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Statistical prethermalization in a randomly kicked many-body classical rotor system
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We explore the phenomena of prethermalization in a many-body classical system of rotors under aperiodic
drives characterized by waiting time distribution (WTD), where the waiting time is defined as the time between
two consecutive kicks. We consider here two types of aperiodic drives: random and quasiperiodic. We observe
a short-lived pseudothermal regime with algebraic suppression of heating for the random drive where WTD
has an infinite tail, as observed for Poisson and binomial kick sequences. On the other hand, quasiperiodic
drive characterized by a WTD with a sharp cutoff, as observed for the Thue-Morse sequence of kicks, lead
to a prethermal region where heating is exponentially suppressed. However, according to our observations, the
exponential suppression of the heating rate can not be associated with the boundedness of the WTD. The kinetic
energy growth is analyzed using an average surprise associated with the WTD quantifying the randomness of the
drive. In all aperiodic drives we obtain the chaotic heating regime for late times; however, the diffusion constant
gets renormalized by the average surprise of the WTD in comparison to the periodic case.

DOI: 10.1103/lhnv-1l4l

I. INTRODUCTION

Periodically driven isolated many-body systems have re-
cently attracted much interest because of their exciting
outcomes compared to the corresponding equilibrium coun-
terparts. Such time-periodic drives can generate new types of
nonequilibrium orders like time-crystalline structures [1–4]
and various topological phases [5–18], collectively known as
Floquet engineering [19–21]. However, these systems absorb
energy from the external periodic drives, leading to the non-
conservation of energy that results in a featureless infinite
temperature state at late times. Consequently, in the interme-
diate time window, there can be interesting nonequilibrium
steady states before these systems encounter a heat death
hindering various novel applications.

The heating in periodically driven systems can be avoided
by introducing strong disorder in the presence of interactions,
thus creating many-body localized phases [22–26]. It also has
been observed generically that the periodically driven sys-
tems, even in the clean limit, show prethermalization behavior,
i.e., the system initially equilibrates to a long-lived prethermal
state at high frequency, followed by an exponentially small
heating to the infinite temperature [27–46]. Recently, using
NMR techniques [47] and ultracold atoms in a driven optical
lattice [48], the long-lived prethermal state has been observed
in experiments. The prethermal state is characterized by an
effective time-independent Hamiltonian that can be obtained
from high-frequency Magnus expansion with the time pe-
riod of the drive as a small parameter [33,39]. Although the
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phenomenon of Floquet prethermalization is initially ob-
served in nonintegrable quantum systems with bounded
operators, where the heating bound is calculated following a
rigorous approach, recent results show that these states can
appear even for classical counterparts [41–45]. Quite remark-
ably, classical prethermalization can even occur in systems
with unbounded system variables and its origin is statistical
in nature [41,44,45].

An important question then arises whether Floquet prether-
malization survives if one deviates from the perfect periodic
limit. For quantum many-body systems, recent reports suggest
that prethermal behavior can still be found for quasiperiodic
[49,50] and some structured random drive protocols [50]. The
rigorous results on bounds of heating rates are obtained for
continuous quasiperiodic driving [51], Thue-Morse quasiperi-
odic driving [52], as well as random multipolar driving
[50]. Therefore, aperiodicity could also lead to Floquet-like
prethermalization in quantum many-body systems. This mo-
tivates us to study whether a prethermal regime survives for
classical interacting systems like quantum cases in the ab-
sence of perfect periodic drives. Such aperiodicities, yielding
randomization of dynamics, are also found to be useful for
generating efficient quantum algorithms [53] and a contin-
uously randomly driven quantum system has been recently
been studied in the context of mimicking open quantum sys-
tems [54,55].

Here, we consider three different protocols to observe the
effect of aperiodicity on an interacting kicked rotor system.
To study the system’s dynamics beyond Floquet driving, we
use the concept of waiting time (tw) that determines the time
between two consecutive kicks. In our analysis, the waiting
time is not a constant number, unlike in the Floquet case, but
is a random variable that follows a probability distribution.
However, tw is always an integer multiple of the Floquet time
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period. These protocols can be divided into two categories:
For case one, the waiting time distribution (WTD) is purely
random, and for case two, the distribution is quasiperiodic.
We examine the kinetic energy growth by varying the drive
parameters.

In case one, we consider two purely random driving se-
quences, where protocol I follows kicking sequence chosen
from Poisson’s WTD. In contrast, protocol II assumes a bi-
nomial kicking sequence. Both protocols I and II provide
exact forms of WTDs with tails extending to infinite value.
The prethermal region marginally exists in this case while
predominant heating is clearly noticed as kinetic energy al-
ways grows with time. We refer to such an arrest of kinetic
energy growth as pseudo-prethermal regime where heating is
algebraically suppressed. For case two, we consider the Thue-
Morse sequence for the kicks as a quasiperiodic protocol III.
This leads to a box distribution of the waiting time with equal
probabilities without a tail. Interestingly, contrary to case one,
we find a substantial regular prethermal region with exponen-
tial suppression of heating before the unbounded growth of
the kinetic energy in case two. By collapsing data of kinetic
energy as a function of time for different values of system
parameters, we find the expression of the diffusion constant
and the heating time required to escape from the prethermal
to chaotic state for all the cases of WTD. We characterize the
randomness of the drive with average surprise calculated from
the entropy of WTD. Given a reference surprisal for all the
protocols, we compare the universality of the results. It has
been shown that the lifetime of the prethermal state reduces as
the average surprise increases. We provide a theoretical argu-
ment using energy-time-like uncertainty relations to support
our numerical findings.

