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Spikes in Poissonian quantum trajectories
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We consider the dynamics of a continuously monitored qubit in the limit of strong measurement rate where
the quantum trajectory is described by a stochastic master equation with Poisson noise. Such limits are expected
to give rise to quantum jumps between the pointer states associated with the nondemolition measurement. A
surprising discovery in earlier work [A. Tilloy ef al., Phys. Rev. A 92, 052111 (2015)] on quantum trajectories
with Brownian noise was the phenomena of spikes observed in-between the quantum jumps. Here, we show
that spikes are observed also for Poisson noise. We consider three cases where the nondemolition is broken
by adding, to the basic strong measurement dynamics, either unitary evolution or thermal noise or additional
measurements. We present a complete analysis of the spike and jump statistics for all three cases using the fact
that the dynamics effectively corresponds to that of stochastic resetting. We provide numerical results to support

our analytic results.
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I. INTRODUCTION

In the last decade, the flourishing interest in feedback con-
trol of quantum systems has led to a renaissance of the theory
of quantum measurements through continuous measurements.
The cornerstone of continuous quantum measurements is
the stochastic master equation (SME), also called the quan-
tum trajectories equation, or the Belavkin-Barchielli equation.
After an initial period of development in the spontaneous
collapse community [1-4], SME was really born in the 1980s
in quantum optics and quantum filtering communities [5—18].
They are now part of standard textbooks [19-24], and have
been observed experimentally [25-30]. In the context of the
so-called quantum nondemolition (QND) setup it is assumed
that measurement operators, and possible Hamiltonians, are
all diagonalizable in the same orthonormal basis, called the
pointer basis. One of the most striking results in this case is
that the large time-limiting form of the density matrix is in
accordance with the usual Born rule. This has been observed
experimentally [25-27] and proven theoretically in [31-35].

An interesting situation arises when one considers the non-
QND setup (see Sec. II), where a lot of attention has recently
been given to the case of large rate measurement limit, which
is also called the strong collapse limit (or weak non-QND
limit) of non-QND quantum trajectories. We then expect to
see the emergence of quantum jumps between pointer states
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and this has been observed experimentally [36-38]. It was
recently theoretically explained in [39] for SME with Gaus-
sian noise in the collapse-thermal and collapse-unitary setups
[40] generalized [39] for SME with Gaussian noise, in more
general setups, particularly the collapse-measurement case.
Reference [41] also discusses it for SME with Poisson noise in
the collapse-unitary setup. Note that the quantum Zeno effect
[42-47] argues that continuously observing a quantum state
leads to a zero probability of evolving away from a given
state, thus freezing the evolution of the system and suppress-
ing the quantum jumps. However, the Zeno effect can be
avoided if one considers the appropriate limit of system probe
interactions.

A surprising discovery was the observation of sharp
scale-invariant fluctuations that invariably decorate the jump
process [see Figs. 1(c), 2(c), and 3(c)], in the limit where
the measurement rate is very large. These seemingly instan-
taneous excursions have been referred to as quantum spikes.
These fluctuations around the dominant jump process seem to
be visible in the early numerical work on the subject [48-51].
A heuristic description was provided in [50,51], while their
first analytical treatment was done recently by Bauer-Bernard-
Tilloy [52-54], which motivated some other works [55,56].
Previous work has been exclusively concerned with Gaussian
noise SMEs and explains these phenomena by relating it to
the fact that the convergence to the jump process between
pointer states is weak. However, this is expected to be valid for
more general SMEs and we quote Tilloy [57]: “A first possible
generalization is to go from a continuous collapse model to a
discrete one, and replace the diffusive equations we had with
jump ones ... . However, while spikes are numerically present
as well in this context and seem to have the exact same power
law statistics, no proof is known even for the qubit case.” The

©2025 American Physical Society
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FIG. 1. Collapse-unitary setup: typical trajectories generated by Eq. (18) for increasing values of y; = 7,25, 10000 for (a), (b), (c),
respectively, with the Rabi frequency tuned as k,, = /wy;. In (a) we see time segments with a downward deterministic flow from 7 and
then an upward vertical instantaneous reset to 7 this constitutes a prespike. With increasing y,, these prespikes either form a jump to 6 = 0
or, more often, develop into spikes. Thus, we finally see in (c) a structure consisting of jumps (flows from 7 to 6 ~ 0 or instantaneous resets
from 0 ~ 0 to ), interspersed with spikes emerging from the state & = . After a jump to 6 ~ 0, the quantum trajectory remains here for a
time ~1/(4w) during which no spikes occur. In the simulations we took @ = 1 and a time step d¢ = 107 for iterating the Poisson process.

main goal of this paper is to demonstrate the phenomena of
quantum spikes for the case of Poisson noise SMEs and to
study their statistical properties.

We limit our analytical study to particular cases of a
qubit system, for the three setups which we refer to as the
collapse-unitary setup, the collapse-thermal setup, and the
collapse-measurement setup. The restriction of our study,
apart from the fact that it concerns only a qubit, is that
its analytical resolution is based on the fact that the re-
sulting dynamics is in fact a one-dimensional piecewise
resetting Markov dynamics [58-61], and explicit Laplace
transforms lead to the complete statistics of the associ-
ated quantum spikes. In Sec. VI we discuss our results in
the context of more general piecewise deterministic Markov
processes (PDMP).

The plan of the paper is as follows: In Sec. II, we discuss
the general setup and then in Sec. III, explain the three specific
models that we study here. In Sec. IV, we summarize the main
results and present comparisons of various analytic expres-
sions with numerical data. The mathematical derivations are
presented in Sec. V. In Sec. VI, we enlarge our discussion

for more abstract mathematical models and state a conjec-
ture about the spikes statistics for the latter. We conclude
the paper with a conclusion section (see Sec. VII), where
we also discuss the relevance of spikes in real experimental
studies.

II. GENERAL SETUP: STOCHASTIC MASTER
EQUATION (SME) OF d-DIMENSIONAL SYSTEMS
WITH POISSON NOISE

We consider here SMEs with Poisson white noise (dis-
carding the possible Gaussian part of the noise), in finite
d-dimensional Hilbert space, describing the real-time evolu-
tion of a quantum system with (Hermitian) density matrix p
[p = 0, Tr(p) = 1] with free evolution given by a Hermitian
Hamiltonian H, thermal evolution given by a Lindbladian L'
[62,63], and simultaneous independent continuous measure-
ment of p operators {Ny € My(C)}i=i,.. p, where My(C)
denotes the set of square complex matrices of size d, and with
rate of measurement y = {yx}i—1,. ,. The evolution equa-
tion of the density matrix is given by the PDMP [see, for
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FIG. 2. Collapse-thermal setup: typical trajectories generated by Eq. (20) for different values of y; = 7,25, 10000 for (a), (b), (c),
respectively. Here we see that in (a), the trajectory has time segments with prespikes which consist of an upward deterministic flow from
g =0, and a downward reset to the state ¢ = 0. In the large-y,; limit in (c), the prespikes develop into sharp spikes and we again see an
effective Poisson jump process between the pointer states at ¢ = 0 and 1, decorated by spikes emerging from the lower branch. The parameters

here are Wy = Wy = 0.3, = 1, dr = 1073,
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FIG. 3. Collapse-measurement setup: typical trajectories from Eq. (23) for increasing values of y; = 7, 25, 10000 for (a), (b), (c), respec-
tively. In this case the prespikes have the same form as in Fig. 2 and again we see spikes emerging in the limit of large y;. However, in this case,
the spikes are transient since one has a vanishing transition rate from g = 1 to 0. The parameters are y» = 1.0, ; = 1.0, 7, = 0.7, dt = 1075.

example, relations (6.224)—(6.227) of [22]]

p
pl = —i[H. ol T+ Lol ]+ 3 (vl [ ]
k=1

+ My [0 [N = BN [o))]} - ey

In the previous equation, note the following:

(1) The (classical) signal measurements {/\/;k’y}kzlv___p are
given by nonautonomous Poissonian processes (d/\/,k’y €
{0, 1} and dNFVdNY = dNFY §,,), with statistics

E (N7 |p}') = yamkTr(Nep] N )dt. )

We will refer to the signals d/\/;k'y =1 as “clicks.” Note
that, in all the terms, p; in the previous equations must be
understood as the density matrix taken just before an eventual
jump happening at time .

(i) The measurement operators Nj are arbitrary matri-
ces (not necessarily commuting, not necessarily Hermitian)
and characterize each independent detector. The parameters
Nk € [0, 1] are the associated detector efficiencies: 1, = 1 (re-
spectively n; = 0) corresponds to a perfect efficient detector
(respectively an unread measurement).

