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Chapter 1
Introduction

Ever since the beginning of the field in 1920s, band theory has been a cornerstone that lies at
the very core of solid state physics, underpinning both theoretical developments and material
science applications. Indeed, as far as single particle picture, or more fundamentally Landau
Fermi liquid theory, applies, almost all of the properties of the electronic degrees of freedom
in solid state systems have been studied within the framework of band theory. Band theory
elegantly exploits symmetry to account for the quantum effects of a crystalline lattice via
energy band formation. One of the most spectacular successes of band theory is its ele-
gant and unified explanation of the categorization of insulators, semiconductors, and metals
among a large portion of solid-state materials. Band theory and the foundational Bloch's
theorem has been a part of every solid state physics curriculum [11, 81, 136]. For a long
time the physics of the energy bands have been thought to be mature and well-understood
until the emergence of topological phases of matter in recent decades. The discovery of
the remarkable integer and fractional quantum Hall effects in the 1980s brought about a
revolution in condensed matter physics, introducing the profound idea of topological order,
which has sparked the investigation of a large variety of exotic quantum phases of matter:
topological insulators, topological superconductors, and topological semi-metals just to name
a few. Somewhat philosophically, one might say that one fundamental conceptual shift that
the notion of topological order has brought forward is the realization of the physical sig-
nificance of electronic wavefunctions, rather than the energy spectrum alone, as previously
thought. Indeed, in the case of quantum Hall effect, the quantization of Hall conductance
has been explained in terms of a topological invariant—the first Chern number—associated
with the filled bands. Such a topological invariant characterizes the global property of the

wavefunctions, as demonstrated by the seminal TKNN formula [149].

More recently it has been realized that not only the global topology but also the local
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CHAPTER 1. INTRODUCTION

geometric property of quantum states plays a role in the study of various aspects of elec-
trons in crystalline solids. In fact, from a more general perspective, the Berry curvature
which has traditionally been related to the topology of the band structure, such as the first
Chern number mentioned above, can itself be viewed as a local geometric quantity, even in
the topologically trivial case. Closely related is the so-called quantum metric tensor, also
known as the Fubini-Study metric, which has recently attracted much attention. Around
the same time as the seminal work by Berry [20], who identified an intrinsic phase factor
accompanying the adiabatic evolution of parameterized quantum states, namely the Berry
phase, the quantum metric tensor emerged in the work by Provost and Vallee from the study
of quantum information theory [121]. They realized that the Hilbert space of a family of
parameterized quantum states can be endowed with a Riemannian geometry, where roughly
speaking, a notion of distance between states is given by the degree of orthogonality, and
quantified by the quantum metric tensor. Moreover, both the quantum metric tensor and
the Berry curvature can be unified as the real and imaginary parts, respectively, of a quantity
known as the quantum geometric tensor. Ever since its discovery, the quantum geometry
of states has been exploited and applied in quantum information theory [17], and quantum
phase transitions [31, 39]. Propelled by the intense study of exotic topological phases of
matter, its significance in the solid state systems has also been noticed, and a variety of phe-
nomena such as transport, optical and many-body effects to name a few, have been studied

using quantum geometry [151].

Indeed, in crystalline solids, the Bloch states which constitute a basis of the Hilbert space
of electrons moving in a background lattice periodic potential, provide a natural example of
such parameterized states. The parameter is simply the crystal momentum, which is a good
quantum number that is associated with the lattice symmetry and label the eigenstates, as
dictated by Bloch's theorem. The manifold of crystal momentum, the Brillouin zone, forms
a torus and geometric quantities such as the Berry curvature and quantum metric tensor
encode information about how electronic wavefunctions twist, overlap, and connect across
this manifold. Thus, the geometry of Bloch states may significantly influence physical ob-

servables, and dictate electronic, optical, and transport properties.

The central focus of this thesis is the exploration of such geometric effects on the semi-
classical dynamics of lattice electron wave-packets. Semi-classical equations of motion pro-
vide a low-energy effective approach to study the various quantum mechanical effects due to
the geometry of quantum states, which manifest as modifications to the classical equations

of motion. For instance, this approach has been applied to study phenomena such as the
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CHAPTER 1. INTRODUCTION

anomalous Hall effect [58] induced by Berry curvature, the chiral magnetic effect [47] and

the anomalous magneto-resistance in topological semi-metals [95].

This thesis is structured into two parts, each exploring one aspect of the connection of
quantum geometry of Bloch states with semi-classical equations of motion in solid state

systems.

In Part | some more foundational and generic aspects of the way quantum geometry manifests
itself in the dynamics of Bloch electrons. We start out by providing some basic background
materials concerning the geometry of Hilbert space of parameterized states. We identify
from a mathematical point of view how the projective Hilbert spaces, namely the space of
physical states modulo the phase gauge redundancy, may be recognized as what is known as
complex projective space, and its connection to fiber bundle theory. For later development,
we also discuss the adiabatic evolution and the emergent geometric phase in great details,
with the purpose of highlighting the often neglected significance of projection onto a sub-
space in bringing forward the non-trivial geometrical effects. Then we introduce the quantum
geometric tensor for general parameterized quantum states, following the derivation of the
original reference [121], via enforcing gauge invariance. In particular, we shall identify the
iImaginary and real part of the quantum geometric tensor is the precisely the Berry curvature
and quantum metric tensor respectively. Furthermore, we point out that the quantum metric
tensor provides a gauge invariant measure of distance between quantum states. Then we
specialize to crystalline solids, where by Bloch's theorem, the Bloch states that emerge from
the periodic potential of crystal lattices is an important, physical example of such parameter-
ized quantum states. To complete the basic introduction, we mention how the time reversal

and spatial inversion symmetry impose constraints on geometric quantities.

A core contribution of this part is the systematic development of an operator-based for-
malism for the study of quantum geometric contributions to lattice electron dynamics. The
central observation is that the semi-classical dynamics is fundamentally a low energy effec-
tive description, and requires access to only a subset of all energy bands that are available.
Formally such restriction to a low-energy sector is done by a projection to a certain set of
bands, and the projected operators have substantially modified commutation relations, which
is the origin of the various geometric contributions to the equations of motion. By analyz-
ing commutation relations of band-projected operators, and identifying the operator form
of geometric quantities, we reveal a hierarchy of geometric corrections, from familiar Berry

curvature effects to higher-order geometric terms such as quantum geometric connections
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CHAPTER 1. INTRODUCTION

when an inhomogeneous external field is applied.

In Part I, we shift our focus from Bloch momentum space geometry to real space ge-
ometric effects. We study the electron dynamics in tilted Weyl semi-metals—a class of
topological materials characterized by linear band crossings known as Weyl nodes. Around
the Weyl nodes, the quasi-particle may be described in terms of the Weyl Hamiltonian, and
a remarkable parallel to the motion of massless particle around a black hole is given by a
spatially varying tilt term added to the Weyl Hamiltonian. Specifically, we shall demonstrate
an analogy between the semi-classical dynamics in tilted Weyl semi-metals and gravitational
lensing phenomena in general relativity. Indeed, the effective Hamiltonian of tilted Weyl sys-
tems gives rise to an effective curved spacetime metric, known as the Painlevé-Gullstrand
metric, and the electron wave-packet motion around the Weyl node may be mapped to that
of a massless particle moving under the influence of the gravitational field of a black hole.
We study analytically various aspects of such electron motion, including deflection angles,
trapping, and critical separatrices between bound and unbound electron states. Moreover,
the Berry curvature related anomalous shift is also investigated, which may be viewed as an
analogue gravitational Magnus effect, inducing a transverse shift that is not present in the
classical theory of particle motion under gravity. In fact, this transverse shift may be viewed
as the spin dynamics of a Weyl fermion, which has an intrinsic spinor structure, and arises
in a solid state system due to the topological property of the Weyl nodes. To confirm and
better understand the analytics in the effective continuum picture, we also provide lattice-
based simulations using a tight-binding model, which provides further insights concerning
the lattice effects that may hint at microscopic details of electron dynamics under realistic

conditions.
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Chapter 2

Basics of geometry of quantum states

2.1 Geometry of quantum states

In this part of the thesis we will explore the geometry of the Bloch structure and its impli-
cations for semi-classical dynamics and transport in solid state materials. To set the stage,
we shall briefly describe the meaning of "geometry" in the context of quantum states, and

in particular Bloch states.

We first discuss the geometrization of Hilbert spaces in a rather general setting. More
specifically, we describe how the space of parameterized states may be given the structure of
a fiber bundle. Then we give an introduction to concepts such as quantum geometric tensor
and its real and imaginary components: quantum metric tensor and Berry curvature, which
characterize the geometry of Hilbert space. Finally we go to the specific situation where
such parameterized Hilbert space arises as the Bloch states of a particle moving in a crystal

lattice. Throughout the thesis we use units in which i = 1, unless otherwise states

2.1.1 Geometry of quantum states

Hilbert space as a fiber bundle

We consider the following situation: we have a Hamiltonian A of some quantum mechanical
system whose eigenstates are smoothly parameterized by, say N variables A = (A1, Ao, ... An),
normally some good quantum numbers associated with symmetry, such as the crystal mo-
mentum of Bloch states in a N-dimensional lattice. Another example of such parametrized
states, which is actually the one considered in the original reference [121], is the generalized
coherent states[17, 66]. We assume the Hilbert space H, of all states with a given A has

dimension N, such as the number of energy bands in a solid. We may then always take Hy
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to be spanned by the eigenstates |1,(A)). Mathematically, therefore, the Hilbert space at

each X is CV, while the total Hilbert space H is the direct sum of all local Hilbert spaces Hy:
H =P Ha. (2.1.1)
A

Equivalently put, since the eigenstates form a complete basis, we have a resolution of iden-
tity being 1 = 3, > [¥a(A)) (¥a(A)] (of course, the "sum" over A is actually an integral
with an appropriately chosen measure). Take H) C Hx to be the subspace consisting of
all states that are all normalized, namely (¥|v¥) = 1, and then H) is just a hyper-sphere
S2N=1 Indeed, for an arbitrary state in H}, let [9(X)) = 3, ¢, [¥a (X)) be its expansion in
the eigenstate basis, then the map |Y(A)) — (1, ¢, ...cy) clearly takes a state in H) to
the sphere, since 3, |¢j|*> = 1 by normalization condition. A basic but crucial observation,
which has profound implications in topological band theory[62, 122] is that there is a certain
gauge freedom in this description: in quantum mechanics two states which differ by a phase
are physically equivalent. Then the physically distinct states are obtained by identifying all
states that are identical up to a phase, and the space of normalized, physical states with a
given A is actually the ray/projective Hilbert space PH, = H/U(1), which mathematically
is the same as the (N — 1)-dimensional complex projective space PHy = CPN=1[83, 106].
Such a decomposition of the Hilbert space H into a smoothly parameterized sum enables us
to view the collection of quantum states as a fiber bundle over the parameter manifold M,
such that at each point A it is attached with a fiber H) = S?N=1 or PH, = CPN71[17].

A family of states |¢(A)) with smoothly varying A then defines a section over the fiber bundle.

Here we note that a physical state with a fixed phase is in one-to-one correspondence with
the projection operator Py = |9(A)) ((A)]. Indeed, all states that differ from each other
by a phase e ®™ give the same Py. Put another way, a projection operator is naturally a
gauge invariant object that uniquely defines a physical state, i.e. there is a state-operator
correspondence. In our development later, we will heavily rely on the use of projection op-
erators to study the semi-classical dynamics, and it is at times helpful to have the intuition

that a local projection operator can be viewed as a state.

Sub-bundle

We note that in principle the fiber bundle constructed as above may in general be topologically
trivial, namely the space of normalized states is just the product M x S?N=1 or in terms of
physical states M x CPN=1 which in mathematics jargon it is said to be a trivial bundle [83].

Does this mean no interesting or non-trivial topological and geometric phenomena arise? The

11
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subtle but important point which will be discussed in detail in later chapters is that, often
In physics we are working with not the entire Hilbert space given by the Hamiltonian, but a
sub-bundle of it. Roughly speaking, an external probe, say a weak electric field, accesses only
a subspace Hz C H, and we may describe the effective physics using a low energy effective
Hamiltonian Hg. When the eigenstates are parameterized as we described above, at each
X we need to consider only the Ng-dimensional subspace, with Ng < N. The resulting sub-
bundle may then have highly non-trivial topological and geometric structures. Geometrically,
one can think as an example how a sphere, regarded as embedding in the Euclidean space R3
has nontrivial topology and curved geometry where one can introduce covariant derivative,
etc, while the R® itself is rather trivial and flat, on which one differentiates using the usual

partial derivative.

2.1.2 Adiabatic evolution

In the previous section, the Hilbert space as a geometric object was discussed in a rather
abstract and formal way, and it is not clear how physically relevant such a picture is. Here we
introduce the typical context where a projection as discussed above is invoked, and how such
a geometric picture enters, namely the emergence of Berry phase in adiabatic evolution[20].
This is a widely discussed topic with a large amount of literature available; see, for example,
[27]. But we would go into quite some details of the well known concept to put a perspective
in things for later development. By this we mean that we would like to emphasize the role

of projection in bringing out the geometric features.

We consider the following situation: a system with Hamiltonian Ho, whose eigenstates take
a smooth parameterization, is now perturbed by an external field that varies in time, so the
system'’s Hamiltonian H(t) is now time dependent. Without loss of generality, we choose the
interaction to be turned on at t = 0 so that the |¢,))’'s are eigenstates of the unperturbed
Hamiltonian Ho. We assume that at any instant the eigenstates of H(t) can still be param-
eterized by the same parameters so that we may write H(t) = 3 ,x €ax(t) [E5) (W1,], where
|ly) are the instantaneous eigenstates of H(t). Due to the explicit time dependence, the
spectrum €,x(t) in geneal differs from that of /:/0. In the case of Bloch states, the discrete

label of energy levels n is called a band index.

Now we consider the evolution of a state |9 (t)) which at time t = 0 is an eigenstate of the

initial Hamiltonian, namely [(0)) = |13, ) with some Ao, and [9(t)) = |13, (t)). Note that

due to the time dependence of the Hamiltonian, the state ’¢2>\0> Is no longer an eigenstate of

the perturbed Hamiltonian except at t = 0, namely, that U(t,0) [19,) = [ (t)) # |[¥,).
12



Adiabatic evolution Geometry of quantum states

More importantly, the instantaneous eigenstates do not satisfy the Schrodinger equation,
namely i0; [18,) # H(t) |[9¥t,) = em(t) [¥L,). In fact [1t,) should be thought to be fixed at

some time say t = 0, and the evolving eigenstate which satisfies the Schrodinger equation,

is [wia(t) = U(t',0) [5y)-

Without further assumptions such as symmetry, at a later time the evolved state |(t))

is a superposition of all initial eigenstates:
(1) =3 cm (1) [¥9n) (2.1.2)
mA

where the coefficients are chosen to make [¢(t)) normalized at all times, and ¢, (0) =
cna(0)d,mdxn,- Another way to put this is that the perturbed Hamiltonian is not diagonal in
the basis of [49,,), and in general allows for arbitrary transitions unless there are selections
rules. Then the coefficients have to be solved by using, for instance, time-dependent pertur-
bation theory, if the applied field is weak. However, if we assume the energy gap between
el and all the other energy levels m is large enough throughout the duration that the exter-
nal field acts ( we exclude level crossings), or equivalently the external fields evolve slowly,
then it can be shown that[28, 78] |1(t)) may be approximately taken as an instantaneous
eigenstate, or H(t) [1(t)) =~ €nnr) | W(1)), for some A(t). This is called adiabatic evolution.
Note that adiabatic evolution only states that the initial eigenstate of H° would remain an
eigenstate of H(t) in the same band labeled n, but not necessarily with the same parameter

Xo. By normalization this means |9 (t)) can differ from ‘¢5A(t)> up to a phase, hence

[W(1)) = €O [ty ) = Paey [9(1)) (2.1.3)

where FA),,A(t) = ‘wﬁ)\(t)> <1/)f7)\(t)‘ Is the local projection operator that projects the state onto
the eigenstates of H(t) with parameter A(t). Thus under the assumption of adiabatic
evolution, the transition amplitude is just the phase «y,(t). The Schrodinger equation now

reads

L) & A Py (D) = (D)™ [ty ) (2.1.4)

On the other hand the left hand side may also be written out as

|w(t>> ( O i) (2.1.5)
= ngn '7”(t)‘¢t >+|ew”(t)3>\a>\(t) ’T/Jn,\(t)> (2.1.6)

13
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Equating these two expressions, we have

.dv, _ dA
| dt = — |€n)\(t) + E . <'l/),t7/\(t)‘ a)‘(t) "l/},tv\(t)> (217)
d
— iepa(t) — idi\ CALA(D), (2.1.8)

where AL(X) =i (YPl,| Ox [9],) is the celebrated Berry connection in this case. Finally sup-

pose the system goes back to the initial state after time T, we then have that by integration

(T = —/O'T dt'epn(t)) —éd)\-A,ﬁ'()\(t’)), (2.1.9)

where C is the path of the evolution of the parameter A(t). The emergence of a geometric
phase in addition to the first, dynamical phase is the result of adiabatic evolution. Note in
particular that adiabatic evolution amounts to effect a projection via the projector P.x. Infact
the Berry connection be re-written as AL(A) = i (Yt | P (c’)AFA’n)\) l4t,), which highlights

the role of projection.
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2.1.3 Quantum geometric tensor
Provost-Valle’s derivation

Here we introduce the notions of quantum geometric tensor, quantum metric tensor and
Berry curvature. To motivate the definitions, we give a derivation of these quantities follow-
ing the original reference [121]. The problem is to define a notion of metric or distance for a
family of parametrized states |9(A)), i.e. a section over the bundle M x H, thereby defining
a Riemannian geometry over the Hilbert space. All states are taken to be normalized, but
not gauge fixed. The idea of Provost and Valle is to start from a tentative definition of
distance between states, which turned out to be gauge dependent, and then, via introducing

the notion of covariant derivative, deriving a gauge invariant metric tensor.

A naive measure of distance for such parameterized states is
d(N, ) = [[w(N) = [w(A)], (2.1.10)

where |||Y)|| = (¥|9) is the norm of the state. In particular the distance between a state
with itself is 0. We want to define a metric tensor by considering an infinitesimal change of

the parameters:
[ +8X) = [(A)” = gydN'N + O(8X%), (2.1.11)
or in terms of a line element
ds; = g;i(XN)dNd¥, (2.1.12)

where the real symmetric tensor g;;(X), would then be the metric tensor corresponding to the
notion of distance defined above, and thus potentially suitable for constructing a Riemannian

geometry. Let us compute the metric tensor in terms of |¢(A)). We have

[ YA+ dA)) = [Y(A)) = [8i(N)) dA, (2.1.13)
where [0;Y(N)) = ai,- |®(A)) and the summation convention is used. Thus
[h (A +0X) = Y(A)[I* = (B (N)[BP(N)) dN dN (2.1.14)
= 2 (OHNIGYO) + GPNIBB(N) dNdN  (21.15)
= Re (8;(N)[8;9(N)) dN dN, (2.1.16)

15
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where in the second step we used the fact that / and j are just dummy variables that are

summed over.

It seems like we have defined a metric tensor as g;; = Re (0;¢(X)|0j9(A)), however there is
a problem, namely that gj; thus defined is not gauge invariant [121]. Indeed, under a gauge

phase transformation, we have

[9'(N)) = €WV [9(N)) (2.1.17)
B [ W' (A)) = 2PMg; |h(A)) +i(8ia) ™™ |h(A)), (2.1.18)

where the last term spoils the gauge invariance.

In fact, the naive metric tensor we have thus defined transforms as
O (W) (N)) = (Bp(N)GB(N)) + dadja — dad; — B, (2.1.19)

where the quantity A; = i (¢(A)]|0Y(A)) is exactly the Berry connection [20]. Note that
the Berry connection is gauge dependent itself, namely A; — i (¥'(X)[04'(A)) = A; — i0;a.

Furthermore, due to normalization, we have

O ((P(A)[H(A))) = 0 = (G (N)[P(A)) + (P(XN)|8P(A)) . (2.1.20)

and therefore the Berry connection is real: A; = A’.

Define a covariant derivative as V,; = 0,—iA;, then under a gauge transformation, V; [{(\)) —
e*MV, |(X)). Thus the quantity

Qij = (Vip(N)IV(A)) = (09 (N)|09(A)) — AiA; (2.1.21)

is in fact gauge invariant. The quantity Qj; is called quantum geometric tensor. Note that

using the normalization condition Eq. (2.1.20) again, we can alternatively write
Qi = BN (1= P [87(N)) (2.1.22)

where Py = [9(X)) ((N)| is the projection operator onto the state [1)(A)). This form of the
quantum geometric tensor will prove useful when we discuss the Bloch states later, which

has a non-abelian gauge structure.