II. MODEL

We consider here a classical many-body system of N
coupled oscillators with angle (θ j) and momentum (Ł j), asso-
ciated with the jth oscillator, which evolves with a Trotterized
schedule that can be either random or quasiperiodic. The
discrete maps of Ł j and θ j between nth and (n + 1)th events
are given by

: Ł j (n + 1) = Ł j (n) − κ (sin(θ j − θ j−1)

− sin(θ j+1 − θ j )),

: Ł j (n + 1) = Ł j (n),

: θ j (n + 1) = θ j (n) + Ł j (n + 1)τ, (1)

where τ is the time between two consecutive events. The
angle θ j follows periodic boundary conditions θ j+N = θ j .
These Eqs. (1) represent the generalization of the Chirikov
standard map, a paradigmatic model for studying classical
chaos. Considering the stroboscopic time t , which is defined
just before the nth event, i.e., t = n − 0+, κ (n) is given as
κ (n) = κG(n − 0+), where G is a stochastic indicator func-
tion having the values 0 or 1 that determines whether the
nearest-neighbor rotors interact or not at the nth step. For a
zero value of the indicator function, the system undergoes

FIG. 1. Schematic plot for the equivalent circuit model for a
Trotterized schedule for global random kicks. The particles undergo
free evolution denoted by the green nodes and interact with the light
blue or gray nodes. The gray nodes represent discrete times with
missing kicks. Each free evolution is connected in space with its
nearest-neighbor nodes. The minimum time gap between the kicks
is τ , and the frequency of the missing kicks is characterized by a
single parameter waiting time distribution (WTD). For the general-
ized Chirikov map model considered here, the equation of motion
representation of the nodes is given in Eq. (1).

a free evolution with the momentum unchanged, while the
position is shifted linearly in time by Ł j (n)τ . In contrast, for
the unit value of G, the momentum of a rotor changes in the
next event by the interaction term, and the new value of the
momentum shifts the angle.

In an alternative way, the time-evolution between two con-
secutive events for the jth rotor is given by a free evolution U f

j

(green node) followed by either interacting evolution U i
j (blue

node) or noninteracting evolution U ni
j (gray node). Then the

evolution of jth rotor over the time duration τ is determined
either by U +

j = U i
jU

f
j or U −

j = U ni
j U f

j in a random fashion.
We can define here the notion of waiting time τw that describes
the time gap between two nearest instantaneous interactions
between the nearest-neighbor rotors. In this work, we con-
sider waiting time as a random variable that follows either a
distribution or a quasiperiodic sequence. The minimum value
of the waiting time is given by τw = τ , which describes two
consecutive interaction events, and the corresponding dynam-
ics is governed by the map Uj (n, n + 1) = U +

j (n + 1)U +
j (n).

Similarly τw = 2τ is defined by the map Uj (n, n + 1, n +
2) = U +

j (n + 2)U −
j (n + 1)U +

j (n) and thus goes on for any
τw = lτ , l being an integer. As an example, the evolution of
the total system up to time t = nτ is given by the map U =∑

j U +
j (n)U −

j (n − 1)U −
j (n − 2) · · ·U −

j (2)U −
j (1)U +

j (0). This
mathematical description of the evolution of the total system
can be represented by a schematic plot similar to a circuit
model, as shown in Fig. 1.
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The above equations of motion in Eq. (1) lead to a Hamil-
tonian of the form

H =
N∑

j=1

[
Ł2

j

2
− κ�(t ) cos(θ j+1 − θ j )

]
, (2)

where the kick strength or alternatively the interaction
strength κ is a constant, but the delta function kicks, take the
form, �(t ) = ∑

n δ(t − σn) with σn = ∑n
i τ i

w being the sum
of intermediate waiting time random variable τ i

w, associated
with ith missing kick up to nth event. Importantly, τ i

w is cho-
sen with probability Pλ(τ i

w ), corresponding to the parameter
λ, from the WTD. A random Trotterized driving sequence is
thus characterized by a WTD assuming a lower cut-off for the
waiting time, i.e., min(τ i

w ) = τ and, in general, τ i
w = lτ with l

being a positive random integer with an underlying probability
distribution. It is safe to assume that σ0 = 0.

Another alternative viewpoint of the waiting times is
time-of-arrival, and probability densities are similar to clock
operators [56]. The WTD can be computed by plotting the
frequency of missing kicks in the limit of a large number
of epochs. It can be shown that the system in Eq. (1) has
only one dimensionless parameter K = κτ , that determines
the dynamics of the system. We consider τ = 1 throughout
this paper without any loss of generality. For the delta function
WTD, the problem reduces to the Floquet limit of a standard
many-body kicked rotor model that describes the transition
from regular dynamics to classical chaos [57–63], and was
shown to support a prethermal regime whose lifetime is expo-
nentially large for high frequency and small amplitude of the
drive.

In this work, we explore the effect of random waiting time
on the dynamics of the many-body kicked rotor or generalized
standard map. To examine both the prethermal and the chaotic
behavior of the system, we numerically compute the time
dynamics of the average kinetic energy per rotor, Ekin(t ) =
(1/N )

∑N
j=1 〈Ł2

j (t )/2〉 using Eq. (1). The symbol 〈..〉 indicates
the averaging over the initial conditions where Ł j (t = 0) = 0
for all j, and θ j (t = 0) are chosen from a uniform distribution
between 0 and 2π . In addition, the overhead bar denotes the
averaging over different configurations of the waiting times.

III. WAITING TIME DISTRIBUTIONS (WTD)
AND DRIVING

We are interested in finding the effect of aperiodic or ran-
dom kicks in the dynamics of the many-body kicked rotor,
given that perfect periodic kicking results in a long-lived
prethermal state. In this context, we consider three aperiodic
driving protocols and discuss their imprints on the subsequent
dynamics. We note that WTD may or may not have a sharp
cutoff and depending upon this property one can categorize
the driving protocol. To be precise, the first two driving pro-
tocols belong to the case one scenario where the tail of WTD
extends to infinity, having no sharp cutoff. On the other hand,
the last protocol corresponds to the case one situation where
WTD shows a box profile with a sharp cutoff. Below we
demonstrate the driving protocols in detail.

FIG. 2. (a) WTD for Poisson distribution with γ = 1 having the
surprisal Sγ = S ≈ 1. (b) Variation of the average kinetic energy per
rotor with time for different values of K and γ with the exponential
WTD. (c) Data collapse of the kinetic energy curves with rescaled
time axis by SK2t/τ . (d) Scaling of the heating time t∗ with 1/K in
log-log plot.

