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1. Introduction and results
1.1. Hyperbolic manifolds of smallest volume

The volume of a closed hyperbolic 3-manifold can be considered as a measure of its “complexity”, and it is natural to
ask what is the closed, orientable hyperbolic manifold of smallest volume. The answer is the Weeks manifold [14].

Consider now a compact Riemann surface X. We can extend the previous question in the following manner - the case
of closed hyperbolic manifolds corresponds to X = .

Question 1.1. Given X, what is the convex co-compact hyperbolic manifold M of smallest volume, with asymptotic boundary
X?

Convex co-compact hyperbolic manifolds have infinite volume, but they have a well-defined renormalized volume (see
Section 2.2.4 below) which we consider here. The notion of renormalized volume was introduced first in the physics lit-
erature by Skenderis and Solodukhin [9], and then quickly introduced in the mathematics study of conformally compact
Einstein manifolds [16]. For 3-dimensional hyperbolic manifolds, it is closely connected [21] to the Liouville functional stud-
ied e.g. in [32,33]. More recently, an explicit upper bound on the renormalized volume of quasifuchsian manifolds in terms
of the Weil-Petersson distance between the conformal metrics at infinity, as well as a bound on the difference between
the renormalized volume and the volume of the convex core [29], led to bounds on the hyperbolic volume of mapping tori
[6,20]. Moreover, the study of the gradient flow of the renormalized volume has brought a number of new results, see e.g.
[1-3].
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Beyond those mathematical motivations, Question 1.1 also occurs naturally from a physical perspective, and specifically
from the AdS/CFT correspondence. Very briefly, the AdS/CFT correspondence asserts the equality between the partition
function of a conformal field theory (CFT) on a d-dimensional manifold X and a sum, over all d 4+ 1-dimensional manifolds
M; with boundary X, of a function of the action of a certain (super-)string theory on M;. In a certain “gravity” limit, where
many features disappear, it reduces to a very special and simplified statement: given a Riemann surface X, the partition
function of a certain CFT on X should be recovered as a sum of exponential of minus a constant times the renormalized
volumes of all convex co-compact hyperbolic manifolds M; having X as asymptotic boundary:

AX)=aq Y e VR,
OM;=X

where ag and c are constants. In this simplified view, the main term on the d + 1-dimensional “bulk” side corresponds to
the convex co-compact manifold M; with the smallest renormalized volume.

This AdS/CFT correspondence leads to some conjectural statements. For instance, if X is disconnected, the CFT should
behave independently on the two connected component, and it might therefore be expected that the convex co-compact
manifold of smallest volume “filling” X should also be disconnected (see [31] for a more elaborate analysis).

For instance, if X = X U X_ is the disjoint union of two connected Riemann surfaces of genus at least 2, with X_ equal
to X4 with opposite orientation, we can compare:

e the Fuchsian manifold Mg with ideal boundary X, U X_, which has (with the normalization used here) renormalized
volume zero,

e any possible filling of X4 U X_ by the disjoint union of two handlebodies M and M_, with d,ocM+ = X4 and d,cM_ =
X_.

The heuristics above suggests that one of the disconnected fillings might have negative renormalized volume. This might be
a motivation for the following conjecture, attributed to Maldacena (see [35]).

Conjecture 1.2. Any connected Riemann surface of genus at least 2 is the asymptotic boundary of a Schottky manifold of negative
renormalized volume.

By “Schottky manifold” here we mean a convex co-compact hyperbolic manifold homeomorphic to a handlebody.
1.2. Results
In what follows S will always denote a closed orientable surface of genus at least 2.

1.2.1. Existence of fillings of minimal renormalized volume

Before we consider the questions above, it is useful to know that, given a Riemann surface X of finite type, there is at
least one convex co-compact filling of X of minimum renormalized volume, and that the set of those minimum volume
fillings is finite. Precisely, let M (X) be the set of convex co-compact hyperbolic manifolds with ideal conformal boundary
X, then we think the following question should have a positive answer.

Question 1.3. Let V :=infycpq(x) VR(M, X). There exists My € M (X) such that Vr(My) =V.

This extends to the case of closed hyperbolic manifold, when X is empty, in which the Weeks manifold is the unique
smallest volume closed hyperbolic 3-manifold [14].

1.2.2. An upper bound on the renormalized volume

The main result here is an upper bound on the renormalized volume of a Schottky manifold, when it is obtained from a
pants decomposition for which some of the curves are short. We denote by ¢g the 2-dimensional Margulis constant, equal to
go = 2arsinh(1). Given a pants decomposition P of S, we denote by Mp the handlebody with boundary S in which all curves
of P are null-homotopic in Mp (see §2.2.2), and by Mp(X) the convex co-compact hyperbolic manifold homeomorphic to
Mp with complex structure at infinity X. The complex structure has a unique hyperbolic metric in its conformal class and
we will take lengths with respect to that. Thus, by £x(y) we mean the length of y with respect to the hyperbolic structure
induced by X. In the case in which there is no ambiguity we will often use £(y).

Theorem 1.4. Let X be a closed Riemann surface of genus g > 2. Assume that there are k disjoint simple closed curves y1,--- , ¥
such that £(y;) < 1,1 <i <k, and there are no other geodesic loops of length less or equal than 1 in X. Then there exists a pants
decomposition P containing the y;’s such that
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Vr(Mp(X)) < —— Z <9 + 3 coth? <4>> k + 81 coth? (%) 73g-3—k(g—1)7>.

6(7/1

By imposing the right hand side of the estimate in Theorem 1.4 to be negative we obtain for instance the following
corollary.

Corollary 1.5. Forall g e N s.t. g> 2,0 <k <3g — 3 and 0 < ky < k there exists an explicit constant A = A(g, k1, k — k1) > 0 such
that if X is a Riemann surface with k1 geodesic loops of length less than A and k geodesic loops of length at most 1, then X admits a
Schottky filling with negative renormalized volume.

Remark 1.6. Let us see a couple of examples for Corollary 1.5 in the two limit cases.

e Case k = ki = 1. By the inequality of Theorem 1.4, we have

73

Ve(9+ 3 coth?(1/4) + 81 coth?(1/4)w 3g — 4)(g — 1)?)

which is largest for genus g =2, in which case the bound is

A(g. 1) <

A(2,1) <0.00221.

Note that, for large genus g, we obtain the asymptotic A(g, 1) ~cg~3, for a ¢ > 0 that can be read from the expression
of A(g, 1).
e Case k =ki =3g — 3. By Theorem 1.4, since k — k; =0, we are looking for an A:=A(g,3g — 3) such that

3

< )
Ve + 3 coth?(1/4))

we can then take

A(g.3g —3) =0.87458 .