16



Quantum geometric tensor Geometry of quantum states

The quantum geometric tensor is gauge invariant but generally complex, and we may de-
compose it into its real and imaginary part
i

582, (2.1.23)

Qij:gij_ >

where g;; = ReQj; and Q;; = —2ImQ);;. Note that by definition g;; and €2;; are symmetric
and anti-symmetric tensors respectively. The real part g;; is called the quantum metric
tensor[17, 121], which as we shall discuss below is indeed a measure of a certain distance.
The imaginary part is the well known Berry curvature [20], which plays a fundamental role
in topological materials [62, 122]. The more common definition of Berry curvature is Q;; =

0;A; — 9;A;, but it is easy to show that this agrees with our definition. Indeed

0iA; = 8 A =i0i(Y(N)|G;p(A)) — i5;(Y(A) |8 (A)) (2.1.24)
=i(2)Im(8i(A)|0;% (X)) (2.1.25)

Quantum distance and quantum metric tensor

We started from a naive definition of a notion of distance between states given in Eq. (2.1.10),
which we found to be gauge dependent, and now we have derived a gauge invariant, symmet-
ric tensor, the quantum metric tensor g;;. The question is then, what notion of distance does
the metric g;; actually describe. As it turned out, the quantum distance that the quantum
metric tensor measures is the extent of orthogonality, or overlap between states. Namely it

is the metric tensor corresponding to the distance
dN A) = 1= [(PN)YO)I, (2.1.27)

whose line element is ds? = g;d\'dX. To prove this, we compute the overlap between

states differing by infinitesimal parameters

W)W+ dN)) =1 — iAdN + ; (W(N)|8iB (X)) dN dN, (2.1.28)
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so that up to second order in d\’

W)W + dA)) P= (1 +iAdN + ;(6,@w(>\)|¢()\))d>\’d>\f) (2.1.29)
(1 i AndA™ ;<¢(A)\amanw(>\)>dxmdxn) (2.1.30)
—1+ A dN AN
5 (@B + WNIBAPAN) NN (2131)
—14+ A AdN AN + Re((N)|089(A))dN N, (2.1.32)

But again normalization implies that Re(¥(X)|0,0;%(A)) = —Re(0i¢(A)|0,4(N)), which can

be shown by taking a second derivative

0 =33, (W(N)P(A) (2.1.33)
—2Re(89(N) (X)) + 2Re($(A)[09W(N)). (2.1.34)

Using this we then have that indeed

ds® =1 — [(PpN)|[Y(X + dX))|? (2.1.35)
= — A A;dN dN + Re(8(N)|8/(A))dN d N (2.1.36)
=g;;d\dN. (2.1.37)

Example: Weyl Hamiltonian

Here we compute the quantum geometric tensor of a simple example, the Weyl Hamiltonian,
which was originally devised to describe massless spin—% particles in particle physics. The
same Hamiltonian has also been used to describe the novel topological Weyl materials that
have linear crossing around Weyl nodes, and we shall discuss its semi-classical dynamics in

Part Il of this thesis. The Hamiltonian reads
H=xo-p, (2.1.38)

where p is the momentum operator, and x = =1 is called the chirality. In the following,
we restrict to x = 1. Since H2 = p - pl, its eigenvalues are +p, with p = |p|, and its
eigenstates are then parametrized by the momentum eigenvalues, which we denote as |¢4,),
with eigenvalues £p respectively. Here we use + to label the band/level in correspondence

to n in previous sections, and p is the smooth parameter A in this example. We can solve

18
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them to be

|¢i>:—1 (mip).
" 2p(p £ ps) \pr—ip2

For |%4,). the quantum geometric tensor can be computed to be

p22+ps® pipotipps  —pipatippe
4pt 4pt 4pt
Q;: = | —pp2=ipps p12+ps®  _ popstippi
1 4p4 4p4 4p4
_ pipatippr —popstippr  p12+po?
4p4 4p* 4pt

Specifically, the quantum metric tensor reads

p22+p3° __pbip2  —pip3
4pt 4p* 4p*
gii = _ pip2 pi’+p3®  pops
1 4/34 4,04 4P4
_pips —paps piltpo?
4p* 4p* 4p*

while the Berry curvature tensor defines a vector as (£2); = €;;x$2jx, then =

(2.1.39)

(2.1.40)

(2.1.41)

_1p
303" Note

that the Berry curvature has the configuration in the parameter space (p in this case),

identical to that of the electric field of a point charge distribution (or the magnetic field

of a magnetic monopole): V - Q = —2763(p), with charge 2. More generally, we have
Q= X35
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2.2 Geometry of Bloch bands

2.2.1 Bloch’s theorem and band theory

The starting point of the study of solid state of matter is the idealization of solids as having a
stable crystal lattice structure, formed by the periodic arrangement of ions through chemical
bonding, and the remaining valance electrons move under the influence of the resulting peri-
odic potential. Lying at the foundation of solid state physics is Bloch's theorem [25], which,
despite the idealization of a perfect crystalline structure and neglection of electron-electron
and electron-ion interaction, was able to predict a large number of physical properties of solid

state [11].
Bloch's theorem in the most general form states that

Bloch’s theorem
Suppose the Hamiltonian H of a system is invariant under lattice translations 7 (R) = e'®?,

namely [H, T(R)] = 0, then the eigenstates of H can be chosen to be of the form of a

k-7

modulated plane wave |) = e /7 |u), where |ug) is invariant under lattice translations:

7A_(R) |ug) = |ug).

The relevance of Bloch's theorem in solid state physics is established by taking a single particle
moving under the influence of a periodic lattice potential V(r) such that V(r) = V(r + R),
to model the electron in a solid. Namely we consider the elementary Hamiltonian describing

a non-relativistic particle moving in a periodic potential

~ ﬁ2
A=+ V(@) (2.2.1)

where in reduced zone scheme, the energy spectrum is organized into bands with eigenstates

of the Bloch form: H [¥m) = Enk |¥m), with crystal momenta restricted to the first Brillouin

zone k; € [-Z, X],/ = x,y, z, where a; is the lattice constant along the i—direction. This

a;’ aj

then implies that there is a resolution of identity
1= |¥m) (Yol (2.2.2)
nk
In this basis the lattice Hamiltonian assumes a spectral decomposition as

nk
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In the limit where the number of lattice sites becomes infinite, the discrete sum over crystal

momentum becomes an integral

Zk: - Ci/dk, (2.2.4)

where N the number of unit cells, V. is the volume of a unit cell in the Brillouin zone, and

we have the normalization (Yx|¥mr) = 6,m0(k — K').

Example: Mathieu-Floquet equation

As an illustration of Bloch's theorem, here we consider a classical problem in mathematical
physics, which may be taken to model a one-dimensional periodic lattice. Consider the

following Schrodinger equation which describes a particle in a cosine potential,

(h282 +V cos 27rax> W(x) = EP(x). (2.2.5)

2m 0x?

Settinga=1, e = i;’;f; qg= h’§7‘r/2 and z = mx, then we may re-write it as

((98222 + (e — 2q cos 2z)> W(z) =0, (2.2.6)

which is known as Mathieu's equation [100], who first proposed it in the study of membrane
vibrations. In fact it is from the study of Mathieu's equation and its generalization, the
French mathematician Gaston Floquet[46] proved what is known as Bloch's theorem in the
physics community and Floquet's theorem in the mathematics community. Indeed, it can be
shown that [163] for a given value of g, there is a family of values of €, known as Matheiu

characteristics yx(q) such that the solution may be written in Bloch form, namely
W(z) = e*u(2), (2.2.7)

where ux(z) = uk(z + ), and can be expressed explicitly in terms of the so-called Mathieu

cosine and sine functions, and the corresponding eigenvalues €, = yx(q).

2.2.2 Quantum geometry of Bloch states

With Bloch's theorem, we know that the Bloch states of a particle moving in a periodic lattice

are parametrized by the crystal momenta, and thus we may define the geometric quantities

for the Bloch states as in Section 2.1.3. However, we have to also take into account the

emergence of bands. The most natural generalization of the quantum geometric tensor

might be Q7 (k) = (0iYnk|0 W) — ATAT, where AT = i (Y|0;%nk) is the Berry connection
21
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Abs|psi_n(x)]
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(a) Band structure (b) Wavefunction

Figure 2.1. In (a) we show the band structure of the cosine potential problem. The blue solid line is
with ¢ = 0.3, and dashed line is the parabolic dispersion for a free particle. In (b) the spatial profile
for |Ynk(x)| with n =1 and k = 0.3 is plotted. Note when the potential is strong, the Bloch states
become highly localized.

of the n—th band. This is indeed invariant under the gauge transformation of a Bloch state
[Yn) — €%%) |4h,). When degeneracy is present, the gauge transformation may in general
generate a band rotation, such that [¥,x) — >, Upm(k) [¥me), where U(k) is an | x | unitary
matrix, with / being the degree of degeneracy. In this case the Berry curvature and quantum
metric tensor will no longer be gauge invariant, whilst their traces will remain invariant [19].

In the following, we shall restrict to the non-degenerate case.

TKNN formula

The imaginary component of the quantum geometric tensor, the Berry curvature, has been
found to be of fundamental significance in the study of topological phases of matter. To
illustrate this, we gave a short proof of one of the most important results that makes use of
Berry curvature, the TKNN formula of Hall conductance quantization, discovered by Thou-

less, Kohmoto, Nightingale, and den Nijs [149].

Consider a two dimensional system, where a uniform electric field, directed, say in the y-
direction, is applied to , then the current response in the transverse direction, o,, can be

derived using the Kubo formula [19] giving

Oxy = i6'2 Z d2k Z <Unk| akX/:/(k) |Umk> <Umk| kalfl(kz) |Unk:> — (X < _y)

Bz (27(')2 m#n (En - Em)2 (228)

neocc
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where the band summation is over all the occupied bands, H(k) = e*7He *7 and the cell

periodic part of Bloch states satisfies
H(k) |Unk:> = €nk |Unk> . (229)

Differentiating the above eigenstate equation and projecting onto |un), we obtain

Unmi| O H(K) |up,
(i B, 1) = '“’EK_(E)’ k), (2.2.10)

On the other hand, the z—component of Berry curvature for the n-th band may be rewritten

as

Q0(k) = 05, AL(k) — By, AL(K) (2.2.11)
= (<8kxunk 8ky Unk> — <6ky Unk ka Unk:>) . (2212)

Locally at a given k, a resolution of the identity is given by

Iy = Z |Unte) (Unk] - (2.2.13)

n

Inserting this into the above equation we obtain

Qg(k) =1 Z <<8kxunk|umk> <Umk‘6kyunk> - (X — _y)) , (2214)
m#n

which after substituting Eq. (2.2.10) and its complex conjugate, we obtain yet another

expression of Berry curvature as

Qu(k) =i

[(Unkl akxlrl(k) |Umk> <Umk:| akylrl(k) |Unk:>
m#n

(€n — €m)? —(x e y)] : (2.2.15)

We recognize that this is exactly the integrand in the Hall conductance formula Eq. (2.2.8),

and therefore we have derived the TKNN formula:

Oxy = —2m€> > Cp, (2.2.16)

neocc

where

1
C,=— d’k Q%(k), 2217
5 [, TR(k) (22.17)

23



Symmetry behavior Geometry of Bloch bands

is known as the first Chern number [19, 106, 149]. This quantity is an integer valued
topological invariant [106], and therefore the TKNN formula shows that the quantization of

Hall conductance is a topological property of the electronic band structure.

2.2.3 Symmetry behavior

In this section we investigate the symmetry behaviors of the quantum metric tensor and

Berry curvature. We confine ourselves to the single band case.

Symmetry transformations

We first briefly describe the time reversal and inversion transformation on Bloch states, from
which the transformation properties of Berry curvature and quantum metric tensor would be
deduced.

Time reversal

The time reversal transformation is implemented via an anti-unitary operator 7 such that

TPT ' =p (2.2.18)
TpTt=—-p. (2.2.19)

Moreover, since [}, p;] = i0;;, we have that
T ()T 65 = TIh T 10y = [7i — B0y = —idy, (2.2.20)

namely that the time reversal transformation does not commute with complex numbers, and

effects complex conjugation
T@)T =27 (2.2.21)

Such operators are known as anti-linear. It is clear that under the time-reversal transforma-

tion, the crystal momentum also transforms as 7k7 1 = —k. From this we have
ET (o) =TT kT 1) (2.2.22)
= —kT | - (2.2.23)
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That is, the time reversed state 7 |1,) is an eigenstate of the crystal momentum with

eigenvalue —k. In fact, we have
T ) = T ™ [upe) = €T ) (2.2.24)

If the system has time reversal symmetry (i.e.[T, %] = 0), then T |1,) must also be an

eigenstate:
AT (W) = TH W) = €T |Wni) - (2.2.25)

However, as discussed above, the time reversed state has crystal momentum —k. Assuming
no degeneracy, this is consistent with the above results only if the spectrum is also time
reversal invariant: €, = €,_, and the time reversed states differ up to a phase: T |Yu) =
e |9,_x). In the case where degeneracy is present, it is in the most general case a linear

combination of the degenerate eigenstates.

Inversion

The spatial inversion transformation is a unitary operator defined by the action

IrT P =—7¢ (2.2.26)

Ipl~t=—p. (2.2.27)

It follows immediately that Z |r) = |—r) for #Z |r) = ZZ-'#Z|r) = —rZ|r). Acting on a
Bloch state we have that

(k) (r) = (r| Z|Yw) = (—r|$nk) = (=) (2.2.28)

Now suppose that the inversion transformation is a symmetry for the Bloch Hamiltonian,
then 7 |15,) is also an eigenstate of the Bloch Hamiltonian, with momentum —k. Assuming
the state is non-degenerate, this then implies that |1) and |¢¥_g) differ up to a phase,

namely
Ihi(—r) = Yu(—7) = e*By_p(—r) (2.2.29)

Berry curvature and quantum metric tensor

In a system that is symmetric under time reversal symmetry, using the transformation prop-

erties of the Bloch states given above, it is straightforward to show the Berry curvature
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satisfies Q;(k) = —;(—k), while for inversion invariant system Q,;(k) = Q,(—k) [133] .
Thus in a system with both time reversal and inversion symmetric system, the Berry curva-
ture vanishes identically. For the quantum metric tensor on the other hand, when either T

or Z symmetry is present, g;j(k) = g;;(—k)[90].
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Operator approach to dynamics
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Introduction

3.1 Quantum geometry and projected moments

3.2 Introduction

In this part of the thesis we shall discuss the quantum geometric contribution to the semi-
classical dynamics in a rather general setting. In contrast to the conventional approach, we
shall use an operator formalism to deal with the problem of Bloch electron dynamics under
the influence of inhomogeneous perturbing field in a systematic manner. Historically, it had
been realized already in the very early days that the local geometry of the Bloch states mod-
ified the equation of motion of crystal electrons, which includes a correction to the group
velocity 0 /Ok due to band dispersion. Indeed, such an observation was applied to explain
the intrinsic anomalous Hall effect in ferromagnets [1, 26, 58, 77, 84, 97, 105, 109]. In
fact, already in these works during the 1950s [1, 77], what is known today as the Berry
connection [20] and the anomalous velocity related to the Berry curvature have been dis-
covered [34, 147, 164]. A surge of renewed interest of such geometric effects in recent
decades has been brought about due to the rapid development in the study of topological
phases of matter, which has been applied in the study of various novel transport properties
in topological materials [29, 60, 68, 92, 111, 118, 132, 137].

We have already discussed from a rather formal point of view that the projective Hilbert space
admits a Riemannian structure, characterized by geometric quantities such as the Berry cur-
vature and the quantum metric or Fubini-Study metric [12, 17, 121]. Such a connection is
not just mathematical, however, and has been found to be relevant in a wide range of physical
phenomena. As we already mentioned in the introduction part, these geometric concepts
have been applied to quantum information theory and even quantum phase transitions. How-
ever, more recently it has also been known to be relevant in condensed matter physics, which
included, for instance, fractional Chern insulators [37, 101, 112, 114, 116, 128], topological
superfluidity and superconductivity in flat bands [72, 76, 94, 150], and nonlinear optical re-
sponses [3-5, 69]. In this work we shall focus on one aspect that is relevant in the study of
transport properties of solid state system when an inhomogeneous field is applied. In fact,
it has been discussed using a wave-packet approach that a metallic system subject to a spa-
tially varying electric field may have non-trivial transport signature beyond that induced by
the Berry curvature, where additional quantum geometric contributions due to the quantum

metric tensor as well as the associated Christoffel symbols emerge [48, 86, 90].

Conventionally the semi-classical equations of Bloch electrons are derived using a wave-
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packet approach. For example, under the influence of an applied field, a wave-packet is
constructed using a superposition of instantaneous eigenstates of the effective Hamiltonian
H(r.(t), k), obtained from replacing r by the center of motion position r.(t) [134, 147, 164],
and corrections to the dynamics, such as the anomalous velocity term, emerge in a rather
unexpected way. Naively this is rather surprising since it seems to contradict the Ehrenfest
theorem [131], which states that the equations of motion in quantum mechanical systems
shall formally parallel those of its classical counterpart, and in particular predicts no correction
to the velocity when the external potential field is only position dependent. Another puzzle is
that in this kind of derivations eigenstates that depend on the instantaneous center of mass
position are used, and while it can be argued they do form a set of approximate eigenstates
of the perturbed Hamiltonian, this seems like a particular mathematical trick to force out
the geometric contributions. Furthermore, when one actually applies the semiclassical equa-
tions of motion in studying electron transport, the Berry curvature, for instance,is computed
using the unperturbed lattice Hamiltonian. Thus, for the purposes of studying geometric
effects in in-homogeneous field, and to clarify the physical origin of them, we shall develop
an operator-based approach, which is capable of deriving the geometric contributions while
avoiding reference to wave-packets. Such an operator based approach has been known to
be very useful when studying quantum geometry in disordered systems, which require a real
space formulation [96, 125]. We shall derive the operator forms of various quantum geomet-
ric quantities in terms of projected operators, and provide a systematic way to compute their
matrix elements. Finally, in this approach we can demonstrate that such geometric contri-
butions are fundamentally multi-band effects. Specifically, they emerge in the dynamics of
electrons, where we project onto an effective low-energy subspace comprising of a restricted

set of bands.

3.2.1 Band Projection

As we discussed above, in the reduced zone scheme, where we restrict the crystal momentum
range to be within the first Brillouin zone, the eigenstates of the lattice Hamiltonian Hy
organize into bands, so that we have a resolution of identity 1 = Y1, [¥nk) (¥nx|, where the
sum over k is restricted to the first Brillouin zone. When studying the low energy effective
physics, we can impose a cutoff that restricts the relevant energy scale. In the reduced
zone scheme of lattice systems, this translates to restriction to a specific subset of bands,
limiting the matrix elements of observable in interest to a subspace of the entire Hilbert

space. Formally, suppose the relevant subset of bands is N, then such restriction can be
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effected by introducing the band projection operator

Pe=>" > W) (Wil - (3.2.1)

k neNp

Effective physics would then be described by states living in the restricted Hilbert space
Hi = span{|Yn) . n € N} .

The complement operator is defined as Qp = 1— P = >né Ny | Wnk) (Wnk|, which is orthogonal
to the projection operator such that :53@3 = 0. Furthermore both operators are idempotent:
P3 = Pg, and Q% = Q. By definition, we also have that [Ho, Ps] = [Ho, Qz] = 0. More
generally, for an arbitrary operator O, we have [0,1] = 0 = [0, P3| + [0, Qx].

3.2.2 Band-projected operators

Band projection substantially modifies the commutation relation between position operators,
as well as momentum operators. As we shall demonstrate later, such modified commutation
relations are the origin of geometric contributions to the semi-classical dynamics. In this
section, we would like to study the algebraic properties of band-projected products of position
operator, and their decomposition into objects that we shall later identify as Bloch geometric

quantities.

Quadruple moment: quantum geometric tensor

For later convenience, we shall denote the n-order moment as P

i = Fufi...Fi,. Let us first

discuss the lowest order examples, the quadruple moment and quantum geometric tensor.
In fact, the operator form of the quantum metric tensor has been reported previously; see
for instance[22, 124]. This form has also been applied in the study of disorder systems
[96, 125], where a real space formulation of the quantum metric tensor and Berry curvature is
needed. We, however, will not only extend such operator correspondence to other geometric
quantities but also point out how they appear from the modified commutation relations of

band-projected operators. Inserting the identity 1 = :63+©B between the position operators,

we have
(F/S'Z)>B = (PF) 3 = Psfi(Ps + Qp)Ps = Pisfis + (F/QBFJ)B (3.2.2)
We may also re-write the last term as Q,(-jz) = (F/QB@)B = — ({F, ﬁg] Qs [Fj, FA’BDB. This

is the first geometric operator we shall encounter, the quantum geometric tensor. Thus we

may write more compactly that (F-(-z)

i )B = figlip + Q,(-J-z). We note that the quantum geo-

30



Band-projected operators Introduction

metric tensor is also the projected cumulant Q,(J) Ps(F; — fig)(F — FJ-B)I%. Physically, this
form shows the quantum geometric tensor quantifies the deviation of the position operator
from the band projected one. It may seem that the complement space that is projected out
is explicitly involved due to the appearance of @3. However, as we shall show in the next
section where we compute the matrix elements of the geometric quantities, such explicit

reference to the complement subspace actually disappears.

Following our discussion in the introduction section, let us decompose the quantum geo-

metric tensor operator into the symmetric and anti-symmetric part as
Q 2) = g/_/ I (323)

where Q,J = (Q (2) + Q 2)) and Q,-J- = (Q,(-jz) — QJ(,Q)) would be called the quantum metric
and Berry curvature tensor operators, respectively. We shall show later that the definition is
justified since their matrix elements in the Bloch basis are precisely the conventional form of

the corresponding quantities.