A. Protocol I: Poisson clock/Exponential distribution

We present protocol I to analyze case one. In this case,
the waiting time between two kicks follows a discrete ex-
ponential distribution, and from there we can draw a typical
kicking sequence. The normalized WTD for this case takes
the form Pγ (l ) = (eγ − 1)e−γ l , where l = τw/τ is an inte-
ger and γ is a real parameter that determines the spreading
of the distribution. The average and variance of the inte-
ger waiting time can be calculated as 〈l〉 = eγ /(eγ − 1) and
〈l; l〉 = cosech(γ /2)/2, respectively. The average suprisal of
WTD is defined as Sγ = −∑

l Pγ (l ) ln Pγ (l ) determines the
randomness of the distribution, and is given as Sγ = − γ eγ

1−eγ −
log(eγ − 1). The histogram of waiting time with correspond-
ing exponential distribution for γ = 1 is shown in Fig. 2(a).
See Appendix A for a detailed discussion.

The time-evolution of the kinetic energy for the exponen-
tial WTD is shown in Fig. 2(b) for two values of K with four
different γ for each K . The system shows an unbounded dif-
fusion in kinetic energy, preceded by a short-lived prethermal
state when the kinetic energy is almost constant.

The lifetime of the prethermal state depends both on K
and γ ; as anticipated, the lifetime of the regime depends on
the modified Fermi-golden rule for Markovian waiting time,
and decreases with K and the average surprise, determined
by γ . This can be explained using the form of the WTD.
As γ increases, the spreading of the distribution decreases,
and finally, in the limit of γ → ∞, the distribution con-
verges to the delta function representing a nearly Floquet
scenario. Therefore, for a particular value of K , the system
faces less temporal randomness as the value of γ increases,
and the prethermal state’s lifetime increases. On the other
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hand, for γ → 0, WTD gets flattened, leading to a rapid rise
of kinetic energy and thus disrupting the prethermal behavior
substantially.

To get further insight, we collapse the kinetic energy curves
for different values of K and γ by rescaling the time axis
with Sγ K2t [see Fig. 2(c)]. In the chaotic regime, the aver-
age kinetic energy shows diffusive behavior Ekin = D(K, γ )t ,
where D(K, γ ) is the diffusion constant of the system. From
our numerical results, we find that the diffusion constant of
the system in the chaotic regime for this driving protocol
can be obtained as D(K, γ ) ≈ Sγ K2. Comparing the diffusion
constant with the Floquet case, we observe that, for the present
scenario, the diffusion constant is renormalized by a factor Sγ .
We now numerically determine the lifetime of the prethermal
state t∗ of the system by analyzing the growth of kinetic
energy as a function of time t .

To measure the prethermal time quantitatively, we fit the
kinetic energy Ekin up to time t by a scaling function tα with
α < 1 for different values of K and γ . We assume the time as
t∗, designated by the upper limit of the fitting range, for which
α ≈ 1, given K and γ fixed. Having obtained the heating
time t∗ for several values of K and γ , we plot log(t∗) vs
log(1/K ) in Fig. 2(d) keeping three representative values of γ .
The lifetime of the prethermal state shows a scaling relation
t∗ ∼ 1/Ka, where the exponent a varies between 1.9 − 2 for
three different values of γ .

Following a quantitative analysis, we observe that the
prethermal lifetime of the system increases with γ , as ex-
pected. This indicates that the growth of kinetic energy is
algebraically suppressed with K as compared to the expo-
nential suppression in the regular prethermal region observed
for the kicked case [44]. We define this state as the pseudo-
prethermal region. This regime is also distinguished through
the dynamics of average phase slips, defined as the average
number of times the relative angle between adjacent rotors
crosses 2π : 〈φ〉 = 1

N

∑
i Mod[φi+1 − φi, 2π ]. It measures the

dynamic transitions that occur in evolution as a proxy. The
average phase slips change from having a t1/2 behavior in the
prethermal regime to a t3/2 behavior in the heating regime,
supporting the distinguishability of the prethermal and heating
regimes by the exponents of phase slip dynamics, see Ap-
pendix B.

B. Protocol II: Binomial kicking sequences

To analyze case one, we demonstrate the second driving
scheme, protocol II. In this instance, the kicking sequence is
determined by a combination of kick and no-kick following
a binomial probability distribution at each stroboscopic time.
We can find the WTD from the kicking sequences. It can
be noted that this is an alternative approach compared with
protocol I in Sec. III A, where the kicking sequence is deter-
mined from the WTD. However, for both cases, the waiting
time can increase to an infinite value, although the probability
for such cases is negligibly small. The randomness of the
drive is quantified by a probability p, which determines the
occurrence of a kick, whereas (1 − p) is the probability of
having no kick. For p = 1, the system is periodically kicked,
and it has a long-lived prethermal state. The other extreme
limit p = 0 corresponds to the free evolution of the system,

FIG. 3. (a) The solid bars indicate the normalized frequency of
the integer waiting time l corresponding to kicks from a Binomial
distribution with a probability of kicks, p = 0.63, and surprisal S =
1.046. The corresponding normalized distribution perfectly matches
the analytically found expression, indicated with a dotted line.
(b) Variation of the average kinetic energy with time t for different
values of K and p for the binomial kicking sequence. (c) The collapse
of the kinetic energy curves for different K and p, except p = 0.5,
by rescaling the time axis as K2S|p−1/2|t/τ . It shows an excellent
collapse in the chaotic regime. (d) Heating time t∗ as a function of K
for the binomial kicking protocol with different values of p. It scales
as t∗ ∼ 1/Kα with the driving frequency (1/K). Here, α can be taken
to be 2 within numerical precision.

and the kinetic energy is always a conserved quantity. The
maximum randomness in the system dynamics is induced
for pc = 1/2, where the binary entropy function becomes
maximum.

For this driving protocol, the analytic form of the WTD
is found as follows: The probability of l consecutive missing
kicks is given by (1 − p)l , where (1 − p) is the probability
of one missing kick. This leads to the distribution of waiting
time having the form P(l ) = C(1 − p)l , where l = τw/τ is an
integer and C = p

1−p is the normalization constant. The aver-
age and the variance of integer waiting time for this setting
are given by 〈l〉 = 1

p and 〈l; l〉 = 1−p
p2 , respectively. In this

case, the surprise can be calculated as Sp = − 1
p (ln[pp(1 −

p)(1−p)]). As mentioned before, to plot the WTD, we consider
here p = 0.63 so that Sp ≈ 1 [see Fig. 3(a)]. See Appendix A
for a detailed discussion.