(iii) The Lindbladian' operator Ly, associated to the mea-
surement operator N, encapsulates the back effect of the N
measurement on the average evolution. It is given by [62,63]

Lylpl=NpN" — IN'Np — 1 pN'N. (3)

(iv) The stochastic innovation My[p] is the nonlinear op-
erator defined by

NpNT
Tr(NpNT)

From a theoretical viewpoint, the simplest way to derive
the SME (1) from ideal physical systems is as the limit of
infinitely frequent indirect measurements (with the system-
ancilla interaction becoming infinitely strong in the limit)

(see, for example, [20,22,24,64-66]). The nonlinearity in
Eq. (1) is a remnant of the nonlinear updating of all types

Mylp]l = - p. )

!Completely positive trace-preserving map from M,(C) to My (C).

of Bayesian measurements. However, this nonlinearity is in
fact the effect of the fixed normalization Tr(p;) = 1 since,
without this normalization, Eq. (1) can be formulated as a
linear equation [19-24].

Note that in practice, for a real experiment, the knowledge
about the quantum system is only stored in the Poisson signal
rectly observable, and is only reconstructed from the Poisson
signal process.

A. Large-time limit of the SME equation (1): To collapse or not

The first crucial question concerning the SME equation (1)
is the understanding of its large-time behavior. Let us as-
sume for the moment that we do not have any thermal
bath L'* = 0. The quantum nondemolition (QND) hypothesis
[20,21,25,67-72] is the fact that there exists an orthonormal
basis {|e;)}i=1....q, called the pointer basis [73], such that all
the measurement operators {N;}1,... p, and the Hamiltonian
H, are diagonal in this basis. Under this hypothesis (and a
nondegeneracy condition that we do not discuss here, see
[35]), the large-time limit of the density matrix in Eq. (1) is
given by the famous collapse-absorbing formula

lim p = |e;)(e;| with probability (e;, o} ;). 5)
—>00
This corresponds to the Born rule for measurement outcomes
under projective measurements of any of the N at the ini-
tial time. Related results have been observed experimentally
[25-27] and are proven theoretically in [31-35].

However, there are many ways to break the QND hypothe-
sis, and we discuss three different ones:

(1) Collapse-unitary setup. We may allow that the Hamil-
tonian H is not diagonal in the pointer basis {|e;)}i=1...4
related to the measurement operators {Nj}i—1,.. . It results
then in a competition between collapse in the pointer basis
and a unitary evolution (noncollapsing) generated by H.

(2) Collapse-thermal setup. We may take into account the
thermal interactions with the external world, i.e., L' # 0.
Then it results in a competition between collapse equation (5)
in the pointer basis, and, thermalization towards a Gibbs state.

(3) Collapse-measurement setup. We may allow that one
of the measurement operators, say N,, is not diagonal in the
pointer basis {|e;)}i=1,...q related to {H, {N}izp}. It results

.....
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then in a competition between collapse equation (5) in the
pointer basis of {H, {N;}i-,} and collapse in the pointer basis
related to N, if N, is diagonalizable. If N, is not diagonaliz-
able, there is competition between collapse in the pointer basis
related to {H, {Ni}rp} and the uncollapse dynamics generated
by the measurement operator N,,.

In all these three setups, the large-time collapse equa-
tion (5) is then a priori broken.

B. Strong collapse Zeno limit in a non-QND setup: Quantum
jump phenomenon versus spikes phenomenon

In this work, instead of the large-time limit we consider the
large y strong collapse limit, also called the quasi-Zeno limit.
For non-QND quantum trajectories, Eq. (1) leads to a richer
phenomenology:

(i) Quantum jumps. The expected quantum jumps defini-
tively arise between the pointer basis. More formally, the
density matrix will converge to a pure jump Markov process

lim p/ = |X,) (X1, (6)
y—>00

where X; € {|e;)}i=1,..4 is a pure jump Markov process with
explicit computable rates [39—41]. In some cases they can
vanish. For example, the transition rate between pointer states
decreases as hlf_l for large y in the collapse-unitary setup, for a
fixed H (this is reminiscent of the Zeno effect).

(i) Quantum spikes. One finds that sharp scale-invariant
fluctuations invariably decorate the jump process [see
Figs. 1(c), 2(c) and 3(c) below], in the limit where the mea-
surement rate is very large. We call quantum spikes these
seemingly instantaneous excursions. These spikes become in-
finitely thin when y — oo, i.e., take a time ; while their
heights remain of order 1 in the limit. As discussed above,
such spikes have been observed and explained for the case
with Gaussian noise [52-54]. These articles explain the spik-
ing phenomena as the fact that the convergence in Eq. (6) is
weak. Exporting these methods in the present context seems
to be a difficult task since the authors there are using tools

specific to Brownian motion.

III. PRECISE SETUP: SME OF QUBIT
FOR NONDEMOLITION “RESET”
CONTINUOUS MEASUREMENT OF |-)(—|

We consider a qubit system with basis {|+), |—)}, where
continuous collapse measurement competes with a thermal,
another measurement, or a unitary dynamics. Precisely, we
consider the collapse measurement of a rank-one diagonal
(see QND hypothesis) operator

M=@ ®=HPL ™

The jumps in the SME equation (1) due to the term
My, [p]'] N;LV are, thanks to Eq. (4), given by

Ny pNT
Pyl ®)

p—>p+Mylpl=— =
M Te(N1 pN))

i.e., the result after the jump is always the same matrix, irre-
spective of the state just before the jump: this is a resetting

dynamics [58-61]. In fact, the crucial property to get resetting
dynamics is not the precise form of N; but the fact that the
matrix N; is of rank one (“sharp measurement”). Since we
are considering a qubit, note also that the only other rank-one
diagonal measurement operator satisfying QND hypothesis is

1 0

which gives exactly the same theory by the exchange |+) —
|—). Hence, our focus will be on N;. Note that in Sec. VI, we
will discuss an extension to general diagonal N;.

By parametrizing the density matrix as usual as

Y rid
y (4 U 10

with (¢, u!') € R x C, we get explicitly in Appendix A the
analytical form of the N;-measurement part [in the SME equa-
tion (1)] for general diagonal N;. For the particular case (7), it
takes the form of a three-dimensional process:

-y

t

4 =—q/ (Ml’y —yim(1=4))).

i _%ut" — u,V(N,"V —ym(l—q))) (11)

with
E(dN;"|q)) = yim (1 —q))dt,  dN7dNT = AN

Note that the resetting Eq. (8) corresponds in the coordi-
nates (10) to the resetting to (¢ = 0, u = 0). Moreover the
equations in Eq. (11) show that the population g is a mar-
tingale collapsing to {0, 1} [31-35,74]. Moreover, in average,
u! shrinks trivially to zero at large time, or for strong mea-
surement y; — oo (decoherence). We will study analytically
three specific cases where we add either a unitary drive or a
thermal bath or a noncommuting measurement.

A. Collapse-unitary setup: Measurement
of Rabi qubit coherent oscillations

We choose here no extra measurement apart from Ny, and

L"=0, H=k,o, =k, (O 1). (12)
1 0

This Rabi Hamiltonian H and the measurement operator N,
given in Eq. (7) do not commute and then, they are not diag-
onalizable in a common orthonormal basis. Moreover, the ad
hoc dependency in y; of the Rabi frequency k,, (which is, in
general, proportional to the magnetic field) will stay unfixed
for the moment, and will be discussed below in relation to
the quantum Zeno effect. The Hamiltonian contribution is
given by

o1 (W 1—2q,y>

l[H, 0 ] = —ik, (2%}, 1 ﬁ;, _ ug' , (13)

and the SME equation (1) takes then the form of a three-
dimensional PDMP

gl = —iky, (u =) —q/ N =y (1= q))),
W = —iky, (2q) — 1) — %uty - uty('/\'[tw —yim(l—q))
(14)
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with
EdN;7|qf) = yim (1 =gl )dt,  dN7dN;T = dN;.

Note that contrary to the collapse-thermal setup and the
collapse-collapse setup, discussed in the following two sec-
tions, the real population ¢! is not autonomous: it depends
of the complex coherence u! . Finally, when the rate of mea-
surement vanishes (i.e., y; = 0), this is the usual equation for
Rabi oscillation [75,76]: precession of a spin % in an external
magnetic field.

Parametrize now the density matrix in Bloch coordinates:

, 1 < 147 (cos6) r] (sing] ) exp (— igo,y))

Pr=3 r] (sin6)) exp (i) ) 1—r/(cost)

(15)
with?

o<r <1, ¢/ €10, 7]. (16)

We show in Appendix C, Eq. (C1), that in the totally efficient
case 7] = 1, Bloch sphere of pure states r” = 1 is stable under
the evolution (14). We will now restrict our study to this totally
efficient case and consider only pure state dynamics. We show
then in Appendix C that Eq. (14) takes then the form of the
two-dimensional PDMP Eq. (C3) for (6}, ¢} ):

ety € ]_7[7 jT]a

0 = [~2ky sin (¢]) = T sim (67) | + (v — 07) A7

' cos (6)

¢l = —2ky, m cos (¢/ ) a7
with

14

N 07 \? N N N
E(dN;"7[67) =y, (sin é) dt, dN"dN" =aN' .

Note that the Poisson noise part effect is a resetting [58—61]
in the south pole of the Bloch ball 8 = 7 [see Eq. (8)].