Note that ( P2 )) Is symmetric in ij indices, since the un-projected position operators com-
mute with each other: [, 7j] = 0. However, neither 7izfjz nor Q,(jz) is individually symmetric,
since the projected position operators no longer commute with each other, except for the
trivial case Pz = 1. In fact, it is easy to see neither of the operators is even Hermitian. To

make the hermiticity and symmetry explicit, we symmetrize the previous expression as

(Fisz))s =gl + Q,(f) = {I’:Br Fis} + 5 (ijz QJ(,Q)) (3.2.4)

1
:E{rtier}_ngj- (3.2.5)

For this to agree with the former expression, we need the anti-symmetric part of each term

to cancel each other, which implies that

(s, Fis] = — (O — ) =iy (3.2.6)
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We may also obtain this result by direct computation. Indeed, by definition of the curvature

and geometric tensor operator, we have

i€, =0 — o (3.2.7)
= — (7. Pl QslF. Ps))s (3.2.8)
([Per] [ ]), 329
= — [fis. ] - (3.2.10)

Here we see that rather remarkably, the band projected position operators no longer commute
with each other, and the correction is exactly the Berry curvature. Of course, we shall still
Jjustify the definition of the operator form of the Berry curvature in the next section. Here we
simply note that if we regard the projected position operator as a momentum space covariant
derivative operator (see Section 3.3.2), which may be written as fig = iV =i (6,; — if\,-)B, in

terms of a gauge connection A;, then we may interpret the above result as

~

Q2 = —i[Fig, 7] (3.2.11)
= |0k — A, Oy s — Ay (3.2.12)
= {5,;18,/5\13} - [3@3:/&/6} ol [AiB,Ajs] , (3.2.13)

which is indeed very suggestive of the definition of a curvature tensor [106].

Octuple moment: quantum connection

As another example, we consider the octuple moment of the position operator, namely the
product of three band-projected position operators. In the following, we will use interchange-
ably that 7z = iV;. As previously, we insert 1 = Pz + Qp between the position operators,

and after some manipulation we have

(757), = (085 =P (ViV Vi = (@ Vi + Qv + OV, + Vi, OF | + ) ).
(3.2.14)

which includes the quantum geometric tensor Q,(-f) and a new geometric object fok) The
latter is in fact the operator form of the quantum geometric connection introduced in

Refs. [5, 12, 86]. To show this, as earlier, we symmetrize the above equation and after
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some manipulations we may re-write it as:

1 ~ ~ A~ . .. l Py ~ ~ ~ A ~
(C‘S?)B =5 (Fisfisfks + permutations of ijk) + 5 ({QU, tet +{Gik, fis}t +{Gjx, f/,B})

(3.2.15)

+1 (Q,(ﬁ() + ; ({Fk,B, QA/J} + [Fj,B: gAik} - {f/,zs, gAjkD + é ([Fk,B. Qu} + {@',B, Q/kD) :

(3.2.16)

To bring forward the symmetric tensor in O®, it is useful to define the following two oper-

ators, i.e.
A ~ i 2
QI(J3/() - ri,jk - EI_,-J-k, (3217)

Iﬁ/,J‘k = ; ([ﬁkg\u} + {@J gAik] - {@, gAjkD : Iei,jk = ([@k Qu} + [@J Q/kD + 27ATJ'/<.

(3.2.18)

which reduces Eq. (3.2.16) to the symmetric tensor 7;;. Note that the quantities I ;x thus
defined can clearly be viewed as the Christoffel symbols associated with the metric tensor

G,j [120, 160], and we show call it the quantum Christoffel symbols operator. Similarly, the
3

I(jk)r
the first kind [106], whereas

~

imaginary part of Q [ijk is known as the symplectic Christoffel symbols/connection of

Fro=Q'F (3.2.19)

are the components of the symplectic connection [:}k of the second kind. Here QU is the
matrix inverse of € (with respect to ij indices). From Eq. (3.2.18), we can derive the

following relation:

A

[@/. ij] = I:j,ki — [y i (3.2.20)
Using this, we may define a covariant derivative %,- with respect to which the Berry curvature
is "flat" [86, 106] ﬁ,‘@jk = [@,‘, ij] + Qj/f;ﬂ- + Q,kfj’-, =0.

General order

We would now consider such decomposition to arbitrary order. Following the same procedure
as in the derivation of the quantum geometric tensor and quantum Christoffel symbols, for

the n-th moment in the position operator, we insert a 1 = :63 + QB between each pair of
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position operators, thus relating it to a lower order by , I.e

Psr”, Ps = Pt (Ps + Qs) 7" Py (3.2.21)
= PusP % 4 Paf Q"D Py (3.2.22)
= Fusf i+ O L (3.2.23)
where we defined
Q) = (AQsr"Y) = — (7. Ps| Qs [770. Ps]) - (3.2.24)

Assuming that the n — 1-th order is already understood, then any new geometric quan-
tities that are associated with the Bloch structure shall emerge from the second term of
Eq. (3.2.23). Let us zero in on Eq. (3.2.24). We may decompose it further by using the

following identities:

B 11 [On Ps] Ps=0. Qs I] [On P Bs =0, (3:2.25)
n=1 n=1

which are valid for an arbitrary set of operators {O,, N € N}, by exploiting the orthogonality
and idempotence of Ps and Qz. We will prove them by induction. First of all, when N = 1,
it is easy to directly check that both identities hold. Now suppose the identity holds up to
some N € N, then we have for N + 1:

By ﬁl 0, Ps] Bs =P ﬁ 00, Bs] [Oon Bs] [Oonr, P P (3.2.26)
e T [0 Au] (P + Q) [0 A [Omnn B £ (3220)
0+ B f_[ 00, Ps] Qs [Oon, B [Oonvr Ps] Bs (32.28)
=0+ Py 2ﬁ1 (O, Ps| x 0 (3.2.29)
—0, . (3.2.30)

where in the second step, we inserted 1 = /53 + @B, and used the assumption that the first
identity in Eq. (3.2.25) holds for 2N — 1. In going from the second to the last, we used that
the second identity in Eq. (3.2.25) holds. A similar procedure also establishes the second
identity.
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Using Eq. (3.2.25), we may decompose O . further. After some algebraic manipulations

1112 I

we obtain

Qs [F,E”),,, 'EA)B} Ps = Qs ([fll, Qs [ ,2” DA } A } + [ ,2” -V PB} Fiy.B + [fq, 'DB} “,i” ,1)3) P,
(3.2.31)

where in the first term of Eq. (3.2.31), we find that

(@)% {Fil. Qs [F-(é___-nl), iéz;] /58} Ps = Qs [Ffl, [ ,§” ,1) A H Ps. (3.2.32)

This motivates the definition of the nth geometric quantity through a recursive commutator
g,(lr;) in T = (—1)"Ps [Fip /SB} Qs [F@, { o {F/n, FA’BH} Ps. (3.2.33)

Note g,(l,) Is precisely the quantum geometric tensor. It is convenient to introduce the

moment generating function M(X) = exp(X - #), using the projected version of which we

have
(f}n’”)s = (Fy .. 7,)p = |im B, Mz(X). (3.2.34)

Previously in the case of quantum geometric tensor and quantum Christoffel symbols, we saw
that the quantum geometric quantities appear in the symmetrized form of the decomposition
of band-projected moments, and we expect that the same goes in any order, and we may

write the moment generating function as
Ws(X) = () = exp (x Fis + Z AznT(”)> (3.2.35)

. O\

The quantities ﬁi”) are some rank-n tensor that are completely symmetric in all of its

where we used the the multi-index 4, = i;...1,, and 8, = 8%,1 S Oh Aiy = AN

indices, and emerge from symmetrizing QE”) In fact, we can identify that Q,J = 77}2)
Tik = 7'(3). At the moment of writing the thesis, we could not find a general formula for
72”) to arbitrary order. However, we conjecture that perhaps using the cumulant generating
function log MB()\) a general formula of the geometric quantities might be obtained, and we

leave it for future research.
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3.3 Local expressions of the geometric operators

3.3.1 Local projection operators and moment generating function

In early parts of the thesis, we introduced the notion of quantum metric tensor and Berry
curvature for generic parametrized quantum states. In contrast, in the previous section,
we studied the algebraic properties of projected products of position operators, and the de-
compensation of a band projected product, namely the moments of position operators, in
terms of geometric quantities in operator form. Apart from in the definition of projection
operators, no explicit reference to states is invoked at all. To reconcile these two approaches
and further understand our definition of the geometric operators, we compute the matrix
elements of the geometric operators in the local Bloch basis, from which we may recover the

more conventional expressions for the geometric quantities.

For including the case of multi-band case, it is convenient to introduce the local (in mo-

mentum space) projection and complement operators

Fq = Z |Ung) (Ung|,  Pys = Z |Ung) (Ung| . QqB = Z |Ung) (Ung| = Pq — Pys. (3.3.1)
n neNg n¢Np

Recall the orthogonality of the Bloch functions: (upk|Umk) = 6,m. Using this it is easy to

show that, as the band projection and complement operators, the local ISqB and qu are

idempotent and orthogonal as well: /5(126 = P, @38 = Qus, PusQus = QusPys = 0. The

band projection operators can be expressed as the sum over Bloch momenta of the local

projection operators. More precisely we have that
1=>"€er"pe "  Py=> €17 P ge 1" (3.3.2)
q q

As already discussed previously in Section 3.2.2, a projected operator Og(7) that is a function

of the position operators can be expressed in terms of the projected generating operator
—ia -7 :
(707 via

O() = lim O(i8,) Pge™'*" Pg, (3.3.3)

where for later convenience we now included a factor of i. Therefore, should we be able
to compute the matrix elements of (e_i“'f)B, we can then compute the corresponding local
expressions of a projected product of position operators as well. Furthermore, in our dis-

cussion of the geometric operators, they are introduced via certain decomposition of band
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projected moments of position operators, and we would like to compute their corresponding

Bloch basis expressions as well.

The calculations will be done by using the following identities

163 e_i“'f /SB = Z eiq’f lﬁqB e“'aq léqB e_iq"*, (334)
q

QB e*i"“"ﬁ )63 = Z eiq’ﬁ ISqB ea'aq qu eiiq'ﬁ, (335)
q

where the exponential of derivatives acts on everything to the right.

We first note that unlike the band projection operator, the local projection and comple-
ment operator are not orthogonal since the Bloch functions are not simple plane waves in
general, and have finite overlap, i.e. (Upk|Umq) # 0nmd(q— k). Consequently, we do not have

If’qlf’k # 0(k — q) as one might have guessed. However, we have that
Pek=D7p. = §(q — k)P, (3.3.6)

which follows trivially from the orthonormality of (Yng|¥mk) = 6nmd(q — k), and holds
still when band projected, namely FA’q — /5q3. The above central formulas, Egs. (3.3.4)

and (3.3.5) can be obtained from a generalization of the modified orthogonality formula,

namely that
/E’qei(k’q’“)'fﬁk =e%% (§(q — k)) FA’qFA’k (3.3.7)
= e % (6(q — k)) PP (3.3.8)

The detailed proof is given in the appendix. Basically, it is done by inserting an identify using
the position basis 1 = [ dr |r) (r|, and then apply the Poisson summation formula, hence

transforming the exponential to a Dirac delta , so that we have
Pye P (et =0 T) B = 2% (§(q — k)) PyP, (3.3.9)

from which the identity is established. Note that we intentionally do not transform the whole
of eti(k=a=a)7 into 3 Dirac delta, because g —k — a is no longer confined within the first Bril-
louin zone. This might then cause a phase term due to crossing the Brillouin boundary since
|Ung) = e'f |Ung+c), Where G is a reciprocal lattice vector. In fact when applying the Poisson

summation formula, one obtains instead of §(q — k — a), rather Yk 6(q — k — a — K),
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where the sum is over all reciprocal lattice vectors K;; see Appendix A.1.

Using Eq. (3.3.8), we immediately obtain that the moment generating function can be

written as
e i — 3 4P f ¥ 0 pomiat (3.3.10)
q

where the derivative acts on everything to the right. By applying band projection operators
accordingly we immediately obtain Equations (3.3.4) and (3.3.5). The matrix element of

the generating operator in the Bloch basis can be easily obtained from the above as

(Wngl €7 [ (3.3.11)
= (Ung| €D 4
= (Ung|Umi) €*%6(q — k). (3.3.12)

If we keep in mind that a is a parameter that is taken to be zero in the end pf the calculations,

Ilpmk> = <Unq‘uma+q—k> 6(0' + q— k)
Note that here and everywhere else in the thesis, the inner product between the cell-periodic

then we may also summarize the above as (1,,]e™*"

part of the Bloch states, or their derivatives, are given as an integration over unit cells, with
a normalization factor (2m)?/V,. included, with U,. the volume of a unit cell. This implies

that (derivative on § is w.r.t q)

(gl P [Wrie) = ()6 (g — k) {Ung|Umi) (3.3.13)

Note (—i)"6")(g) = i"6" (—q), where 6("(q) = 876(q). We see that the product of position
operators encode information on the overlap between Bloch states, which characterize the
band structure, and this explains the importance of the moment. Put another way, the
physical significance of the quantum geometric quantities lies in the fact that they actually

carry information about the momentum space profile of the Bloch states.

3.3.2 Position and velocity operator

We mentioned before that the position operator may be rather suggestively decomposed as

fi = 10;, + A, (3.3.14)
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where
O = D> k) Ok, (Wi, A =35 1nk) Apmi(K) (Wil (3.3.15)
n k nm gk
and A,,(k) = i {(Un| Ok |Umk) is the non-abelian Berry connection. This motivated us to

denote the projected position operator as a covariant derivative £z = iV,. Let us now show
this by applying the results in the previous section. Using Eq. (3.3.10) we have, (derivatives
act on everything to the right)

T . —ia-? __ - ik? A 5 —ik? __
= l@o 10,,e = lge Pr.Ok, Pre =i > Vo) (Unk| Ok, |Umk) (Yme|]  (3.3.16)

nm k

= Z Z W}nk> (5nm8k, + Anm,i(k)) <'l/)mk‘ 1 (3317)

nm k
where 8, in Eq. (3.3.16) acts on Pee *" = 3. |umk) (Wmk|. It can be shown that the
un-projected Berry connection operators satisfy i (Ok,./f\j — aij,-) = [A;, Aj]. This is simply

the statement that the position operators commute, [7;, 7;] = 0.

To further illustrate that the position operator can be viewed as a covariant derivative,
let us study its action on operators. Consider a general Bloch diagonal operator, which is of
the form O = 32, ¥k [Wk) Onm(K) (W] We have

::-[F” O] = ZZ ’wnk> (8k,onm(k) - I[A,(k), O(k)]nm) <7~/)mk‘ (3318)
nm g

where the derivative acts on O,,(k) only, and [Ai(k), O(k)]am = > Ain(k)Om(k) —
Oni(K)Aiim(k). In the second line we also introduced the covariant derivative V; = 0y, —
iA;(k). Note that the second term vanishes for an operator whose matrix elements are band-
independent, such as the Bloch momentum operator k. When band projected, the above

receives little modification:

}[fiB, Ol =[Vi.Osl = > 3 1Y) (80nm(k) — i[Ais(k), Os(k)]nm) (Wmk| (3.3.20)

n,me./\/'g k

= > > W) [V Os(k)lom (Ymk! (3.3.21)

n.meNs k

where the band summation in the commutator is also restricted to the projected bands.
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In particular, we have
[7:, /A(J] = i[@,;l,, /A<J] =0 (3.3.22)

The velocity operator is defined as v = Tl[f P/o]. In terms of the above decomposition, we

have

0= {17 o) = 3= ) (el (G + 1) A (8)), (3323)
where Apm(k) = Epp — Emi is the direct band gap. The first term is nothing but the familiar
band dispersion related group velocity. The second term can be neglected only when all
inter-band transitions is negligible, and in particular in a single-band approximation. Note
that with the specific Hamiltonian Hy = (p?/2m) + V(#), the velocity operator has a direct
relation with the canonical momentum as v = %. This, however, is a special case, and no
longer holds, for instance, for the Pauli Hamiltonian with a spin orbit coupling or a Dirac
electron moving in periodic potential [26]. Later we shall discuss a more relevant form of the
canonical momentum, as a sort of dual to the position operator as a covariant derivative in

real sapce.

3.3.3 Geometric quantities

Previously we defined various operators, and identified them as the operator form of the
quantum geometric quantities associated with the Bloch structure. We would now show
that the forms of the geometric quantities conventionally seen in the literature are simply
the matrix elements of these operators. We do this by using Eq. (3.3.10), which by applying

derivatives gives

(FQs") = = (17 PsIQsIF. Psl) , (3.3.24)
=iy e Py <6k,.©k5> Qrs (% ... Ok, ﬁklge/k'f) : (3.3.25)

k
where as in the previous section Fi(n”) = f,F,...T;,. Of course, in principle, the results below
can also be obtained by direct methods. We present two examples of such calculations in the

appendix, both to confirm the results obtained here, as well as to demonstrate the efficiency

of the methods that we introduce.
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Quantum geometric tensor

Let us first consider the quantum geometric tensor Q,(-jz) =i ([F, /53} @B [FJ :55])8 . This

corresponds to the n = 1 case of the above. In the Bloch basis we have

n,mGNg

The matrix element can be computed by using Eq. (3.3.25), with n = 1, where we have

Qi (k) = (Y| OF W) (3.3.27)
? (Un| <ak Qk8> (ak,. Ps |umk>> (3.3.28)

= (Unk| (ak Qk3> (ak Qk3> Ps | ) (3.3.29)

= (Un| <<9k, %) <8kj /5k3> | Umke) (3.3.30)

with k-derivatives that act only on the closest local projection operators. In going from the

second to the third line, we used that
0 = Ok(PsQ5) = Ok(Ps) Q5 + Psdik(Qs). (3.3.31)

The form of the matrix element Q;;,m(k) is precisely the multi-band version of quantum

geometric tensor [86], which in the single band cases reduced to Eq. (2.1.22).

Christoffel symbols and symplectic connection

Now let us consider the n = 2 case. Applying the formula Eq. (3.3.25) we have

Pslfi, PslQslFifx, Ps]Ps (3.3.32)
=*>" e*" B K@kj /SkB) <3kk /SkBe_ik'f> + (8@ /5k3> (ij ﬁkBe""“”ﬁﬂ
k
+ eik.fﬁkB (akaAkB> <8kj8kk pk3> F/\)kge_”“q (3333)
:QI(,J?)FkB‘i‘O, B+Quk (3.3.34)

where we introduced the geometric quantity Q,(Jk) =Y ek @ ,(J3k) om(E) [ Unk) (Wmk|, whose

matrix elements are[86] Q¥ (k) =i (Un] (lePkB) (akjékkPkB) |Umk). Its relation to quan-

ijk,nm

tum Christoffel symbols are given by eq.(3.2.17).
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3.4 Canonical momentum

So far we have considered the projected product of position operators. It is natural to wonder
about the momentum. In fact, this is a crucial issue when it comes to consider the dynamics
in a magnetic field, for we know that interaction between the field and particle is given by the
minimal coupling p — p — gA. Thus the modified commutation relations of the projected
momentum might also lead to modification of the dynamics. Hence in this section we shall

study the projected canonical momentum.

3.4.1 Canonical momentum and and real space Berry connections

The canonical momentum is defined as the infinitesimal translation generator, such that

(r|p|¥) = —idph(r). (3.4.1)

On the other hand, the crystal or Bloch momentum operator may be defined in the Bloch
basis as k = Sk K |Wnk) (Wnk|. Even though both the canonical momentum and Bloch
momentum satisfies the commutation relation [#, p] = [#, k] = i, the crystal momentum
generates lattice translation: e-ik-R |r) = |r + R), where R is a lattice vector. In fact the
canonical momentum as is related to the Bloch momentum as p = k— A", with matrix

elements

<Q/}WI‘ ﬁ ’I‘ljmk> = (kénm - AZm(Q)) 6(q - k’)' (342)

where the second term Is a real space Berry connection

: (2m)¢ .
AL (@) = 1 {Ung| Or |Umq) = /( uc) /Ce// druy, (1)0p Umg(T). (3.4.3)

V,

The detailed derivation is given in the appendix. Here we have abused the notation somewhat,
since r is a dummy variable that is integrated over, and A", (q) has no explicit dependence
on r. But given the lack of a better alternative, we stick with it. The same result has been
obtained by Blount [26]. It may be shown in the Wannier basis that the Bloch momentum
operator generates inter-cell translations, while the real space Berry connection generates

intra-cell displacements.

Note that in the literature there is another notion of real-space Berry connection, which
arises for band systems that have arise from band structure that have spatial in-homogeneity,

such as systems in a magnetic texture; see for instance [134, 152, 164]. This is different
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from our A7 (q) , as we can see from the matrix elements characterizes the spatial mod-
ulation of the Bloch states. Indeed, A", .(q) vanishes in the plane-wave limit, where up(7)
is a constant. This occurs in the limiting case where the lattice potential is just a uniform
background, the system essentially just describes a free particle and the crystal momentum
reduces to the canonical momentum. Finally, we note that only the band diagonal part of

the real-space Berry connection is gauge-invariant under a Bloch gauge transformation.

