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Abstract

We investigate the renormalized volume of convex co-compact hyperbolic 3-manifolds in
the setting where the boundary is compressible.

We make some steps forward in the study of Maldacena’s question, which asks: given
a Riemann surface, what is the most efficient way to fill it with a convex co-compact
hyperbolic 3-manifold in order to minimize the renormalized volume? In particular, we
prove that every closed Riemann surface of genus at least two, with enough curves of
sufficiently short hyperbolic length, is the conformal boundary at infinity of a convex
co-compact handlebody of negative renormalized volume.

We give an explicit description of the behaviour of the Schwarzian derivative - and thus
of the differential of the renormalized volume - on long compressible tubes in complex
projective surfaces. Furthermore, we establish bounds for its pairing with infinitesimal
earthquakes and infinitesimal graftings. We derive how the renormalized volume changes
along earthquake and grafting paths.

We define a new version of renormalized volume that adapts to the compressible bound-
ary case, and which, unlike the standard one in this setting, is bounded from below. As a
function on Teichmiiller space, we show that its differential has infinity norm bounded by
a constant depending only on the genus of the surface, as well as the Weil-Petersson norm
of its Weil-Petersson gradient. Moreover, we define the adapted renormalized volume for
surfaces in the compressible strata of the Weil-Petersson completion of Teichmiiller space,
and we prove that the adapted renormalized volume extends continuously to these strata,
up to a codimension-one subset.
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Introduction

The volume of closed or cusped hyperbolic 3-manifolds has been extensively studied as a
topological invariant. However, there exists a wide class of hyperbolic manifolds whose
elements have infinite volume, and here is where the notion of renormalized volume comes
into play. By the Tameness Theorem, every complete hyperbolic 3-manifold with finitely
generated fundamental group is homeomorphic to the interior of a compact manifold NV,
possibly with boundary. Whenever N presents a boundary component of genus at least
2, any complete hyperbolic metric on its interior has infinite volume.

The main setting of this thesis is the class of geometrically finite hyperbolic 3-manifold,
and, more precisely, the subset of convex co-compact ones. A hyperbolic 3-manifold M is
geometrically finite if it contains a non-empty convex subset C' of finite volume to which
M is homotopically equivalent, and it is convex co-compact if C' is also compact. This is
equivalent to requiring that M is geometrically finite without rank one cusps, and that
the components of the boundary of its closure dM are closed surfaces of genus g > 2. The
smallest convex subset C'(M) of M whose inclusion is an homotopy equivalence is called
the convex core of M.

The world of geometrically finite hyperbolic 3-manifold is beautifully interconnected
with that of Riemann surfaces and then, by Riemann Uniformization Theorem, with that
of hyperbolic surfaces, or even conformal classes of Riemannian metrics. This deep link is
due to the fundational work of Ahlfors, Bers, Kra, Marden, Maskit, Sullivan and Thurston,
among others. In particular, the deformation space CC(M) of convex co-compact hyper-
bolic structures on M, considered up to homotopy, is parameterized by a quotient of the
space of marked hyperbolic structures, that is, the Teichmiiller space of OM [Marl6a,
Theorem 5.1.3]. Briefly, the correspondence is realized as follows. The Riemannian metric
tensor on a convex co-compact hyperbolic 3-manifold M diverges exponentially on the
components of the complement of the convex core, and thus it does not extend to the
boundary OM. However, the manifold M can be conformally compactified, that is, the
hyperbolic metric on M induces a well defined conformal structure on M, which then
defines a point in the Teichmiiller space 7 (OM). This conformal structure is referred to
as the conformal boundary at infinity of M, and denoted O M.

Within this framework, given a convex co-compact hyperbolic 3-manifold M, the renor-
malized volume is a real-analytic function on CC(N), or, equivalently, on the Teichmiiller
space of M. The central idea behind its definition is to renormalize the divergent volumes
associated to an exhaustion of M by homotopically equivalent convex compact subman-
ifolds. There are many possible choices for such an exhaustion. Indeed, there is one for
each smooth metric in the conformal boundary at infinity [Eps84]. The renormalized vol-
ume of M is defined using the exhaustion in convex compacts determined by the unique
hyperbolic metric conformal to 0., M. For all other choices of exhaustion, or, equivalently,
of conformal metric, the resulting quantity is referred to as a W-volume.

The renormalized volume is, in fact, defined in much broader contexts. We provide here
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a brief overview. It was first introduced in physics by de Haro, Skenderis and Solodukhin
as a renormalized gravity action [dHSS01], and further studied in the setting of confor-
mally compact Einstein manifolds by Graham and Witten [GW99]. As the name suggests,
such manifolds have a well defined conformal structure on their boundary, which, in cer-
tain cases, uniquely determines the Einstein manifold as well [GL91]. Convex co-compact
hyperbolic 3-manifolds form a significant subclass of these. The interaction between Ein-
stein manifolds and their conformal boundary are examples of a more general principal
in theoretical physics known as holography. We mention this here in order to give some
motivation and just the flavor of the context in which the renormalized volume originated,
although this work does not engage with the topic. According to the holographic prin-
ciple, a gravitational theory in an (n + 1)-dimensional manifold should be described in
terms of a conformal field theory on its n-dimensional boundary. For Einstein metrics,
the gravitational action is proportional to the volume, which diverges. The renormalized
volume arises in this setting as a regularized version of this action.

In dimension 3, holography was established for classical Schottky groups by Krasnov
in [Kra00]. There, the renormalized volume action (a 3-dimensional data) is shown to be
equal to the Liouville action functional introduced by Zograf and Tahktajan in [ZT87],
which is intrinsic to the boundary Riemann surface. Here, renormalized volume action
refers to the W-volumes associated with a pair consisting of a 3-manifold and a conformal
metric on the boundary. This holographic principle was then extended by Tahktajan and
Teo in [TT03] to a larger class of Kleinian groups, including finitely generated Schottky
groups and Quasi-Fuchsian groups. The Liouville action is a functional on the space
of smooth conformal metric on a Riemann surface whose critical point is given by the
hyperbolic metric. In this way, the action descends on the Teichmiiller space. What is
particularly interesting about this functional is that it is a Kahler potential for the Weil-
Petersson metric on the Teichmiiller space [TT03], extending McMullen’s quasi-Fuchsian
reciprocity [McMOO]. Very recently, the universal Liouville action was proven to be equal
to the renormalized volume associated to quasi-circles on the Riemann sphere [BBPW25].

A more geometric approach to renormalized volume was first treated by Krasnov and
Schlenker for quasi-Fuchsian manifolds, which are convex co-compact manifolds homeo-
morphic to S, x (0, 1), for some closed surface S, of genus g [[XS08]. Many of the results
in that paper actually extend to the more general convex co-compact setting. In [GMR15]
and [Pall6] the renormalized volume is defined and studied in the setting of geometrically
finite hyperbolic 3-manifolds. There are several results highlighting how the renormalized
volume is deeply connected to the geometry of the manifold. In [Sch13] Schlenker estab-
lished an explicit upper bound on the renormalized volume of quasi-Fuchsian manifolds
in terms of the Weil-Petersson distance between the conformal metrics at infinity. It was
observed by Bridgeman, Brock and Bromberg in [BBB23], that the result generalizes to
the setting of convex co-compact manifolds with incompressible boundary. A non-trivial
simple closed curve in the boundary dM is said to be compressible if it bounds a disk
in the 3-manifold M. The boundary of M is then called incompressible if it does not
contain compressible curves. Again in [Sch13] a uniform bound is shown, depending only
on the genus of the boundary, on the difference between the renormalized volume and the
volume of the convex core. This was generalized by Bridgeman and Canary in [BC17]
to convex co-compact manifolds with incompressible boundary, refined in [BBB19], to be
then exploited in [KM18, BB16] to derive bounds on the hyperbolic volume of mapping
tori.

As a consequence of the holographic principle in dimension 3, fixing a Riemann surface
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X, the minimum of the renormalized volumes among all the convex co-compact manifolds
M such that 0., M = X is expected to correspond to the main term in the partition
function of the conformal field theory on X [Kra00, SW22]. This leads to the following
question, which is attributed to Maldacena.

Question 2.1.1. Given a Riemann surface X, what is the convex co-compact hyperbolic
manifold M of smallest renormalized volume, with conformal boundary at infinity X7

This question also appears quite natural from a purely mathematical perspective: in
the world of closed orientable hyperbolic 3-manifolds, it is known that the manifold of
smallest volume is the Weeks manifold [GMMO09]. An analogous result can then be sought
in the setting of geometrically finite hyperbolic 3-manifolds, either for the convex core
volume, or, perhaps even more interestingly, for the renormalized volume. The main
advantage of studying the latter lies in its better analytic properties, a point to which we
will return later in this introduction.

In [BBB19], it is shown that the renormalized volume of any convex co-compact struc-
ture on a manifold M with incompressible boundary is non-negative. More precisely, for
such an M, the infinimum of the renormalized volume over CC(M) coincides with that
of the convex core volume. Moreover, the infimum is attained if and only if either M is
acylindrical, that is, it contains no essential cylinders, or M has the topology of a quasi-
Fuchsian manifold. In the first case, the minimum is realized by the convex co-compact
structure on M with totally geodesic convex core boundary, that in this case always ex-
ists, and it is unique by the Mostow Rigidity Theorem applied to the convex core double.
In the quasi-Fuchsian case, the minimum is realized at any Fuchsian structure, and it is
equal to 0. This result encourages the investigation of the following simplified version of
Maldacena’s question.

Question 2.1.2. Does every connected Riemann surface X of genus g > 2 admit a
Schottky filling of negative renormalized volume?

A hyperbolic 3-manifold is called a filling of X if 0,,M = X, and it is said to be
Schottky if it is homeomorphic to a handlebody. Whenever X satisfies the above question
affirmatively, any 3-manifold filling X and minimizing the renormalized volume must
have compressible boundary. In particular, given such a Riemann surface X, and letting
X denote its opposite, the disconnected filling given by two copies of a handlebody with
negative renormalized volume would be preferable to the (connected) Fuchsian manifold
with conformal boundary X U X.

In the first chapter of this thesis, we positively answer the above question for sub-classes
of Riemann surfaces having enough simple closed curves that are short enough, where
length is measured with respect to the unique hyperbolic metric in the conformal class.
Before stating the results proven in this work, we briefly mention previous partial results in
the literature. In [VP25, PMG19], Pallete and Granado gave a positive answer for Riemann
surfaces admitting a multicurve of g — 1 sufficiently short components decomposing the
surface into a union of holed tori. In [BP23|, Brock and Pallete established a bound
for the renormalized volume of classical Schottky groups, which is negative under certain
conditions.

Theorem 2.6.1. Let X be a closed Riemann surface of genus g > 2. Assume that there
are k disjoint simple closed curves vy, -+, 7, such that £(v;) < 1,1 < i < k, and there
are no other geodesic loops of length less or equal than 1 in X. Then there exists a pants
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decomposition P containing the ;s such that, if Mp(X) denotes the Schottky filling X
in which all the curves of P are compressible

3k
Vr(Mp(X)) < —% ; 5(}%) + (9 + Zcoth2 (i)) k+81 coth? (i) m(3g—3—k)(g—1)*.

The two main steps of the proof of this result are the following. First, in Theorem
2.4.4 and Lemma 2.4.5, we bound from above, by a negative constant, the renormalized
volume of Schottky fillings with a 2-dimensional convex core, here referred to as symmetric.
Then, in Theorem 2.5.4, we analyze how the renormalized volume varies along a path of
earthquakes on simple closed geodesics that connects a general Riemann surface with a
symmetric one. This particular result, is generalized to the convex co-compact setting in
Theorem 2.5.6.

By imposing the right hand side of the estimate in Theorem 2.6.1 to be negative, one
obtains the following corollary.

Corollary 2.6.2. For all g, k,k; € Nsuch that ¢ > 2, 0 <k <3¢g—3and 0 < k; <k,
there exists an explicit constant A = A(g, k1,k — k1) > 0 such that if X is a Riemann
surface with k; geodesic loops of length less than A and k geodesic loops of length at most
1, then X admits a Schottky filling with negative renormalized volume.

The boundary at infinity d,,M of any convex co-compact manifold M exhibits an even
richer structure. As a consequence of the Riemann sphere CP! being the conformal bound-
ary at infinity of the 3-hyperbolic space H?, and of the fact that the orientation-preserving
isometry group of H? coincides with PSL(2,C), the biholomorphisms group of CP', the
boundary at infinity of a convex co-compact manifold is naturally equipped with a com-
plex projective structure. This, in turn, induces the underlying Riemann surface structure.
The deformation space of complex projective structures forms a holomorphic vector bundle
over the Teichmiiller space, whose fibers are parameterized by the Schwarzian derivative
of the developing map f of the complex projective structure [Dum08]. The Schwarzian
derivative of a locally injective holomorphic map f: D — CP*', for an open domain D C C,
is the central object of Chapter 3. It is the holomorphic quadratic differential defined as

on-((£) 35 )=

where 2z denotes the complex coordinate of C, and dz? = dz®dz the associated holomorphic
symmetric (0,2)-tensor. A projective structure Z on a surface S can be lifted to the
universal cover S = H2 C C, and a developing map of Z is an immersion f: H? — CP!
which restricts to projective charts on small enough opens of H?. The developing map is
unique up to Mobius transformations.

Thanks to the following beautiful result, the Schwarzian derivative plays a key role
in the study of the renormalized volume. Before stating it, we need to mention that the
cotangent bundle of the Teichmiiller space is identified, via the Bers embedding, with the
space of holomorphic quadratic differentials [Hub16].

Theorem. ([ZT87], [KS08, Corollary 8.6], [Sch13, Corollary 3.11]) Let M be a convex co-
compact hyperbolic 3-manifold, and let S(fys) be the holomorphic quadratic differential
on 0., M given by the Schwarzian derivative of the developing map fy; of 05, M. Then,
the differential of the renormalized volume at [0, M] € T(OM) is

dVr = Re(S(fum)) -
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In the three papers series [BBB19, BBB23, BBVP23], Bridgeman, Brock, Bromberg
and Pallete studied the flow of minus the Weil-Petersson gradient of the renormalized
volume for (relatively) acylindrical manifolds. Thanks to the theorem above, and to the
duality between holomorphic quadratic differentials and harmonic Beltramu differentials,
the Weil-Petersson gradient has a particularly nice and explicit analytic description. They
showed that the flow-lines always converge to the unique convex co-compact structure
with totally geodesic boundary. To the best of the author’s knowledge, ongoing research
is progressing toward obtaining similar results in the cylindrical case as well. As the reader
may now start to realize, much is known in the incompressible boundary case. This thesis
is dedicated instead to the setting in which the boundary of M is compressible.

Depending on whether the image of f is simply connected or not, its Schwarzian
derivative S(f) behaves quite differently. In particular, its supremum norm is bounded by
3/2 in the first case [Neh49]. In the second case, it is bounded from below by a diverging
function of the length of the shortest non-trivial simple closed curve in the image [KM8&1].
When f = fj; is the developing map of the natural complex projective structure on
the conformal boundary d,,M of a convex co-compact manifold M, these two scenarios
correspond, respectively, to the boundary of M being incompressible or not. As a result,
the renormalized volume presents a totally different behaviour depending on whether the
manifold has incompressible boundary. We have already mentioned that when OM is
incompressible, the renormalized volume is always positive [BBB19]. On the other hand,
if M is compressible, the works Bridgeman and Canary [BC17], and of Schlenker and
Witten [SW22], show that the renormalized volume of a sequence of convex co-compact
manifolds associated to the pinching of a compressible curve in the boundary diverges to
—o0. Pinching a simple closed curve in a Riemann surface means making the length of its
geodesic representative go to zero with respect to the hyperbolic metric.

This phenomenon led us to study the behaviour of the Schwarzian derivative on long
complex projective tubes, which is the core of Chapter 3. By the Collar Lemma, a short
simple curve on a hyperbolic surface indeed presents a long collar [Bus10]. Moreover, the
collars of two simple closed curves of length less than ¢y = 2arsinh(1) are disjoint. We say
that a complex projective structure Z has a long tube if the image of its developing map
contains a simple closed curve of hyperbolic lenght less than &.

Theorem 3.5.4. Let A be a long tube of a complex projective surface Z, let y be its core
of length ¢ < ¢g, and let 4 C Z = H? be a lift. Let also f: H> — CP' be the developing
map of Z, and let S(f) be its Schwarzian derivative. Then, in a neighborhood of 7, up to
pull-back by a Mébius, the Schwarzian S(f) behaves as follows

1 Ar? 9 e~ /(20 9

where z is the complex coordinate of H?, and O(x) stands for a complex valued function
such that lim, o |O(x)/z| is finite.

Combining the above result with the two Stokes-type formulas of Lemmas 2.5.1 and
3.2.1, we obtain the following.

Theorem 3.5.7. Let Z be a complex projective surface, let S(f) be its Schwarzian, and
let X = n(Z) its underlying Riemann surface. Let also p and v be, respectively, the
infinitesimal earthquake and grafting on the simple closed curve v C X of hyperbolic
length ¢ < ¢y. Then

[Re (S(f), ] < Fe(€)
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and
w2 1

Re <S(f),V> - 7 S L_Lé—‘r Fgr(é)

with F,(¢) and F,,(¢) two explicit functions such that
R

g )

e

[E(O], [Fyr (O] < C

for some constant C' > 0.

The main idea to prove the two theorems above is to first establish that the results hold
for annuli in CP' with concentric round boundaries, that we call symmetric. This is done
in Lemma 3.3.3 and Proposition 3.3.5. Then, we show that tubes with large modulus limit
to symmetric ones. This is achieved by exploiting the interpretation of the Schwarzian
derviative as the complexification of a certain Osgood-Stowe tensor. The Osgood-Stowe
tensor was introduced in [OS92], and its deep connection with Epstein surfaces and W-
volumes was extensively investigated in [BB24].

We can then use these results to get information on the renormalized volume behaviour.

Theorem 3.4.1. Let M be a convex co-compact hyperbolic 3-manifold. Let Xo € T (OM),
and let X; € T(OM) be the Riemann surface obtained by a parameter ¢ € R earthquake on
X, along a compressible simple closed curve 7 in M, of hyperbolic length ¢ < gy. Then,
we have the following estimate for the renormalized volume of the associated convex co-
compact manifolds My and M;:

Va(M:) = Va(Mo)| < F(O)t
with F'(¢) an explicit function of ¢ such that

—n2 /L

14

e

[F(O)] <C

for some explicit constant C' > 0.

When / is small enough, Theorem 3.4.1 gives a sharper bound than the one of Theorem
2.5.4 (Theorem 5.4 in [CGS24]), for the change of renormalized volume under earthquake.

As another application of our estimate for the Schwarzian, we obtain the asymptotic
behavior of the renormalized volume under pinching a compressible curve in the boundary
at infinity of a convex co-compact hyperbolic 3-manifold, recovering in particular Theorem
A.15 in [SW22]. Pinching v can be realized by grafting along it with a parameter tending
to infinity. This gives a bound for the change of renormalized volume under grafting along
a short enough curve.

Theorem 3.4.5. Let M, be a convex co-compact hyperbolic 3-manifold and let v € M,
be a compressible curve in its boundary of length ¢y(y) < &g, with respect to the hyperbolic
metric conformal to 0, My. The composition of the renormalized volume with the grafting
path (M;)scp,00) along v satisfies

3 3

Vr(M;) — Vr(Mo) = —m + m + (Us(y) — 60(7))% +0 (e—ws/(2£o(v))s3) '

In particular, when £,(y) — 0, the renormalized volume diverges as —m3 /(7).
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In light of the situation that has been described, in Chapter 4, we introduce a new
version of renormalized volume adapted to the compressible boundary case, preserving
some of the properties satisfied by the standard one in the incompressible boundary setting.
In particular, we show that the adapted renormalized volume is uniformly bounded from
below, and that its differential has bounded L', L? and L*™ norms. As a corollary, we
obtain, in particular, that the Weil-Petersson gradient of the differential of the adapted
renormalized volume has bounded Weil-Petersson norm.

Definition 4.4.1. Given M a convex co-compact hyperbolic 3-manifold, we define the
adapted renormalized volume as the function

Vi T(OM) — R

such that

G =VelX)trt Y

~ compressible
4y (X)<eo
where €y = 2arsinh(1) is the Margulis constant, v runs in the set of compressible sim-
ple closed curves in OM, and £,(X) denotes its length with respect to the hyperbolic
representative in X.

The adapted renormalized volume is smooth outside a codimension-one subset of the
Teichmiiller space, where the sum in the definition is just lower semi-continuous. In
Section 4.5, we discuss how to improve the definition to achieve continuity everywhere,
while ensuring that the theorems below still hold.

Theorem 4.4.4. For_every convex co-compact hyperbolic 3-manifold M, the adapted
renormalized volume Vg(-) is bounded from below by a constant depending only on the
topology of the boundary oM.

Theorem 4.1.1. (Theorems 4.4.5 and 4.4.6) Let M be a convex co-compact hyperbolic
manifold. At the points where it exists, the differential of the adapted renormalized volume
is bounded in L' and L* norms, by a constant that depends only on the topology of the
boundary OM .

Corollary 4.4.7. Let M be a convex co-compact hyperbolic manifold. At the points
where it exists, the Weil-Petersson gradient of the adapted renormalized volume has Weil-
Petersson norm bounded by a constant that depends only on the topology of the boundary
OM.

In [GMR15] and [Pal16], the authors proved that the renormalized volume is continuous
under a sequence of acylindrical convex co-compact manifolds geometrically converging
to a geometrically finite one [Pall6, Theorem 1] or, more generally, under (admissibly)
pinching an incompressible curve to obtain a rank-1 cusp ([GMR15, Theorem 4]). In
[Pall7, Theorem 6.1], additive continuity of the renormalized volume is shown under
geometric limits of convex co-compact manifolds with incompressible boundary, and with
uniformly bounded convex core volumes. The pinching of a compressible simple closed
curve in the boundary limits instead, in the pointed Gromov-Hausdorff topology, to a
convex co-compact manifold marked at one or two points corresponding to the curve that
has been pinched, as described in [SW22, Appendix A.10]. In the Teichmiiller space, a
sequence of pinching a (multi)curve converges to a point in the stratum corresponding to
the same (multi)curve in the boundary of the Weil-Petersson completion.
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In Chapter 4, we begin by investigating the Epstein surface of a hyperbolic metric
with cusp singularities. In particular, we analyze the diverging factors that arise in the
associated W-volume (Proposition 4.3.11), in order to define the renormalized volume of
convex co-compact manifolds marked at a finite set of points in their boundary (Definition
4.3.12). We then define the adapted version of the renormalized volume of pointed convex
co-compact manifolds, as a function on the compressible strata of the Weil-Petersson
completion of the Teichmiiller space (in Definition 4.4.18). Finally, we prove that the
adapted renormalized volume converges, under a sequence of pinching a compressible
multicurve, to the sum of the adapted renormalized volumes of the pointed convex co-
compact manifolds appearing as Gromov-Hausdorff limits. In this sense, the adapted
renormalized volume extends continuously to the strata of the boundary corresponding to
compressible multicurves.

Theorem 4.4.20. Let M; = (M,g;) be a path of convex co-compact hyperbolic 3-
manifolds obtained by pinching a compressible multicurve m in the conformal boundary at
infinity. Let D(m) be a union of disks compressing m, and let (M;, g;, P;), fori=1,... k,
be the pointed convex co-compact limits of (M, y;(t)) in the Gromov-Hausdorff topology,
with y;(f) in the thick part of the i-th connected component of C'(M;) \ D(m). Then,
outside a codimension-one set

k
lim VR<Mt) = Z VR(Miugia R) .

t—o00 -
=1

Outline of the thesis

Briefly, the thesis is organized as follows. A more detailed outline can be found at the
beginning of each chapter.

In Chapter 1 we furnish all the background and the preliminary knowledge common
to the other chapters.

In Chapter 2 we study Maldacena’s question (Question 2.1.2), getting an explicit upper
bound for the renormalized volume of convex co-compact handlebodies (i.e. a Schottky
manifold) in terms of the length of & short simple closed curves, the number k, and the
genus (Theorem 2.6.1). Thanks to this, we obtain explicit conditions on the lengths of
the curves of the boundary surface X in order to have a Schottky filling of X of negative
renormalized volume (Corollary 2.6.2). The content of the chapter can be found in the
following joint work with Tommaso Creamschi and Jean-Marc Schlenker.

e Tommaso Cremaschi, Viola Giovannini, and Jean-Marc Schlenker. Filling Riemann
surfaces by hyperbolic Schottky manifolds of negative volume, 2024. (Under review)
https://arxiv.org/abs/2405.07598

Chapter 3 focuses on the Schwarzian derivative on long complex projective tubes and
its application to the renormalized volume. There, we prove Theorem 3.5.4 on the form of
the Schwarzian, Theorem 3.5.7 on its pairing with infinitesimal grafting and earthquake;
we then we apply these results to Theorems 3.4.1 and 3.4.5, which concern the behaviour
of the renormalized volume under complex earthquake. This is the fruit of the following
joint work with Tommaso Cremaschi.

e Tommaso Cremaschi and Viola Giovannini. Behaviour of the Schwarzian derivative
on long complex projective tubes. 2025. (Submitted)
https://arxiv.org/abs/2502.10071
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In Chapter 4, we treat the adapted renormalized volume. The first part of the chapter
is occupied by the study of the Epstein surface and W-volume associated to a hyperbolic
metric with cusp singularities. This leads to the definition of the renormalized volume
for pointed convex co-compact manifolds (Definition 4.3.12), and a proof of its finiteness
(Theorem 4.3.14). We then proceed to define the adapted renormalized volume, and
showing its properties, among which Theorem 4.4.5, Theorem 4.4.6, and Corollary 4.4.7.
We conclude proving its continuous extension, in Theorem 4.4.19. As of today, the author
believes that the content of this chapter, along with a slightly improved version of the
adapted renormalized volume that ensure continuity everywhere (see Section 4.5), will
soon be available in the following preprint.

e Viola Giovannini. Adapted renormalized volume for hyperbolic 3-manifolds with
compressible boundary. 2025. (Soon on Arxiv)
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Chapter 1

Preliminaries and Background

1.1 Basics on Hyperbolic manifolds

We begin with some general basic knowledge of hyperbolic geometry, before turning our
attention to the dimensions n = 2, 3. For a complete introduction on hyperbolic geometry
we refer to [Marl6b, Part 1], [Marl6a, Chapter 1].

The n-dimensional hyperbolic space H™ is the unique, complete, simply connected Rie-
mannian manifold of constant sectional curvature —1. One way to define it is via the so
called Hyperboloid model:

H" ={z € R"’l\ Gna(z,z) = =1, x,11 > 0}

where ¢, 1 denotes the Lorentzian scalar product of the Minkowski space R™! defined as

n
1 (2, y) = Z ZTiYi — Tnt1Yn+1
i=1
which it is easily verified that restricts to a positive definite, non-degenerate scalar product
on each tangent space of H". It can be shown that this model is isometric to both the
Poincaré disc

4
fw € R Jlo] < 1}, h(z) = ———, E<x>>7
( (1™’

and the Upper half-space model

({:c ER| 2, > 0}, h(z) = xngE(x)> |
where gg stands for the standard Euclidean metric; in particular the last two models are
conformal to the Euclidean space. The upper half-space model is the one we will use the
most.

A complete Riemannian manifold M™ without boundary is hyperbolic if it is locally
isometric to the hyperbolic space H". Then, when M is connected, it can be expressed as
a quotient of H" by a subgroup I of the orientation-preserving isometry group Isom™ (H")
acting freely and properly discontinuously

M =H"T.

In hyperbolic geometry, it is known that a subgroup I' < Isom™ (H") is free if and only if it
does not have isometries with a fixed point, and that I" acts in a proper discontinuous way
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if and only if it is discrete — by Myers-Steenrod Theorem, isometry groups of Riemannian
manifolds are Lie groups.

Every isometry of H" extends uniquely to a homeomorphism of the closure H . An
element of Isom™ (H") is called hyperbolic, parabolic or elliptic, respectively, if it has exactly
two fixed points in OH" and no fixed points in H", if it has exactly one fixed point in JH"
and no fixed points in H", or if it has at least one fixed point in H".

From the two conformal models of H" defined above, we notice that the hyperbolic
metric tensor h is not well defined on the boundary OH" = S"! of the topological com-
pactification. However, we can renormalize h by a smooth factor p: H* — R in such a
way that p?h can be continuously extended to the boundary. The resulting boundary at
infinity O, H" is OH? equipped with the conformal structure given by the class [p?h] of
Riemannian metrics conformally equivalent to p?h (see Section 1.2).

In what follows, we will be interested in the dimensions n = 2,3. In this regard, we
point out that

O xH?> = RP' and 0, H* = CP' .

Concerning the isometry groups, using the half-space model, it can be proven that
Isom™* (H?) = PSL(2,R) and Isom™*(H?) = PSL(2,C) .

This phenomenon gives rise to a deep connection between the world of hyperbolic infinite
volume tame 3-manifolds and that of Riemann surfaces, and also, of complex projective
structures. A manifold is called tame if it is homeomorphic to the interior of a compact
manifold with boundary; by the Tameness Theorem, every complete hyperbolic 3-manifold
with finitely generated fundamental group is tame, [CG06, Ago04].

1.2 Hyperbolic and Riemann surfaces

We now focus on surfaces. Any oriented surface of negative Euler characteristic is hyper-
bolic, that is, it can be equipped with a Riemannian metric locally isometric to H?. In
particular, every closed smooth surface S, of genus g > 2 can be expressed as a quotient

H?/T

with T' < PSL(2,R) = Isom™(H?) a discrete, torsion-free subgroup of the group of
orientation-preserving isometries of H?2.

On the other hand, a Riemann surface (of genus g > 2) is a smooth 2-manifold
equipped with an atlas of charts into open subsets (of the upper half-plane H?) of C,
whose transition maps are biholomorphisms. Two complex structures on S are isomorphic
if there exists a biholomorphic homeomorphism between them, and marked isomorphic if
the biholomorphism is isotopic to the identity. In the upper half-plane model, the two
dimensional hyperbolic space is given by the pair

(HZ, p(2)ld=]?)

where H? C C is the set of complex vectors with positive imaginary part, z = x + iy is
the complex coordinate of C, |dz|*> = dz? + dy? is the standard Euclidean metric on the
plane and p(z) = 1/y? (see [Marl6h, Chapter 2]).

Notation 1.2.1. In this work, we will use the notation H? both for the 2-dimensional
hyperbolic space and the subset of complex numbers with strictly positive imaginary part.
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There is a strong correspondence between hyperbolic and Riemann surfaces: by Rie-
mann Uniformization Theorem [Hub16, Theorem 1.1.1], the universal cover of any closed
Riemann surface of genus g > 2 is biholomorphic to the open unit disk, which is itself
biholomorphic to the upper half-plane. Then, every closed Riemann surface of genus g > 2
can be realized as a quotient of H? by a subgroup of biholomorphisms of H? acting freely
and properly discontinuously, i.e. by a discrete torsion free subgroup of PSL(2,R), and
it is therefore a hyperbolic surface. Furthermore, two complex structures are isomorphic
(resp. marked isomorphic) if and only if their corresponding hyperbolic structures are iso-
metric (resp. isometric via a diffeomorphism isotopic to the identity). A Riemann surface
structure on S can also be thought as a conformal class of Riemannian metrics [g] on S
where

g~ h iff h=eg

for some smooth function u: S — R, in which there exists a unique hyperbolic repre-
sentative. In this work, we will use all three viewpoints, and jump from one to another
depending on which one is more suited.

Curves

We will often talk about curves and their lengths. In this work, a closed curve on a
surface S is defined as an immersion of S* into S, and it is simple if it is an embedding. A
fundamental fact in hyperbolic geometry is that in every free homotopy class of a closed
curve, there exists a unique closed geodesic. The length of a curve is then defined as the
length of the unique geodesic representative in the same homotopy class.

A multicurve is a finite union of pairwise disjoint simple closed curves. When no
confusion arises, we will also refer to its geodesic realization, that is, the union of the
corresponding simple closed geodesics, as a multicurve.

1.2.1 Tubes

We wish to dedicate some space here to a somewhat special surface that will play a central
role in Chapter 3, and that will also reappear frequently in Chapter 4: the cylinder, also
referred as the annulus, or, more often here, as the tube.

Topologically, a tube can be characterized as an orientable surface of Euler character-
istic equal to 0 that is not homeomorphic to the torus. Therefore, a tube is homeomorphic
to a sphere with two punctures, to a once-punctured sphere with one open disk removed,
or to a sphere with two open disks removed. We will consider all these surfaces, and, when
we want to emphasize to which one we are referring to, we will use, for the first and the
last cases, the terms infinite tube and truncated tube, respectively.

A peculiar fact about the tube is that it is the unique surface of zero Euler characteristic
that admits a complete hyperbolic Riemannian metric, on top of the flat Fuclidean one.
Moreover, it even admits both a complete hyperbolic metric with two infinite volume ends,
and a complete hyperbolic metric with just one infinite volume end. Here, an end is a
connected component of the complement of any compact subset of the tube. To realize
these, it is enough to quotient H?, respectively, by a hyperbolic or a parabolic isometry.
The flat Euclidean metric is instead realized by quotienting R? by a translation. In this
way, every complete constant curvature structure on a tube is realized. The hyperbolic
and the flat Euclidean metrics on the truncated tube are incomplete.

A conformal structure X on a tube is determined by its modulus.
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Definition 1.2.1. Let X be a conformal structure on a surface S, and let v be a rectifiable
curve on S. The extremal length of v with respect to X is
ext(y,X)= inf  Area(S,g),

g admissible

where g is admissible if and only if it is a Riemannian metric in the conformal class of X
and the length ¢,(y) of v with respect to g is at least 1, where

£4(7) = inf ()

with [y] the homotopy class of v. The modulus of v with respect to X is defined as
1
ext(y,X)

The definition extends, more generally, to a set of rectifiable curves, but we will not use
it. It is straightforward to notice that the modulus is a conformal invariant. In the case of
v being the core, i.e. the unique non-trivial simple closed curve of a tube equipped with
a conformal structure X, the supremum of Definition 1.2.1 is realized at any Euclidean
metric g conformal to X (see [Ahl10, Section 4.2]). We will call the modulus of a conformal
tube with respect to the core simply as the modulus of the tube, and we will denote it by
m. It is then easy to verify that the modulus of a tube obtained by identifying, via an
horizontal translation, the edges of a rectangle in R? of base 27 and height A is given by
m = 2m/h. Moreover, by applying the conformal map e~**: R x [0,27] — C*, one finds
out that the modulus of an annulus A = {z € C | r| < |z| < rq}, is

1 T2
= —1 =] . 1.1
m 21 Og(ﬁ) ( )

Since any truncated tube is conformal to an annulus A = {z € C | 1 < |z| < r}, for some
r > 1 (see [Ahl21, Chapter 6, Section 5.2]), by identity (1.1), the modulus determines its
conformal structure.

m(y, X) =

Long tubes

An important role in this work is played by long tubes, i.e., conformal tubes with large
modulus. We now introduce a particularly important class of long tubes: those furnished
by the Collar Lemma, [Busl0, Theorem 4.1.1]. A crucial property of the tubes in this
class is that they are pairwise disjoint when their core curves are sufficiently short, [Bus10,
Theorem 4.1.6]. This leads to the thin-thick decomposition of hyperbolic surfaces, which
in fact is a more general result holding for hyperbolic manifolds (see [Marl6b, Chapter
4]). We first fix the notation for the two dimensional Margulis constant

g0 = 2arsinh(1) , (1.2)
which will appear frequently in the next chapters.

Definition 1.2.2. A thin tube in a hyperbolic surface X, is the set of points T(¢) around
a simple closed geodesic v of length ¢ < gy that are at a distance at most

. 1
L := arsinh <m> .

We remark that there is no need to assume the length ¢ to be shorter than gy in order
for a collar of width L as above to exist. However, the condition is both necessary and
sufficient to ensure the collars to be disjoint, [Busl0, Theorem 4.1.6].
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1.2.2 The Teichmiiller space

Good references for Teichmiiller space theory are [FM11, Part 2] and [Hub16, Chapter
6-7]. We recall here what will be mainly needed in this work.

Let S be a closed, connected, orientable surface of genus g > 2. Following the above
discussion on the correspondence between hyperbolic metrics, Riemann surfaces and con-
formal structures, the Teichmiiller space of S can be defined in the following three equiv-
alent ways:

T(S)={h | his a hyperbolic metric on S}/Diffeoy(S) ,
T(S) ={c| cis a complex structure on S}/Diffeoy(S) ,
T(S) ={[g] | g is a Riemannian metric on S}/Diffeoy(S) .