This statement can be compared to [36, Corollary 5.6], also see [35, Theorem 2.1], which states that: if a Riemann surface
X of finite type and genus g > 2 has g — 1 closed curves 1, -- -, ¥g—1 such that the complement of their union is a disjoint
union of k-holed tori, and if

2
g-1
Y Vixt) | sme-1.
i=1
then

T —-2)(Eg-1

(25 Vixw)

VRIX,P)<m(g—1)|3-

which is negative if
g-1 1
T(mr—-2)(g—1)\?2
S Vix(m < (%) ,
i=1

and, in the case g =2, leads to a better A(2,1) = @
1.2.3. Outline of the proof
The proof of Theorem 1.4 follows several steps. First, we introduce in Section 3 a notion of “symmetric” Riemann surfaces
- those which admit an orientation-reversing involution with quotient a surface with boundary. We prove that given any
Riemann surface X of finite-type and any pants decomposition P of X, there is a symmetric surface Xs (for which the
involution leaves P invariant component-wise) obtained from X by earthquakes along the curves of P (see Lemma 3.7).
Then, in Section 4, we estimate the renormalized volume of “symmetric” Schottky fillings of symmetric surfaces. In
Section 5, we provide a formula for the difference of the renormalized volume of a filling under an earthquake path of the
boundary surface (see Theorem 5.4). The result expresses the estimates in terms of the Schwarzian derivative at infinity (see
Section 2.2.3) at the core of tubes associated to the pants curves. Finally, Section 6 contains the proofs of the main results.

3
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1.2.4. Convex co-compact fillings

The result in bounding the difference of renormalized volume under earthquake, see Theorem 5.4, can also be applied in
the more general setting of convex co-compact manifolds. Specifically it makes sense in the setting where N(Xg) € CC(M)
is a convex co-compact hyperbolic 3-manifold, homeomorphic to M, with conformal boundary Xg € 7(dM). In this more
general setting the boundary of M can be disconnected and can be decomposed as dM = F.UF; where F; does not compress
in M and each component of F. compresses (i.e. it has at least a loop bounding a disk in M).

Let ¢ : [0,1] = CC(M) be an earthquake path (we earthquake by a parameter t;, with t= (t1,...,t,), along the curve

i) along a multi-curve m = {)/,-}?:1 C S which, with respect to the reference hyperbolic metric Xy, can be subdivided into:

e m{: the set of compressible geodesic loops y of m with length at most 1;

e my: the set of geodesic loops y in Fc and not in m{ such that any compressible geodesic loop « intersecting y
essentially has length at least 1;

e my,: the set of geodesic loops y of m that are contained in F; and so incompressible.

Note that not every m admits such a decomposition with respect to the given Xy, as there could be a y; € m in a compress-
ible component, of length more than 1 and intersecting a short compressible loop.

Theorem 1.7. Let Xo € 7 (3M) and m = my, Um§{ Umy be a multi-curve and c{* be an earthquake path terminating at X1. Then
VR(X1) = VR(X0)I < ) Bticoth® (ti/4)ti+C Y tilj+3 > tily,
yiemo(m§) jEmg Bremeo

for € =3coth? (}) <50.013.
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2. Notation and background
In this section we recall the main objects and tools that we will use in this work.
2.1. Hyperbolic surfaces

2.1.1. Teichmiiller space

Good references for Teichmiiller space are [18, Chapter 6-7] and [13], we now recall what we will need. Any closed,
oriented, surface of genus > 2 is hyperbolic, i.e. is homeomorphic to a quotient H?/T" of the hyperbolic space by a discrete,
torsion-free subgroup of the orientation-preserving isometries of H?Z. The Teichmiiller space of S can be defined in the
following various ways, depending on the set-up, we will use the most suitable definition:

T(S) = {h hyperbolic metric on S}/Diffeog(S) ,
T (S) = {c complex structure on S}/Diffeog(S) ,
T(S) ={[g] s.t. g is a Riemannian metric on S}/Diffeoy(S) .

Here Diffeog(S) is the group of diffeomorphisms of S isotopic to the identity, and it acts by pull-back, moreover g; € [g3]
if and only if there exists a smooth function u;: S — R such that g, =e"1gq, i.e. [g] represents the class of Riemannian
metrics conformal to g. In particular, to any complex structure on S corresponds a conformal class of metrics [g], in which,
by the Riemann uniformization Theorem [18, Theorem 1.1.1], there exists a unique hyperbolic metric h € [g].

2.1.2. Margulis tubes

Hyperbolic surfaces, and in general hyperbolic n-manifolds, have the important property that “short geodesics” have
particularly nice neighbourhoods. We will mostly deal with the surface case and so we restrict ourselves to that setting.

Definition 2.1. By a thin tube, for a hyperbolic surface, we mean the set of points T (¢) around a geodesic y of length ¢ < g9,

with g9 = 2arsinh(1) the 2-dimensional Margulis constant, that are at a distance at most L :=arsinh | — h1("> ) In T (¢) the
sin 2

injectivity radius is bounded as
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<inj(p) = arsinh (sinh(¢/2) cosh(L — d)), d=d(p,oT),

N

and its maximum is achieved on 3T (¢), see [7, Thm 4.1.6]. The hyperbolic metric on T (¢) can be written as dp? +

(%)2 coshz(p)dez, 0 €[0,2m] and p € [—L, L]. Moreover, any multi-curve P such that each component is simple and

has length at most €9 can be completed to a pants decomposition of S. For details see [7, Thm 4.1.1].

2.1.3. Earthquakes along simple closed geodesics

We recall here some basic facts on earthquakes along closed geodesics, which will be needed. For more background see
[13, Sec 10.7.3] and [8, Part III].

Given a simple closed geodesic y on a hyperbolic surface (S,h) a (left) t-earthquake is a map ¢, from S to itself,
discontinuous along y, defined by cutting S along y, twisting the left-hand side of y by a fixed length t in the positive
direction, and gluing back isometrically the two sides.!

Taking the push-forward of the hyperbolic metric by ¢, ; defines a new hyperbolic metric on S, and in this manner y
and t define a homeomorphism of 7(S), which is also called the left earthquake of length t along y, and denoted by E,, (t).

By continuously varying the twisting length t, one gets a path of diffeomorphisms of S\ y, and by pulling back h through
such a path, we get a path in 7(S).

Let us now define earthquakes more carefully. Having fixed a simple closed curve y in S, we consider the unique
geodesic on (S, h) in the same isotopy class again by y. In this way, the operation only depends on the isotopy class of
y. Let £ be the length of y with respect to h, and N, = S! x [—r,r] = R/¢Z x [—r,r] be the tubular r-neighbourhood
of y parameterized in such a way that S! x {0} isometrically identifies with y and {e?’} x [—r,r] € S! x [—r,r] with a
geodesic segment of length 2r orthogonal to y parameterized in unit velocity by the coordinate in [—r,r]. We now choose
an arbitrary function f: [—r,r] — R such that f is smooth on [—r,r]\ {0}, increasing on [—r, 0], constantly equal to O
in a neighbourhood of —r, constantly equal to 1 in a left neighbourhood of 0, and equal to O on (0,r]. We then define
@yt S— S, with t € [0, 00), as the diffeomorphism of S\ y such that ¢, ; is the identity outside Ny, and

. o
(Py,t(ele, r= (e‘(‘”rT”ff(r)), r)

for any (e'?, r) € N;. Note that @y .0 is the identity, and that ¢, ¢ extends to a diffeomorphism of S, which is called a Dehn
twist.

