 | 31.57559

Traj SAS | 26.39963 | 42.02506 | 31.57531

Membership’s probabilities for the outcome 2

Group 1 | Group2 | Group3 | Group 4

TrajeR | 27.69402 | 43.01798 | 22.39573 | 6.89226

Traj SAS 27.7 43 224 6.9
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Conditional probabilities, groups of outcome 1 given groups of outcome 2
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Prob. group out. 1|group out. 2 11 2|1 3|1 12 2|2 3|2
TrajeR 95.32792 | 4.67203 | 6e-05 0 | 94.67946 | 5.32054
Traj SAS 95.3 4.7 0 0 94.7 5.3
Prob. group out. 1|group out. 2 113 2|3 3|3 41 4|2 4|3
TrajeR 0 0.00539 | 99.9946 | 0 0 100
Traj SAS 0 0 100 0 0 100
Conditional probabilities, groups of outcome 2 given groups of outcome 1
Prob. group out. 2|group out. 1 11 2|1 3|1 4]1 12 2|2
TrajeR 99.99999 | le-05 0 0 3.07887 | 96.91826
Traj SAS 99.99999 0 0.00001 0 3.07834 | 96.9216
Prob. group out. 2|group out. 1 3|2 4|2 113 2|3 3|3 4/3
TrajeR 0.00287 0 0 7.2486 | 70.92353 | 21.82783
Traj SAS 0.00005 0 0 7.24646 | 70.92763 | 21.82591
Joint probabilities
Prob. group out. 2 and group out. 1 1;1 2:1 3:1 1;2 2;2 3;2
TrajeR 26.40013 | 1.29387 2e-05 40.72919 | 2.28879
Traj SAS 26.4 1.3 0 40.7 2.3
Prob. group out. 1 and group out. 2 1;3 2:3 3;3 4;1 4;2 4;3
TrajeR 0 0.00121 | 22.39452 0 6.89226
Traj SAS 0 0 224 0 6.9




7.1.

Outcome 1

Outcome 2
4 6

2

0

Definitions

Group 1

YWY

N

R

¢
/i'A }‘&

N

Y

VeVl

I

WM
A
LUR
ook W

f

'
|

|
M
N\
)

i

\‘u{w& il

/
N

Group 3

LS
Walal

i\

OO
A

Group 4

231




trajeR: an R-package for finite mixture

modeling

8.1 Introduction

Once the model was well-defined and the formulas correctly formulated, a significant as-
pect of this thesis involved the development of the trajeR R package. This package was
constructed with the assistance of Rcpp, a package that enables the integration of C++ code
within R source code. You can learn more about Rcpp in references such as Eddelbuettel and
Francois (2011) and Eddelbuettel (2013).

The trajeR package consists of nearly 9,000 lines of code, with approximately 76 % of
it written in C++ and 23.9 % in R. This package has been officially submitted and is avail-
able on CRAN (Comprehensive R Archive Network) at the following URL: https://cran.
r-project.org/web//packages/trajeR/index.html. Additionally, the latest version

of the package can be found on GitHub at: https://github.com/gitedric/trajeR.

r //
trajeR

8.2 Package design

The package trajeR is built around the core function trajeR which fits the model and
computes its parameters for given degrees of the polynomial trajectories in the different groups.

The function signature for trajeRr is
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trajeR (Y, A, Risk = NULL, TCOV = NULL, degre, degre.nu = 0,
Model, Method = "L",
ssigma = FALSE, ymax = max(Y) + 1, ymin = min(Y) - 1,
hessian = TRUE, itermax = 100, paraminit = NULL,
ProbIRLS = TRUE, refgr = 1,
fct = NULL, diffct = NULL, nbvar = NULL, nls.lmiter = 50)

Some of these arguments are mandatory others optional.

The mandatory arguments are the main data matrices Y, A, as well as degre , Model and
Method.
Here Y is the matrix containing the values of the variable of interest and A is the matrix
containing the age or time variable. In most applications, this matrix just contains times of
measurement that are the same for each individual in the sample, implying that all lines of
the matrix
A are equal, but this is not necessarily the case. A can for instance contain the age of the
different individuals at the times of measurement, which is generally different for each indi-
vidual in the sample.
degre is a vector indicating the degree of the polynomials describing the typical trajectories
in the different groups. Implicitly, the dimension of this vector also determines the number
of groups into which we want to divide the population,
Model is astring defining the underlying distribution used in the model. The possible choices
are LOGIT for the Logistic Regression Mixture Model, CNORM for the Censored Normal Mix-
ture Model or ZIP for the Zero Inflated Poisson Mixture model.
Method, finally, is a string to decide which algorithm is used for estimating the model param-
eters. The possible choices are L for direct optimization, EM for the Expectation Maximization
algorithm with quasi-Newton procedures (for LOGIT and ZIP models) and EMIRLS for the

Expectation Maximization algorithm using Iterative Weighted Least Squares.

The optional arguments are Risk , TCOV, degre.nu, ssigma, ymax, ymin, hessian,

itermax,paraminit,ProbIRLS, refgr, fct,diffct,nls.lmiter,ng.nl and nbvar

Risk is a data matrix that contains the values of the covariate X modifying the group mem-
bership probability. By default, there is no such variable and Risk is a one-column matrix
with value 1.

ProbIRLS allows to decide which method is used to compute the predictor probabilities. If
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its value is TRUE (default setting) we use the IRLS method and if it is FALSE we use the opti-
mization method.

TCOV is an optional data matrix containing a time-dependent covariate W that influences
the trajectories themselves. By default its value is NULL.

To ensure the identifiability of the parameters of the predictor, we have to fix a reference
group. This can be done by the refgr command. It’s default value is 1.

hessian indicates if we want to calculate the Hessian matrix, the default value being FALSE.
If the method used is direct optimization, the Hessian matrix is computed by inverting the
Fisher Information Matrix. If the method is EM or EMIRLS, the Hessian matrix is computed
by using the Louis method Louis (1982).

itermax gives the maximal number of iterations for the opt im function or for the EM algo-
rithm.

The choice of the initial parameters is very important in optimization problems. We can spec-
ify these initial parameters by paraminit . By default trajeR calculates the initial value

based on the range or the standard deviation of the data.

In case of a ZIP model, we have to specify the probability to belong to the excess zero
state. This is done by using a polynomial logistic regression. degre.nu is the degree of the

polynomial.

In case of a Censored Normal model, we have to define several arguments. ssigma in-
dicates if we suppose to have the same standard deviation for the error terms in all groups.
By default, its value is FALSE. ymax indicates the maximum of Y. It concerns only the model
with censored data. By default its value is the maximum value of the data plus 1, i.e the model

used is simply the normal model. Likewise, ymin indicates the minimum of Y.

There are also several arguments to define in order to use general nonlinear functions for
the typical trajectories in the different groups. fct gives the definition of the function used
to define the shape of the trajectories and its differential is defined in diffct . We also need
to specify the number of groups to use nl1.ng and the number of parameters to be estimated

nbvar.

The output of trajeR is an object of class Trajectory that can be of four types depend-
ing on the model used: Trajectory.LOGIT, Trajectory.CNORM, Trajectory.ZIP oOr

Trajectory.NL. These classes are described in chapter[3]
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Some examples of the prompt for a given a distribution:

¢ Censored Normal:

trajeR(Y = datal[,2:11], A = datal,12:21],
degre = ¢(0,3,4),
Model = "CNORM", Method = "EM",

hessian = TRUE, ssigma = FALSE)

* Logit:

trajeR(Y = datal[,2:11], A = datal,12:21],
degre = ¢(0,3,4),
Model = "LOGIT", Method = "EM",

hessian = TRUE)

e Zero Inflated Poisson:

trajeR(Y = datal[,2:6], A = datal,7:11],
degre=c(2,2), degre.nu = c(1,1),
Model="ZIP", Method = "L",

hessian = TRUE)

e Beta:

trajeR (Y = datal[,2:6], A = datal,7:11],
degre=c(2,3,1), degre.phi = ¢(1,1,1),
Model="BETA", Method = "L",

hessian = TRUE)

8.3 Plotting

trajeR provides a convenient way to visualize the output object, allowing you to create plots
of the mean curves for each cluster, with or without the data points. The x-axis represents the
time data, and you have the option to add the mean of the group for each time value to the
plot.