Here Diffeog(S) is the group of diffeomorphisms of S isotopic to the identity, acting by
pull-back. Moreover g; € [go] if and only if there exists a smooth function u: S — R* such
that g, = €"g¢y, i.e. [g] represent the class of Riemannian metrics conformal to g, in which
there exists a unique hyperbolic representative. In what follows, we will use, depending
on the set-up, the most suitable.

When S is not connected, the Teichmiiller space of S, denoted again by 7(.5), is the
product of the Teichmiiller spaces of each connected component.

Fenchel-Nielsen coordinates

Through the Fenchel-Nielsen coordinates, the Teichmiiller space of a closed genus ¢ surface
S, is identified with R%~5. Let us briefly see how (for an exhaustive treatment, see, for
example, [Busl0, Sec 6.2], [FM11, Sec 10.6], [Marl6b, Section 7.3]). First, we introduce
some terminology. A pair of pants is a surface with no genus and three boundary com-
ponents. A multicurve on a surface S is a set of pairwise disjoint homotopically distinct
simple closed curves. A pants decomposition of Sy is the choice of a maximal multicurve,
which then has 3g — 3 components and cuts the surface into 2¢g — 2 pairs of pants. Any
pair of pants () in a pants decomposition of a hyperbolic surface can be decomposed in
right-angled hexagons by the 3 unique length-minimizing orthogeodesics connecting every
pair of boundary components of ). Fixed a pants decomposition P of S;, we can define
the set of parameters

(U1, lag_3,61,--- ,055_3) € (Ryg X R)gg_g ;

where, for 1 < i < 3g—3, the length parameter ; is the length of the geodesic representative
of v; € P, while the twist parameter 6; measures the twist in the gluing of two pair of
pants across the geodesic ;. More precisely,

2Ts;
97; - . )
¢

where s; is the signed hyperbolic distance in the universal cover H? between the two
orthogeodesics connecting a lift of 7; to two lifts of other two boundary components of the
two pairs of pants containing 7; (which may coincide). The lifts are determined by the
action of the shortest arc joining the two boundaries distinct from ;. Since for any triple
a,b,c € Rs( there exists a unique hyperbolic pair of pants with boundaries of length a,b
and ¢, the parameters just defined determine the hyperbolic metric uniquely.
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1.2.3 The Weil-Petersson metric
Tangent and cotangent space

The tangent and the cotangent spaces of the Teichmiiller space of S at the Riemann surface
X € T(9), are identified, via the Bers Embedding Theorem (see [Hub16, Sections 6.6 and
6.7], or [Gar00, Chapter 6]), and through a natural pairing, respectively, with the space of
harmonic Beltrami differentials and holomorphic quadratic differentials on X. We denote
the spaces of harmonic Beltrami differentials and holomorphic quadratic differentials on
X, with B(X) and Q(X), respectively.

Let X be a Riemann surface, and let z = = + 1y and Z = x — iy denote its local
holomorphic and anti-holomorphic coordinates. A Beltrami differential on X is a (1, —1)-
tensor p which can be expressed in local coordinate as

p(z) = 1(2)0z ® dz

where 7 is a measurable complex-valued function. From now on, we also assume the
Beltrami differentials to be bounded in the L*> norm:

|1l = esssup [n(z)] < oo,
zeX

where the essential supremum means that the set of points in which the norm of 7 is un-
bounded has measure zero and is not considered. A quadratic differential ¢ is a symmetric
(0,2)-tensor that can be locally written as

0(z) = q(2)dz @ dz .

When ¢(z) is a holomorphic function, ¢ is called a holomorphic quadratic differential. Tt
is customary to use the notations

dz ® dz = dz*

and )
|dz|” = — ;02 N dZ = dz® + dy* .

Quadratic differentials and Beltrami differentials on a Riemann structure X on S can be
paired by integrating on X their product, which naturally identifies with a 2-form. For
any i = n0, ® dz and ¢ = gdz?, the natural pairing is then defined as

(o, ) = /X(qn)dxAdy 7 (1.3)

with z = x 4 iy the local complex coordinate of X. This establishes a duality between
the two spaces. The pairing can be restricted to be between the space of holomorphic
quadratic differentials @Q(X), and the one of harmonic Beltrami differentials B(X), i.e.
the quotient of the space of Beltrami differentials by the subspace of elements whose
pairing with every holomorphic quadratic differential is null. Equivalently, a Beltrami
differential p is harmonic if and only if there exists a holomorphic quadratic differential
gdz? such that

1= (a/p)d2 ® dz
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where p|dz|? is the unique hyperbolic metric representative in X. Let px = p|dz|* be the
hyperbolic metric conformal to X, with z a local conformal coordinate of X. Then, given
v € Q(X), the quotient

le(2)ll = le(2)] /px(2) ,

is a function that can be used to define LP norms by integration on X with respect to

px. In particular, the infinity norm of a holomorphic quadratic differential ¢ = qd2? is
defined as

ol — sup 2L sup G
@lloo = sup = su
2€X |PX| 2€X p(z)

2
el = | Jallaaf*
X

Note that, since we are assuming S to be compact, the space of quadratic differentials
with bounded infinity norm coincides with the one with bounded L' norm. The natural

pairing on Q(X) defined as
<8017302> :/ q192 |d2|2
X

P

induces an isomorphism between Q(X) and the dual of Q(X), with X the conformal
surface conjugated to X. The Bers embedding with respect to X induces an isomor-
phism between the tangent at X of the Teichmiiller space Tx 7 (S) and Q(X) (see [Hub16,
Theorem 6.6.1]), and therefore an isomorphism

TXT(5) = Q(X) .

Y

and the L'-norm as

Furthermore, the natural pairing between holomorphic quadratic differentials and har-
monic Beltrami differentials (1.3), gives the isomorphism

T T(S) = Q'(X) = B(X) .

Remark 1.2.3. Given a Riemann surface X = H?/T", the spaces Q(X) and B(X) can be
identified with the respective spaces of I'-invariant differentials on the universal cover H?2.

The Teichmiiller metric

The L' norm on Q(X) induces, as its dual norm, the L> norm on B(X) = TxT(S),
which is known as the Teichmuller metric. This is a Finsler metric, as it is not induced
by a scalar product. In turn, up to a factor 1/2, the Teichmiiller metric induces the
Teichmiiller distance dreen, on T(S) (see [Hub16, Theorem 6.6.5]) defined as the logarithm
of the dilation of the quasi-conformal homeomorphism between the two points considered
(see [FM11, Section 11.8]). An important property of the metric space (T (S), dreicn) i its
completeness (see, for example, [FM11, Proposition 11.17]).

The Welil-Petersson metric

The L? norm on holomorphic quadratic differentials at X

ol = [ 12
? x Px
27



is induced by the inner product

Re(p, V) =Re/ L :

X PX

which furnishes a Riemannian metric on 77 (S), and then, by duality, also on T'T(S), as

Re(u, v) = / iTp
X

This is called the Weil-Petersson metric.

On the other hand, the imaginary part of the Hermitian inner product (-,-), denoted
by wwp is a closed 2-form [Hub16, Section 7.7], which then endows the Teichmiiller space
with the structure of a Kdhler manifold. A beautiful proof of this fact lies in Wolpert’s

magic formula [Wol82]
39—3

1
wwp = 5 Z; dfm A dS% s
where the 7; form a pants decomposition of S, and ¢ and § = 27s/¢ are the corresponding
Fenchel-Nielsen coordinates.

The boundary of the Weil-Petersson completion

With respect to the Weil-petersson metric, the Teichmiiller space is not complete: there
exist paths pinching a simple closed curve v - that is, paths along which the hyperbolic
length of v goes to zero - that have finite Weil-Petersson length and exit every compact
subset (see, for example, [Wol06, Theorem 3]). This leads to define the augmented Te-
ichmiiller space, [Ber74], [Abi77], [Wol03, Introduction]. Briefly, as a set, the augmented
Teichmiiller space of S is the union

T(S) |J S(m)

meC(S)
with
S(m) ={X | X is a marked complete finite area hyperbolic structure on S\ m} ,

where C(.S) denotes the set of isotopy classes of multicurves on S (or, equivalently, the set
of 0-skeletons of simplices in the curve complex of S). The sets S(m) are called strata,
and a point in §(m) can be interpreted as a nodal surface, or, equivalently, as a hyperbolic
surface where all the curve of m have been pinched:

Sm) = {X | 6,(X) =0 iff yvem}.

The topology on the augmented Teichmiiller space is furnished by extending the Fenchel-
Nielsen coordinates in the following way. Given a multicurve m, complete it to a pants
decomposition P. Then, the set 7(S)US(m) is described by allowing the length param-
eters of the simple closed curves in m C P to take values in R(. The union 7(S)US(m)
is equipped with the coarsest topology which makes the Fenchel-Nielsen coordinates map,
forgetting about the twisting parameters of the curves in m, continuous

T(S)US(m) — (Rso x R)¥ 7 m R
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It is possible to show that this topology does not depend on the choice of the pants
decomposition P. Repeating the procedure for each m € C(.S) defines the topology on the
whole space.

In [Ber74] and [Mas76], it is shown that the Weil-Petersson completion of the Te-
ichmiiller space coincides with the augmented Teichmiiller space. Thus, the boundary of
the Weil-Petersson completion of the Teichmiiller space 9T (S )wp is stratified by the space
of multicurves C(S): a point in the boundary is the data of a multicurve m on S and a
complete finite area hyperbolic metric on S\ m. A stratum in 8mwp is then the product
of lower dimensional Teichmiiller spaces of the connected components of S\ m. Moreover,

the induced metric on 97 (S)  coincides with the (product of) Weil-Petersson metrics on
the strata.

Definition 1.2.4. We say that a path of Riemann surfaces X; in the Teichmiiller space of .S
is obtained by pinching a multicurve m C S, if the hyperbolic lengths of all the components
of m tend to zero, and X, converges to a point in the Weil-Petersson completion of 7(S).

1.3 Complex projective surfaces

Complex projetive surfaces are the primary subject of Chapter 3. More generally, they
play an important role in the study of convex co-compact 3-manifolds, as they naturally
arise as structures on their boundary at infinity (see Section 1.4.1).

Let CP' denote the Riemann sphere. A complex projective surface is a smooth ori-
ented 2-manifold equipped with a maximal atlas consisting of charts into open subsets
of CP* whose transition maps are restriction of Mébius transformations ¢ € PSL(2,C),
i.e. restriction of biholomorphisms of CP'. Analogously to Riemann surfaces, complex
projective structures on a surface S are often considered up to marked isomorphism:

P(S)={Z | Z is a complex projective structure on S}/Diffeoy(S) ,

where Diffeog(S) is the group of diffeomorphisms of S isotopic to the identity, which acts
by pulling back the atlas of projective charts. Thus, two projective surfaces are the same
point in P(S) if and only if there exists f € Diffeoy(.S) pulling back the projective charts
of the target surface to those of the first one.

Since Mo6bius transformations are holomorphic, a complex projective surface Z also
induces a Riemann surface X = 7(Z), where 7 is the projection

w: P(S) = T(S)

defined by forgetting about the projective structure. Vice-versa, the realization of a Rie-
mann surface of genus g > 2 by a quotient H?/T" with I' < PSL(2,R) < PSL(2,C)
naturally defines a complex projective structure, which is called Fuchsian. The section
of m given by the Fuchsian structures, together with the Schwarzain derivatives of the
developing maps (introduced in the next section) of each complex projective structure
make P(.9) a holomorphic vector bundle over T (S) diffeomorphic to R'9712 (see [Dum08,
Sections 3.2, 3.3]).

Any complex projective structure is uniquely determined by the data of a developing
map and a holonomy representation; equivalently, it is a (PSL(2, C), CP')-structure. More
precisely, a complex projective structure Z on S lifts to a complex projective structure Z
on the universal cover S, and a developing map for Z is an immersion

f: S — CP'
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which restricts to projective charts of Z on small enough open subsets. Moreover, the
developing map is unique up to Mobius transformations. The holonomy representation of
Z on S is a homomorphism

p: m(S) = PSL(2,C) ,

such that, for any v € m(.5)
foy=p(y)of.

Again, the holonomy representation is unique up to conjugation by a Mdébius transforma-
tion (which corresponds to post-composing f with the same Mo6bius map).

The Thurston metric

An open domain © C CP' is naturally equipped with a complex projective structure
induced by the one of CP'. The domain  is assumed to be hyperbolic, that is, its universal
cover is H?. The developing map f: H? — CP* of  equips it with a Riemannian metric
called the Thurston metric, or also the projective metric. This is defined as

hTh(Z) = ll’le hD(Z) s

where the infimum is taken over the round disks D immersed in €2, and hp is the hyperbolic
metric on D. The Thurston metric is conformal to the Riemann surface structure naturally
induced on €.

1.3.1 The Schwarzian derivative

As already seen in Section 1.2.3, given a Riemann surface X, a holomorphic quadratic
differential on X is a holomorphic section of the symmetric square of its holomorphic
cotangent bundle, i.e., in local holomorphic coordinate, can be expressed as p(2)dz®@dz =
¢(2)dz*. Let D C C be a connected open set, and let f: D — CP' be a locally injective
holomorphic map. The Schwarzian derivative of f is the holomorphic quadratic differential

f// 4 1 f// 2 )
S f = (<—, — =\ dz" .
(f) 7 2\ 7
The Schwarzian derivative has the following properties:

1. Let f and g be locally injective holomorphic maps such that the composition is well
defined, then

S(fog)=g"S(f)+S(g) .

2. For any holomorphic map f: U — C, where U C C is an open subset, S(f) = 0 if
and only if f € PSL(2,C), that is, if and only if f is the restriction to U of a Mdbius
transformation.

The Schwarzian of a complex projective structure

In this paragraph, we define what is arguably the most important tool of this work.
Given X a connected Riemann surface, as already seen, the Riemann Uniformization

Theorem implies that its universal cover X is conformal to H?, and that there exists a

[' < PSL(2,R) such that X = H?/T. Then, the developing map of each complex projective
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structure Z = (f, p) in the fiber 771(X) has H? as domain and, for any v € I, satisfies
the equivariant property

foy=p(y)of forallyel

where p is the holonomy representation of Z. Thanks to this, since H> C C, and f is
holomorphic and locally injective, the Schwarzain derivative S(f) of the developing map
fofaZ e r'(X)isa -invariant holomorphic quadratic differential on H?, and therefore
a holomorphic quadratic differential on X. This is called the Schwarzian of the complex
projective structure Z.

1.4 Convex co-compact 3-manifolds

A hyperbolic 3-manifold M is homeomorphic to H?/T" for T" a discrete, torsion free, sub-
group of PSL(2,C), the isometry group of H>.

The action of T' on H? can be naturally extended to dH? = CP!, but it does not
remain properly discontinuous: the closure of the orbit of a point € H? has non-empty
set of accumulation points A, (I") in H? U, H3. Since I' acts by isometry on H?, it is easy
to show that actually A,(I") does not depend on z. It is then denoted simply by A(I") the
limit set of T’

AT) =T 2N 0 H,

for any choice of z € H?. The complement
Q(T) = 0,.H? \ A(T') = CP"\ A(T)

is called the domain of discontinuity of T". Note that A(I") is closed, and that both A(T")
and Q(I") are I-invariant. Moreover, the action of I on §(I") is properly discontinuous.

The convex core

The convex core of M = H?/T is defined as
C/(M) = Hull(A(T))T

where Hull(A(T")) is the convex envelope of the points of A(T") in H*UJH?. The convex core
of M is also characterized as the smallest non-empty strongly geodesically convex subset of
M, that is, the smallest convex subset of M which is also homotopically equivalent to M.
Here, strongly indicates that any geodesic segment in M with endpoints in K is entirely
contained in K. It is also not difficult to prove that if M has finite volume, then the limit
set A(T) coincides with H?, and so C(M) = M. In this work, we will be interested in the
case of M having infinite volume. The convex core C'(M) is generically a 3-dimensional
domain, but in some cases, it can be a totally geodesic surface in M, possibly with geodesic
boundary.

Definition 1.4.1. A hyperbolic 3-manifold M = H?/T is convex co-compact if its convex
core C'(M) is compact.
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1.4.1 The conformal boundary at infinity

Let M = H3/T be a complete hyperbolic 3-manifold with finitely generated fundamental
group I' < PSL(2,C). Thanks to the fact that the action of I" on the open domain Q(I")
is properly discontinuous, the quotient

9o M = Q(T)/T

is a surface. Moreover, by Ahlfors Finiteness Theorem [Ahl64, Mar06], it is a surface of
finite type, that is, compact with a finite number of punctures. Since Q(T") is an open
subset of CP', and the elements of PSL(2, C) are biholomorphisms of the Riemann sphere,
the surface d,, M is naturally equipped with a complex projective structure, which in turns
induces a Riemann surface structure. For this reason, the surface 0, M = Q(I")/T" is called
the conformal boundary at infinity of M = H3/T.

When M is convex co-compact, then M = M U (0. M) is its manifold compactification,
and, recalling that M is tame, the boundary 0, M is homeomorphic to the closed surface
S = OM. Therefore

[0 M] € T(S),

where T (S) denotes the product of the Teichmiiller spaces of the connected components
of S.

Definition 1.4.2. Let M be a convex co-compact hyperbolic 3-manifold. We define the
Schwarzian of M, and we denote it by S(fas), as the Schwarzian derivative of the product
of the developing maps of the complex projective structures on each connected component
of O M.

Connected components of M \ C(M), or, more generally, of the complement of a
geodesically convex compact subset of M, are called ends. By the Tameness Theorem, an
end is homeomorphic to S x [0, +00), with S? a component of S = d,,M. The hyper-
bolic Riemannian metric on the ends diverges exponentially. In particular, the ends have
infinite hyperbolic volume.

1.4.2 A Uniformization Theorem

In this section, we state the beautiful uniformization theorem for the deformation space of
convex co-compact hyperbolic manifolds, the fruit of various results in the work of Ahlfors,
Bers, Kra, Marden, Maskit, Sullivan and Thurston.

Definition 1.4.3. The deformation space of convex co-compact hyperbolic structures on
M, considered up to diffeomorphisms homotopic to the identity, is denoted by CC(M).

As the title of this thesis suggests, the following is a crucial definition for this work.

Definition 1.4.4. A non-trivial simple closed curve in the boundary OM is compressible
if it bounds a disk in M, i.e. if it is null-homotopic in M. The boundary OM is said to
be incompressible if the inclusion

OM — M

is mi-injective, and compressible otherwise.
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Analogously, we call a multicurve in OM compressible if all of its components are
compressible.

Let us denote by Ty(D) the subgroup of the mapping class group of dM generated
by all the Dehn twists along compressible simple closed curves in M. This coincides
with the maximal subgroup of non-trivial diffeomorphisms of the boundary surface that
extend to a diffeomorphism of M isotopic to the identity. We are now ready to state
the Uniformization Theorem (see, for example, [Marl6a, Theorem 5.1.3.] and [MT98,
Theorem 5.27]).

Theorem 1.4.5 (Ahlfors, Bers, Kra, Marden, Maskit, Sullivan, Thurston). The deforma-
tion space C'C'(M) is biholomorphically parameterized by the space of conformal structures
on the boundary at infinity, as

co(M) = T(OM)/1y(D)

where T(OM) is the product of the Teichmiiller spaces of the connected components of
OM.

1.5 Epstein surfaces

Epstein surfaces are essential for defining the WW-volume of a convex co-compact manifold
M with respect to a Riemannian metric g that is conformal to 0., M (see Section 1.6).
They will also be a crucial element of Chapter 4.

Epstein surfaces were introduced for the first time in [Eps84] (the original pre-print
dates to 1984, but we reference a LaTex transcription by Bridgeman of 2024). The con-
struction of Epstein produces a surface in H""! as an envelope of horospheres, starting
from any domain Q in S” = 0,,H"™! equipped with a conformal metric g:

Eps(ﬂ,g): Q — Hn+1 .

Epstein surfaces have been used and studied extensively in recent literature. We present a
likely non-exhaustive selection of works. First, in [[KS08] the fundamental forms on the Ep-
stein surface induced by H3were studied, together with their relations to the corresponding
forms at infinity (see Section 1.5.3); then, Epstein surfaces were used there to define the
W-volumes (see Section 1.6). In [Duml7], Epstein surfaces are used to study limits of
holonomy representations of complex projective structures. A comprehensive and elegant
treatment of Epstein surfaces, the Osgood-Stowe differential and W-volumes, along with
their interrelations, is provided in [BB24]. In [BP23] Epstein surfaces are introduced for
domains in CP! with round boundaries: a construction we will use in Chapter 4. The work
[BBPW25] investigates the Epstein surfaces associated to quasi-circles in CP!, applying
them to the study of renormalized volume and the Liouville action in the universal setting.
In [PWW25], is treated the case n = 1, exploring the relationship between Epstein circles
and the Schwarzian action of diffeomorphisms of the circle.

In this thesis, we are interested in the case n = 2, and mainly when the domain in
question is a discontinuity domain Q(T") of some convex co-compact manifold M = H3/T.
In this setting, the resulting Epstein surface is I'-invariant, so that it descends to a surface
in the quotient 3-manifold H?/T.

Briefly, the construction is as follows. Let g = e*? |alz|2 be a smooth metric on a
domain D C CP' = 9, H®. For each z € D, consider the horosphere H(z,e=?®) in H?
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pointed at z and of Euclidean radius e ¥?). The Epstein surface associated to (§2,¢) is
then obtained by taking the boundary of the convex envelop of the union of this family
of horospheres. The metric does not need to be smooth. On the other hand, even when g
is smooth, the resulting surface may fail to be immersed. We discuss the regularity in the
next sections.

As just presented, the construction might appear somewhat mysterious. In particular,
one might naturally question why the radius of the horosphere is chosen to be e=#(*). To
provide a better understanding of the situation, and before stating some key properties of
the Epstein surfaces, we need to introduce the so called visual metric.

1.5.1 The visual metric

Any point p € H? defines a conformal metric on d,,H? = CP' obtained by pushing forward
the induced metric on the unit tangent bundle T)H® at p through the exponential map at
p, which is a homeomorphism from Tpl]H[3 to CP'. This metric is called the visual metric
from p. For example, the visual metric induced from p = (0,0,1) in H? = {(z,t) € CxR"}
to O H? is the spherical metric

+ |dz|?

(2] +1)

The visual metric at any other point p € H?, is then obtained by pulling back gs» via any
isometry of H? sending p to (0,0,1). More explicitly, given p = (w,t) € H?, with w € C
and ¢t € R*, the visual metric from p at Z is

vp(Z) =

gs2(2) =

4t* 5
(o—zF+ep "
Thanks to this, given ¢ a real valued function

H(zZ,e ") = {p e B | v,(2) = 2P |dz|?}

that is, the set of points in H?® whose visual metric induced on Z coincides with the
conformal metric ¢2#(*)|dz|? is the horosphere centered at Zz and of Euclidean radius e~#(%).

Theorem 1.5.1 ([Eps84]). Let (£, ¢) a domain in CP' equipped with a C* conformal
metric g = €2#(*) |dz|*. Then, there exists a unique C*~! map
Eps ) 2 — H?
such that
VBps o (2)(2) = €275 [z

and
DzEpS(Q,q;) - TEDS(Q,(,;)(Z)H(Z? 6_¢(Z)> )

where D, denotes the image of the tangent map at z.

The image of the map Eps(q ) is called Epstein surface associated to (2, ). Note
that, thanks to the considerations just above on the visual metric, the second condition
in the statement implies the first one. Moreover, the Epstein map is natural in the sense
that for any Mobius transformation f € PSL(2,C) = Isom™ (H?)

Epsiqp) = f 0 EPS(pra pof10g(df)) -

In Section 4.5, are presented the conditions under which the Epstein surface is immersed,
as well as those under which it is a convex embedding.
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1.5.2 The boundary of the convex core as an Epstein surface

Let us now present another equivalent interpretation of the visual metric. Given a point
z € OH? the visual metric v,(z) from p at z coincides with hp,.)(2), where hp, . (2) is
the hyperbolic metric on the disc D(p, ) detected on d,,H?* = CP' by the unique geodesic
hyperplane H? C H? containing p and perpendicular to the geodesic ray connecting p to
z.

With this viewpoint, when Q = Q(T') is a discontinuity domain, it is possible to show
[BBB19, Prop 2.13] that the horosphere obtained by imposing the equality between the
visual metric and the Thurston metric hry at 2z € Q(T') C 0, H? is tangent to the lift
Hull(A(T")) to H? of the convex core of M = H?/T. In particular, by the previous section

1
hTh(Z) = T—2|d2|2,
where 7, is the radius of the horosphere centered at z and tangent to Hull(A(T")).

1.5.3 Fundamental forms at infinity

Let us fix Q € CP' a complex projective domain, and let us denote by Y(g) the Epstein
surface associated to (€2, ¢), with ¢ = €2? |dz|*. At any immersed point, the first funda-
mental form I of ¥(g) is the pull-back via Eps(q,) to (2 of the Riemannian metric induced
on X(g) by H3. The shape operator B: TX(g) — TX(g) is the bundle morphism defined
as

B(X) =Vx(N),

where N is the outer unit normal to 3(g), and V is the Levi-Civita connection of H?. The
second fundamental form of (g) is

We use the same notation for their pull-back via Epsq ) to Q). Similarly, we denote by I,
By, Iy and I, the pull-back via Epsq ) on € of the fundamental forms and the shape
operator of X(e?g).

Definition 1.5.2. ([[KS08], [BB24, Section 5]) In the notations above, the fundamental
forms at infinity of (€, ) are defined as

I =I1+20+1 =I((Id+ B)(-),(Id+ B)(-))
I =1—1I=I(Id+ B)(-),(Id—B)())

A

m=1-20+1 =I((Id— B)(-),(Id — B)(+))
and the shape operator at infinity as

B=(Id+B)*(Id—B) .
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Proposition 1.5.3. ([Eps84], [KS08, Lemma 5.7, Theorem 5.8]) In the notations above,
let I; denote the pull-back on Q of the induced metric on ¥(e*g) via Epsq ,4. Then

1/ . .
Ii=g <62t1 oIl + e—%m) ,

in particular
lim 4e >, =1 .

t—o0
Moreover

~

I=g.

The induced fundamental form on a Epstein surfaces can be expressed in terms of the
ones at infinity as in Definition 1.5.2 as follows.

Lemma 1.5.4 ([KS08], Lemma 5.6). The fundamental forms I, II, Il of an embedded
Epstein surface are obtained from I, I, Ill as follows

I = %1 (f+ 2ﬁ+ﬁl> = %f(([d+l§)(~),(ld+l§)('))
17— 411 (i) = ii((m B)(), (Id - B)())
i = (T =2+ ir) = {((1d — B)(), (14— B)()

and the shape operator as
B = (Id+ B)"Y(Id - B) .

Remark 1.5.5. Note that any result on Epstein surfaces has an equivariant version.
When (2 is the discontinuity domain of M = H?/T, then ¥(g) is I-invariant and descends
to a surface in M. We will keep denoting by I, B, II and Ill, respectively, the Riemannian
metric, shape operator, second and third fundamental forms induced on 3(g)/I" by M.

Properties of the Epstein surfaces

At points z where Eps g, .,y is an immersion, the Epstein surface is tangent to the horosphere
H(z, e~#)). One has though to be careful as the map Eps g, is not always an immersion:
for example, the image of Epsp: ), with ¢ such that e?% |d,z|2 = ¢s2, is the point p =
(0,0,1). To avoid the singular cases, the strategy is to consider the Epstein surfaces
associated to rescalings of the conformal metric on €2. More precisely, it is possible to
define the map to the unit tangent bundle

]é\p-é(ﬂ,go) . Q — T1H3

associating to z €  the unit normal vector at Eps, ,(2) whose geodesic ray ends at 2,
so that, if 7: T'H? — H? is the bundle projection, then

Epsae) =T o Epsiay) -

When the conformal metric at infinity is smooth, the map E/)i)/s(gm) is a smooth immersion.
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Proposition 1.5.6. ([Eps84], [BB24, Section 5.1, Theorem 5.8], [KS08, Lemma 5.6], or
[BB24, Theorem 7.4]) Let Fy: T'H? — T'H? be the geodesic flow, then

Fy o Eps(q,) = EPS(qpre/2) -

If both the principal curvatures of the image of Epsq ) are different from —1, then it is
an immersion. Moreover, in this case, for ¢ big enough it is a locally convex immersion.

Note that the Epstein surface image of Epsq .4 1s the set of {-equidistant points from
the image of Epsq -

Theorem 1.5.7. ([KS08], [BB24, Lemma 8.2]) If the conformal metric on €2 is smooth,
and the associated Epstein surface is a locally convex immersion, then it is a convex
embedding.

1.6 W-volumes and Renormalized volume

As already seen, convex co-compact hyperbolic 3-manifolds have infinite hyperbolic vol-
ume. Then, to meaningfully talk about volumes within this class of hyperbolic structures,
some kind of renormalization will be necessary. A possibility is to consider the function

VCi CC(M) — Rzo ,

which assigns to each convex co-compact structure on M the volume of its convex core
Vol(C(M)). It is shown in [BC17] that the function V¢ is continuous. The renormalized
volume is some kind of relative of the function Vi, which presents much better analytic
properties.

The main idea is to consider an exhaustion of M by strongly geodesically conver com-
pact subsets {C.,}, coming together with an equidistant foliation of the ends, and to
renormalize the sequence of associated volumes Vol(C,) in order to get a finite number,
which does not depend on r.

Before giving the definition of renormalized volume, we need to introduce some pre-
liminary notions.

Definition 1.6.1. Let M be convex co-compact and C' C M be a compact subset with
smooth boundary. The W-Volume of C' is defined as

1
W(C) = VOI(C) - = HdAaC s
2 Joc
where Vol(C') is the hyperbolic volume of C' with respect to the metric of M, H denotes the
mean curvature of 0C, and dAy¢ is the area form of the induced metric on the boundary

ocC.

The mean curvature is half the trace of the shape operator H = Tr;(II)/2.

In what follows, we assume the compact set C' to be strongly geodesically convex, so
that it is homotopically equivalent to M and can be used to decompose the manifold M in
neighborhoods of its convex co-compact ends, and a compact piece containing the convex
core C'(M). The additional term involving the mean curvature in the definition just above
is the right one to obtain a good renormalization. Indeed, it is shown in [KS08] that if C,
denotes the r-neighborhood of C' in M, then, for any » > 0

W(C,) +rax(OM) = W(C) , (1.4)

where x(-) is the Euler characteristic.
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Definition 1.6.2. Let E be an end of a convex co-compact manifold M. An equidistant
foliation is a foliation {S,},>,, of a neighborhood of d,, M in M in convex surfaces, such
that for any ' > r > rq > 0 the surface S,, lies between S, and J.,,M, and its points stay
at constant distance ' — r from S,.

By definition, the boundaries of the compact sets C, as above form an equidistant
foliation {OC, },>¢ of the ends in M \ C.

Given any strongly geodesically convex subset C' C M, and any end E; = S* x [0, +00)
in M\ C, we can consider the associated equidistant foliation {9'C,}, > 0, where &'
indicates the connected component of OC, facing the boundary component S; C 0, M.
Let g, denote the induced metric on 0C,. Then, it is possible to define a metric on the
boundary at infinity as

N 1 —2r

g:= TEIJPOO de” g, € [0-cM] , (1.5)
see [Sch13, Def. 3.2], or [Sch20, Def. 3.2] for a slightly different point of view. A key
property of this metric g is that it belongs to the conformal class at infinity of 0., M. Note
that this remains true if we change the constant factor 4 in (1.5). Vice-versa, up to scaling
by a big enough positive constant, any smooth representative g in [0, M| can be realized
in this way by constructing the foliation in Epstein surfaces associated to e'g as in Section
1.5 (see Proposition 1.5.6 and Theorem 1.5.7 in Section 1.5.3). This leads to the following
bijective correspondence:

Riemannian metrics g on S Equidistant convex foliations
such that g € [0 M], — of a neighborhood of 0., M,
up to multiplication by s € R™ up to ~r

where two such foliations are ~ r-equivalent if and only if they are equal outside a compact
set; rescaling by a positive constant a Riemannian metric in [0, M] corresponds to a
reindexing of the associated foliation.

Definition 1.6.3. The W-Volume of M with respect to a smooth g € [0, M] is defined
as
W(M, g) = W(Cr(9)) + mrx (9 M) ,

where {C,.(g) }r>r,, for a big enough 7y, is the exhaustion in compact strongly geodesically
convex subsets determined by the equidistant foliation associated to ¢, indexed so that
the sequence of induced metrics g, on JC,.(g) satisfies (1.5).

Thanks to equation (1.4) above, the W-volume W (M, g) is well defined. We also point
out that choosing the factor 4 in the definition of the metric at infinity (1.5), is the scaling
which makes the geodesically convex subset Cj associated to the hyperbolic metric in the
conformal boundary at infinity of a Fuchsian manifold coincide with its 2-dimensional
convex core. In this way, if M = S, x R is Fuchsian, then Vz(M) = 0 (see the next
definition).

We are now ready to define the renormalized volume of M.

Definition 1.6.4. For any convex co-compact hyperbolic 3-manifold M, the renormalized
volume is defined as
V(M) = W(M,h)

with h € [0 M| the hyperbolic representative in the conformal boundary at infinity.
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Thanks to the parameterization of the deformation space of convex co-compact struc-
tures C'C (M) provided by Theorem 1.4.5, the renormalized volume can be interpreted as
a function on the Teichmiiller space of oM

1.6.1 The W-volume of the convex core

Even if it does not have smooth boundary, it is still possible to define the W-volume for the
convex core C'(M) of M. In this case, the integral of the mean curvature of the boundary
is replaced by the length of the measured bending lamination (see [Thu80, EMS6]):

W(C(M)) = Vol(C(M)) — TL(Ba)

Moreover, the equidistant foliation from C(M) is associated, through the bijective cor-
respondence discussed above, to the Thurston metric hyy, € [0, M] (see Section 1.3 and
Section 1.5.2), so that

W(C(M)) =W (M, hry) .

1.6.2 The differential of the renormalized volume

As already anticipated, the renormalized volume is differentiable, and its differential is
well-understood and elegantly expressed.

Before stating the result, recall that the space of holomorphic quadratic differentials
Q(X) on a Riemann surface X € T (M) is identified with the cotangent bundle T5% T (OM)
via the Bers embedding. Moreover, the natural pairing (-,-) (1.3) between Q(X) and
the space of harmonic Beltrami differentials B(X) on X, identifies the latter with the
tangent bundle Tx T (OM) (see Section 1.2.3). The Riemann surface considered here is the
conformal boundary at infinity d,, M, which, we remind, is also naturally equipped with
a complex projective structure.

Theorem 1.6.5. ([ZT87], [KS08, Corollary 8.6], [Sch13, Corollary 3.11]) Let M be a
convex co-compact hyperbolic 3-manifold, and let S(fy;) be the holomorphic quadratic
differential on 0, M given by the Schwarzian derivative of the developing map fy; of O M.
Then, the differential of the renormalized volume at [0, M] € T(OM) is

Theorem 1.6.5 is a consequence of two results. First, in [ZT87], Takhtajan and Zograf
proved that the real part of the Schwarzian derivative of a complex projective structure
is equal to the traceless part of the second fundamental form at infinity (see also [[KSOS,
Appendix A] for a more geometrical proof); then, Krasnov and Schlenker combined this
with a Schlafli type formula for the W-volume [KS08, Corollary 6.2].

39



40



Chapter 2

Filling Riemann surfaces by
hyperbolic Schottky manifolds of
negative volume

In this chapter, we provide conditions under which a Riemann surface X is the asymptotic
boundary of a convex co-compact hyperbolic manifold, homeomorphic to a handlebody, of
negative renormalized volume. We prove that this is the case when there are on X enough
closed curves of short enough hyperbolic length.

2.1 Results and outline of the chapter

The volume of a closed hyperbolic 3-manifold can be considered as a measure of its “com-
plexity”, and it is a natural to ask what is the closed, orientable hyperbolic manifold of
smallest volume. The answer is the Weeks manifold [GMMO09].

Consider now a compact Riemann surface X. We can extend the previous question in
the following manner — the case of closed hyperbolic manifolds corresponds to X = ().

Question 2.1.1. Given X, what is the convex co-compact hyperbolic manifold M of
smallest volume, with asymptotic boundary X?

As already pointed out, convex co-compact hyperbolic manifolds have infinite volume,
but they have a well-defined renormalized volume (see Section 1.6).