3.4.2 Mixed geometrical quantities

In the previous part we have extended the discussion on the geometric quantities related to
the projected product of position operators. On the other hand, in the presence of magnetic
field, the canonical momentum is coupled to the vector potential, and this might induce
contributions that are expressed in terms of new geometric quantities, which depends on
the spatial gradient of the cell-periodic part of Bloch states as well as the real space Berry
connection.

Mixed quantum geometric tensor

Analogously to the quantum geometric tensor intoduced before Q,(-f) = —ISB[F,-, @B][Fj, @B] ISB,

we introduce a mixed quantum geometric tensor
Lij = —Pslfi, Qs[5 QulPs = ((F — #is)b))5. (3.4.4)

We can see from the definition that £;; is odd under time reversal transformation and even
under inversion. For a Bloch diagonal operator O, ie. operators which conserves the Bloch

momentum (Wng| O (Wil = Opm(q)d(q—k) , we may define a local (in momentum) operator
O, = e '170e'". (3.4.5)

The local operator has the property that its matrix elements evaluated on Bloch functions
(the cell-periodic part of Bloch states) are simply the matrix elements of O in Bloch states,

namely

<Unq| CA)q ‘Umq> = Onm(q) = <"/)nq‘ o "‘pmq> . (3.4.6)

Now we may compute its matrix elements using Eq. (3.3.5):

L = lim 0, Pve™"** Qup;Py = ie'"" Py (0. Qqs) QuuAr, Pyse ™, (3.4.7)
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or

Lijm(@)5(q — k) = (Yng| Lij 1) = i (Ung| (9. Qqs) QuisAly |Umg) 6(q — k). (3.4.8)

This is a new geometric quantity that is local in momentum space. Note that unlike the
geometric quantities such as the quantum metric tensor and Christoffel symbols, this quantity
depends on the spatial gradient of the Bloch states as well, and thus encodes information

about the spatial profile of the Bloch states.

Modified canonical commutation relation

We saw before that band projected operators have modified commutation relations, for
instance the commutator between projected position operators is in fact the Berry curvature,
whereas their un-projected counterparts commute with each other. Let us now discuss
how the commutation relation between the projected position and canonical momentum is
modified, where the un-projected position and canonical momentum satisfy the canonical
commutation relation [, p;] = §;;. Recall that we showed the canonical momentum may be

written as p = k- A", and thus we have
[Pis, Bis] = i1pd;; — [V, flfs]. (3.4.9)

This shows that the projected position and momentum no longer form a canonical pair. We

may express this in terms of the mixed geometric quantity we introduced above. We have

[fis, Big] = [Fi. Bjls — (ﬁ'@/\/ﬁj - ﬁj@Nﬁ') (3.4.10)
B
iyt — (g - ,cg> (34.11)
from which we have that
A U P

Note this is manifestly Hermitian.

Higher mixed geometric quantities

Consider now the quantity (F,FJQB/Sk)B. We have that

A

(F/fjosﬁk)B =Tis (@OBﬁk)B + (ﬁOBFjQBﬁk)B =iViLix + N (3.4.13)
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where A, = (ﬁ@g@@gﬁk)B = ([f/, Qs7%:Qs(px, :53])3, and we used 75 = iV,. Note that by

symmetry we have

Ao — Rk = =i (Vi — V32 (3.4.14)

Ay = (I7. Qul7,Qslbx. Psl) (3.4.15)
([[f/ Qsl, F1Qs[px., PB]) ([ﬁ.QB]QBFj@B[ﬁk.'@BDB (3.4.16)

= (07 17 PelQslbe. Pel) , — (7Pl PelQulbe Pol) (3.4.17)

= LE + VL, (3.4.18)

where we introduced a geometric quantity Euk = ([FJ-, [, Psl]Qslpx. FA’B])B, which is sym-

metric in ij and local in momentum space. Substituting this back in Eq. (3.4.13), we have
(P Qubx) , = LG + Vil + VL, (3.4.19)

which is manifestly /j symmetric as it should.

Name Definition
Covariant derivative @j = —ifiB
Quantum geometric tensor Q(2) = —([#, PslQslf«. Ps))s
Mixed geometric tensor 1 Ly =—([F, Ps][px. Ps))s
Mixed geometric tensor 2 J(f? = ([, [, Psl1Qslp1, Psl)s

Table 3.1. A table of the operator forms of geometric quantities.

3.5 Semi-classical equation of motion

3.5.1 Bloch electron in external fields

Having understood how the operator form of the geometric quantities appear from the pro-

Jected product of position operators, we would now study how the geometric quantities

modify the motion of a Bloch electron. Previous works [12, 86, 90] have shown that in the

presence of in-homogeneous electric fields, there would be additional geometric contributions

to the semi-classical equations of motion, besides the well known Berry curvature related
45



Bloch electron in external fields Semi-classical equation of motion

anomalous velocity. We shall now apply our operator formalism to study the effective electron
dynamics, where not only we do not need to rely on any specific wave-packet construction,

but we shall also consider the case of in-homogeneous magnetic fields.

For this, consider a particle with charge g and mass m moving in a lattice potential in
the presence of an applied electromagnetic field. The free lattice Hamiltonian is simply
Ho = p?/(2m) + V(#), where V(#) = V(# + R) is the background lattice potential invari-
ant under lattice translation by a lattice vector R. The eigenstates of the lattice are the
Bloch states |9,k), which satisfy Ho |Ynk) = Enk |Wnr). They form a complete basis of the
Hilbert space, so that we have the resolution of identity 1 = > [¥nk) (¥nx| and Hy in this
basis is decomposed as Hy = 3. Ene |Ynk) (Wnr|. We now apply an external electromagnetic
field, which are assumed to be, but may otherwise have spatial inhomogeneity. The Bloch

Hamiltonian coupled to this external field is of textbook type

=2

H= ;—m + qo(7) + V(#) = Ho + U(p, 7). (3.5.1)

The kinetic momentum # = p — gA(#) is gauge invariant under a gauge transformation of
the electromagnetic potentials: A -+ A — V,x, ¢ — ¢ + 0:x. We may divide the external

perturbations into electric, diamagnetic and paramagnetic terms as
U(D, ) = Us(?) + Ugia(?) + Upara(B, 7). (3.5.2)

The electric field is given by the static electrostatic potential Uy(#) = q¢(#), and has
been considered previously in [86, 90], and we shall see that our operator approach repro-
duces the results indeed. The vector potential gives rise to both the diamagnetic terms
Ugia(F) = g A(7)?/(2m), and the paramagnetic contribution U,a.(p, 7) = —q(A(F) - p +
p - A(7))/(2m). Note that since # does not commute with p, the order of the coupling
between A(#) and p matters. Since the electromagnetic fields are static, we choose a gauge

in which the potentials are time-independent, and thus external fields are given by
B(7) = 0; x A(F), E(F)= —0:;¢(7). (3.5.3)

We consider applied electromagnetic fields that act as external probes to the low-energy
physics of the lattice system, and thus the field strength is assumed to be weak, where
U(p,7) can be taken as a perturbation to the Bloch electrons. More specifically, the field
strength Is assumed to be smaller than the relevant band gaps, and thus it is natural to

neglect the matrix elements of the perturbing term between the high-lying bands. For exam-
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ple, in the case of band metals under the influence of a weak driving field, where the Fermi
intersects a set of partially filled bands, the conduction bands, we may only need to consider
the contributions from the conduction bands. Similarly, in the case of insulators, where the
band gap between the valence conduction band is much larger than the applied fields, so that
few excitations into the valence band are driven by the perturbing field, the effective physics
can be entirely phrased in terms of the fully occupied bands. This is actually the same line

of reasoning as the lowest Landau level projection in the quantum Hall effect [44].

Such a restriction of observables onto a subspace might be formally effected by the pro-
jection operator, which, however, as we discussed in the previous section, has nontrivial
effects. Indeed, we saw there that the band-projected operators, which represent the low
energy effective observables, have modified commutation relations, and this leads to the
quantum geometric quantities. For example, we showed that the projected position opera-
tors ;5 (J = X, Yy, z) no longer commute with each other, and the correction is exactly the
Berry curvature operator: [Fig, fkg) = ink. This is a key observation from which we shall
show that such modified operator algebra gives rise to the geometric contributions to the

electron dynamics in the presence of perturbing fields.

3.5.2 Projected dynamics

Here we recall the definition of projection operator and its complement:

Po= > > 1w (Wl Qu=1-"F; (3.5.4)

neNg k

where N denotes a subset of bands that are relevant for low-energy physics, and a band-
projected operator is denoted as OB = /53(5,53. Note that the projection operator ,f’g and
its complement QB are invariant under a band-dependent gauge transformation of the Bloch
states W) — €P7®) |2

Consider a general observable O in the Heisenberg picture, whose expectation value in an
arbitrary state within the projected Hilbert space is Og(t) = (¥5| Os(t) |15). Using Heisen-

berg’s equation of motion, the dynamics of the observable is given by

i0s(t) = (¥5| [Os(t), A] [¥5) = (¥s| [Os(t), Az [¥s) (3.5.5)

where we assume that the observable O does not explicitly depend on time. Crucially, the

effective dynamics requires not projecting the commutator only, and in particular we need

47



Projected dynamics Semi-classical equation of motion

the projected Hamiltonian, whose matrix elements are restricted to be within the effective
subspace. Physically, we may say that the effective dynamics of a projected operator is
governed by an effective Hamiltonian Hyg, which is a cutoff version of the full Hamiltonian.
The same effective Heisenberg equations of motion can also be derived using the Feshbach
formalism of perturbation theory [108, 109], truncated to first order in the perturbation.
See also Appendix A.7. Since the state is completely arbitrary, we only need to consider the

operator equation
Op = —i[Og, As] = Ps(dOg/dt)Ps, | (3.5.6)
where the second equality follows from dOg/dt = —i[Og, H].

Momentum dynamics: force equation

We shall now study the dynamics of the projected position and momentum. From now on and
throughout the text, we shall use the Einstein summation convention, where repeated indices
are summed. Let us first discuss the "force" equation, the dynamics of the momentum.
Note that any band-diagonal operator (i.e., operators that have the decomposition O =
>k Onke |Wnk) (x| in the Bloch basis) commutes with the projection operator. Trivially,
this includes the Bloch momentum operator k itself, defined as k = 3" k |[¥n) (¥nx| and
thus we have 155]2:;55 = FA’BI% = 12:,65. Therefore, the projected dynamics of the crystal

momentum is simply
i (kis) , = [PskiPs, PsHiPs] = Pslki, H]Ps, (3.5.7)

where A = % + q¢(7) + V(7). It is easy to show on the Bloch basis that [k, Ho] = 0,
which is simply the statement that the Bloch momentum is conserved in the absence of an
external field and feels no force due to the lattice potential alone. For simplicity let us use
the Coulomb gauge, for now, where we have V,. - A(r) = 0. It is easy to show that this

implies the vector potential commutes with the canonical momentum p, and the equation
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of motion of the crystal momentum read

kis = = Palki, UG, 7)) (353)
= ?/53[/?,-, qe(+) — qA(;:) R ’gm("ﬁ)]/% (3.5.9)
— = (0,8(")s + - ((8,4) - (B~ q4)), (3.5.10)
= qEis(*) + % (0,A-7)g (3.5.11)
— gEis(7) + % ([0, A (#)] 7)),5 (3.5.12)

where we used [k;, f(#)] = —i [0, f(#)]. Note that while the first term is clearly the Coulomb
force due to the electric field, the Lorentz force does not really show up in the force equation.
In fact, when a magnetic field is applied, the suitable quantity to consider is not the crystal
momentum k. From classical mechanics, we know that the interaction between charged
particles and the magnetic field is introduced via the minimal coupling between the canonical
momentum p and the vector gauge potential A. However, the canonical momentum p is a
gauge-dependent quantity that is not invariant under a transformation of the electromagnetic
potentials A — A — V,x, and is not an observable itself without gauge fixing. The gauge-
invariant dynamical variable is the kinematic momentum « = p — gA(r). Similarly in the
case of Bloch electrons, the crystal momentum is not gauge invariant either, and while the
kinematic momentum 7 is gauge-invariant, it feels a physically irrelevant lattice force due
to the lattice potential, even in the absence of external perturbation. The existence of this
lattice force simply means that the canonical momentum is not a conserved quantity due
to the breaking of full translation invariance. A gauge-invariant observable more suited for
studying the Bloch electron dynamics is the crystal kinematic momentum & = k — qA(#). It
is straightforward to show that [k}, &;] = ige;jxBk(F), and thus the (un-projected) equation

of motion of the crystal kinematic momentum is
i = g (# x B(F) — B x #(F) + 2E) . (3.5.13)

The first and second terms are precisely the Lorentz force, and this operator equation is
exact and gauge-independent. Note that the gauge-invariant 7 (and not #) appears in the
Lorentz force terms. This equation does not hold strictly for the projected dynamics of the

gauge-invariant crystal momentum &, but to the lowest order in the physical electromagnetic
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field we can still take as approximation:
kg~ qEg(+) + q(ﬁ- x B(7) — B(7) x ﬁ-) . (3.5.14)
2m 5
Position dynamics

Let us now consider the projected dynamics of the position operator. Using the identity
1= FA)B + OB: we have

7 = —i[F, Hg| (3.5.15)
o ([f,(l—és)ﬁ])lg (3.5.16)

- % +i(PQsU(p, 7) — U(B, #)Qs7) , (3.5.17)
(3.5.18)

where we used —i [, I:/] = 7, and QBI-AIOFA’B = 0. Here we see that the projected dynamics

contains the term

=i (FQsUB, 7) — U(B, 7)Qs?) , (3.5.19)
=i[F — 75 UB 7). (3.5.20)

which involves matrix elements of the perturbation between the projected and un-projected
bands, and thus we shall call it the inter-band velocity, while @z the intra-band velocity.
and in particular this correction vanishes without projection, namely #, = 0 if B = H.
Physically, the inter-band velocity capture effects due to virtual scatterings between the
set of low-energy bands B and the high-lying states, and thus this correction is a purely
quantum mechanical effect. Often the inter-band velocity is neglected, and we see this is an
approximation 7z ~ 7tz/m, justified when the transition amplitudes between the projected
subspace and its complement are suppressed due to band baps. However, for example, in
systems where the highest-occupied bands have point crossings to the empty valence band,
such as the Weyl semi-metal, the inter-band velocity cannot be ignored, and this is the reason
that the Berry curvature induced anomalous velocity must be taken into account in studying
the Weyl systems. As we shall demonstrate below, more generally all the quantum geometric
contributions to the equation of motion can be understood as such multi-band effects that

are captured by the inter-band velocity term.
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3.5.3 Inhomogeneous electric field and geometry

In the above, we derived the inter-band velocity in the projected dynamics that corrects the
equations of motion, while in the previous section, we discussed how the geometric quanti-
ties appear from the projected product of position and momentum operators. We shall now
demonstrate explicitly that this is exactly how the quantum geometric contributions to the

equations of motion emerge.

Let us first consider the electric field case, where the external perturbation includes only
the electrostatic potential: U(p, 7) = Uy(7). Then the projected equation of motion reads
Ps

Pr="— 47, (3.5.21)
m

where the intra-band contribution is simply the projected velocity operator vz, which reduces
to the familiar group velocity in the single band case as we discussed in the previous section.

The inter-band velocity reads
A qa /. A N AMNA o q. N
L= - (GQBCD(?“) - 43("“)@136‘)8 = T[rjli, ¢5(7)]. (3.5.22)

We shall now show the fundamental result that the inter-band velocity may be expressed as

the sum of quantum geometric contributions:
A aq A ~ A
L = —§{ij, Ews(?)} + RjL, (3.5.23)

where the first term involving the Berry curvature tensor Q,-J- is exactly the operator form of
the anomalous velocity. Recall the force equation Eq. (3.5.14), which in the electric field

case Is actually exact, and reads
ks = qEz(7). (3.5.24)

Then the anomalous velocity can be written as —kg x Q, where (Q), = E/J‘kf\zj'k. While
the anomalous velocity is rather well known in the solid state community[34, 147, 164],
we see that there is actually an additional term R? , which includes the contributions due
to geometric quantities other than the Berry curvature which arise because of the spatial
in-homogeneity of the electric field. Note that ¢z(#) # ¢(75) except for a uniform electric
field, where only the anomalous velocity term would appear. For a non-uniform electric field,
however, even if one makes the approximation ¢g(#) ~ ¢(75), where ¢(#5) has the position

operators symmetrized so as to remain hermitian, the other geometric contributions would
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still appear in addition to the anomalous velocity.

Let us now calculate explicitly the geometric contributions. Assume that the field con-
figuration is such that it is centered around a reference point 7o, and varies slowly enough
around it. In application, the physically more relevant choice of the reference point might be
the center of mass of a wave-packet r.(t) = (#(t)), but for our purpose of demonstrating
the origin of the geometric contributions, let us for simplicity take it to be the origin. In
Appendix A.6, we shall show that the expansion around the center of mass position can
be organized in terms of cumulants, instead of moments of position operators, which how-
ever, presents no further difficulties otherwise. Then in this case, we may take the gradient

expansion
1
o(F) =~ —EVp — 5E,.(j”f,- - fE,fo,@fk (3.5.25)
or in terms of the electric field

Ei(7) ~ E{” + 21 E7 + ;, Egie fifi (3.5.26)
Substituting the expansion into Eq. (3.5.22), we have to first order the inter-band velocity
is fi, = inJ(O)[F,-B, fig) = —qEJ(O)fZ,-j, which we recognize as precisely the anomalous velocity
given by a uniform electric field E(7) = E®© . However, for a spatially in-homogeneous field,
additional geometric contributions emerge. Consider the second order expansion of the scalar
potential ¢(7) = E( )r,rj corresponding to the the electric field being E;(7#) = E,(jl)Fj.
We showed in the previous section that (%%,), = {fs, f;s} + G;, where G,; is the quantum

metric tensor. Using this we have that

i = [, 0¢s(7)] = =2 E s, (7)) (3.5.27)
= g ik ( {S2, s} + i{Qik:FJB}‘i‘[FiBygAjk]) (3.5.28)
= —iq<{§2ip Ejs(7)} + {S2ik, Eks(f)}> g & [Fs. Gl (3.5.29)
= {Qu Ejs(7)} — *E(l)[f/zs G, (3.5.30)

or in terms of the covariant derivative V; = <fjg,

fil = —g{ﬁu. Eig(7#)} — *E(l)[V,‘, ij]. (3.5.31)
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We see that indeed there is a new geometric contribution in addition to the anomalous
velocity that emerges, which depends on the quantum metric tensor ij, thus establishing
our assertion above. The same terms have been obtained using a wave-packet approach
in [90] and [86], whereas our operator equation not only reproduces their result, but also
presents the generalization to the multi-band case. By using higher order expansion, it can be
shown that such a decomposition of the inter-band velocity into the sum of a Berry curvature
induced anomalous velocity and additional geometric terms would continue to hold, and our

operator formalism is able to systematically study them in an arbitrary order.

3.5.4 Magnetic field

In the above we showed how the geometric quantities appear in the inter-band velocity
using our operator formalism, for electric fields. We shall now apply the formalism to an in-
homogeneous magnetic field. Except for assuming the gauge potentials to be static, we leave
the gauge un-fixed otherwise. The Hamiltonian in a magnetic field is H = #2/2m+ V/(#) =
Ho + U(#, p), where the perturbation is the sum of the diamagnetic and paramagnetic term
U(#, p) = Ugia(7) + Upara (P, 7), with

Ugia (7) = QC’—mA(f)2 (3.5.32)
Upara(B. 7) = — 5 (A(7) - + B - A(F)). (3.5.33)

The projected dynamics of the position operator then reads

s = [ﬁg, P/B} (3.5.34)
iy A A A~ A
= FB + i (TQBU(p, ) — U(p, T)QBT)B (3.5.35)
=755 (3.5.36)
m

where again (@B/-AIO)B = 0 is used to obtain the second equality. As we commented earlier,

the first, intra-band term is the gauge-invariant kinematic momentum.