The main function for creating these plots is:
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plottrajeR (Object.trajeR, Y = NULL, A = NULL,

mean = FALSE, ...)

8.4 Model selection criteria

The criteria usually used for model selection in finite mixture models are the Bayesian In-
formation Criterion (BIC) and the Akaike Information Criterion (AIC). These 2 classical cri-
teria are implemented in trajeR and can be accessed by the functions trajeRBIC and

trajeRAIC respectively. For example, in a simulated example,
trajeRBIC (solLRisk)

## [1] 29255.68

trajeRAIC (solLRisk)

## [1] 29167.18

8.5 Model adequacy criteria

The posterior probabilities of group membership are among other a source of valuable in-
formation for judging the model’s correspondence with the data Daniel S. Nagin (2005). We

implemented the four diagnostics proposed in Daniel S. Nagin (2005) in trajeR.

8.5.1 Average Posterior Probability of Assignment

We call Average Posterior Probability of Assignment (AvePP) the average posterior probability
of membership for each group for those individuals that were assigned to it. In a ideal sit-
uation the assignment probability for each individual would be 1 and the Average Posterior

Probability (AvePP) would be 1 too. In our simulated example, we get
AvePP (solLRisk, Y = datal[,2:11], A = datal[,12:21], X = datal[, 42:43])

## [1] 0.9957070 0.9920117 0.9999998

We can see that all values are very close to 1. It means that the model fits the data correctly,

which is of course not astonishing since the data were simulated to fit the model.
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8.5.2 0dds of Correct Classification

The Odds of Correct Classification for group £ (OCCy) is the ratio between the odds of a cor-
rect classification into group k on the basis of the posterior probability rule and the odds
of correct classification based on random assignment, with the probability of assignment to

group k equal to its estimated population size 7. Hence,

AvePPy /(1 — AvePPy)

0CCy = /(L — 7k

).

Large values of OCC}; indicate a good assignment accuracy. Nagin suggests that in a real
world application an OCC}, greater than 5 for all groups is indicative that the model has a

high assigment accuracy Daniel S. Nagin (2005).
OCC(solL, Y = datal[,2:11], A = data[,12:21])

## [1] 2.769705e+02 2.269346e+02 2.524712e+07

8.5.3 Estimated Group Probabilities versus the Proportion of the Sample Assigned

to the Group

We compute the probability of group membership by two methods : using 7, or using the
proportion Pj of the sample assigned to the group k. Ideally the these two values should be

equal. The function propAssign computes P:

propAssign(soll, Y =datal[,2:11], A = datal[,12:21])
## gr
#it 1 2 3

## 0.458 0.350 0.192
We can compare with 7, calculated by the model.
exp (solLS$theta) /sum(exp (solLStheta))

## [1] 0.4589082 0.3489514 0.1921404

8.5.4 Confidence Intervals for Group Membership Probabilities

A narrow confidence interval of 7, for a given value of « implies that the probability is accu-

rately estimated. These intervals are calculated by means of the bootstrap method.
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ConfIntT (soll, Y = datal[,2:11], A = datal[,12:21],
nb = 10000, alpha = 0.98)

4 [,1] [,2] [,3]
## 1% 0.4133988 0.3074413 0.1614733
## 99% 0.5045751 0.3928050 0.2269818

8.5.5 Adequacy Matrix

trajeR allows to summarize these diagnostics in one table.

adequacy (sollL, Y = datal[,2:11], A = datal[,12:21],
nb = 10000, alpha = 0.98)

## 1 2 3
## Prob. est. 0.4589082 0.3489514 1.921404e-01
## CI inf. 0.4137369 0.3074233 1.623457e-01
## CI sup. 0.5054918 0.3928927 2.251117e-01
## Prop. 0.4580000 0.3500000 1.920000e-01
## AvePP 0.9957610 0.9918456 9.999998e-01
## OCC 276.9705045 226.9346306 2.524712e+07



Application examples

9.1 ZIP model

For our model’s study, we utilized the Toronto Juvenile Offender Samples, which have been
previously examined by Day, Jason D Nielsen, et al. (2011). The dataset can be accessed
through the crimCVv package or by contacting I. Bevc. This dataset tracked the criminal ac-
tivity of 378 youth annually, spanning from ages 9 to 38, by recording their offenses. The data

sources for this information included:
e The (Ontario) Ministry of Community and Social Services (MCSS).
e The (Ontario) Ministry of Community Safety and Correctional Services (MCSCS).
* The Canadian Police Information Centre (CPIC).
* The Predisposition Reports (PDRs) maintained by the children’s mental health center.

The initial dataset provided the dates of court contacts but lacked the dates of offenses. To
rectify this, we used the "divide and round" (DAR) approximation method proposed by A. K.
Ward et al. (2010). This method involves dividing each count by the corresponding exposure
time and rounding the result to the nearest integer. For example, an individual who had been
free for 8 months and committed 10 offenses in a year would have their count adjusted to
10/0.66 = 6.6, which is rounded to 7.

Given that a substantial portion of the dataset comprises zero counts, the ZIP model was

considered an appropriate choice to account for this excess of zeros in the data.

> data (TOladj, package = "crimCv")

> str(TOladj)

## num [1:378, 1:31]1 0 0 0 0O 0O 00O O OO ...
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## - attr(x, "dimnames")=List of 2
## ..$ : NULL
## ..$ : chr [1:31] "Offense8" "Offense9" "OffenselO" "Offensell"

As the dataset has been the subject of prior studies, such as J. D. Nielsen et al. (2014), we
decided to apply our model to this data. To account for the unique characteristics of the data,
we chose a 4th-degree polynomial for both the Poisson state and the excess zero state. We
experimented with various numbers of groups, ranging from 2 to 8. Unfortunately, models
with 5 or more groups yielded cases where one or more groups had a size of 0, rendering them
impractical.

Ultimately, we retained the models with 2, 3, or 4 groups and selected the most suitable one
using the AIC and BIC criteria. The final choice was a model with 4 groups. Since the dataset
does not include a time variable, we had to create one for our analysis. For our parameter es-
timation, we opted for the Likelihood method instead of the EM (Expectation-Maximization)

algorithm, as it often yields faster convergence in the case of ZIP models.

> library (trajeR)
> A <- matrix(rep(8:38, nrow(TOladj)), nrow = nrow(TOladj),
+ byrow = TRUE)

> sol <- trajeR(

+ Y = TOladj, A = A,

+ Model = "ZIP", Method = "L",

+ degre = ¢ (4, 4, 4, 4), degre.nu = c(4, 4, 4, 4),
+ hessian = TRUE

+ )

> sol

> sol

## Call TrajeR with 4 groups and a 4,4,4,4 degrees of polynomial shape
## of trajectory.
## Model : Zero Inflated Poisson

## Method : Likelihood

#4#

#4 group Parameter Estimate Std. Error T for HO: Prob>|T|
## param.=0

# -
#4 1 Intercept -111.94768 10.6419 -10.51952 0
## Linear 19.42967 2.0624 9.4209 0

#4# Quadratic -1.22354 0.14653 -8.35034 0
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#4 Nu45 -0.00013 0.00015 ~0.85799 0.39092
## —7————-
## 1 pil 0.5773 0.02951 0 0
## 2 pi2 0.27582 0.0272  -27.15925 0
## 3 pi3 0.07333 0.01179  -175.0553 0
## 4 pi4 0.07355 0.01376  -149.71431 0
T
## Likelihood : -11041.57

The estimated parameter values are presented in the "Estimate" column, and their stan-
dard deviations are reported in the "Std. Error" column. In the following two columns, sta-
tistical tests were conducted to determine whether the parameters significantly differed from
0. These tests indicated that nearly all parameters were statistically different from 0, with the
exception of the parameters associated with the first group in the logistic part. This suggests

that polynomial degrees three and four may not be essential for the model.

To assess the model’s goodness of fit, several methods were employed. Classic criteria
such as BIC Schwarz (1978) and AIC Akaike (1974) were used to aid in model selection.