As discussed in the introduction, beyond the natural mathematical motivation, Ques-
tion 2.1.1 also occurs naturally from a physical perspective, and specifically from the
AdS/CFT correspondence. Very briefly, the AdS/CFT correspondence asserts the equal-
ity between the partition function of a conformal field theory (CFT) on a d-dimensional
manifold X and a sum, over all d + 1-dimensional manifolds M; with boundary X, of a
function of the action of a certain (super-)string theory on M;. In a certain “gravity”
limit, where many features disappear, it reduces to a very special and simplified state-
ment: given a Riemann surface X, the partition function of a certain CFT on X should
be recovered as a sum of exponential of minus a constant times the renormalized volumes
of all convex co-compact hyperbolic manifolds M; having X as asymptotic boundary:

A(X) = ag Z e~ VR(M:)

OM;=X
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where ag and ¢ are constants. In this simplified view, the main term on the d + 1-
dimensional “bulk” side corresponds to the convex co-compact manifold M; with the
smallest renormalized volume.

This AdS/CFT correspondence leads to some conjectural statements. For instance, if
X is disconnected, the CFT should behave independently on the two connected compo-
nent, and it might therefore be expected that the convex co-compact manifold of smallest
volume “filling” X should also be disconnected (see [SW22] for a more elaborate analysis).

For instance, if X = X, U X_ is the disjoint union of two connected Riemann surfaces
of genus at least 2, with X_ equal to X, with opposite orientation, we can compare:

e the Fuchsian manifold Mg with ideal boundary X, U X_, which has (with the
normalization used here) renormalized volume zero,

e any possible filling of X, U X_ by the disjoint union of two handlebodies M, and
M, with 0,c My = X, and 0., M_ = X _.

The heuristics above suggests that one of the disconnected fillings might have negative
renormalized volume. This might be a motivation for the following question, attributed
to Maldacena (see [VP25]).

Question 2.1.2. Is any connected Riemann surface of genus at least 2 realizable as the
asymptotic boundary of a Schottky manifold of negative renormalized volume?

By Schottky manifold here we mean a convex co-compact hyperbolic manifold home-
omorphic to a handlebody.

2.1.1 Results

In what follows S will always denote a closed orientable surface of genus at least 2.

Existence of fillings of minimal renormalized volume

Before we consider the questions above, it is useful to know that, given a Riemann surface
X of finite type, there is at least one convex co-compact filling of X of minimum renor-
malized volume, and that the set of those minimum volume fillings is finite. Precisely, let
M (X) be the set of convex co-compact (or, more generally, geometrically finite) hyper-
bolic manifolds with ideal conformal boundary X, then we think the following question
to be true.

Question 2.1.3. Let V :=infyecnqx) Vr(M, X), is there a manifold My € M (X) such
that VR(Mv) =V?

This is akin to the hyperbolic manifold case in which the Weeks manifold is the unique
smallest volume hyperbolic 3-manifold [GMMO09].
An upper bound on the renormalized volume

The main result here is an upper bound on the renormalized volume of a Schottky manifold,
when it is obtained from a pants decomposition for which some of the curves are short.
We denote by gy the 2-dimensional Margulis constant, equal to eg = 2arsinh(1). Given
a pants decomposition P of S, we denote by Mp the handlebody with boundary S in
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which all curves of P are null-homotopic (see Section 2.2), and by Mp(X) the convex co-
compact hyperbolic manifold homeomorphic to Mp with complex structure at infinity X.
The complex structure has a unique hyperbolic metric in its conformal class and we will
take lengths with respect to that. Thus, by ¢x(7) we mean the length of « with respect
to the hyperbolic structure induced by X. In the case in which there is no ambiguity we
will often use (7).

Theorem 2.6.1. Let X be a closed Riemann surface of genus g > 2. Assume that there
are k disjoint simple closed curves 7y, -+, 7, such that £(v;) < 1,1 < i < k, and there
are no other geodesic loops of length less or equal than 1 in X. Then there exists a pants
decomposition P containing the ~;’s such that

3

Va(Mp(X)) < —% i g(;) 4 (9 4 zcothQ G)) k481 coth? G) T(3g—3—k)(g—1)%.

i=1

By imposing the right hand side of the estimate in Theorem 2.6.1 to be negative we
obtain for instance the following corollary.

Corollary 2.6.2. For all g,k,k; € N such that ¢g > 2,0 <k <3¢g—3 and 0 < k; < k,
there exists an explicit constant A = A(g, ki, k — k1) > 0 such that, if X is a Riemann
surface with k; geodesic loops of length less than A and k geodesic loops of length at most
1, then X admits a Schottky filling with negative renormalized volume.

Remark 2.1.4. Let us see a couple of examples for Corollary 2.6.2 in the two limit cases.

e Case k = k; = 1. By the inequality of Theorem 2.6.1, we have

7T3

AN < 0T T com?(1/4) + 8L eoth?(1/4)7(3g — (g~ 1P)

which in the best case of genus g = 2 gives a bound of

A(2,1) < 0.00221.

Note that, for large genus g, we obtain the asymptotic A(g,1) ~ g~3.
e Case k = k; = 3g — 3. By Theorem 2.6.1, since k — k; = 0, we are looking for an
A= A(g,39 — 3) such that

71.3

A< Ve(9 + 3 coth®(1/4))

we can then take
A(g,3g9 — 3) = 0.87458 .

This statement can be compared to [PMG19, Corollary 5.6], also see [VP25, Theorem
2.1], which states that: if a Riemann surface X of finite type and genus ¢ > 2 has g — 1

closed curves 7y, -+ ,74-1 such that the complement of their union is a disjoint union of
k-holed tori, and if

- (Z ﬂm‘i)) <nlg-1),
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then
m(r—2)(g—1)
(X VEG)

V(X,P)<7lg—1) |3

2

which is negative if

gi\/mé (W(F_Qg(g_l)f |

=1

w(r—2) .

and, in the case g = 2, leads to a better (2,1) = 3

Convex co-compact fillings

The result in bounding the difference of renormalized volume under earthquake, see Theo-
rem 2.5.4, can also be applied in the more general setting of convex co-compact manifolds.
Specifically it makes sense in the setting where N(X,) € CC(M) is a convex co-compact
hyperbolic 3-manifold, homeomorphic to M, with conformal boundary X, € T(0M). In
this more general setting the boundary of M can be disconnected and can be decomposed
as OM = F.U F; where F; does not compress in M and each component of F,. compresses
(i.e. it has at least a loop bounding a disk in M).

Let ¢ : [0,1] — CC(M) be an earthquake path (we quake by a parameter t;, with
t = (t1,...,t,), along the curve 7;) along a multicurve m = {;};", C S such that with
respect to the reference hyperbolic metric Xy can be subdivided into:

e m{: the set of compressible geodesic loops v of m with length at most 1;

e my: the set of geodesic loops 7 in F. and not in m{ such that any compressible
geodesic loop « intersecting ~ essentially has length at least 1;

e m,.: the set of geodesic loops v of m that are contained in F; and so incompressible.

Note that not every m admits such a decomposition with respect to the given Xy, as there
could be a 7; € m in a compressible component, of length more than 1 and intersecting a
short compressible loop.

Theorem 2.5.6. Let Xy € T(OM) and m = m, Um§Um; be a multicurve and ¢f' be an
earthquake path terminating at X;. Then

’VR(Xl) — VR(X0)| < Z (36Z COth2 (61/4))@ + C Z tjéj +3 Z tkgk s

¥i€mo(m§) oj&m Br€moo

for C' = 3coth? (1) < 50.013.

2.1.2 Outline of the chapter

The proof of Theorem 2.6.1 follows several steps. First, we introduce in Section 2.3 a notion
of symmetric Riemann surfaces — those which admit an orientation-reversing involution
with quotient a surface with boundary. We prove that given any Riemann surface X of
finite-type and any pants decomposition P of X, there is a symmetric surface X (for
which the involution leaves P invariant component-wise) obtained from X by earthquakes
along the curves of P (see Lemma 2.3.7).
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Then, in Section 2.4, we estimate the renormalized volume of Schottky fillings of sym-
metric surfaces with 2-dimensional convex core. In Section 2.5, we provide a formula for
the difference of the renormalized volume of a filling under an earthquake path of the
boundary surface (see Theorem 2.5.4). The result expresses the estimates in terms of the
Schwarzian derivative of the conformal boundary at infinity (see Sections 1.3.1 and 1.4.1)
at the core of tubes associated to the pants curves. Finally, Section 2.6 contains the proofs
of the main results.

2.2 Preliminaries

In this section we recall the main objects and tools that we will use in this work, which
were not already introduced in Chapter 1.

Earthquakes along simple closed geodesics

We recall here some basic facts on earthquakes along closed geodesics, which will be
needed. For more background see [FM11, Sec 10.7.3] and [CEMO06, Part III].

Given a simple closed geodesic v on a hyperbolic surface (S, h) a (left) t-earthquake is
a map ¢ from S to itself, discontinuous along 7, defined by cutting S along v, twisting
the left-hand side of v by a fixed length ¢ in the positive direction, and gluing back
isometrically the two sides.!

Taking the push-forward of the hyperbolic metric by ¢, defines a new hyperbolic
metric on S, and in this manner v and ¢ define a homeomorphism of 7(S), which is also
called the right earthquake of length ¢ along +, and denoted by E. ().

By continuously varying the twisting length ¢, one gets a path of diffeomorphisms of
S\ 7, and by pulling back h through such a path, we get a path in 7(S).

Let us now define earthquakes more carefully. Having fixed a simple closed curve v in S,
we consider the unique geodesic on (S, k) in the same isotopy class again by ~y. In this way,
the operation only depends on the isotopy class of v. Let ¢ be the length of v with respect
to h, and N, = S x [—r,r] 2 R/(Zx [—r,r] the tubular r-neighborhood of v parameterized
in such a way that S x {0} isometrically identifies with v and {€*} x [—r,r] € St x [—r, ]
with a geodesic segment of length 2r orthogonal to 7 parameterized in unit velocity by
the coordinate in [—r,r]. We now choose an arbitrary function f: [—r,r] — R such that
f is smooth on [—r,r]\ {0}, increasing on [—r, 0], constantly equal to 0 in a neighborhood
of —r, constantly equal to 1 in a left neighbourhood of 0, and equal to 0 on (0,r]. We
then define ¢, ,: S — S5, with ¢t € [0, 00), as the diffeomorphism of S\ v such that ¢, is
the identity outside N,, and

Prale,7) = (OO0

for any (¢, r) € N,. Note that . ¢ is the identity, and that ¢, , extends to a diffeomor-
phism of S, which is called a Dehn twist.

Since ¢, acts by isometry on S\ v and it fixes the metric on v, the push-forward
(¢4.0)(h) is a new well defined hyperbolic Riemannian metric on S. We say that (¢,,).(h)
is obtained by a (left) earthquake of parameter t along ~.

Note that this definition requires the choice of an orientation of vy, but the result does not depend on
which orientation is chosen.
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We define ¢, : [0,a] — T(5), a > 0, to be a earthquake path along v by ¢, (t) =
(pq.6)«(h). The infinitesimal earthquake along ~ is the derivative of ¢, in ¢ at ¢ = 0, this
can also be seen as a vector field v on S by differentiating the path of diffeomorphisms
(©4,¢)tejo,,] With respect to ¢ and evaluating it at ¢ = 0. For more background see [FM11,
Sec 10.7.3] and [CEMO06, Part III].

Handlebodies.

We will think of an handlebody H, of genus g > 1 as the following data. Given a surface
S = S, and a pants decomposition P on S we can form the 3-manifold H, by attaching
3¢9 — 3 thickened disk D? x I to S x I by gluing each dD? x I to N.(v) x {0} for v € P.
The manifold H, has then a genus g boundary component and 2g — 2 sphere boundary
components. After filling each sphere component with a 3-ball we obtain a handlebody
Hp = H,, this is unique up to isotopy. We will think of this as the handlebody induced
by P.

Definition 2.2.1. Given a conformal structure X € T(S,) and a pants decomposition
P on S, we say that Mp(X) is the Schottky filling of X with pants curve P if it is the
hyperbolic 3-manifold obtained by uniformising Hp so that its conformal boundary is X.
By CCp(S) we denote the deformation space of a hyperbolic genus g handlebody obtained
by gluing disks along P.

Remark 2.2.2. More generally, a handlebody is any irreducible compact 3-manifold M
with a unique boundary component such that the map induced by the inclusion OM — M
on the fundamental groups is surjective, [Hem76]. Thus, the manifold M :=F x I for F a
compact orientable surface with non-empty boundary is also a handlebody with boundary
given by the double of F' along OF. In the case that F' is not-orientable then we can

consider the twisted I-bundle? N = F x I in which 9N is given by the orientation double
cover of F.

2.3 Earthquakes to symmetric Surfaces

In this section we study conformal structures X on a surface S that admit an orientation-
reversing involution ¢ : X — X such that, if X is equipped with its unique compatible
hyperbolic metric, X, :== X/ is a hyperbolic surface with totally geodesic boundary. The
main result of this section is Lemma 2.3.7, which states that given X € 7(S)and P C S a
pants decomposition there exists a symmetric conformal structure X’ € 7(S) and a path
in CCp(S) from Mp(X) to Mp(X') which is obtained by doing earthquakes of bounded
length along the curves of P.

Definition 2.3.1. Let X € T(.5), then X is a symmetric surface if S admits an orientation
reversing involution o : § — S that is a local isometry for the hyperbolic metric on X, and
such that X, := X/s is a surface with non-empty boundary. The subset of Teichmiiller
space of surfaces for which o is a local isometry will be denoted by 7,(.5) and the subspace
of surface admitting an involution o by 75(S) = U, T,(S).

Remark 2.3.2. The surface X, does not have to be orientable.

2Recall that a twisted I-bundle is a non-trivial I-bundle, i.e. N 2 F x I .
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Lemma 2.3.3. Let X be a hyperbolic surface with an orientation reversing involution
o : X — X that is a local isometry. Then, 0X, = Fix(o) is given by a multicurve m C X
such that for each v € mo(m) we have 0|, = id,.

Proof. By [K1i95, Theorem 1.10.15] the set of fixed points is a closed totally geodesic sub-
manifold, thus it is the union of a closed multicurve m and possibly a finite collection of
points. By looking at the action on a small enough ball around an isolated fixed point (so
that the centre is the unique fixed point) one can see that, being ¢ orientation reversing,
isolated fixed points are not possible and so the fixed set has to be a geodesic multicurve.

We now want to show that m is the boundary of X,. Let B C X be a small enough ball
such that mN B separates B in two balls and B = ¢(B). Then, B/o is homeomorphic to a
half disk with boundary in m. By connectedness and continuity this shows that m C 0.X,.
The reverse containment follows from the fact that o : X \m — X \mis a 2 to 1 cover
and so (X \ m)/o is a surface without boundary. |

In each pair of pants, a seam is the orthogeodesic connecting two distinct boundary
components, so each pair of pants has 3 such arcs, see Figure 2.1. For every pair of pants
@ we have on each boundary component 7; two marked points x},z?, endpoints of the
seams of (). We define a marked pants decomposition P™ to be P together with a choice
of either x} or x? for each pair of pants ) and each boundary curve of P,

Let X € T(S) be a hyperbolic surface, P be a pants decomposition of X, and S be
the set of the induced seams with marked endpoints, i.e. a marked pants decomposition
P™. Then, we recall that the Fenchel-Nielsen coordinates for X are defined as follows (see
Section 1.2.2): FN(X) = (£;,t,)2%,* where the ¢; are the hyperbolic lengths of the pants
curve in the hyperbolic structure on X and the ¢; are the twist parameters with respect
to the two marked points on the curve ~;.

Thus, if ¢; = 0, the seams match up and the two marked points are identified. If
t; = £;/2, the seams match up but the marked points are opposite to each other.

Figure 2.1: The seams (in blue) in a pair of pants with the two
hexagons H; (shaded), Hy and the g map. (Image by Tommaso
Cremaschi)

Moreover, the seams cut each pair of pants ) into two isometric right-angled hexagons
H, and H,. We can then define an orientation-reversing involution og :  — @ which
maps H;, to Hy and Hy to H; isometrically, and is the identity on the seams, see Figure
2.1. The quotient of @) by o is then a right-angled hexagon Eg, on which ) projects by
a map 7 : Q = Eg which is a local isometry outside of the seams.
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Remark 2.3.4. The maps {mq},.p glue together to a map = : X — X that is an
orientation reversing local isometry (outside of the seams) if all seams match up. Moreover,
if that is the case then X is a surface, not necessarily orientable, whose boundary is given,
by Lemma 2.3.3, by the union of the seams.

Lemma 2.3.5. Let X € 7(S), and let P = {¢1, - ,c3,-3} be a marked pants decom-
position of X and let (¢;,t;) be the corresponding Fenchel-Nielsen coordinates. Then,
the Riemann surface Xy with Fenchel-Nielsen coordinates (¢;,t;), t; = 0,¢;/2, admits an
orientation-reversing isometry which leaves invariant each curve of P.

Proof. We want to show that the surface X, defined by (¢;,t.) admits an orientation-
reversing isometry mapping each geodesic loop in P to itself.

The surface X is obtained by gluing 3g — 3 pairs of pants with boundary lengths given
by the ¢;’s and in the pattern given by P such that if two pairs of pants 1 and Qs (Q1
could be equal to @);) are glued along a geodesic loop ¢; € m(P) then the endpoint of
the seam y; € Q1 N¢; is glued to ys € Q2 N ¢; without any twist. The pairs of pants @,
1 = 1,2, are obtained by doubling regular hexagons F; along the seams, and each P; is
equipped with an orientation-reversing isometry map m; : Q); — @Q); exchanging the two
hexagons. The fixed point set of this map is exactly the seams of Q);.

Since the seams on ¢; C @1 N Q9 have endpoints that are ¢;/2 apart and by our
glueing condition one of them matches up we know that they both do. Therefore, all the
seams with endpoints on ¢; match-up and we can glue the maps 7 and 75 to obtain an
orientation-reversing isometry from )1 U Q)2 to @1 U Q). By doing this for all pants we
obtain the required statement. |

Remark 2.3.6. Given X and o : X — X then, for specific markings in the FN-
coordinates the quotient surface is orientable and equal to a thickening of the glueing
graph of the pants decomposition in which if a curve ¢; has twist parameter equal to ¢;/2
then the quotient edge is glued with an half-twist.

Lemma 2.3.7. Given a pants decomposition P on S and X € T(S), there exists X', X €

T(S) such that X, is symmetric, Mp(X') = Mp(X), and X, is obtained from X', in
FNp coordinates, by twisting at most ¢(¢;)/4 (in the positive or negative direction) over
each curve in P.

Proof. First note that in CCp(S) we can do full twists along curves of P and get isometric
structures, see [Marl6a, Thm 5.1.3.]. Recall that we denote by Mp(X) € CCp(S) the
structure corresponding to X € 7T (S) with compressible curves given by P.

We use P to define the Fenchel-Nielsen coordinates by choosing seams y € {2, 2%} C
ci, see Lemma 2.3.5. Also note that a full twist along ¢; has length ¢;. Let X be the
given structure, then FNp(X) = (£;(X),t:(X))>,°. By doing full twists along the ¢;’s

we can find a hyperbolic structure X’ with the same length parameters, while the twists
is0m

parameters are between 0 and £;(X’) = ¢;(X), and Mp(X) = Mp(X').

By doing twists of length at most ¢;(X)/4 we get a surface X, with the same length
parameters and all seams of pair of pants matching up. Then, the twist parameters are
equal to either zero or 4;(X)/2. |
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2.4 The renormalized volume of symmetric surfaces

In this section we estimate the renormalized volume of a Schottky filling of a surface X € T,
corresponding to a “symmetric” pants decomposition. This will be used in the proof of
Theorem 2.6.1. In the next two sections, we will bound the variation of the renormalized
volume under a variation of the twist parameters in the Fenchel-Nielsen coordinates, and
as a consequence we will be able to obtain an upper bound on the renormalized volume
of Schottky fillings which are non-symmetric by comparing their renormalized volume to
that of a symmetric surface obtained by changing the twist parameters.

In the following lemma we will deal with manifold whose convex core is 2-dimensional.
Thus, it will be useful to use a slightly modified definition of convex core boundary which
is more compatible with the corresponding conformal boundary. In what follows we denote
by 0C(M) the “boundary” of C'(M) for M any convex co-compact hyperbolic manifold
and we define:

e OC(M) is the boundary of C'(M) in the usual sense if C'(M) has non-empty interior,

e if C(M) is a totally geodesic orientable surface ¥ C M, then 0C(M) is the union of
two copies of ¥ with opposite orientation, if 0% # & then the two copies of ¥ are
glued along their common totally geodesic boundary.

e if C(M) is a totally geodesic non-orientable surface ¥ C M, then 0C(M) is the
orientation double-cover of 3.

In all cases, dC(M) is homeomorphic to d,, M. Specifically, the hyperbolic Gauss map,
which sends a unit vector normal to a support plane of C'(M) to the endpoint at infinity
of the geodesic ray it defines, is a homeomorphism from the unit normal bundle of C'(M)
— which is itself homeomorphic to OC(M) — to Oxc M.

The “boundary” 0C(M) is equipped with an induced metric m, which is hyperbolic.
However, it is pleated along a measured lamination  which is geodesic for m, with the
transverse measure recording the amount of pleating along the leaves, see [Thu80, EMS&6].
When C(M) is a totally geodesic surface ¥, the support of 5 corresponds to the boundary
of 3, with each leave equipped with a weight .

Let X be the conformal structure at infinity of M. Then X is obtained from m and g
by a geometric construction called grafting, see e.g. [Dum08]. Given a closed surface S of
genus at least 2, this grafting operation defines a map

gr:T(S)x ML(S)—T(9),

where ML(S) denotes the space of measured laminations on S. The key property that is
important to us here is a result of Scannell and Wolf [SW02]: if A € ML(S) is fixed, the
map gr(-,A) : 7(S) — T(S) is a homeomorphism.

Now, if M is a convex co-compact hyperbolic manifold with convex core C'(M) a
totally geodesic surface Y with boundary, then the lamination [ is the fixed-point set of
an orientation-reversing involution o : 0C (M) — 0C (M) such that ¥ = 0C(M)/o, and
the induced metric m on 9C(M) is invariant under o. Since m and [ are both invariant
under o, so is the conformal structure at infinity X = gr(m, 3).

Lemma 2.4.1. Let 0 : S — S be an orientation-reversing involution with Fix(c) # @
and quotient surface ¥ = S/o. Then, for any invariant conformal structure X € 7,(5)
there exists a handlebody H with a convex co-compact hyperbolic structure such that the
convex core of H is homeomorphic to ¥ and the conformal boundary of H is X.
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Proof. Let g = 0%. We claim that the restriction map

gr(+ B) 15y To(S) = To(95)

is onto. Indeed, let X € 7,(S). Since gr(-,3) : T(S) — T(S) is a homeomorphism, there
exists a unique Y € T(S) such that gr(Y, ) = X. But then

gr(o"Y, B) = gr(o™Y,0"f) = o*gr(Y,B) =0’ X = X = gr(Y, 3) ,

and since Y is unique, 'Y =Y so that Y € T,(S).

Let Y, = Y/o, homeomorphic to 3, be the quotient surface of the hyperbolic surface
Y by the locally isometric involution o. Then, Y, has a uniformization I' < PSLy(R). By
considering I' inside PSL,(C), by the natural inclusion, and the corresponding quotient
H?3 /T we obtain a hyperbolic 3-manifolds whose convex core is Y,. By the above discussion,
we also know that the conformal boundary is X. The fact that H = H3/T is a handlebody
follows from the fact that H is homeomorphic to either Y, x I, if Y, has non-empty
boundary or is orientable, or to the twisted bundle Y, XTI , if Y, is non-orientable with
empty boundary. As ¥ 2 Y, has boundary by Remark 2.2.2 this yields a handlebody. W

Remark 2.4.2. The following remark is not needed in the rest of this paper, however, one
should note that Lemma 2.4.1 also works for fixed point free involution if one allows for the

topological condition to be that of a twisted /-bundle K % T over a closed non-orientable
surface K.

Remark 2.4.3. In the case we have a pants decomposition P such that, for each v € P,
o(y) = 7, we can also infer from Lemma 2.4.1 and Lemma 2.3.3 that H € CCp(95), i.e.
P compresses in H and the seams of P form 0X,.

For a convex co-compact hyperbolic 3-manifold M,
1
Vr(M) < Vo (M) — ZL(ﬁM) : (2.1)

see [Sch13, Lemma 4.1] (and also [BBB19, Theorem 3.7]). In the case considered here, the
bending lamination is given by a multicurve with bending measure given by assigning the
weight 7 to each curve, see Lemma 2.4.1. Then, its length is given by:

LBu) =7 tr(v), (2.2)

YETo

for Y the hyperbolic structure on the convex-core boundary and m, the set of the simple
closed curves composing the multicurve. Thus, one has L(5);) > 0 and so, by Lemmas
2.3.3 and 2.4.1 we obtain the following statement.

Theorem 2.4.4. Let X € T4(S), and let 0 : S — S be such that X € 7,(S5). Then there
exists a handlebody filling Hx such that

Vi(Hy) < —ZKXU((?XJ) <0.
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Proof. By equation (2.1) and (2.2), as the convex core volume is zero, we have:
m
Va(Hx) < =74y, (0%) ,

for Hx the handlebody furnished by Lemma 2.4.1 and Y, the hyperbolic structure induced
on its convex core, and where ¥ = S/o. Recall that by Lemma 2.3.3 and Remark 2.4.3,
as isotopy classes of loops in S, we have that 9% and 0.X, are the same. By the Schwarz
Lemma, the Thurston metric (see Section 1.3) is bigger than the hyperbolic metric at
infinity. Moreover, the Thurston metric coincides with the metric obtained by grafting on
the lamination of the convex core of Hx, that is, on the boundary of Y,, and the length
of the bending lamination is preserved through grafting on the same (see Section 1.6.1).
Therefore . .
Vr(Hx) < —ZfYa(aE) < _ZEXG(GXU)'

If we know some curves are short in X and the pants decomposition is fixed component
by component we obtain the following estimate, Lemma 2.4.5. This is the main such
estimate we will use in this work. For completeness we also prove the other option in
Lemma 2.4.6.

Lemma 2.4.5. There exist universal constants S, > 0 as follows. Let X € T,(9), o
so that X € T,(S5), M = Mp(X) be the Schottky manifold corresponding to any pants
decomposition for which each curve is invariant under o : S — 9, and such that there are
0 < k < 3g — 3 geodesic loops of P of length £x(~;) < 1. Then,

k

A o N
Vr(Mp(X)) < 4;€X(%)+4k§4( S+Q) <0

0.5027

Specifically, one can take S = ~ 75.225 and @ = 4w log <—mmh(1)

) ~ 35.7901 < 36.

Proof. By Lemma 2.4.1 the convex-core of M is a totally geodesic surface and so V(M) =
0. However, by Theorem 2’ of [BC05], we have

k

2 (% B @> < L(Bu).

Applying it to equation (2.1), one gets:

k k
1 S S Q k’
< _ = E = E i =z
VR(MP(X)) = 4 pa <£X(71> ) 4 v gX 4 4 ( S + Q)
concluding the proof. [ ]

The case in which the pants curves are not fixed component-wise requires introducing
some auxiliary functions from [BCO03, Corollary 1], these functions will only be needed
here. For m = cosh™*(e?) we define
-2 )2z

2

e

g(z) =e
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and
sinh(z/2)

\/1 — sinh?(z/2)
Since F' is invertible we let K (z) = F%’“(I) and then define L(z) = 1+ K(g(z)).

F(x) = g + sinh™!

Lemma 2.4.6. Let X € 7,(S5), and M(X) be the Schottky manifold with flat convex
core and conformal boundary X. Let m = {71,...,7;} be the collection of geodesic loops
point-wise invariant by ¢ and let px be half of the length of the shortest simple closed
compressible geodesic in X. Then,

Proof. By Lemma 2.4.1 the convex-core of M is a totally geodesic surface and so Vo (M) =
0. Moreover, by Lemma 2.3.3 0X,, is given by the multicurve m of geodesic loops that are
point-wise fixed by o. Thus, by Corollary 1 of [BC03] we have:

1
L(px)

Then, by applying it to equation (2.1) we obtain the required result. [ |

by (v) >

(x(7) -

2.5 Variation of the renormalized volume under an
earthquake

In this section we compute how the renormalized volume changes under earthquake paths
in the deformation space.

2.5.1 First-order variation of the renormalized volume

We start the section with a formula for dVz at Mp(X) = H3/T'. Recall that by S(f) we are
denoting the Schwarzian derivative of the developing map of the domain of discontinuity
Q(I") of the Schottky hyperbolic 3-manifold Mp(X), and by S the boundary M. We will
sometimes refer to S(f) just as the Schwarzian of Mp(X).

Lemma 2.5.1. Let 4 be an infinitesimal earthquake (at unit velocity) along a simple
closed geodesic on X, parameterized at unit velocity by v : R/¢Z — X. Then, for

q=3S(f):

Wl = =3 [ Relatso. 500 =t (5 [ i) 50))

Proof. Let v be a vector field realizing the infinitesimal earthquake along the image of ~.
That is, v is the vector field obtained by differentiating at zero, with respect to the time
parameter ¢, the family of diffeomorphisms ¢, (t) corresponding to a length t earthquake
along 7. We assume that v is discontinuous along (R /¢Z), that is, it has limit zero on
the right side and equal to #(t) along (R /¢Z) and is continuous on the left.
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The first-order variation of the complex structure associated to v is then determined
by the Beltrami differential 4 = dv. Where here by dv we mean the L™ weak* limit
of Ov, for v, smooth compactly supported vector fields that are C approximations of
v, converging in the uniform topology on compact sets of S\ 7. Specifically, choosing a
complex coordinate z, we can write:

v="2w(0,+05) ,

and note that w vanishes on the right half-neighbourhood of ~.
Consider the area form dx A dy associated to z = = + 1y, and note that dz A dz =
2i(dx A dy). We have
v =2(0w)(dZ® 9, +dz ® d5) ,

and so if ¢ = g(z)d2?,

(0.90) = o / 29(2)(@w(2)) (47 A (d2(0.)) + d= A (d23(05))
= /SQg(z)(Ew(z))d:B A dy

by definition of the duality product commonly used between Beltrami differentials and
holomorphic quadratic differentials, see [Hub16].
Consider now the one-form defined by o = ¢(v, -) = 2w(2)g(z)dz. Then

9(2w(2)g(2)dz)
2(0w(2))g(2)dz A dz + 2w(2)0g(2)dz A dz
4i(0w(2))g(z)dx N dy ,

Oa

because g is holomorphic, dg = 0, and dz A dz = 2i(dx A dy).
The outcome of this discussion is that

/Sgoz = /54z'g(z)(5w(z))dx Ndy = 2i /s 29(2)(0w(2))dz A dy = 2i{q, Ov) .

q,u———/aa.

However, « is a complex 1-form, so that doa = 9(2gw)dz A dz = 0, and as a consequence

Therefore, we get

da=(0+0)a = Oa .

Using Stokes on S” = S\ 7(R /¢ Z), we obtain that, since « vanishes on one component of

as": | | o
(q,0v) = —i/sdoz— —%/@S/a(ﬁ(t))dt: —%/0 a(3(t))dt .

However, by definition of o we obtain that

I
|
|
O\;
S
=)
S
<.
S
—
~
N—
5
—
~
S~—
N~—
Q
Iy

P
(0.00) = =5 [ alol 0t
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The first order variation of the renormalized volume, thanks to Theorem 1.6.5, is equal
to:

4
Vi) = Re ((g, Bv)) = Re (—% JRGICRIOY
:——/ Re (q(i4(1), (1)) dt

completing the proof. |

Definition 2.5.2. An earthquake path ¢, : [0,1] — CCp(S), with t = (t1,...,t35-3), is a
path which at time s € [0, 1] twists st; € R along each pants curve 7; € P of ¢(0).

For a compressible loop v we use inj |, to denote half of the length of the shortest loop
0 such that either § = v or d intersects ~ essentially and it bounds a disk in M. Note that

if v is a compressible geodesic loop of length < ¢ in X then inj |, = EXQ(W)

Lemma 2.5.3. Let ¢(s), for s € [0,1] and a fixed ¢ € R, be an earthquake path along
a simple geodesic loop v starting at the Riemann surface Xy. Then, the following bound
for |d(Vg o ¢;)| holds at any s € [0,1]:

(Vi e)] < 3x, () coth? (%) ‘.

In particular, if inj|, > 1/2 we have
1 1
| d(Vg o ¢;)| < 3x,(7) coth? (1> t=Clx,(y)t, C =3coth’ (Z) < 50.013 .

Proof. First, observe that the length of v remains constantly equal to ¢x,() along the
earthquake path ¢;(s). Moreover, since earthquaking forms a flow (i.e. c¢i(s; + s2) =
ci(s1) o ¢(s2)), the scaling by ¢ of the infinitesimal earthquake pg along v at X, = ¢(s)
coincides with the derivative of ¢;(s) at s. Then, at any s € [0, 1], we can use the integration
by part of Lemma 2.5.1. Denoting by S(f,)(z) = ¢s(z)dz* the Schwarzian associated

through uniformization to ¢;(s), we can estimate |gs(2)| < 6coth® <%> (see [BBB19,

Corollary 2.12], and note that the factor 4 comes from the hyperbolic metric), yielding
the first bound. The second estimate follows by direct computation. ]

2.5.2 Earthquake paths and Vi estimates

In this section we compute the change of renormalized volume under a path ¢ : [0,1] —
CCp(S) obtained by doing earthquakes along geodesic loops in the pants decomposition
P.

Theorem 2.5.4. Let ¢ : [0,1] — CCp(S) be an earthquake path, and let ¢; = lx, (7;).
Then

k 393
Vr(X1) — Vr(Xo)| Z (3¢; coth?® (L;/4))t; + C Y tils
i=1 i=k+1
where 7,...,7v are the geodesic loops of P with ¢; < 1 and for all j > k we have

2inj|,, > 1, and C' = 3coth*(1/4).
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Proof. Pick a 1-thick/thin pants decomposition with k geodesic loops less than 1 and
integrate Lemma 2.5.3. ]

Since, by Lemma 2.3.7, to reach a symmetric surface we need to twist at most £x(v;)/4,
we can take t; < £x(v;)/4 in the above expression and obtain the following statement.

Corollary 2.5.5. Let X € T(S) and P = {};%,” be a pants decomposition in which
the first k& curves have length less than 1 and the others have injectivity radius at least 1.
Then, there exists a symmetric surface X such that

3g 3
Va(X) — Va(Xo)| < = Zcoth2 (0;/4) 2 + Z 2,
=1 i=k+1

with ; = £x,(v;) and C = 3coth® (1) < 50.013.

1
4

The above estimates also work in the setting of general convex co-compact manifolds.
Let CC(M) be the deformation space which is also parameterised by the quotient of
T(OM) by Dehn twists along disks. Let ¢ : [0,1] — CC(M) be an earthquake path
along a multicurve m C S. Assume that the multicurve m can be subdivided, according
to the reference metric X, in the following way:

e m{ is the set of geodesic loops 7 of m that are compressible and have length at most
L

e my is the set of geodesic loops v contained in compressible components of dM and
not in m{, and such that any compressible loop intersecting v essentially has length
at least 1;

e m,, is the set of geodesic loops v of m that are contained in components of OM that
are incompressible.

Note that not every m admits such a decomposition with respect to the given Xj.

Theorem 2.5.6. Let X, € T(0M) and m = m{ Um; Um,, be a multicurve and ¢! be an
earthquake path terminating at X;. Then

Va(X1) = Va(Xo)l < Y BLcoth® (L/4NL+C Y ti+3 > bl

vi€mo(m7) ajemo(my) Bremo(Moo)
for C' = 3coth? (1) < 50.013.

Proof. The first two cases follow by the previous computations and integrating Lemma
2.5.3. For the last case we bound the norm of the Schwarzian on the geodesic loops in m.,
by the Kraus-Nehari estimate [Neh49, Kra32] and then integrating gives the result. W

2.6 Main Results

We now put together the results from the previous sections to prove the main Theorem
2.6.1 and Corollary 2.6.2.
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Theorem 2.6.1. Let X be a closed Riemann surface of genus g > 2. Assume that there
are k disjoint simple closed curves 7y, -+ , 7, such that £(v;) < 1,1 < i < k, and there
are no other geodesic loops of length less or equal to 1 in X. Then there exists a pants
decomposition P containing the 7;’s such that

Vr(Mp(X)) < T k 1‘ + (9 + 3 coth? G)) k+81 coth? G) m(3g—3—k)(g—1).