The diamagnetic contribution to the inter-band velocity can be dealt with in the similar

way as the electric field case with the only modification being replacing the scalar potential
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o(7) by (A(+))?, which explicitly reads

7 = 2L [fs, (AP A() ) (3.5.37)
= = ({17m. As()], As(P)} + [, (A(P)QuAe(#)) 1) (3.5.38)

The paramagnetic contribution is more involved. Rather than directly considering the inter-
band velocity, for the calculation it would prove helpful to include the paramagnetic contri-

bution at first. Thus we consider projected dynamics

i7" = [P, Upara(P. 7)] (3.5.39)
= —5 (s (). B} )il (3.5.40)
=~ ([Fs AAs(P). Bes}] + [, (Ax(P) Qi+ PQuAd(7)) ) (3.5.41)

=~ ({[7s. Prsl. As(P)} + {17 Aus(P)], B} + (s, (Au(#)Qube + BQuAN(R) 1)
(3.5.42)

where in the third line we inserted the identity 1 = '53 + QB. Note that in contrast to
the electric field case previously considered, the projected dynamics due to a magnetic field
Is more complicated, where the projected canonical momentum and position operators no
longer satisfy the canonical commutation relation, but rather Eq. (3.4.9) , [fi5, Pjs] = i1gd;;—
iV, fl}“B]. Note the paramagnetic intra-band velocity is —i-Z A;(#), after subtracting it from
the first term in the bracket, and using the modified commutation relation, we obtain the

para-magnetic inter-band velocity

777 = o (~{17im. Ars]. As(P)} + {17is. Aus(P)], Bes} + s, (Ae(#)Qube + B QA7) )
(3.5.43)

Let us comment on the origin of these terms. The last two terms arise for the reason as the
inter-velocity in the electric field case considered previously, due to the non-commutativity of
the projected position operators. On the other hand, the first term involving the real space
Berry connection emerges due to the modified canonical commutation, where by Eq. (3.4.9)
receives a correction, and we expect it to give new contributions to the dynamics involving

the mixed geometric quantities that we discussed in the previous section.
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Gradient expansion

Combining the diamagnetic and paramagnetic contributions, we obtain that the inter-band

velocity in a magnetic field reads

== 5 (A, A, Aus()} + s, Aws(P)], T} + [, (A7) Qi + PQuAd(#)) )
(3.5.44)
+ o ([, (AP QA),)) (3.5.45)

To bring about the geometric contributions, we expand the magnetic vector potential as in
the electric case, with A;(#) = A,(-J-l) IA
given by B(r) =V, x A(r).

uerFk' where the corresponding magnetic field is

Substituting in the first order gradient expansion, we obtain

D = 'A(l) I <{Vk V1, Algl} + {Quk, fis} — [V, ﬁjk])

q°
2

= iAJ(-}()E ({ﬁk: [ﬁ/, AJTB]} + {Qlkv ”Aer} - [@/, ﬁjk])

Ak A V1 Q) (3.546)

2
n %Aﬁ?/\ﬁ) V), Gosl, (3.5.47)

where Q(b Is the quantum geometric tensor, and in arriving at the second equality, we used
that a and b are dummy variables to re-write the last term due to diamagnetic contribution in
a manifestly Hermitian form. We may identify the second term in the parenthesis is precisely
the anomalous velocity term, with the force equation of kg evaluated to the same order.
The other two terms are new geometric contributions, involving both the real space Berry
connection AB as well as the mixed geometric tensor £, where we recall the latter has
matrix elements Lk nm(q) = i (Ung| (6quq3)Qq3Akq |Umq)- This implies that in the magnetic
field case, in contrast to the electric field case, the spatial variation of the Bloch states, i.e.

the real space profile, also contributes to the projected dynamics.
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Some calculations give, to second order in the gradient expansion,

A,(f) = o Aﬁ3{[V,,A}"B] (Pfi) g} — mAJ(;%?{[V/B (Fkf1)sl. Pis}

A (w,, (L + B0+ (g + EL)S) + 100 £y] + 1190, £l + 90, £2) + £ ])

(3.5.48)
where in arriving at the second line we used
Vil + L[V = i(Ly+ L)V + i[Vi, L] (3.5.49)
We may also identify the anomalous velocity from the second term using
~(2) . 1 .~ - ~
(Pcfi)p = Feip = i? E{Vk- Vit =Gu ), (3.5.50)

where Gy, is the quantum metric tensor.

3.5.5 Wave-packet dynamics

In the above, we have identified the inter-band velocity that arises from using the projected
dynamics as the source of the geometric contributions. The discussion has been done on the
level operators, and no reference to specific states has been made, with the only assump-
tion being that the projected dynamics provides an effective low-energy description of Bloch
electrons in the presence of a weak perturbing field. To make contact with the standard
semi-classical approach, as well as for applications to transport, in this section we shall apply

the results to the semi-classical dynamics of wave-packets.

Consider a wave-packet that is initially prepared by a superposition of states in the pro-
jected subspace, but otherwise of arbitrary shape. In Schrodinger picture, we may than write
(W (0)) = X nens Joz d4Cng(0) [¥ng). The evolution of the state is encoded in the coefficients

C(t), namely

W(e) = [ dq cu(t) [¥na) (3.5.51)

subject to the normalization condition

WD) =Y [ dalen(t) = 1. (35.52)
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Note that the band summation is not restricted, for as the wave-packet evolves, in the ab-
sence of special symmetry which leads to certain selection rules, the coefficients c,x(t) for
which n ¢ N may develop to be non-zero, even if we prepared the wave-packet initially in
the projected subspace. However, as we argued in the beginning of Section 3.5.2, when the
perturbing field is weak enough, those matrix elements are suppressed by the band baps, and
we may then assume only c(t) with n € N are non-vanishing, so that the wave-packet
remains within the projected subspace: Py |W(t)) = |W(t)), and evolves with the effective
Hamiltonian Hyz. The solution of the state evolution, namely integrating the Schrodinger

equation to determine ¢, (t) is a separate question, and we taken them to be given.

Previously, the dynamics was discussed in the Heisenberg picture, which was more suit-
able there since we were working with operators. Transforming to the Schrodinger picture,
we note that the dynamics of an observable O(t) = (1| O(t) |4) in the Heisenberg picture
can be equivalently written as idO(t)/dt = (1 (t)|[O, H] [(t)) [131], where the Heisenberg
state |W) = |[W(0)) is obtained from the Schrodinger state using the evolution operator
\W(t)) = U(t,0) |W), and O(t) = Uf(t,0)00(t,0). It is easy to see that the same holds
for the projected dynamics, where thus our earlier operator form of the equations of motion
Eq. (3.5.5) is translated to

Op = —i (W()[[Os, As] IW(1)) .

In particular, applying this to the center of mass and the gauge-invariant crystal momentum,

we have

R = —i(W(t)| [Fs, As] W(1)),
K = —i (W(t)|[Rs, Hg] W(1)). (3.5.53)

The geometric contributions to the semi-classical wave-packet motion in the presence of an
in-homogeneous electric field has been reported previously, see for instance [86, 90, 147],
and we shall consider only the magnetic field here. As in the operator approach, we expand
the magnetic vector potential around a reference point, taken for simplicity to be origin, so
that A;(7) = Aﬁ)Fk + %Aﬁffkﬁ, and the inter-band velocity are correspondingly expanded as
fip = ﬁ) + r'j(f) + ..., with each term given by the respective term in the expansion of A;.

Concretely, let us consider a band metal, in which the Fermi level lies within a non-degenerate

band, so that we may use the single band approximation. In this scenario, the projection
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operator is simply Pg = 3k, [¥m) (W], with n denoting the conduction band that intersects

the Fermi level. To leading order in magnetic field, the inter-band velocity reads

A0 = 1AD2((Ruta. n ZED 1 qu(aym(a) - 221D, (3554)

where the double angle bracket is defined as the the weighted average ((...)) = a7 dqc}(t)...cq(t).
Here Rj(q, t) is the instantaneous center-of-mass position of the wave-packet, which as we

show in the appendix explicitly reads

WI7(t) W) = (Ri(q. 1)) = /dqu(q, t)lcg ()% (3.5.55)

where R;(q,t) =i0,0(q,t) + A;(q), and 6(q, t) is the phase of the expansion coefficient
c(t) = |c (t)]e %@t The last term is of special interest, since as we shall demonstrate
in the following, is a Fermi surface contribution, which gives rise to a magnetization current

density.

Recall that in the Boltzmann theory of transport, the semi-classical equations of motion
are used for calculating the density current[11], and we now discuss the possible transport
signatures of the geometric contributions. In the Boltzmann theory, the current density is

given by

J(r) :/(Qd"') R(k)f(k, 7 1), (3.5.56)

where R(k) is the center of motion of a state with momentum k, and f(k, r, t) the distri-
bution function. In the ballistic regime, the mean free path / is much larger than the lattice
spacing, and by the Heisenberg uncertainty principle, we may then take the momentum
width of the typical wave-packets to be narrow, so that the wave-packet may be approxi-
mately taken to be sharply peaked at a single momentum. A net current may then arise when
system is driven to a non-equilibrium state, where the distribution f(k, r, t) differs from the
equilibrium Fermi-Dirac distribution. There is a second scenario, where the semi-classical
equations has additional corrections to the group velocity, and a net currents might appear
even using the equilibrium distribution as approximation. One well known example of the sec-
ond case is the Berry curvature induced anomalous velocity term, which has been extensively
studied in a wide range of contexts, such as the intrinsic anomalous Hall effect [105]. See
also the second part of the thesis, where we discuss this effect in the topological Weyl semi-
metal. To isolate the geometric effects, we would then assume that the external field is weak

enough and an equilibrium distribution can be taken as approximation. Therefore, at zero
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temperature, we take f(K, t) ~ O[ers —€,(K)], where €5 is the Fermi energy. In the sharp
momentum approximation, we may take |¢,|*> = 6(q — K), where K (t) = (W(t)| & |W(t))
is the mean gauge-invariant crystal momentum of the wave-packet. Consider the last term in
semi-classical equation of motion Eq. (3.5.54). Substituting this in the Boltzmann equation,
we see that the last term involving the mixed geometric tensor gives rise to a geometric

contribution the current density, which reads

/ K m Jrs |Vge(K)| 0K,

Li(K), (3.5.57)

where the integration is over the Fermi surface given by €rs = €,(k). This shall be understood
as a magnetization current: integrated over space it sums up to be zero, and thus inducing
no net current. This is physically reasonable, for to this order of the gradient expansion, we

have a uniform magnetic field.
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3.6 Summary

In Part | of this thesis, we studied the quantum geometric contributions to the dynamics of
electrons in crystalline solids. We began with a review of the geometry of quantum states
in general, where we discussed the concept of quantum geometric tensor whose real and
Imaginary component are the quantum metric tensor and the Berry curvature respectively.
We showed that these geometric quantities encode information about the electronic wave-
functions. Following the general review, we specialized to Bloch states as the background

where such geometric quantities naturally arise from band theory.

A central contribution of this part is the development of an operator formalism of quan-
tum geometric quantities, which was then applied to understand the geometric contributions
to the semiclassical electron dynamics of Bloch electrons. We provided the operator forms
of the quantum geometric quantities, and how they emerge from the decomposition of pro-
jected product of position and momentum operators. In this way, we also demonstrated
that band projection onto a subset of energy bands significantly alters the commutation re-
lations among position and momentum operators, and the resultant nontrivial commutation
relations between projected operators is the source of the quantum geometric corrections
to the semiclassical equations of motion. Using this formalism, we studied the effective dy-
namics of crystal electrons in the presence of inhomogeneous electromagnetic fields. Beside
reproducing and extending previous results in operator form, we also studied the hitherto
unexplored case of magnetic fields. We found that we also need to consider the projected
canonical momentum, where a dual concept of Berry connection, which we call real space
Berry connection also merges, and leads to further geometric quantities that depend on the

spatial modulation of Bloch states as well.
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A.1 Poisson summation formula

One of the crucial step of the calculations in the Bloch basis is to exploit the lattice translation
invariance of the Bloch states, and turn certain integrals over the entire volume into a sum

of integrals over only one unit cell. This relies on the Poisson summation formula.

A:Lattice Poisson formula

We shall show that, in the thermodynamic limit where the number of lattice sites N — oo,

we have

,bze"k'R’ =Y e, (A1.1)
R; G;

where R; and G, are d—dimensional lattice and reciprocal lattice vectors respectively.

Proof:
We first convert the lattice vector sum into a geometric series by noting we can express the

lattice vector and k vector as

R =) na, (A.1.2)
k=Y k)b, (A.1.3)

where a; and b; are the basis vectors in the lattice and reciprocal lattice respectively, normal
to each other as a;-b; = 2m¢j;, so that R;-k = > n,k,. Since we will take the thermodynamic
limit anyway, we may assume, without loss of generality that along a given direction, say the
a—th, there are 2N, + 1 lattice sites (including the origin), then we have the total number

number of sites is simply
N=(2N;+1)(2N, + 1)...(2Nys + 1), (A.1.4)

so that

> = f; fj §‘§ . (A.1.5)

R,‘ I71:—/\/1 I72:—N2 nd:—Nd
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The left hand-side thus factorizes into a product of geometric series as

1 d : : .
—ik-R; __ —i2Tn Ry ,—12TNoRo —i2mng Ry
— > e = e e ...e
N %: (2N; +1)...(2Ng + 1) nlz_:,vl ndz_:,vd
(A.1.6)
i R
—i2mn
= afta A.1.7
1 2/\/ +1, ;N © (ALT)
d
22N, +1
118 +1) (A.1.8)
] 2N + 1)sin Tk,
where in the last step we used the fact the term above is a geometric series.
Now elementary calculus gives
i
lim 2 (A.1.9)
x=0 nsin x
sin nx
li =0 ' 0 A.1.10
SEUS nsin x sinx # ( )

thus

. sin(mk,(2N, + 1))
— : A1.11
Nlalﬂ;]oo (2N, 4 1) sin Tk, : ka€ 2 ( )

=0 otherwise (A.1.12)

But k, € Z is equivalent to k = G, for some reciprocal lattice vector G;, thus we have proved

discrete Poisson summation formula.

B: Continuum

Now we pass on to the continuum approximation, where the discrete crystal momentum is
now concinnous, and the Kronecker delta goes to a Dirac delta with a normalization factor
(2”) , so that

(27T)d

Ske — 5k — G)). (A.1.13)
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Specifically, this means understood as distributions, we have

d
/i/z e R =N "6 q = (2\7;) > 6k —G)), (A.1.14)
G, G/

R,

where the last term is understood to be always inside an integral with measure [ d?k (not
restricted to one Brillouin zone cell). Note that in the reduced zone scheme, where k is

restricted to the first Brillouin zone, the identity reduces to

(2m)¢
V.

ek R = Mé(k) = 5(k), (A.1.15)

R; 4

since the only reciprocal lattice vector in the first Brillouin zone is the center G, chosen to

be at the origin . Here V. = % is the volume of one unit cell in the real space.

A.2 Dirac calculus

In the following, we shall show how to compute the matrix elements of various operators in
local Bloch basis, we would be dealing with distributions. In those calculations, the order of
the placement of derivatives must be carefully taken into account, and here we recall some

calculus rules to properly deal with the Dirac delta function.

Lemma

/ dka, (5(q - k:)f(k:)) O (5(q - k:)h(p)) (A.2.1)
# [ dks(a - )F()0,0, (wc - p)h(m) (A22)

unless f(k) is a constant.
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Proof:

To assert the properties of the distributions, we need to act on them a generic test function

g(q). On the one hand we have that

[ daaatare, (sta 17w o a0k — p)hiw) (A2.3

~— | dagk (sta) Jata - k)¢ )2 60k — ) (A2

—~ | dkau(a) ) 50k — o) (A2.5)

- / kO <8k(g(k))f(k)>6(k: — p)h(p) (A.2.6)

= 5,( 3607w ) o) (A27)

Here the derivatives act on the bracket immediately next to it. On the other hand we have
| dadkatasta — 00,0506~ p)nto) (A2.2)

~ [ akathyr .0 506 — p)oto) (A2.9)

_ [ da, (g(kof(k))a(k ~ p)h(p) (A2.10)

- 0,0, ()70 ) ) (A2.11)

Indeed, we see when f is a constant the two equations equal, while otherwise they do not

agree. We can also obtain as a corollary, via induction that

Corollary

/dk:e“'aq (5(q - k:)f(k)) %O (5(1:: — p)h(p)> (A.2.12)
+ / dkd(q — k)f (k)elatt)o (6(kz — p)h(p)> (A.2.13)

unless f is a constant. Note the second form is symmetric in @ and b. In fact, this gener-
alization is the reason why band projection leads to non-commutativity, and thus non-trivial

dynamics.
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A.3 Moment generating operators

Here we compute the matrix elements of the projected moment generating function (e‘i”>8

in the Bloch basis. Assuming n, m € B, we have, upon inserting 1 = [ dr |r) (r|,
<'1/an’ e_ia'ﬁ |1/}mk>
= [ dre® D7 (U i) (o)
= [ e (€407 Sunle)

=>_ [ dre®% (ei(k_q)'(HRj)) (Ung|T + Rj) (7 + R[tmy)
R; cell

— Z dre®% (ei(k_q)'(T+Rf)> (Ung|T) (r|Umk)
R; cell

—%%% <5(k — q)) <Unq|umk>
— (t| € (wc _ q)/%z) (5@ — k) |u/p>) (A3.1)

In the derivation we used the lattice invariance of the Bloch functions: (r + Rj|umk) =
(r|ume), and the Poisson summation formula g, e*~9% = §(k — q), for ¢, k in the first
Brillouin zone. We also stress here that the bra-ket between two Bloch functions have the

normalization factor % included in the definition.
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A.4 Moments of position

As shown in the main texts, using the moment generating function e'*" we may compute
the matrix elements of operator quantities such as the moments, as well as the quantum
metric tensor, Berry curvature, etc., in a systematic and efficient way, which agree with their
more conventional definition of these quantities in the momentum space. We may confirm
the results in yet another way, namely by direct calculation. Besides checking the results, we

hope to demonstrate the advantage of our operator based approach.

A.4.1 Average position distribution

Let us start with the matrix elements of the position operator. Note that we have the identity
in the position basis reads 1 = [ dr|r) (r|, where dr = d9r and the integration range is

over the entire volume V. Inserting this, we have

- / drre™ B Dy (1) U (r) (A.4.2)
- / dr (10, €™ ) tng () i (1) (A.4.3)
=0, / dr (€75 D4z (1) um(r)) — / dre™E 09, (1t () umi(r)) (A.4.4)
=0y, (Wng|Wnp) — iy e ) dre™® Doy (17, (r) Ui (7)) (A.4.5)
=0,mi0q,0(q — k) — (g — k)i (2\;:3 /drumq(r)ﬁq[ Ung(T) (A.4.6)
—5mi0g0(q — k) + 6(q — k)i (2\7) / ATl (1) U (7) (A4.7)
:5nmiaCI/6(q - k) + 5(q - k)A%m(q)l (A48)

where in going from Eq. (A.4.4) to Eq. (A.4.5) we transformed the integral over the whole
volume to one over the unit cells, and the exponential is swapped to a Dirac delta using the

Poisson summation formula. Also recall that the Berry connection is defined as

(27r)d .
"4 cell

Arm(q) =i d"'U:q(T)aq/Umq("") = i {Unq| Bq, [Umq) - (A.4.9)
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A.4.2 Second moment distribution

We shall now calculate the matrix elements of the quadrupole moments. Exactly the same

as in the position operator case, we insert an identity using the position basis, and we have:

(Yng| Fifj [Wme) (A.4.10)
- / dr ™D () U () (A.4.11)
_ / dr (284,00 4 (7) e (7) (A.4.12)

20,5, [ dr (€D us, (Y (r)) = [ dre™ D1 ()04, 0t (7)
— 7 / droy, (e"* = Dur (r)) O Ui (1) — 2 / droy, (em* - Du; (r)) O umi(r) (A.4.13)
—128,,0), / dr ("0 u; () (7)) — 7 / dre™ 5D yr ()8, By, i (T)

- i28kl,/dre”"(k’q)u;q('r)ﬁkjumk(r) + i2/d’reir'(k’q)uzyq(r)akﬁkjumk(r)

20, / dre™ =Dyt (1)0 U (7) + 2 / dre™ =D % (1)3) Oy Umg (T) (A.4.14)
=10y, Ok, / dr (e”'(k_q) uﬁq(r)umk(r» +i2 / dre (a9 Upno (1) O O Ui (1)
20, / dre™ =Dt ()8, Ui (r) — 20, / dre™ =D % (1)8y k() (A.4.15)
=~ 8,0, / dr (€D 0z (1) () - / dre™ k=D (118, Ot Ui (r)
— 0y, (8(q — k)A,(q)) —8), (3(q — k)A,.(q)) (A.4.16)
= (6’7’778(][6%' — {Ung| aq,aqj |Umq>> 6(q —q) — iA{;m(q)akﬁ(q —k)— iA;m(q)akjé(q — k)
(A.4.17)
= (5nmaqfakj - <Unq| aq,6q1 |Umq>) 5((] - k) + iA{ym(q)aq,é(q - k) + iA;m(q)an'a(q - k)
(A.4.18)

A straightforward, but tedious calculation of (Y.q| ({75, iz} + Gij) |¥nq) Will give identi-
cal results. Note that the same result will be obtained for any choice of the projected

bands, except for when :55 = 1, which includes the special case of a single band projection:

’63 = Zk |'lpnk> <¢nk|

It should be clear that the calculations become very tedious with increasing orders, and

while they will give the same results, the method that we develop is much more efficient.
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A.5 Real space Berry connection

To derive the real space Berry connection, we compute the matrix elements of canonical p

in Bloch states. We have that upon inserting a resolution of identity in terms of the position

states,
Vol D) =~ [ e 703,110, uru(r) (A5.1)
- / dre"(q_k)""(u,’jq(r)k:umk(r) . /u,";q(r)arumk(r)/> (A.5.2)
— ; o—i(a—k)-R; L., drei(a=k)r <u;;q(r)kumk(r) — i}, ()8, umk(r)/> (A.5.3)
= (%Zc)dé(q — k) » dre_’(q_k)"'(u,fq(’r)k:umk(r) - /u;q(r)ﬁrumk(r)/) (A.5.4)
_ (f;;)dcs(q S dr<u;q(r)qumq(r) _ /'u,’;q('r)arumq(r)/> (A.5.5)
— K3(g — )0 — i {tng] By Umg) 6(q — K), (A5.6)

where we used the trick of translating the integral to a cell integral, thus getting a Poisson
sum. Also recall that the normalization of u,, over cells is

(2

)¢
(Unq|Umq) = Y ) /Ce” dr i, (1)qUmg(T) = dnm. (A.5.7)

We recognize that the second term in the matrix element is a real space Berry connection,

which we may denote as

AL (@) = 1 (Ung| Or |Umg) (A.5.8)

(Yng| B |[Ymr) = kO(q — k)0pm — A} (q)0(q — k) (A.5.9)
Here we recall that

<1/an| r |'¢mk> = ’aké(q - k)énm + Anm(q)é(q - k) (A.5.10)

Despite of the apparent duality, one crucial difference is that the canonical momentum is

diagonal in crystal momentum.
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A.6 Center of mass operator

We may expand the inhomogeneous potential around the center of mass position using the
cumulant generating function. Define the center of mass position operator #. as such that,

when evaluated at an arbitrary state it satisfies
(FePe... o) = (P) (F) ... (T), (A.6.1)
where r. = () = (7.) is the center of mass position. In particular it has the property
(f(re)) = F((F)). (A.6.2)

We may then expand a generic position dependent operator as

= FO((7))

(F(7)) = (F(F =P+ 7)) = nz:%T(('f—fc)”) (A.6.3)
=32 P20 ey (A6.4)
where (#")_ = ((# — (#.))") are the connected parts or cumulants, while (#") are the mo-

ments.