> trajeRAIC(sol)
## [1] 22169.14
> trajeRBIC(sol)
## [1] 22338.34

We can use the methods described in the chapter|to test the adequacy of the model.

Diagnostic 1: Average Posterior Probability of Assignment (AvePP)

Ideally, this indicator must be near to 1. All these values are greater than 0.76, and the
groups 1, 3, and 4 achieve a good assignment of the individuals inside them. One open ques-
tion is, does there exist some threshold for AvePP to consider good assignment? Nagin sug-

gests that the minimum rule-of-thumb is that AvePP should be at least 0.7 for all groups.

> AvePP (sol, Y = TOladj, A = A)
#4# [1] 0.9692146 0.9461970 0.9993172 0.9861020

Diagnostic 2: Odds of correct Classification (OCC)
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OCC measures the odds of correct classification for a given group. If the maximum prob-
ability assignment rule has no predictive capacity beyond random chance, OCC equals 1.
Here, all the values are greater than 0.8, indicating that the predictive capacity of the proba-
bility assignment rule is strong.

> OCC(sol, Y = TOladj, A = A)

#4# [1] 23.05207 46.17459 18493.21392 893.73269

Diagnostic 3: Estimated Group Probabilities versus the Proportion of the Sample As-

signed to the Group

We compare the estimated probability with the proportion assigned to a given group. Ide-

ally, these two values should be equal.
> propAssign(sol, Y = TOladj, A = A)

#4# 1 2 3 4
## [1,] 0.5820106 0.2751323 0.07142857 0.07142857

Diagnostic 4: Confidence intervals for group membership probabilities

The narrower the interval, the more accurately the probability of group membership is
estimated. It is important to note that there is no specific criterion to determine whether
an interval is sufficiently narrow. To assess the accuracy of the model, we present all the

diagnostics in one table.

> round (adequacy (sol, Y = TOladj, A A, nb = 10000, alpha = 0.98), 5)

#4# 1 2 3 4
## Prob. est. 0.57730 0.27582 0.07333 0.07355
## CI inf. 0.55752 0.25950 0.06968 0.06979
## CI sup. 0.59625 0.29271 0.07709 0.07746
## Prop. 0.58201 0.27513 0.07143 0.07143
## AvePP 0.96921 0.94620 0.99932 0.98610
## OCC 23.05207 46.17459 18493.21392 893.73269

Given that the model with 4 groups and 4-degree polynomials is accurate, we can proceed
with plotting it.

> library(viridis)

> col_line <- wviridis (4)
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> col_bkg <- adjustcolor(col_line, alpha.f = 0.1)

> plotrajeR(sol, Y = TOladj, A = A,

+ col = c(col_bkg, col_line),
+ main = "Number of criminal unique court contacts",
+ xlab = "Time", ylab = "Number")

Number of criminal unique court contacts

15 20 25

Number

10

Time

9.2 CNORM model

We utilized a sample dataset from the Montreal Longitudinal and Experimental Study, as out-
lined in Richard E. Tremblay et al. (2003). This longitudinal study, initiated in 1984 in the
Montreal area of Quebec, Canada, primarily aimed to examine the development of antisocial
behavior from kindergarten to high school, with a specific focus on parent-child interactions.
For our analysis, we focused on a subset of 138 subjects.

The dataset includes measurements of opposition behavior on a scale ranging from 0 to 10.
These measurements were collected annually at ages 6 and 10-15 and encompassed five
items: 'does not share,” ’irritable,” 'disobedient,” ’blames others,” and 'inconsiderate.” Con-

currently, we collected two covariates related to the amount of schooling completed by the
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mother (SCOLMER) and father (SCOLPER).
The dataset can be accessed athttps://www.andrew.cmu.edu/user/bjones/sas/cnorm.

sasl
> str (data)

## ’'data.frame’: 138 obs. of 16 variables:

## S 01 :int 2244581134

## S 02 :int 01 2 0 9 10 2 0 1 2

## $ 03 :int 1201320102

## S 04 :int 00 0 0 40000 3

## S 05 : int 05 0NA 41000 6

## S 06 : int 01 O NA 3 2 0 0 0 NA

## $ 07 :int 00 1 0 3 2 00 0 6

## $ T1 :num -0.6 -0.6 -0.6 -0.6 -0.6 -0.6 -0.6 -0.6 -0.6 -0.6
## S T2 : num -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2 -0.2
## S T3 : num -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1
## S T4 :int 00 0 00 O0O0O0O0O

## $ TS5 :num 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

## S T6 :num 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2

## S T7 :num 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3

## $ SCOLMER: int 10 9 14 12 9 7 12 16 9 9

## $ SCOLPER: int 15 6 12 13 9 16 7 20 20 12

Following the work of Jones, we have chosen to fit the model with three groups, each char-
acterized by cubic trajectories and having the same standard deviation within each group.
The dependent variable represents scores ranging from 0 to 10. Therefore, the censored nor-

mal distribution appears to be a sensible choice for modeling this type of data.

> sol <- trajeR(Y = datal, 1:7], A = datal, 8:14],

+ degre = e¢(3, 3, 3),

+ Model = "CNORM", Method = "L",
+ ssigma = TRUE, hessian = TRUE,
+ ymin = 0,

+ ymax = 10

+ )

> sol

## Call TrajeR with 3 groups and a 3,3,3 degrees of polynomial shape

## of trajectory.


https://www.andrew.cmu.edu/user/bjones/sas/cnorm.sas
https://www.andrew.cmu.edu/user/bjones/sas/cnorm.sas
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## Model : Censored Normal

## Method : Likelihood

#4#

#4 group Parameter Estimate Std. Error T for HO: Prob>|T|
## param.=0

#H -
#4 1 Intercept -2.34029 0.59487 —-3.93413 9e=015
#4# Linear -4.54303 2.97544 -1.52684 0.12713
## Quadratic 5.5429 11.98453 0.4625 0.64382
## Cubic 10.68041 24.10402 0.4431 0.6578
##

#4 2 Intercept 1.06069 0.3167 3.3492 0.00084
## Linear -4.58363 1.41108 —-3.24831 0.0012
## Quadratic 0.64225 4.71449 0.13623 0.89167
#4 Cubic 11.64248 10.20263 1.14113 0.2541
#4#

## 3 Intercept 3.93136 0.37738 10.41752 0
#4# Linear -8.06229 2.16777 -3.71916 0.00021
#4 Quadratic 13.36513 6.82152 1.95926 0.05037
## Cubic 45.6647 15.26152 2.99215 0.00284
#H -
#4# 1 sigmal 2.64271 0.14738 17.93163 0
## 2 sigmaz2 2.64271 0.14738 17.93163 0
## 3 sigma3 2.64271 0.14738 17.93163 0
e e e e e e Tttt Tttt et
## 1 pil 0.26085 0.07987 0 0.00113
## 2 pi2 0.54254 0.06186 11.83801 0
## 3 pi3 0.19661 0.05052 =5,5971 0.00011
I B
## Likelihood : -1593.537

To test the adequacy of the model, we use the function "adequacy" to directly display the

table of all diagnostics.

> adequacy (sol, Y = datal[, 1:7], A = datal[, 8:141])

#4# 1 2 3
## Prob. est. 0.2608541 0.5425382 0.1966077
## CI inf. 0.2218094 0.4965786 0.1713491
## CI sup. 0.3041598 0.5875309 0.2233164
## Prop. 0.2608696 0.5579710 0.1811594
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## AvePP 0.8702552 0.8790312 0.8994214
## OCC 19.0059288 6.1271043 36.5413764

The diagnostics suggest that the model has a very good capacity to accurately estimate
group membership probabilities. The AvePP is greater than 0.87 for all groups, surpassing
the 0.7 threshold (diagnostic 1). The OCC is well above 5 for all groups (diagnostic 2). There
is a close correspondence between the estimated probabilities and the proportion assigned
to the group based on the maximum posterior argument probability rule for each group (di-
agnostic 3). The 98 % confidence intervals are relatively narrow for each group, with widths
less than 0.092 plus or minus the estimated probabilities (diagnostic 4). Then we can create

the graphical representation.
> library(viridis)

> col_line <- wiridis (3)

> col_bkg <- adjustcolor(col_line, alpha.f = 0.1)

> plotrajeR(sol, Y = datal, 1:7], A = datal[, 8:14],
+ col = c(col_bkg, col_line),

o xlab = "Time", ylab = "Opposition", main = "Opposition score by age")

Opposition score by age

10

Opposition

Time
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For each parameter, we test its significance with a t-test. We observe that the p-values
for the quadratic and cubic parameters of groups 1 and 2 are very high (greater than 0.1),

indicating that they do not significantly differ from 0. Therefore, we can remove them in the

next model.