\/E =1 E(/}/’L) 4
Proof. Let P be a pants decomposition containing the k£ geodesic loops 71, ..., V& shorter
than 1 and the oy, i = k +1,...,39 — 3, being Bers pants curves (see [FM11, Theorem
12.8)).

That is, we have:
o Ix(v) <1fori<k;

o 1 < /Ix(a;) < B, <6v3m(g— 1), see [Busl0O, Theorem 5.1.4], and inj|,, > 1 for
k<i<3g—3:

e P has seams such that in the N coordinates induced by P, F'N(X) has no twists
bigger than fx(7;)/4 or {x(a;)/4 (see Lemma 2.3.5 and Lemma 2.3.7).

Let ¢ be the path in F'N coordinates from X to X, the symmetric surface. Then, ¢y can
be thought of doing 3g — 3 twists along each pants curve, each of length at most Cx (i) /4
or {x(a;)/4, see Lemma 2.3.7. Then, for C' = 3 coth® ( ) by Corollary 2.5.5 we get:

3g 3
VR(X) = Ve(Xy)| < - Zcoth2 (0;/4) £2+_ Z i
i=k+1
Sg 3
C 2
Zk—F— Z B
i=k+1
C C
< — - 9 _ 2
< 4/€—|— 4(3g 3—k)B,
< %k +27C7(3g — 3 — k)(g — 1)?,

where we used the fact that B, < 64/37(g—1) and coth® (x/4) x? is an increasing function.
Thus, we get that:

Va(X) < Va(X,) + %k +2707(3g — 3 — k) (g — 1)

Since ¢; <1 for i < k by using Lemma 2.4.5 to estimate Vz(X;) we have:

k

Vi(X.) < — > (5-2)-

0.5027

for § = 422 and Q = 4rlog (Z) ~ 35.7901 < 36. Then, we obtain the following
bound:
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| A

>+Ck+2707r(3g 3—k)(g—1)>

IN

~. ~.
I > |l >
—_ —_

> (i
(v

) + 9k + Zk; +27C7(3g — 3 — k)(g — 1)

k
g—”—Z( ) (9+C)k+27077(3g 3—k)(g—1)?
Ve = Vi)
Substituting for C' = 3 coth? (}1) concludes the proof. |

Corollary 2.6.2. For all g,k,k; € N such that ¢ > 2,0 < k <3¢g—3and 0 < k; <k,
there exists an explicit constant A = A(g, k1, k — k1) > 0 such that, if X is a Riemann
surface with k; geodesic loops of length less than A and k geodesic loops of length at most
1, then X admits a Schottky filling with negative renormalized volume.

Proof. Let P be a pants decomposition containing the k£ geodesic loops, 71, ...,y shorter
than A and k — k; geodesic loops Vg, +1,--.,7 of length at most 1 and the «;, i =
k+1,...,3g — 3 are Bers pants curves.

That is, we have:

o Ix(v;) < Aforl<i<k;

o Ix(v) <1forky <i<eEk;

e 1 </lx(a;) < B, <6y3m(g—1)and inj|,, > 1for k <i<3g—3.
Then, by Theorem 2.6.1 we get:

7T3

Va(Mp(X

ol
/\

%) k+27Cn(3g —3 —k)(g —1)°

which can be further decomposed in:

k

VM (X _——(ze by ]

skl (T

)) i (9+%) k+27Cn(3g—3—k)(g—1)%.

Since for i < k; we have that m > % and, similarly, for k; + 1 < ¢ < k we have that

fx(’y) > 1 we get:

Vr(X) < o <ﬁ+k—k1) - (9+ %) k+27C7(3g —3 —k)(g — 1)

We want to find an upper bound on A that makes the above expression negative. Note
that
3

S ¢ 3 k)(g— 1)
B = \/E<k k1)+(9+4)k—|—2707r(3g 3—k)(g—1)">2k>0,
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as the smallest case for B is for k = 39 — 3 and k; = 0. Then, to have

7TS k’l

-7

+ B <0,

it suffices to take:

concluding the proof.
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Chapter 3

Behaviour of the Schwarzian
derivative on long complex
projective tubes

The Schwarzian derivative parametrizes the fibers of the deformation space of complex
projective structures on a surface as vector bundle over its Teichmiiller space. In this
chapter, we study its behaviour on long complex projective tubes, and we obtain estimates
for the pairing of its real part with infinitesimal earthquakes and graftings. As the real
part of their Schwarzian coincides with the differential of the renormalized volume, we
obtain bounds for the variation of renormalized volume under complex earthquake paths,
and its asymptotic behaviour under pinching a compressible curve.

3.1 Results and outline of the chapter

We have already talked about how complex projective structures and Riemann surfaces
appear in the study of convex co-compact (or, more generally, geometrically finite) hy-
perbolic 3-manifolds as naturally induced structures on their boundary at infinity (see
Section 1.4.1). We also saw how this leads to a parametrization of the deformation space
of convex co-compact metrics on a hyperbolic 3-manifold via the conformal boundary at
infinity (see Section 1.4.2).

Recall that the deformation space of complex projective structures forms a holomor-
phic vector bundle over the one of Riemann surfaces (see Section 1.3). Moreover, the
fibers are parameterized by the Schwarzian derivative of the developing map f of the com-
plex projective structure (see Section 1.3.1). Depending on the image of f being simply
connected or not, its Schwarzian derivative S(f) behaves quite differently. In this work,
we investigate the case in which the image is not simply connected, which is of particu-
lar interest for the world of convex co-compact hyperbolic 3-manifolds with compressible
boundary, and their renormalized volume.

Let f be the developing map of a domain € in CP' with universal cover H2. We
denote the upper half-plane model by (H?, p |dz|2) C C, with p |dz|2 the unique complete
hyperbolic metric. The infinity norm of S(f) = qdz* is defined as

IS(N)l = sup lq(2)l/p(z) -

z€H?2

If f: H®> — CP' is univalent, then, by the Kraus-Nehari’s bound [Neh49], the infinity
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norm of S(f) is bounded:
ISl =3/2-

If f is not univalent, the infinity norm is bounded from below by a function of the injectivity
radius of the image ) of f, which, in this case, is not simply connected. More precisely,
see Kra-Maskit [KM81, Lemma 5.1]:

ISl 2 5 coth*(Ba/2)

where the injectivity radius dq of €2 is defined as the infimum of the injectivity radii inj(2)
of its points
dg = ingf2 sup{r s.t. B.(z) CQ},
ze

with B,.(z) the ball centered at z of radius r with respect to the hyperbolic metric pushed
forward to 2 by f. In particular, when dq ~ 0, then

IS(Hloe Z 2/05 -

Thus, it is interesting to further investigate the behaviour of the Schwarzian of a projective
structure Z on a closed surface S when the image of its developing map (2 is not simply
connected, and especially when its injectivity radius dq is small.

Definition 3.1.1. We say that a complex projective structure Z on a hyperbolic surface
has a long tube if the image of its developing map contains a simple closed curve of
hyperbolic lenght less than ¢y. A long tube equipped with a complex projective structure
is called long complex projective tube.

On long tubes A C €, the (restriction of the) injectivity radius coincides with half
of the hyperbolic length of the geodesic representative v of the unique non-trivial simple
closed curve in A, which we call the core of A. We will say that a simple closed geodesic
in €2 is short if it has hyperbolic length ¢ < gq. Short simple closed geodesics have disjoint
collars of positive length, see Theorem 4.1.6 in [Busl0]. In the following theorem we
present the behaviour of the Schwarzian on long tubes in complex projective structures.

Theorem 3.5.4. Let A be a long tube of a complex projective surface Z, let v be its core
of length ¢ < ¢y, and let 4 C Z = H? be a lift. Let also f: H> — CP' be the developing
map of Z, and let S(f) be its Schwarzian derivative. Then, in a neighborhood of 7, the
Schwarzian S(f), up to pull-back by a Mdbius, behaves as follows

1 A\ e/

where z is the complex coordinate of H?, and O(x) stands for a complex valued function
such that lim, o |O(z)/x| is finite.

As the space of holomorphic quadratic differentials on a Riemann surface X is identified
with the cotangent space T%7 (S) of the Teichmiiller space at X, the Schwarzians of the
complex projective structures in the fiber of X can be paired with vectors in the tangent
space T'x T (S). Vectors in Tx T (S) can be expressed as harmonic Beltrami differentials,
i.e. as objects of the type (f/p)0z ® dz, with f a holomorphic function on X and p such
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that p|dz|? is the unique hyperbolic representative in X. The pairing is then realized by
integration on the surface X (see Section 1.2.3).

As already seen, the real part of the Schwarzian derivative, as a holomorphic quadratic
differential, is of particular interest as it coincides with the differential of the renormalized
volume (see Section 1.6.2). In particular, the variation of renormalized volume along paths
in the deformation spaces of convex co-compact manifolds with incompressible boundary;,
i.e. Teichmiiller space of their boundary, has been extensively studied in the case of flow-
lines of the gradient flow, see ([BBB19], [BBB23], [BBVP23]. For compressible boundary
the layout of this problem changes as in general Vi does not converge under gradient flow
as its derivative is unbounded, see for example Theorem 3.4.1, and [SW22].

FEarthquaking and grafting are two natural paths inside the Teichmiiller space, and
by infinitesimal we mean the tangent vector at time zero of their respective deformation
paths (see Section 3.2.2 below). We recall, very briefly, that an earthquake on a simple
closed curve v C X consists in cutting along ~, twisting by a certain parameter t € R
the left hand side of the surface, and gluing back. Again in short, grafting on « means to
cut over v and attach an euclidean cylinder of some height s € R*, this gives a new well
defined conformal structure on X. Infinitesimal earthquake and infinitesimal grafting on
the same (multi)curve at X are orthogonal with respect to the complex structure on 7(5)
[McM98, Theorem 2.10].

In the following theorem we show that the pairing of the real part of the Schwarzian
on a long complex projective tube is almost trivial along infinitesimal earthquakes, while,

asymptotically, it grows as ”7? in the infinitesimal grafting direction.

Theorem 3.5.7. Let Z be a complex projective surface, let S(f) be its Schwarzian, and
let X = mw(Z) its underlying Riemann surface. Let also g and v be, respectively, the
infinitesimal earthquake and grafting on the simple closed curve v C X of hyperbolic
length ¢ < gy. Then

[Re (S(f), )| < Fe(C)

and
2

Re (S(£),0) — 7| < {0+ Fyp (0

with F,(¢) and F,.(¢) two explicit functions such that

—m2 /0

E )

e

[E(O], [Fer(O] < C

for some constant C' > 0.

A heuristic of why one should believe Theorem 3.5.7 is presented in Section 3.3, in
which we show the result for the toy model case of a symmetric complex projective tube.

3.1.1 Connection to Renormalized volume

As already pointed out, the boundary at infinity of any convex co-compact hyperbolic 3-
manifold M comes naturally equipped with a complex projective structure, and therefore
also with its developing map, which we denote with f);, and its Schwarzian (see Definition
1.4.2). The condition for M of having compressible boundary translates into having a non-
univalent fp;. We can then exploit Theorems 3.5.4 and 3.5.7 to get information on the
behaviour of the renormalized volume function in the compressible boundary setting.
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Thanks to the fact that dVg = Re(S(fa)), Theorem 3.5.4 and, thanks to our key
Lemma 3.2.1, also Theorem 3.5.7 can then be rephrased in terms of dV5x.

In [McM98] McMullen introduced the notion of A-complex earthquake with A = t +
is € H?, which consists in moving inside the Teichmiiller space with first a parameter
t earthquake, and then a parameter s grafting, on the same multicurve (actually, more
generally, on the same measured lamination). With the following two theorems, we bound
the change of renormalized volume along a complex earthquake path on a short simple
closed geodesic. More specifically, in Theorem 3.4.1 we bound the change of renormalized
volume along an earthquake of parameter ¢, while in Theorem 3.4.5 we calculate the change
along a grafting path of parameter s. The next is a Corollary of the first part of Theorem
3.5.7, and the key Lemma 3.2.1.

Theorem 3.4.1. Let M be a convex co-compact hyperbolic 3-manifold. Let Xo € T (OM),
and let X; € T(OM) be the Riemann surface obtained by a parameter ¢ € R earthquake on
X, along a compressible simple closed curve 7 in M, of hyperbolic length ¢ < g,. Then,
we have the following estimate for the renormalized volume of the associated convex co-
compact manifolds My and M;:

[Ve(M;) = Va(Mo)| < F(0)t
with F'(¢) an explicit function of ¢ such that

—n2 /L

14

IF(0)] < C°

for some explicit constant C' > 0.

Theorem 3.4.1, as well as Theorem 3.5.7, are stated later with explicit expressions for
the functions F.(¢), F,.(¢), F(¢), and the constants C' > 0. Deriving this entails some
elementary and tedious computations to carry out in Section 3.5.1, that could be made
more slender otherwise. On the other hand, this allows for a direct comparison with
Theorem 2.5.4 from the previous chapter, other than providing a more precise estimate.
It is then possible to check that for a small and explicit ¢, Theorem 3.4.1 yields a sharper
bound, for the change of renormalized volume under earthquake, than the one of Theorem
2.5.4. Such a level of precision was not necessary for the study of Maldacena’s question,
where the focus was also on curves that are not that short.

If the change in renormalized volume becomes almost trivial when earthquaking along
a short curve, it is instead very large when pinching the curve - that is, moving toward the
boundary of the Weil-Petersson completion of the Teichmiiller space (defined in Section
1.2.3). A way to realize the pinching of a curve is by grafting along it with a parameter
tending to infinity (see Section 3.2.2 and Lemma 3.4.2). We can then apply our esti-
mate for the Schwarzian to obtain the asymptotic behavior of the renormalized volume
under pinching a compressible curve in the boundary at infinity of a convex co-compact
hyperbolic 3-manifold, recovering in particular Theorem A.15 in [SW22].

Theorem 3.4.5. Let M, be a convex co-compact hyperbolic 3-manifold and let v € 9M,
be a compressible curve in its boundary of length ¢y(y) < &g, with respect to the hyperbolic
metric conformal to 0, My. The composition of the renormalized volume with the grafting
path (M;)scp0,00) along v satisfies

3 3

m - lo(7)

In particular, when £,() — 0, the renormalized volume diverges as —m3 /().

(60) ~ () 7 + O (/)

VR(MS) — VR(M()) = — 1
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3.1.2 Outline of the chapter

Section 3.2 contains the main objects and notions that will be needed and that were not
treated in Chapter 1, and the key Lemma 3.2.1. In Section 3.3 we give a motivating
example by explicitly calculating the Schwarzian derivative of symmetric complex projec-
tive tubes. This is done in Lemma 3.3.3 and Proposition 3.3.5, which is the analogue of
Theorem 3.5.7.

Section 3.4 contains the applications of the Schwarzian bounds to the renormalized
volume for convex co-compact hyperbolic manifolds with compressible boundary.

Section 3.5 is dedicated to the study of the Schwarzian of long tubes in the general
case. In Subsection 3.5.1 we prove Theorems 3.5.4 and 3.5.7, assuming the bounds on the
correction terms given in Subsections 3.5.2 and 3.5.3. In particular, in Section 3.5.2 we
give bounds for the pairing of the real part of the Schwarzian and infinitesimal grafting,
while in Section 3.5.3 there are the analogous bounds for the pairing with infinitesimal
earthquakes. These are obtained by the tool of the Osgood-Stowe tensor, as explained in
Section 3.5.1. There, we recall relations between the Osgood-Stowe tensor [0592] (and a
non-traceless extension) and the Schwarzian derivative, which can also be found in [BB24].
In Section 3.5.4 one can find the Fourier analysis leading to the estimates for the conformal
flat factor of long tubes, which describes how far is the tube from being symmetric. This
is used to obtain the bounds in Sections 3.5.2 and 3.5.3.

3.2 Preliminaries

We have already introduced tubes and long tubes in the background. However, in this
chapter we need some additional specific properties, which are reported in the next sec-
tion. We then proceed to define complex earthquakes and their infinitesimal counterpart.
The section concludes with a Stokes-type lemma, expanding the version for infinitesimal
earthquakes of Lemma 2.5.1 in Chapter 2.

3.2.1 Thin tubes

Thin tubes were defined in 1.2.2. Let us see here some more precise information on their
geometry.
The hyperbolic metric on the thin tube T(¢) of core length ¢ can be written as

2
dp? + (%) cosh?(p)db?

with 6 € [0,27] and p € [—L, L], see [Busl0, Collar Lemma: Theorem 4.1.1]. Moreover,
in T(¢), the injectivity radius is bounded as

g < inj(p) = arsinh (sinh(¢/2) cosh(L — d)) , d=d(p,0T(?)) ,

and its maximum is achieved on 9T (), see [Busl0, Thm 4.1.6]. In particular we get that
each component of the boundary of such a cylinder T(¢) has length

¢ cosh (arsinh (W))

and the injectivity radius on points p € dT(¢) is given by arsinh (sinh(¢/2) cosh(L)), and
it is always greater than £/2 out of the union of the thin tubes.
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3.2.2 Complex Earthquakes along simple closed geodesics

We restrict here the treatment to the case of twisting or earthquaking on a simple closed
geodesic, but both operations can be extended to the space of measured laminations (see
[McMO8g]).

Let v be a simple closed geodesic on a Riemann surface X € 7(S5). We fix an iden-
tification of the universal cover X with H? such that the geodesic v lifts to the vertical
geodesic 7 of the upper half-space H? through 0 and oo. Given a hyperbolic surface X
and a simple closed geodesic 7 the parameter ¢ earthquake eq, . (X), t € R, is defined in
the lift of a neighborhood of 7 as

etz if 2 € HA
z . 2 )
z if z € H

with H2 = {z € H? | Rez > 0} and H? = {z € H?> | — Rez > 0}, while it is the identity
outside. This defines a new hyperbolic metric on S, therefore, a new point in 7(S5), and
also a new Fuchsian projective structure.

Given a hyperbolic surface X and a simple closed geodesic v a parameter s grafting
gry,(X), s € R*, is obtained by cutting along v and inserting an Euclidean cylinder of
height s and core equal to the hyperbolic length £, (X) of 7. The gluing of the Euclidean
and the hyperbolic metric, which remain unchanged in X \ =y, produces a new conformal
structure, and therefore a new point in Teichmiiller space by uniformizing (and obtaining
a new hyperbolic metric). Let now /T(s) be an s-angular sector in H?. We equip the
inserted Euclidean cylinder with the complex projective structure

.%T(s)/(z — e Xz

This, together with the Fuchsian structure on X \ =y, produces a complex projective struc-
ture for gr. (X). The grafting operation gr,. (X) lifts to the universal cover by cutting

along 4 with the map
ez if z € HA
zZ— . s
z if z € H?

and inserting .2((8) We call, respectively, the infinitesimal earthquake and the infinitesimal
grafting at X along +, the following two Beltrami differentials p, v € TxT(S)

= Otli=0 (eqt,y(X)) g v = Osls=0 (grsv(X)) :

Finally, given a parameter A =t +1s € C, s > 0, we define the A\-complex earthquake
on v in X as the composition of the two operation on the Teichmiiller space just defined:

Eq)\'y = grs'y © eqt’y (X) .

By McMullen’s Theorem 2.10 in [McM98], the complex earthquake map is holomorphic
in A and at any X:
V=1 .

3.2.3 A Stokes type lemma

In this subsection we state a key lemma for this chapter. This is an application of the
Stokes Theorem in the setting of the paring between a holomorphic quadratic differen-
tial and the Beltrami differentials u and v of, respectively, infinitesimal earthquake and
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infinitesimal grafting. The first part of the statement is Lemma 2.5.1 (or, Lemma 5.1 in
[CGS24]). The proof of the second part follows, by applying the same proof, from the fact
that v =1 .

Lemma 3.2.1. Let X be a Riemann surface structure on .S, with z its complex coordinate.
Let v: R/¢Z — X be a unit length parameterization of a simple closed geodesic with
respect to the unique hyperbolic representative in X, of length ¢. Let also u € TxT(.5)
be the infinitesimal earthquake along 7, v € TxT (S) be the infinitesimal grafting along ~,
and ¢(z)dz* € T%T(S) be a holomorphic quadratic differential. Then the followings hold:

Re(g()d=", ) = / | Rela30). 500t
and
Re(g()d=*,v) = — / Rl (030

Proof. We just need to prove the second equality. Let w be the vector field realizing the
unit velocity infinitesimal graft v along the image of . It is enough then to notice that,
if v is the vector field realizing a unit velocity infinitesimal along the same ~, then, since
the complex earthquake map Eqy,(-) is holomorphic (see Theorem 2.10 in [McM98]) and
also grey(X) = Eqisy(X) and twy,(X) = Eq, (X)

W =10 .

The proof of the version for infinitesimal earthquakes in [CGS24] then applies straightfor-
ward up to substitute v with w = iv. [ |

In this chapter, we will apply Lemma 3.2.1 with ¢(2)dz? = S(f) the Schwarzian of
a complex projective surface. This leads to a simpler formula for the variation of the
renormalized volume, in the special case of i equal to an infinitesimal earthquake or an
infinitesimal grafting.

3.3 Toy model: the symmetric tube case

In this section we outline the idea behind Theorem 3.5.7. The main observation is that the
result is almost trivial in the case of a symmetric complex projective tube. Here a complex
projective tube is symmetric if its image under its developing map in CP' is bounded by
two concentric round circles.

Then, the bulk of the remaining work in proving Theorem 3.5.7 is to show that the
Schwarzian of a general complex projective long tube behaves like the one in the symmetric
case, up to a term that goes to zero in ¢, with ¢ the hyperbolic length of the core curve.

Consider the half-space model for the 2-hyperbolic space with coordinate z = pe®,
p>0,0¢€[0,7], and f,: H*> — C the map uniformizing the infinite cylinder C* with a
hyperbolic metric of core length ¢ defined as

fe(z) = ZT. = 67¥+i277r log(p).



We denote by A(L) the L-neighborhood in H? of the vertical geodesic between 0 and
oo. Since A(L) corresponds to the annular sector 6 € [#(L), 7 — 0(L)] with (see [MarlGh,

Lemma 5.2.7])
1

cosh(L) ~ sin(0(L))

the restriction of f; to .Z(L) is the developing map of the annulus

272 | 2n 27

AZ(L) _ {Teié’ cC | €—7+73rcsin(W1(L)) <r< e—earcsin<cosﬁ(m)} .

Note that this is indeed symmetric.

Remark 3.3.1. For any symmetric complex projective tube A, up to composing by a
Mobius transformation bringing the center of the concentric round boundaries to the
origin, there exist unique ¢ > 0 and L > 0 such that A is equal to A4,(L). We also recall
that composing by Mobius transformations leaves the Schwarzian derivative invariant.

Observe that, if we equip A,(L) with the restriction of the flat metric hy = T%\dz|2 on
the infinite cylinder C*, we get a well truncated euclidean cylinder with core length 27
and of some height m, with m such that (A, ho) is conformal to a truncated hyperbolic
cylinder with core of length ¢ and width L.

Remark 3.3.2. The conformal structure of a (truncated) cylinder is uniquely determined
by its modulus, which, in the case of a symmetric cylinder in C with boundaries centered
at the origin and of radii 7y and ry, is equal to 5-log (r2/r1) (see Section 1.2.1). Then, any
truncated cylinder equipped with a Riemann surface structure is conformal to a symmetric
one of the form A(L).

By a direct computation we have:

Lemma 3.3.3. Let A be a symmetric complex projective tube. Then, there exist unique
¢ >0 and L > 0 such that the Schwarzian of A is defined on A(L) and equal to

7T2
S(f)() = % (1 + 4!7) iz

Proof. By remark 3.3.1, we can assume A to be equal to A,(L). Then, we just have to

compute the Schwarzian derivative of its developing map f, on A(L):
i (fe)")_}((fe)”f) )
1= 57 (((fe)' 2\ (fo) dz
omi 1\ 1 //2mi 1\%) .,
:(( 7)) ‘5((7‘1)2))“

1 4 9

Completing the proof. [ |

In Section 3.5, the width L will usually be the one given by the Collar Lemma (see
Subsection 1.2.1, and Definition 1.2.2): L = arcsinh (W) In this case, we denote
the symmetric tube simply by Ay, and we say that A, is the standard symmetric tube of
core length /.
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Remark 3.3.4. The expression of S(f,) in Lemma 3.3.3 is in H?, however if one wants
to use the coordinates of A instead of seeing it as a neighborhood of the vertical axis in
H2, the formula changes as follows.
We first need to recall that The Schwarzian derivative satisfies the following composi-
tion rule:
S(fog)=g8(f)+8(9) , (3.1)
whenever f and g are two locally injective holomorphic maps, whose composition f o g
is well defined. Denoting by w the complex coordinate in C, the local inverse f[l of f;
62

sends w to z = w2r, and then also dz(w)? = mw2<_%_l>dw2. Therefore, by applying

equation (3.1) with f = f, and g = f,”' we obtain:
S(fe)=— () (s(f)

and then 2
-1\ _ - - 2
SU) =5 <1+47T2)dw .

The first part of the statement of the next proposition is the “toy model” version of
Theorem 3.5.4, while the second one is the “toy model” version of Theorem 3.5.7. This is
because, thanks to the key Lemma 3.2.1, the two integral terms coincide with the pairing
of the Schwarzian with, respectively, infinitesimal earthquakes and infinitesimal graftings.
Then, in Section 3.5 we show that the result in the general case is equal to the formulas
in Proposition 3.3.5 up to an error term decaying exponentially to zero in /.

Proposition 3.3.5. On the core v of the symmetric complex projective tube Ay, the
following equalities for its Schwarzian hold:

Re (S (f7) (94)) =0, Re(S(f) (14) = "+
Moreover
4 ‘ 7T2
3 | Resty wana =0, 5 [ Re(S( G = T g

Proof. Up to pulling back A, with f,, we have v(t) = ie', ¢t € [0, /], and S(f,) as in Lemma

3.3.3. Then, §(t) = eta%, #(t) = —e'Z, and, since dz = dz + idy, on v, we have

1 42 o\ .. . 1 472N,
1 472 2\ . . 1 472 9 1 472
Re(z?(“e_?)dz)”’”:Re(ﬁ<1w—2)et):§(1+e—2) 7

completing the proof of the first part of the statement. The second one follows directly
by integration. ]

and

3.4 Applications to Renormalized Volume

In what follows, we apply Theorem 3.5.4 and Theorem 3.5.7 to estimate how the renor-
malized volume changes under complex earthquake (see Section 3.2.2).
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3.4.1 Renormalized volume bounds under earthquakes on short
compressible curves

In this section, we prove the version of Theorem 3.4.1 with an explicit formula for F(¢).

Theorem 3.4.1. Let M be a convex co-compact hyperbolic 3-manifold. Let X, € T (OM),
and let X; € T(OM) be the Riemann surface obtained by a parameter ¢ € R earthquake
on X, along a compressible simple closed curve «y in M of hyperbolic length ¢ < &4. Then,
we have the following estimate for the renormalized volume of the associated convex co-
compact manifolds My and M;:

—72/(20) G(0)2
Vr(M,) — Va(Mo)| < 113%26775 + 1427#(7)@”2/% ,

with G(¢) =1+ O <e‘”2/(2€)> as ¢ — 0 and always bounded by e*®.

Proof. We first recall that the differential of the renormalized volume dVg at a point X
coincides with Re(S(fas,)), with M; the convex co-compact hyperbolic 3-manifold asso-
ciated to X, and fj,, the developing map of its associated complex projective structure.
Let us define the earthquake path X = eqs(Xo), with s € [0,¢], and write the difference
of renormalized volumes as

Va(M,) — Via(My) = / (dVi)x, (12)ds |

with ps the Beltrami obtained by deriving to the earthquaking path at time s, i.e. the
infinitesimal earthquake at X,. Then, the result is a direct corollary of Theorem 3.5.7 in
the version of Section 3.5.1 which is on page 77, and the key Lemma 3.2.1. |

3.4.2 Asymptotic behaviour of V; along pinching a compressible
curve

In this section, we prove Theorem 3.4.5.

Differently from the previous section, in which to prove Theorem 3.4.1 we just inte-
grated the differential given by the first equality in Theorem 3.5.7, we now have to take
care of two facts. Firstly, the length of the simple closed geodesic on which we are grafting
changes its length along the deformation path. Secondly, while earthquaking on the same
geodesic produces a flow, grafting does not.

We will consider the path Xy = gry,(Xo) obtained by grafting on the short compressible
simple closed curve v in X = [0s M|, and denote by (M) seo,00) the path of convex co-
compact hyperbolic 3-manifolds associated to X, through the Uniformization Theorem.
We will consider here the composition £.(7) of the length function

0, T(OM) — R" |

with the path (X;)seo,0) Which associates to s the length £,(y) of v with respect to the
hyperbolic representative in X;. For the sake of notation, whenever the dependence on
is clear, we will just write £, = {4(vy). We recall that as s goes to infinity ¢4(7y) tends to 0.

The following Lemma was obtained by Diaz and Kim in [DK12, Proposition 3.4] (or
also in [Hen11, Lemma 4.1]). Our contribution is just to explicitly write down the constant
appearing in the lower bound.
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Lemma 3.4.2. Let Xy € T(OM), and let X, € T(OM), with s > 0, be the Riemann
surface obtained by a parameter s grafting along a short geodesic v of length ¢y < &y.

Then,
T

T+ s

602£522

At

Proof. The first inequality was proven in [DK12, Proposition 3.4], by a direct computation
applying the definition of grafting at the universal cover (see Subsection 3.2.2). In the
same statement, we can also find the lower bound

s 2 |
- 260+S

where 6 is such that the thin tube around =y (see Definition 1.2.2) in X can be isometri-
cally lifted in H? to

{pe cH? | pe[l,€'], 0 €[n/2—0,7/2+0]}.

By elementary hyperbolic geometry (see for example [Marl6b, Lemma 5.2.7]), the angle
0y satisfies:

0o = artg(sinh(L)) = artg <m) 7

were the last equality follows form the fact that the width L of the thin tube is

Since now ¢ € [0, g¢], with g9 = 2arsinh(1), we can estimate 6,
/4 <6y <m/2,

from which the right inequality of our statement follows. |

Remark 3.4.3. The upper bound in Lemma 3.4.2 is asymptotically sharp (see Theorem
6.6 in [DWO08]).

We define: p
VS - E tzogrt"/<X5) )
and
0 d
vy = 7 t:sgrm(XO) )

Note that both Beltrami differentials belong to the tangent space Tx 7 (0M), and that
the first one corresponds to infinitesimal grafting, while the second one is the derivative
of grafting path gry,(Xo) at t = s, and they are not the same.

Lemma 3.4.4. In the notations above:
3 —%/(2Ls)
o (T T 0 e
@i (69 = (] + 55 ) ato8) + 0 <T> ,
where O(z) stands for a real function such that lim,_,o |O(z)/x| is finite.
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Proof. Let us denote by z = x + iy the complex coordinate of the half-space model H?2.
Note that the holomorphic quadratic differential dz?/2? is invariant under the action of
the hyperbolic isometry ¢, () = e®2 relative to the simple closed geodesic v in X,. By
Gardiner’s formula for the differential of the length function of v (see [Gar75]):

22

it = 2re (%5 zz> (32)

where 4 is a harmonic Beltrami differential in T, 7 (0M), and i denotes its lift to the
annulus A, , = H?/{¢p, ;). If we take u = 12, being this equal to zero out of a tubular
neighborhood of v, the pairing is such that

2
Re( % 0 CRe{%E o) (3.3)
22 s 2 Vs
A

where the last term stands for the coupling between holomorphic quadratic and Beltrami
differentials on the covering of whole surface X,. Now, recall, see Theorem 1.6.5, that the
differential of the renormalized volume function at X is the real part of the Schwarzian
derivative of the developing map of the boundary at infinity of M,:

(dVr)x, (1) = Re(S(f), 1) -

Moreover, on a smaller tube (note that we can assume 12 to be zero outside it), by Theorem
3.5.4 and in the notations of Section 3.3, this can be expressed as a sum of a symmetric
part and a correction term:

Re (S(f)) = Re (S (fe.) + qe.(2)d=")

with

2
S(fi,) = % (1 + 4; ) dz=? (3.4)

€—7r2/(2€s)
0.(2)] = 0 (T) . 35)

The identities (3.2), (3.3) and (3.4) give the first term in the right hand side of the equality
in the statement:

1 272\ dz? T
Re(s () o) = e ( (5+ 50 ) Sot) = (5+ 55 ) et

s

and

Then, it remains the term

<Qgs(2 Yd2*, V0

but since, if 10 = v @ dz, with v € L*(X;), by (3.5) we obtain

771'2/(255)
&
‘O( 2 ) /

IRe (qe, (2)dz*,v)| =

Re / qe,vdxdy

Y

which concludes the proof.
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We can now prove the main result of this section.

Theorem 3.4.5. Let M, be a convex co-compact hyperbolic 3-manifold and let v € OM,
be a compressible curve in its boundary of length ¢y(y) < &g, with respect to the hyperbolic
metric conformal to 0., My. The composition of the renormalized volume with the grafting
path (M;)scp0,00) along 7 satisfies

7.[.3 7T3

RG]

In particular, when £,(y) — 0, the renormalized volume diverges as —m3/(,(7).

Vr(M;) — Vr(Mo) = — + (Us(y) — 60(7))% +0 (e—ws/(%o(v))si%) '

Proof. By integrating Lemma 3.4.4 along the path we have:

Vi(M,) = Va(Mo) + / (V) x, (12)ds

s [ g2/ (2ts)
= VR(MO> ( > dﬁ Xg d8+/ O f—2 ds
0 s
3
— VR(MO) (_ _2) 77rs/(2€0)82) ds

= VR(M0> (£ — fo)z — g— + % + 0 ( —7s/(24p) 3) :

where the third equality is obtained by the change of variables u = ¢(s) for the second
term, and by using Lemma 3.4.2 in the third term as this implies

—2 s
e /() < 4(m + 5)? o2 (m+3)/(2mto)
2 = w2 ’

—m2/(205)
€ —ms/(20p) .2
0(6—2)20(6 /( 0)3)’

which completes the proof. |

and so

3.5 Schwarzian derivative on long tubes

This section is dedicated to the study of the Schwarzian of long complex projective tubes.
In the first subsection, we start by introducing the central object used in our analysis: the
Osgood-Stowe tensor of a complex projective structure. We will denote it by B(p, e*“p),
where p stands for the hyperbolic metric of H?, and u: H? — R a smooth function which is
the conformal factor between the two metrics p and e*p, and depends on the developing
map of the projective structure. Right after, we prove Theorem 3.5.4 exploiting the results
of Subsection 3.5.4. Stlll in Subsection 3.5.1, we prove Theorem 3.5.7, first defining two
suitable norms for B(p, e*“p), which coincide, respectively, with the pairing of the real part
of the Schwarzian with infinitesimal earthquakes and infinitesimal graftings (see Definitions
3.5.5 and 3.5.6, and Lemma 3.2.1), and using the estimates on these norms of Subsections
3.5.2 and 3.5.3. The main idea behind these estimates, is to express u as a sum of three
other conformal factors of different metrics, such that one of them, denoted by w4, satisfies
Auy, = 0. We will then require the Fourier analysis of Subsection 3.5.4, in which we bound
the flat conformal factor uy and its derivatives in terms of the width of the long tube.

71



3.5.1 The Osgood-Stowe tensor

We present here the main tool of our analysis: the Osgood-Stowe tensor presented in [OS92]
by the same authors, and whose relation with the 3-dimensional hyperbolic geometry had
been largely studied by Bridgeman and Bromberg in [BB24]. The Osgood-Stowe tensor B
associates to any pair of conformal metrics g and ¢’ = e?“g on a Riemann surface X, with
u: X — R a smooth function, a real (0,2)-tensor, defined through the conformal factor
u between the two metrics (see Definition 3.5.1). We will denote it by B(g,e*'g). The
key point is then that the real part of the Schwarzian Re (S(f)) of a complex projective
structure Z (i.e. f: H? — CP' is the developing map of Z on S) is equal to B (p, e*"p),
with p the hyperbolic metric on H?, and u such that

£ (1=l = ep

with 2 the complex coordinate of C C CP' (see Theorem 3.5.2). We then say that
B (p, e*p) is the Osgood-Stowe tensor of the projective structure Z.