The kinetic energy evolution for the kicking sequence men-
tioned above is shown in Fig. 3(b) for different values of K and
p. Although the model in Eq. (2) shows eventual unbounded
chaotic diffusion, it has a short-lived prethermal state—to be
precise, a pseudo-prethermal state, for very small values of
K when the kinetic energy is almost constant; the lifetime
of the state depends both on K and p. We observe a subtle
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difference: for p < pc, there is an initial rise in the ki-
netic energy before entering the pseudo-prethermal regime,
which is absent in the kinetic energy curves for p > pc.
To study the time evolution of the kinetic energy, we con-
sider here two values of K and for each K , three different
values of p are assumed. We observe that for a particu-
lar value of K , the system starts heating up first for p =
1/2, i.e., when the randomness in the kicking sequence is
maximum. Otherwise, the lifetime of the pseudo-prethermal
state increases with an increasing value of p. The kinetic
energy curves for a single K with different p but sym-
metric about p = 0.5 show a perfect collapse at large t ,
i.e., when the system behaves chaotically. It indicates that
the chaotic dynamics of the system is self-similar about
p = 0.5.

We rescale the time axis to K2S|p−1/2|t while examining
the kinetic energy curves for different K and p, except for
p = 0.5. We find that the curves show a good collapse in
the chaotic regime compared to the pseudo-prethermal region
[see Fig. 3(c)]. We observe that the energy curves for p = 0.5
and any K cannot be merged with the same rescaling of the
time axis. In the chaotic regime, the average kinetic energy
shows diffusive behavior EK = D(K, p)t , where D(K, p) is
the diffusion constant of the system. Consequently, the diffu-
sion constant for this driving protocol is given by D(K, p) ≈
K2S|p−1/2|. One can understand K2 dependence of D(K, p)
using the approximation of independent rotors in the heating
regime. Because of the aperiodic drive using a binomial se-
quence, the diffusion constant is modified by the parameter
p that determines the intensity of aperiodicity. From the ex-
pression of D(K, p), we observe that the diffusion constant is
symmetric about the critical probability pc = 1/2.

We now numerically determine the prethermal lifetime t∗
of the system by plotting the kinetic energy curves as a func-
tion of time t . Using the method described in Sec. III A, we
numerically determine the lifetime t∗ for different values of
K and p. The prethermal lifetime t∗ as a function of 1/K in
log-log scale is shown in Fig. 3(d) for three different values of
p. The straight line fit for the data points suggests a power-law
function of the heating time as t∗ ∼ 1/Ka. For all the values
of p, the scaling exponent a is 2 within numerical precision.
Among these three values of p, the lifetime of the prethermal
state is lowest for p = 0.5, i.e., when the temporal randomness
is maximum, and the system gets heated up more quickly than
the other two values of p. On the other hand, the lifetime of the
prethermal state is larger for p = 0.2 compared to the case of
p = 0.8, i.e., heating takes place early for p = 0.8 compared
to p = 0.2, leading to a further reduction of the pseudo-
thermal region. This can be explained using the equations of
motion in Eq. (1). For p = 0.2, the process involves a larger
number of missing kicks compared to the case with p = 0.8;
therefore, to reach the resonance condition, the first case takes
more time than the second one, since the momentum remains
unchanged during the missing kicks [see Eq. (1)].

C. Protocol III : Random multipolar and Thue-Morse driving

We now examine case two, considering another type of
driving sequence that provides a finite cut-off to the waiting

time distribution, unlike the previous case one. In this context,
we investigate the system dynamics driven by quasiperiodic
Thue-Morse or structured binary random sequences defined
by random multipolar drives. A multipolar driving consists
of a structured sequence of multipolar blocks while inside
a given blocks, there can be m number of entries, with m
being the order of the multipole. These drives exhibit corre-
lations between the blocks. For m = 0, the drive is monopolar
and generated by a random choice with equal probability
between two binary options {s+

0 , s−
0 } = {0, 1}, where 0 and 1

signify the absence and the presence of kicks at any strobo-
scopic time, respectively. We note that the monopolar drive
with m = 0 exactly corresponds to the case of the binomial
kicking sequence with p = 0.5, as discussed in Sec. III B.
Similarly, the dipolar driving corresponds to the random
choices between two elementary dipolar blocks {s+

1 , s−
1 } =

{(0, 1), (1, 0)}. In continuation, for any general multipolar
drive m, the sequence is recursively formed using two differ-
ent (m − 1)th blocks, {s+

m, s−
m} = {(s+

m−1, s−
m−1), (s−

m−1, s+
m−1)}.

For m = 0, the WTD has only an infinite extent as in the
case of binomial kicking, otherwise, the distribution is dis-
crete with finite extent for any nonzero m. The m → ∞
limit corresponds to the quasiperiodic Thue-Morse (TM)
kicking sequence, 011010011001011010010110 . . . as ob-
tained using A → AĀ → AĀĀA → · · · iterations. From this
quasiperiodic sequence, we observe that the waiting time can
take three values, τw = τ , 2τ , and 3τ with equal probabili-
ties. Therefore, the normalized integer WTD can be written
as P(l ) = ∑3

i=1
1
3δ(l − i), which is shown in Fig. 4(a). The

average and variance of the corresponding distribution are
given by 〈l〉 = 2, 〈l; l〉 = 2/3, respectively. The surprise of
the distribution can be calculated as S = 1.09861, which is
close to unity that we intended to keep for all the driving
sequences to plot the WTD. See Appendix A for a detailed
discussion.

Recently, this sequence has been used to drive quantum
systems in the context of finding long-lived prethermal states
before eventual heating, even without perfect periodic drive
protocols [52]. For a generic quantum system, the heating rate
is suppressed faster than a power law of driving frequency,
unlike to the random driving case. A rigorous heating bound
has also been observed for generic quantum systems hav-
ing operators with local norm bounds. The existence of the
prethermal behavior for the system with the Hamiltonian in
Eq. (2) is established in Ref. [64] for the aperiodic drives with
random multipolar and quasiperiodic TM kicking sequences.
In the above work, the authors have considered symmetric
kicking strength as ±K to find the temperature and the lifetime
of the prethermal state for TM quasiperiodic drive, and the
system does not go through any missing kicks. However, we
assume here asymmetric kicking strength 0 or K that follows
a TM sequence. We wish to investigate here the difference in
prethermal behavior of the system compared to the symmetric
case reported by Ref. [64].