We also investigate whether the three groups are influenced by certain covariates, particularly
the amount of schooling completed by the mother and father. We introduce the covariates
SCOLMER and SCOLPER in the model with the "Risk" option and check if the corresponding

parameters are significant. To ensure a quick convergence of the algorithm, we start it from

the results of the first model using paraminit .

> solRisk <- trajeR(Y = datal, 1:7],

& Risk = datal, 15:16],

+ degre = e¢(1, 1, 3),

+ Model = "CNORM", Method = "L",
+ ssigma = TRUE, hessian = TRUE,
+ ymin = 0,

+ ymax = 10,

+ paraminit = c(

+ sol$thetall], 0, O,

+ sol$thetal2], 0, O,

+ sol$theta[3], 0, O,

+ sols$betall:2],

+ solS$betal[b5:6],

+ solS$betal9:127,

+ sol$sigma

+ )

> solRisk

## Call TrajeR with 3 groups and a 1,1,3

## of trajectory.
## Model : Censored Normal

## Method : Likelihood

T
.41702

#4#
#4# group Parameter Estimate
##
## 1 Intercept -2.19652

#4 Linear -3.96666

A

Sel,

datal,

degrees

Error

.92362
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8:147],

of polynomial shape
T for HO: Prob>|T|
param.=0
-5.26717 0
-4.29471 2e-05
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#4

## 2 Intercept 0.93213 0.25762 3.61827 0.00031
## Linear -1.73025 0.54896 -3.15184 0.00167
#4#

## 3 Intercept 3.88433 0.38775 10.01757 0
## Linear -8.79596 2.30474 -3.81646 0.00014
## Quadratic 14.18118 7.40042 1.91627 0.05563
#4# Cubic 49.61899 16.65507 2.97921 0.00296
i S e e e e e e e e e e e e e e e e e e e S e S S S e e T S eSS eSS oo eess
## 1 sigmal 2.65235 0.14704 18.03802 0
## 2 sigmaZ2 2.65235 0.14704 18.03802 0
## 3 sigma3 2.65235 0.14704 18.03802 0
i ————————————————————————————————————————————===———==================
#4# 1 Baseline 0 NA NA NA
#4

## 2 Intercept 3.65064 1.20087 3.04 0.00243
## SCOLMER -0.05873 0.10072 -0.58305 0.56
## SCOLPER -0.20242 0.09283 -2.18058 0.02946
#4

4 3 Intercept 3.82126 1.33147 2.86995 0.0042
## SCOLMER -0.1606 0.12165 -1.32016 0.18709
## SCOLPER -0.21765 0.10344 -2.10399 0.03564
i S e e e e e e e e e e e e e e e e e e e S e e e e S S e ST S eSS e s s eses
## Likelihood : -1590.902

The covariate SCOLMER does not have any significant effect on the trajectory of the oppo-
sition score (p = 0.56 for group 1 and p = 0.187 for group 2). However, the covariate SCOLPER
does have a predictive effect (p = 0.029 for group 1 and p = 0.036 for group 2). This indicates
that the amount of schooling completed by the mother does not significantly influence the
trajectory, while the amount of schooling completed by the father has a protective effect. The
negative parameter estimates (-2.18 and -2.1) suggest that a higher level of schooling for the

father is associated with a decrease or lower level of the opposition score.

9.3 LOGIT model

The Cambridge Study in Delinquent Development (Farrington and West (1990)) is a prospec-
tive longitudinal study of 411 London males. The study’s primary objective is to investigate
the development of offending and antisocial behavior from childhood to adulthood. The

participants, all males, were interviewed at various time points from the age of 8 up to age 48,
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and their criminal records were also examined. In your sample, you are focusing on tracking

convictions for each year from age 8 to 32.
> str (as.matrix (data))

## dint [1:411, 1:880] 8488 8488 8488 8488 8488 8488 8488 8488 8488 8488

## — attr(x, "dimnames")=List of 2
## ..$ : NULL
4 ..$ : chr [1:880] "wvl"™ "y2" "y3" "y4"

> library (kableExtra)

> library (dplyr)

For a comprehensive description of each variable, you can refer to the source cited, Far-
rington and West (1990).
In this example, we primarily use variables V13 to V26, which count the number of convic-
tions for each year. We construct a longitudinal variable with a value of 1 if there is at least
one conviction for a given year, and then fit the matrix of time variables to arbitrary values for

your analysis.

> Y <- datal[, 13: 27]
> Y[Y >= 1] <=1

> A <- matrix(rep(l:15, nrow(Y)), byrow = TRUE, ncol = ncol(Y))

We decided to fit the model with polynomials of degree 0, 3, and 3. For a more detailed

discussion on how we arrived at these choices, please refer to chapter[3}

> sol <- trajeR(

+ Y =Y, A = A,

+ Model = "LOGIT", Method = "L",
+ degre = ¢ (0, 3, 3),

+ hessian = TRUE

+ )

> sol

## Call TrajeR with 3 groups and a 0,3,3 degrees of polynomial shape
## of trajectory.

## Model : Logit

## Method : Likelihood

#4#

#4# group Parameter Estimate Std. Error T for HO: Prob>|T|
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D

## 1
##
## 2
##
##
##
##
## 3
##
##
##

Intercept

Intercept
Linear
Quadratic

Cubic

Intercept
Linear
Quadratic

Cubic

-6.83062
1.83635
-0.18223
0.00532

-1.49242
-0.10687

0.06664
-0.00339

1.033

.41019
.04988
.00188

.67662
.33412
.04746
.00195

e

## 1
## 2
## 3

## Likelihood

> library (vir

> col_line <-

> col_bkg <- adjustcolor(col_line,

> plotrajeR (s

+ col
+ x1la
+ yax

-1239.107

idis)

viridis (3)

ol, Y=Y, A =

= c(col_bkg
b = "Time",

E=Ym )

0.66782
0.26737
0.06481

A,

, col_line),

.03873
.03727
.01377

alpha.f = 0.

ylab = "Conviction",

param.=
-10.60815 0
-6.61243 0
4.47681 le-05
-3.65319 0.00026
2.83858 0.00455
-2.20569 0.02744
-0.31984 0.7491
1.40417 0.16032
-1.7381 0.08224
0 0
-24.56397 0
-169.34427 0
1)
main = "Conviction by age",
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Conviction by age

0.5 0.75
l

Conviction

0.25
l

Time

To fit the model, the ZIP, CNORM, and LOGIT methods can be computed using either the
Likelihood or EM algorithm. In the case of ZIP and LOGIT, we also have an IRLS version of EM,
which can be useful in cases where the Likelihood method fails to converge due to numerical
issues, especially when dealing with sharp underlying functions.

Therefore, we fit the example above using the EM and EMIRLS methods for comparison with
the Likelihood method.