It is clear from the second equation of Eq. (17) that the
plane ¢, = 7 is stable, and then by restricting the dynamics to
this plane, we see that 6/ is the one-dimensional PDMP given
by

S

This equation was first studied in [65] and later in [66]
and will be the starting point of our analytical study in the
collapse-unitary setup (see Sec. V A). Again, when y; = 0,
this is the usual equation for Rabi oscillations [75,76], i.e.,
60 = —2kot, which implies for the density matrix (15)

o 1 (1 + cos(—2kot) i sin(2kpt)

- .
Pe= 3\ Zi sin(@kot) 1—cos(—2k0t)> (19

Note finally that [65,66] contains a different derivation of
Eq. (18), by starting for a model of indirect measurement
[22,24] with two-dimensional probes.

This parametrization is quite unusual but it is convenient for our
purpose.

In Fig. 1 we show plots of the trajectory of the process for
different values of y; and the choice k,, = ,/wy (a negative
sign will not change the results). This scaling with y; is chosen
in order to see the spikes (see Appendix D for justification).

B. Collapse-thermal setup: Measurement
of thermal fluctuations

We choose here H = 0, no extra measurement apart from
N, and the thermal Lindbladian in a weak coupling form [77]

L™ p) =My pM] — sMIMp — 50M M,
+M_pM! — M M_p—LpMIM_,

with
~—(0 1 (0 0
M+ == W_’+ <0 O), M_ = W+'_<1 0),

where W_ |, W, _ are positive coefficients characterizing the
thermal bath. We use the parametrization given in Eq. (10).
The components ¢ of the SME equation (1) evolve then
autonomously as a one-dimensional PDMP defined by

w_
o .,
G =W, + W_,+)<—W+’ o )
— g/ N =y (1= 4q))), (20)
with
E(d/\/;]'y|6]fy) =yim (1l —gq))dt, AN AN = aNMY

In Fig. 2 we show plots of the trajectory of the process for
different values of y;.

C. Collapse-measurement setup: Competition
between two measurements

We choose here H=L"=0 and p=2 with two
noncommuting reset measurement operators: the collapse-

measurement operator N; = |—)(—|, with rate y;, and the
damping-spontaneous emission operator N, defined by
0 1
N, = (0 0) = 1), @1

acting with rate y,.

Observe that N, does not commute with N;, so QND prop-
erty is broken. Note that not only is it nondiagonal in the
basis |4), |—), the matrix N, is in fact not diagonal in any
basis. This means that even ignoring the N; measurement, the
measurement of N, does not satisfy the QND hypothesis and,
therefore, is not by itself an a priori collapse dynamics. This
is why we use the generic word “Measurement” in the title of
this section. )

Anyway, since N; is of rank one, the term My, [p! TN is
a resetting dynamics to |+)(+]|. This is because

NopN;
Tr(N2pN;)

Hence, we have here a competition between a resetting dy-
namics to |—)(—| induced by N; and a resetting dynamics to
|+)(+]| induced by N,. Note that in Sec. VI, we will discuss
extension to more general choice of operator N,.

p = p+Mylpl= )+ (22
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FIG. 4. Pictorial depiction of the construction of P.(n : t, a, b): the probability of observing n prespikes, given that there are no jumps
in-between. Quantum trajectories are characterized by quantum jumps (shown in violet) and are accompanied by spikes (shown in brown). The
spike statistics occurring between consecutive jumps within a black box of width |b — a| and length 7 is the focus of this article. It is anticipated
that at large measurement strength, these spike statistics follow a Poisson distribution.

As before we use the parametrization given in Eq. (10).
The SME (1) becomes then autonomous for the diagonal [see
Eq. (11) and Appendix B]

il = —q/ (N —yim(1—q]'))
+(1—a))+ (1 =g )N —yama(1 — q)).
(23)
with
E(dN" g} ) = vine(1 = ¢ )dt, dN[T AN = 5 AN

In Fig. 3, we show plots of the trajectory of the collapse-
measurement setup for different values of y;.

IV. SUMMARY OF MAIN RESULTS
IN THE PRECISE SETUP

From numerical simulations (see Figs. 1-3), we observe
that, in the large-y limit, a typical trajectory is composed
of two parts. The first part is given by a pure jump Markov
process with state space® {0, 7} (in the collapse-unitary setup)
or {0, 1} (in the collapse-thermal and collapse-measurement
setups), corresponding to quantum jumps.

The second part is a decoration of this trajectory by a
large number of one-sided vertical lines connecting m in
the collapse-unitary setup (respectively O in the collapse-
thermal and collapse-measurement setups) to random values
in (0, ) [respectively (0,1) in the collapse-thermal and
collapse-measurement setups] at random times. These vertical
lines correspond in fact to the deterministic trajectories (we
call them prespikes) during successive clicks in the strong
measurement limit. Our main goal now is to describe the
statistics of the clicks in the strong measurement regime.
Since the spikes originate only on the part of the quantum
jump trajectory equal to & for the collapse-unitary case and
0 for the other two cases, we will focus on, respectively, these
precise initial conditions.

3The fact that the state space is {0, 7} and not {0, 1} is due to the
change of variable done in Eq. (15).

As seen in Figs. 1-3, for any finite y, the prespikes have
a specific structure consisting of a deterministic flow and a
sudden reset to a particular state. In the special limit y — oo,
the prespikes become infinitely thin and occur with an infinite
density (in time), and have a distribution of heights. Hence,
we have a clear picture of how spikes emerge from prespikes.
To characterize the statistic of spikes precisely, we define a
spike to be localized at time ¢, if its tip ends at a spatial point
x. We then ask for the number of spikes observed in a two-
dimensional space-time box of width (0, ¢) in time and (a, b)
in space.

The probability of observing n prespikes, conditioned on
no jumps (i.e., no prespikes whose tips extend to the opposite
end, see Fig. 4) occurring during this time window, will be
denoted by P.(n:t,a, b). To be more precise, as explained
above, we focus only on initial conditions for which we
can observe prespikes before a quantum jump, i.e., 7 in the
collapse-unitary setup and O in the other cases. Hence, we de-
scribe the nontrivial spike statistics only during the (random)
period of time in which the investigated process starts from a
pointer state with spikes and does not jump to a new pointer
state (without spikes) during this time period. By Markov
property our analysis is in fact valid for any period of time
where we really have spikes.

One of our main results of this paper is the proof, in the
limit of large y, of the Poisson distribution:

)\’ t n
lim Pun:r,a, by = en!)”
y—>00 |

exp(—Aa.p)t)
b
where )\[a,b] = / dx I(x), (24)

and the intensity for the three cases is, respectively, given by

_ 4w sin(x/2)

I(x) = collapse-unita
x) cos’(x/2) P Y
w_
- 2’+ collapse-thermal
x
1 —
_ 3’2(—2’72) collapse-measurement. (25)
x
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FIG. 5. Collapse-unitary case: (a) mean and (b) variance of the distribution (conditioned on no jumps) of the number of spikes (from
6, = m) per unit time in a space-time box (0, b) x (0, ¢) plotted against the box edge b for y = 10°. The data points were obtained for w = 1
by averaging over 10 realizations. ., and o2 are the mean and variance, respectively, of the theoretically predicted Poisson process in Eq. (24).
The data in the insets, plotted for a fixed time # = 0.1, converge to ,/t and o2/t at large y.

Some comments follow:

(i) In Figs. 5-7 we show a comparison of the above an-
alytic forms of the three processes with computations of the
mean and variance of the spike statistics obtained from nu-
merical simulations. The Poisson property is illustrated by the
overlap of the empirical mean and the empirical variance. In
all cases we see excellent agreement of the numerics with the
analytic predictions.

(i1) The first result, in the collapse-unitary setup, is proved
only for the fully efficient case (n; = 1) while the latter two
are valid for any nonvanishing efficiency (0 < n; < 1). Any-
way, numerical simulation of the inefficient case (0 < n; < 1)
in the collapse-unitary setup [i.e., equation Eq. (14)] shows
that the spikes exist anyway in the nonautonomous g process
(see Fig. 8).

(a)
£, I
//
g / 76
3 /
72 / )
=68 — n/t — ,uth/t
i j,jg t=01
/ P oy=1° t=02
6%0 0.2 0.4 b(]ﬁ 0.8 1.0
0.0 0.2 0.4 0.6 0.8 1.0

b

(iii) By achange of variable g = (1 + cosx)/2 for the first
case, all three intensities acquire the same universal form.
This change of variable is in fact natural since it corresponds
to returning to the representation of the qubit in Eq. (10)
with the inverse of the change of variable given by Eq. (15).
Interestingly, the spikes statistics above are similar to the spike
statistics obtained in [52-54,56], in the case where the noise
N is not Poissonian, but Gaussian.

(iv) In the collapse-measurement setup, for a perfect mea-
surement efficiency of N, (i.e., 7, = 1), the spikes disappear
completely, indicating a complex interplay of measurement of
two noncommuting observables in non-QND measurement.