The time evolution of the average kinetic energy for the
asymmetric TM driving is shown in Fig. 4(b) for different val-
ues of the kicking strength K . Unlike the previous two cases,
the Thue-Morse driving does not have any parameter that
determines the strength of temporal disorder in the system,
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FIG. 4. (a) The normalized WTD for this sequence shows three
peaks at l = 1, 2 and 3 in contrast to the previous two cases in Figs. 3
and 2, where the integer waiting time can be extended up to ∞ with
small but nonzero probability. (b) The average kinetic energy per
rotor for different values of K , when the system is driven according
to the Thue-Morse driving schedule. (c) Data collapse of the kinetic
energy curves in the chaotic regime for different values of K with
rescaled time axis by the ec/K , where c = 6.18. (d) The heating time
t∗ with 1/K in semi-log plot using the same scaling.

and therefore the randomness is structured in this case. This
is reflected in the prethermal behavior of the system, since the
prethermal state is more robust for the present case compared
to the previous two cases [see Figs. 2(b), 3(b), and 4(b)].
One can hence refer to this phase as the regular prethermal
region, opposing the pseudo-prethermal region found in case
one. To further analyze the prethermal behavior, we adopt
an exponential rescaling of time t → te−c/K , which shows
clear data collapse for smaller values of K , see Fig. 4(c). The
diffusion takes place in the chaotic region after experiencing
the prethermal region where energy increases with time. In
this region, the renormalized time te−c/K does not lead to
a data collapse for the chaotic regime, indicating a possible
algebraic dependence on K .

The lifetime of the prethermal state t∗ (defined in
Sec. III A) is plotted with 1/K in semi-log scale in Fig. 4(c)
and is found as t∗ ∼ ec/K , where c is a numerical constant.
The present case indicates exponential suppression of heating
for the regular prethermal region as opposed to the algebraic
suppression of heating in pseudo-prethermal region obtained
for case one. This is similar to the periodic Floquet prethermal
phase where heating is exponentially suppressed. The expres-
sion of the timescale corresponding to the prethermal state for
TM drive is different from Ref. [64], where it takes the form
t∗ ∼ elog(1/K )2

. However, the main difference between these
two studies leads to two different prethermal timescales; the
driving pattern between two binary kick strengths is either 0
or K , i.e., a combination of kicks and missing kicks, and, for

them, two binary kick strengths are ±K , having zero missing
kicks.

IV. APERIODIC DRIVING: CONJECTURE
FOR NUMERICAL OBSERVATION

In the previous sections, we discussed our numerical re-
sults on the dynamics of the average kinetic energy of the rotor
for random and quasiperiodic drives. For case one (II), we
observe the existence of the pseudo- (regular) prethermal state
and find the corresponding heating time that scales with the
surprise of the WTDs. In this section, we discuss the case of
a continuous drive. Then, using energy-time like uncertainty
relations, we give a heuristic argument for the scaling of
prethermal timescales with the average surprise of the WTD.

A. Continuous random drive

Although our work deals with discrete random drives, be-
fore diving into those particular cases, let us first anticipate
the case of continuous random drive, when the coupling �(t )
follows a Gaussian white noise with unit average and variance
γ . The evolution of an averaged observable A is given using
quantum-classical correspondence [54] [also see Appendix C]
as

A(t ) ∼ eiL†t A(0) (3)

where iL is the generator of the iL†[◦] = {H0 + γ H1, ◦} −
2γ {H1, {H1, ◦}} where H0 = ∑N

j=1 Ł2
j/2 is the kinetic energy

and H1 = κ
∑

j cos(θ j+1 − θ j ) and {, } denotes the classical

Poisson brackets. The total momentum (
∑

j Ł j) is a constant
of motion of the system. In the heating regime, the total kinetic
energy grows diffusively

∑
j Ł2

j ∼ 2γ κ2t , and the diffusion
constant from the Fermi golden rule is proportional to the
squared strength of the interaction. Now, let us turn to the case
of the discrete process with n interactions. One expects that
this trend will hold, i.e., Ł2

j (n) ∼ αn, where α is proportional
to the variance of the WTD for the drive. However, a better
scaling for the diffusion constant of the heating regime from
numerical simulations is obtained when α is proportional to
the average surprise of the WTD of the discrete drive. Next,
we give a heuristic argument for the same.

B. Heuristic arguments on prethermal temperature
for discrete random drive

In this section, we give heuristic arguments to estimate
the prethermal temperature for a discrete random drive. We
use a variant of the energy-time uncertainty-like relation [65],
〈�l〉〈�H〉/T ∗ ∼ n ∼ τe f f /τ , to help us to understand the
observed scaling behavior of the prethermal lifetime. Here
�l = √〈l; l〉 is the standard deviation of the WTD, �H is the
energy fluctuation in the prethermal state, and n is the number
of events. The system escapes from the prethermal state for
n ∼ τeff/τ , defined as the effective number of interactions it
takes for the average energy to be equal to the variance of the
energy. The timescale τeff can be interpreted as the lifetime of
the prethermal state. For randomly driven cases, the lifetime of
the prethermal states can be defined with �l ∼ O(1), �H ∼
O(1/τ 2). Using the above uncertainty relation, we find that the
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FIG. 5. The plot shows the change in the phase space entropy
�Sn with the scaled surprisal K

√
S for different kicking strength

κ . For high-frequency drive (or small dimensionless parameter K),
the scaling is approximately linear, suggesting the entropy change is
additive. The simulation is performed for the Hamiltonian in Eq. (2)
for Poisson random driving.

lifetime of the prethermal scale is proportional to the inverse
of the prethermal temperature (τe f f ∼ t∗ ∼ 1/τT ∗). From nu-
merical simulations, the lifetime scales as t∗ ∼ τ/SK2. This
implies that the prethermal temperature T ∗ ∼ SK2/τ 2. This
trend is also consistent with the numerical results presented in
Figs. 2(c) and 3(c).