As @y, acts by isometry on N¢(y)\ y and fixes the metric on y, the push-forward (¢, )«(h) is a new well defined
hyperbolic Riemannian metric on S. We say that (¢, :)«(h) is obtained by a (left) earthquake of parameter t along y .

We define ¢, :[0,a] — T(S), a > 0, to be a earthquake path along y by ¢, (t) = (¢ t)+(h). The infinitesimal earthquake
along y is the derivative of ¢, int at t =0, this can also be seen as a vector field v on S by differentiating the path of
diffeomorphisms (¢ () with respect to t and evaluating it at t = 0. For more background see [13, Sec 10.7.3] and [8,
Part III].

te[0,¢]

2.2. Hyperbolic 3-manifolds

Some references on hyperbolic 3-manifolds are [17,25,26], we now recall what we will need in this work. A 3-manifold
M is hyperbolic if it is homeomorphic to H3/TI" for I' a discrete, torsion free subgroup of PSL(2, C), the positive isometry
group of H.

The action of T on H? can be naturally extended to 9H? = C, with € the Riemann sphere, but it does not remain
properly discontinuous, that is, the closure of the orbit of a point x € H> has non-empty set of accumulation points A(I")
in H3 U dH?. One can show that actually Ax(I") does not depend on x. We then denote it simply by A(I') and we call
the complement Q(I") = dH?> \ A(I") = C \ A(I') the domain of discontinuity of . We observe that A(I") is closed, and that
both A(I") and (I") are I'-invariant. The action of I" on Q(I") is properly discontinuous, we can then define the boundary
at infinity of M = HI3/T" as the surface

dooM = Q(I)/T.

Since Q(T") is an open subset of C, and the elements of PSL(2,C) are in particular bi-holomorphism of C, the boundary
at infinity d,oM of M is naturally equipped with a complex projective structure, and thus also a complex structure. A complex
projective structure on a surface S is an atlas of charts to € whose transition maps are restriction of Mdobius transfor-
mations. Equivalently, a complex projective structure is the datum of a holonomy representation of 71(S) in PSL2,C),
and an equivariant dfzveloping map, that is, an immersion of the universal cover S equipped with the lifted complex pro-

jective structure in C, which locally restricts to projective charts. The developing map is unique up to composition with
Mobius transformations. The deformation space of complex projective structures forms a holomorphic vector boundle 7 on

T Note that this definition requires the choice of an orientation of y, but the result does not depend on which orientation is chosen.

5
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the Teichmiiller space of S, of dimension 12g — 12 (see [10]). Given X € T(S), the fiber w~1(X) is parameterized by the
Schwarzian derivative of the developing map of each point in the fiber (see Section 2.2.3).

2.2.1. The convex core
We define the convex core of M = H3/T as

C(M) = Hull(A(T"))/T,

where Hull(A(T")) is the convex envelope of the points of A(I") in H?> U dH?3. The convex core of M is also characterized
as the smallest non-empty strongly geodesically convex? subset of M, that is, the smallest convex subset of M which is also
homotopically equivalent to M. It is also not difficult to prove that if M has finite volume, then the limit set A(I") coincides
with C and so C(M) = M. Here, we will be interested in the case of M having infinite volume. The convex core C(M) is
generically a 3-dimensional domain, but in some cases, it can be a totally geodesic surface in M, possibly with geodesic
boundary.

Definition 2.2. A hyperbolic 3-manifold M = H?3/T" is convex co-compact if its convex core C(M) is compact.

When M is convex co-compact then M = M U (d5,M) is its manifold compactification and d.oM is homeomorphic to the
closed surface S =M, and so

[0cM] € T(S) .

We call end a connected component of M\ C(M), or, more generally, of the complement of a strongly geodesically convex
compact subset of M. An end is homeomorphic to Si x [0, +00), with S’ a connected component of the boundary S = 95,M,
and it has infinite hyperbolic volume.

We denote by CC(M) the space of convex co-compact hyperbolic structures on M considered up to homotopy equiva-
lence. The deformation space CC(M) is parameterized by the one of conformal structures on the boundary at infinity, see
[24, Thm 5.1.3.] and [26, Thm 5.27]:

CC(M) = T(W)/TO(D),

where To(D) € MCG(dM) is the subgroup generated by Dehn twists along compressible curves® of 9M and T (dM) is the
product of the Teichmiiller spaces of the connected components of dM.

2.2.2. Handlebodies

We will think of an handlebody H of genus g > 1 as the following data. Given a surface S =S, and a pants decomposi-
tion P on S we can form the 3-manifold Hq by attaching 3g — 3 thickened disks D2 x I to S x I by gluing each 9D2 x I to
N¢(y) x {0} for y € P. The manifold Hy has then a genus g boundary component and 2g — 2 sphere boundary components.
After filling each sphere component with a 3-ball we obtain a handlebody Hp = Hyg, this is unique up to isotopy. We will
think of this as the handlebody induced by P. Note that Hp is well defined up to isotopy.

We now define what it means to fill a given conformal structure X € 7(S) via a (complete) hyperbolic 3-manifold M so
that M is homeomorphic to a handlebody and its conformal boundary is X.

Definition 2.3. Given a conformal structure X € 7(Sg) and a pants decomposition P on S; we say that Mp(X) is the
Schottky filling of X with pants curve P if it is the (complete) hyperbolic 3-manifold obtained by uniformising Hp so that
its conformal boundary is X. By CCp(Sg) we denote the deformation space of a hyperbolic genus g handlebody obtained
by gluing disks along P.

Remark 2.4. More generally, a handlebody Hg, topologically, is any irreducible compact 3-manifold M with a unique bound-
ary component such that the map induced by the inclusion M < M on the fundamental groups is surjective, [17]. Thus,
the manifold M :=F x I, for F a compact orientable surface with non-empty boundary, is also a handlebody with bound-
ary given by the double of F along dF. In the case that F is not-orientable then we can consider the twisted I-bundle®

N =F x I in which dN is given by the orientation double cover of F.

2 Here we say that a subset K C M is “strongly geodesically convex” if any geodesic segment in M with endpoints in K is entirely contained in K.
3 An essential loop y in 9M is compressible if it is null-homotopic in M, i.e. it bounds a compressing disk in M.
4 Recall that a twisted I-bundle is a non-trivial I-bundle, i.e. N2 F x I.
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2.2.3. The Schwarzian derivative at infinity

Given a Riemann surface, a holomorphic quadratic differential is a holomorphic section of the symmetric square of its
holomorphic cotangent bundle, and in holomorphic coordinate it can be expressed as ¢(z)dz ® dz = ¢(z)dz>. Let D € C be
a connected open set, and f: D — Ca locally injective holomorphic map. The Schwarzian derivative of f is the holomorphic
quadratic differential

f// " ”y 2 ,
SH=Il—=) —=| = dz- .
o=((%) -3(%
The Schwarzian derivative has the following properties:

(1) Let f and g be locally injective holomorphic maps such that the composition is well defined, then

S(fog)=g"S(f)+5(g).