> solEM <- trajeR(

+ Y =Y, A=A,

+ Model = "LOGIT", Method = "EM",
+ degre = ¢ (0, 3, 3),

+ hessian = TRUE

+ )

> solEMIRLS <- trajeR(

+ Y =Y, A=A,
+ Model = "LOGIT", Method = "EMIRLS",
+ degre = ¢ (0, 3, 3),

+ hessian = TRUE
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SolL SolEM SolEMIRLS
parameters sd parameters sd parameters sd
Betal

-5.31127 0.50068 -5.31776 0.46898 -5.31149 0.46612
Beta 2
-6.83062 1.03300 -6.82778 1.05591 -6.83058 1.05581
1.83635 0.41019 1.83387 0.41861 1.83631 0.41860
-0.18223 0.04988 -0.18192 0.05108 -0.18223 0.05107
0.00532 0.00188 0.00531 0.00193 0.00532 0.00193
Beta 3
-1.49242 0.67662 -1.52537 0.69858 -1.49245 0.69666
-0.10687 0.33412 -0.09055 0.34427 -0.10685 0.34398
0.06664 0.04746 0.06443 0.04891 0.06664 0.04891
-0.00339 0.00195 -0.00330 0.00200 -0.00339 0.00200
Pi
0.66782 0.03873 0.66731 0.03044 0.66781 0.03043
0.26737 0.03727 0.26775 0.02874 0.26738 0.02872
0.06481 0.01377 0.06493 0.04186 0.06481 0.04184

9.3.0.1 Time longitudinal covariable

Some levels of reading skill are present in the dataset for specific ages: from 10 to 15, 18 to 19,
21to 22, and 24. We recoded these levels into three categories: good aptitude (-1), normal ap-
titude (0), and bad aptitude (1). There were some missing values, which we chose to address
through mean value imputation. In this method, missing values were replaced with the mean
of the two adjacent values, creating a smooth reading index. For example, if a person had a
reading level of 0 at age 19 and -1 at age 21, the missing 20-year reading level was imputed
as 0.5, indicating a transition from a normal level of reading to a good level with a smooth
transition.

The data are stored in the TCOV variable in this package.

The relationship between delinquency and learning disabilities is often studied by various au-
thors. Brier (1989) attempted to explain this linkage through three hypotheses: susceptibility
hypothesis, school failure hypothesis, and differential treatment hypothesis. In this context,
we investigated whether our longitudinal reading ability variable could influence the trajec-

tory of a given group.
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We incorporated the TCOV variable into our model, using the parameters found in the simple

case as initial parameters to ensure convergence.

> s0lTCOV <- trajeR(

+ Y =Y, A =4, TCOV = TCOV,

o Model = "LOGIT", Method = "L",

+ degre = ¢ (0, 3, 3),

+ paraminit = c(solStheta[-1], solS$beta, 0, 0, 0),
+ hessian = TRUE

+ )

> solTCOV

## Call TrajeR with 3 groups and a 0,3,3 degrees of polynomial shape
## of trajectory.

## Model : Logit

## Method : Likelihood

#4#

#4# group Parameter Estimate Std. Error T for HO: Prob>|T|
## param.=0

# -
#4# 1 Intercept -5.64831 0.94758 -5.96075 0
#4# TCOV1 -0.63241 0.96278 -0.65686 0.5113
#4#

#4 2 Intercept -6.56218 1.13247 -5.79456 0
#4# Linear 1.46344 0.44117 3.3172 0.00091
## Quadratic -0.11782 0.0548 -2.14999 0.03159
## Cubic 0.00259 0.00209 1.23648 0.21633
#4# TCOV1 0.50063 0.122 4.1036 4e-05
#4

## 3 Intercept -1.50631 0.76965 -1.95714 0.05038
## Linear -0.89117 0.49181 -1.81203 0.07003
## Quadratic 0.21889 0.08095 2.70412 0.00687
## Cubic -0.00994 0.00335 -2.96621 0.00303
## TCOV1 1.38989 0.42495 3.27073 0.00108
e e e e ettt ettt ettt b ettt
#4# 1 pil 0.65368 0.04456 0 0
## 2 pi2 0.28423 0.04115 -20.23849 0
## 3 pi3 0.06208 0.01469 -160.25724 2e=05
I S

## Likelihood : -1215.196
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For the first group, we observed that the time longitudinal covariate did not significantly
differ from 0, indicating that it had no effect on the trajectories within this group. In contrast,
for the two other groups, this covariate had a positive effect.

To further study the effect of a specific TCOV individual on the trajectory within their group,
we examined an example where an individual had a good reading level from ages 8 to 12,
which then progressively decreased to a bad level from ages 13 to 17. This level remained bad
until age 32. The values of this time longitudinal covariate were as follows: -0.5, -0.5, -0.5,
-0.5, -0.5, -0.5, -0.25, 0, 0.25, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5.

We plotted the trajectories and the impact of this particular longitudinal vector. The dashed

lines represented the impact of this vector on the minimum trajectory.

> col_line <- wiridis (3)
> col_bkg <- adjustcolor(col_line, alpha.f = 0.1)

> plotrajeR(solTCOV, col = c(col_bkg, col_line),

+ plotcov = c(rep(-0.5, 5), seq(from = -0.5, to = 0.5, length.out = 5),
+ rep (0.5, 5)),

+ ylim = e¢(0, 1),

+ xlab = "Time", ylab = "Conviction", main = "Conviction by age",

+ yaxt="n")
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Conviction by age

Conviction

2 4 6 8 10 12 14

9.4 BETA model

9.4.1 Data

We use daily data from 191 countries obtained from "Our World In data" Hasell et al. (2020).
This data set is built from information supplied by the European Centre for Disease Pre-
vention and Control, government reports, Oxford COVID-19 Government Response Tracker,
World Bank, United Nations Statistics Division and Eurostat. Our main variable of interest is
the rate of contamination with the COVID-19 virus. Moreover, we consider the covariates new
cases, population size (in million inhabitants), total cases per million people, median age of
the population, population density, number of inhabitants over 65 (in million inhabitants),
government response stringency index, GDP per capita, extreme poverty index, cardiovascu-
lar death rate, diabetes prevalence rate, index of handwashing facilities, rate of hospital beds
per thousand inhabitants, life expectancy and index of human development.

Finally, we use a stringency index, a composite measure of the nine government actions
school closures, workplace closures, cancelation of public events, restrictions on public gath-

erings, closures of public transport, stay-at-home requirements, public information cam-
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paigns, restrictions on internal movements and international travel controls.
First we need to do some data cleaning, replacing for instance some missing values for the
median age, population density, population over 65, GDP per capita and life expectancy vari-

ables.

Alvarez et al. (2020), who use the same dataset, have created time series by considering
a period of 100 days after the confirmation of the tenth COVID-19 case. We choose another
approach. We transform all variables into monthly data and obtain thus a 16-period panel,
starting in January 2020 and finishing in April 2021. This allows to smooth out periodicity
problems that occur with daily data, for instance because on weekends some countries do
not publish any COVID-19 related data. Moreover, for a lot of smaller countries, it is very dif-
ficult to determine the exact beginning of the epidemic. Since we interpret missing data as

missing at random, and not as 0, this approach is more convenient anyway.

Using the notations of the chapter 3} we hence observe the rate of contamination Y;; for
country i at time ¢, for n = 190 countires at 7" = 16 time points. Y; = (Y;1,-- -, Yj16) gives the
time series for country i. Figure shows the trajectories of the contamination rate for all

190 countries in our sample.

0.035

Rate
0.025
|

0.015

0.005
|

5 10 15

Time

Figure 9.1: Contamination rates for all countries.
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9.4.2 Model selection

To decide on the number of groups in our model, we use the BIC and AIC criteria together
with the metric developed by Kass and Wasserman (1995). Indeed, let p; be the probability
that a model with & groups is the correct model. They show that p;, can be approximated by

eB[C'k—BICmaz
Pk ~ .
Zk eBICkaICmaI

To start with, we decide to model the typical trajectories with polynomials of degree 3 to be
able to take into account two inflection points and to use polynomials of degree 2 to model

the time dependency of the precision parameters zeta of the underlying Beta distribution.

Optimization methods can heavily depend upon the choice of the starting values of the
different parameters. In case of a bad choice, the algorithm may not converge at all or con-
verge to a local extremum. Unfortunately there is no established method to choose these
starting points. We chose a three-step approach to solve this issue. In a first step, we chose
k horizontal lines as starting values, i.e. take the parameters 8, = (/p,0,0,...) and {, =
(€0,0,0,...) for k = 2,...,10. Every time, we check if the model we found is well defined by
computing its average posterior probability ie the average posterior probability of member-
ship for each group for those individuals that were assigned to it. In a ideal situation the
assignment probability for each individual would be 1 and the Average Posterior Probability
(AvePP) would be 1 too.Daniel S. Nagin (2005) considers that it should be at least 0.7 for all

groups, so we use that criteria too. We also remove models which contain empty groups.