To investigate further, we consider the phase space at nth
kick as 
({Łn, θn}) ≡ 
n to analyze the connection between
average phase space entropy, Sn = ∫

P (
n) log(P (
n))d
n

and the entropy supplied by the randomness of the kick
through average surprise (S). We measure the change in phase
space entropy under two consecutive events as a function of
S for Poisson WTD with different kick strengths, as shown in
Fig. 5. By rescaling the x axis, we find in the high-frequency
limit, the average change in entropy of the phase space (�Sn)
is proportional to the K

√
S. Along with the assumption that

entropy is additive, and using information-theoretic Cramer-
Rao bounds in Appendix E, we find the above observations
lead to a timescale for aperiodic driving being modified by
K

√
S. Further, this suggests the lifetime of the prethermal

state decreases as t∗ ∼ τ/�S2
n. It must be emphasized that this

conjecture is true for high-frequency aperiodic driving only.

V. DISCUSSION

In this study, we have considered a circuit model where
the particles go through free evolution followed by random
or quasiperiodic kicks. In the process, the kinetic energy of
the particles either remains constant or changes by the in-
teraction of two nearest-neighbor particles. We characterize
the randomness in time by invoking the concept of WTD
that measures the time between two consecutive kicks. This
circuit model can be mapped to a classical system of many
rotors with static kinetic energy and kicked nearest-neighbor
interactions. As expected these kicks are not periodic but

either random or quasiperiodic. We consider here two cases of
WTDs, case one assumes two random drives where the wait-
ing time can become unbounded, resulting in an infinitely long
tail WTD profile. In contrast, for case two, the waiting time
follows a quasiperiodic distribution with some specific values,
leading to a sharp cut-off in WTD. For case one, we consider
two random driving sequences, binomial and Poisson, where
the kinetic energy curves provide a good data collapse in the
chaotic regimes by rescaling the time axis. This leads to a
scaling relation for the diffusion constant as D ∼ K2, where K
is the kicking strength. For Poisson and binomial distributions,
where the surprise S depends on the distribution parameter,
the diffusion constant is modified by the relation D ≈ SK2.
This modifies the diffusion constant for the periodic drive
that is applicable for large K [45], since then the rotors move
independently, and one can neglect correlations. However, for
the present aperiodic cases, the relation D ∼ K2 is valid even
for smaller K values. This behavior follows the fact that the
breaking of time translation symmetry in a system generally
opens many heating channels and destabilizes it rapidly [66].

In addition, for both binomial and Poisson driving se-
quences, we calculate the lifetime of the so-called prethermal
state numerically, and both processes provide a relation t∗ ∼
1/K2 within numerical precision. For multi-polar drives with
asymmetric interactions, the lifetime of the prethermal state
is found as t∗ ∼ 1/K2 in Ref. [64]. This result is supported
by analytical arguments of the behavior of the eigenvalues
of the update matrix after linearization of the many-body
kicked rotor Hamiltonian [64]. Interestingly, the lifetime of
the prethermal state for our cases provides the same scaling
relation as the lifetime they have found. Although we have
considered generic random driving cases, unlike structured
random multi-polar driving, we find a prethermal regime with
the same prethermal lifetime scaling t∗ ∼ 1/K2 that proves
the generality of the prethermal behavior of a many-body
rotor system. To be more precise, the algebraic relation of t∗
and K clearly suggests that the heating is not exponentially
suppressed, but rather algebraically suppressed. This distinct
nature allows us to refer to this phase as pseudo-prethermal
phase. With a close look at the collapsed curves of Figs. 2
and 3, we observe that the heating timescales as t∗ ≈ τ/SK2.
Further, using a energy-time uncertainty relation and numer-
ical results of the lifetime of the pseudo-prethermal state, we
find the temperature of this prethermal state as T ∗ ∼ SK2/τ 2.
We have also made a connection between phase space entropy
and surprise using time-dependent phase space probability
density. This suggests the lifetime of the prethermal state can
be written as t∗ ∼ τ/�S2

n, where �Sn is the change in phase
space entropy between two consecutive kicking events.

To study further, we consider the TM driving sequence
where the waiting time is not unbounded, but takes three
values with equal probabilities, i.e., a box distribution of WTD
[see Fig. 4(a)]. As mentioned before, the heating time for this
drive sequence scales as t∗ ∼ ec/K , where c is a numerical
constant and K is the kicking strength. This is clear signature
of the prethermal phase as noticed for the Floquet case [44].
However, in a previous work [64], it has been reported that
the lifetime of the prethermal state for TM drive has a scaling
form t∗ ∼ elog(1/K )2

. This indicates that the lifetime and the
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heating time have different scaling forms for TM drive in a
many-body rotor system.

In this work, we find polynomial scaling of heating time
for the first two protocols of driving that have an infinitely
extended long tail of the WTD. For the third driving protocol,
the heating time is exponentially long, and the corresponding
WTD has a sharp cutoff in waiting time. However, we cannot
associate the superpolynomial scaling of the heating time with
the boundedness of the WTD. In Appendix A, we have shown
the heating timescales as t∗ ∼ 1/K2 for dipolar driving (see
Fig. 11), although the corresponding WTD is bounded. The
exponentially long heating time for the Thue-Morse sequence
is observed probably because of its highly structured form of
quasiperiodicity.

VI. CONCLUSIONS

In conclusion, we have studied how the prethermal behav-
ior of a system of interacting classical rotors changes when it
is driven either quasiperiodically or randomly. To accomplish
our motivation, we consider two situations: (a) for case one,
the driving sequences are purely random, (b) for case two, the
driving sequence is quasiperiodic. For case one, we consider
binomial and Poisson kicking sequences, whereas for case
two, we assume a TM sequence. We can tune the temporal
randomness in the system by varying some parameters for
random driving cases. We have also found analytical forms
of WTD using the kicking sequences. Our findings show that
case one (two) leads to an algebraic (exponential) suppression
of heating in the pseudo- (regular) prethermal regime while
diffusive regime also exhibits distinct behavior in terms of
interaction parameters. Because of the randomness of the
drive, we introduce an energy-time type uncertainty relation
that leads to an expression for the temperature of the so-called
prethermal state, combining the numerical results for random
drive cases. We have also discussed the time-dependent phase
space distribution and found a relation between phase space
entropy and surprise of the WTD. Finally, we find that the life-
time of the prethermal state varies inversely with the square
of change in phase space entropy between two consecutive
kicking events. Since our driving protocols include pure ran-
dom driving cases, we can conjecture that the existence of
the relatively short-lived prethermal-like regime is a generic
phenomenon even for aperiodic drives, unlike the long-lived
Floquet-like prethermal regime [41,44].
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FIG. 6. (a) Sequence from an binomially distributed waiting time
with p = 0.63. (b) The corresponding distribution as in the text. The
average surprise is S = 1.04.