(2) For any holomorphic map f:U — C, where U C C is an open subset, S(f) =0 if and only if f € PSL(2, C), that is,
if and only if f is the restriction to U of a Mobius transformation.

We will be interested in considering the Schwarzian derivative of the developing map f: H? — Q(I") of a non simply
connected domain of discontinuity €(I"), whose quotient by I" gives the boundary at infinity d.,M = H?/T" of M = H3/T.
The map f is a covering of Q(I"), hence locally univalent, and it is (I, I')-equivariant, thus, thanks also to property (2), the
Schwarzian S(f) of f descends to a holomorphic quadratic differential on 9o, M.

2.2.4. The renormalized volume
If one is willing to talk about volumes for convex co-compact hyperbolic structures on M, being this infinite, some kind
of renormalization will be needed. A possibility is to consider the function

Vc: CC(M) — Rso,

which associates to any convex co-compact structure M the volume of its convex core Vol(C(M)). The renormalized volume
is some kind of relative of the function V¢, which presents much better analytic properties.

The idea is to consider an exhaustion of M by strongly geodesically convex compact subsets {C;}; coming together with
an equidistant foliation of the ends, and to renormalize the associated volumes Vol(C;) in order to get a finite number
which does not depend on r.

Before giving the definition of renormalized volume, we need to introduce some preliminary notions.

Definition 2.5. Let M be convex co-compact and let C € M be a compact, convex subset with smooth boundary. We define
the W-Volume of C as

1
W (C) =Vol(C) — 5 HdAjc ,
ac
where Vol(C) is the hyperbolic volume of C with respect to the metric of M, H is the mean curvature of dC, and dAyc is
the area form of the induced metric on the boundary aC.

The mean curvature is half the trace of the shape operator B(X) = Vx(N) with N the outer unit normal to dC and V the
Levi-Civita connection, and any vector field X € T(9C).

In what follows, we assume the compact subset C to be strongly geodesically convex, so that it is homotopically equiva-
lent to M and can be used to decompose the manifold M in neighbourhoods of its convex co-compact ends and a compact
piece containing the convex core C(M). The additional term with the mean curvature in the definition just above is the
right one to get a good renormalization. In [22], it is indeed proven that, denoting by C, the r-neighbourhood of C in M,
for any r >0

W(Cr) +rm x (8ocM) = W(C) (1)

where x (-) is the Euler characteristic.

Definition 2.6. Let E be an end of M. An equidistant foliation is a foliation {S;};>r, of a neighbourhood of 9,cM in M in
convex surfaces, such that for any r’ > r > rg > 0 the surface S, lives between S; and 3., M, and its points stay at constant
distance r’ —r from S;.
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By definition, the boundaries of the C;’s form an equidistant foliation {dC;}, of the ends in M \ C.

Given any C C M as above, and any end E; = Si x [0, +00) in M \ C, we can consider the associated equidistant foliation
{9'C;)y, for r > 0, where with 3 we mean the connected component of 3C; facing S' in the boundary at infinity S = 9o M.
Let us call g, the induced metric on dC,. Then we can define a metric on the boundary at infinity as

g= Lirpoo4e‘2’gr € [0 M], 2)

see [29, Def. 3.2], or [30, Def. 3.2] for a slightly different point of view. A key property of this metric g is that it is in the
conformal class at infinity of M, that is, it is compatible with the complex structure at infinity of M (note that this remains
true if we change the factor 4 in (2)). Vice-versa, up to scaling by a big enough positive constant, any representative in
[dsoM] can be realized in this way, [11]. This leads to the following bijective correspondence:

Riemannian metrics g on S Equidistant convex foliations
such that g € [0,0M] <~ of a neighbourhood of d,o M
up to multiplication by s e R+ upto ~r

where two such foliations are ~ r-equivalent if and only if they are equal outside a compact set; rescaling by a positive
constant a Riemannian metric in [0, M] corresponds to a reindexing of the associated foliation.

Definition 2.7. We define the W-Volume of M with respect to g € [docM] as

WM, g) =WI(Cr(g) +mrX(3cM) ,

where {C(g)}r>r,, With ro big enough, is the exhaustion in compact strongly geodesically convex subsets defined by the
equidistant foliation associated to g, indexed in such a way that the sequence of induced metrics g, on dC;(g) satisfies (2).

Thanks to equation (1) above, the W-volume W (M, g) is well defined. We also remark that choosing the factor 4 for the
corresponding metric at infinity as in (2), is the scaling which makes the geodesically convex subset Cqo associated to the
hyperbolic metric in the conformal boundary at infinity of a Fuchsian manifold to be isometric to the induced metric on its
2-dimensional convex core.

We can finally define the renormalized volume of M.

Definition 2.8. Given a convex co-compact hyperbolic 3-manifold M € CC(N), its renormalized volume is defined as
Vr(M) =W (M, h),

with h € [0,oM] the hyperbolic representative.

Thanks to the parametrization of the space of convex co-compact structures CC(M), we can think about the renormalized
volume as a function from the Teichmiiller space:

Vg: TOM) — R.

Remark 2.9. It is possible to define the W -volume also for the convex core C(M) of M. In this case the boundary dC(M) is
not smooth, and the integral mean curvature of the boundary is replaced by the length of the measured pleating lamination
(see [12,34]):

1
W (C(M)) = Vol(C(M)) — ZL(ﬂM) .
The renormalized volume satisfies the following differential formula, see [29, Corollary 3.11].

Theorem 2.10.Let M be a convex co-compact hyperbolic 3-manifold, ¢y the holomorphic quadratic differential given by the
Schwarzian derivative of the developing map of the projective structure of d.oM, and v € Ty m T (9M). Then, the differential of
the renormalized volume at [0, M] satisfies

dVg () =Re({1e, om)).

Here the space of holomorphic quadratic differentials on d,,M is identified with the cotangent bundle T[*aoo M JT (M) through the Bers
embedding, and the pairing { , ) is the duality one with Ty, M]T(BM), which is the space of harmonic Beltrami differentials [18], [15].
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Fig. 1. The seams (in blue) in a pair of pants with the two hexagons Hy (shaded), H, and the 7o map. (For interpretation of the colours in the figure, the
reader is referred to the web version of this article.)

3. Earthquakes to symmetric surfaces

In this section we study conformal structures X on a surface S that admit an orientation-reversing involution o : X — X
such that, if X is equipped with its unique compatible hyperbolic metric, X := X/ o is a hyperbolic surface with totally
geodesic boundary. The main result of this section is Lemma 3.7, which states that given X € 7(S) and P € S a pants
decomposition there exists a symmetric conformal structure X’ € 7(S) and a path in CCp(S) from Mp(X) to Mp(X’) which
is obtained by doing earthquakes of bounded length along the curves of P.