(v) In these three cases, the jump transition rates of the
jump process can be computed explicitly. In the collapse-
unitary setup, the jumps between the two pointer states occur

76 A H T

/
- /
> /76
S
[
72 | ol ® 2
® i oy=100 t
/ I =108 Ut}l/
60 t=0.1
t=02
0.0 0.2 0.4 b0.6 0.8 1.0
0.0 0.2 0.4 b 0.6 0.8 1.0

FIG. 6. Collapse-thermal case: (a) mean and (b) variance of the distribution (conditioned on no jumps) of the number of spikes (from
¢; = 0) per unit time in a space-time box (0.01, b) x (0, ) plotted against the box edge b for y = 10°. The data points were obtained for

2

the parameters W_ . = 0.77, W, _ = 0.23 by averaging over 10° realizations. s, and o7 are the mean and variance, respectively, of the
theoretically predicted Poisson process in Eq. (24). The data in the insets, plotted for a fixed time ¢ = 0.1, converge to pu/t and o2/t at

large y.
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FIG. 7. Collapse-measurement case: (a) mean and (b) variance of the distribution (conditioned on no jumps) of the number of spikes (from
g: = 0) per unit time in a space-time box (0.01, b) x (0, t) plotted against the box edge b for y; = 10°. The data points were obtained for

the parameters ¥, = 1 and n; = 1, = 0.33 by averaging over 10° realizations. p, and o

2
m

are the mean and variance, respectively, of the

theoretically predicted Poisson process in Eq. (24). The data in the insets, plotted for a fixed time # = 0.1, converge to f,/f and 02/t at

large y;.

with rate 4w while in the collapse-thermal setup, the jumps be-
tween the states occur with rates W_ ;. and W, _ respectively,
and in the collapse-measurement setup, only transitions are
one sided with rate y, (parameters are specified in Sec. III).

V. MATHEMATICAL DERIVATIONS

A. Study in the collapse-unitary setup

To simplify notation, we denote y; by y and NV by N,
67 by 0. We also choose k, = ,/wy in order to get quantum
spikes in the large-y limit (see Appendix D for justification).
The dynamics is then specified by the following stochastic
evolution equation [see Eq. (18)]:

de, = Q(,)dt + (= — 6,)dN;, (26)

FIG. 8. Typical trajectories for collapse-unitary setup for inef-
ficient measurements, for the parameters n; = 0.33, y = 10*, and
o = 1. Similar to the collapse-thermal and collapse-measurement
cases, the jumps between ¢, = 0 and 1 are interspersed with spikes
from g, = 0 in the strong measurement limit.

where the drift term © := Q” and the Poissonian noise N

satisfy
Q) = —24/_0);/[1 + /ﬁ sine], 27)
f
EIdN,16] = a(6))di = y sin® = dr. (28)

Hence the dynamics evolves deterministically in [0* =
—sin~!(4y/w/y), 7] but at some random times prescribed by
N, the angle is resetting to the value 7, i.e., a “click” occurs.
Rarely, during the deterministic evolution, no resetting occurs
and the trajectory is able to reach 6* and is stuck around 6* for
arandom time until a new resetting to 7t occurs. In the large-y
limit, as 6* — 0, we say then that we have a jump from 7 to
0 and afterwards a jump (instantaneous) from O to 7.

With the notations of [66], the situation considered here
corresponds then to the special case yp = ,/wy, or equiva-

lently A =y /(4yp) = \/% . We recall that we are interested
in the strong measurement regime y — oo, not investigated
in [66]. Hence, the angle &,, evolving according to the deter-
ministic equation

db, = Q(b,)dt, (29)

is confined to the range [—sin~!(1/1), 7] ~ (—4/w/y, 1),
the last approximation being valid since y is large. In particu-
lar, for t > 0, we have the exact solution [66]

. <9,<0|n>> __simh@By@ri=9)

2 sinh(8,/wy 1)

B = /%—1=sinh(¢).

Let 7 be the time taken by a deterministic trajectory 0
to evolve from 6y = 7 to 6, = 0. From Eq. (30), we note

T=¢/(BJwy). Fory > 1, t =2logy/y.lfc € (0,m),let
us also denote the time for the deterministic dynamics to reach

where

3D

042215-8



SPIKES IN POISSONIAN QUANTUM TRAJECTORIES

PHYSICAL REVIEW A 111, 042215 (2025)

¢ when starting from 7 by t.. A straightforward inversion of
Eq. (30) yields
2
p ] (32)

tan(c/2) + e~*

1
7. = ———log |:1 +
2B /oy

Given that the initial state is 6y, we consider the prob-
ability py(f1, t2, ..., 1,]60) of observing no jumps and a
sequence of n clicks occurring exactly attimest; <, < ...f,
within the time interval (0, #). The no-jump condition is en-
forced by the inequality = > ¢; —¢;_; for any j < n. The
quantum trajectory is deterministic between the clicks and
the sequence {6y, &,,, 7,6, 7, ...,6,, 7,06} determines the
quantum trajectory. The evolution from 68y — 6;, m — 6, (for
i=2,...,n)and T — 6, is given by the deterministic flow in
Eq. (29).

Let us define (+(At|6;) as the probability to not have a click
during the time interval At for the initial condition 68 = 6;.
This is given by

y At

_ 7f dsa[fs(016)] _ Q(6;) -5
W(AL|6) = e~ o = gl —e T . (33)

Then we have

Poti ta, - 1alBo)

= u(ti160) @) [ [ [t — ticalm)a (B, (OI7)]
=2

X p(t — to|7T). (34)

Using the explicit solution in Eq. (30) and after some algebra
we get

y sinh?(8. /oyt —
p2
sinh?(B./wyt) + sinh?(B. /oyt — $)
52 . (35
The joint probability P;(n : ¢, a, b) to observe exactly n
prespikes in the time interval [0, ¢] and in the space interval

[a, b] (where 0 < a < b < m), starting from 7, and such that
no jumps occur in the time interval [0, ¢], is given by

p(t)m) alf,(0|7)] =

u(tlm) =

Pi(n:t,a,b)
n+m

(n+m)! lit1
_Z n'm' 1_[/ dtipi)(tl,fz,...,

tn+m |7T)

xfh@n—m—%m+®m~qm—mn

j=1

X H@[(lj —tj1) — ] Oty — (5 —1j-1)]

j=1

n—+m

< [Terr -«
j=1

where we have defined #,1,,+1 = and © is the Heaviside
function. Taking time-Laplace transform P;(n:o,a,b) =

— 1~ O[T — (¢ = twym)],  (36)

fooo dt e °'Pj(n : t, a, b) gives

Pi(n:o,a,b)= Z(”’;r—m)cm( YD'(0)E(c), (37)

m=0

where
Clo) = / dt u(t|m) alf, (0101 [O(r, — 1) + Ot — 1,)]
0
x O(t —t)e ',

D(o) =/ dr p(t|m) alf; (017)] O(ty — O — )™,
0

E(o) =/ dt ut|m)®(r —t)e . (38)
0

Performing the summation, we get

D"'(0)E(0)

Pi(n:o,a,b) = ———"""". 39
R T G IR &
Writing the generating function (0 < s < 1)
[e.¢]
Z(s:o,a,b) =Y _s"Pi(n:0.a,b), (40)
n=0
we find the exact formula
E
Z(s:o0,a,b) = (@) . (41)

1—-C(o)—sD(o)

Thanks to the explicit expressions (35), the functions C(o ),
D(0), and E (o) can be computed explicitly and their asymp-
totic behavior for large y can be obtained (see Appendix E for
details). It follows that for any s € [0, 1] fixed we have in the
large-y limit that

Z(s:0,a,b)
1

A . (42)
o + 4w + dw(1 — s)[tan?(b/2) — tan®(a/2)]

The probability S(t) of no jump occurring from 7 to 0
in the time interval (0, ¢) is obtained by taking s = 1 in the
generating function in Eq. (42), which yields S(t) = e,
Since 1 — S(¢) is the cumulative distribution function of the
distribution of time of first passage from 7 to 0, this implies
that the first time to reach O is exponentially distributed with
a mean equal to 1/(4w). The probability P.(n:t,a,b) to
observe exactly n prespikes in the time interval [0, 7] x [a, b],
given that no jump occurs in the time interval [0, 7], can be
obtained by

P.(n:t,a,b)= M7
S()
which is given by the Poisson distribution in the large-y limit
[as announced in Eq. (24)]

(Aja,p)t ) e Mttt
n!

, where Ay = / dx 4;’)3“;3/5). (43)
a

Moreover, by using Eqgs. (33) and (30) we have that the
probability to have no resetting to 7 by starting from O in a
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time interval of length A¢ is given by

y At
-2 Jwye 2
H(AT]0) = — @
Q[—Ztan‘1 (—Fm Py A0 )]
sinh(B /oy At+¢)
By performing the expansion in y we get that
1(At]0) ~ exp(—4wAt), (45)

so that the time to be resetting to & when starting from 0 is
also exponentially distributed with mean 1/(4w).

B. Study in the collapse-thermal setup

To simplify notation, we denote y; by y and A" by N/,
g/ by g;. Equation (20) can then be rewritten as

sz = Q(Qt)dt —q: dMa (46)

where the quadratic drift term €2 and the rate function a of N;
are given by

Q) =W_ 1 —qgW,— +W_1 —yn) — yng’,
E[dN,|g:] = a(g,)dt = yn(1 — g,)dt. (47)

The roots of €2(g) are the fixed points of the no-click deter-
ministic dynamics, given by

Cyn =W =W+ W, + W —yn?+4W_yp
B 2yn ’

which are always real and distinct. Note that g_ < 0 < ¢,
provided all the parameters are not identically zero. For an
initial condition gy < g, the stochastic dynamics is confined
to [0, g, ) for y > 1.