APPENDIX A: PROBABILITY DISTRIBUTION

Floquet driving is generalized to random driving by intro-
ducing WTD. The time between the kicks is always in integer
multiples of the characteristic kick length τ , as waiting time
τw = lτ , where l is an integer. We set τ = 1 for convenience.
In this setting, l plays the role of the waiting time. A periodic
Floquet drive always has waiting time l = 1 between two
consecutive kicks. For a random driving, l is interpreted as
a random variable taken from a discrete distribution P(l ).
We interpret the similarity between the distributions by the
quantity called “surprise” of the distribution, given as S =
−∑

l P(l ) log P(l ). This work considers two types of WTDs
with unbounded and bounded profiles. For case one, the wait-
ing time can take any value between 0 and ∞, and it goes up
to only a finite cutoff value for case two. We consider S ≈ 1
for all the WTD so that we can compare the findings from
different WTDs on a similar footing.

1. Unbounded WTD with l ∈ (1,∞)

In this category, we consider discrete geometric and expo-
nential distributions for the waiting time. The details of the
distributions are given below.

a. Discrete geometric distribution

In this case, the kicking sequence follows a binomial prob-
ability distribution, and the corresponding WTD is given by
P(l ) = p(1 − p)l−1, where l being the number of kicks. We
have shown kicking sequences and the corresponding WTD
for p = 0.63 and 0.5 in Figs. 6(a), 6(b), 7(a), and 7(b), re-
spectively. The probability of kicks p = 0.63 leads to S ≈ 1,
which we have followed for all the WTDs.

b. Discrete exponential distribution

The standard Poisson process is a counting process that
accounts for the number of kicks in a finite interval of time
[0, n] denoted by Nn where the final time is t = n. Let us say
that the counts occur at times T1, T2 . . . Tn, then the total num-
ber Nn = ∑n

i=1 �(t − Ti ), is 1 when the argument is greater
than zero, or 0 otherwise. In a Poisson process, a further
assumption is that the increments between the time steps have
no memory, are independent of each other, and come from a
stationary distribution. Here Nn = k is a random variable that

064310-8



STATISTICAL PRETHERMALIZATION IN A RANDOMLY … PHYSICAL REVIEW B 112, 064310 (2025)

FIG. 7. (a) Sequence from an binomially distributed waiting time
with p = 0.5. (b) The corresponding distribution as in the text. The
average surprise is S = 1.386.

follows the distribution

P(Nn = k) = e−γ n (γ n)k

k!
(A1)

described by the Poisson parameter γ . This distribution de-
scribes the probability of observing k kicks in an interval
of time n. This provides the average number of kicks the
system experienced after n physical time as 〈Nn〉 = γ n with
a variance equal to the mean. Then the distribution of waiting
time between two kicks is given by

P(Nn = 0) = e−γ l , (A2)

where l is the final integer time for which Nn = 0. This leads
to a discrete exponential WTD P(l ) = Ce−γ l , where C is the
normalization constant. Considering the normalization condi-
tion �∞

l=1P(l ) = 1, C is found to be 1/(eγ − 1). A sequence
of kicks and the corresponding distribution are shown in
Figs. 8(a) and 8(b), respectively, for γ = 1 so that the surprise
is found to be S ≈ 1.

2. Bounded WTD with l ∈ (1, k)

In this case, the waiting time is bounded by a finite value.
In this category, we consider, TM drive (see Sec. III C) to
examine the prethermal behavior of the system. The TM drive
is the limiting case of the multipolar drive with m → ∞. We
discuss here different types of multipolar drives along with the
TM drive. Multipolar drives can be viewed as a sequence that
is a random process (see Sec. III C for details).

FIG. 8. (a) Sequence from an exponentially distributed waiting
time with γ = 1. (b) The corresponding distribution as in the text.
The average surprise is S = 1.04.

FIG. 9. (a) Kicking sequence for a monopolar drive that is equiv-
alent to binomial drive with p = 0.5. (b) The distribution of the
waiting time corresponds to the monopolar drive.

a. Monopolar drive

The monopolar drive, as discussed in the main text, is
equivalent to selecting the kicks from a binomial distribution.
This corresponds to the waiting time taken from a discrete
Geometric distribution with p = 0.5. The surprise for this case
is given by S = 1.386 as shown in Fig. 7. The same amount
of “surprise” is matched for an exponential waiting time
with γ ∼ 0.691. The kicking sequence and the corresponding
WTD are shown in Figs. 9(a) and 9(b), respectively.

b. Dipolar drive

The dipolar drive, as discussed in Sec. III C, is equivalent to
selecting the kicks with discrete waiting time l ∈ (1, 3) with
different probabilities. The WTD for this drive is given by
P(l ) = 1

4δ(l − 1) + 1
2δ(l − 2) + 1

4δ(l − 3). The average and
the variance of the distribution are found to be 〈n〉 = 2 and
〈n; n〉 = 0.5, respectively. The corresponding surprise is given
by S = 1.03972. We have shown the kicking sequence and
corresponding WTD in Figs. 10(a) and 10(b), respectively. We
show the variation of kinetic energy with a scaled time-axis
as K2t in Fig. 11 (left panel) for dipolar driving. We observe
here a good collapse of kinetic energy curves for different K
in the heating regime. In this case, the heating time exhibits
a polynomial scaling t∗ ∼ 1/K2, although the support of the
WTD is bounded.