Definition 3.1. Let X € 7 (S), then X is a symmetric surface if S admits an orientation reversing involution o : S — S that is a
local isometry for (the hyperbolic metric on) X and such that X, = X/ o is a surface with non-empty boundary. The subset
of Teichmiiller space of surfaces for which o is a local isometry will be denoted by 7,(S) and the subspace of surface
admitting an involution o by 75(S) = Uy T (S).

Remark 3.2. The surface X, does not have to be orientable.

Lemma 3.3. Let X be a hyperbolic surface with an orientation reversing involution o : X — X that is a local isometry. Then, 0 X, =
Fix(o) is given by a multi-curve m C X such that for each y € mo(m) we have 0|, =id,.

Proof. By [19, Theorem 1.10.15] the set of fixed points is a closed totally geodesic sub-manifold, thus it is the union of a
closed multi-curve m and possibly a finite collection of points. By looking at the action on a small enough ball around an
isolated fixed point (so that the centre is the unique fixed point) one can see that, being o orientation reversing, isolated
fixed points are not possible and so the fixed set has to be a geodesic multi-curve.

We now want to show that m is the boundary of X,. Let B € X be a small enough ball such that m N B separates B in
two balls and B = o (B). Then, B/o is homeomorphic to a half disk with boundary in m. By connectedness and continuity
this shows that m € X, . The reverse containment follows from the fact that o : X\m — X\ m is a 2 to 1 cover and so
(X\m)/o is a surface without boundary. O

In each pair of pants, a seam is the orthogeodesic connecting two distinct boundary components, so each pair of pants
has 3 such arcs, see Fig. 1. For every pair of pants Q we have on each boundary component y; two marked points x},xiz,
endpoints of the seams of Q. We define a marked pants decomposition P™ to be P together with a choice of either x} or
xi2 for each pair of pants Q and each boundary curve of P.

Let X € T(S) be a hyperbolic surface, P be a pants decomposition of X, and S be the set of the induced seams with
marked endpoints, i.e. a marked pants decomposition P™. Then, we define the Fenchel-Nielsen coordinates for X as follows:
FN(X) = (¥, t,-)?:g;3 where the ¢; are the hyperbolic lengths of the pants curve in the hyperbolic structure on X and the
t; are the twist parameters with respect to the two marked points on the curve y;. The twist parameters are computed
by fixing lifts in the universal cover of y; and then taking their signed euclidean distance. For details on Fenchel-Nielsen
coordinates see [7, Sec 6.2] or [13, Sec 10.6].

Thus, if t; = 0, the seams match up and the two marked points are identified. If t; = ¢;/2, the seams match up but the
marked points are opposite to each other.

Moreover, the seams cut each pair of pants Q into two isometric right-angled hexagons Hi and H;. We can then define
an orientation-reversing involution oq : Q — Q which maps H; to Hy and H, to Hp isometrically, and is the identity
on the seams, see Fig. 1. The quotient of Q by oq is then a right-angled hexagon Eq, on which Q projects by a map
o : Q — Eq which is a local isometry outside of the seams.

9
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Remark 3.4. The maps {7TQ }Q <p glue together to a map 7 : X — X that is an orientation reversing local isometry (outside

of the seams) if all seams match up. Moreover, if that is the case then X, is a surface, not necessarily orientable, whose
boundary is given, by Lemma 3.3, by the union of the seams.

Lemma 3.5.Let X € T(S), and let P = {cl, e ,C3g,3} be a marked pants decomposition of X and let (¢;,t;) be the correspond-
ing Fenchel-Nielsen coordinates. Then, the Riemann surface Xy with Fenchel-Nielsen coordinates (¢;, t,f), tlf =0, ¢;/2, admits an
orientation-reversing isometry which leaves invariant each curve of P.

Proof. We want to show that the surface Xo defined by (¢;,t]) admits an orientation-reversing isometry mapping each
geodesic loop in P to itself.

The surface X is obtained by gluing 3g — 3 pairs of pants with boundary lengths given by the ¢;’s and in the pattern
given by P such that if two pairs of pants Q; and Q3 (Q1 could be equal to Q3) are glued along a geodesic loop c; € o (P)
then the endpoint of the seam y; € Q1 N¢; is glued to y, € Q3 N¢; without any twist. The pairs of pants Q;, i =1, 2, are
obtained by doubling regular hexagons E; along the seams, and each P; is equipped with an orientation-reversing isometry
map 7;: Q; — Q; exchanging the two hexagons. The fixed point set of this map is exactly the seams of Q;.

Since the seams on ¢; € Q1 N Q3 have endpoints that are ¢;/2 apart and by our glueing condition one of them matches
up we know that they both do. Therefore, all the seams with endpoints on ¢; match-up and we can glue the maps 7y and
7T, to obtain an orientation-reversing isometry from Q1 U Q3 to Q1 U Q». By doing this for all pants we obtain the required
statement. O

Remark 3.6. Given X and o : X — X then, for specific markings in the FN-coordinates the quotient surface is orientable
and equal to a thickening of the glueing graph of the pants decomposition in which if a curve c¢; has twist parameter equal
to ¢;/2 then the quotient edge is glued with an half-twist.

isom
Lemma 3.7. Given a pants decomposition P on S and X € T (S), there exists X', Xs € T (S) such that X is symmetric, Mp(X') =
Mp(X), and X; is obtained from X', in FNp coordinates, by twisting at most £(c;)/4 (in the positive or negative direction) over each
curvein P.

Proof. First note that in CCp(S) we can do full twists along curves of P and get isometric structures, see [24, Thm 5.1.3.].
Recall that we denote by Mp(X) € CCp(S) the structure corresponding to X € 7'(5) with compressible curves given by P.
We use P to define the Fenchel-Nielsen coordinates by choosing seams y € {x}, x,} € c;, see Lemma 3.5. Also note that a

full twist along c; has length ¢;. Let X be the given structure, then FNp(X) = (¢;(X), ti(X))?fl_g. By doing full twists along
the ¢;'s we can find a hyperbolic structure X’ with the same length parameters, while the twists parameters are between 0
isom
and ¢;(X’) = £;(X), and Mp(X) = Mp(X").

By doing twists of length at most ¢;(X)/4 we get a surface X; with the same length parameters and all seams of pair of
pants matching up. Then, the twist parameters are equal to either zero or ¢;(X)/2. O

4. The renormalized volume of symmetric surfaces

In this section we estimate the renormalized volume of a Schottky filling of a surface X € 7; corresponding to a “sym-
metric” pants decomposition. This will be used in the proof of Theorem 1.4. In the next two sections, we will bound the
variation of the renormalized volume under a variation of the twist parameters in the Fenchel-Nielsen coordinates, and
as a consequence we will be able to obtain an upper bound on the renormalized volume of Schottky fillings which are
non-symmetric by comparing their renormalized volume to that of a symmetric surface obtained by changing the twist
parameters.