The solution of the deterministic equation dg, = (g, )dt
starting from gy is given by

q+

q+(qo —q-) +q-(g+ — qo)e—V'I(tn—qf)z
(go — q-) + (q+ — qo)e vn@+—a-)

For ¢ € [0, 1], let 7. be the time taken to evolve from gy = 0
to g = c. A straightforward inversion of Eq. (48) shows that

(48)

3i(qo) =

(c—q-)q+
q-(q+ —¢)

) (49)

T, =
ny(q+ —q-)

and let T be the time taken by a deterministic trajectory to
evolve fromg=0to 1 —e.Fory > 1,

yin*(l—e)
Wi W_ i +e(y?n? =Wy _yn)

1
T~ —log
rn

Similar to the collapse-unitary case, we explicitly obtain
the functions

(1(tlqo) = e~ o dselistan)l

_ (g0 — g-)e M 4 (g — go)e VI Ta
4+ —4q- ’

11 (t1go)er(g:(qo)]
= 2 lgo — g )(1 — gy )e 170N

+ (g4 — qo)(1 — g_)e V11=a-)y, (50)

which we plug into the Eq. (38) to explicitly obtain the
functions C(o), D(0), and E (o) and obtain their asymptotic
behavior for large y (see Appendix E for details).

Consider the probability P;(n : ¢, a, b) to observe exactly n
prespikes in the time interval [0, ¢] and in the space interval
[a, b] (where 0 < a < b < 1), and that no jump occurs in the
time interval [0, 7], starting from 0. The corresponding gener-
ating function in the Laplace domain Z(s : o, a, b), defined in
Eq. (40), can be obtained by plugging C(c), D(c), and E (o)
into Eq. (41). It follows that for any s € [0, 1] fixed we have
in the large-y limit that

1
o+ W_ s +W_ (-5 -1)
1

lim Z(s:0,a,b) =

Yy —>0o0

The probability S(¢) of no jump occurring from 0 to 1
in the time interval (0, ¢) is obtained by taking s = 1 in the
generating function in Eq. (42), which yields S(t) = e™"-+'.
This implies that the first time to reach 1 starting from O is
exponentially distributed with a mean equal to 1/W_ ;. The
probability P.(n : ¢, a, b) to observe exactly n spikes in the
time interval [0, ¢] X [a, b], given that no jump occurs in the
time interval [0, 7], can be obtained by

Pi(n:t,a,b)
S(t)

which is given by the Poisson distribution in the large-y limit
[as announced in Eq. (24)]

P.(n:t,a,b)=

)

(Aja,p)t ) e Mt
n!

W_
N 2)

b
, where A4 5 =f dx
a X

Moreover, similar to the collapse-unitary setup, we have that
the probability to have no resetting to O by starting from 1 in
a time interval of length At is given for large y by

n(Ar|1) ~ exp(=Wy _At), (53)

so that the time to be resetting to O when starting from 1 is
exponentially distributed with mean 1/W, _.

C. Study in the collapse-measurement setup

To simplify notation, we denote "7 by N'', N272 by N2,
and g/ by ¢;. Equation (23) can then be rewritten as

dg, = Q(g)dt — g, AN} + (1 — q) dN7,  (54)

where the quadratic drift term Q := Q"> and the rate func-
tions o of V! and & of N2 are given by

Qq) = (2 + grin)(1 — q) — a1 — g%,

E(dN}|q,) = a(g)dt = yini (1 — g,)dt,

E(dN7|g:) = &(g))dt = yama(1 — g,)dr. (55)
The roots of Q2(g) are the fixed points of the no-click dynam-
ics, given by

_ r-1D
 onmtym’

Note that g_ < 0 (provided N, is not measured with unit
efficiency).

L =1 (56)
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The solution of the deterministic equation dg, = Q(4,)dt,
starting from g at time r = 0, is given by

(go—q-)+q_(1 — qo)ef(ymwyznz)(lqu)t
(qo — qi) + (1 — qo)e_()/lnl‘ﬂ/ﬂlz)(]_(i—)f

41(q0) = (57)

For ¢ € [0, 1], let t. be the time taken to evolve from gy = 0
to g = c. A straightforward inversion of Eq. (57) shows that

o 1 (c—q-) ‘
T mni+tmr)(—gqo) Tlg-(1—o)f

Let t be the time taken by a deterministic trajectory to
evolve from g = 0to 1 — €. For y; > 1,

(58)

im(l —e)
eyy(m—1)

T ~

Yim

Similar to the collapse-unitary and collapse-thermal cases, we
explicitly obtain the functions

u(tlgo) = e~ Jo ds(alds(go)l+alds(q0)D)

(Go—g_)+ (1 — qo)e—()/1771+)’2i12)(1—q—)t
N 1—q-

)

u(tlgo)a[d:(qo)]
=yim(l— qo)e*()’lﬂﬁyznz)(l—q,y’ (59)

which we plug into Eq. (38) to explicitly obtain the functions
C(o), D(0), and E(0) and obtain their asymptotic behavior
for large y (see Appendix E for details).

Consider the probability P;(n : ¢, a, b) to observe exactly n
prespikes in the time interval [0, ¢] and in the space interval
[a, b] (where 0 < a < b < 1), and that no jump occurs in the
time interval [0, 7], starting from 0. The corresponding gener-
ating function in the Laplace domain Z(s : o, a, b), defined in
Eq. (40), can be obtained by plugging C(c), D(c), and E (o)
into Eq. (41). It follows that for any s € [0, 1] fixed we have
in the large-y; limit (for y; fixed)

1
oty + 1=l -mn)(; ;)
(60)

lim Z(s:o0,a,b) =

Y1—> 00

The probability S(¢) of no jump occurring from 0 to 1
in the time interval (0, t) is obtained by taking s = 1 in the
generating function in Eq. (42), which yields S(¢) = e 7.
This implies that the first time to reach 1 starting from 0 is
exponentially distributed with a mean equal to 1/y, and that
the statistics of the spikes given the no-jump condition is given
by the Poisson distribution in the large-y; limit [as announced
in Eq. (24)]

(Ma,pit )" e Hant

b
1 —
- , where/\[u,b]zf dx¥. 61)

Note that, in this setup, the probability to have resetting to 0
by starting from 1 vanishes and the flow term out of 1 also
vanishes. The mean time of first passage from 0 to 1 is y{l
and, hence, spikes are typically not observed for ¢ > yz_l.

VI. GENERALIZATION: A GENERAL PERSPECTIVE
ON SPIKES IN 1D PDMP

Our interest in spikes processes was motivated by quantum
physics and its analytical description was limited by various
technicalities (see the discussion below). But we may enlarge
the discussion to cover other physical situations of interest.

To this end, let us consider a piecewise one-dimensional
Markov process (¢! );>o evolving according to the stochastic
differential equation (SDE)

i =F(q/)+Ga )N —vH(4).  (62)
where A7 is a Poisson process satisfying
E(dN? |a}) = vH (g )i, dN7 ANy = dN] .
We assume that G(q) > 0 if g €]0, 1[ and that

GOH(0)=0=GMH(1), F(0)=0, F1)<0,

(63)

so that the process g” takes values in [0,1]. We conjecture
that the graph {(z,q}); t > 0} of the process g” converges
as y — oo to the random time-space “spike” graph Q, which
can be described as follows.

Let (G )0 be the continuous pure jump Markov process
on {0, 1} with rate F (0) [respectively F (1)] to jump from O to
1 (respectively from 1 to 0). The process ¢ can be seen as the
first rough description of ¢” for large y, but it misses a more
refined structure of the limit of ¢”.

“Decorate” then the trajectory ¢ with spikes, which are
vertical intervals (in space) included in [0,1], distributed

as*
[07 Mt]s lf 67;7 = 67, = 0
Q= M, 1], if g-=g =1 (64)
0.1, if G- #4a.

where, given the trajectory g, (¢, M;);>o is the time-space
Poisson process on [0, co) x [0, 1].

More precicely, the spikes from O to 1 have intensity
|F (0)| 11020 “4* 1eq0,1) and the spikes from 1 to O have
intensity |F (1) 1g 10 51—1; L,cj0.17 (See Fig. 9).

More explicitly, let P.[n : (s, ), a, b] be the probability of
observing n tips of prespikes belonging to (a, b), conditioned
on no jumps occurring during the time window (s, ). Its large-
y limit corresponds precisely to a Poisson distribution limit
with parameter )\‘E]u, p (&= 9),

. . (t—s) 20 (t—s)
ie, lim Pn:(s,1),a, bl = —"e "™  (65)
y—>00 n!

with the intensity parameter given by

b IFO) 1noz0 - = _
fu dx x2 it ¢ |[s,f] =0,

M=
la,b] —
b [FDI 1uayzo - — _
! dx—q== if ¢ |[M] =1.
“Here §,_ =, §,_ is the left limit of § at time 7. By convention we

assume that the process g, has continuous from the right trajectories.
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FIG. 9. The spike process Q,. The value M, is the length of the
spike at time . The condition g, = g, = 0 (respectively g,—- = g, =
1) corresponds to the case where the spike starts from O (respec-
tively 1), while the condition g, # g, corresponds to a jump for the
process g;.