In a second step time, we try some affine functions to take into account the growth of
the data during the time period. The first two step exhibit mostly 2-group and some 3-group
solutions. In a third step, we then use the parameters of the different groups found in the pre-
vious steps as starting values and also find 4- and 5-group solutions. The typical trajectories
of all 7 possible models with less than 10 groups are presented in figure[9.2]

The BIC and AIC, as well as Kass and Wasserman’s py, are presented in table[9.1}

The highest value of BIC and AIC are obtained for the model with 5 groups with BIC =
15558.41 and AIC = 31241.46. The Kass and Wasserman criterion also clearly indicates that
we should retain the 5-group solution.

Looking at the parameter estimates for the selected 5-group solution, we see that actually
in group 5, the first and second degree parameters of ¢ are non significant, meaning that

for this group the precision parameter ® is constant over time. We take this into account
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Figure 9.2: Typical trajectories of the different possible models

Number of
groups AIC BIC Prob
2 29851.99 14902.64 0.00000
3 30341.00 15142.28 0.00000
3 2994596 14936.64 0.00000
3 30777.14 15352.23 0.00000
4 30839.69 15370.52 0.00000
4 31192.78 15547.06 0.00001
5 31241.46 15558.41 0.99999

Table 9.1: Model selection criteria

259

by rerunning the model with a constant ¢ for group five and get the final model parameters

presented in table

Figure[9.3]shows the evolution of the precision parameters over time. We see that the tra-

jectory of the parameters ¢ for group 5 is a horizontal line, and so, for this group, the precision

is constant over time, while for most other groups, the trajectories become more homoge-

neous over time.
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Param. sd Test Param. sd Test Param. sd Test
Betal Zetal Pil
-5.902 0.018 0.000 14.648 0.309 0.000 0.302 0.034 0.000
-0.052 0.013 0.000 -1.253 0.072 0.000 Pi2
0.020 0.002 0.000 0.045 0.004 0.000 0.183 0.028 0.000
-0.001  0.000 0.000 Zeta 2 pi3
20.026 0.280 0.000
Beta 2 0.159 0.028 0.000
5927 0.003 0.000 -1.818 0.088 0.000 Pi4
-0.015 0.003 0.000 0.066 0.005 0.000 0.319 0.034 0.000
0.005 0.001 0.000 Zetgi54 0571 0.000 Pi5
0.000 0.000 0.005 : : :
_0.600 0.099 0.000 0.036 0.014 0.008
Beta 3 0.022 0.005 0.000
-5.659 0.133 0.000 Zeta 4
-0.119 0.066 0.071 13.212 0.360 0.000
0.040 0.009 0.000 0.007 0.085 0.934
-0.002 0.000 0.000 -0.008 0.004 0.061
Zetab

Beta 4
-5.962 0.011 0.000
0.018 0.005 0.000
-0.002 0.001 0.000
0.000 0.000 0.000

7.422 0.146 0.000

Beta 5
-7.511 0.370 0.000
0.911 0.143 0.000
-0.102 0.016 0.000
0.004 0.001 0.000

Table 9.2: Parameters of the final model

9.4.3 Description of the groups

The final model exhibits 4 main groups with 57, 35, 30 and 61 one countries respectively and
one small group with 7 countries. Group membership of all countries in the sample can be

found in table[9.4]in the appendix and can also be seen on the world map in figure[9.4]

Figure shows the typical evolution of the contamination rate in the five groups, to-

gether with the initial trajectories of the 191 countries.

Group 1 contains countries with a quite fast and regularly increasing contamination rate,
while the countries in group 2 exhibit a much smaller growth of the contamination rate. In
the countries of group 3, the contamination rate grows even faster than in group 1, till the
end of 2020 and starts declining at the beginning of 2021. Group 4 contains all countries that
declare a contamination rate that stays very close to zero over the whole time interval in our

study. The countries in group 5 have quite a particular behavior with two inflection points.
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Variablity of the distribution
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15
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Figure 9.3: Variation of the precision parameters over time.

Map of the different groups

O grl O gr2 O gr3 O gr4 O grb

Figure 9.4: World map with the geographic distribution of the five groups

This group contains countries from South America like Chile, Peru or Brazil where the sec-

ond increase of the contamination rate can be explained by the appearance of a new variant,
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Values and predicted trajectories for all groups

Value
0.015 0.020 0.025 0.030 0.035
| | | | |

0.010
|

0.005

Time

B ogrl B gr2 MW gr3 W gr4 W grb

Figure 9.5: Evolution of the contamination rate for the five groups and all countries of the
sample.

as described in Hojo de de Souza et al. (2021), but also countries from the Middle East like

Kuwait, Qatar and Oman.

Table[9.4]shows the principal characteristics of the countries in the different groups.
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We observe that the contamination rate is higher in the groups with a higher median age
or with a higher proportion of old people. The age variables are indeed highest in groups 3
and 1 and lowest in group 4. We also see that the countries in the groups with the largest
increase of the contamination rate have the highest life expectancy and GDP per capita and
the lowest poverty rate. Moreover, group 3 has by far the highest population density, whereas
there is no visible trend linking the population density to the contamination rate in the other
four groups.

On the other hand, we see that the average stringency index is almost the same for all five
groups, so at a first glance, there does not seem to be a link between the contamination rate

and the stringency index.

Carrillo-Larco and Castillo-Cara (2020) use a k-means clustering algorithm on cross-sectional
data and find a division of the countries into clusters that are quite similar to our groups.
They use some selected diseases, socio-economic status, air pollution and health system as
descriptive variables, but do of course not get any typical evolution trajectories, since they
perform a static analysis.

In the following paragraph, we will formally test which of the descriptive variables have a

significant influence on group membership.

9.4.4 Predictors of Trajectory Group Membership

We test several covariates to understand if some of them influence the group membership
probabilities. We use the median age, the population density, the proportion of people elder
than 65 older, the life expectancy and the mean of the stringency index over the observed time
period as risk measures X that potentially influence group membership in the generalized fi-
nite mixture model. Since that part of the model is essentially equivalent to a multinomial
logit model, we have to use one of the groups as comparison group and test then for all co-
variates if and if yes, how much, they influence the membership probabilities for the other

groups. We choose group 4 as comparison group. Table[9.5|reports the results.

The median age affects membership to groups 1 (p = 0.02445), 2 (p = 0.088), and espe-
cially 5 (p=0), in the sense that countries with an older population have a higher chance to
belong to these groups. The high influence of the median age on the membership probability
of group 5 is somewhat counterbalanced by the fact that a high proportion of people older
than 65 has a highly significant p = 0.002 but negative influence on group membership in

that group.
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Group 1

Albania, Argentina, Azerbaijan, Bahamas, Belize, Bolivia, Bosnia and
Herzegovina, Bulgaria, Canada, Cape Verde, Colombia, Costa Rica, Croa-
tia, Cyprus, Denmark, Djibouti, Dominican Republic, Ecuador, Equa-
torial Guinea, Finland, Gabon, Georgia, Germany, Greece, Guatemala,
Honduras, Hungary, Iran, Iraq, Jordan, Kazakhstan, Kosovo, Kyrgyzstan,
Latvia, Lebanon, Libya, Lithuania, Malta, Mexico, Moldova, North Mace-
donia, Norway, Palestine, Paraguay, Poland, Romania, Russia, Sao Tome
and Principe, Saudi Arabia, Seychelles, Slovakia, South Africa, Suriname,
Turkey, Ukraine, United Arab Emirates, Uruguay

Group 2

Algeria, Antigua and Barbuda, Bangladesh, Barbados, Botswana, Comoros,
Cuba, El Salvador, Eswatini, Gambia, Ghana, Guyana, India, Indonesia, Ja-
maica, Japan, Lesotho, Malaysia, Mauritania, Mongolia, Morocco, Myan-
mar, Namibia, Nepal, Pakistan, Philippines, Saint Lucia, Saint Vincent
and the Grenadines, Sri Lanka, Trinidad and Tobago, Tunisia, Uzbekistan,
Venezuela, Zambia, Zimbabwe