In the following lemma we will deal with manifold whose convex core is 2-dimensional. Thus, it will be useful to use a
slightly modified definition of convex core boundary which is more compatible with the corresponding conformal boundary.
In what follows we denote by aC(M) the “boundary” of C(M) for M any convex co-compact hyperbolic manifold and we
define:

° BE(M) is the boundary of C(M) in the usual sense if C(M) has non-empty interior,

e if C(M) is a totally geodesic orientable surface ¥ € M, then dC(M) is the union of two copies of ¥ with opposite
orientation, if X # @ then the two copies of X are glued along their common totally geodesic boundary.

e if C(M) is a totally geodesic non-orientable surface X C M, then af(M) is the orientation double-cover of X.

In all cases, af(M) is homeomorphic to d,,M. Specifically, the hyperbolic Gauss map, which sends a unit vector normal to a
support plane of C(M) to the endpoint at infinity of the geodesic ray it defines, is a homeomorphism from the unit normal
bundle of C(M) - which is itself homeomorphic to dC(M) - to d,cM.

10
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The “boundary” AC(M) is equipped with an induced metric m, which is hyperbolic. However, it is pleated along a mea-
sured lamination B which is geodesic for m, with the transverse measure recording the amount of pleating along the leaves,
see [12,34]. When C(M) is a totally geodesic surface X, the support of 8 corresponds to the boundary of X, with each leave
equipped with a weight .

Let X be the conformal structure at infinity of M. Then X is obtained from m and 8 by a geometric construction called
grafting, see e.g. [10]. Given a closed surface S of genus at least 2, this grafting operation defines a map

gr:7(S) x ML(S)—>T(S),

where ML(S) denotes the space of measured laminations on S. The key property that is important to us here is a result
of Scannell and Wolf [28]: if A € ML(S) is fixed, the map gr(-, A) : 7(S) — T (S) is a homeomorphism.

Now, if M is a convex co-compact hyperbolic manifold with convex core C(M) a totally geodesic surface ¥ with bound-
ary, then the lamination B is the fixed-point set of an orientation-reversing involution o : 8?(M) — 8E(M) such that
Y= B/C\(M)/cr, and the induced metric m on B’C\(M) is invariant under o. Since m and B are both invariant under o,
so is the conformal structure at infinity X = gr(m, 8).

Lemma 4.1. Let 0 : S — S be an orientation-reversing involution with Fix(c) # & and quotient surface ¥ = S/o. Then, for any
invariant conformal structure X € 7T (S) there exists a handlebody H with a convex co-compact hyperbolic structure such that the
convex core of H is homeomorphic to X and the conformal boundary of H is X.

Proof. Let 8 = dX. We claim that the restriction map

gr(, B)75(5) : To (8) = T5(S)
is onto. Indeed, let X € 75(S). Since gr(-, 8) : 7(S) — T (S) is a homeomorphism, there exists a unique Y € 7(S) such that
gr(Y, ) = X. But then

gr(o*Y, B) =gr(o*Y, 0" p) = o'gr(Y, f) =" X =X =gr(Y. f) ,

and since Y is unique, 0*Y =Y, so that Y € 75 (S).

Let Y, = Y /o, homeomorphic to X, be the quotient surface of the hyperbolic surface Y by the locally isometric involu-
tion o. Then, Y, has a uniformization I < Isom™® (H2). By considering I" inside Isom* (H?3), by the natural inclusion, and
the corresponding quotient H3/T", we obtain a hyperbolic 3-manifold whose convex core is Y. By the above discussion,
we also know that the conformal boundary is X. The fact that H = H?3/T is a handlebody follows from the fact that H is

homeomorphic to either Y, x I, if Y, has non-empty boundary or is orientable, or to the twisted bundle Y, ¥ I, if Yy is
non-orientable with empty boundary. As ¥ =Y, has boundary by Remark 2.4 this yields a handlebody. O

Remark 4.2. The following remark is not needed in the rest of this paper, however, one should note that Lemma 4.1 also

works for fixed point free involution if one allows for the topological condition to be that of a twisted I-bundle K % I over
a closed non-orientable surface K.

Remark 4.3. In the case we have a pants decomposition P such that, for each y € P, o(y) =y, we can also infer from
Lemma 4.1 and Lemma 3.3 that H € CCp(S), i.e. P compresses in H and the seams of P form 9 X,.

For a convex co-compact hyperbolic 3-manifold M,

1
VR(M) < V(M) — ZL(,BM) , (3)

see [29, Lemma 4.1] (and also [1, Theorem 3.7]). In the case considered here, the bending lamination is given by a multi-
curve with bending measure given by assigning the weight v to each curve, see Lemma 4.1. Then, its length is given by:

LB =7 Y Ly(y), (4)

Y €m0

for Y the hyperbolic structure on the convex-core boundary and my the set of the simple closed curves composing the
multicurve. Thus, one has L(8y) > 0 and so, by Lemmas 3.3 and 4.1 we obtain the following statement.

Theorem 4.4. Let X € T5(S), and let o : S — S be such that X € 75 (S). Then there exists a handlebody filling Hx such that
T
VR(Hx) < —Zﬁxg (30X5) <0.

11
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Proof. By equation (3) and (4), as the convex core volume of Hy is zero, we have:
T
Vr(Hx) < —ZKYJ 0%,

for Y, the hyperbolic structure on the convex core induced by Lemma 4.1. Recall that by Lemma 3.3 and Remark 4.3, as
isotopy classes of loops in S, we have that X and X, are the same. We remark that, with respect to the metric obtained
by grafting Y, along 0% (without reuniformizing), i.e., along the bending lamination of Hy, the boundary dX has the same
length as in Y, (see [10, Section 4.1] for the geometric definition of grafting). Moreover, the grafting metric coincides with
the Thurston metric, which is conformal to X, and defined as

hrn(2) = é?rf) hp(2) ,

where Hy = H3/T, and the infimum is taken on the round disks D immersed in $(I"), with hp the hyperbolic metric on
D. By the Schwarz Lemma, the Thurston metric is bigger then the hyperbolic metric at infinity. Therefore

g b4
Vr(Hx) < —Zﬁyg (0%) < —Zﬁxg (0Xs). D

If we know some curves are short in X and the pants decomposition is fixed component by component we obtain the
following estimate, Lemma 4.5. This is the main such estimate we will use in this work. For completeness we also prove
the other option in Lemma 4.6.

Lemma 4.5. There exist universal constants S, Q > 0 as follows. Let X € Ts(S), o so that X € T5(S), M = Mp(X) be the Schottky
manifold corresponding to any pants decomposition for which each curve is invariant under o : S — S, and such that there are
0 <k < 3g — 3 geodesic loops of P of length £x(y;) < 1. Then,

k

Ve =33 o T E s <o,

4 ix(y) 4

0.502;

. Ax3 5027
Specifically, one can take S = Le ~75.225 and Q =4 log (;’r‘gm—h(])) ~35.7901 < 36.