From now on, we will focus on what happens on the restriction of the developing map
f of a complex projective structure Z on a closed surface S to a long complex projective
tube. More specifically, this means that the image 2 of f is not simply connected and
that its shortest geodesic has length less than . We will keep denoting with f such a
restriction. Let 7 be the geodesic representative, with respect to the hyperbolic metric
h+ pulled back on € by f, of a non-trivial simple closed curve in €2 of length ¢ < ¢y. The
underlying Riemann structure X = n(Z), where, recall, 7: P(S) — T(S5) is the vector
bundle of projective structures on a closed surface S, defines a natural identification of
the universal cover 0 with H?. There are then two discrete subgroups I'y < PSL(2,R)
(isomorphic to m(S)) and I'' < PSL(2,C) (isomorphic to m(S)/m1(2)) such that f is
(T'g, I")-invariant. Up to composing by a Mobius transformation, which does not affect
the Schwarzain of f, we can assume f~'(7) to be the geodesic through 0 and co in H2.
Equipping X with its unique hyperbolic metric, we consider the thin tube T(¢) C X, i.e.

the L-neighborhood of v C X, with L = arsinh (ﬁ) (see Definition 1.2.2). This lifts
Sin. b

to the L-neighborhood A C H2 of f~1(v). Then, its image A = f(A) through f is a long
complex projective tube in 2 (and then in Z) with core 4. Thus, we have the following
diagram:

jon

c
—_—

N

/m1(9) /m1(Q)

-
[P N

)

C
_—

=

~
—~
-
-
~
—

c
—_—

=
>

with I' isomorphic to m1(S) /7 ().
We now remind the reader that our main goal is to study S(f) on .A. To this aim, we
will widely use the Osgood-Stowe tensor, which we now formally define (see [O0S92]).

Definition 3.5.1. Let (X, g) and (X’,¢’) be two Riemannian surfaces, and f: (X, g) —
(X', ¢') be a conformal local diffecomorphism. If u: M — R is the uniformizing factor such
that f*g' = e?"g, then the Osgood-Stowe tensor B of u is defined as
1
B(g,19) = B (g,¢™g) = Hess(u) — du @ du — 5 (Au — [|Vul]*)g
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where the hessian, the laplacian, and the gradient are with respect to the metric g.

(H, p) (C, ldzP)
|7 (A, ldz)
j f
D >
~
f
ids
v
(C*, |d=|*/r?)
(.A, hoo) (Aa h0,00) (A’ hO)
idl ng
> >3
—L \lz L —-m v m v
heo = dp® + (%)2 coshQ(p)dH2 hoo 0 = dr? + d? ho

Figure 3.1: The long complex projective tube equipped with dif-
ferent conformal metrics, and its universal cover.

The Osgood-Stowe tensor satisfies analogous properties to those of the Schwarzian
derivative, in particular it is additive under composition, and equal to zero when f is a

local isometry, see Appendix A in [CG25], [0S92] and [BB24].
We define hy, = fip, and note that f: (JZ, p) — (A, hs) is a local isometry. Let us

fix 2 = x + iy and |dz|* = dx?* + dy?, respectively, the standard complex coordinate and
the standard metric on C contained in CP' through stereographic projection.

Theorem 3.5.2. Let f: (A, p) = (A, |dz]?) be the developing map in the notation above,
and u: A — R be the conformal factor such that f*|dz|? = e*p, then

Re(S(f)) = B (p.e™p) -

Proof. This follows from Theorem A.1 in Appendix A in [CG25], or Section 4 of [BB24].
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As we are not able to compute B (p, e*“p) directly, we split the Osgood-Stowe tensor in
a sum of terms, and use the additivity of the Osgood-Stowe tensor to compute B (p, €“p)
on A. We will use the following notation for the auxiliary metrics:

e oo = €*h,, where hoo is the conformal flat metric on A which has the same
rotational invariance as he, i.e. such that there exist (p,0) € [—L, L] x [0,27] and
flat coordinates (r,6) € [-=m,m| x [0, 27} on A such that

27

dr = d —/L g
r_ﬁcoshp P me o Lcosh(p) P

while h., is written as

2
hoo = dp* + (%) cosh?(p)d#* |

and
oo = dr® + df? ;

in particular, in this coordinates

wo(p, ) = log (ﬁ%) .

|z

e hg= ezulhoo,g is another conformal flat metric on A, with hy = =5~ where r? = 2z.
Thus, we consider the following locally conformal maps:
~ flz 2
(Ap) : (A, ld=P)
Iz ide

(A, o) =2 (A, hg) 2 (A, )

u1

See Figure 3.1 for sketches of the domains.
Clearly, we have that:

flz=1idaoid;oidgof] ;.
By additivity of the Osgood-Stowe tensor

B (p,e*"4p) =

= B (p,e®l4p) + f*B (hoo, €1 hee) + f*B (hooo, €M hos o) + f*B (ho, €4 hy) ,

where v = 0 is the conformal factor of a local isometry, and so its contribution is zero,
thus

£B (p,e®3p) = B (heo, €M hee) + B (hooo, €M b o) + B (ho, €4 ho) ,  (3.6)
2

where the last term can be computed using that hy = 4, with r the radial coordinate
of C*. Moreover, thanks to the key Lemma 3.2.1, to prove Theorem 3.5.7, we actually
only need these terms on the core 7.

The following remark, together with the proof of Theorem 3.5.4 which follows after-
wards, formalizes the heuristic of why the toy model of Section 3.3 is a good model also
for general long complex projective tubes.
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Figure 3.2: Developing a complex projective tube, and its confor-
mal symmetric one.

Remark 3.5.3. If A is symmetric (as in Section 3.3), the domains in Figure 3.1 all have
round boundaries. Moreover u; = 0, while ug and w remain unchanged, as also the
respective Osgood-Stowe tensors. For a general long complex projectvie tube A of core

length ¢ < g9 and width L = arcsinh <
structure), in the same notations and definitions of Section 3.3, where we denoted by A,

the standard symmetric tube of core length ¢, and by f, its Schwarzian, there exist a
conformal map (see Figure 3.2)

—b /2)> (with respect to the underlying hyperbolic

sinh

Fg:Ag—>A

such that
f=Fiof

and Fy is a holomorphic isometry between (A, ho) and (A, hao o), i.€.

The existence of Fy is guaranteed by the fact that, being the conformal structure of a
(truncated) cylinder uniquely determined by its modulus, the underlying Riemann struc-
ture of a complex projective tube is conformal to the one of a symmetric tube with same
core length and modulus, and, therefore, same width (see Remark 3.3.2).

Theorem 3.5.4. Let A be a long tube of a complex projective surface Z, let v be its core
of length ¢ < ¢y, and let 4 C Z = H? be a lift. Let also f: H> — CP' be the developing

5



map of Z, and let S(f) be its Schwarzian derivative. Then, in a neighborhood of 7, the
Schwarzian S(f), up to pull-back by a Mdbius, behaves as follows

1 47'('2 ) e—ﬂ2/(2€) )

where z is the complex coordinate of H?, and O(x) stands for a complex valued function
such that lim, o |O(z)/x| is finite.

Proof. We start by showing how the Osgood-Stowe tensor term B(h o, e“l‘Ahooyg) is re-
lated to the real part of the Schwarzian derivative of Fj, with F, as in Remark 3.5.3. We
show that they coincide up to pull-back and adding twice the Schwarzian uniformization
for the infinite cylinder. By Theorem A.1 in the appendix A in [CG25] (or also or Section
4 of [BB24))

Re (S(F))) = B (|dz]?, F/|dz|?) .

By using the properties of the Osgood-Stowe tensor

B (|dz[*, F}|dz|?) = B (|dz|?*, ho) + B (ho, F} ho) + B (F ho, F/|dz|?)
=B (\dz\z, ho) + FE*B (hoo,Oa ho) — FE*B (|d2’2, ho)
where for the central term of the second inequality we used that (F7)*hs o = ho (as seen in

Remark 3.5.3), and we recall that hg = €***h, . Then, by the properties of the Schwarzian
derivative and the relation just obtained:

f:S(f) = L S(Fuo fo)
= [ (fiS(Fe) + S(fo))
= (F2).S(Fy) + [.S(fe)
with
(Fy)«Re (S(Fy)) = (Fu)«B (|dz|?, ho) + B (heoyp, ho) — B (|dz|?, ho) . (3.7)
We are now going to estimate the terms in the right hand side of equation (3.7). First, by

using Definition 3.5.1, or equivalently by Remark 3.5.14, we compute the term B(|0lz|2 , ho)
where hgy = |dz|* /r%:
1 1

1
2 _ 2 2 _ 2
B(|dz|*, ho) = 2T2d7‘ 2d9 = Re (2Z2dz ) )

where z = re' is the complex coordinate of C. Under the isometric change of coordinates
w = log(z) from (C*, hy) to the horizontal infinite strip of height 27 in (C, w), the Osgood-
Stowe tensor B(|dz|*, hg) becomes
1
Re [ —dw? | .
e ( o )

Secondly, we note that, since F} is such that (Fy)*heoo = hg, with hg = €*“he o, the norm
of its complex derivative is
[dFy|| = e,

where, by Lemma 3.5.24 and Remark 3.5.27, the function e on a neighborhood of the

core of A is such that
et — 1 + O (6—7r2/(2€)> ]
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Then,

(Fi).B (d=f? ho) — B (Jd=P. ho) = (140 (¢7/#))" B (|d=f?. ho) — B ({d= ho)

=0 <e‘”2/(%)> Re (%duﬂ) ,

and therefore, denoting by Os(z), for x € R, a (0, 2)-tensor whose coefficients are O(x)
(Fo).B (|2, ho) = B (|dz[2, ho) = Op (720} (3.8)

Concerning the B (hoo o, ho) term in (3.7), we prove the following claim.

Claim. On smaller tubular neighborhoods of + contained in A the Osgood-Stowe
tensor B (heo o, ho) € Oz (e‘”g/(%)).

Proof of Claim: Using the isometric change of coordinates (r,6) in which the cylin-
der (A, hoop) is expressed as [—m,m] x S, where m is half of the length of A with

respect to hoo o (see Figure 3.1), we can calculate the Osgood-Stowe tensor B (hs o, ho) =
B (heo0, € heoo o) with Definition 3.5.1 as:

B (hoop, € hec) =

5(u1)gp + 5(u1)f — 3(ur)? (u1)gr — (u1)o(ur),

%(Ul)rr’ - )9
(u1)or — (u1)o(ur), %(Ul)ee - %(U1)W + %(Ul)z - %(Ul)g

The claim now follows by the last block of estimates in Section 3.5.4, which bound the
derivatives of uy in A, together with the inequality

e < 6771'2/(25) :

as in equation 3.9 of Remark 3.5.12. 0
From equation 3.8 and the claim right above

(F)).Re (S(F))) = Oy (e*ﬁ/(%)) .
Therefore, in a neighborhood of the core of A we have:

£ (Re(S(f)) = f. (Re(S(f)) + Oz (/20

where again the notation Oy (z) stands for a symmetric (0, 2)-tensor whose coefficients are
O(z).

We are interested in the Schwarzian derivative on A C H2, and we first study its real
part

Re (8(f)) = Re (S(f2)) + (fo)"Re (S(FY)) -

Since df = dFj o df,, and, from Section 3.3, by a direct computation of the derivative of
fe, which is explicit, we can recover that ||df,|| = O(1/¢) and then also ||df|| = O(1/¢), we
get

o/ (20)
(fe)"Re (S(Fr)) = f ((Fo)«Re (S(F2))) 202< 1 : )
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where we used that f; = f* o (F})., and therefore

o2/ (20)
RG(S(f)):Re(S(fe))+Oz< - ) |

To get rid of the real part, given z the coordinate of H?, we just need to notice that
a holomorphic quadratic differential Q(z) = q(2)dz?, where q(z) = qo(z) + iq:(2) with ¢
and ¢ real valued functions, and dz = dx + idy, satisfies

Re(S(f)) = qo(2)(dz® — dy*) — q1(2)(dz @ dy + dy © dx)

and
Im(S(f)) = q1(2)(dz® — dy?) + qo(2)(dz @ dy + dy @ dx) .

Then, the coefficients of its real part are O(x) if and only if the ones of its imaginary part
are as well. Finally,

o—2/(20)
S(f)=Re(8(f)+i1m<3(f))=S(fe)+02( 7 ) .

Concluding the proof. [ |

By using the results of the next two sections, we now prove Theorem 3.5.7. Before, we
define the two norms for the Osgood-Stowe tensor B(g, e**g) that we are going to use.

Definition 3.5.5. Given a smooth loop v we define:

IIB(9762“9)H¢='1/3(9762”9) (i,%)| -

2 Y

The definition above is so that if p is the infinitesimal earthquake along a unit length
simple closed geodesic v, we obtain, by Lemma 3.2.1 and Theorem 3.5.2,

Re(S(f),m] = |B (9.¢™g)], -
Analogously,

Definition 3.5.6. Given a smooth loop v we define:

1

5 0. ) |75 [ B (0.0) 6.3

The definition above is so that if v is the infinitesimal grafting along a unit length
simple closed geodesic v, we obtain, by Lemma 3.2.1 and Theorem 3.5.2

Re(S(/), )| = || B (9, ¢9)||”

We now restate Theorem 3.5.7 in a more expanded form, namely we give explicit
expression for the functions Fi(¢) and Fy,(¢).
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Theorem 3.5.7. Let Z be a complex projective surface, let S(f) be its Schwarzian, and
let X = n(Z) its underlying Riemann surface. Let also g and v be, respectively, the
infinitesimal earthquake and grafting on the simple closed curve v C X of hyperbolic
length ¢ < ¢y. Then

2 ) —m2/(20)
IRe<S(f),u>|§142W4G7(@e—”“+1137r26 Y

and
—m2/(20)

20 1 2 )
‘Re(S(f), V) — % <70+ 1427T4G7(@e—” 18—

where G(¢) =1+ O (e‘“2/(2€)> as £ — 0 and is always bounded by %,

Proof. Thanks to Lemma 3.2.1, the norms of the pairings between S(f) and p or v coin-
cide, respectively, with the norms of the Osgood-Stowe differential of Definitions 3.5.5 and
3.5.6. Therefore, the result follows straightforwardly from Theorems 3.5.9 and 3.5.16. W

3.5.2 Estimates on the Schwarzian along earthquakes

In this section we are interested in studying B(g,e?"g) on the simple closed geodesic 7.

Remark 3.5.8. For Lemma 3.2.1, in Definitions 3.5.5 and 3.5.6, we need to take v, to be
the core geodesic, which in the metric h, it is parameterised as:

2
y(t) = (0, 77%) . tefoq,
so that [|9][, = 1. We want to estimate ||B (p,e*p)||,, with u the conformal factor

between ho and |dz|?, through the following equality:
£B (p,e*ap) = B (hoo, €M hoy) + B (hooo, €M heoo) + B (ho, e 4hy)

since all the maps are the identity the parameterisation of the curve v never changes.
However, the curve is not necessarily geodesic in the other metrics. In particular we have:

. 2
¥y = =7

and so even if v has geodesic image in h o it is not in unit length parametrisation.

We can finally state our estimate on the norm of B (p,e?"p). We first define the
following auxiliary functions of W and m, with m a constant such that 0 < W < 3.7,
which bounds u on the boundary 0.4, and m the width of (A, hap):

m

m 2
S 2.8 2.8 € _c 28 £
G(0) .—mm{e J1+V2We W(em_ 12 +2W(em_ 1)2€+4\/§We ml ((em— 1)2) }

and

G0 = (Wa(e) <§)2> <1TT3G(0)?

see Remark 3.5.25.
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Theorem 3.5.9. In the notations above, we have the following bound

el —n?/(20)
IIB(p,eQ“p)IL§8w4#e‘“2“+1137r26 -

where /¢ is the length of the core v with respect to ho.

Theorem 3.5.9 will follow from the equality between the Osgood-Stowe differentials
£B (p,e®ip) = B (heo, €M hee) + B (hooo, €M e g) + B (ho, €A hy)

bounding, or computing, each term on the right hand-side, in order, in Propositions 3.5.10,
3.5.11, and 3.5.15.

Proposition 3.5.10. For the Osgood-Stowe tensor B (heo, €2“0hoo): || B (hoo, €2*0hoo) ||, =
0.

Proof. We already noted that there exist coordinates (p, 8) in which ug(p, 0) = log (mfs%) .

Then, we can directly compute the Osgood-Stowe tensor B (h, €**°hy). The only non
trivial Christoffel symbols for hg are

Ty = Tg, = tanh(p) = —Tf, ,

SO

1
Hess(ug) = —————dp® — tanh®(p)d6”?, dug ® dug = tanh?(p)dp? |
cosh?(p)

and their traces

1 tanh?(p) /27> 2 9
Ayy = — — — ), \% = tanh :
i = s = e ()L Il = k()

therefore, at the core p =0

1 1[0\
B (hoo,BQUOhoo) = —§dp2 + 5 (2—> d92 .
™

The result now follows from Definition 3.5.5 and the fact that the unit length parametriza-

tion with respect to h., of the core v has derivative 4(t) = 27”%, t € 10,/], and i7(t) =
2m 0

— |
¢ Op

Proposition 3.5.11. The norm of the Osgood-Stowe tensor B (hs 0, €2“ hao o) is bounded
as:

- e _ 2marctan(sinh(L)) . b
|B (oo € hos) |, < 11372, m = 7 C R G )

Proof. We recall that 2m is the width of (A, ha ) and that

o /L 27 dp - 27 arctan(sinh (L)) ,
o {lcoshp 14
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with L = arsinh (ﬁ) Then, e™™ is an increasing function of ¢, and, since ¢ < g9 =
3

2arsinh(1), we can bound e~ by:

_ 27 : : 1
e ™ <exp | —— arctan | sinh | arsinh | ———
€0 sinh (%0)

2
< exp (——W arctan(l))
€0
1
< —.
— 16

The metrics hooo and hy = ezulhoqo are both Euclidean, by the conformal change of
curvature:

KO = €—2u1 (KOO,O + A'Lﬁ),

for Ko, Ko the curvatures of hy o and hg respectively. Thus, u,(r, ) satisfies
Aul =0.

Then, we can apply Fourier analysis, see Subsection 3.5.4, on the round cylinder A =
[ —m,m] x S' to get the following estimates of u; on the core v(8) = (0,286), 6 € [0, /]
which has geodesic image in h o = dr? + df? but is not in unit length parametrisation,
see Remark 3.5.8.

Then, by the estimates in Subsection 3.5.4, we have:

o [(ur)e| S AW Y, ke M =AW ey =

1)2

o [(u)o] < 2W ke = 2W s

(em 1)2

o |(u1)e]| < 4AW ZkeN k2e—hm = 4l

(em 137

for 0 < W < 3.7 as in Lemma 3.5.22. Since, in the coordinates (r,0) € [—=m,m] x S! we
can express the Osgood-Stowe tensor as:

B (hoo,07 e hoo,()) =

_ 3 ()rr — 5(un)pe + 5(w1); — 5(w); (u1)or — (u1)o(ur
(u1)er — (u )e(ul) 3o — 5(wn)r + 5(w1)

and we need to compute it on (i7,%) with ¥(6) = (0, 250) we have that:

B (hoo.o, € hoc,0) (i9,75) = B (hoo,0, € s o) <(_277T O) ’ <0’ QTW»

2

- (7)2 ((u1)or — (u1)p(wr),)
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whose norm is bounded by:

sl 1 (F) (W o () )

4 (s () v (=) )

167T2 —-m 2 _—2m —-m
<= (L3We ™ +2.6W?e ") e ™ <1/16,
167
< Z We ™(1.3+2.6We™) W <317,
e—m
< 113m°——
= T 7
which completes the proof. [

Remark 3.5.12. In Proposition 3.5.11 we get:

—m

U e
HB (hoo,07€2 1hoo,0)H,y < 1137r2T ;

. 2m arctan(sinh(L)) , L = arsinh ; :
7 sinh(¢/2)
¢

Since 5—m is a decreasing function in £ € (0, o] its minima is at o and it is §. Then

where

S 2T w2
m>——=—
— {4 20’
and therefore
e < e /0 (3.9)

Thus, we can write:

1B (hooo, € o) ||, < 113725

Moreover, as we have e™™ < % we also get that:

16
em -1t < —em
( ) <1m
Before being able to prove the last estimate, we show that v is almost a round circle
in C*, that is v is almost geodesic with respect to the hg metric. In the next Lemma we

have that T is as in Lemma 3.5.22 and D° is the Levi-Civita connection with respect to

ho.
Lemma 3.5.13. Given v : [0,¢] — (A, hoo) the unit length geodesic of the core then:

m

o\ 2 e
ma [[DB3(s)], < 6We* (7) E

Moreover, by Remark 3.5.12 we have:

max ||D

2 o-n2/(20)
(s)], <6We* (32”) ‘ .
s€[0,4] ho 14

15 2
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Proof. We consider the coordinates (r, ) such that A 2 [—=m, m] x S, hoo g = dr? + d6?,
and v(s) = (0, Zs) with ¥(s) = (0, Z). The metric hg is equal to €*1hy o and we denote
by D> the Levi-Civita connection for N -

The change of the Levi-Civita connection under conformal changes of metric, see
[Bes87, 1.159 a, is given by the following formula:

DYi(s) = D%(s) + 2du(3(s))3(s) — [()]l5. , DOu

m\* 9
Urar T 5

Taking norms with respect to hyg:

o3t < ()" (1 )

Since [[v][,, = e [|v]],__ o and u; < 2.8 at the core, see Remark 3.5.23, we obtain:

2|t Il

ho

or

‘ 9

. 2’
123560, <€ (57) ol + 1)

Finally, by the Fourier analysis bounds of Subsection 3.5.4 we have:

m m

€
| < 4w S —
|u|— (€m_1)2

(em —1)?

where again 0 < W < 3.7. This yields:

|D%5(s)]],, < 6w (2%)2 s

Taking the maximum of the left-hand side over s completes the first part of the statement
and the second part follows by the computations in Remark 3.5.12. [

We now need to compute HB (ho, ezlog(’")ho) ||,y which is the last term of our bound for
|Blo, 1=

Remark 3.5.14. We remark that by Theorem A.1 in [CGS24] (or Section 4 of [BB24]),
the Osgood-Stowe tensor B (hg,emog(”ho) is equal to the real part of the Schwarzian
derivative of the uniformization map from the infinite flat cylinder, with core 27, to C”.
This is because (A, hy) is locally isometric to the strip equipped with the restriction of the
metric |dz|? in C (so the relative Osgood-Stowe tensor is zero), and exp (z) going from the
strip to C* C C, has real part of the Schwarzian equal to the Osgood-Stowe tensor with
respect to |dz|? on both sides, which is the standard one for C.

Proposition 3.5.15. We have the following bound:

HB (h07€210g(r)h0) Hw < 87T4W2G
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for G(¢) as in Remark 3.5.25 and 0 < W < 3.7 as in Lemma 3.5.22. Moreover, we have:

G(0)? (16\* _ -
05 2 0 = om — =) e ,
HB (h e log(r)h )H’y <8 4W2 <€) (15) w* /e

and G({) goes to 1 as ¢ goes to zero.

Proof. Let ~(t) : [0,€] — (A, hg) be the parameterisation of the loop 7 in the flat cylinder
A. Note that in this setting v(¢) = (z(t),y(t)) is not geodesic for hy. However, by

developing to the universal cover A one sees that 4 has mean (0, 27”) ie.

1 [ 1 [ o
7= [ z(t)dt = 7=~ [ yt)dt==—.
7 g/OxU 07 g/oyu ;

Moreover, by the Mean Value Theorem we have times &; and & such that (&) = T and
y(&) = 7. Since, the metric is the flat Euclidean metric the covariant derivative is:

D34(s) = (i(s), i(s)) ,

and by Lemma 3.5.13 and Remark 3.5.25:

21 2 em
0; < =) ——
max || D(s)]|,, < 6WG(0) ( 7 ) e 12
we obtain:
Vs € [0,6]: [#()]. lio)| < owGe) () —2
s 1 (s)], |ys)] < 7 (en — 1)
Thus,

[2(s) =T = [#(s) — 2(&1)]
< L]E(Q)|
2T e

< (WG(0) (7)2 =

Recall that the cylinder (A, hg) is isometric to the vertical euclidean strip, thus the same
holds for |y(s) — 7’| so we have:

2

15(6) = 7, < V2WG(0) () 7o _ WG e

-1 14 (em —1)2°

; (3.10)

We will now consider the restriction of the uniformization map from the infinite flat
cylinder C of core 27, which contains isometrically (A, hg), to C*. The map is

f(z) = Xexp(z) ,

where 2 is the coordinate on the infinite strip C = {# € C|0 <Imz <27} and A is a

complex number. As £ = 1 we have:

!
S(f)(z) = —=dz* .
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Since B (ho, e? log(”ho) on the core is equivalent the real part of the Schwarzian right above,
see Remark 3.5.14, we need to compute

re | S (), (s ) = ([ €s<f><v<s>,w<s>>ds) .

Substituting S(f) and considering (s) as in C we have:

i ([ 166 30as) = 5 [ it
= — Im/ st

Since the mean of 4 is 7’ = 27”2 we have:

1 l 1 12 1 L l
3 Im/ F(s)?ds = =Im [ (¥)*ds + 5 Im [ (Y(s) —7)%ds + Im/ ¥ (3(s) — 7' )ds
0 0 0

0

>
L [ (3 ) s+ 3 [ Gi) -7
1
3

Im / (i(s) — 7)?ds

Then,

0, €25 ho) (i, 4)ds

DO | —

J

E B (h
ke (3 [ sttt

<1 —
<3 [ 1o -7, a5

2
010 ¢ (4V2WG(Or®  em
! 14 (em —1)2

G(€)2 62m
¢ (em—1)%"

I (ho )], =

< 8w
The second part follows by the computations in Remark 3.5.12 and 3.5.25. [

— 2
We can now prove the main estimate, and recall that G(¢) = (WG(E) (}—2)2> .

Theorem 3.5.9. We have the following bound
—m?/(2¢)
g Y

1B (p,ep) ||, < 8”4#6”2“ + 113725

where /¢ is the length of the core with respect to h.
Proof. We have that:

/ (B (Poo: €2%0hoo) + B (hooos €2 hos0) + B (ho, e210g(7“>h0)) (i, "y)‘
.

1B (p,e*"p) |, =
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which gives:
1B (o e p)l, < ||B (hoos € hoc) |, + [ B (hoc.o: € hoco) [, + [| B (o, 5o ||

which by Proposition 3.5.10, Proposition 3.5.11, Remark 3.5.12, and Proposition 3.5.15
yields:

2u 4 QG(@ 16 —7r2/e e/
HB(p,e p)H < 8*W 7 IR + 1137 7 ,

f completing the proof. |

3.5.3 Estimates on the Schwarzian along grafting

In this section, we repeat the computations done in Section 3.5.2, but this time for the
norm of Definition 3.5.6. As before, we are going to estimate the norm of the Osgood-Stowe
tensor B at each step. More specifically, we want to prove the following theorem.

Theorem 3.5.16. We have the following bound
(ﬁ) e~/ (20)

—7r2/é 18 2
/ + 7T—€ ,

where / is the length of the core v with respect to A

G
HB(p,e ,0)”7 < g + €+8 4

Theorem 3.5.16 will directly follow, analogously to Theorem 3.5.9, from splitting
| B (p, 62”,0)||gr into the same three terms and bounding each one. This is done in Propo-
sitions 3.5.17, 3.5.18, and 3.5.19 respectively.

Proposition 3.5.17. For the Osgood-Stowe tensor B (hy, €2“0h.,):
I (o o) [ = 3¢

[o.op] o0 ~ 4 )
where £ is the length of the core v with respect to hs

Proof. We have already seen in the proof of Lemma 3.5.10 that, in the coordinates (p, )
in which ug(p, 0) = log (mi%)v on the core v the Osgood-Stowe tensor is given by

1 1/ 0\
B (hoo,BQUOhoo) = —§dp2 + 5 (2—> d92 .
T

As 4 = 27“% by a direct computation

1

l
1B (hoo, € hoc ) |77 = ‘5/ B (hoo, €**hoc) (1, 9)ds| =
0

Which concludes the proof. [ |

Proposition 3.5.18. The norm of the Osgood-Stowe tensor B (he 0, €2 hao ) is bounded
as:

u r e 27 arctan(sinh(L)) , 1
HB (hoo70,62 1hoo70)Hi < 187T27, m = 7 , L = arsinh m )
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Proof. As seen in proof of Lemma 3.5.11, from Subsection 3.5.4 we have the following
estimates for the derivatives of u; at the core:

o |(ur)| AW 3, ke et = 4W m

(em—1)2

o |(ur)g| <2W 37, ke et = 2W m

(e 1

o |[(ur)e] <2W S, oy k2e P = 2 ";E:jmj;),

o [(w)or| < AW Y, oy KPeFm = ATy e+,

(em_1)3 9
e 2m
o [(w)og] < AW? Y, ke 2 = a2l

for 0 < W < 3.7 as in Lemma 3.5.22, and the Osgood-Stowe tensor in the coordinates
(r,0) € [-m,m] x S' is
B (hoo,(],eQuhoo,O) =

_ 5 (1) — 5(u1)oo + 5 (u1)f — 5(u)? (w1)or — (ur)o(ur)r }
(u1)or — (ua)o(ur)r 5 (oo — 5(ur)pr + 5(w1)7 — 5(w)j
We now need to compute B (o0, €2 ho ) on (7,7) with y(s) = (0, &Fs)

B () 6.5) = B (s ) ((0.25) (0.2

_ (2%) (3o 3o+ 502 = 003)

and, remembering that e=™ < 1/16, see Remark 3.5.12, we can bound the norm as follows:

1B (hoo ™) |7 <

0 (2m\° e?m(e*™ + 1) em(e™ + 1) em 2
P g0 lem T 1) ele”r1) of €
=1 ( 7 ) (W @1y P oy PO (<em - 1>2)

1+e2m 1+em 1
i (4W2e—2mL fowem T 20W2e_2m—)

l (1 —e—2m)3 (1 —em)3 (1 —e—2m)d
< 7; <4W2e_2m% +2We —mig (%)3 + 20W 2 m (161—6;)4) ,
g%iWe (%102+258+%) 0<W <37,
< 187r2%,
concluding the proof. ]

_ 2
For G(¢) as in Remark 3.5.25, G({) = (WG(E) (%)2> and 0 < W < 3.7 as in Lemma
3.5.22, we now bound the norm [|-[|7" of the Osgood-Stowe tensor B (he, e**5"hy).

Proposition 3.5.19. The following bound holds:

@<£) -2 /e )

oo (r r 7T2
||B (ho,e21 g( )ho)Hz < 7 + 87 / e
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Proof. The proof of Lemma 3.5.15 essentially goes through and we just have to use the

T . 1 .
norm [|-|7". Denoting by ¢ = —S(f) = 5d2* we have:

1 1

3., RGO 50 = e | tsras

Then,

N | —

~

14
HB (hO, e2log(r)h0)”9r _ ‘ / B (hO, 62log(r)h0) (4, 4)ds
0

ke (3 [ s )]

7'('2 1 ¢ . 2
< T g e =,

(310) 72 €<4\/§WG(€)7T2 em )2
1)?

< Lz
- (0 4 14 (em —
7T2 G(€)2 62m
= — + 81 W? .
2 A Pra— T
By applying the estimate in Remark 3.5.12
2 16
-m < —72/(2£) m_171<_7m
em<e , (e ) TR
and looking at the definition of G(¢) right above the statement, we obtain the required
result. [ ]
We can now prove the main estimate of this section.
Theorem 3.5.16. We have the following bound
2 ral —72/(20)
2u \||197 T 1 4 G(0) —m2 /0 2€
HB(p,e ,0)”7 §7+Z€+8ﬂ' — ¢ + 187 7 ,

where / is the length of the core v with respect to hu.
Proof. We have that:

/ (B (hoor €25 hsg) + B (hooo, €2 hoso) + B (hg, ¢2 bg(?“)h(])) (3, ﬁ)’
.

1B (p.e®p) |2 =

which gives:

1B (o e ) |1 < ||B (hoos € hoc) [+ [|B (hoc.0: € hoco) [T + || B (o, €4 ho) |

ar
Y

5
which by Propositions 3.5.17, 3.5.18, and 3.5.19, and Remark 3.5.12 yields:
2 ral —m2/(20)
2u ) ||97 m 1 LG(0) —2/¢ 2¢
HB(p,e ,0)|7 < 7+Z€+87r — € + 187 —
completing the proof. [ ]
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3.5.4 Fourier Analysis

In this section we bound, on a neighborhood of the core v of the thin tube T(¢), u; and
its derivatives. Recall, that u; is the conformal factor between the flat metrics ho o and
ho = €*h, and that ¢ < gy denotes the length of the core 7.

The relationship between T(¢) and A is explained at the beginning of Section 3.5.1, but
the relevant fact here is that T(¢) and (A, h) are isometric. We will use both viewpoints
as needed, and specifically, when dealing with hyperbolic geometry, we will use T(¢). For
our purposes, we need a new metric on A called the Thurston metric (see Section 1.3).
Similarly to the definition of the convex core (see Section 1.4), identifying CP' with the
conformal boundary of H?, we denote by CH(CP' \ Q) the smallest closed convex subset
of H? whose closure in CP' is CP' \ ©, and by C H(CP' \ Q) its boundary. Analogously
to the convex core of a hyperbolic 3-manifold, as a pleated surface JCH(CP' \ Q) carries
a well defined induced hyperbolic metric (see [BBB19, Section 2.2]).

We start by bounding u; on A in €, and, for technical reasons, on a shorter curve of
length ¢( inside the tube. The second estimate is used to have a sharper bound on u; at
the center of the tube, i.e. on . In what follows we will use the Thurston metric hrj, and
we have:

L] hTh = €2u2h0 on ./4,
L hoo = €2u3hTh on 2.

Let ay be the closed curve in the thin tube T(¢) given by one connected component of
the set of the points at distance d from OT(¢), let &g € OCH(CP' \ Q) be its pull-back
via the normal projection from the boundary OCH(CP'\ Q) to €, and Locr(cph\o) (@a) be
the length of oy with respect to the induced hyperbolic metric on CH(CP' \ Q).

Lemma 3.5.20. For a4 and uy as above, the restriction of us to gy satisfies

14
0 S u2’ad S %W S b<£oo(ad)) )

with

2 1
= 2me e Ve = (cosh(L — L =arcsinh | ———— | .
b(z) = 2me e loo(ag) = Lcosh(L — d) arcsin <sinh(£/2))

Proof. By definition, the Thurston metric at some point z is given by %d;ﬂ where
Th

rrp, is the ray of the horosphere in H® at z tangent to 0CH(CP' \ ). Up to Mébius

transformation, we assume that CP' \ 2 contains 0 and oo and that the geodesic £ C H?

connecting them is contained in C H(CP' \ Q) and goes through a compression disk' for

ag. Then, rpp, is less then the radius rg of the horosphere at z tangent at £, therefore

uy = log 10 s positive.

TTh
We now prove the other inequality. Let us consider the pull-back of ay through the

normal projection &;. We notice that any point p € &g € dC H(CP'\ Q) stays at distance
from £ less then £yc gy cpiyg) (@) /2. For any point 2 € ag € C we call p, C OCH(CP'\ Q)

I This is any disk with boundary isotopic to ég.
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the point on the horosphere H, centered at z and tangent to OCH(CP' \ ). Then we
have

Lochcpi\o)(Qa)/2 > dis (P, £) > dys(H, L) = log(ro) — log(rrn) = ua

Since L is half the length of the thin tube T(¢) and «4 stays at distance L — d from the
core of the tube, the length of oy with respect to hy is

loo(ag) = Lcosh(L) = {cosh(L — d) .

The bounds of £ycpcpia)(@a) by a function of fo(ay) follows from [Can01, Theorem
5.1)? n

Remark 3.5.21. In the notation of the previous lemma if o coincide with a component
of OT(¢), its length with respect to heo is

0o (atg) = £ cosh (arcsinh <m)> |

For ¢ € (0,¢¢] the length ¢ () is increasing, it is maximized at ¢y by

1
€p cosh (arcsinh (m)) < 2.5,

and it is greater then its limit at 0, which is 2, therefore
2 </ly(ap) <25.

In what follows we let o = ag,, be the simple closed curve on T(¢) given by one
connected component of the set of points staying at distance d., from 9T(¢), with d., > 0
such that ((a) = {cosh(L — d.,) = .

Lemma 3.5.22. There exists a constant W = W ({) > 0 such that if hy = €**'he,
then ‘ul‘a A| < W < 3.7. Moreover, with the notation above there exists a constant
Wy = Wy (€) > 0 such that |u1|a} < W, <2.3.