Group 3

Andorra, Armenia, Austria, Bahrain, Belarus, Belgium, Czechia, Estonia,
France, Iceland, Ireland, Israel, Italy, Liechtenstein, Luxembourg, Monaco,
Montenegro, Netherlands, Panama, Portugal, San Marino, Serbia, Sin-
gapore, Slovenia, Spain, Sweden, Switzerland, United Kingdom, United
States, Vatican

Group 4

Afghanistan, Angola, Australia, Benin, Bhutan, Brunei, Burkina Faso, Bu-
rundi, Cambodia, Cameroon, Central African Republic, Chad, China,
Congo, Cote d’Ivoire, Democratic Republic of Congo, Dominica, Egypt,
Eritrea, Ethiopia, Fiji, Grenada, Guinea, Guinea-Bissau, Haiti, Kenya,
Laos, Liberia, Madagascar, Malawi, Mali, Marshall Islands, Mauritius, Mi-
cronesia (country), Mozambique, New Zealand, Nicaragua, Niger, Nige-
ria, Papua New Guinea, Rwanda, Saint Kitts and Nevis, Samoa, Senegal,
Sierra Leone, Solomon Islands, Somalia, South Korea, South Sudan, Su-
dan, Syria, Taiwan, Tajikistan, Tanzania, Thailand, Timor, Togo, Uganda,
Vanuatu, Vietnam, Yemen

Group 5

Brazil, Chile, Kuwait, Maldives, Oman, Peru, Qatar

Table 9.4: Countries belonging to each group.

Figure[9.6shows the boxplots of the median age for all five groups of countries.

We see that the median of the median age covariant is by far highest in group five and

actually nearly all countries in group five have a relatively high median age. More generally,

we detect a clear link between a high median age of a population and membership in a group

with a high contamination rate.

Finally, we see that a high value of the stringency index has a highly significant positive

influence in group membership in all four groups. Accordingly, a high value of the stringency

index also decreases the probability of membership in the baseline group. Now this results
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Group 1 Group 2
Estimate Std. Error Prob>|T| Estimate Std. Error Prob>|T|
intercept -16.812 4681 0 -4.805 3.422 0.16
median age 0.193 0.086 0.024 0.172 0.101 0.088
population density -0.003 0.002 0.093 0.000 0.001 0.869
aged 65 older -0.021 0.132 0.871 -0.060 0.126 0.631
life expectancy 0.073 0.080 0.364 -0.073 0.071 0.304
stringency index 0.112 0.023 0 0.092 0.023 0
Group 3 Group 5
Estimate Std. Error Prob>|T| Estimate Std. Error Prob>|T|
intercept -67.733 19.400 O -73.689 23.469 0.002
median age 0.129 0.158 0.412 0.418 0.205 0.041
population density 0.000 0.001 0.784 0.000 0.001 0.926
aged 65 older 0.109 0.178 0.542 -0.640 0.206  0.002
life expectancy 0.646 0.223 0.004 0.646 0.283 0.023
stringency index 0.185 0.054 0.001 0.228 0.075 0.002

Table 9.5: Predictors of group membership.

seems of course surprising. But we actually did something here, that we are not supposed to

do. In generalized finite mixture models, the covariates X that potentially influence group

membership have to be measured before the beginning of the trajectories Y. This is not the

case for the stringency index in our example. The government measures that are summarized

in that index have not been taken before the pandemic, but during the first part of the out-

break. So, it is obvious that the stringency index cannot influence group memberships here.

What our result shows is actually rather the contrary. The governments of countries in groups

with a higher contamination rate have usually taken harsher measures, which explains that

the coefficients in groups 1,2,3 and 5 are significant and strictly positive with respect to group
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Figure 9.6: Boxplots of the median age for all 5 groups.

4, which contains the countries not affected a lot by the pandemic during the time of our
study.

On the other hand these four significant theta coefficients are quite close one to each other. If
we want to understand, if they differ significantly among themselves, we can use a y?-based
test of multiple contrasts (Nagin, 2005). The degree of freedom of this test equals the number
of equality constraints being tested or the number of different coefficients being tested minus
1. Here, the degree of freedom is 3, since we perform pairwise equality tests between the four

theta coefficients. More precisely, we perform the test

Hy : 605" = 05" and 05" = 05" and 65" = 65" 9.1)

Hy : 058 # 05 or 05" # 05 or 05" +# 05 (9.2)

If we use the notations § = (65", 65", 65", 9?)' ,q=(0,0,0) and




268 CHAPTER 9. APPLICATION EXAMPLES

our hypotheses can be written

Hy: HO=gq 9.3)
Hy: HO 0. 9.4)
The x? distance is then defined by
N / _ ~
2= (He _ q) (HV;H') ™" (He _ q) , 9.5)

where 6 denotes the counterpart vector of the coefficients and V; is the matrix variance/covariance
of the parameter estimates in .
We obtain x? = 5.62 with 3 degrees of freedom, which is far short of significance. So, whereas
we have shown that groups 1, 2, 3 and 5 have a significantly higher stringency index than

group 1, we do not find any significant pairwise difference between these four groups.

9.4.5 Stringency as time dependent covariate

The generalized finite mixture model allows to test if time-dependent covariates have a sig-
nificant relationship with the shape of the typical trajectories in the different groups. Here
it makes sense to analyze if the different measures the governments took against the spread
of the pandemic were successful. In other words, we are interested in testing if the typical
contamination rate trajectories were flattened in case of a high stringency index.

Thus, here W;; denotes the stringency index at time ¢, for 1 < ¢ < 16, for country 7. For this
application, we had to remove countries without values for the stringency indexﬂ and in case

of isolated missing data, we completed the variable by linear interpolation.

Table 9.6/ shows the parameter estimations of the model. Their interpretation is the same
as before except for the delta coefficients, which illustrate the relationship between the strin-
gency index and the different typical group trajectories.

For the groups 1, 3 and 5, i.e. the groups with a high contamination rate, the delta param-
eters are significant and positive, although very small, while for the other two groups, they are
not significant. Here again, the small but significant relationship between the delta parame-
ters and the typical trajectories mostly indicates that the countries with a high contamination

rate took slightly stricter measures against the spread of the virus than the countries which

!Antigua and Barbuda , Armenia , Comoros , Equatorial Guinea , Grenada , Guinea-Bissau , Liechtenstein ,
Maldives , Marshall Islands , Micronesia (country) , Montenegro , North Macedonia , Saint Kitts and Nevis , Saint
Lucia, Saint Vincent and the Grenadines , Samoa , Sao Tome and Principe , Vatican.
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Param. sd Test Param. sd Test Param. sd Test Param. sd Test
Betal Phi 1 Delta 1 Prob. 1
-5.843 0.026 0.000 14.337 0.317 0.000 0.001 0.000 0.001 0.328 0.039 0.00
-0.120 0.024 0.000 -1.164 0.076 0.000 Prob. 2
0.029 0.004 0.00  0.040 0.004 0.000 Delta2 0.175 0.030 0.00
_ . 0.000 0.000 0.955
0.001 0.000 0.000 phi2 Prob. 3
Beta 2 1513.573?3 g'i’;g 8-888 Delta 3 0.156 0.030 0.00
-5.927 0.003 0.000 -0.061 0.006 0'000 0.010 0.001 0.000 Prob. 4
-0.014 0.004 0.000 . ) ’ ) 0.301 0.035 0.00
0.005 - 0.001 0.000 Phl93624 0.369  0.000 D?)ltt?ol(l) 0.000 0955 Frob-5
0.000 0.000 0.001 : : : : : :
-0.521 0.097 0.000 0.040 0.016 0.01
Beta 3 0.016 0.005 0.003 Delta5

-5.602 0.117 0.000 Phi4 0.004 0.001 0.004

-0.421 0.070 0.000 12.887 0.372 0.000

0.076  0.009 0.000 0.148 0.085 0.082

-0.003  0.000 0.000 -0.015 0.004 0.000
Phi5

7.384 0.137 0.000

Beta 4
-5.972  0.012 0.000
0.012 0.005 0.018
-0.001 0.001 0.043
0.000 0.000 0.027

Beta 5
-7.304 0.366 0.000
0.701 0.147 0.000
-0.078 0.017 0.000
0.003 0.001 0.000

Table 9.6: parameters of the final model with time dependent covariates.

were less affected by the virus. But conversely, this also shows that we cannot see any sign of
efficiency of the sanitary measures taken by the different countries against the propagation

of the virus during the first part of the pandemic.