Observe also that in this general context (not motivated by
quantum physics), to adapt the analytical proofs developed in
this paper, we would need the following:

(1) to have aresetting dynamics, i.e., G(q) = ¢* — q,q* €
©, 1);

(2) to have a good understanding of the deterministic flow
g defined by 4/ = F(g]) — yG(4] YH (g ) for large y.

Note that the collapse-unitary case considered in Secs. [V
and V A is not in the form of our general setup (62) on [0,1].
To transform Eq. (18) to an equation on the line as in Eq. (62),
we need to come back to the usual coordinate g” in Eq. (14).
With the notations of Sec. IV, the plane ¢, = % is stable, and
then by restricting the dynamics to this plane, we find the
equation

il =F,(q]) +G(a/ )N —vH(q))). (66)
with
Fy(q) =2k, /q(1 — q),

and A7 is a Poisson process satisfying

G(g)=—q, H(g)=n-gq),

E(dN]1q]) = vH(ql )dt, dN]dNY =dN]. (67
At first sight, Eq. (66) is directly in the form (62) if k,, is y in-
dependent, but then the general previous conjecture gives that
there are no jumps and no spikes because F(0) = 0 = F (1) in
Eq. (67) (Zeno effect). On the other hand, if k, = ,/wy as we
did in Secs. IV and V A, then F, (¢) = 2,/y Vwq(I — ¢q) and
the factor ,/y breaks the validity of the conjecture.

Following we first give, in Sec. VI A, some nonquantum
motivated examples where we numerically verify the above
conjecture. In Sec. VIB we discuss a nontrivial quantum
example where we expect the conjecture to be true but our
analytical approach based on resetting cannot be applied. Fi-
nally, in Sec. VIC we discuss a generalization of Eq. (62) in
the context of collapse-measurement setup.

A. Example 1 with resetting: Nonquantum SDEs

In the general Markovian 1D piecewise deterministic pro-
cess given by Eq. (62), we numerically study the emergence
of spikes for large y. In the context of resetting dynamics to a
point g*, we require G(q) = ¢* — ¢q.If ¢* # 0 and g* # 1, the
hypothesis (63) will only be satisfied if H(0) = H(1) =0, in
which case the intensity of the spiking process vanishes. Thus,
to observe spikes, we take ¢* = 0 without loss of generality.
In addition, to satisfy Eq. (63), we need then to take H(1) = 0,
so we consider H(q) = (1 — q)x(gq), where x (g) is any finite
function such that x (0) # 0. Then the conjecture (65) gives
that P.[n : (s, 1), a, b] converge at large y to a Poisson distri-
bution limit (65) with intensity parameter given by (one-sided
spikes)

b [F )]

i fa dx xz

A =
[a,b]

0, if g |[m =1.

In Fig. 10, we numerically verify the conjecture by taking
x(g) to be a fourth-order polynomial with arbitrary coef-
ficients, for two very different forms of F(gq): (i) F(q) =
cos(snﬁ), a highly oscillatory function and (ii) F(g) = (™7 —
0.5), a strictly monotonic function.

B. Example 2 without resetting: Collapse-thermal setup
with general QND (diagonal) measurement N; operator

Consider the collapse-thermal setup for a qubit with a
general diagonal measurement operator (intensity is denoted
by y and efficiency by 1)

M = (”J n0_>

By using the computations performed in Appendix A, we
easily get that, with the usual parametrization of the density
matrix p; given in Eq. (10),

w_
=W AW ) g
g, =Wy, +) W, _ +W_, q:

Ini|* —In_|?
(In > = n_1*)q! + In_|
x (1—qf)a [N —EWNT|a])], (68)
with dNY dN) = dNY,
E(dN]1g)) = ynl(n? = In-*) g + |n-*1dr. (69)
Observe that Eq. (68) takes the form of Eq. (62) with

+

W_+
F =W, _+W_ — 4’ ),
(@=W,_+ '+)<W+, W q; )

2 2
L i

G(g) = (1 —q)q,
(Ing? = n_1?)g + |n_|?
H(g) = nl(In|* = [n_1*) g + In_|*]. (70)
In particular, for the model considered in Eq. (20), i.e.,
ny =0, n_ =1 (resetting dynamics), we have that our con-

jecture is satisfied with spikes only from O and spikes statistics
described by the spike process QQ defined in Eq. (64). But our
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FIG. 10. (a) The typical trajectory for the general 1D PDMP Eq. (62) with resetting to ¢* = 0 for y = 10*. The jumps between ¢, = 0 and
1 are interspersed with spikes from g, = 0 in the strong measurement limit. In (b) and (c), we plot the mean and variance of the distribution
(conditioned on no jumps) of the number of spikes (from g, = 0) per unit time in a space-time box (0.01, b) x (0, ¢) against the box edge
b for (b) F(q) = cos( 50q) and (c) F(q) = (e7? — 0.5). This empirically verifies the conjecture that the spiking process is Poissonian with
the parameter f b FONdx The data points were obtained for the parameters ¢ = 0.1 and y = 107 by averaging over 10° realizations with
dt =6.25 x 107", The data in the insets show the convergence of the empirical mean and time to the conjectured value as y is increased.

conjecture claims that, moreover, in general (even without re- commutativity of N, with respect to N; (to break the QND
setting dynamics), there are spikes starting from 0 and from 1. assumption) and the fact that g” has an autonomous evolution,
This is the case if F(0)H(0) = nW__, |n_|> # 0 (spikes from are equivalent to taking N, in the form
Oto 1)and F(1)H (1) = nW, _|n,|*> # 0 (spikes from 1 to 0).
This is confirmed by numerical simulations (see Fig. 11). 0 a

Observe moreover that if we consider the measurement Ny = (b 0>’ ab # 0. 71)
operator N; = o (hence |n_|*> = |n|?), as it was considered

in the Gaussian case [52-54,56], we get a purely deterministic e requirement that ¢g” has an autonomous evolution seems
equation without jumps or spikes. This is very different from () pe 5 necessary condition to adapt our analytical proof (tech-
the studies cited previously in the Gaussian noise context. nical assumption).

Observe, however that, even in this case, the collapse-
measurement setup does not fall directly in our conjecture
case (62) because we have then two Poisson noises involved
(but the second one is weaker than the first one since y,

To generalize the collapse-measurement setup given by is of order one while y; is very large). More precisely, the
Eq. (23), we can substitute the damping-spontaneous emission equation for ¢” is given by (Appendix B)
operator N,, defined in Eq. (21), by a general (not necessarily
diagonal) measurement operator N, (in order to break the §’ = F(qty) +G, (qty)(J\'/tl,y — WH (Clzy)) + Gz(q,y)./\./;z’y,
QND assumption). Then, we can check that, generically, the
equation for ¢¥ is not autonomous. More exactly, the non- (72)

C. Example 3 with resetting: Collapse-measurement setup
for QND resetting N; = |—)(—| but general N, operator

1.07 (a) 1.01(b) FF JTITILITILEE
I
S 0.5 S 0.5
wa sdr
/'t
[
0 0
0 2.5 5 0 2.5 5 0.0 0.2 0.4 0.6 0.8 1.0
t t

FIG. 11. The typical trajectory for (a) y = 10 and (b) y = 10* for the collapse-thermal setup for a general measurement operator for
the parameters |n, |> = 0.2, [n_|> = 0.4, W_, =0.77, W, _ = 0.23. Here, (b) shows that the jumps between g, = 0 and 1 are interspersed
with spikes from both ¢, = 0 and 1 in the strong measurement limit, even though the dynamics in this case does not reset to a fixed point.
In (c), we plot the mean and variance of the distribution (conditioned on no jumps) of the number of spikes (from ¢, = 0) per unit time in a
space-time box (0.01, b) x (0, ¢) against the box edge b for the same set of parameters. This empirically verifies the conjecture that the spiking
process is Poissonian with the parameter f s *dx . The data points were obtained for the parameters t = 0.1 and y = 107 by averaging over
10° realizations with df = 10~°. The data in the inset show the convergence of the empirical mean and time to the conjectured value as y is
increased.
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with
F(q) = wallal® = (al* + [b))g}{1 — 12Ga(q)},
laPd—-q)
lal*(1 — q) + |bl*q
Hy(q) = mllal*(1 — q) + |blq],
Gi(g) = —q,
Hi(q) =m(l —q),

and the Poisson noises satisfy

Gy(q) =

)

E(dN"|q]) = Hi(q]')d.
ANFY AN = 5 dNTY .