Proof. Recall that by ay we mean the simple closed curve given by one connected com-
ponent of the set of points at distance d from JT(¢). Note that, in particular, aq is one
connected component of A, and g, = a. We also recall that L =: arcsinh (1/sinh(¢/2))
is half of the length of the thin tube T(¢). From the proof one can get explicit formulas

W (¢), however for simplicity we just give upper bounds at every step.
We have u; = —(u2 + uz + uo) with g, , = log (&j(—zd)>7 and 0 < ug|, < b(leo(aa)),
as in Lemma 3.5.20, and

loo(ag) = lcosh (L —d) .

In particular
: 1
500(8.14) = { cosh (arcsmh (m)) s

loo(a) = g9 = 2arcsinh(1) .

and also

2Note that in [Can01, Theorem 5.1] the author requires the length to be less than one, however that
is only needed to get a linear bound, see page 11 of [Can01, Theorem 5.1] the second line of equations.
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We now consider us. By the Schwarz Lemma we have h, < hpp, and so ug < 0 everywhere.
For a point p € a4, we denote by inj(p) the injectivity radius at p with respect to heo.
Then, for any ¢ < inj(p), by [BBB19, Theorem 2.8] and [BBB19, Corollary 2.12], we have:

hon < hoo(1 4 3coth?(e/2)) coth?(R5/2) | (3.11)

where R is such that the injectivity radius inside a ball of radius R; centered at any
p € ag is at least e. The injectivity radius, see [Busl0, Thm 4.1.6], at a point p at distance
d from OT(¢) satisfies

sinh(inj(p)) = sinh(¢/2) cosh(L — d) ,

the condition on Rj, being sinh(x) increasing for « > 0, becomes then
sinh(e) < sinh(¢/2) cosh(L —d — R}) . (3.12)

Since coth?(x/2) is always greater then one, with vertical asymptote at 0 and decreasing
for z > 0, we need to find suitable ¢, d, and Rj, as in equation (3.11) and (3.12), and
bound it from below. In order to prove the estimate for |u;| on A and «, we are interested
in the two cases d = 0 and d = d,, respectively.

Case d = 0. The injectivity radius at any point of the boundary 9T (¢) is at least
£0/2 = arcsinh(1), so we take ¢ = ¢¢/4 and define our radius to be

. . 1 sinh(eo/4)
Fo = eel(%,fso] (arcsmh (sinh(ﬁ / 2)> arcosh ( sinh(¢/2) ’

as the function we are taking the inf of is decreasing in ¢ the expression is given by its limit
in zero which is greater than m/4. Then, coth?(Ry/2) is bounded above by 7.2. Therefore,
since

‘u3|3A{ < %log ((1 + 3coth2(50/8)) cothQ(Ro/Q)) ,

we get
—3.08 S U3|3A S 0.

As u; = —(ug + ug + up) by merging the estimates:

—b(l () — log ( 6002(7;0)) < uyp4 < 3.08 — log ( 6002(7;0)) .

Recalling the definition of the function b(x) from Lemma 3.5.20, and since o (ag) € [2,2.5],
see Remark 3.5.21, the worse bounds for the previous equation are obtained by evaluating
the terms at 2.5, hence

—3.7 S u1|aA S 2.16 .
Case d = d.. Since cosh(L — d.,) = £¢// the injectivity radius of the points p in « is
inj(p) = arcsinh(sinh(¢/2)eq/¢) ,

then, by choosing € = inj(p)/2, we take

. sinh(3 arcsinh(sinh(¢/2)eo/())
Rq., = Eel(rol,fso] (arcosh(so/é) — arcosh ( Snh((/2) )) ,
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which is greater than 0.77. Then, coth2(RdE0 /2) is bounded above by 7.5. Thus,

‘U3‘a| < %log ((1 + 3coth2(inj(p)/2)) cothQ(RdEO /2)) ,

and
inj(p) = arcsinh(sinh(¢/2)eq/¢) > arcsinh(gy/2) ,

using these estimate and the fact that uz < 0 we obtain:
—2.56 < ug, <0.

To bound u,]|, we do as the previous case and we obtain:

2 2
—b(gg) — log (—W) <y, <2.56 — log (—W)

€0 €0

from which
—23 <y, <1.29.

Defining W and Wy as the evaluation of the function —b(x) — log(27/x) at respectively
loo(ap) and € we get the thesis. [ |

Now we want to solve the following ODE on A 2 [—m, m] x S':
Au=0 lulga| < W < 3.7,

where m is half of the length of the thin tube as in Proposition 3.5.11 and W is as in
Lemma 3.5.22.
Using Fourier analysis, and assuming that the solution is of the form

u(r,0) = Z ug(r)e 0

keN
and symmetric in r, we get that the coefficient need to satisfy:
iig (1) = K*ug(r), lug(£m)| < W .
Which yields solutions of the form:
k=0:ug(r)=Cy+ Cir,

and:
k # 0 : ug(r) = vi(k) cosh(kr) + vo(k) sinh(kr) .

Then, we get the following linear system of equation:

{ v1(k) cosh(km) + vy (k) sinh(km) = ug(m)
v1 (k) cosh(km) — ve(k) sinh(km) = ug(—m)

which can be rewritten as:

vy (k) = ) (cosh (km)) !
o (k) = elml = Em) (ginh (ko)) !

2
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: : : —2km -m 1
which yields for £ # 0, since e <emM< <

[

lu1 (k)| < 2We™ ™ < 7.4e7Fm [vg (k)| < 4We™ ™ < 14.8¢7F™m,

while |v1(0)| = |Cy| < Wy. Similarly one can obtain bounds on the n-derivatives of u(r, 8)
of the form Ck"e %™ as:

dTL
n even: :1%757“) = |v1(k)E" cosh(kr) + va (k)K" sinh(kr)|,
r
d"uy(r) n n
n odd: ] = |v1 (k)K" sinh(kr) + v (k)K" cosh(kr)|,
/rn

and the same computation give bounds of the order of k"e~*" which still has exponential
decay. Thus, we get that the decay of the coefficients of u(r, ) and its n-th derivatives is
of the order ke *™. We have

ug(r) = v1(k) cosh(kr) + va (k) sinh(kr) |
with

vy (k)| < 2We™Fm lvg (k)| < 4We™Fm

Estimates

We can now compute and bound the first and second derivatives of u, which, when u =
allow to bound the Osgood-Stowe tensor B (I, €*“ ha ) for the two flat metrics of the
previous sections. As we already seen, it is also necessary to have a good bound on u; at
the core curve. We will obtain it at the end of this subsection.

Thus, we have:

e u.(r,0) =3,k (vi(k)sinh(kr) + va(k) cosh(kr)) e=*?,
o ug(r,0) =3, o thug(r)e ™,

o ug(r,0) = >,y ik? (v1(k) sinh(kr) + va (k) cosh(kr)) e=*?,

o U (r,0) = 3, o K (v1(K) cosh(kr) + vy (k) sinh(kr)) e+,

o ugp(r,0) = Yoy Frui(r)e™™.

Using the bounds on v; (k) and v, (k), and since » > 0, we obtain the following estimates:

o |u (r,0)] <> cnk (2We ™ sinh(kr) + 4We ™ cosh(kr)),

lug(r,0)] < 3 pen k (2We ™ cosh(kr) + 4We " sinh(kr)),

lugr (1, 0)] < 3 e K (2We ™™ sinh(kr) + 4We*™ cosh(kr)),

[uge(r, 0)] < D e K2 (2We_’“m cosh(kr) + 4We=km sinh(kr)) ,
o Jugg(r,0)] <> en K (2We‘km cosh(kr) + 4We=km sinh(kr))2.

If we just care about the geodesic at 7 = 0 (which is the image of 7 in the flat coordinates)
we have the following estimates,
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8

|4, (0,0)] < AW 32, ke = AW 555 < 148,

[ug(0,0)] < 2W 30, ke = 2W iy < TA G,

g, (0, 0)] < AW 3, o k2em = AW L) <1485,

—km e’!n m+1 e 7n+1
[ty (0, 0)] < 2W 3y k2ehm = oW ) < 74D

_ e2m e2m 1 e2m 62"” 1
® [ua(0,0)] < AW Zk Nk kPem2im = 4w (—2(m 1J)r L < (7-4)2 (62—(m_1J)r—3).
In the more general case:
e(mf'r)

o up(r, )] < AW 32, o ke ") = AW 255,

e(m—r)

o Jug(r, 0)] < AW 35, ke M) = AW s,

e(m 7‘) e(m—r)
° |UQT(7“ 9)’ < 4WZI€€N k2e —k(m—r) — 4WW1)+1)’

o [ (1, 0)] < AW Yy kPe ) = q <t

2(m 'r)(62(m r)+1)

o |ugo(r,0)| < 16W?2Y", ke 2Hm=r) = 16W2 g

Note that, in the notation of the previous sections, for any fixed r, when m is the
width of the Euclidean cylinder (A, hw ), the last two blocks of estimates are O(e™™) <
O(e™™/20),

Remark 3.5.23. At the core v:

o
_ Z Ul( —zk@

u(y)| = <Z|U1 )| < J1 (0 |+Z|U1 |<Wo+z hm
k=0 k=1
2W 2W
<Wot+ —— < Wy + _ <23405=28,
em — 1 exp <27r arctar}(smh(L))) 1

where the last inequality is obtained by substituting L = arsinh(1/sinh(ey/2)), W < 3.7
and Wy < 2.3. Also, we see that for £ — 0 the bound goes to W as

2W e~/ (20)
1— e /@0

< Wy + 2.2We ™70

u(v)] < Wo +

We now want to improve the estimate for u on the core (and on a neighborhood) also
by using the bound of Lemma 3.5.13:

maXHD

s€S}

o1 <6W28(27T> " we<sr,

14
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Lemma 3.5.24. On the core v the function u satisfies:

m m

m 2
G NI —C oW WS [ — )
e’ < +V2We W(em—1)2+ W(em—1)2 +4V2W e (en — 1)

In particular, e = 1+ O(e™™/(29).

Proof. The core is parameterized as v(s) = (0, 27”3) with s € [0, /] with respect to the
coordinates (r,60) of heo and hg = €**hoo. Then, by using that u(s) = u (O, 27”5) we

have: )
als) 11 - 2w uls
e / Il ds = / O il ds = 7 [ s

We now estlmate Uho () by using the mean 7 = (0, 2%) of 4 as seen with respect to hy,

see Lemma 3.5
/ il < [ =Tl ds+ [ 17,

4\/_W€28 2 em
< d 2
_/0 7 (em—1)2 S+ 2m
28 2 e
<27T+4\/_W€ m

Here the second inequality follows from equation (3.10) in Lemma 3.5.15. Thus,

9 ¢
21 < ] e“Gds < 21 + VAVO) ey — ,
t Jo (em —1)?

which gives:

Y/
(< / O ds < 0+ VIWeSpl—S
0 (em — 1)

Therefore, there must be £ € [0, ¢] such that

u(é) 28 €
e §1—|—\/§W€ W(em—l)z'

For all s € [0, ¢] we have:

et(s) _ gul®) — / eu(s)ﬂ(s)ds
'3

< / ") max |(s)| ds
3

s€[0,4]

em S
< QW—/ e®)ds
(em—1)2 J;
" * e
< 2 - uls d
< W(em —y /o e s
em m
< 2W— (5 +V2We* 8#6—)
(em —1)2 (em —1)2

and by using e“®) < 1 + ﬂW@Q'SWﬁ and re-arranging the terms we obtain the
required statement. The last equality follows directly by Equation 3.9 in Remark 3.5.12.
|
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Remark 3.5.25. The bound of Lemma 3.5.24 beats the one of Remark 3.5.23 when /¢ is
small enough. Then, we can write:

or\?  em
D93 < O\ < 3.
|85l < w60 (F) g w<an
with:
om em e™ ?
i 28 1 STV 28 oW ————— 0+ 4/ 2W e Tm 12 :
G(0) mm{e 1+V2We W(em_1)2+ W(em—1)2€+ V2We 7r€<<€m_1)2) }

By Equation 3.9 in Remark 3.5.12 G(¢) is dominated by:

1+ V2We2Sn (16/15)% e ™ /@0 4 2W e (16/15)% e ™ /20 + 40/2W e>S70 (16/15)" e/
(3.13)
=140 <e’”2/(2z)> :

Remark 3.5.26. The equation (3.13) gives a universal upper bound on the terms in O(+)
of Theorem 3.5.4.

Remark 3.5.27. Lemma 3.5.24 together with the last block of estimates for the partial
derivatives of u above, imply that the same bound for e* still holds in a neighborhood of
the core v in A.
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Chapter 4

Adapted Renormalized Volume for
Hyperbolic 3-Manifolds with
Compressible Boundary

As already discussed in the introduction, and evidenced by the previous chapter, depending
on whether OM is incompressible or not, the renormalized volume behaves very differently.
When M has incompressible boundary, the Kraus-Nehari bound [Neh49] implies that the
Teichmiiller norm of (minus) the Weil-Petersson gradient of the renormalized volume is
uniformly bounded (see Section 1.2.3). Since T(9M) equipped with the Teichmiiller norm
is complete, the gradient flow exists at any time. In the (relatively) acylindrical case,
this has been widely studied in [BBB19], [BBB23] and [BBVP23], where it is proven, in
particular, that the renormalized volume is always non-negative, and that the flowlines
always converge to the point whose associated convex cocompact structure on M has
totally geodesic convex core boundary.

In this chapter, we define a new version of the renormalized volume which adapts to the
compressible boundary case, satisfying similar properties to the ones of the classical one
in the incompressible setting. In particular, the adapted renormalized volume is bounded
from below and its gradient has uniformly bounded Weil-Petersson norm. Moreover, it
extends continuously to the compressible strata in the boundary of the Weil-Petersson
completion of Teichmiiller space. We give a geometric interpretation of the limit quan-
tity by defining a renormalized volume, and its adapted version, for convex co-compact
hyperbolic 3-manifolds with a finite set of marked points in the boundary.

4.1 Results and outline of the chapter

Inspired by the asymptotic behaviour of the renormalized volume under the pinching of a
compressible curve (see [SW22], or also Theorem 3.4.5), we define the adapted renormal-
ized volume by subtracting to the standard one the divergent terms as follows.

Definition 4.4.1. Given M a convex co-compact hyperbolic 3-manifold, the adapted
renormalized volume is defined as the function

Vi: T(OM) — R
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such that

) =VelX) b7 Y

~ compressible
4y (X)<eo
where g5 = 2arsinh(1) is the Margulis constant, v runs in the set of compressible sim-
ple closed curves in OM, and £,(X) denotes its length with respect to the hyperbolic
representative in X.

Exploiting Theorem 3.4.5 in Chapter 3, we are able to bound the adapted renormalized
volume.

Theorem 4.4.4. For every convex co-compact hyperbolic 3-manifold M, the adapted
renormalized volume Vg(+) is bounded from below by a constant depending just on the
topology of the boundary OM.

Recall that the differential of the renormalized volume at a point X € T (0M) coincides
with the real part of the Schwarzian derivative of f;, with fj; the developing map of the
natural projective structure on the boundary at infinity 0., M, with M = M (X ) the convex
co-compact manifold associated to X (see Section 1.4.1, Section 1.3.1 , and Theorem 1.4.5).
As already discussed in Chapter 3, the infinity norm of the Schwarzian derivative of a non-
univalent map, with image a hyperbolic domain in CP', diverges whenever the hyperbolic
length of a non-contractible simple closed curve in its image goes to zero, [KM81]. When
f is the developing map associated to a convex co-compact manifold M, this corresponds
to the situation where the hyperbolic length ¢ of a compressible simple closed curve in
OsoM is going to zero. Thanks to Theorem 3.5.4, a straightforward computation shows
that both the L'-norm and the L?*-norm (i.e., the Teichmiiller and Weil-Petersson norm;
see Section 1.2.3) of the differential of the renormalized volume diverge as ¢ — 0. This
divergence does not occur for the differential of the adapted renormalized volume.

Theorem 4.1.1. (Theorems 4.4.5 and 4.4.6) Let M be a convex co-compact hyperbolic
manifold. At the points where it exists, the differential of the adapted renormalized volume
is bounded in L' and L* norm by a constant that depends only on the topology of the
boundary OM.

Corollary 4.4.7. Let M be a convex co-compact hyperbolic manifold. At the points
where it exists, the Weil-Petersson gradient of the adapted renormalized volume has Weil-
Petersson norm bounded by a constant that depends only on the topology of the boundary
OM.

As addressed in the introduction, the renormalized volume can actually be defined and
studied in the more general setting of geometrically finite hyperbolic 3-manifolds, as done
in [GMR15], [Pall6], and [Pall7]. These works establish several continuity results for the
renormalized volume, among which is the continuity under pinching an incompressible
curve to obtain a geometrically finite limit.

The pinching of a compressible simple closed curve in the boundary limits, instead,
in the pointed Gromov-Hausdorff topology, to a convex co-compact manifold marked at
one or two points corresponding to the curve that has been pinched, as described in
[SW22, Appendix A.10]. We saw in Section 1.2.3 that a point in the boundary of the
Weil-Petersson completion of a closed surface S is the data of a multicurve m and a
complete hyperbolic metric on S\ m. Given M a convex co-compact manifold, we will

——wp
call compressible a stratum in T(9M)  corresponding to a compressible multicurve.
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A natural question to ask is whether the adapted renormalized volume, being bounded,
converges, under the pinching of a compressible curve, to the sum of the renormalized vol-
umes of the convex co-compact manifolds arising as the pointed Gromov-Hausdorf limits.
The answer is negative. The key reason behind this lies in the fact that the geometric
limit of convex cores does not coincide with the convex core of the limit manifold(s), but it
is instead the convex hull of the marked point(s) at infinity union the convex core [SW22,
Lemma A.8]. In fact, the Gromov-Hausdorff limits retains memory of the (multi)curve
that has been pinched, encoded through the marked point. Consequently, the limit of the
renormalized volume depends on the marked points, other than limit manifold.

In this chapter then, after analyzing the behavior of the Epstein surface in a neighbor-
hood of cusp singularities, we define the renormalized volume of pointed convex co-compact
manifolds (see Section 4.3.2 and in particular Definition 4.3.12). We then prove that, un-
der a sequence of pinching a compressible (multi)curve, the adapted renormalized volume
converges to the sum of the adapted renormalized volumes of the pointed limit convex
co-compact manifolds. In this sense, the adapted renormalized volume extends continu-
ously to the strata of the boundary of the Teichmiiller space corresponding to compressible
multicurves.

Theorem 4.4.20. Let M; = (M,g;) be a path of convex co-compact hyperbolic 3-
manifolds obtained by pinching an admissible compressible multicurve m in the con-
formal boundary at infinity. Let D(m) be a union of disks compressing m, and let
(M;, g, F;), for i = 1,... k, be the pointed convex co-compact limits of (M;,y;(t)) in
the Gromov-Hausdorff topology, with y;(¢) in the thick part of the i-th connected compo-
nent of C'(M,;) \ D(m). Then, outside a codimension-one set

k
tli)rglo Vr(M;) = Zl Vr(M;, g:, P;) .

The admissibility assumption on the multicurve ensures the Gromov-Hausdorff limits
to be convex co-compact (see Theorem 4.4.15, Remark 4.4.16 and Definition 4.4.17).

4.1.1 Outline of the chapter

In Section 4.2, we provide the main objects and knowledge needed in this chapter, that
have not been presented in Chapter 1. In Section 4.3, we define the renormalized volume
associated to a convex co-compact manifold with marked points at infinity (Definition
4.3.12 and Remark 4.3.16). The main idea is to associate a renormalized volume to
the unique hyperbolic representative conformal to the boundary at infinity with a cusp
singularity at each marked point. To this aim, we first study the divergence of the W-
volume of a truncated hyperbolic cusp (Proposition 4.3.11), by explicitly constructing the
associated Epstein surface (in Section 4.3.1).

In Section 4.4, we start by defining the adapted renormalized volume and prove that
this is uniformly bounded from below (Theorem 4.4.4), that its differential has bounded
infinity norm (Theorem 4.4.6), that its gradient has bounded Weil-Petersson norm (Corol-
lary 4.4.7), and that its variation is arbitrarily small on Bers regions of compressible pants
decompositions (Theorem 4.4.9). We then prove its continuity under pinching a compress-
ible multicurve (Theorem 4.4.19). This is done by exploiting Section 4.4.1, in which we
study the divergence of the W-volume of long hyperbolic tubes (Theorem 4.4.14).
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4.2 Preliminaries

This section provides the background specific to this chapter, that was not covered in
Chapter 1.

4.2.1 Conformally equivalent surfaces with marked points

For any pair (X, D) with S a closed Riemann surface and D C S a finite set of points,
by Uniformization Theorem, there exists a unique hyperbolic metric which is conformal
to X \ D and has cusps at each point in P, [Ahl10, Chapter 10, parabolic case|, [Hei62].
Moreover, the behaviour of this conformal metric in a neighborhood of p € D can be
described explicitly, and we are particularly interested in the local expression of the metric
tensor. To this end, we report the version from [FSX19], whose proof techniques are well
suited to our context.

Theorem 4.2.1 (Theorem 1.2, [FSX19]). Let D* be the punctured disk in C of Euclidean
radius one centered at the origin, and let dp? be a hyperbolic conformal metric on D*
with a cusp singularity at 0. Then, there exists a complex coordinate w on D(e) = {z €
C | |z| < e} for some € > 0 and with w(0) = 0, such that

2 _ 1 2
[wl*log*(|w])

Moreover, the coordinate w is unique up to rotation.

Note that Theorem 4.2.1 does not assume the hyperbolic metric dp? on D* to be
complete, in which case it would not be necessary to restrict to a smaller disk or to change
coordinate (see beginning of Section 4.3.1). We remark that, up to composing with a
Mobius transformation, it is always possible to assume the cusp singularity to be at the
origin. On the other hand, the change of coordinate from the standard one z to w is
conformal but not necessarily projective, that is, it may not be realized by a Mobius
transformation. Since we will work with Epstein surfaces, which depend crucially on the
complex projective structure (see Section 1.5), it is important to understand how far the
aforementioned change of coordinate is from being projective. Examining the proof of
Theorem 1.2 in [FSX19], we find that the answer is ‘not much’, provided we restrict to
a sufficiently small neighborhood of the cusp singularity. There is an equivalent analytic
definition for a Riemann surface to have a cusp: the Schwarzian of the uniformization map
is of the form

where d is a number and 1(z) a holomorphic function, both depending on the choice of
coordinate (see Lemma 2.1 in [LLLX20]). Thanks to this, as done in [F'SX19], by integrating
the Schwarzian, up to Mobius transformation, one obtains that the developing map has
the form

9(2) = log(2) +¢n(2) ,

with ¢;(2) a holomorphic function such that ¢;(0) = 0. Then, in the coordinate w such
that log(w) = log(z) + 11(2), one gets

g(w) = log(w) .
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Note that we can multiply g by —¢, which, being a Mobius transformation, does not change
the Schwarzian derivative (see Section 1.3.1), to get the developing map

gr(w) = —ilog(w) ,

through which the pull back of the hyperbolic metric of H? gives the one in Theorem 4.2.1.
The only non projective change of coordinate needed is then

w = ze"?) (4.1)

Y

which, since 1;(2) is holomorphic and such that ;(0) = 0, behaves at the first order at 0
again like z.

4.2.2 Geometric convergence

There are several equivalent definitions of geometric convergence for Kleinian groups,
i.e., discrete subgroups of PSL(2,C), and for their corresponding hyperbolic quotient 3-
manifolds (see for example [McM96, Section 2.2], [Marl6b, Chapter 4], [MT98, Chapter
7]). Here, we present the one we will use.

Definition 4.2.2. A sequence of pointed hyperbolic 3-manifold (M, z,) geometrically
converges to a pointed hyperbolic 3-manifold (M, x) if and only if, for every compact subset
K C M containing x, and for all sufficiently large n, there exists a smooth embedding
fa: K — M, such that f,(z) = x, and f, converges in the C'* topology to an isometric
embedding. The induced topology is also called the pointed Gromov-Hausdorff topology.

4.2.3 Generalizing Epstein surfaces and W-volumes

Epstein surfaces were already introduced in Section 1.5, however, this chapter requires a
more in-depth exploration of the topic.

Let us start by fixing some notations. Let z = x 4 iy be the complex coordinate of C,
then we use the following:

dz* = dz ® dz = do* — dy* + i(dr ® dy + dy @ dx)

dz* = dz ® dz = dz* — dy* — i(dr ® dy + dy ® dx)

|dz|* = da* + dy* .
Given 2 C C an open domain, a conformal metric on €2 can be expressed as

g =e*|dz|?
with
p: =R

a C* function, which, if the metric is required to be Riemannian, it must be smooth. In
the next chapter, we will sometimes consider conformal factors ¢ with cusp singularities

at a finite set of points P C (). In this setting, and in light of Section 4.2.1, it is possible
to define cusp singularities for Riemann surfaces as follows.

Definition 4.2.3. Let gp = €2? |dz|” be a conformal metric on a domain Q C C, where ¢
is smooth (or just C*) out of a finite set of points P C . Then gp has a cusp singularity
at p € P if, for a local coordinate such that z(p) = 0, the function ¢ + log (|z|log|z|)
extends continuously to p.
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Epstein surfaces coordiantes

Recall that to any smooth conformal metric g = €2? |dz|* on a domain Q C CP' = 9, H? it
is possible to associate a convex embedded surface Y(g) in H? as the image of the Epstein
map Epsg ,: © — H? (see Section 1.5). Sometimes, to ensure the regularity of ¥(g), it
is necessary to rescale g by a large enough constant (see Proposition 1.5.6 and Theorem
1.5.7). The Epstein surface 3(g) is given by the boundary of the convex envelope of the
union of horospheres centered at points z € Q and of euclidean radii equal to e #®).
Thanks to this construction, it is possible to find the explicit coordinates of ¥(g) in terms
of ¢ and its first derivatives:

B(0)(e) = (3 4+ ot )

: 49
1+e*2¢|Vgo\2 1+e*2@\V90]2 (4.2)

where V(-) is the gradient with respect to the Euclidean metric on C. Note that, a
rescaling of ¢ by a constant factor e?” produces an Epstein surface that is r-equidistant
from the one associated to the original metric.

Fundamental forms

As already seen in Section 1.5.3, there is a beautiful correspondence between the funda-
mental forms on the Epstein surface induced by H? and those of the domain at infinity
Q) C CP' (see Definition 1.5.2). We use here the same notations as in Section 1.5.3. The
key properties that will be used in this chapter are summarized below.

Lemma 4.2.4. ([ZT87, KS08]) Let I be a Riemannian metric on  C CP', and let
¢: 2 — R be a smooth function such that I = €2 |dz|”. Then, the second fundamental
form at infinity II can be written in terms of ¢ as

II = 2qd=* + 2qdz* + 4¢.z|dz|*

with
q=Pzz — (902)2 .

Moreover, the curvature K of I satisfies

K = —4p.ze %% .

Remark 4.2.5. In the coordinates (z,y) such that z = x + iy, the equation in Lemma
4.2.4 becomes

IT = (4.2 + 4Re(q))da® + (42 — 4Re(q))dy? — 41m(q)dzdy

where dxdy denotes twice the symmetric tensor product between dx and dy.

Lemma 4.2.6. ([XS08]) The mean curvature H = tr(B)/2 of an Epstein surface, with B
the shape operator, can be expressed in terms of the data at infinity as

A

B 1 — det(B)
14 tr(B) +det(B)

102



Epstein surfaces of domains with boundary

In [BP23], Brock and Pallete extended the definition of Epstein surfaces associated to a k-
dimensional open domain in the boundary at infinity 0. H" of H" (as introduced in Section
1.5) to domains with boundary. Here, we are interested in the dimensions k =n = 2. We
report the main facts we will need, restricting to the case of round boundary components,
which is also the same setting where it is possible do define an associated W-volume, again
introduced in [BP23], and which we discuss in the next subsection.

We now briefly outline the construction in [BP23] (see, in particular, Definition 2.1)
and fix some notations. Let  C CP' be a domain with boundary 99 given by a union
of k round circles, and let e?#|dz|* be a C** conformal metric on Q. It is then possible
to associate to the interior of € its Epstein surface (€, ) in H3, as in Section 1.5, and
whose coordinates are furnished by Equation (4.2). Moreover, it can be defined a surface
(092, ¢) parameterized by the normal bundle of 02 and such that at each point p € 92 is
assigned the unique horocycle in the horosphere centered at p determined by ¢(p), which
is also tangent to the Epstein surface (€2, ¢).

We can then construct a compact region N (€2, ) in H? as follows: consider the union
H of hyperplanes with boundary at infinity in 02, and connect then (2, ) to H via
Y(09, ), which intersects (€, ¢) tangentially while H orthogonally. This, by gluing,
forms a sphere with piece-wise smooth boundary, which can be filled to obtain the compact
region N(2,¢). Each of the k connected components of the region connecting the Epstein
surface 3(€2, ) to the hyperplanes in H is called a caterpillar region, and we will denote
their union by C' = U%_,C;. Let us remark that C' can be parameterized by 9 x I, for I
some compact interval (see [BP23, Section 2.2]):

C(s,v) = (4.3)

2(,0/(8) -, N 2¢%(s)
2 / 2 2 Ty (S) 2 / 2 27 2 / 2 2 /7
e2¢() |/ (s))* + v e20) + |/ (s)|* + 02 €20 + |/ ()| + v

(ws) +(s)

for v(s) a unit velocity parameterization of dQ with respect to |dz|* .
Whenever we have a metric g = e2#|dz|?, we will often denote the pair (€, ¢) as (€, g).

W-volume for domains with boundary

During this chapter, we will often talk about W-volumes of compact regions, so we recall
the definition here.

Definition 4.2.7. Let M be a convex co-compact manifold, and let N C M be a compact
subset of M with smooth (or piece-wise smooth) boundary. The W-volume of N is defined
as

1
W(N) = Vol(N) = 5 | Hdapy .

ON

where Vol(N) is the hyperbolic volume of N induced by M, H is the mean curvature on
the boundary N of N, and dagy is the induced area form on ON.

Note that we can also take M = H? in the definition. When the boundary is piece-
wise smooth, the integral of the mean curvature term decomposes into the sum of the
integrals over the smooth faces plus the contributions from the bending lines b; of their
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intersections. In the case the exterior angles ¢; at each b; are constant, these terms are
given by

1
-3 > 0;0(;) (4.4)

with £(b;) the induced length of b;.

Definition 4.2.8. In the notations above, the W-volume associated to a domain with
k round boundary components and equipped with a conformal metric (2, ¢g), with g =
e*?|dz|?, is defined as

W(Q.g) = W(N(@.p) = Val(N (@) — 5 [ Hls

where S = ON (£, @), H is the mean curvature of S, and dag denotes the area form induced
on the boundary of N (£, ) from H?

Since S is piece-wise smooth with constant exterior angles along its co-dimension one
faces, and since H = 0 on a hyperplane, the integral of the mean curvature in the definition
splits into the sum of the integral over the Epstein surface 3(€, ) of the interior of €,
the ones over the caterpillar regions C; C ¥(0€2, ¢), and the ones over the faces b; as in
Equation (4.4). We refer to the last two types of contributions as those arising from the
j-th boundary component of the domain (2.

Remark 4.2.9. When Q = Q(T") is a discontinuity domain of a convex co-compact man-
ifold M = H3/T", the W-volume of the quotient in Definition 4.2.8 coincides with the one
in Definition 1.6.1, as the boundary term on the Caterpillar regions C; C (€2, ¢) cancel
out when paired by the action of T'.

It will be essential for our purposes to understand how the W-volume of a domain
with round boundary components changes under a conformal change of the metric. To
this aim, we state the following version of the Polyakov formula (see [AKR23], [BP23]).

Theorem 4.2.10 ([BP23], Theorem 2.1). Let g = €** |dz|” be a smooth conformal metric
on a domain 2 C C with round boundary components, and let u: 2 — R be another
smooth function, then

W(@.e) = W(Sg) = =3 [ (Dl + K(g)u) dato) =5 [ Koudsts)

where V,(-) is the gradient with respect to g, K(-) and k(-) are, respectively, the scalar
curvature on ) and the induced geodesic curvature of the boundary 052, and da(-) and
ds(-) denote the area and length forms.

Requiring ¢ and u to be of class C** is actually sufficient for the equality in the
theorem to hold.

Remark 4.2.11. In the original definition of W-volume for domain with round boundary
components (see Definition 2.2 in [BP23]), the following additional term appears:

3
——/ <1+H)dac s
2 Jaaxp,1
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whose variation is 3
—— Onuds(g) ,

4 Joo

where 0,(-) denotes the derivative with respect to the outer normal to the boundary
€. In this formulation, the relative Polyakov formula stated as Theorem 2.1 in [BP23]
coincides with the variation of determinant of the Laplacian for domain with boundary
(see [AKR23]). The three terms in Theorem 4.2.10, instead, arise from an application
of the Schlafli formula for the variation of the volume of compact regions with piece-
wise smooth boundary (see [Sou04], [RS99], and Section 4 in [KS12] in which the Schlafli
formula is expressed in terms of the fundamental forms at infinity). Here, what we do
really use of the definition of W-volume for domain with round boundary components,
is that the caterpillar regions ensure the intersection between the Epstein surface of the
domain and the hyperplanes to always have angle 7/2, so that we do not have to account
for its variation.

In the next chapters, it will be crucial to have some form of additivity property for the
W-volume.

Lemma 4.2.12. Let (£2, g) be a domain in C with round boundary components equipped
with a conformal metric g. Suppose €2 = €y U €5 to be a decomposition of €2 such that
Q1 N €y consists of k£ round circles ~;. Then

W(,g) =W, g9) +W(Qa,9) .

Proof. We follow the notations introduced in this section. The key observation is that the
caterpillar regions of 92; and 0€2; on the common components ~; coincide, with reversed
outer normals, as also the hyperplanes with boundary in U~y;. Then, the terms of the
caterpillar regions associated to ~; simplify as they are opposite. Moreover, the sum of the
hyperbolic volumes of N (€21, g) and N (2, g) is equal to the hyperbolic volume of N ({2, g),
and the same holds for the integrals of the mean curvature on the Epstein surfaces ¥(€2;, g)
of the interiors (the exterior angles are considered modulo 27 or 7, depending on whether
they lie in the interior or on the boundary of N(£2,¢)). |

4.3 Renormalized volume for pointed manifolds

In the next section, we will define the adapted renormalized volume. In particular, we
will show that this admits limit when approaching points on the boundary of the Weil-
Petersson completion of the Teichmiiller space (see Section 1.2.3) corresponding to com-
pressible multicurves. Additionally, we aim to provide a geometric interpretation of the
limit quantity in such a way that the adapted renormalized volume extends continuously
to such boundary points. The limit in the Gromov-Hausdorff convergence (see Section
4.2.2) of a sequence of convex co-compact hyperbolic 3-manifolds given by the pinching of
a compressible multicurve is a finite union of new pointed convex co-compact manifolds,
that is, a disjoint union of pairs (M;, P;), where M; is convex co-compact and P; C 0, M;
is a finite set of points (see [SW22, Appendix A.10]). The goal of this section is then
to define the renormalized volume for these objects. The key idea in constructing this
extension is to consider the Epstein surface associated to the unique hyperbolic metric
conformal to 0, M; with a cusp singularity at each p; € P;. We begin by analyzing the
case where P; has cardinality one, and then observe that the definition naturally extends
to the general case.
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4.3.1 Renormalized volume behaviour at cusp singularities

In what follows, we analyze the divergence of the W-volume associated to a domain

@\ {p}, h,) CC\ {p} C CP'

equipped with a conformal hyperbolic metric with a cusp singularity at p (as in Section
4.2.1). The divergence is caused by the fact that at the cusp singularity the Epstein
surface associated to (Q \ {p}, h,) touches the boundary at infinity 9,H?, definitively
exiting any r-neighborhood of the geodesic of H? through p and co (in the upper half-
space model). We start by studying a toy model case: the hyperbolic cusp on a round
punctured disk. In this case, the metric h, is explicit, and, up to composing by a Mobius
transformation, we can assume p = 0 € C and 2 = D*, where D* = D \ {0} with D the
unit disk centered at the origin. This will allow us to explicitly compute the W-volume
of any compact sub-domain of D* with two concentric round boundary components (as
in Definition 4.2.8), and see how this diverges under shrinking one boundary component
to 0. Then, by applying Theorem 4.2.10 together with the argument of Section 4.2.1, we
show that the result obtained still holds for a general cusp singularity. This furnishes the
right renormalization process needed in order to define the W-volume of a pointed convex
co-compact hyperbolic 3-manifold, which will be done in the next section.