Conclusion

This dissertation has made significant contributions to the field of trajectory analysis through
the development of the TRAJER framework, an innovative R package designed for finite mix-
ture modeling of longitudinal data. Tailored to address heterogeneity in time series data
across domains such as finance, criminology, medicine, sports analytics, and others, TRAJER
integrates advanced statistical methodologies with robust computational techniques. The
following sections provide a detailed summary of the contributions from each chapter, fol-
lowed by future research directions to extend the framework’s capabilities.

Chapter 1 laid the foundation for the thesis by introducing the importance of trajectory
analysis in longitudinal studies. It highlighted the prevalence of time series data in various
fields and the need for models that capture both inter-individual and intra-individual vari-
ability without predefined group assumptions. The chapter introduced the Latent Growth
Model (LGM) framework as a cornerstone for studying patterns of change over time and out-
lined the objectives of developing TRAJER to identify latent trajectory groups and their pre-
dictors, drawing on Daniel S. Nagin (2005).

Chapter 2 provided a comprehensive overview of finite mixture models (FMMs) as a sta-
tistical framework for clustering heterogeneous longitudinal data. The chapter detailed the
theoretical underpinnings of FMMs, including their probabilistic structure and applications
in trajectory modeling, referencing McLachlan (2004) and Lindsay (1995). It emphasized the
flexibility of FMMs in accommodating various distributional assumptions, setting the stage
for the specific models developed in subsequent chapters.

Chapter 3 was a cornerstone of the thesis, presenting the development of four distribu-
tional models within TRAJER: Censored Normal (CNORM), Zero-Inflated Poisson (ZIP), Logit,

and Beta. Each model was tailored to specific data characteristics:

* CNORM addressed censored data, with sections on likelihood, EM algorithm, and nu-

merical methods (Section 3.2.5) ensuring robust parameter estimation.

270



271

e ZIP modeled count data with excess zeros, incorporating link functions, Iteratively Reweighted
Least Squares (IRLS, Section 3.3.5), and covariance estimation (Section 3.3.8) for precise

inference, inspired by Lambert (1992).

* Logit handled binary outcomes, with detailed likelihood formulations and EM-based

estimation (Section 3.3.4).

* Beta tackled bounded continuous responses, with numerical applications (Section 3.4.3)

demonstrating its utility, following Smithson and Verkuilen (2006).

The chapter also explored non-linear mixture models (Section 3.5), enhancing TRAJER’s flex-
ibility for complex trajectories. Each model was accompanied by standard error estimation
and covariance computations, ensuring rigorous statistical inference.

Chapter 4 addressed a critical theoretical challenge in FMMs: model identifiability. The
chapter introduced the concept of identifiability (Section 4.1.1), characterized identifiable
mixture families (Section 4.1.3), and explored identifiability in regression mixtures (Section
4.1.4), building on Teicher (1963a), Yakowitz and Spragins (1968) and C. Hennig (2000). By es-
tablishing conditions under which model parameters are uniquely determined, this chapter
provided a theoretical foundation that enhances the reliability and interpretability of TRA-
JER’s outputs.

Chapter 5 focused on practical implementation by developing strategies for initializing
model parameters to ensure stable convergence. Specific approaches were tailored for CNORM
(Section 5.1.1), Logit (Section 5.1.2), ZIP (Section 5.1.3), and Beta (Section 5.1.4) models.
These strategies mitigated the sensitivity of EM or quasi-Newton algorithms to initial values,
making TRAJER computationally robust and user-friendly for practitioners, with implemen-
tation details aligned with your expertise in R package development.

Chapter 6 addressed the critical task of selecting the optimal number of trajectory groups
and evaluating model performance. Section 6.1 reviewed model selection criteria, includ-
ing Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Calinski-
Harabasz-DTW (CHDTW)), tailored for time series clustering. Section 6.2 introduced perfor-
mance metrics such as cross-validation error rates and Slope Heuristics (SH) for longitudinal
data. These methods, implemented in TRAJER, provide users with rigorous tools to choose
models that balance fit and parsimony, aligning with her statistical expertise.

Chapter 7 extended TRAJER’s capabilities to model multiple outcomes simultaneously
through group-based multi-trajectory modeling (GBMTM). Section 7.1 outlined the theoret-
ical framework for GBMTM, which captures correlated trajectories across multiple variables.

Section 7.2 detailed the extension of EM algorithms to handle multivariate longitudinal data.
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Section 7.3 presented numerical applications, demonstrating GBMTM’s ability to uncover
joint trajectory patterns in datasets like criminology or medical studies. This chapter en-
hanced TRAJER’s applicability to complex, multivariate time series, a key advancement for
applied research.

Chapter 8 introduced t ra jeR, the R package implementing the TRAJER framework, em-
phasizing its design and functionality for statisticians and practitioners. Section 8.1 described
the package’s architecture, built on R’s statistical ecosystem, ensuring accessibility and scala-
bility. Section 8.2 detailed user-facing functions for fitting CNORM, ZIP, Logit, and Beta mod-
els, with diagnostics like Average Posterior Probability (AvePP) and Odds of Correct Classifi-
cation (OCC). Section 8.5.3 (Estimated Group Probabilities) and 8.5.4 (Confidence Intervals)
provided robust inference tools, while the Adequacy Matrix (Section 8.5.5) evaluated group
coherence. Section 8.6 covered visualization tools, enhancing interpretability. The open-
source nature of t ra jeR encourages community contributions.

Chapter 9 demonstrated TRAJER’s versatility through real-world applications. The chap-
ter applied the ZIP (Section 9.1), CNORM (Section 9.2), Logit (Section 9.3), and Beta (Section
9.4) models to diverse datasets, including COVID-19 contamination data for the Beta model.
Subsections detailed data preparation (Section 9.4.1), model selection (Section 9.4.2), group
descriptions (Section 9.4.3), predictors of group membership (Section 9.4.4), and time de-
pendent covariates like stringency (Section 9.4.5). Tables (e.g., Table 9.1 for model selection
criteria) and descriptive statistics (Table 9.3) provided actionable insights, showcasing TRA-
JER’s ability to uncover latent trajectory groups and their dynamics across fields like medicine
and criminology.

The TRAJER framework opens several avenues for future research to address emerging

challenges in longitudinal data analysis:

* Dropout Modeling: Non-ignorable dropout is a common issue in longitudinal studies,
potentially biasing trajectory estimates. Extending TRAJER to incorporate joint model-
ing of longitudinal and dropout processes, using shared random effects or latent class
structures could improve robustness, particularly for sports analytics applications track-

ing athlete performance.

e Composite Likelihood Methods: For high-dimensional or complex datasets, full like-
lihood estimation can be computationally intensive. Composite likelihood approach-
escould approximate likelihoods to reduce computational burdens while maintaining

statistical efficiency, especially for multivariate trajectory models.

* Supervised Group-Based Trajectory Modeling (GBTM): Integrating supervised GBTM
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could enhance TRAJER’s predictive capabilities by incorporating external covariates or
outcome variables to guide cluster formation, bridging exploratory and predictive mod-

eling.

* Spline-Based Trajectory Modeling: Replacing polynomial bases with splinescould im-
prove TRAJER'’s flexibility in capturing non-linear trajectories. B-splines or penalized
splines could model complex patterns more effectively, particularly for irregular time

series in fields like medicine or finance.

In conclusion, this thesis has established TRAJER as a robust and versatile framework
for finite mixture modeling of longitudinal trajectories, implemented through the trajeRr
R package. By addressing theoretical, computational, and applied aspects across its chap-
ters, the work provides a comprehensive toolkit for researchers in statistics, mathematics,
and applied fields like sports analytics. The proposed extensions—dropout modeling, com-
posite likelihood, supervised GBTM, and spline-based modeling—offer exciting opportuni-
ties to further refine TRAJER, ensuring its relevance in tackling complex longitudinal data
challenges. As an R package, trajeR is well-positioned to empower researchers to uncover
meaningful patterns in time series data, driving advancements in both methodological and

applied research.
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