The cumulants can still be generated from the log of the momentum generating function

(#") . = (1)"0a0a...00 log (e~"7), (A.6.6)
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A.7 Perturbation theory via projection operator

In this appendix we show how perturbation theory may be phrased in terms of projection
operators, also known as Feshbach formalism[45]. The aim is to show how the effective
Hamiltonian may be understood from a perturbative point of view, which makes contact

with the adiabatic evolution that is also phrased in terms of projection operators.

We consider a perturbed Hamiltonian H = Hy + V, where the unperturbed part H is as-
sumed to be solved so that we know its spectrum €9 and the corresponding eigenstates
Ho |€%) = €2 ]€9). We split the Hilbert space into two parts using 1 = P + Q, where the
projection operator P and its complement Q are both idempotent: P2 =P Q2=0Q, and
orthogonal to each other PQ = 0. We take the projection operator to be formed by a subset
of the unperturbed eigenstates, then we have that [/—7, /5] = [FA/, Q] =0.

An eigenstate of the full Hamiltonian satisfies
Alp) = E ). (A7.1)

We would like to consider the system within the subspace given by P, say within some energy
range. Split the eigenstate as |¢) = P|y) + Q|¥) = |¥p) + |¥g). The aim is to construct
an effective Hamiltonian such that Hes [1p) = E |1p). To achieve this, we assume there is
an operator S which can re-construct the full eigenstate from the projected state, namely
S|p) = [¥), then Herr = PASP is the sought-after effective Hamiltonian in the projected

subspace. To determine §, we note that from Eq. (A.7.1), we have
(E=Fo) [o) =Q(E —Fo) 1) = Q(E— A+ V) [9) = QV [9) (A72)
hence the orthogonal part can be solved as

1Y) = ~QV |9) (A.7.3)

and

W) =S |Wp) = [¥p) + [a) = [¥p) + —QV |) (A.7.4)
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Although this is exact, the right-hand side still involves the full |1). We may iterate this

equation, thus eliminating o) using Eq. (A.7.3), so that we have a series solution to S as

5= ((E- A av)".
n=0

(A.7.5)
Thus the effective Hamiltonian now reads
Aerr =3 PA((E - Ao)*QV)" P, (A.7.6)
n=0

which to lowest order is simply the projected Hamiltonian PHP.
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Chapter 4

Analogue gravitational lensing

4.1 Introduction

In the Part Il of the thesis we shall explore a surprising connection between the semi-classical
dynamics of quasi-particles and the geodesics of particles moving around curved spacetimes,
which represents an example of theintersection between solid state and relativistic physics.
The key observation is that the low-energy states in a class of topological materials, the so-
called Weyl semi-metals [10] can be described by the massless limit of the Dirac equation, the
Weyl Hamiltonian, which was first applied in relativistic quantum mechanics. In fact, such a
connection was already noticed in graphene [32]. Despite connecting two extremely different
physical situations, such an analogy allows for the study of phenomena in high-energy physics
using tabletop solid state systems. Indeed, such an observation underlie the Klein tunneling
in graphene [79] and the chiral anomaly in Weyl semimetals [2, 6, 15, 16, 82, 107, 138], as
well as a connection between various quantum anomalies and transport properties in solids
[18, 52, 145, 158].

Fueled by such progress, it has been proposed that Weyl semimetals with a modified dis-
persion relation, namely those with a spatially varying nodal tilt gives rise to an effective
curved spacetime metric around a black hole [21, 56, 63, 70, 71, 80, 85, 93, 130, 154—
156, 161, 169]. More specifically, the linear dispersion relation of Weyl nodes may be taken
to model a light-cone in relativistic physics, and the in-homogeneously tilted Weyl nodes
forms a family of lightcones in curved spacetimes [93, 161]. Such a mapping allows us to
take the wave-packet dynamics of Weyl nodes to be the solid state analogue of particle motion
around black holes. In fact similar ideas of simulating relativistic physics in solid state systems
have already been exploited before, using, for instance site dependent tight-binding hopping
amplitudes [102—104], or ultracold quantum gases [14, 64, 99, 129, 140, 141, 146, 153, 157].
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Tilted Weyl semi-metals

In this part of the thesis, our aim is to study the potential of using in-homogeneously tilted
Weyl systems as an electronic lensing devices that mimic the so-called gravitational lensing
effect in curved spacetimes [53, 56, 161]. However, one advantage of approaching such rel-
ativistic effects from a solid state side is that we may understand certain microscopic effects
not directly accessible in actual gravitational systems, such as the question what happens
when the wave-packet reaches the event horizon? We thus also provide an analysis using
a microscopic tight-binding model, both to confirm the effective continuum theory and to
better understand such subtle questions. This part is based on the work [59], where Dr.
Hegde, Dr. Haller, Dr. De Beule and | contributed equally to the analytical analysis of both
the geodesic equations of motion and the transverse shift, while the numerical calculation
and simulation of the lattice model and the were carried out mainly by the coauthor Dr.

Haller.

4.2 Tilted Weyl semi-metals

4.2.1 Weyl Semi-metals

Weyl semi-metals are a class of topological materials which has a number of interesting
properties. The name reflects the fact these three dimensional materials are gapless, but
the conduction and valence bands touch at discrete points, instead of a continuum as in a
normal metal (the Fermi surface). Thus the carrier density is much lower than that of the
normal metal due to the vanishing density of states at the band crossing points, hence a
much lowered conductivity and the name semi-metal. Weyl semi-metals are characterized
by a linear dispersion around these band crossing points, known as the Weyl nodes. Weyl
semi-metals also furnish an example of topological phase of matter since the Weyl nodes can
in fact be viewed as a 3-dimensional monopole in the momentum space. More precisely, each
node is a source or sink of Berry curvature charge, where the Berry curvature, discussed also

in Part | of this thesis, may be viewed as an emergent magnetic field in the momentum space.

Around a Weyl node located at kg in Brillouin zone, the point where two non-degenerate
bands touch, the band dispersions are linear below some cut-off momentum, and the Weyl

Hamiltonian provides a low energy effective model for such band structure, which is
Hw(k) =xvr (k— ko) o, (4.2.1)

where vg is the Fermi velocity, and o = (04, 0,, 0;) is the vector of Pauli matrices. x = £1
is called the node’s chirality, which as we discussed in Part | can in fact be seen as the
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Tilted Weyl systems Tilted Weyl semi-metals

topological charge (Chern number) associated with the Weyl node. Without loss of generality,
we may take kg to be at the origin, or put another way, we measure energy difference from the
respective node. The spectrum of this minimal model is easy to calculate as E.(k) = +vr|k].
We have already discussed this simple model, modulo the Fermi velocity, in Section 2.1.3 of
this thesis. In particular, we have shown that the curvature associated with the Weyl nodes

Is computed to be

1 k
Q, =—x=-—=. 4272

We also saw in Section 2.1.3 that the chirality x has the interpretation as a topological

charge of a monopole in the momentum space.

The Weyl semi-metal is a remarkable class of materials, one of whose interesting prop-
erty being simulating a relativistic system. Indeed, the Weyl Hamiltonian proposed by Weyl
[162], was thought to describe the relativistic neutrino[119]. In fact the linear dispersion
relation is already suggestive of this fact. In special relativity we have the energy momentum
relation E2 = (mc?)? + (pc)?, which for massless particle reduces to E = +c|p|. We see
that this is precisely the dispersion relation we have in Weyl semi-metals, with the analogue
of the speed of light ¢ being now the Fermi velocity ve. Furthermore, in the following we
shall explain that, if we modify the Weyl Hamiltonian by adding a spatially varying term, it
can in fact simulate the motion of a massless particle near a black hole, thus providing a

potential tabletop lab for studying general relativistic effects.

4.2.2 Tilted Weyl systems

The linear dispersion around the Weyl form a cone given by the equation E. = vg|k|. The
semi-metallic nature of the system can be rephrased as the Fermi level interacts exactly with
the apex of the cone, i.e. the Weyl nodes. However, there are other classes of 3—dimensional
materials that also have a linear dispersion, but do not fit exactly this description. More

generally, we may add a term to the Weyl Hamiltonian Hy, as
Hi(k) = (u-k)og+xVvrk- o, (4.2.3)

where the additional term given by u is called a nodal tilt. The eigenvalues can easily be
calculated as Ei(k) = u - k + ve |k|, still a linear dispersion. In momentum space, the
first term coming from the tilt rotates the Weyl cone, while deforming it at the same time,

namely changing the slope of the cone. As |u| > vg, the cone over tilts, and should we fix
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the chemical potential, the Fermi level intersects the Weyl cone and form electron and hole
pockets. In this case the system is metallic, and we have a type-lIl Weyl node, whilst below

the critical value of the tile, it is a type-l tilted Weyl node.

u=20.0 u=1.0

Figure 4.1. Transition from type-l to type-Il Weyl semimetals with increasing tilt parameter u, with
ve = 1. Red curves show the Fermi level intersections forming electron and hole pockets.

This motivates us to consider a spatially varying tilt profiles, w — w(r), where we have
a family of titled Weyl cones that is similar to the light cones in curved space-times, varying
from point to point. We shall establish and explore this connection to analogue gravity below.
The effective Hamiltonian has explicit spatial dependence now as well Hi(k) — Hi(r, k).
With a spatially dependent tilt profile, as we have discussed extensively in Part I, position
operators act as momentum space covariant derivative, and thus spatial in-homogeneity
couples Bloch states with different momentum. Indeed, there we have seen that these spa-
tial dependence would in general give rise to new geometric contributions that modify the
semi-classical equations of motion. To isolate the effects due to the spatial geometry, we
will assume that tilt profiles have spatial variations that are smooth on the relevant elec-
tronic length scales. More specifically, we assume that the tilt profile varies on a scale much
larger than the inverse momentum difference between Weyl nodes, and the inverse of the
momentum cutoff that was implicitly imposed in taking the linear dispersion in Eq. (4.2.3).
In particular, the tilt profile w(r) varies on scales much larger than the width of the typical
wave-packet formed in, for instance, the transport process, and thus quantum geometric cor-
rections to the semi-classical equations involving the quantum metric can be ignored [87, 91].
We shall discuss the lattice effects in more detail in the later section Section 4.4 on lattice

simulation of the continuum theory.

Provided these assumptions, we can quantize the theory by promoting the tilt term to an
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Hermitian operator via
. 1, .
u-k—=ur) (-iV,)+ 5 (=iV,-u(r)), (4.2.4)

which provides an effective model for a nodal band structure in a spatially varying tilt texture.
The second term in the above is needed to preserve hermiticity [21, 130]. In this part of
the thesis, V, will denote the normal vector derivative. The same applies to V. It is clear
that the only modification to the dispersion is changing uw — w(r), namely EL(k,r) =
u(r) - k + ve |k|. Note, however, that the tilt term in the Hamiltonian is proportional to
the identity matrix and therefore the eigenstates remain unchanged compared to the untilted
Weyl nodes. As a result, the Berry curvature remains the same, and there are no real-space
Berry curvature contributions that emerge from a band system in inhomogeneous texture (

see for instance [165]).

4.2.3 Gravitational analogue

As we discussed earlier, the linear dispersion of Weyl nodes resembles that of a massless
relativistic particle. More remarkably, it has been suggested that an inhomogeneously tilted
Weyl system may form a potential solid state platform to simulate the particle motion around
curved spacetimes near black holes [21, 56, 63, 70, 80, 93, 104, 130, 154, 155, 161, 169].
For definiteness let us restrict to a given chirality. From a kinematic point of view, the
gravitational analogy can then be understood as follows. We will use the mostly plus metric
sign convention of (— 4+ ++), and the four-momentum vector reads k, = (—E/vr, k)
(equivalently k* = (veE, k)). Note vr here takes the role of speed of light as in actual
relativistic system. The quasi-particle dispersion near a tilted Weyl node E. = u(r)-k+ve|K]|

can then be re-written as that of a particle in a curved spacetime as
9"k, k, =0, (4.2.5)
via introducing an effective metric g#¥. Explicitly the inverse metric reads

—1 4 u)? /v —ue/vE —u,/VF —Uy)VE

—Uy/VE 1 0 0

uv = , (426)
—uy/VF 0 1 0
—Uy/ Vg 0 0 1
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or in more compact tensor notation, the metric and inverse metric read

G — (—1+ lu|"/v2 —uJ-/VF) g ( —1 —/vE ) | (4.2.7)

—uj/ Ve b —u' /v 69 — U V2

This in fact is nothing but the famous Schwarzschild metric that describes a black hole
written in Painlevé-Gullstrand coordinates (t, r) [21, 56, 63, 70, 80, 93, 104, 130, 154, 155,
161, 169]. In fact, the line element of the metric Eq. (4.2.7) reads

[u(r)|”

2 ) VEdt? — 2u(r) - drdt + dr?. (4.2.8)
F

ds? = g, dx*dx’ = — <1 —

and upon making the change of variable

T t—l—/ v d
= —_— - d7r.
1— |ul?/v3

the metric Eq. (4.2.7) is then transformed to

dr? 20402 1 ain? 2
5 + r°(d9° + sin“ 0d¢?), (4.2.9)

ds? = —(1 — |u[)dm? + ———
1—ful

which is precisely the Schwarzschild metric, with ve playing the role of ¢. The gravitational
physics related to the metric is not the focus of the thesis, and thus we will not go into
details but provide only a brief description of the Painlevé-Gullstrand metric. Note that the
analogue Schwarzschild metric Eq. (4.2.9) has a singularity when |u| = ve. For the actual
Schwarzschild spacetime, u(r) = —vF\/J'F, where the singularity thus occurs at r = r,
known as the horizon radius, and the singularity implies the Schwarzschild metric describes a
spherically symmetric black hole. On the other hand, we can re-write the Painlevé-Gullstrand
metric Eq. (4.2.6) as

ds®> = —v2dt? + (dr — u(r)dt)?, (4.2.10)

where the tilt w(r) has an interpretation as a local free-fall velocity field under the gravity
of the black hole [120], and the Painlevé-Gullstrand metric represents what a free-falling
observer experiences. In particular, when u vanishes such as at the spatial infinity from the

black hole, the metric reduces to that of flat Minkowski metric.

The gravitational analogue may also be discussed from a dynamics point of view. Specifically,

we may show that semiclassical trajectories of wave-packets in in-homogeneously tilted Weyl
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nodes can be mapped to the geodesics of the curved spacetime the corresponding to the

emergent metric (see Section B.1).

4.3 Cylindrical tilt and lensing

With the connection to the particle motion in curved space-time discussed above, let us now
consider wave packets in the in-homogeneously tilted Weyl nodes. We consider excitations
above the Weyl node, and thus the wave-packets are constructed from states associated with
the E.(r, k)-band with dispersion E,(k,r) = u(r)-k+ ve |k|. We assume the wave-packet
has a well-defined center of mass position » and momentum k, and in the absence of external

perturbing electromagnetic fields, the semiclassical equations of motion read

F=ViE (r k) +Ekx Qk) =ulr)+ vik + k x Q(k),
k=-V,E.(r,k)=—-V.(u(r) k), (4.3.1)

where recall the Berry curvature is Q(k) = x k/(2 k*) and k = |k|.

The Schwarzschild metric describes a static spherical black hole, which thus requires a rota-
tionally symmetric tilt profile to form an exact mapping. However, such a highly symmetric
tilt is not easily found or engineered in a three-dimensional solid state systems. On the
other hand, a tilt profile with a slightly reduced, axial symmetry could in principle result from
straining a Weyl semi-metal, and thus provides a more realistic possibility. One possibility of
inducing such such a cylindrical tilt by applying mechanical strain has been discussed previ-
ously, where a microscopic displacement field h(r) might induce nodal tilts u; o< (0;h;) ko,
around a certain axis, where 2k is the separation between Weyl nodes [9]. Therefore, in the
following of the thesis, we shall consider axially symmetric tilt profiles, i.e., a cylindrical tilting
field w(r) = u(p)p, where p is the unit vector along the radial direction of the cylinder, and

p is the radius in cylindrical coordinates (p, ¢, z).

In the cylindrical coordinates, the semiclassical equations read

r=u(p)+vrk+kx Q, (4.3.2)

. ou ul, -

k=——(k-p)p— 4.3.
8,0( p) p 7 ®, (4.3.3)

where L = r x k is the orbital angular momentum, and explicitly L, = pk - qAS = pky. We

recognize two contributions in the semi-classical equations of motion of wave-packets, where
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the first and second terms in Eq. (4.3.3) are the group velocity ViE, (r, k) given by the
Weyl dispersion relation, and is tilt dependent. The third term is a geometric contribution
to the wave-packet dynamics, the anomalous velocity, whose sign is given by the chirality x.
The two equations are coupled through the anomalous velocity term, and upon substituting
the second equation into the first, we obtain

q‘«:u(p)+vF12;—2lk3 [k;’ (gZ—Z) L,2+k, (”pézﬁ—(k-ﬁ)g;’qéﬂ . (43.4)
Our analysis of the electron dynamics would be based on the above equation, and it is helpful
to consider the symmetry and associated conservation laws associated with the semiclassical
equations of motion. First of all, our tilt profile is static, and the tilted Weyl Hamiltonian
is time-independent, hence we have the conservation of energy E.(r, k) = 0, which is
consistent with the fact that the effective metric describes an analogue Schwarzschild black
hole that is static. Second, the tilt profile is axially symmetric, namely that is is invariant
under rotation around the z-axis, and thus the angular momentum along the axial direction
is conserved: J, = 0, where J = L + s is the total angular momentum that is the sum
of orbital and spin angular momentum, the helicity s = xl?:/2, where here k = % Let
us add some remarks to the spin angular momentum. For the Weyl Hamiltonian, the spin
operator that generates a spinor rotation is given by the Pauli matrices %o- does not directly
give an observable intrinsic spin. That would require a rest frame to be properly defined, for
otherwise it is mixed with the orbital part, while a massless particle has no rest frame just
as photons. The actual analogue of a spin angular momentum is the projection of the spin
operator along the direction of motion, namely the helicity, and s is the expectation value of
it evaluated at a state with definite momentum k, which we take from the E,-band. Finally,
we note that the cylindrically symmetric system also has translation invariance along the
z-direction, which implies the momentum conservation k, = 0. Furthermore, the equations
of motion are invariant under the discrete transformation where v — —u, k — —k and

t — —t.

4.3.1 Trajectory analysis

In the above, the form of the tilt is assumed to be axially symmetric, but otherwise general.
To be more definite, we shall now specialize to the class of axially symmetric tilt profiles
u(p) = u(p) p of the form of the form u(p) = —vr (p:/p)*. We set the tilt center to be
at the origin, and p; is the radius at which at which u(p = p;) = —ve. Recalling the form
of the Schwarzschild metric, we see this is the event horizon radius from the center of the

analogue black hole. For the Weyl node, this sets the point at which the tilted Weyl node
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transitions from type | to a type Il, while the parameter a that determines how fast the
tilt vanishes sets how rapid the gravitational attraction decays outside the analogue event
horizon [21, 130, 154, 155]. On the one hand, this form of tilt profile is an obvious gener-
alization of the analogue Schwarzschild black hole metric with a = 1/2; on the other hand,
it may represent the dominant part of a more general form of tilt profile in an asymptotic

expansion near the tilt center.