Proof. By Lemma 4.1 the convex-core of M is a totally geodesic surface and so V¢ (M) = 0. However, by Theorem 2’ of [4],
we have

k

S
— L .
Z <fx(Vi) Q) =LPw)

i=1

Applying it to equation (3), one gets:

k K
1 S S 1 Q k

VR(Mp(X) < —~ > -Q)=-3> “k<-(-S ,

rR(Mp(X)) < 2 (fx()/i) Q) 2 Zx()/i)+4 54( +Q)

i=1 i=1

concluding the proof. O

The case in which the pants curves are not fixed component-wise requires introducing some auxiliary functions from [5,
Corollary 1], these functions will only be needed here. For m = cosh™! (e2) we define
o—T2/2x

2

m

gx)=e"

and

sinh(x/2)

1= sinhz(x/Z)

Since F is invertible we let K (x) = % and then define L(x) = 1+ K (g(x)).

X
F(x) = 3 + sinh™!

12
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Lemma4.6. Let X € 7(S), and M (X) be the Schottky manifold with flat convex core and conformal boundary X. Let m = {y1 s yk}
be the collection of geodesic loops point-wise invariant by o and let px be half of the length of the shortest simple closed compressible
geodesic in X. Then,

k
T
VrR(M(X — Lx(¥i) -
R(M(X)) < 4L(pX)Z x(V)

i=1

Proof. By Lemma 4.1 the convex-core of M is a totally geodesic surface Y and so V(M) = 0. Moreover, by Lemma 3.3 0 X,
is given by the multi-curve m of geodesic loops that are point-wise fixed by o. Thus, by Corollary 1 of [5] we have:

1
l
Y2 o0

Then, by applying it to equation (3) we obtain the required result. O

x(y) -

5. Variation of the renormalized volume under an earthquake
In this section we compute how the renormalized volume changes under earthquake paths in the deformation space.
5.1. First-order variation of the renormalized volume

We start the section with a formula for dVy at Mp(X) = H3/T. Recall that by S(f) we are denoting the Schwarzian
derivative of the developing map of the domain of discontinuity 2(I') of the Schottky hyperbolic 3-manifold Mp(X), and
by S the boundary aM. We will sometimes refer to S(f) just as the Schwarzian of Mp (X).

Lemma 5.1. Let 4 be an infinitesimal earthquake (at unit velocity) along a simple closed geodesic on X, parameterised at unit velocity
by y :R /L Z — X. Then, forq=S(f):

1 .. . 1 . .
dVe(uw) = ) / Re(q(iy (t), y (t)))dt =1m 5 / q(y @), y ()
R/CZ R/CZ

Proof. Let v be a vector field realizing the infinitesimal earthquake along the image of y. That is, v is the vector field
obtained by differentiating at zero, with respect to the time parameter t, the family of diffeomorphisms ¢, (t) corresponding
to a length t earthquake along y. We assume that v is discontinuous along y (R /¢ Z), that is, it has limit zero on the right
side and equal to y (t) along ¥ (R /£Z) and is continuous on the left.

The first-order variation of the complex structure associated to v is then determined by the Beltrami differential y =
9v. Where here by 3v we mean the L® weak* limit of dv, for v, smooth compactly supported vector fields that are

C°° approximations of v, converging in the uniform topology on compact sets of S\ y. Specifically, choosing a complex
coordinate z, we can write:

V=2w(0;+d) ,

and note that @ vanishes on the right half-neighbourhood of y.
Consider the area form dx A dy associated to z=x + iy, and note that dz A dz = 2i(dx A dy). We have

=200 dZ® I, +dZ® ),

and so if g = g(z)dz?,

(g, dv) = % / 28(2)Aw(2))(dZ A (dZ2(3;)) + dz A (dZ%(37)))
S

= / 2g(2)(dw(2))dx A dy
S
by definition of the duality product commonly used between Beltrami differentials and holomorphic quadratic differentials,

see [18].
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Consider now the one-form defined by a =q(v, -) = 2w(z)g(z)dz. Then

Ao = 3w(2)g(2)dz)
=20w(2))g(2)dz Adz + 2w(2)0g(2)dZ A dz
=4i(dw(2))g(z)dx Ady ,
because g is holomorphic, 3g =0, and dZ A dz = 2i(dx A dy).

The outcome of this discussion is that

/501 =/4ig(z)(5a)(z))dx/\dy=2i/2g(z)(§w(z))dXAdy=2i(q,§v).
3 3 S

Therefore, we get

(q,u>=—%f5a-

S

However, o is a complex 1-form, so that do =9(2gw)dz Adz =0, and as a consequence

doo=(+9)o =0« .
Using Stokes on S’= S\ y(R /¢ Z), we obtain that, since & vanishes on one component of 3S’:
. . . ¢
@i =—; [da==3 [aGronde=—3 [aGon.
S s’ 0
However, by definition of & we obtain that
o ¢
<q,5V>=—%/q(vly<t>,7(t))dt=—%/q(i)?(t),y(t))dt‘
0 0
The first order variation of the renormalized volume, thanks to Theorem 2.10, is equal to:
e
dVg(u) =Re((q,dv)) =Re —%/Q(i?(t), y()dt

0
12

1 .. .
=—3 / Re (q(iy (t), y (t)))dt ,

0
completing the proof. O

Definition 5.2. An earthquake path c¢ : [0,1] — CCp(S), with t = (t1,...,t3g_3), is a path which at time s € [0, 1] twists
st; € R along each pants curve y; € P of c¢(0).

For a loop y we use inj|, to denote half of the length of the shortest loop § such that § is compressible and § is either

y or § intersects y essentially in M. Note that if y is a compressible geodesic loop of length < &g in X, then inj|, = ZXTW).

Lemma 5.3. Let c¢(s), for s € [0, 1] and a fixed t € R, be an earthquake path along a simple geodesic loop y starting at the Riemann
surface Xo. Then, the following bound for |d(Vg o c¢)| holds at any s € [0, 1]:

inj
|d(Vg oct)| <3€x,(y) coth? (JT|V>r
In particular, if inj |, > 1/2 we have
1 1
|d(Vg ocp)| <3€x,(y) coth? (Z) t=Clx,(y)t, C=3coth? (Z) <50.013.

14
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Proof. First, observe that the length of y remains constantly equal to £x,(y) along the earthquake path c;(s). Moreover,
since earthquaking forms a flow (i.e. c;(s1 + S2) = c¢(s1) o ¢t (s2)), the scaling by t of the infinitesimal earthquake us along
y at X = c¢(s) coincides with the derivative of c;(s) at s. Then, at any s € [0, 1], we can use the integration by part of
Lemma 5.1. Denoting by S(fs)(z) = qs(z)dz? the Schwarzian associated through uniformization to c;(s), we can estimate

lgs(2)| < 6 coth? (% (see [1, Corollary 2.12], and note that the factor 4 comes from the hyperbolic metric), yielding the
first bound. The second estimate follows by direct computation. O

5.2. Earthquake paths and Vg estimates

In this section we compute the change of renormalized volume under a path c¢ : [0, 1] — CCp(S) obtained by doing
earthquakes along geodesic loops in the pants decomposition P.