Epstein surface of the hyperbolic cusp on a round punctured disk

We fix the notation D C C C CP* for the subset of complex numbers z € C of norm V2z
less than one, and |dz|* = dx? + dy?, with z = x + 7y, for the Euclidean flat metric on C.
We will use the polar coordinates (p, ) € Rxo x [0, 27] such that z = pe'. Let us consider
the metric tensor )

2
g ()
on the unit disk D* = D \ {0} C C punctured at the origin, with p the norm of z =
pe?. This is a hyperbolic cusp: it can be obtained by pushing the hyperbolic metric on
the cusp H?/(y), with ¢ the parabolic isometry 1(z) = z + 27, via the diffeomorphism
f:H?/{p) — D* given by f(z) = €'*.

The conformal factor (also called the Liouville field) associated to I is:

fo(z) = (4.5)

po(2) = —log(|plog(p)]) (4.6)
= lo(2) — 5 108(22)  log(flos(=2)]) (4.7)

for any z € D*.

We consider the upper half-space model H? = C xR for the 3-hyperbolic space, whose
boundary at infinity is conformally identified with C U {oo} = CP*. A point p € H® then
has coordinates p = (z,t), with z = pe?? € C its projection to the boundary at infinity,
and ¢t € RT its height.

Lemma 4.3.1. Let X(I;) C H? be the Epstein surface associated to (D, Iy). The point
s = s(z) = (ro(2),00(2),t0(2)) in X(Iy) whose projection through the geodesic ray based

at s and perpendicular to X(Iy) is z = pe? € D* has the following coordinates:
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H3

Figure 4.1: Epstein surface of the infinite cusp on the punctured
disk with round boundary.

ro(2) = ‘M‘
" Ap) ’
90(2) =0+ W]lpge—\/i )

~ —2plog(p)
W)

where
A(p) = log*(p) + 2log(p) +2 ,

and 1. is the indicator function.

Proof. First, note that since the metric at infinity I, is invariant under rotations at the
origin, the surface ¥(I) is invariant under rotations along the vertical geodesic {0} x R*
in H3. Therefore ro(z) = ro(p) and to(z) = to(p), for any z = pe? € D*. Thanks to
Equation (4.2), we can explicitly compute these two coordinates. We use the notation

dipo
SDO,E - 82 9

where we recall that in polar coordiantes

0 9 e 9
2p 00’

2 20p
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and, since ¢y depends just on p

e g e log(p) + 1 e’

_— — V- e — Y = — — 1 1 ©o .

Therefore, from Equation (4.2), and using the identity Vg = 2¢0 5

| e 2¢”(log(p) + 1)e %0
1+ (log(p) + 1)?

Yoz =

4900,26_2%
1+ |2 z|2e~2%0

ro(z) = ‘z—l—

_ 17|, — 2oslp) + Dplog(p) ‘ _ ’0(2 — log*(p)) ‘
1+ (log(p) +1)? A(p) ’
and
(2) = 2e” %0 _ —2plog(p) _ —2plog(p)
N T4 200z T4 (log(p) + 1) Alp)

Finally, we determine the angular coordinate, again via (4.2), simply by observing that

p(2 —log*(p)) . 2
— = >0 1iff p>e :
A(p)

n

Remark 4.3.2. Note that in a neighborhood of 0 in C, i.e. for p ~ 0, the coordinates of
the Epstein surface (/) behave like

(ro(2), t0(2)) ~ ('0’ %) |

In particular, the surface Z(fo) exits any r-neighborhood of the vertical geodesic of H?
based at 0 € C, with tangent going to zero as —2/log(p). Then, it is easy to see that the
volume of the region in H? between a hyperplane centered at the origin with small radius
and (1) is infinite. Moreover, since the angular coordinate satisfies

Oo(z) =0+7L ., vz,

for radii p < e“/i, the outer normal is pointing inside the region bounded by the surface,
see Figure 4.1.

Definition 4.3.3. Let ¥(Iy) be the Epstein surface associated to (D*, Iy) and 0 < p; <
p2 < e~V2 be two radii. We denote by ¥r2(Ip) the subset of (1) obtained by restricting
its parameterization to the interior of the annulus

Dt ={2€C|p <[z| <pa}.

As a subset of H?, the surface Ve (fo) is obtained by cutting Z(f 0) with the two hyperplanes
H; in H? with boundary at infinity coinciding with the two circles centered at 0 and radii

hi = \/1o(pi)? + to(pi)?

respectively for 1 = 1, 2, i.e.
222 (Io) = 2(Lo) N {(2,t) € H* | A < |2]* +¢* < h3} . (4.8)

We will also denote by N, ,}ff(fo) the compact subset of H? delimited by ng(fo) and the
hyperplanes H; of radii h;, for i = 1, 2.
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H3 H3

293 (1o) ¥0:03(1o) ‘
C

Figure 4.2: The Epstein surfaces associated to the interior of D#?

equipped with the hyperbolic metric Iy, for two different examples
of radii p;. Note that 0.3 > e V2> 0.1.

In what follows, we first compute the integral of the mean curvature Hy over the surface
sz(fo), and then the volume of the compact region N,?f(fo). This will be useful in the
next section to study the behaviour of the W-volumes associated to the sequence of annuli
with round boundary components (D#2, fo) as p; — 0, which approximate a truncation of
the infinite cusp (D*, fo).

First, we recall how to express the mean curvature Hy = tr(I; 'Ily) in terms of the
first and second fundamental forms at infinity Iy and II, with I, and I, respectively,
the push-forward via the normal projection of the first and second fundamental forms on
(I) induced by H?, (see Section 1.5.3 and Lemma 4.2.6) :

1-— det(.ég)
Hy = A N
1 + tr(By) + det(By)

where BQ = (j)alﬁo

Lemma 4.3.4. In the notations above, the mean curvature Hj, of the surface EZ?(IAO)
satisfies

1 s s P2
- Hyday, = — [log®(p)]”* == —log® | &=
2/zz§<fo> odan, = 15 [log )], =5 1oe )

where daj, denotes the area form associated to the first fundamental from I, induced by

A

H? on %22 (Ip).

Proof. We start by expressing the area form associated to [y in terms of that of Iy. The
pushed-forward through the normal projection of the first fundamental form on the Epstein
surface is related to the data at infinity by the identity (see Section 1.5.3)

Iy = ol +Bo) (), (1 +Bo) ()
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so that .
Vdet(ly) = Z—l\/det(fo) det(id +By) ,
and therefore )
daj, = Zdet(id +Bo)day, .

Since also ) R )
det(id +By) = 1 + tr(By) + det(By) ,

then, from the previous two identities and Lemma 4.2.6
1 1 .
— Hyday, = = (1-— det(BO))dafO ) (4.9)
2 Jegz o) 8 Jozz

It then remains to compute the determinant of the endomorphism By. To this end, we
write the second fundamental form at infinity in terms of the derivatives of the Liouville
field ¢g (see Lemma 4.2.4):

ﬁo = 2qodz* + 2q9dZ* + 4(’00,Z2|d2|2

with
qo = ¥0,22 — (900,2)2 .
Since now (4.7)
1
po(2) = log(2) — 5 log(2z) — log(log(2%))

we can compute

(=) !
zz Z = T a1 9, o~ )
o 42 log?(|2])
( ) 1 (1+ 1 n 1 )
22\R) = == )
7o 222\ log(lz]) * 2log’(J2])

then also

1

©l2) = 12

We observe that )

I |dz|2 = 4%00’Z§|d2|2 ,

|z log?(J2])

moreover, by Remark 4.2.5

Iy = (4po..z + 4Re(qo))da® + (4po.z — 4Re(qo))dy® — 4Tm(qo)dady

therefore

R R . 1

BO = (Io)_lllo = (1 + Re(qO)) dl‘Q + (1 - Re(%)) dy2 - Mdl’dy

0,2z ©0,2z 0,2z
and so
2
det(By) =1— ——— (Re 24 Im 2:1_i:1_104z )
(Bo) (o) (Re(qo) (40)?) ()’ g (]2])
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Finally, thanks to Equation (4.9)

1 1
1 / ' Hyday, = © / (1 det(Bo))da,
2 Jspz o) 8 Jogz
T [? 1
=— [ log*(p) pdp
4/,01 2log?(p)
_Z/’” log”(p) ,
4 )0 p
T log®(p) 1" —110g3 P2
4 3], 12 Py

In the next lemma we compute the hyperbolic volume of the compact convex domain
N}2(Io) defined in 4.3.3, where we remember that h; = \/ro(p;)2 + to(pi)? with 0 < py <

p2 < e~V2. In particular, we focus on how this diverges for p; — 0. The proof just consist
in an elementary explicit computation and can be skipped.

Lemma 4.3.5. The hyperbolic volume of the compact domain N,;Lf(fo) is given by
. s T
VoI (1) = 106 (2) = T (22) 4 clon) = et

with ¢: (0,1) — R a smooth function, bounded on any sub-interval (0, a) with @ < 1, and

such that at 0 .
c(p) =0 ,
(v) <10g(p))

where O(z) stands for a real function such that the limit lim, ,o O(z)/x exists and it is
finite.

Proof. First, recall that we use the notation (r(p), 6 + 7,to(p)) for the point in X(Iy)
associated through the normal projection to the point at infinity z = pe?® € D* C OH?
(see Section 4.2.3). We compute the volume of N, [;f(fo) as the sum of the signed volumes
of the following three regions:

O(p1, p2) = {(2(p), to(p)) € H? | p1 < p < pa, 0 < [2(p)] < 7o(p)}
S(pi) ={(z,t) € H* | 0 < |2 +¢* < A, to(pi) <t < ha}

for i = 1,2, where

hi = /to(pi)? + 10(pi)?

is the euclidean ray of the hyperplane whose intersection with 3 (o) is the circle {(z, to(p;)) €
H? | |2| = 70(p;)}. Then, the hyperbolic volumes satisfy

Vol(N;2(1o)) = Vol(O(p1, p2)) — Vol(S(p1)) + Vol(S(p2)) -

We now explicitly calculate the three terms. The volume form of H? in the cylindrical
coordinates (p,0,t) € C x RT is

1
dVolys = t—gpdp ANdONdt
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then, thanks to Lemma 4.3.1:

to(p2)  pro(p) q
Vol(O(p1, pa)) = 27 / / Pdpdt
0

to(p1)

7 ro(p)?
2 /p1 W%(P)dp
p)

/” A(p)® p*(2 —log*(p))® 2(log(p) + 1)(log*(p) +2)
o 8plog’(p)  Alp)? A(p)?

/ 72 (2 —log®(p))*(log(p) + 1)(log*(p) + 2) J

. plog’(p)(log®(p) + 21og(p) + 2)

(p) log(p) 2 1"
_ — 2log(p) — 4log <1Og2(p) +2log(p) + 2) - 10g2(ﬂ)} o

dp

—_—

o
o

w

—
b
~

—_

@}
o

NG N

P2

) XE) ogp) + dtoston(o)]

p1

+
e s N =

Vol(S(ps)) = 27 /t |

() )
(1 (2)) - e (1 (22))

_ m(log®(pi) —2)* T o <10g4(m) + 4>
81og”(p:) 2 4log”(p:)
T T T T 4 T
= “log?(p;)) — =+ ——— — =1 log?(p;) | 1 —log(4
slos ) =5 2log*(pi) 2 Og(og (e ( i log“(pz-))) Tyl
T T T T T 4
= Zlog%(p;) — wlog(l i)+ =log(4) — =+ ———— — =1 1+ — ;

we then note that

Vol(S,) — Vol(S;) = E log?(p) — mlog(log(p)) + Tloa2(a) 10;2 ) glog (1 + 10;(/))” :

and therefore
P2

Vol(N}2(I)) = = Fogl 2@) - log2(p ) 4 c@)}

p1
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with

c(p) = log (1 2 2 )—glog <1+ 1 ) , (4.10)

- -
log(p) ~ log*(p) log*(p)
which concludes the proof. |

W-volume of a truncated cusp on a round annulus

We now consider the truncated cusp of the previous section as a domain with two round
boundary components equipped with a hyperbolic metric, and compute its W-volume as
in Definition 4.2.8. Let us then consider the annulus

D2 = {z€C|p < |2 < po} (4.11)

equipped with the restriction of the conformal metric fo, and also the associated Epstein
surface S52(lp) for domain with boundary defined as in Section 4.2.3:

SP2(Iy) = ON (D22, )

where g is the Liouville field of Iy, defined by Equation (4.6). Note that Sppf(fo) is

obtained by connecting ng(fo) (as in Definition 4.3.3) through the caterpillar region to
the two hyperplanes whose boundary at infinity coincides with a component of %2, and
then capping it with these.

We use the symbol ~ to denote two equivalent functions at 0, i.e.

f(2) ~glx) = lim D —

In the following statement, even though it diverges, we separate and highlight the mean
curvature terms arising from the boundary of the domain, as this cancels out anytime we
sum W-volumes of a decomposition of a domain along round circles, as we will do later.

Proposition 4.3.6. The W-volume associated to (D2, Iy) has the following behaviour as
p1 ~ O:

. 7
W(Dgs, Io) = 5 log(p1) — b(p1) + C'(p2)
where b(-) represents the mean curvature boundary term, it is a continuous function, and
at p; ~ 0 satisfies
2

b(p) =~ log(p1) — 5 log(p) + O(1/ log 1)

and C’(py) is a constant depending just on p,. In particular, as py ~ 0
, T
C'(p2) = =5 log(pz) + b(p2) -
Proof. In what follows, to streamline the notation, we will sometimes omit the dependence
on Iy, writing, for example, simply S52. Also recall that we denote by %(-) the Epstein sur-

face parameterized by the interior of the domain, while by S(-) the sphere obtained as the
union of 3(-), the caterpillar regions, and the hyperplanes whose boundaries match those
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of the domain. The W-volume associated to a domain with round boundary components
is defined as (see Section 4.2.3, Definition 4.2.8):

. 1
W(D22, Iy) = Vol(N (D72, ¢0)) — 3 Hdagps

pL?

where N (D22, ) is the ball filling 5%, so that S#2 = N (D2, ¢g). First, we note that
Vol(N(D2, ¢0)) = Vol(NF?) + Vol(P,) — Vol(P)

where N2 is the compact delimited by the Epstein surface E(fo) and the hyperplanes H;
of euclidean radii p;, and P, for ¢ = 1,2, is the region of H? detected by C;, the hyperplane
H;, and ¥(ly), such that N(Df2, pg) = (Np2 U P») \ Pi. By Lemma 4.3.5:

m T m T
Vol(NP?) = Elog3 <:c_j) -3 log (:c_?) + c(x) — c(z1) -
with x; = z;(p;) such that p? = h*(z;) = r2(x;) + t3(x;), and ¢(z) a function such that at
0is O(1/logz). Since also, by Lemma 4.3.1

2%(4 + log* x)

2 2
+t3(2) = ,
rol@) +to(x) (log® z + 2log = + 2)2

then
p1=1(1+O(1/log x1))

and therefore

T

Vol(N9?) = %log?’ (p—f) — glog (%) + c(z2) — O(1/log p1) . (4.12)

It is also easy to show (for example, looking at the area of the smallest rectangle containing
a vertical section of P;, seen as a revolution solid) that

lim Vol(P) =0,

p1—0
while Vol(P;) is a finite number depending just on ps, which again limits to zero at ps ~ 0.
We also notice that the integral of the mean curvature term splits in the following sum:

1 1 1 1 s s
5 SS% Hdasg% = 5 ng HdCL]O + 5 o Hdacl — 5 o Hda02 + gf(@lc’l) — 56(8102) s

where 302 denotes the Epstein surface i(int(D5?), Iy), and Cj, for i = 1,2, is the cater-
pillar region, which meets the hyperplane H; with an exterior angle of 7/2, and whose
intersection with H; has hyperbolic length ¢(0,C;). By Lemma 4.3.4, arguing as for the
volume, we already know that

1 s
— Hda;, = — log®
9 EZ? a’fo 12 og (

;”—) +0(1/ logpr) (413)

What remains is to handle the mean curvature terms coming from the boundary dD%2. We
start by studying the integral of the mean curvature on the caterpillar regions. Thanks
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to the explicit parameterization of the Epstein surface associated to dD#? furnished by
Equation (4.3), the caterpillar region C; is parameterized by the subset of the normal

bundle of JDF? obtained by imposing s € [0,27p;] and v € [%, pl} The extremes
for the parameter v are computed by explicitly solving for the values where the caterpillar
region intersects the hyperplane H; and the Epstein surface E(fo), respectively. Recalling
that Iy = €2#0|dz|? and that k; = 1/p; is the euclidean curvature of the boundary circles

of D2, we have [BP23, Section 2.2]:

1
Hdac, = 56’23"(2/@-1) —v?)dvds .

Therefore,

log(p;)+1

2TPi [ pitoaten) 1 2
__/ Hdag, —/ /pl ’ —pz log?(p;) (_U—1)2> dvds
1/p Pi

3 loyl(pi()Jr)l
T 3. o v v ] Piles(ei
=— -10 i — —
5 Pi log (pi) L}i 3

1/pi
™

Glog(p;) -

We remark that, in the W-volume, the term relative to the second boundary component
has inverted sign, as the caterpillar region has the opposite induced orientation. It only
remains to take care of the mean curvature on the co-dimension one faces of 572

Zglog(/)i) -

1
izazé(ﬁlc’z) s

where o; = 7/2 is the exterior angle between the lower boundary 0,C; of the caterpillar
region and the hyperplane H;, and ¢(0,C;) denotes its induced hyperbolic length. Again
thanks to Equation (4.3) (see also [BP23, Section 2.2]), and noting that ¢q is constant
on each boundary component of JD2, it is possible to find the explicit radial and height
coordinates in H? of the Epstein Surface associated to the boundary:

B 2v
Ty(s,v) = —pi + o0 ;o2
26900
ty(s,v) = 20 1 02

where €2#°05) = 1/(p?log?(p;)). It is now easy to calculate £(0,C;):

271y (v;)

00 Cy) = B (07)

= —7log(p:) + O(1/log(ps)) ,

where the last inequality holds since v; = 1/p;. The statement now follows by defining
b(py) as

b(p) =~ log(p,) — T lox(p) + 01/ log(p)

and summing up with (4.12) and (4.13). |
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H3

P2
Zﬂl

H,

Figure 4.3: The Epstein surface associated to the domain with
boundary (Dgf,fo): in yellow the Epstein surface Y2 (Iy) of the
interior of the annulus, in purple the two caterpillar regions Cj,
and in light brown the two hyperplanes H; of euclidean radii p;.

Remark 4.3.7. The area form of the caterpillar region C, and its product with the mean
curvature of C) diverge with the same rate, as (see [BP23])

1
Hdac, = 56’2“’(—21%11 +v?)dv A ds

and

’ 2 2

Thanks to this, the additional term appearing in Definition 2.2 in [BP23] of W-volume
coming from the innermost boundary of (]D)zf, Iy) vanishes in the limit p; — 0 as:

1 1
dac, = <— + ~e " (2k;v — v2)> dvAds .

log(py)+1

3 / 3 / log(p1) 3
— 14+ H)dag, = 27p;— dv=—————0.
2 Je, ( Jdacy "y 1/ 2p11log(p1)

Let us fix some notation. The hyperbolic cusp [0,2n] x RT C H? is foliated by the
curves given by the intersection between the horocycles at height ¢ € Rt centered at
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infinity and the cusp itself. This corresponds to foliate (D*,Iy) by the circumferences
centered at the origin of C and Euclidean radii p = e~'. Equivalently, we are foliating
a cusp in simple closed curves of hyperbolic length ¢ = 27/ |log(p)| = 27/t. Then, the

domain D(e) C D* defined as
D(e) = {pe € C|0 < p < e */°} (4.14)

equipped with the restriction of the metric tensor I, is a truncated cusp with boundary of
length €. We also define the function

ple) = e /= (4.15)

Definition 4.3.8. The renormalized volume of a truncated cusp on a punctured disk with
round boundary of radius p is defined as

— s ﬁ - o E
Via(D(E) = lim (W (D7, &) - 5 log(p) + b(p)) -
with b(p) = —m?log(p)/8 — mlog(p)/2 + O(1/log p) the boundary term as in Proposition
4.3.6.

Proposition 4.3.9. For any € > 0, the renormalized volume of the truncated cusp with
round boundary Vz(D(Z)) exists and it is finite.

Proof. This is a direct corollary of Proposition 4.3.6. |

Remark 4.3.10. Using the identity of Equation (4.15), the renormalized volume of Def-
inition 4.3.8 can be expressed as a limit in the hyperbolic length ¢ of the horocycles as

Vi(D(?)) = lim (W <]D)28, fo) + %2 + b(p(e))) ,

e—0

where

s 2

b(p(e)) = — + - +0(e) .

General case

In the previous section, we analyzed the divergence of the W-volume of a cusp on a
punctured disk with round boundary, assuming the conformal metric to be equal to I.
We turn here to the general case of a cusp singularity at infinity, proving that, if we restrict
to a small enough neighborhood, the same behaviour holds. Up to Mobius transformation,
we can assume the cusp singularity being at p = 0.

Proposition 4.3.11. Let 2 C C be a hyperbolic complex projective domain with 0 € €2,
and let hy be the unique conformal hyperbolic metric with a cusp singularity at 0. Then,
for p > 0 small enough, the limit

lim (W(Dg, ho) — = log(p) + b(ﬂ)) )

p—0 2

with b(p) the boundary term as in Proposition 4.3.6, exists and it is finite.
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Proof. As seen in Section 4.2.1, in a small enough neighborhood U C 2 of 0, there exists
a (non projective) change of coordinate w = ze¥*), with 1 a holomorphic function such
that ¢(0) = 0, in which the metric hq coincides with Iy (see Theorem 4.2.1, the discussion
below, and Equation (4.1)). Then, in the projective coordinate z of €, in U, we can write
hg as

e 4 e By (2))2 2

ho(z) = |Z|2|€2w(Z)|1og2(|z€w(z)|)| |

B 1+ 2/ (2))° i
T+ Re(w(2)/ (o[NP *)

Let us define v: : 2 - R as

v(z) = log (

el Y w1

1+ Re(y(2))/ (log(]=])

so that )
h() = 62V]0 .
By applying Polyakov formula to estimate the difference of the W-volumes W(}D)g, eQVfO)

and W(Dg, fg) (see Theorem 4.2.10), since v(z) = O(|z|) and V'(2) = ¢’(0) + O(|z|), the
statement follows from Proposition 4.3.9. [ |

4.3.2 Renormalized volume of pointed hyperbolic 3-manifolds

Building on the previous section, we are going to define the renormalized volume of the
triple (M, g,p), where (M, g) = H3/T is a convex co-compact hyperbolic 3-manifold, and
p € QI')/T' = 0,oM a marked point at infinity. We will call the triple (M, g,p) a pointed
convex co-compact manifold. Let h be the hyperbolic metric in the conformal class of
the boundary at infinity [0.,M], and let h, be the unique conformal hyperbolic metric on
OM \ {p} with a cusp singularity at p (see Section 4.2.1). With some abuse of notation,
we denote again by p, h and h, their I-invariant lifts respectively to Q(I') and Q(I') \ T p.
Up to Mobius transformation, we can assume that p = 0 € C C CP' = 9, H?, so that the
restriction of kg to a small enough neighborhood of 0 coincides with Iy (see (4.5)), up to
lower order terms described by Equation (4.16). Given a sufficiently small € > 0, we can
cut M with the hyperplane H(e) centered at 0 and such that the intersection between its
boundary at infinity and the domain of discontinuity 2(I") has length e with respect to hy.
We sometimes denote by D(e), with an abuse of notation, both the ball with boundary
O0H (g) containing 0 in Q(I") and in 0,M. This disk coincides with D(e’) (as in (4.14))

where
€= / e’ds(Iy) |
oD(e’)

with v defined by Equation (4.16). We fix the following notations:
QT e) == QI)\(I'- D(e)) ,

and analogously
OM (e) :=Q(I",e)/I" .

We then consider the I'-invariant Epstein surface 5 (he) in H3 associated to ((T'), hy),
and the I'-invariant Epstein surface ¥(hg,e) of (2(T', ), hy) obtained by restricting the
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parameterization of X(hg) to the open domain Q(T', ), and connecting it to H() through
the caterpillar region (asin 4.2.3). We also denote by ¥(hg) and 3(ho, €) the corresponding
quotient Epstein surfaces in M. Finally, we define W (0M g), hy) to be the W-volume
of the compact region in M bounded by X (hg,¢) and H(e).

Definition 4.3.12. Let (M, g,p) be a convex co-compact hyperbolic 3-manifold pointed
at p € M. Let also ' < PSL(2,C) be a representation of m; (M) such that M is isometric
to H3/T" and p = 0 € Q(T'), and let kg be the unique conformal hyperbolic metric on Oy M
with a cusp singularity at 0. In the notations above, we define the renormalized volume

of (M, g,p) as ,
V(M. g.) = iy (W00 ho) + = +000) )

with b(e) = 73 /(4e) + 7% /e + O(e).

Remark 4.3.13. Even if it is always possible to assume the marking point to be 0, given
two different marking points p; and p, in Q(I"), except in very special cases, there is no
Mébius transformation that restricts to a homeomorphism of Q(I') and sends p; to ps.
Even if two pointed convex co-compact manifold (M, g,p;) and (M, g, ps) are isometric,
their renormalized volume strictly depends on the choice of the marking point.

Theorem 4.3.14. The renormalized volume of a convex co-compact manifold (M, g)
pointed at p € OM exists and it is finite.

Proof. Let us fix a small enough £ > 0, so that, thanks to the additive property of the
W-volume of Lemma 4.2.12, for any 0 < € < g, we can split W(0,,M(g), ho) as

W(0xM(g), ho) = W (D(e,8), ho) + W(0M (), ho) ,

with D(e,g) = D(E) \ int(D(e)), and where, we recall, the boundary of D(z) has length x
with respect to hg. Then, using the notations introduced in (4.11) and (4.14), there exist
two radii 0 < p < p depending respectively on € and g, such that

D(g, ) =D?

p

and

D(e) = D(=2r/ log(p)) .
Moreover, since ho = €* I, with [v(pe®)| = O(|p|) at p ~ 0, then, for small radii

. 2
€= / e’ds(ly) ~ — .
oD (—2m/ log(p)) log(p)

Therefore, since also the boundary term b(-) defined in Proposition 4.3.6 is continuous

lim (W(D(a,z), ho) + %2 + b(a)) = lim (W(DE, ho) — glog(p) + b(p)) ;

e—0 p—0

and the right hand side exists and is finite by Proposition 4.3.11. The renormalized volume
of (M, g,p) can then be expressed as

Va(M, g,p) = W (0 M (), ho) + lim (W (D(2,%), ho) + %2 + b(s)) .
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It then remains to show that the first term in the equality is finite. First, note that € can
also be chosen such that hy and h stay at uniformly bounded small distance on 0 M (),
where h is the unique hyperbolic representative in [0, M] (see Section 4.2.1). Therefore,
the difference between W (0w M (), ho) and W (0., M (€), h) is bounded. Moreover, the last
one is less than the renormalized volume of M, plus the boundary term b(g) coming from
0D(g), which, for a fixed g, is also finite. [ |

Remark 4.3.15. We point out that, in the classical definition of the W-volume, it is often
necessary to rescale the metric at infinity by a constant factor to ensure the associated
Epstein surface is embedded (see Section 1.6), and the well-definedness is guaranteed by
the identity W (M, g) = W (M, e* g)+7rx(9soM). This continues to work in the setting of
W-volumes for domain with round boundary components €2, since, thanks to the Polyakov
formula (Theorem 4.2.10), for any r > 0

1 1
W ¥ g) — W(g) = — / K(g)tdag — + / k(g)tdssn = —ry(Q) |
4 Q 2 o0

where the last equality follows by the Gauss-Bonnet Theorem and the fact that the scalar
curvature K (g) is twice the Gaussian curvature.

Remark 4.3.16. We can extend Definition 4.3.12 to a finite set of marked points P C
OsoM of cardinality |P| as

2
Va(M, g, P) = lim <W(800M(5), hp) + | P (% + b(e))) ,
where hp is the unique complete hyperbolic metric conformal to 0,, M with cusps at each
point in P, and

|P|
0M() = QT,e)/T with Q(T,e) =QI) =T Dy(e)

where D;(e) denotes the euclidean ball of boundary coinciding with the one of the hyper-
plane H () used to cut the i-th puncture. The proof of Theorem 4.3.14 for the finitedness
of Vr(M, g, P) applies straightforwardly.

4.4 Adapted renormalized volume

In this section, we finally define the adapted renormalized volume for hyperbolic manifold
with compressible boundary. In Theorem 4.4.4, we show that, unlike the classical version,
it is bounded from below. Moreover, we prove that its differential has uniformly bounded
norm (Theorems 4.4.5 and 4.4.7). We then proceed to prove that the adapted renormal-
ized volume extends by continuity to points of the boundary of the Teichmiiller space
representing the pinching of a compressible multicurve — whose renormalized volume was
defined in the previous section (see Definition 4.3.12), and for which we define the adapted
version later in this section.

We recall that the deformation space of the convex co-compact structures on a tame
manifold M is identified with the quotient of the Teichmiiller space of the boundary OM
by the subgroup generated by all Dehn twists along compressible simple closed curves (see
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Theorem 1.4.5). Accordingly, we will use the notation Vg (X) for V(M (X)), where M (X)
is the convex co-compact hyperbolic 3-manifold associated to the Riemann surface X via
uniformization theorem.

Definition 4.4.1. Given M a convex co-compact hyperbolic 3-manifold, we define the
adapted renormalized volume as the function

such that

V) =VeX) 1w Y s

7 compressible
E»Y(X)<EO
where g5 = 2arsinh(1) is the Margulis constant, v runs in the set of compressible sim-
ple closed curves in OM, and ¢,(X) denotes its length with respect to the hyperbolic
representative in X.

Remark 4.4.2. The simple length spectrum is invariant under the action of the mapping
calss group, and Dehn twists along compressible simple closed curves preserve the property
of a curve being compressible or not. Therefore, the adapted renormalized volume of a
convex co-compact manifold is well defined, through uniformization, as

Ve(M(X)) = Va(X) .

Remark 4.4.3. Outside of the union of codimension-one manifolds in 7 (9M), each cor-
responding to the set of surfaces with a compressible simple closed geodesic of length equal
to €g, the adapted renormalized volume is real analytic.

Theorem 4.4.4. For every convex co-compact hyperbolic 3-manifold M, the adapted
renormalized volume Vg(+) is bounded from below by a constant depending just on the
topology of the boundary 0M.

Proof. We consider the d-compressible thick part of the Teichmiiller space T,5(OM), i.e.
the subset of marked Riemann surfaces having length of the shortest (with respect to the
hyperbolic metric) compressible curve bounded below by 0. Observe that if § > ¢, then
Va(X) = Vr(X) for any X € TE(OM). Then, merging Theorem 2.16 in [BBB19], which
furnishes an upper bound on the length of the bending lamination, and Theorem A.6 in
[SW22], which states that the W-volume of the convex core (see Section 1.6.1) and the

renormalized volume have distance bounded by a constant depending just on the genus of
the boundary, for any X € 7(0M)

Va(X) = Va(X) 2 Vo(X) = Srl(@)| coth?(5/4) — C |

where Vi (+) is the function associating to the convex co-compact manifold M () the volume
of its convex core, and C' is a constant depending just on the Euler characteristic of the
boundary x(OM). Let us now fix § = 9 = 2arsinh(1), let X be a point in the complement
of T2 (0M), and let m be the set of compressible curves in X of length less than §. The
set m has cardinality at most 3¢g — 3, with g the genus of the surface (see Lemma 4.1
[Bus10]). We order the k components «y; of m, and we consider the path in 7(9M) given
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by the concatenation of £ (negative) grafting paths, each of whom on 7; and terminating
in a surface X; in which the geodesic representatives of the first j curves in m have length
g9, and Xo = X. Then, the ending point X} belongs to ﬂ%(@ﬂ) By Theorem 3.4.5
(Theorem 1.4 in [CG25]), we can estimate the variation of the renormalized volume under
the just mentioned grafting path:

k-1 k-1 5
~ ~ ~ ~ T
Vr(Xy) — VR(X)‘ <D |Vr(X;) - VR(Xj—l)‘ =Y V(X)) = Va(X;1) — 77—
=1 i 4i(Xj-1)
| 7 T /(26(X;)) 43
< ST (X) = 65(X ) + O (e ™/ ()
2|75y ~ 7 60~ 6 + O )
g
=251 (20 = £5(X;1)) + O (e7™/ 0 3)
7j=1

where ¢;(X;) denotes the length of the curve v; with respect to the hyperbolic metric
in X;, and s; is the parameter of the j-th grafting path. It is easy to see that the last
expression is uniformly bounded, in particular it is always smaller than

7T3 TEQ 680 3
Bg—=3)| —+—+A(— ;
€0 4 em
for some universal constant A (see Remark 3.5.26). Since for X} holds the first estimate,

the statement follows. [ |

In the next theorem, we prove that the L'-norm of the differential of the adapted renor-
malized volume is bounded. We recall that the L'-norm of a covector of the Teichmiiller
space at X = H?/T", i.e. of a I-invariant holomorphic quadratic differential ¢(z)dz? on
H?, is defined as

la(2)d=?||, = /X al . (4.17)

The dual of this norm is the Teichmiiller norm on the space of harmonic Beltrami differ-
ential (see Section 1.2.3).

Theorem 4.4.5. Let M be a convex co-compact hyperbolic manifold. At the points
where it exists, the differential of the adapted renormalized volume is bounded in the Lt
norm by a constant that depends only on the topology of the boundary M.

Proof. Similarly to the proof of Theorem 4.4.4, first, we observe that at any point in the
d-compressible thick part X € T,(OM)

(dVR)x = (dVr)x = Re(S(fx)) .

where fy is the developing map of the boundary at infinity of M(X). Then, by Lemma
5.1 in [KM81] (see also Corollary 2.12 in [BBB19)]):

@, < 2n (X)) [[(@Vi)x|| = 27 CONIRE(S ()1 < 37 [x(X) [ coth®(3/4) .

Let us now fix 0 = &g, and study the differential of the adapted renormalized volume
at a point X in the complementary of 7,6(0M ), and of the codimension-one subset where
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‘7}/3 is not continuous (see Remark 4.4.3). Then, there exists a non-empty compressible
multicurve with & < 3g — g components ; of length strictly less than €y, with g the genus
of X, such that in a neighborhood of X

3

V) = Val) + 3 75

so that

(dVg)x = Re(S Z A (4.18)
j=1 J

where /;(-) is the hyperbolic length function of ;. Let us fix some notation. We denote by
Xiniek € X the thick part of X, that is, the maximal subsurface in X that has injectivity
radius bigger than €q/2 (this splitting is always possible, see for example Chapter 4 in
[Mar16b]). The subsurface Xy contains the complement of the union of the thin tubes
around any simple closed curve of lenght < g¢ (see Definition 1.2.2, and [Bus10, Theorem
4.1.6]). We now define X, as the subsurface of X given by the union of the thin tubes A;
around 7, for 1 < j < k. Let also D be a fundamental domain for I" such that X = H?/T.
We denote by ¢; the hyperbolic isometry corresponding to 7;, and by X; = H?/(yp;) the
respective quotient annulus, which is a covering of X. Anytime j is fixed and we focus on
a tubular neighborhood A; of ~;, up to conjugation, we can choose the lift ¥; of -, given
by the geodesic of H? thorough {0, 00}. Moreover, we can identify X; with the annulus

{ze® [1< 2] <MY,

and assume D to contain :Ij, with :IJ the lift of A; through 7;: X; — X intersecting 7;.