Our aim is to analyze the motion of an incoming electron wave-packet, which we take
to be injected perpendicularly to the cylindrical axis, i.e., with initial k, = 0. This implies the
helicity, namely the spin angular momentum also vanishes, s, = 0 and by the conservation of
linear momentum, k, = s, = 0, namely that they will remain zero. Furthermore, this in fact
implies that in this case the orbital and spin angular momentum are conserved separately,
for we also have J, = 0 and thus L, = 0. In the dynamics of classical particles, the fact
that k, remains zero and angular momentum is conserved implies the motion is restricted
to the xy-plane, and for analyzing the trajectory in this scenario we only need to consider
the p and ¢ components of the equations of motion Eq. (4.3.1). However, unlike a purely
classical particle, there is an additional motion due to the Berry curvature induced anomalous
velocity along z direction, which exists even for k, = 0. This will be discussed separately in

Section 4.5, and we will neglect it for now, focusing on the planar motion.

In general, we may expect the trajectories of the electron motion to fall into two distinct
classes, lensing and capture, corresponding to the scattering and bound orbit scenario repet-
itively. A lensed trajectory is one in which the electron begins with moving towards the tilt
center from afar, approaches this region, and then escapes to infinity, i.e. a scattering mo-
tion. In an optical analogy, the lensing due to the in-homogeneous tilt may also be intuitively
understood as light refraction due to texture of the propagation medium, and as such, it
might be said we study the "tiltronics" using Weyl nodes. In contrast, a captured trajectory
is one where the incoming wave-packet falls into the "black hole", and never escapes again.
Between the lensed and captured trajectory, there is a critical situation where the incom-
ing electron orbits around the region of strong tilt and neither falls in nor escapes, which
is known as the “separatrix’, and is related to the notion of "photon sphere" in black hole
physics [120]. These types of trajectories, together with one corresponding to radial escape
from the tilt, are demonstrated in Fig. 4.2. The above is clearly a rather classical picture
of the electron dynamics, which follows from using the semi-classical equations. We shall
give a microscopic quantum mechanical description of the wave-packet propagation using a

lattice model in Section 4.4, so that the meaning of "falling" is better understood.
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Figure 4.2. Panel (a) and (b) show the trajectories given by the solutions of r(t) and k(t) for
the tilt profile u = —vg+/p¢/p respectively. Differently colored trajectories correspond to lensing,
escape, in-falling, and orbiting solutions respectively. The radial escape trajectory starts at a distance
1.0001p; from the tilt center, and initial momenta are chosen as k« = ky, k, = 0. Panels (c) and
(d) display the corresponding velocity and acceleration components of each type of trajectories. The
arrows indicate the direction of time evolution, with trajectories oriented toward increasing time.

Let us now analyze the lensing and capturing motion in terms of the equations of mo-
tion, which we only need the components projected to the (x, y)-plane by symmetry as we

discussed above. Thus we focus on the (p, ¢)-components of r and k, whose corresponding
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equations read

o= u(p)+ ve k/'(ﬁ, (4.3.5a)

0= vr k/’((’b, (4.3.5b)

C’(’:fﬁ_(k.@)(ﬁ:_‘;’;}’(k.ﬁ), (4.3.50)
d(k - ) s ulp) o

T-i_(k'p)d)_ _T(k.qj)_ (4.3.5d)

We would like to analyze the motion in terms of the impact parameters, which are the
conserved quantities: energy E., and angular momentum L,. For this, note that L, = pk-qg
in cylindrical coordinates, and thus with k, = 0, k? = (k- p)?> 4+ L2/p?. Substituting in these
identities, and the dispersion relation of the titled Weyl nodes, we may express the radial
equation of motion p as a function of the impact parameters and p. Indeed, after some

manipulations, we find

7 = 15 [E2 — eoentp)]. (4:36)
cor() = 55 (v~ ule)?). (43.7)

Here we introduced an effective potential energy €, ¢(p), and the radial equation of motion
Eq. (4.3.6) resembles the energy equation of a classical free particle, whose total energy is
Etot,eff = E_% that is the sum of an effective kinetic energy €y e = Mesr 0°/2 with a mass
mer = 2 k2, and an effective potential g,(p). This is of course not an exact analogy,
because k is a dynamical variable, not being conserved, and thus mes is not really a param-
eter of motion. Nevertheless, it is a useful one, which allows us to understand the motion
by energetics, namely to classify the types of trajectories according to the behavior of the

effective poetical energy, as discussed below.

For a general tilt profile u(p), the effective potential €, (p) consists of a positive, re-
pulsive part given by v¢ that is oc 1/p?, and an attractive part which depends on the specific
form of the tilt. Due to the competition between the two parts, the potential energy in
general, then, have both minima and maxima. For the tilt profiles u(p) = —vr (p:/0)* con-
sidered here, we find that €,¢¢(p) has exactly one maximum for a given value of L, see
Fig. 4.3. In particular, for & = 1/2, which is the closest analogue of a Schwarzschild-like tilt
profile u(p) = —v,:\/m, we have effective potential consists of a repulsive potential energy

o 1/p? and an attractive cubic term o 1/p3, as in the Schwarzschild black hole [33].

84



Trajectory analysis Cylindrical tilt and lensing

— ; 1.5
(a) — : (b)
0.5 1 ol :
~ 1.4 1
3 0.4 1 : 3
& > 1.3 1
§ 0.3 1 _?
So2il/ 2121
e 5
0.1 A . 1.1
0.0 |: T = T T 1.0 +— — T ———T T
1.0 1.2 1.4 1.6 1.8 2.0 100 10! 102
p/ Pt o
— a=1/2 a=1 — a=2 — a=4

Figure 4.3. In panel (a) the effective potential for tilt profiles u(p) = —ve(p:/p)* is plotted for a
range of a. The analogue horizon is located at p/p; = 1, while the maxima of the effective potential
locating at ps = p:(1 + )1/2* are indicated by the dashed lines. In panel (b) we plotted how the
location of the maxima varies with the exponent «.

Finally, we may now analyze quantitatively the types of the particle trajectory discussed

earlier using the total energy E4 and the effective potential € ef.

1. Lensing: in this case the wave-packet first moves towards the tilt center and then
shoots off to infinity. By attraction of the tilt, the trajectory will be deflected and thus
possesses a periapsis of the trajectory, the point of closest approach to the tilt center
at some p,. It is clear that p = O at the periapsis, and from Eq. (4.3.6), we see it is

also the point at which E2 = €, c(pp). Solving for p,, we have the implicit equation
Eypp=|L;] \/ vE — u(pp)?.

2. Capture: in this case the particle simply moves towards the center, and p never vanishes
within the range of the validity of the theory (i.e. excluding the tilt center). By
Eq. (4.3.6), this case happens when E? > €, throughout the motion, and the

effective potential never reaches the maximum.

3. Separatrix: this is a critical case in which the wavepacket approaches the tilt center at
first, and then performs an angular motion orbiting around it. In this case, similar to
that at the periaspsis of a lensing trajectory, Ei = £p.ff(0s) at the orbiting radius ps.
This is an unstable bound state motion, and related to the so-called photon sphere in
the black hole physics. There is only one such radius for which such orbiting motion is

allowed, and is given by p = ps = p(1 + a)¥/?* (see Fig. 4.3).

In all of the above discussions, we have in mind a particle that is ejected from somewhere
far away from the tilt center, namely the initial radius of the particle is larger than p;, the
85



Lensing and deflection angle Cylindrical tilt and lensing

analogue black hole horizon radius. Let us now consider the case of escape or emission of
particles near the tilt. However, should the analogy to black hole physics hold, we expect
that no particles can escape from within the horizon. Indeed, for p < p;, u(p) < —vg with
our choice of tilt profiles and clearly k- ¢ < |k|, by Eq. (4.3.5a) we therefore conclude p < 0
at radii within the horizon p;; that is particles cannot be emitted from within p; of the tilt
center. On the other hand, if the particle is released from outside of the horizon, namely with
initial radius Pinitial > P¢, then the escape should be possible. For simplicity, let us consider
the radial escape case, where k = kp > 0. The momentum being along the radial direction
gives a straight outward trajectory, which can be seen from Eq. (4.3.5b), where we obtain
<]5 = 0 in this case. To show that it does escape indeed, we note that u(p) > —vg, while the
term in Eq. (4.3.5a) is simply vg, hence p > 0. Furthermore, p = u/(p)p > 0, so it is not

dragged back again.

4.3.2 Lensing and deflection angle

Having understood the formation of different trajectory types from an energetic point of view,
let us study the two-dimensional motion in the (p, ¢)-plane in more detail. In this section,
we compute the lensing angle and the detailed condition of the formation of an orbiting
trajectory. For this purpose, by dividing ¢ and p, we may express the angular coordinate as
a function of the radius to obtain the trajectory equation. Using k - ngS = L,/p, we have that

@ _¢_ Ve L: (4.3.8)

d,O p :02\/ E-2|— - gp,eff(p) ,

where the sign corresponds to whether the particle is approaching or leaving the center of

the tilt, i.e., the sign of p.

Using Eq. (4.3.8), we can compute the deflection angle of a lensed trajectory, in a manner
analogous to the standard calculations for gravitational lensing by black holes[160], which

gives

oo Ve dp

Tre=2], JEOE— a0 — P — () (43:9)

where ¢ is the angle of deflection. More details about the derivation and evaluation of

the integral is given in Section B.2. The above result shows that the deflection angle

is determined by p,, the closest distance of approach. This integral may be numerically

evaluated, and in Fig. 4.4, we show that the numerical values of the integral in Eq. (4.3.9)

indeed coincide with those obtained from the exact solution of Eq. (4.3.1), with initial
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Figure 4.4. In panel (a), a typical lensing trajectory is plotted (black line). The deflection angle ¢ is
given by the asymptotic trajectories, drawn as blue and yellow dashed lines, with ¢ = ¢ —¢@1. In panel
(b) we plotted the deflection angles resulting from different periapsides and tilt profiles. Solid and
dotted lines represent the results that are calculated using exact numerical integration of Eq. (4.3.9)
and the approximate analytic result in Eq. (4.3.10), respectively.

conditions giving the same p,. To gain more insight, let us consider the asymptotic behavior
of the lensing angle for trajectories whose periapsides are far from the tilt center such that
pp/p: > 1. In this limit, we may obtain analytically from Eq. (4.3.9) that, again detailed in
Section B.2, the deflection angle to leading order in p;/p, is

xS u(pp)? VT (% + O‘)

R s (4.3.10)

For the specific case of a Schwarzschild-like tilt profile with a = 1/2, i.e., u(p) = —vr \/p:/p,

we have @ ~ 2 u(p,)?/ V3.

4.3.3 Capture and Separatrix

Recall our early discussion about the notion of separatrix, which is the boundary dividing the
trajectories into the escaping (lensing) and in-falling types. Referring to our Eq. (4.3.6),
we know that the former situation occurs for a trajectory having initial conditions such that
E2 > gperr and p < 0 initially, and the semi-classical equations of motion predict the wave-
packet to be attracted towards the origin and then escaping away. Conversely, any trajectory
with E2 < €perr are said to be inside the separatrix, since in this case the fate of the incoming
wave-packet would spiral inward to the origin. The final part of the process would be a plunge
towards the center, and the velocity and acceleration diverge, hence marking a break-down
of the equations of motion Eq. (4.3.5). From the gravity perspective, this simply means
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we do not know what happens in the black hole. For our solid state system, however, we
should be able to observe some physical consequences since the "black hole" in our case is

an analogue one after all. We shall discuss such issues using a lattice model in Section 4.4.

Finally, let us discuss the situation where the particle trajectory lies exactly on the sepa-
ratrix. In this case, we have the precise vanishing of p, or Efr = Epefr- 1 he wave-packets
would approach the origin of the tilt up to a distance at ps = p:(1 +a)1/2°‘, and then remain
orbiting at this radius. To show this, note by definition, both the radial velocity p and the
radial acceleration g shall vanish, while the radial acceleration is obtained by taking a further

derivative of Eq. (4.3.6), the vanishing of which then gives

1 (1 Oep eff

Pl = 15 (325 +pkk> = 0. (4.3.11)

P=Ps

Since p = 0, we see that the condition reduces to that €, f(p) has a maximum %pett —  at

op
1/22 ysing the dispersion relation.

p = ps, whose solution is easily solved to be ps = p:(1 + a)
However, the effective potential has a local maximum at ps, so Gzepyeff/8p2 IS negative at
p = ps, and therefore the orbit is an unstable one. That is any small change to the impact
parameters will cause the wave-packet to either plunge into the tilt center, or simply shoots

off again.

Earlier we have remarked that the case of a spherically symmetric tilt profile with a = 1/2,
i.e., replacing u(p)p — u(r)r = —VFW'F, corresponds to the Schwarzschild spacetime.
The semi-classical equations of motion, neglecting anomalous velocity terms, describe the
propagation of a massless particle around a Schwarzschild black hole with an event horizon
at ry. In this context, the family of all orbiting trajectories fall on a sphere, and the sepa-
ratrix is known as the photon sphere [33, 120, 160]. The existence of photon spheres is an
important property of black holes, and it is an active topic of investigation to this day, due to
both its importance in gravitational wave detection measurements[30], as well as theoretical
studies of black holes[38, 57, 123]. In fact, the photon sphere is what is captured in the
recent black hole images taken by the Event Horizon Telescope [7], making it one of the
few directly observed aspects of black holes, which is also taken as evidence of the existence
of black holes at all instead of other more regular types of massive astrological object. In
our discussion of Weyl semimetals with inhomogeneous nodal tilts, we may then identify the
separatrix between lensed and captured trajectories as the analogue of photon sphere in black

holes, and since the tilt profiles that we considered are axially symmetric, the separatrix has
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the shape of a cylinder instead of a sphere, therefore we may dub it the "photon cylinder".
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4.4 Lattice simulations

In the former section Section 4.3 we have already seen that the semiclassical equations have a
limited range of applicability, where we saw that it is unclear what happens to the wave-packet
after plunging into the center of the tilt. Such questions arise from using the semi-classical
equations,and in this section we shall check the validity of results obtained from such effective
continuum description by a microscopic computations, and, in particular, understand the fate
of wave-packets crossing the separatrix. It has for example been discussed in refs. [21, 130]
that in order to obtain the correct description of transport in in-homogeneously tilted Weyl
nodes, one needs to include in the calculation additional large momentum states. We shall
use an effective two-dimensional lattice model from which the tilted Weyl Hamiltonian follows
as an approximation. Note that this is possible since we have already seen that if we neglect
the possible transverse deflections from Berry curvature, the electron dynamics is effectively
two-dimensional by the axial symmetry. We will first re-do the semi-classical analysis using
the lattice mode to check the consistency of the lattice and continuum model, and then a

full quantum mechanical simulation.

4.4.1 Effective lattice model

We start with writing down a minimal model for a tilted Weyl semimetal with two Weyl nodes.
In second quantization formalism, such a low-energy continuum Hamiltonian is provided
by A = ¥, & H(k)¢,, where we have a two-component spinor & = (&.x )7, and a

Hamiltonian matrix,

1
Ha(k) = [ucky + uyky, + uz(k; + ko)) 00 + VEkeOx + vEK 0y + %(/8 — k3o, (4.4.1)

Here ko > 0 is the separation between the two Weyl nodes, one located at k = (0, 0, —ko)
and zero energy, the other at k = (0, 0, k) at energy 2u,ky. The first term term proportional
to op gives a nodal tilt, and the last term proportional to 1/2m* induces the separation be-
tween the nodes, and at the same time gives a quadratic modification to the linear dispersion

relation along the z direction.

Now we shall construct a lattice model on a square lattice with lattice constant a that
shall give the tilted Weyl node dispersion in the continuum limit. To focus on, say, the first
Weyl node, we fix k, = —kg while letting k, and k, vary. There is no loss of generality for do-
ing this because k, is conserved by translational invariance along the z direction for an axially

symmetric tilt profile. It is not hard to see that a two-dimensional square lattice model which
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Figure 4.5. Lattice dispersion relations around the Weyl node with zero energy, restricted the first

Brillouin zone. Figures in the top row are those with un-tilted Weyl nodes, and we see the degenerates

modes at the edges of the Brillouin zone are gapped by AE'?®. In the bottom row, the figures show

that the Weyl cones are tilted by uy and u,, with the gap fixed to be AER®™m*a? = 2.

reduces to the low energy Hamiltonian Eq. (4.4.1) when k., k, < 1/ais H =, & H(k)E,,
with

Hiawe (k) = a* [(ux sin(kea) + uy sin(k,a))og + ve sin(kea)ox + vesin(kya)a, ]

+ [2 — cos(kya) — cos(kya))] 0. (4.4.2)

m*a?
At the boundary of the Brillouin zone, additional gapless modes are formed (top left of
Fig. 4.5), which are then gapped by the m* terms in the Hamiltonain, with gap size AE?® =
4(m*a?)~! and 8(m*a®)~!. In Fig. 4.5, we show how these degeneracies at the boundary
of the Brillouin zone are lifted by AE'?*, and the tilting of the Weyl cones centered at
k« = k, = 0 through u, and u,.

The above model gives a uniformly titled Weyl Hamiltonian, and to induce inhomogene-

ity, we shall first Fourier transform the Bloch Hamiltonian in Eq. (4.4.2) to real space in the
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(x,y)-plane. Using &. = + >, e *7&, where 7 are the lattice sites, we have
. 1 R
Hiate = = Z > ( l:IUIO-O/Q +iVFoi/2 — = GZ} ¢+ h.c.)
2m*a
’G{XY} r—r=1
Z ¢losé, . (4.4.3)

m* 32

We make the tilt spatially varying by promoting the constant tilt to be site dependent u; —
ui(r — rq), where 7 is the location of the tilt center. To avoid singularity that might arise,
we regularize the tilt by taking the average between two lattice nodes, so that the lattice

model we shall use is

_ r+7r . 1 "
Hlatt—* Z Z — Ty 00/2+IVF0,'/2—702 Cr,—f—h.C.
2 2m*a
IG{XY}T —r=1
At oA
m*a2 zrjcrcch . (4.4.4)

Writing the above Hamiltonian as I:I|att =D C‘IHT,T/(ET, defies the real-space Hamiltonian

matrix H,,s, I.e., a non-constant hopping amplitude.

Let us take m*ave = 1, and diagonalizing the lattice model Eq. (4.4.4) the dispersion is
obtained to be

gl =y 009 “’(p D) in(ka) + e (k). (4.4.5)

i

g (k) = V;F\/6 — 4 cos(kya) + 2 cos(kea)(cos(kya) — 2), (4.4.6)

where u, = u(p) cos¢ and u, = u(p)sin @, and the first in Eq. (4.4.5) is the tilt term, while
g?%(k) is the dispersion of the lattice Weyl node given by Eq. (4.4.4).

We first study the wave-packet dynamics using the microscopic lattice model by numeri-
cally integrating the coupled equations of motion Eq. (4.3.1) using the lattice dispersion
instead, and compare it with the results obtained from the continuum dispersion relation
that was used previously. To begin with, note that the dispersion we used in Section 4.3 is
obtained from linearizing the lattice dispersion, which is valid only near the nodal point. Thus
we expect deviations of the results obtained from the lattice model as compared to that of
the linearized continuum model, due to the finite curvature of the Weyl cone. In fact, note
that the lattice dispersion Eq. (4.4.6) is not precisely axially symmetric around the z-axis.

However, the symmetry does hold approximately. To see this, Taylor expand & (k) about
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an arbitrary momentum &
7% (k) = vesr(K) - (k — k) + £°%(k) + O ((k — K)?), (4.4.7)

where the group velocity at k is

2
VE

264t (1) [sin(kxa)(2 — cos(kya))éx + sin(kya)(2 — cos(kya))é,] . (4.4.8)

’Uefr(f%) =
As far as dynamics is concerned, the constant €?%(k) is just an energy shift, and does not
contribute to the equations of motion. Therefore we may safely neglect it. We see that to
the linear order, the lattice dispersion is indeed invariant under a rotation in the xy plane.
Zero in on the Weyl node, we expand ver(k) near k = 0. After some algebra, it can be
obtained that v & vek, up to third order in &, and therefore ver = vek near €2 = 0. The
lattice dispersion near this point then reads €% (k) ~ vrk - k = vg|k|, precisely the linear

dispersion we sought after.

Now we are in a position to discuss the fate of the horizon in the lattice model. The horizon
may be defined as the points at which the group velocity vanishes: vy(7;, k) = 0E /0k = 0.
Indeed, in our earlier continuum model of a Weyl node with tilt profile u(r) = u(p)p, where
u(p) = —ve(p/p:)* we have v,(r:, k) = 0E/0k = u(r:) + vek = 0, and the group ve-
locity vanishes at p = p¢, p = k. The fact the p¢ I1s indeed an analogue of horizon is
discussed in Section 4.3, where we showed that particles cannot escape from p < p; using
the semi-classical equations of motion. For the lattice model Eq. (4.4.5), however, unless
we retain the linearizing approximation above, the equation v,(7, k) = u(r:) + vesr(k) = 0
has momentum-dependent solutions r:(k). For a given k, the analysis in Section 4.3 shall
still follow, that is, there is no outward trajectory for such a particle from within |r:(k)|.
This means that the analogue of the horizon is no longer a single surface with some fixed
radius p¢, but a family of momentum dependent constraints on the trajectories for particles.
That is, the horizon is washed out on the microscopic scale. Nevertheless, in Section 4.4.3,
where we compare the trajectories computed from semi-classical equations of motion and
microscopic simulations, we shall see that the first approach is still valid up to the length
scales p;. As for the "photon cylinder", the separatrix between lensing and capture trajec-
tories, since it is an unstable orbit it should be of no surprise that trajectories obtained using

the lattice model will not exactly reproduce such an orbiting motion.