Theorem 5.4. Let c¢ : [0, 1] — CCp(S) be an earthquake path, and let £; = £x, (y;). Then

k 3g-3
[VR(X1) — VR(Xo)| < ) _(3¢icoth? (¢i/4)ti +C Y tit;
i=1 i=k+1

where Y1, ..., ¥ are the geodesic loops of P with ¢; < 1 and for all j > k we have 2inj|y,; > 1,and C =3 coth2(1/4).
Proof. Pick a 1-thick/thin pants decomposition with k geodesic loops less than 1 and integrate Lemma 5.3. O

Since, by Lemma 3.7, to reach a symmetric surface we need to twist at most £x (y;)/4, we can take t; < £x(y;)/4 in the
above expression and obtain the following statement.

Corollary 5.5. Let X € T(S) and P = {y,-}?f; * bea pants decomposition in which the first k curves have length less than 1 and the

others have injectivity radius at least 1. Then, there exists a symmetric surface Xo such that

3 k C 3g-3
2. 2, < 2
[VR(X) — Vr(X0)| < I ;_1 coth” (¢;/4) &5 + 7 i_EkHE,-,

with ¢; = £x,(y;) and C = 3 coth?® () < 50.013.

The above estimates also work in the setting of general convex co-compact manifolds. Let CC(M) be the deformation
space which is also parameterised by the quotient of 7(dM) by Dehn twists along disks. Let ¢ : [0,1] — CC(M) be an
earthquake path along a multi-curve m C S. Assume that the multi-curve m can be subdivided, according to the reference
metric X, in the following way:

e mf is the set of geodesic loops y of m that are compressible and have length at most 1;

e my is the set of geodesic loops y contained in compressible components of 9M and not in m{, and such that any
compressible loop intersecting y essentially has length at least 1;

e my, is the set of geodesic loops y of m that are contained in components of dM that are incompressible.

Note that not every m admits such a decomposition with respect to the given Xp.

Theorem 5.6. Let X € 7 (M) and m = mﬁ Umy Umee be a multi-curve and c{* be an earthquake path terminating at X1. Then

VR(XD) = VR(Xo)l < ) Blicoth® (4i/4)6i+C Y ti4i+3 Y bl

Yi€mo(mg) ajemg(my) Bremo(meo)

for € =3coth? () <50.013.

Proof. The first two cases follow by the previous computations and integrating Lemma 5.3. For the last case we bound the
norm of the Schwarzian on the geodesic loops in my, by the Kraus-Nehari estimate [23,27] and then integrating gives the
result. O
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6. Main results

We now put together the results from the previous sections to prove the main Theorem 1.4 and Corollary 1.5.

Theorem 1.4. Let X be a closed Riemann surface of genus g > 2. Assume that there are k disjoint simple closed curves y1, - - - , i such
that €(y;) < 1,1 <i <k, and there are no other geodesic loops of length less or equal to 1 in X. Then there exists a pants decomposition
P containing the y;’s such that

Vr(Mp(X)) < — Ze(y <9+§coth2< >>k+81coth2 (%)n(3g—3—k)(g—1)2.

Proof. Let P be a pants decomposition containing the k geodesic loops y1i,..., y shorter than 1 and the «;, i =k +
1,...,3g — 3, being Bers pants curves (see [13, Theorem 12.8]).
That is, we have:

o Lx(y) <1fori<k;

o 1 <fx(j) <Bg =< 6437 (g — 1), see [7, Theorem 5.1.4], and inj lo; =1 fork<i<3g—3;

e P has seams such that in the FN coordinates induced by P, FN(X) has no twists bigger than £x(y;)/4 or £x(a;)/4 (see
Lemma 3.5 and Lemma 3.7).

Let c¢ be the path in FN coordinates from X to X, the symmetric surface. Then, ¢y can be thought of doing 3g — 3
twists along each pants curve, each of length at most £x(y;)/4 or £x(c;)/4, see Lemma 3.7. Then, for C = 3 coth? (}l) by
Corollary 5.5 we get:

k 3g -3

3
VRGO = Ve(Xo)| = 5 D coth? (ti/4) € + Z G
i=1 i=k+1
C 3g -3
=4k +— > B
1 k+1
C C 2
< Zk+ Z(Bg—B—k)Bg
C 2
§Zk+27Cn(3g—3—k)(g—1) ,

where we used the fact that B; <6+/3mw(g—1) and coth? (x/4)x? is an increasing function. Thus, we get that:

C
VR(X) < VR(Xs) + 7k +27CT (3g =3 —k)(g — 12

Since ¢; <1 for i <k by using Lemma 4.5 to estimate Vg (Xs) we have:

1/ s
Vr(Xs) < — Z(ex(%) Q>,

e0-5021

for S = an’ and Q =4 log (arsmh(l)

e ) ~35.7901 < 36. Then, we obtain the following bound:

k

Vr(X) < Z( 4£xs(yl) + Q) + k+27C7t(3g 3—k)(g—1)>2
i=1

C 2
< Z( fzx(y, ) + 9k + Z1<+27Cn(3g—3 —k(g—-1)

—n—32<:<L>+<9+£>k+27C7T(3 —3—=k)( —1)2
e =\ Gom 1 £ g

Substituting for C = 3 coth? () concludes the proof. O
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Corollary 1.5. Forall ge N s.it. g >2,0 <k <3g — 3 and 0 < ky < k there exists a constant A = A(g, k1, k — k1) > 0 such, that if
X is a Riemann surface with kq geodesic loops of length less than A and k geodesic loops of length at most 1, then X admits a Schottky
filling with negative renormalized volume.

Proof. Let P be a pants decomposition containing the ki geodesic loops, y1, ..., ¥k shorter than A and k — ki geodesic
loops Vi, +1, - - -, ¥k of length at most 1 and the «;, i=k+1,...,3g — 3 are Bers pants curves.
That is, we have:

o Ix(yi) <Afor1<i<ky;
o {x(y) <1forky <i<k;
o 1<{x(otj) <Bg<6+43m(g—1) and injle; > 1 for k <i<3g—3.

Then, by Theorem 1.4 we get:

& 1 c 5
VR(Mp(X))s—ﬁge(%)+<9+Z>k+27Cn(3g—3—k)(g—1) ,

which can be further decomposed in:

3 k] k
T 1 1 C
VRMp(X) < === [ Do st D0 o +(9+—>1<+27Cn(3g—3—k>(g—1>2.
JE = £(yi) iy 1 L) 4
Since for i < k; we have that éx}W > % and, similarly, for k; +1 <i <k we have that ﬁ}«) >1 we get:
3
b/ k1 C 2
VRX) < —— | — +k—1 9+ — | k+27Ct(3g —3 —k —1“.
R(X) < ﬁ<A+< <1)+<+4> +27Cr(3g -1

We want to find an upper bound on A that makes the above expression negative. Note that

3 C
Bi=—"_(k—ky) + <9+ —>k+27CTr(3g—3 —k)(g—1)%>2k>0,
Ve 4

as the smallest case for B is for k=3g — 3 and k; = 0. Then, to have

7 ka +B<0
= <0,
Je A
it suffices to take:
7'[3 k1
< __7
Je B

concluding the proof. 0O
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