Hence, a stronger conjecture of the one above is that, if we
have an evolution equation given by Eq. (72) with hypothesis
(63), then in the large limit y; — 0o, y» of order 1, the
graph of ¢” should converge to a spiking process Q, given
by Eq. (64) with H replaced there by the dominant term
H;. Since F(1)H;(1) = 0, we expect only to have no spikes
from 1 [apart from the degenerate case y2|a|2(1 —1p) =0,
see below, we will always have spikes from 0].

In this paper, we considered only N, equal to the damping-
spontaneous emission operator appearing in Eq. (21), which
corresponds to the case @ = 1 and » = 0, and then the pre-
vious conjecture about the spike statistics is in agreement
with the third relation in Eq. (25) because F'(0) = y»(1 — ).
Another standard rank-one choice is to take N, equal to the
spontaneous absorption operator given by

Ny = (‘1) 8) = )+,

In the latter case (a = 0, b = 1) we have then a competition
between a strong resetting dynamics and a weak resetting
dynamics towards the same |—)(—|. Our conjecture implies
thus that in this case, we do not have spikes but only jumps.

VII. CONCLUSION

In this work, we discussed finite-dimensional quantum tra-
jectories driven by Poissonian noises [see Eq. (1)] in a strong
measurement limit and focused our studies to a qubit system
in three different setups where the quantum-nondemolition
condition for the strong measurement is broken by a uni-
tary evolution, a thermal bath, or a second measurement (see
Sec. II). Our analytical studies of Sec. V establish that the
quantum trajectory investigated behaves like a pure jump
Markov process in the strong measurement limit. However,
this rough picture can be refined and it appears in fact that
this quantum jump Markov process is in fact decorated by
vertical lines (called spikes). The first analytical description
of spikes was done recently by Bauer-Bernard-Tilloy [52-54],
and motivated some others works [55,56], but in the context
of quantum trajectories of a qubit driven by a Gaussian noise.

Observe that in all the setups we studied analytically, we
observe a kind of universal law for the distribution of spikes
[see Eq. (24)], valid for Gaussian or Poissonian noises. Nu-
merical experiments confirm our analytical results.

A fundamental property used to perform our analytical
investigation in Sec. V is that the evolution of the quantum tra-
jectory can be reduced to the evolution of a one-dimensional
piecewise Markovian deterministic process with resetting.
Hence, apart from its interest in this quantum framework, this
problem could be subject of investigation in the resetting liter-
ature. Moreover, it seems that the existence of spikes is more
generic and they can appear in other piecewise Markovian
deterministic processes which do not have a resetting property
(see, e.g., Fig. 11). In Sec. VI we provide a general conjecture
for the distribution of the spikes in a general one-dimensional
framework.

Quantum trajectories are now routinely realized in experi-
ments [25-30,78], but the question of whether spikes can be
experimentally detected remains open. A few remarks on how
this work addresses this question are in order. First, spikes
emerge in the y — oo limit, but their statistical properties
can be observed for large but finite y, as evidenced by our
numerical results. These are obtained by the counting statis-
tics of “prespikes.” Second, for the quantum trajectories of
the kind considered in this work, the dynamics consists of a
deterministic flow with intermittent resetting to a particular
state. This dynamics does not merely arise from a toy model,
but has its basis in modern day experiments [79]. Finally, one
can truly claim the experimental detection of spikes only if
one can infer the statistics of the spikes (or, more precisely, the
prespikes) without relying on the stochastic master equation.
This would take the observation of spikes out of the realm
of simulations and into a laboratory. To achieve this, one
can consider the quantum trajectory that was experimentally
realized in [79]. Although that particular quantum trajectory
had Gaussian noise, the experiment demonstrated highly ef-
ficient detection of clicks (transitions to the ground state)
and, moreover, by performing quantum state tomography over
an ensemble of no-click trajectories, the state was shown
to follow a fixed path through the Hilbert space during the
no-click evolution. Using the knowledge of this path and the
click sequence records, it is in principle possible to infer the
statistics of the heights of the prespikes. However, there are a
few subtleties associated with this proposal, one of them being
that the system in [79] was essentially a qutrit. We expect
that spikes can occur in higher-dimensional quantum systems,
but it is not known whether they have the same power-law
statistics as the qubit case. These are questions that we hope
to address in a future work.
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APPENDIX A: MEASUREMENT PART OF THE SME
EQ. (1) FOR QUBIT WITH A GENERAL
DIAGONAL MEASUREMENT OPERATOR

We perform here computations in a more general frame-
work where the measurement operator N is still diagonal

_ [P+ 0
(5 )

but not necessarily of rank one like in Eq. (7). We consider
hence only the dynamics generated by the measurement oper-
ator N with intensity y > 0 and efficiency 7:

Pl = vyl ]+ My o/ JIN7 = ynTe(NpIN')] - (AD)

with the noise N) satisfying dN € {0, 1}, dNYdN] =
dNY, and

E(dN/ o)) = ny Tr(Np/ N¥)dt . (A2)

We use the usual parametrization of the density matrix o,
given in Eq. (10). Then Eq. (A1) takes the form of a three-
dimensional (because even if ¢” is real, u” is complex) PDMP

Ql =a(q)) [N —EWN|al)].

i = =2 (ny P I = 2
+B(q)) ul [NV —E(N]q])] (A3)
with
2 2\, Y Y
o(qr) = Pl = P (t—a)
(ns P = In-Pg] + [n—P2
y nyn_
= —1, A4
Pa) = G — o + T A
and

E(dNY|qf) = ynl(nil® — In-1")g] + In-*} dt,
ANYdNY = dN) .
Observe that the diagonal dynamics is autonomous.

1. Resetting dynamics or not

The transition rate of the Poisson noise in Eq. (Al) is
given by

W((g, p)— (@, PN =ynl(ne* = In_1*)q + In_|*]
(ns 2 — In_?)g + [n_|?

5(’ nn_p )
x8|p — .
(Iny > = [n_|*)g + |n_|?

(A5)

Observe that these jumps correspond to a resetting dynamics
towards a point if and only if for any ¢, p we have that

|n+|2q =k
(Ing> = n_|>)g + [n_|? ’

(Ins* = In->)g + In_|?

where ki, k, are two arbitrary fixed constants, i.e., inde-
pendent of g, p. We show easily that there are only two
possibilities to have that. The first one is that

hh=0=k, ny=0, ic, N=(g ?):Nl,

and the second one is

. 1 0
kl = ], k2 = 0, n_ = O, 1.€., N = (O 0)

2. Proof of Eq. (A3)

The proof is based on elementary algebraic computations.
We have that the Lindbladian term is given by

. 1 1
Lu[p/]=Np/N" = SN'Np! = Zp/N'N

|”+|2+\"—|2*2”+”— 4
= 2 02 = 2 "
_|*—2nyn_ :
|ng| +|n2| nyn uy 0

t

The “stochastic innovation” term is given by

Np!/ N o(q/)
M Yl — t Y
N[pt ] Tr(N,o,VNT) Py (/3(%;/) ”ty
where o, 8 have been defined in Eq. (A4).

B(qf)EV)’

—a(q/)

APPENDIX B: PROOF OF EQS. (72) AND (23)
We consider Eq. (71):

N2=<2 g) ab # 0. (B1)
Observe that
1 1
Ly, [p]] = Nap! N — 3 N2 0! — EptyNQTNZ
— 2 12—
- (|a|2(1 —q!) —IbPql  abul — P )
- = 211412
abu] — Py g — |al*(1 - q))
and
szryNzT
My,[pf ] = ——2~ =/
Tr(sz,VNZT)
la’(1-¢/)  y abuyy TV
P (g )+rq; I P (=g )+iorq
- =1V 2.7
abur _ M;/ |b| q; _ 1 + qu

lal*(1~g) )+1b1q] lal* (1=q7 )+1b1%q]

Then, with the Eq. (11) for the N,-measurement part, we
obtain finally Eq. (72). In the particular case of spontaneous
emission (21),

N = (8 é) = (- (82)

Eq. (11) becomes Eq. (23).
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APPENDIX C: PROOF OF EQ. (17)

We consider the SME (1) in the collapse-unitary setup (12)
[see Eq. (14) with the usual parametrization of the density
matrix p; given in Eq. (10)]. To simplify notation, we denote
now 1 by y by 1, A" by A

Parametrizing now the density matrix in Bloch coordinates
[Eq. (15)], we prove below that

d
() =y = 1201 = g!)[()" + 247 — 1]

+[1= (7)1 gl 1)+ A7) €

Then, we can conclude that if the measurement is totally
efficient, i.e., n = 1, then the Bloch sphere r = 1 (pure states)
is stable under the dynamics. We will restrict us to this case
now, i.e., pure state dynamics ( /' = 1) and totally efficient
n=1.

The Bloch sphere of pure states can be parametrized with
the angles 8/ € (—m, ], ¢/ € [0, ] [see Eq. (15)]:

v sin6”) .,
g/ = cos® (%) u = (sin¢/) 5 /) el (C2)

We then look for an SDE for (6, @) which gives a solution
to the SDE (14). We claim that if (6, ¢} ) satisfies the SDE

6 = [ — 2k, sin(¢)) — %sin O]+ (w — 6/ )NY,

. cos (6)

T
with

14

2
6
E(dN}|67) = y<sm é) dt, dNYdN? =dN?,

then (q/,u’) defined through Eq. (C2) satisfied the
SDE (14).