The L'-norm of (d‘/}];) x can be split into the sum of the L'-norms of its restriction to
X, and its complement X :

/‘dVR /0((d17;)x‘+/§

We start by bounding the L'-norm in X <, which is contained in the union of the thick
part Xpier and the incompressible thin tubes. The norm of the Schwarzian in this region
is bounded as before by 3w coth®(g9/4). We need to bound the L'-norm of (d(;)x /¢3(X).
To this end, let us recall the Gardiner’s formula for the differential of the length function
of v; (see [Gar75]):

dVR

(@Va)x| - (4.19)

2
dl;(p) = zRe <d%,ﬁ> (4.20)
T z X,
where y is a harmonic Beltrami differential in Tx 7 (0M), and fi denotes its lift to the an-
nulus X;. Note that, in the setting fixed above, the differential 2dz?/(7z?) is ¢;-invariant.
It might be tempting to assume (d¢;)x to be equal to 2dz?/(7z*) by the non-degeneracy
of the Weil-Petersson pairing, but, since the pairing in (4.20) is on the whole annulus X,
this is not true. In fact, the differential d2?/z? is not invariant under T', as instead (the lift
of) (d¢;)x is. Gardiner’s formula can though be rephrased as a pairing on the fundamen-
tal domain D by taking the holomorphic quadratic differential giving by the ©-series of
2dz*/(mw2*) with respect to the projection 7;: X; — X (see [Hub16, Chapter 5], [Gar75,
Theroem 3]), so that:

2d 2> 2 dz?
(dl;)x = (7))« <7T_ZZQ> == Z B <Z_ZQ) . (4.21)
BEL/{5)
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It is now easy to see that the L'-norm of (d¢;)x on D, and therefore on X, is bounded by
the L'-norm of 2dz%/(7z?) on X;:

(D) =[] = o (% )

BET/{p;) /ser/
- > [ 5] —H( )
ger/(p;) 7 PP) g j =/

It is then enough to bound the norm of dz*/(¢5(X)2*) on the complement of ;l; in X;.
There exists a lift of X¢ to X that is contained in the subset (see [Marl6h, Lemma 5.2.7])

D\.zj ={z=p? €H? | 1< p< el 0<sin(0;) <1/cosh(L;)},

where

L; = arsinh (1/sinh(¢;(X)/2)) ,
is the width of the thin tube A;. Then, omitting the dependence by X of the lengths

|(dl;) x| / 2 / dz?|  40; 2

< — dl; < — — | =— < - 4.22
/go o o D;\;’( i)l @ Jxox | 2| wl T (4.22)

where the last inequality follows from

6§ = arcsin(1/ cosh(L;)) < ¢;/2 .
Therefore, from Equation (4.18)
/ (V)| < 37 coth®(z0/4) + 27%(39 —3) (4.23)
&)

We now proceed to estimate the L-norm of (dVg)x on the union X, of the compress-
ible thin tubes. Let us fix a j and use the same notations as above. Thanks to Theorem
3.5.4 (Theorem 1.1 in [CG25]), again denoting /., (X)) simply by ¢;, the Schwarzain deriva-
tive on .Z] satisfies

1 47
S(f) 222 (1 + €—2> d22 + ng (Z)d2’2 s

o n/(2))
o) =0 () <A,
&

where A is a universal constant (see Remark 3.5.26). Therefore, by splitting (d/;)x as

2 . [d2? 2dz
(dfj)X:; Z B (7)+W22 ;

with

BET/(w;)
B#[p;]
on :45;
—~ 1dz? 9 272 i i
BEF/<<PJ> i=1
B#lp;] 7
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It is easy to see that the L!'-norm of the first two terms is bounded on :élv] by a universal
constant B. Moreover, the L'-norm on A; of the first sum, that we denote now by

Oo(dz?/z?), satisfies
272 /
< —
b Jx\x,

272

= "p
1 éj X;\D

272

dz?
&

22

dz?

2
= <27,

dz?
(%)
where the last inequality follows from the proof of the other case. Lastly, observing that,

for any i # j, m; '(A;) € X, \ A, the Ll-norm on A; of each term (d/;)x/¢?(X) in the
last sum is bounded again as in (4.22). We finally obtain the estimate

A

Since k < 3¢ — 3, the bounds in (4.23) and (4.25) depend only on the genus g of X, and
the statement of the theorem follows from (4.19). |

)(dﬁ;)x‘ - i /A ‘(df/];)x‘ < (B+ 272 +272(k — 1))k. (4.25)

€0

In the next theorem, we prove that the differential of the adapted renormalized volume
is also bounded with respect to the infinity norm. Before stating it, we recall the definition

Px

)

gl = sup ||lg]| = sup
zeX zeX

for ¢ € Q(X) and where px stands for the hyperbolic metric conformal to X. This result is
of particular interest, as it implies that minus the Weil-Petersson gradient of the adapted
renormalized volume _

dVg

Px

has bounded L norm, i.e., bounded Teichmiiller norm, with respect to which Teichmiiller
space is complete (see Section 1.2.3), opening the possibility of studying its flow lines in
the regular regions.

(VVr)x = —

Theorem 4.4.6. Let M be a convex co-compact hyperbolic manifold. At the points
where it exists, the differential of the adapted renormalized volume is bounded in the L>
norm by a constant that depends only on the topology of the boundary oM.

Proof. As in the previous proof, if X belongs to the eg-compressible thick part 7 (OM),

then, since (dVg)x = (dVg)x, the statement follows directly from the already used bound
on the infinity norm of the Schwarzian derivative given in Lemma 5.1 in [KKM81]:

|avas|| < gcoth2(50/4> |
Otherwise, following the same strategy and notations as before, we start by bounding the
L% norm on the complement X¢ of the union of the compressible thin tubes A;, for the
indexes j = 1,...,k < 3g — 3. Here, the norm of the Schwarzian is again bounded by
3 coth?(go/4) /2. Next, we have to bound the L norm of m3dl; /3, on the lift X¢ of X
to a fundamental domain D C X, with X; = H?/(z — €%2) the covering associated to

the core of the thin tube A;. In this setting (see Equation 4.21)

de; (d?
7T3£—2]:27T2 Z 6 (7) s



with ¢; the hyperbolic lengths of the simple closed curves v; in X of length less than
€0, and ¢; the corresponding hyperbolic isometries. Before going on with the proof, we
remark that the bound on the infinity norm on the thick part of X follows directly from
Theorem 4.4.5, as in general, if ¢ € Q(X), then on Xypex

sup lqll < Cllqlly

2€Xthick

for some constant C' depending just on the topology of the surface X. Nevertheless, we
provide a more explicit argument, as it will be needed for the second part of the proof,
where we handle the estimate on the thin tubes.

For any fixed j < k, consider the lift 7; = {0, 0o} of the core of A;, and choose D to
be the fundamental domain in X; intersecting ;. Denoting by :47] the lift of A; contained
in D
2

22

272

Bz SUub

7 Ber/(p;) 2€A(D\A)

dz?

w3 272
S 0] D e

z€D\X¢ ©j I BeT/(p;) #EB(D\A))

)

where z = x+iy = pe®, so that y is the imaginary part of z and @ is its angular coordinate,

and then )

= sup |[sin®(f)] .
2€B(D\4;)

sup
z€B(D\A4;)

z

In the case 5 = [p;] € I'/(p;), we compute

20,2 20 22 2 /o , 2
sup 2i2 g 2772' p 81112 (9)‘ < 2712' <smh(éj/2)) <n?
eD\A, oz eD\A, 5 p 3 \ cosh((;/2)

where the first inequality follows from

-1

: 1 . : o 1 2
sin(f) < m = (cosh (arsinh (1/sinh(¢;/2))))" = ((m) + 1) :

with L; the width of the thin tube A; (see Definition 1.2.2, and [Marl6b, Lemma 5.2.7]).
For all the other elements 5 € I'/(¢;), the Prime Geodesic Theorem, [Hub59], implies that,
asymptotically, for a given natural number N, there are approximately eV /N translates
of the fundamental domain D at hyperbolic distance < L; + N from 7;. Therefore

272 . 9 22 eN 2m2e 2L e N
= 2 s (O[S ) o S ,
b petley o0\ t; N |Ncosh™(L; + N) G FIN

and, since the series converges and e=2%i /ﬂ? is bounded as before, we get

3
SUp ;]| < A,
2€D\X¢ “j

for some constant A > 0. Therefore, we proved

)(d%)XH < 3coth?()/2 + (3g — 3)A .

sup
ZEXgo
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Let us now consider the union X, of the thin compressible tubes. As already shown in the
proof of Theorem 4.4.5, on any thin tube A4; C X, , the diverging term of the Schwarzian
derivative simplifies with the one of the holomorphic quadratic differential 73d¢;/ 6?, SO

that (see Equation (4.24)), on :4;

I Ber/(p; A
B#les] 7

A direct and easy computation shows that the infinity norm of the first two terms is

uniformly bounded. Furthermore, each differential appearing in the last sum can be

estimated as in the previous case, thanks to the containment A; C X; \ A;. The same

holds for the remaining terms in the ©-series of d¢;, since for any § # [¢;], the translates
satisfy B(A;) C X, \ A;.

|

As a corollary of the previous two theorems, we obtain also the bound on the L? norm,
that is, on the Weil-Petersson norm (see Section 1.2.3).

Corollary 4.4.7. Let M be a convex co-compact hyperbolic manifold. At the points
where it exists, the Weil-Petersson gradient of the adapted renormalized volume is bounded
in the Weil-Petersson norm by a constant that depends only on the topology of the bound-
ary OM.

Proof. The Weil-Petersson norm on harmonic Beltrami differentials coincides with the
L2-norm on holomoprhic quadratic differentials. That is, for any ¢ € Q(X)

2 qq q
o= [ 22— (5. L)~
X Px Px

where py denotes the conformal hyperbolic metric on X, and (-,-) the Weil-Petersson
pairing (see Section 1.2.3). Moreover, the L?*-norm is bounded by the L> norm and the
L'-norm as

— 2
4
PX

)
2

2
lally < Nl Nl - (4.26)

Therefore, the statement follows directly from Theorems 4.4.5 and 4.4.6.
[

Another corollary of Theorem 4.4.6 is the following.

Corollary 4.4.8. Let M be a convex co-compact hyperbolic manifold, and let p denote
the infinitesimal earthquake or the infinitesimal grafting associated to a simple closed
curve ¥ C X, with X € T(9M). Then

(@Va)x ()| < COM)L

where C'(OM) is a constant depending only on the topology of M, and ¢ is the length of
~ with respect to the hyperbolic metric in the conformal class of X.

Proof. By Theorem 4.4.5, there exists Cy(OM) such that, at any X
Hd%” < C(OM) .
The statement now follows by applying Lemma 3.2.1. [ |
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Fixed a pants decomposition P of OM and a small 6 > 0, a §-Bers region is the subset
Bs of T(OM) such that

B; ={X €T(OM)|(,(X)<§ VyeP}.

Theorem 4.4.9. Let P be a compressible pants decomposition of the boundary OM of a
convex co-compact hyperbolic 3-manifold. For any ¢ < g there exists a 6 > 0 such that
for any Xy and X; in the d-Bers region of P

Va(X1) — Va(Xo)| < ¢ .

Proof. Let Xy and X7 be two points of Bs. We can modify the Fenchel-Nielsen coordinates
with respect to P (see Section 1.2.2) to move from Xy to X; with a complex earthquake
path on P, i.e. first we modify the twist parameter by earth-quaking on each component
of P, and then the lengths by grafting (see [McMO98]). Let us consider v € P, we start by
changing the twist parameter by a t-earthquake, reaching the surface X; whose Fenchel-
Nielsen coordiantes differ from the one of X just by the twist of v, which coincides with
the one of X;. In this way the standard renormalized volume changes, by Theorem 3.4.1,
as
[Vr(Xe) — Vr(Xo)| < F(6)

with F'(6) such that

6771’2/5

Fo)l<ct—<c,

for some explicit constant C' > 0. Since, by uniformization theorem of the deformation
space of convex co-compact structures, the renormalized volume descends to a function
on the quotient of 7(9M) by the group generated by Dehn twists on compressible simple
closed geodesic, we can assume t < § (see Remark 4.4.2). Moreover, remaining the length
of any short compressible simple closed curve unchanged

Va(Xe) = Va(Xo)| = [Va(X0) = Va(Xo)] -
We repeat this on any v € P, obtaining the surface X;/,,. Finally, when changing the

length of any +; € P, fori = 1,...,k, by a parameter s; grafting on it, By Theorem 3.4.5,
the difference of the adapted renormalized volumes is bounded as

Va(X1) — Va(Xy)2)

Ty 26) .3 o 5\*
T 0 — )]+ 0 ) < M1 (85

- e
=1

We proved that the total variation of the adapted renormalized volume is bounded by a
linear function of d, therefore the statement follows. |

Note that the hypothesis of the theorem above imply that M is an handlebody.

4.4.1 Renormalized volume of a long tube

In this section, we are going to study how the renormalized volume diverges on long
tubes. This will be useful in the next section, where we study the sequence of adapted
renormalized volumes under the pinching of a compressible (multi)curve, in order to prove
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its continuous extension to the boundary of the Teichmiiller space. We point out that
Theorem 3.4.5 already shows the asymptotic behaviour of the renormalized volume under
the pinching of a compressible curve. Moreover, by looking at the proof, we see that
the divergent contribution comes from the long tubes, as it is precisely there that the
differential of the renormalized volume cannot be uniformly bounded. However, here we
will need a more explicit control on the divergence, which also takes into account where
the tube has been truncated. More precisely, we aim to express its W-volume, as a domain
with boundary equipped with a hyperbolic metric, in terms of the length of the boundary
curves, other than the length of its core curve.

Similarly to what we have done in Section 3.3, we start by studying a class of examples
in which the developing map of the tube and the metric are explicit. In the subsection
that follows the next, we will generalize the result, analyzing the lower order terms that
arise.

Toy model

Let us consider the map f;: H? — C from the half-space model of the 2-hyperbolic space,
with coordinate z = pe, where p > 0 and @ € [0, 7], defined by

fg(z) =z = 6_#—”27#1(%(@ X

The restriction f;. of f, to the neighborhood of the vertical axis given by the cone of angle
7w — 2arcsin(¢/¢) is the developing map of the symmetric complex projective annulus

27

Az(&“) _ {pew cC | e—%—f—jarcsin(f) <p< e—%”arcsin(f)} . (4.27)

By symmetric here we mean that Ay(e) has concentric round boundary components. Note
that, equipping A,(¢) with the restriction of the flat metric hg, = -|dz|? on the infinite
tube C \ {0}, one obtains a truncated euclidean tube with core length 27 and modulus
such that the pair (A,(e), hg,) is conformally equivalent to a truncated hyperbolic tube
with core length ¢ and boundaries of length . Moreover, up to Mobius transformations,
any symmetric complex projective tube is realized as some A,(g) for suitable £ > 0 and
e > 0, and any tube is conformal to a symmetric one (as any modulus is achievable, and
this is a complete conformal invariant, see Section 1.2.1).

1
The hyperbolic metric t—z(dx2 + dt?) on H?> = R x R*, with coordinates (z,t), can be

pushed forward via f;, obtaining the following metric tensor on Ay(e):

) 2
I =
(z) Am2p? sin® (5= log(p))

|dz|? (4.28)
at z = pe®.

Remark 4.4.10. For any fixed 0 < p; < ps < 1, the metric I, converges uniformly to I
(as in (4.5)) on the compact D22 (as in (4.11)) as £ — 0.
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Remark 4.4.11. The Schwarzian derivative of f, is:
()10
sua=((Gy) -3
omi 1\ 1/ (2mi 1\%) .,
- (((7‘1)2) - ((F-1)5) )dz
1 4
=53 (1 + EL?) d=* .

Lemma 4.4.12. Let (Cy(¢), I;) be half of the symmetric tube (A(¢), I;), with boundaries
given by the core 7 of Ay(¢) and one of its boundary components. Then

W (Ae(e), Ir) = 2W (Ce(e), Le) + 2b(, L)

where b(7, -) denotes the integral of the mean curvature terms arising from the boundary
component ~:

by ) = / Hdacq, + Se(alc( ),

where C(7) is the associated caterpillar region, and ¢(0;C(7)) is the hyperbolic length of
the lower boundary component of C'(v).

Proof. First, note that the core of Ay(¢), being the image under f, of the vertical geodesic
between 0 and oo of H?2, corresponds to the circle of radius e ™ /¢ in C. We con-
sider the hyperplane of boundary at infinity coinciding with the core, and the inversion
r(z) = (2)"'e~27"/¢ along it, which is a Mobius anti-transformation and thus an orienta-
tion reversing isometry of H3. In particular, r reverses the induced orientation on 7, so

that
W (Cil(e), I) = W (T(Cg(e)),r* (fﬁ)) — (. L) .

The thesis now follows, by additivity of the W-volume (see Lemma 4.2.12), just by ob-
serving that

~

(Ae(e), Ie) = (Cole), L) U (r((Cele)), ™ (1)) -
_

Let us denote by Ny(e) the compact subset of H? bounded by the Epstein surface
associated to the domain with boundary (A,(¢), I;) capped with the hyperplanes whose
boundary union coincides with .4,(¢) (as in Section 4.2.3).

Proposition 4.4.13. The W-volume of N,(¢), for any fixed € > ¢ small enough, has the
following behavior at ¢ ~ 0:

WN(E) = WALE). I = =2 + 25+ 3n(e) + (0. )

with
w72

be) = 1=+ — +00) .

O(Le)
l

and where O(/, ¢) is a function of ¢ and ¢ such that the limit lim,_,, is finite.
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Figure 4.4: Approximating a cusp with long truncated half-tubes
of core lengths ¢; > ¢y > ¢5. (Image by David Fisac)

Proof. We are going to study the W-volume of half of the tube (Cy(¢),I;), and then use
Lemma 4.4.12. First observe that, without loss of generality,

2

Cole) = DZ?E?Z; , ple)=eT and py(l,e) = e~ 7 aresin (£)

Then, thanks to Proposition 4.3.6:

3 7.(2

W(Ce). 1) = ~ o (Z—) bl + blp) = 5 + T — blp) + bl

where b(p;) is the boundary term given by the integral of the mean curvature for the
caterpillar region, and

2

b(pi) = —% log(pi) — glog(pi) +O(1/log(pi)) -

In particular
3 2

b(ps) = b(e) = Z—g + % +0(e) . (4.29)

We now apply the Polyakov formula for the W-volume associated to domain with round
boundaries (see Theorem 4.2.10), in order to estimate the difference between W (Cy(¢), Iy)
and W (Cy(e), I) (see Figure 4.4). To this end, let us denote by w, the smooth function
on Cy(e) such that

fg = €2w£ fg .

We need to bound w, and its derivatives: denoting C(¢) simply by C, Theorem 4.2.10
states:

W (Cyle), e Iy) — W(Cyle), Iy) =

— —i/c (‘Vfowz}Q + KUO)W) da(y) — %/ac k(Jo)weds (o)

where V K(fo), k(fo), da(fo) and ds(fo) denote, respectively, the gradient, scalar cur-
vature, geodesic curvature of the boundary, area form, and length form, all with respect
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to the metric tensor Iy. In particular, being Iy a hyperbolic cusp, it has scalar curvature

K (fo) — —1. Moreover, the round circles of the boundary of C have Ij-geodesic curvature
k(ly) = 1, as they are horocycles. To lighten up the notation, we define the quantity
14
() = —
alt) 21’

and we observe that w, can be made explicit, at z = pe?, as
a(£) log(p) )
sin (a(£) log(p))
Note that wy(py) = O(£?), and wy(p1) = log(m/2) is bounded for any ¢. Fixed € > 0 small
enough, we can expand wy(p) and its derivative (wy(p))’ near £ ~ 0, getting
we(p) ~ a*(¢) log®(p) /6

/. @*(0)log(p)
(we(p)) ~ T3,

we(z) = wi(p) = log (

First, we study the boundary term. We parameterize the two connected components of C
as a;(s) = p;e®/P, with s € [0, 2mp;], for i = 1,2. Then [|cs(s)||;, = 1/(pilog(p;)) and

1 ) )weds (I, _ 1 %plm S_l 2702wy (ps) G we(p1)  wel(p2)
Q/BCM) ) 2/0 prlog(pr) " 2/0 o2 log(p2) " (logw 1og<p2>)

but now, since w(pz) = O(£?) and we(p1)/log(p1) = Llog(m/2)/7? = O(£), this is O(¢).
Let us move on to analyzing the integrals over C. We have

1/ . . 7T/p2 we(p) ma?(l) /”1
= K(iweda(ly) = == [ 2242 g4, T T2,
1 ], o wedatio) = =5 o Plog’(p) 12/, »p

_M/”ldp:_ﬂbg p T (LN (2 7
12/, p 12 p1 12 \ 27 € 14

which is of order O(¢) for any fixed € > ¢. Concerning the term in the gradient, since wy
depends just on the radial coordinate

8w4)2 dpdb
dp ) plog®(p)

and

a*(0) log(p) ) > dpdd

‘Vfowgfda(fo) = (Plog(p))2 ( 3p plogz(p) 7

~ (p log(p)

so that

€ /

2mat(f) /p2 logz(p)d _ 2ma’(0) or w2\’
o p 27 ’

2 A
/ ‘Vfowg‘ da(ly) ~ 5
c
which again is of order O(¢) for any fixed ¢ > ¢. Putting everything together, we conclude:

~ 7T3 71'2

W(Cg(&),]g) = —2—€ + ? — b(pl) + b(,OQ) + 0(6,5) .

Now, by Lemma 4.4.12

W (Au(e), 1)) = 2W (Co(e), Iy) + 2b(ay, I;) |
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where
b(ou, 1p) = b(p1)

as
ay(s) = pre™/”

for s € [0, 27py] and p; = e ™ /L. Therefore, thanks also to Equation (4.29), the statement

follows

A w22

W(Ai(e), 1) = ~7 + = +2b(e) + O(g,0) .

General case

Let us now consider an hyperbolic domain €2 C C containing a short geodesic v of length
¢ < gp with respect to the hyperbolic conformal metric h on 2. For any ¢ > 0 small
enough, let then Ap(e) be a tubular neighborhood of v obtained by cutting €2 with two
hyperplanes whose boundaries at infinity have length ¢ with respect to h.

Theorem 4.4.14. The W-volume associated to (Ap(e), h), with A, (e) the tubular neigh-
borhood of a short simple closed curve in a domain €2 C C of length ¢ with respect to the
conformal hyperbolic metric h of €2, with round boundary components of length a small
enough ¢, has the following behaviour:

w22

W(Ap(e), h) = 7 + — +2b(e) + O(Le)

O(L,e)
¢

where O(/, ¢) is a function of ¢ and € such that the limit lim,_,o si finite.

Proof. Thanks to Theorem 3.5.4 (that is, Theorem 1.1 in [CG25]), for any € > 0 small
enough, we can assume Ay(¢) to be contained in a neighborhood of v whose developing
map f is defined on some neighborhood of the geodesic through 0 and oo in H?, and such

that
1 477'2 ) 67772/(26) )

Note that, by Remark 4.4.11, the first term in S(f) coincides with the Schwarzian deriva-
tive of the developing map of the symmetric tube Ay(c). We can then integrate the
Schwarzians S(fy) and S(f) (see [Dum08, Section 3.2]) to obtain, up to Mdbius trans-
formation, the developing maps of Ay () and A,(e), respectively. In general, every holo-
morphic quadratic differential 1)(z)dz? can be realized as the Schwarzian derivative of a
locally injective holomorphic function equal, up to Mébius maps, to the quotient of a base
of the two-dimensional space of solutions of the following ODE (see [Hub16, Section 6.3))

F)" + 56 f(2) =0

Since the solutions of the just above ODE depend continuously on (z), the supremum
norm of the difference of the developing maps of A, () and A(¢) is bounded by a factor

02
Proposition 4.4.13. u

—7\'2 . .
of order O ('3 /(u)) By continuity of the W-volume, the statement follows now from
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4.4.2 Convergence of the adapted renormalized volume

We consider M = H3/T", a convex co-compact hyperbolic 3-manifold with compressible
boundary, and we denote by h € [0, M| the unique hyperbolic representative in its con-
formal boundary at infinity. Let also v C 0,,M = Q(I")/T" be a compressible simple closed
curve of length ¢ with respect to h, and consider its lift to (I"), which we still denote by .
For any small enough £ > 0, we furthermore consider the topological tube Ay (e) C ()
containing v obtained by cutting the boundary at infinity of M with the boundaries of
the two hyperplanes H;(¢) of length ¢ with respect to h. Note that, if h coincides with
Iy, then also Ay (e) = Ay(e), with I, and A.(e) as in Section 4.4.1, defined, respectively,
by Equations (4.28) and (4.27). As a direct consequence of Theorem 3.5.4 (Theorem 1.1
in [CG25]), when ¢ is sufficiently small, the two tubes are almost projectively equivalent,
as seen in the proof of Theorem 4.4.14. We denote by Nj,(¢) the compact region in M
bounded by the Epstein surface associated to the domain with boundary (A.(g), h) and
the two hyperplanes H;(¢), as described in Section 4.2.3.

The goal of this section is to show that the function ‘71; extends continuously to the
w

strata in the boundary of the Weil-Petersson completion 7 (9M) ' corresponding to com-
pressible multicurves (see Section 1.2.3), and that the limit is equal to the sum of the
adapted renormalized volumes of convex co-compact manifolds pointed at the pinched
components of the multicurve of the corresponding stratum, defined in 4.4.18. Recall that
a pointed convex co-compact manifold is a pair (M, P), where P C M is a finite set of
points, and that its renormalized volume was defined in 4.3.12 (see also Remark 4.3.16).

To this end, we first need to recall the following result on the geometric convergence of
convex co-compact hyperbolic manifolds under the pinching of compressible (multi)curves
(see Section 4.2.2).

Theorem 4.4.15. ([SW22, Section A.10]) Let M, = (M, g,) be a sequence of convex co-
compact hyperbolic 3-manifolds, and let m be a compressible multicurve in M such that
the conformal boundaries 0., M, converge to a conformal structure X,, in the stratum

of T(@M)wp corresponding to m. Let also D(m) be a union of disks compressing m.
For each n, fix a point y;(n) in the thick part of every of the i connected components
of C(M,) \ D(m). Then (M,,y;(n)) converges in the Gromov-Hausdorff topology to a
pointed complete hyperbolic manifold (M;, P;), whose boundary at infinity is the union
of the connected components of X, facing the one of y;(n) in C(M,) \ D(m). Moreover,
each limit M; is either convex co-compact, a solid torus, or a 3-ball.

In the notation of the theorem above, we denote by hp, the complete hyperbolic metric
in the conformal class of the connected component(s) of X, corresponding to (M;, P;) that
has a cusp at each point p € P;. We also remark that the manifold M; is diffeomorphic to
the i-th connected component of M \ D(m).

Remark 4.4.16. From now on, we will always assume that all pointed Gromov-Hausdorff
limits are convex co-compact. However, we remark that even in the cases where M; is
diffeomorphic to a solid torus or a 3-ball, the Euler characteristic of 0M; \ P; is negative,
and therefore the hyperbolic metric hp, still exists. The definition of renormalized volume
of a pointed convex co-compact manifold seems to be extendable to these cases, as well as
the result that follows.

Definition 4.4.17. Let m C S be a multicurve on a closed surface. We say that m is
admissible if every component of its complement S\ m is a surface of genus g > 2.
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We now define the adapted version for the renormalized volume of pointed convex
co-compact manifolds (M, P) (as in Definition 4.3.12), as a function on the strata of
the boundary of the Teichmiiller space. We first fix some notation. Given M a convex
cocompact manifold diffeomorphic to the interior of N a tame manifold, and m C N a
compressible multicurve, we denote by N;, with ¢+ = ¢,--- |k, the connected components
of N\ D(m). Moreover, recall that a point in the stratum 7 (9M \ m) can be seen as the
union (X, P) of pointed Riemann surfaces (X;, P;), and each of them is homeomorphic
to ON;. We also denote by M;(X;) the convex cocompact manifold diffeomorphic to the
interior of N; and with conformal boundary X;.

Definition 4.4.18. Let M be a convex co-compact manifold, let m C 9M be an admissible
compressible multicurve, and let 7(OM \ m) be the corresponding stratum in 7 (0M) 3
In the notation above, we define the adapted renormalized volume on the stratum of m as
the function

Ve: T(OM\'m) > R

such that
k 1
Va(X, P): ZVR ). P)=) 0 | VROML(X), P+ Y
i=1 7 compressible ﬁ,‘/ <Xl)
f'y(Xi)<Eo

where g9 = 2arsinh(1) is the Margulis constant, v runs in the set of compressible sim-
ple closed curves in OM;, and ¢ +(X;) denotes its length with respect to the hyperbolic
representative in X;.

A simple closed curve on a surface is called separating if its complement is disconnected.
The two cusps that arise when a curve is pinched, depending on whether this is separating
or not, lie in either two different or the same connected component of the limit Riemann
surface X,,. In the case of a multicurve one has to be more careful, as a union of non-
separating curve can still have a disconnected complement. In any case P; corresponds
to the subset of the 2|m| cusp singularities in the components of X, in the boundary of
M;. To avoid the technicalities in the notation due to this phenomenon, we first state
and prove the theorem for the pinching of a single separating compressible curve, whose
compressing disk also disconnect the 3-manifold.

Theorem 4.4.19. Let M; = (M, g;) be a path of convex co-compact hyperbolic 3-
manifolds with connected boundary obtained, via uniformization theorem, by the pinching
of an admissible separating compressible simple closed curve v in the conformal boundary
at infinity, with separating compressing disk D(). Let also (M, g1, p1) and (Ma, g2, p2) be
the two pointed convex cocompact limits of (M, y;+) in the Gromov-Hausdorff topology,
with y;(t), for i = 1,2, lying in the thick part of the two different connected components
of C(M;) \ D(). Then, outside a codimension-one set

tlgglo Vr(M;) = Vr(Mi, g1,p1) + Vr(Ma, g2, pa) -
Before proceeding with the proof, we remark that the continuous extension fails pre-
cisely at the intersection between the closure of the codimension-one locus in which V5 is

just lower semi-continuous (see Remark 4.4.3) and the boundary of the Teichmiiller space.
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Proof. Since the convex core of any M; = H3/T'; contains a hyperbolic geodesic £; going
through the the (unique up to isotopy) disk D() that compresses v, up to composition
with a path of Mobius transformations ¢, denoting by €2; the domain of discontinuity of
M, we can assume €2, C CP' — {0, 00} and £, to be the geodesic through 0 and co. Let us
denote by £(t) the length of v with respect to the hyperbolic representative h; € [On M;]
in the conformal class of the boundary at infinity of M,. We have then that ¢(t) — 0.

For any € > 0 small enough, we also denote by A, (¢) the tube containing v obtained
by cutting the boundary at infinity with two hyperplanes with boundary in (€2, h;) of
length e with respect to h;. Again up to a path of Mobius transformations, we can assume
that Ap, (¢) is contained in D* for any ¢ big enough. With an abuse of notation, we denote
by Ap, () also its image via the projection to s M; = Q,/T;. Since by hypothesis M,
is connected and v is separating, 0, M; — Ap,(¢) has two connected components which
we denote by (0M;);(e), for i = 1,2. Let also I';; < PSL(2,C) denote the fundamental
groups of the two connected manifolds obtained by cutting along the compressible disk
D(7), whose free product gives T';.

We recall that the conformal boundary at infinity 0., M, is naturally equipped with
a complex projective structure, and so also (0.,M;);(g) is equipped with the complex
projective structure induced by the restriction. Analogously, we also denote by €;(¢)
the components of Q; — Ay, (), which cover (0, M;);(€). In this way, the Epstein surface
associated to ((0oM;)i(€), ht), is the quotient of the one associated to (£2;.(¢), ht) by the
action of the group of Mobius transformation I'y;. Let us fix now a small ¢ > 0. By
additivity of the W-volume (see Lemma 4.2.12), we can split the renormalized volume of
M, as

Vr(M;) = W (0o Mi)1(€), he) + W (0o Mi)2(e), he) + W (A, (), he) -

Then, the adapted renormalized volume of M; splits as

3

Va(My) = W (Do Mi)1 (), he) + W (oo Mi)a(E), he) + W (An, (), he) + 7

g(_t) + L(aooMta ’7) 5

where every time we consider h; restricted to the domain we are referring to, and with

L(X,7) =7° > ﬁ :

a##vy compressible
Lo (X) <eo

We denote respectively by h; and hy the hyperbolic representatives in the conformal
boundary at infinity of the convex co-compact manifolds (M, g1) and (Ms, g2), and by hy,
and h,, the corresponding unique conformal hyperbolic metrics with a cusp, respectively,
at p; and py. We also denote by €2;(g), for i = 1,2, the complement in the discontinuity
domain of M; of a ball at p; with boundary of length ¢ with respect to h,,. Now, observe
that the Gromov-Hausdorff convergence implies the one of the domains Q; () — Q;(¢).
Therefore, by continuity of the W-volume

lim W ((0aoMy)1(), hy) = W(9so M (€), hy,)

t—o00

and equivalently

lim W (0o My)2(€), hy) = W(9soMa(2), hy,)

t—00
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where again all the metrics are considered restricted to the domains indicated. Moreover,
since £(t) — 0, by Theorem 4.4.14

2 2
lim W (A, (¢), hy) + ;—t = L op(e) .

e G

Therefore, for any ¢ > 0

—~ 2 2
Y Vie(Me) = W (Do Ma(€), o )+ +0(&)+ W (D Ma(e), By} +D(e)+ Jim 1D M, )

Since Oy M; converges to the union of (0, My, p1) and (Ox Mz, p2), taking the limit for & —
0 of the above equality, by Definition 4.3.12 and Definition 4.4.18, up to the codimension-
one set where the function L(X,~) is only lower semi continuous

tli)l’{.lo %(MQ == ‘Z;(thlapﬂ + ‘//\Y;%(M%g?apZ) .

The proof of Theorem 4.4.19 applies by iteration to the case of pinching a compressible
multicurve, using the definition of renormalized volume for pointed convex co-compact
manifolds of remark 4.3.16.

Theorem 4.4.20. Let M; = (M,g;) be a path of convex co-compact hyperbolic 3-
manifolds obtained by pinching an admissible compressible multicurve m in the con-
formal boundary at infinity. Let D(m) be a union of disks compressing m, and let
(M;, g;, P;), for i = 1,... k, be the pointed convex co-compact limits of (M, y;(t)) in
the Gromov-Hausdorff topology, with y;(¢) in the thick part of the i-th connected compo-
nent of C(M;) \ D(m). Then, outside a codimension-one set

k
tliglo Vr(M,) = ZI: Vr(M;, g:, P;) .

4.5 On the definition of adapted renormalized volume

We dedicate this section to presenting two alternative possibilities for the definition of
adapted renormalized volume: one that fails, and another that appears promising and for
which seems that the proofs of the main theorems of this chapter can be easily adjusted.
The main aim would be to avoid the discontinuities of Definition 4.4.1, see Remark 4.4.3.

Infinite sum

The discontinuities in definition 4.4.1 arise from the use of an upper bound - specifically
o - on the lengths of curves included in the sum. This restriction is necessary due the well
known fact that the sum of the inverses of the lengths of all the simple closed curves on
a hyperbolic surface diverges. One might hope that restricting the sum to only compress-
ible curves would ensure convergence, but this is not the case, as the following example
illustrates.

Let M be a convex co-compact handlebody of genus 2. Consider simple closed curves
a,a1,b,by € O M representing generators of the first homology group of M. Suppose
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that a and b are compressible, while a; and b, are incompressible, and that their geometric
intersection numbers satisfy i(a,a;) = 1 = i(b, by), and vanish otherwise. Then, it is easy
to verify that the commutator [a,b;] = abia~'b; " is simple. Moreover, the image of [a, b ]
in 1 (M) is trivial, and therefore [a, by] is compressible. Now, one can perform Dehn twists
on b to get infinitely many simple closed compressible curves, whose inverse length sum
diverges.

Since the space of convex co-compact hyperbolic 3-manifolds is parameterized by the
Teichmiiller space modulo the subgroup generated by Dehn twists along compressible
simple closed curves, one might consider modifying the sum in Definition 4.4.1 by summing
over all compressible simple closed curves up to this equivalence. Unfortunately, even after
this identification, the sum still diverges. Let us show an example. Consider again the
curves a, aq, b, by as before, and the family of simple closed (incompressible) curves b}'b, for
n € N. Now, for any n, the commutators [a, b]b] are all simple closed compressible curves,
that cannot be obtained by a Dehn twsits on a compressible curve from one another.
Moreover, the sum over the inverses of their lengths diverges again.

Maximum on multicurves

Another way to avoid the discontinuities is to modifying our definition of adapted renor-
malized volume by taking the maximum over the compressible multicurves of the same
sum:

7T3

Va(X) = Va(X .
VR( ) VR( >+mcorrr2)?§§sible ’YEZmKY<X)

A first remark is that the maximum is the same as the one over the maximal compressible
multicurves. Once proven the following lemmas, the proofs of Theorems 4.4.4, 4.4.5, 4.4.7,
4.4.6 and 4.4.20 should work similarly.

1. The maximum exists

2. There exists an € > 0 such that the multicurves realizing the maximum contain all
the simple compressible closed curves of length less than £ > 0

3. At any point X in the Teichmiiller space there are a finite number of multicurves
realizing the maximum.

We also remark that with this definition ‘71/3 is continuous and Lipschitz, as the standard
renormalized volume is , and the additional term is now maximum of continuous functions.
Moreover, the points in which it is not smooth correspond to the ones in which the
multicurves realizing the maximum is not unique.
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