FIG. 10. (a) A sequence of dipolar drive with (b) the correspond-
ing WTD with a finite support. The surprise for this drive is found to
be S = 1.03972.
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FIG. 11. (Left panel) Data collapse of the kinetic energy curves
for different K for dipolar driving. (Right panel) Heating time t∗ as a
function of 1/K in log-log plots. It indicates t∗ ∼ 1/Kα , where α is
found to be 2 within numerical error.

c. Thue-Morse drive

This quasiperiodic drive is generated by Thue-Morse se-
quence. The waiting time is bounded by l ∈ (1, 3) and they are
equally probable. This leads to the WTD P(l ) = 1

3

∑3
i=1 δ(l −

i) with the average 〈l〉 = 2 and the variance 〈l; l〉 = 1. The
corresponding surprise is given by S = 1.09861. The driv-
ing sequence and corresponding distribution are shown in
Figs. 12(a) and 12(b), respectively.

APPENDIX B: AVERAGED PHASE SLIP DYNAMICS

The averaged phase slips count the average number of
times the relative angle between adjacent rotors crosses 2π . It
is defined as 〈φ〉 = 1

N

∑
i Mod[φi+1 − φi, 2π ]. It measures the

dynamic transitions that occur in the evolution as a proxy. In
Fig. 13, we see that the average number of phase slips changes
from having a t1/2 behavior in the prethermal regime to a t3/2

behavior in the heating regime. Therefore, we can differentiate
the prethermal and heating regimes by the exponents of phase
slip dynamics.

APPENDIX C: DERIVATION EVOLUTION
OF AVERAGED OBSERVABLE

The discrete kick Hamiltonian over a time interval τ in
Eq. (2) can be viewed as a system driven by Poisson noise

dHτ =
∑

i

H0(i)τ − H1(i)dNτ , (C1)

Thue-Morse Thue-Morse

FIG. 12. Thue-Morse driving sequence with WTD with a finite
support. The surprise is S = 1.098.

FIG. 13. Averaged phase slips for the randomly driven system
as a function of time by Poisson noise. The time evolution shows
a clear difference between the transition to the heating regime. For
short times, the behavior is t1/2 while for heating the behavior
is t3/2.

where dNτ is a Poisson noise such that rate 〈dNτ 〉 = γ τ . H0

denotes the noninteracting part while H1 denotes the interact-
ing part of the Hamiltonian. Now consider the mapping of
Poisson noise to Gaussian noise in large γ limit [68],

ηdt = (dNt − γ dt )/|√γ |.
The stochastic Hamiltonian is given by,

H = H0 + γ H1 +
√

2γ ηH1 (C2)

where η is a space time white noise with 〈η〉 = 0 and
〈η(t )η(t ′)〉 = δ(t − t ′). We will move to the quantum picture
for convenience and then use quantum-classical correspon-
dence. Using the propagator At+dt = Udt AtU

†
dt and expanding

using Ito rules, the evolution of an averaged observable in the
Heisenberg picture evolving with this Hamiltonian H is given
by the Lindblad master equations,

dt 〈A〉 = i[H0 + γ H1, 〈A〉] + 2γ [H1, [H1, 〈A〉]]. (C3)

The reverse passage from the more established Lindblad
master equations to the stochastic Hamiltonian unravels the
dissipative quantum dynamics. Replacing the commutators
with Poisson brackets, i[., .] → {., .} we have for a classical
observable A evolving with classical stochastic Hamiltonian
H ,

∂t 〈A〉 = {H0 + γ H1, 〈A〉} − 2γ {H1, {H1, 〈A〉}} (C4)

The first term is the Ehrenfest equation of motion, repro-
ducing the exact average equation of motion of the particle
moving in the field.

APPENDIX D: GENERATOR FOR POISSON KICKING

Let the evolution of the phase-space density is given
as ∂tP (
t ) = −iLP (
t ) in the continuum, then P (
t ) =
e−iLtP (
0). Introducing a scaling variable λ = t/τ , Remem-
ber t = ∑

n σn, is a random variable. For a given t , the number
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of kicks n is random with a distribution p(α, t ). The average
density function at time t is then a convolution of the phase
space distribution with the random distribution,

P (t ) =
∫ ∞

0
dtPs(
t )p(α, t ). (D1)

Introducing scaled variable P(α, λ = t/τ ) = τ p(α, t ), we
have

P (t ) =
∫ ∞

0
dλPs(
λ)P(α, λ). (D2)

The propagator is then given as

Gα (τ ) =
∫ ∞

0
dλP(α, λ)e−iLλτ . (D3)

Let us define the scaled Poisson probability distribution for
collisions as

P(α, λ) = e−λλ(α−1)


(α)
(D4)

gives

Gα (τ ) =
∫ ∞

0
dλ

e−λ(1+iLτ )λ(α−1)


(α)
= (1 + iLτ )−α. (D5)

For α → 0, we recover the continuous evolution. The
evolution of the phase space is then P (
t−τ ) − P (
t ) =
−iLP (
t )τ . This shows for Poisson WTDs, the original prop-
agator becomes exact.

APPENDIX E: INFORMATION BOUNDS AND SUPRISAL

We start with the relation for quasistationary state with
small timestep τ , under the assumption d

dt

∑
P (
t )|dt→τ = 0.

The problem is to treat time as a stochastic variable and
estimate average time. To do this we identify that the average

change in phase space between two consecutive kicks is given
as the average relative change in entropy of the phase space is
given as

�St =
∫

d
tP (
t ) log
P (
t )

P (
t+τ )
, (E1)

�St ≈ 1

2
τ 2IF , (E2)

the second line is obtained by expanding the average entropy
change in the system that is obtained from the time derivative
of the KL divergence and where the Fisher information is
defined as

IF =
∑

i

P (
t )

(
d lnP (
t )

dt

)2

. (E3)

From the time-Fisher information uncertainty relation
τA

√
IF � 1 based on Cramer-Rao bound [65] and Eq. (E2),

we find that
τA

τ

√
2�St � 1 (E4)

where τA is the timescale when the average equals the variance
for the estimated time after n kicks is equal to t . In Fig. 5,
we numerically show that the average entropy production is
proportional to the average surprise of the waiting-time distri-
bution at high-frequency driving of the kicks, i.e., �St ∼ S,
where S = ∑

i Pi log Pi with Pi the waiting-time distribution
of the kicks. This equality is expected from the assumptions
of independent and identically distributed random variables,
since entropy is additive in nature,

τA

√
2S � τ. (E5)

The timescale in a perfectly periodic drive is governed by K =
κτ gets modified to K2 � κ2τ 2
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