To prove this claim, it is sufficient to apply the Ito-
jump stochastic calculus [80,81]. In fact, we see that the
SDE (C3) is not well defined when 67 = 7, so that some
extra boundary conditions should be added to define it cor-
rectly. This is due to the fact that the change of variable
(C2) is not smooth. However, in the particular case we
consider, where (p,y = /2, we can disregard this technical

issue.

1. Proof of Eq. (C1)

We have (1) = (2q) — 1)*> +4u]u’ and then with Ito-
jump stochastic calculus

de?)? = d[(2g] = 1) + 4T ]
=4(2q/ — 1)(dq)), +4(du]) uy
+[2(q — g/ dN?) = 1] = (2! — 1)’
+4[(w — g/ dN)) (@ — q/ dN7) — ulu] ]

+ 4u? (dﬁty)c

with
(dq)), = ik, (0 =) + ynyqr J(1—q)),
(dug/) = —tky(Zq, — 1) — Eu, + ynul (1 — q}’)
(i), = +ik, (2 — 1) — guf +yni (1—g).
We have

d(r’) =d((2q" —1)* + 4 w)

=4(2q) — 1)dq] +4(dq])(dq]) + 4(du] )ul
+ 4u) (du] ) + 4(du] ) (du))

=4Q2q) — W[ = iky (uf =) +yn(1 — g} )q/ ]t
—q/ dN}'}
+4(q7) ANy
+4{[ — ik, (2q] —
— T AN )

=y —12(1—q))[(7) +24] —1]
+[1 = (7)][y (2q7 = 1)dt +dNY].

Na! +y(—3+n—nq!)uln]dt

APPENDIX D: CONVERGENCE OF SPIKING PROCESS
FOR THE SCALING k, ~ y*

We discuss the motivation behind the choice of k, = /oy
in the collapse-unitary case in the main text. From numerical
simulations (see Fig. 12), we determine that for the scaling
k, ~ y*, the distribution of the spiking process does not
converge for large ¥ for o £ 0.5 and the spikes vanish for
large y for &  0.5. This can also be seen by taking the limits
o — 0and ® — oo in the first line of Eq. (25) (corresponding
to @ < 0.5 and @ > 0.5, respectively). This provides credi-
ble justification for the form of k, that was assumed in the
main text.

APPENDIX E: EXACT COMPUTATION
AND ASYMPTOTICS OF LAPLACE TRANSFORMS

1. Collapse-unitary setup

We derive the explicit expressions for the functions C(o),
D(o), and E(o) (and their asymptotic forms for large y)
to determine the generating function of the distribution of
spikes for the collapse-unitary case. Thanks to the explicit
expressions (35), we have then that

—2¢
E(O') _ 1 1 +e /1 7(0+}//272ﬂk7)‘r)
4B |o+vy/2—-2Bk,
2¢
I l+e (1 — e—(o+r/2+26k)7)
o+y/2+2Bk,
4 —(o+y/2)T
- m(l —e ) (s (ED)
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FIG. 12. Mean of the distribution (conditioned on no jumps) of the number of spikes (from 6, = ) per unit time in a space-time box
(0, b) x (0, 1) plotted against the box edge b for (a) k, ~ y*4, (b) k, ~ ¥, (c) k, ~ y*, and (d) k, ~ y°6. The separation between the
scatter plots for various y is more than the width of the error bars and clearly indicates a downward trend with increasing y for « = 0.4 and
0.45 (indicating that the spikes vanish for y — o0) and clearly indicates an upward trend with increasing y for « = 0.55 and 0.6 (indicating
that the moments of the spike distribution diverge for y — o00). The data points were obtained by averaging over 10* realizations. Note that
for @ = 0.6, we were not able to obtain data for y = 107 since almost all the trajectories in the sample had the occurrence of jumps (recall that
the spike distribution is conditioned on no jumps).

4 e % (6+y/2-2Bk,) e (64y/242Bk,)
C(o)+ D(o) = Y R Ao 2L) NI —— R G )T
(@) + D(o) 4B o +y/2 -2k, ) o+y/2+2,6ky( )
_ 1 — g~ @tr/2e E2
oty /2( ) (E2)
and
o2 e
Do) = (e~ 22k _ oty /22K, ) (e (@Y 12280 _ p=(oty /242K, )
o+vy/2—-2Bk, o+y/24+2Bk,
2 ~(@+y/2 - 2 Y
_ (e vI2n _ ,=(oty/ )fa) x ) (E3)
o+y/2 4(B')?
We note the asymptotic forms for large y (here we take k, = ,/wy):
Clo)~1—(@w+0o)y ' —=D(), D(o)~ 4wy [tan’(b/2) — tan’(a/2)], E(o)~y .. (E4)

Then Eq. (42) follows.
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2. Collapse-thermal setup

We derive the explicit expressions for the functions C(o), D(0), and E (o) (and their asymptotic forms for large y) to
determine the generating function of the distribution of spikes for the collapse-thermal case. Thanks to Eq. (50) we have that

E(o) = 1 {q+(1 — e fotny =gl B g_(1— e—[cf+m/(1—q+)]r)} (E5)
q+ —q- o+ny(l—gq-) o+ny(l—qy) )
1 =g )1 — e lotnmv-g)lx (1 = 1 — e~ lotnyd—g)lx
Co)+ D)= " {q+( g-)(1—e ) g-(1—g)(—e )}’ (E6)
9+ — q- o+ny(l—q-) o+ny(l —q4)
and
vn g+(1 — g_)(e~lotn =gt _ p=lotny(=qllny g (1 — g (e lotmd-adl _ p=lotny(-goln)
9+ — q- o+ny(l—gq-) o+ny(—gqy)

(E7)
where we have taken the limit € — 0. We note then that the asymptotic forms of E (o), C(0), and D(o) for large y are given by

yn— W7,+<,% - ,1,) W,,+<§ - %)
C(o) ~ T —

E(o) ———, .
@ o+yn+W_ o+yn+W_ o+yn+W_,

(E8)

. Do)~

Then Eq. (51) follows.

3. Collapse-measurement setup

We derive the explicit expressions for the functions C(o), D(o), and E (o) (and their asymptotic forms for large y) to
determine the generating function of the distribution of spikes for the collapse-measurement case. Thanks to Eq. (59) we have
that

1 1— 1] —e°°7 1 — e~ @tratrim)e
E(o) = {J/z( m)(l—e™7") + (im + vam)(1 —e )}7 (E9)
Vin+ 2 o o+ y2+yim
1 — e~ (@t+r2tyime
C(o) + Do) = yini( )’ (E10)
o+yin +y
and
—(@+yim+y2)ta _ ,—(c+yim+y2)n
D(o) = 1L ¢ ). (E11)
o+yim+y
We note then that the asymptotic forms of E(o), C(o), and D(o) for large y; are given by
- —;fy(]ln_lfai yim — ya(l — 772)(6 +1- %) (1 — 772)(% - %)
E(oc)~~————, C(o)~ , D(o)~ (E12)
o+yinm+y o+ yim+y o+yin+r
Then Eq. (60) follows by taking the limit ; — 0o and € — 0, in that order.
[
APPENDIX F: NUMERICAL METHODS where the step size Ar < 1 is chosen appropriately and the

random number r; is sampled from a Bernoulli distribution
with the parameter p = g(x;)At.

The second method is based on the principle that the
stochastic evolution equation (F1) is composed of determinis-
tic flows and jumps (not to be confused with quantum jumps).
Discarding the Poissonian noise, Eq. (F1) becomes a first-
order ordinary differential equation (ODE): x; = f(x;) which,

Here, we discuss the two numerical methods employed to
simulate the 1D stochastic differential equations (SDEs) with
Poissonian noise that govern the evolution of the state x;. The
first method is a first-order iterative approach where, given an
SDE with Poissonian noise,

dx, = f(x;)dt 4+ h(x)dN;, given the initial condition x,—y = X, has the unique solution
dAN.dN, = dN,, X¢.x,- Now, the probability v(¢, x9) of having no jumps in an
interval (0, ¢) with the initial condition x,—¢ = xq is formally

E[dN:] = g(x)dt, (F1)  given by

where {x;},=a;24;... is obtained using the rule
Mo g(x)dx
v(t,x0) =exp | — : (F3)
Xopar =% + fO0)AL 4 h(x)ry, (F2) SREVAC)
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We now have all the ingredients necessary for this method.
Given that the state at time #; is x;, the algorithm for time
evolution is as follows:

(1) Choose a random number 7 from the distribution

8U(;’tx’f), where v(t, x,) is given by Eq. (F3). Physically

speaking, this means that a jump has occurred at time ¢, =

t; + © and from the deterministic flow, we know the state takes
the values x, = x_y, ,, fort; <t' <t4.

(2) The value of the state at time fiy1 1S set by x,,, =
Xt.x, + h(xt,x,i ).

(3) Repeat steps 1 and 2 with the transformations t; — #;4;
and tiy1 = tigo.
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