In Fig. 4.6 for comparison we presented the trajectories calculated from using the lattice
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Figure 4.6. In panel (a) and (b) semi-classical trajectories obtained by using the continuum (dashed
line) and lattice (solid lines) model are plotted for a = 1/2 with different impact parameters. Initial
coordinates are chosen at x = 0, and initial momenta k, = 0. For the trajectory from the continuum
model, we sued the impact parameters k, = 0 and kyp: = 2. The larger gray sphere represents
the photon cylinder, while the inner sphere represents the event horizon. Panel (a) shows that the
would-be capture trajectories in the continuum model are in fact slingshot motion when the lattice
dispersion is used. Panel (b) displays the lensed trajectories with various energies, which shows that
there are only small deviations in the lattice model from those in the continuum model . In (c¢) and
(d), we plotted the lensing angle with initial conditions kx = —k,, and k, = O respectively. It is clear
that the asymptotic scaling behavior of the deflection angle (see Eq. (4.3.10)) holds.

model together with those from the continuum model with a Schwarzschild-like tilt. Most

importantly, we see from panel (a) of Fig. 4.6 that the would-be capture trajectory of the
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continuum Weyl node model (depicted as the dashed line) does not really just terminate at
the origin. Rather, it shoots off again similar to the lensed trajectories. This is physically ac-
ceptable for otherwise the particle conservation is violated; after all, we are dealing with solid
sate systems and not actual black holes. At small energies (with i=1), Em*a? < 0.01, the
trajectories obtained using the linearized dispersion agree with those found using the lattice
dispersion Eq. (4.4.6). In contrast, the solution to the capture trajectory for Em*a® = 0.01
using the continuum model has a divergence near the origin, and thus we have to terminate

the trajectory.

In panel (b) of Fig. 4.6 we platted a series of lensing trajectories obtained using the lat-
tice dispersion, as well as the dashed line using the continuum model. The initial conditions
are chosen so that they have the same energies as in panel (a) (the initial positions are
different though of course). It can be seen from the plot that the lattice and continuum
trajectories match very well, and thus we may conclude for lensing trajectories that stay
relatively far way from the tilt center, the continuum tilted Weyl model provides a very good
approximation. Furthermore, in panels (c¢)-(d), we present deflection angles calculated for
trajectories associated with the same energy scales but different periapsides p,. Thus in the
lattice model we still have the same scaling behavior of the deflection angle ¢ oc (u(p,)/vF)?

that we found in the continuum model (see Eq. (4.3.10)).

In conclusion, we find that the semiclassical equations of motion obtained using the low-
energy model Eq. (4.4.2) agree rather well with those using the lattice Hamiltonian Eq. (4.4.5).
We also discovered that the capture trajectory that falls inside the tilt center, beyond which
the continuum theory fails to be applicable, becomes slingshot trajectories demonstrating no
such singularities if the regularized lattice model is used. Furthermore, the asymptotic scal-
ing behavior of the deflection angle exists and matches in both cases. Thus from the lattice
perspective, the capture motion may be viewed as a special case of the lensed trajectory in
which it winds around with a deflection angle ¢ > 7/2. And this is the trace that the photon
cylinder leaves in the lattice model, where the separatrix is such that, below it we have the

slingshot trajectories.

4.4.2 The microscopic setup

In the above we studied the semi-classical equations of motion using the lattice Hamiltonian,

and showed that the results agree with those obtained from the continuum Weyl model. Now

we perform a quantum mechanical analysis using the lattice dispersion in Eq. (4.4.4), where

we simulate the propagation of an injected particle on the two dimensional lattice using the
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Figure 4.7. The left-most panel depicts the Kwant setup with the system size L, = L, = 19. The
bulk lattice sites are represented by black dots, where electron hoppings are depicted by black lines.
The purple and green triangles the semi-infinite leads, explained in the matin text. We inject particles
from the blue lead, which may leak out in the purple lead regions. The panels on the right display
the charge density (color gradient) calculated with different system sizes using the for un-tilted Weyl
dispersions. Both uses energy Em*a® = 0.8 and initial momentum kya = 0.832. The directed lines
present the charge current vector field. We see that the wave-packet is more focused with a larger
system size.

Kwant library [55]. Let us first describe the Kwant set-up. We use a rectangular lattice
consisting of (L, L,) sites that are coupled to six semi-infinite leads. The bulk would have
the tilted lattice dispersion Eq. (4.4.4), while the leads have a vanishing tilt profile. One
of the leads, the one along the —é, axis where the wave-packets would be injected from,
is chosen to be narrow compared to the diameter of the scattering region (= 0.1L,). The
injected wave-packet corresponds to an incoming particle in the semi-classical picture, and
is constructed to have a well-defined average position initially and subsequently spread along
the é,-direction. The injected particles then move across the bulk and escape from the other

leads on the other side, which fully cover the remaining edge sites.

Reflections from the lattice boundary might cause unwanted interference. However, these
are suppressed if the horizon radius p; of the tilt profile, which sets the length scale of strong
tilt region, is small. More specifically if the tilt profile is such that p; < L,,a, where L a is
the minimum distance between the tilt center and the boundary site at which the injected
wave leaks out. To simulate the semi-classical regime, we need the horizon radius tilt to
be much larger than the lattice spacing p; > a. Let N, be the number of bulk lattice sites
connected to lead /, then each one of the semi-infinite leads has 2N, bands, which are the
transverse projections of the lattice dispersion Fig. 4.5. Since we assume no tilt terms in
the leads, the dispersion relations of the leads can be obtained from each other by swapping
ks <+ k, appropriately. We depicted schematically the wave-packets with two different sys-

tems sizes in Fig. 4.7. The smaller one with L, = L, = 19 shows that the wave-packet will
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spread out as it travels across the sample bulk. On the other hand, with the same energy,
the wave-packet appears to be much more focused in the larger system with over 400 sites
depicted on the right in Fig. 4.7. Thus to have wave-packets that have sharply peaked center
of mass position, which we need in order to apply the semi-classical equations of motion, a

larger system size shall be used.

The finite system size presents a limitation since the wave-packet will never reach its asymp-
totic deflection angle, which requires a very large number of sites. To resolve the difficulty,
instead of computing the deflection angle, we directly calculate the local charge density
and compare it with the trajectories computed from the semi-classical equations of motion.
Let |¢) be a scattering state, whose wavefunction is 1, = (r|Y), then the charge density

operator is simply
ne = plp,. (4.4.9)

4.4.3 Numerical results

We now compute the local charge density for different scattering states and compare them
with those obtained from solving the semi-classical equations of motion using the lattice
model, Eq. (4.4.6). The initial momenta for the semiclassical equations of motions are the
same as those for the injecting lead modes, and the edge sites of the injecting lead give the
initial position of the semi-classical wave-packet. This ensures that we use the same set of
initial conditions to make a meaningful comparison. As we discussed earlier in this section,
the horizon in the lattice model is slightly different from that in the continuum model. Al-
though both are defined as points at which the group velocity vanishes, they are not located
at a surface with fixed radius but rather have a momentum dependence. That is, states with
different momenta actually experience different horizon radii. However, this should not give
a drastic effect, and to continue, we still fix the horizon radius to be at where u(p;:) = —vg

at energy E = 0 in the lattice computations.

The charge density is computed for a Schwarzschild-like tilt (¢ = 1/2) at a high energy
(Em*a® = 0.8), and the results of the Kwant simulation is displayed in Figure 4.8. Recall
that the photon cylinder has a radius ps = 3p;/2, where p; is the analogue event horizon
radius. They are depicted as the semi-transparent disks in Figure 4.8. Seven of the semi-
classical trajectories are displayed, which are depicted by the directed solid lines. We see

that, generally the semi-classical trajectories agree quite well with the quantum mechanical
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Figure 4.8. Lensing trajectories for different initial conditions, with o« = 1/2. The disk with radius
pt and ps = 3 p¢/2 represent the photon cylinder and analogue horizon respectively. The energy of
all trajectories is fixed to Em*a® = 0.8, with initial momenta are k, = 0 and k«a = 0.823. The
semiclassical trajectories obtained from integrating the equations of motion are indicated by directed
arrows, while the trajectories obtained from calculating the local density is indicated as color gradient.
They agree rather well when the injected wave travels far from the tilt center ((a)- (d)). From (e)
and (f) we see that when the wave packet gets closer to the tilt center there are some deviations,
where the semi-classical trajectories are seen to be deflected more.

ones. In particular, the agreement is better the further away the wave-packet is from the tilt
center, namely when the periapsides p, are much larger than ps. Closer to the separatrix at
ps, we find that there are some deviations from each other, where the semi-classical results

predict a stronger lensing effect, and larger deflection angles.

We saw from the previous section that the would-be capture trajectories become sling-
shots using the lattice model. In the quantum mechanical calculation, however, more drastic
effects are seen when the particles travel inside the horizon, where the wave-packets seem to
experience some violent scatterings and separate. To investigate this phenomenon, we would
like to zoom in around the tilt center. With a fixed system size, this means we need a larger
horizon radius ps. However, this introduces more unwanted boundary reflections around the
system-lead interface since the tilt would still be present there. For this reason, we switch
to a tilt profile with a = 1 instead, which has a faster decay rate than the Schwarzschild-like

tilt, and larger horizon radius may be used.
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Figure 4.9. Trajectories with different initial conditions are plotted for the tilt profile with a = 1,
with energy fixed to Em*a® = 0.4, and initial momenta k, = 0, kxa = 0.403. The plotting style
is same as those in Fig. 4.8. In (e) to (f) we see that the microscopic simulations show some
significant differences from the cases where the wave-packets travels away from the center. Not only
the outgoing wave-packets deviates significantly from the semi-classical ones, they do not even stay
coherent, but splits into beams. Moreover, in (k) and (/) we see that there are aa large number of
scatterings that happen within a smaller disk, inside the horizon.

The results of the simulation are presented in Fig. 4.9, where we use a lower energy
Em*a® = 0.4. Overall, qualitatively the same types of trajectories are observed. From
panels (a), (b) and (c) we see that the same lensed trajectories when the wave-packets are
staying far away from the tilt center are obtained. In panels (d) to (i), we see when moving

near the tilt center, where we should have slingshot motion in semi-classical approach, we
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find however that the injected wave-packets do no stay focused, but rather split into various
Jets upon leaving the tilt center, and deviates significantly from the semi-classical predictions.
When multiple jets cross each other, some interference patterns are observed. In panels (j)
to (/), we display the simulation of trajectories that pass the tilt center. Here for some of
the semi-classical wave-packets the numerical evaluation suffer from instability, and we have
to terminate around the tilt center escape from the analogue black hole (where the velocity
exceeds 100 vg). This seems to suggest that not all of the semi-classical trajectories escape
from within the horizon p;. For instance in panel (K), only 5 out of the 7 semiclassical
trajectories escape However, the dominant jets free from this instability still follow the semi-
classical trajectories. More interestingly, we see some violent scatterings confined within a
circular domain of size ~ 0.8p; near the tilt center. At the moment of the completion of
this thesis, we do not know explanation of these phenomena that we observe in the quantum
mechanical calculation, which we think is an interesting question that is worthy of further

investigation.

In conclusion, the quantum mechanical simulations of the lattice model confirm that overall
the semiclassical equations of motion do indeed provide a valid description of the particle
motion, as long as it is moving far away from the tilt center. This includes the slingshot
motion that we obtained using the lattice dispersion in the semi-classical approach. How-
ever, when near the center of the analogue black hole, where the tilt strength is large the
semi-classical picture seems to break down, where the wave-packet does not stay focused
but split, and some scattering pattern confined within a certain region near the tilt center is

observed.

4.5 Berry curvature and transverse shift

In Section 4.3, we analyzed semi-classical equations of motion of tilted Weyl nodes. As we
discussed there, due to the axial symmetry of the tilt profiles, z decouples from the other
coordinates for particles with initial momentum k, = 0, and the motion is planar. However,
the semi-classical equations of motion Eq. (4.3.1) also includes the anomalous velocity term
due to Berry curvature, and this actually causes a movement along the z direction. In this
section we show analyze the transverse shift caused by the anomalous velocity. To isolate
this effect, we still assume k, = 0, so that the initial Z = 0 when the particle is injected from

far from the tilt center.

With k, = 0, and a cylindrical tilt profile, the z component of the equation of motion
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Eq. (4.3.2) has only contribution from the anomalous velocity term due to the finite Berry
curvature of Weyl semi-metals, i.e., the term k x €. Note that the direction of this term
depends on the chirality x of the Weyl nodes, which is the topological charge it carries, and
thus has no classical analogue. This anomalous velocity term leads to a variety of differ-
ent phenomena in Weyl semi-metals, depending on the physical origin of the force k. For
instance, it Is used to explain the chirality-dependent Hall conductance in Weyl materials
[49, 65, 73], and the Imbert-Federov shift [74] or chiral impurity scattering [75]. Simi-
larly in tilted Weyl semi-metals it is known to cause a chiral Hall response [88, 98], and
different refraction ratio in potential barrier tunneling [167]. In non-equilibrium transport,
the transverse motion this Berry curvature term induces ‘anomalous currents’, which leads
to the chiral magnetic and chiral vortical effects in Weyl systems and have been investi-
gated in connection to the so-called chiral anomaly that originated from high-energy physics
[13, 35, 36, 89, 127, 135, 139, 166]. Our discussion of the transverse shift concerns its
effect in the case of tilted Weyl nodes. By our mapping of a tilted Weyl node to curved
spacetime, this hints at a similar effect to massless particles traveling around a black hole. In
fact, such an effect for photons has indeed been studied in the gravitational context, where

it is known as the gravitational spin Hall effect [54, 61, 110].

Since the force k has only p and (ﬁ components, the anomalous velocity only has z-

component, which explicitly reads

,_ X (O0u _u) ., o Ls
Zz= 2k3<8p p)(k p)p. (4.5.1)

For the lensed trajectories, as shown in Fig. 4.10, the wavepacket moves in the z-direction,
while the motion on the xy-plane is un-altered as before. Similar to the deflection angle,

this transverse shift can be calculated using the equations of motion, which gives

du _
Op

X
do p 2k u+4ve

kp
dz =z P

> o=

)
. (4.5.2)

k

Analytically expressions can be obtained for lensed trajectories that stay far away from the
tilt center (p,/p: > 1), which is found to be
2 /ml (a + 1)
X u(pp) 2

Az =~ L 0p 2 ) (4.5.3)
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We leave the details of the derivation and calculation of the above results to the appendix

(see Section B.3).

This term has a remarkable consequence for the trajectory on the photon sphere. Although
the anomalous velocity does not affect the motion projected to the xy-plane, and the loca-
tion of separatrix itself receives no change when the Berry curvature is taken into account.
However, due to this transverse shift, depending on chirality, the wavepacket will spiral up-
ward or downward along the z direction while staying at a fixed radius. This is depicted in
Fig. 4.14.
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Figure 4.10. In panels (a) and (b), we plotted a typical lensed trajectory that is projected onto
the the xy and yz planes respectively. Here we use o = 1/2, pp/pr = 2.23. The transverse shift is
calculated to be Az = —0.512. In (c), we plotted the transverse shifts —Az calculated by numerically
integrating the semiclassical equations of motion (dots), and the shift formula Eq. (B.3.6) (solid lines).
The dotted lines are the results obtained from using the asymptotic formula Eq. (4.5.3) (dotted line)
for different o (different colors). It is clear that for p > p:, where the wave-packets stay far away
from the tilt center, the asymptotic approximation is very accurate. All results are for the chirality

x = +1.

4.5.1 Spin precession

Note that the anomalous velocity depends on the chirality x, and in the early parts of the
thesis, we know that in the solid state context, it is in fact a momentum space topolog-
ical charge associated with the Berry curvature monopole. Therefore it is not surprising
that the anomalous velocity is related to the topological spin-transport of massless particles

[23, 24, 142-144]. Furthermore, the semiclassical equations of motion coincide with those
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Figure 4.11. Lensing trajectories for different chiralities. The black and gray cylinder represent the
analog horizon and photon cylinder respectively. The projected trajectories show that the planar
motion is not affected by the anomalous velocity.

of a massless spinning particle, i.e a Weyl fermion [41, 42], and thus it is of interest to study

the spin dynamics in more detail.

Recall the proper notion of the spin angular momentum of the Weyl particle is its helic-
ity, which when evaluated to a state with definite momentum is s = x/2fc, and its dynamics

Is then given by

ds  x(kxk)
=S

E k3 X kj = wSp X 8, (454)

where we have introduced a frequency wsp, = (k X k)/k?. Thisis a spin precession. Explicitly

for our axially symmetric tilt, assuming again k, = 0, we have

wyy = F-P) <5‘u ”) L,3. (4.5.5)

pk2 \dp o

Using the explicit form of the Berry curvature of the Weyl Hamiltonian, this precession

Is directly related to the anomalous velocity 74 as

g = ke X Q= —% Wep, (4.5.6)

from which we see that the transverse shift from the anomalous velocity may be intuitively

understood as a spin spinning effect, a sort of "Magnus effect" as in a banana kick in football.

In our case, k originates from the analogue gravitation attraction due to the the tilt profile,
and in turn, this spin dynamics also induces dynamics in the orbital angular momentum, since

we require the conservation of the total angular momentum. The dynamics of position, mo-
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Figure 4.12.

Z/Pt, X:]-

In panels (a) and (b), evolution of the x- and y-components of the position and

momenta are plotted. As expected, they are independent of the chirality. On the other hand, plotted
in panels (c¢) and (d), the z-coordinate and the x- and y-components of spin and orbital angular

(d) we see that the orbital angular momentum is increased.

momentum do depend on the chirality, which have opposite evolution as shown in the plots. In panel

Figure 4.13. The trajectories on the photon cylinder for the Schwarzschild-like tilt. The dark inner
cylinder represents the analogue horizon.

mentum, spin and orbital angular momentum are shown in Fig. 4.12 and Fig. 4.14 for the

lensed and photon cylinder trajectory, respectively. Back in Section 4.3, we already remarked

that with k, = 0, by axial symmetry the z-component of the spin and orbital angular mo-

mentum s, and L, are actually conserved separately, and thus we only need to consider the
dynamics in the x- and y-components of spin and angular moment.
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Figure 4.14. In panels (a) and (b), the dynamics of the x— and y-components of the coordinates
and momentum are shown, which confirms the assertion that the planar motion is independent of the
chirality. They oscillate around the Z axis during the winding motion along the photon cylinder. On
the other hand, panels (¢) and (d) show that the z-coordinate and the planar components of the spin
and orbital angular momenta are chirality dependent. The spin precession undergoes an oscillatory
motion (panel (¢)), while the angular momentum grows in magnitude in addtion (panel (d)).

From Fig. 4.12 we see that the shift occurs around the periapsis of the lensed trajectory,
accompanied by a rapid change of the non-conserved components of momentum, and angu-
lar momentum. After leaving the tilt center, the transverse shift approaches the asymptotic
values calculated in Eq. (4.5.3), where the comparison to the exact numerical results are
shown in Fig. 4.10. The spin dynamics ceases when the electron no longer feels the tilt, and
we see from plots in panels (¢) and (d) that part of the x- and y-components of the spin
angular momentum is transferred to orbital angular momentum, and the particle leaves the
tilt region with a higher orbital angular as can be seen from the plots. Plots in panels (b)
and (c¢) clear show an oscillatory pattern associated with the spin precession. Here as well,

we see that magnitude of the orbital angular momentum grows, shown in (d).
We have also plotted the orbiting trajectories on the photon cylinder in Fig. 4.14. The

trajectories corresponding to the two chiralities craw along the cylinder in opposite directions

along the z-axis, due to the different sign of the anomalous velocity term.
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Since the Weyl nodes have an apparent connection to Weyl fermions, which are relativistic
particles with spin, we may also discuss the anomalous velocity and spin precession in the
context of relativistic quantum mechanics. The characteristic quantum numbers of a Weyl
fermion can be identified as momentum and spin [40, 113], and indeed such an anomalous
velocity term has been obtained in a quantum mechanical approach and shown to be related
to the spin dynamics [143]. More generally, the implications of the Lorentz invariance of
the Weyl Hamiltonian on the semi-classical dynamics have been extensively studied, see for
instance [8, 35, 41-43, 142—144]. In the tilted Weyl nodes, the anomalous velocity and spin
dynamics can be further understood using the notion of local Lorentz boosts. Intuitively we
know that the tilted Weyl cones form the analogue of moving light cones in curved space-
times, while the latter may be obtained from Lorentz boosts that vary from point to point
[160]. Similarly, the tilted Weyl Hamiltonian may be obtained from an un-tilted one using
a Lorentz transformation [126, 148, 168]. We may then obtain the evolution of the spin
angular momentum for a particle moving in a spatially varying tilt profile from performing
a sequence of non-collinear Lorentz boosts at each point. This is the physics of Thomas
precession, and thus we see the Berry curvature induced spin precession may be understood
in this way as well [143]. This gives another example where the tilted Weyl nodes are an

ideal playground for studying relativistic effects in solid state systems.
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4.6 Summary

In this chapter we have studied the dynamics of electrons around tilted Weyl nodes, specif-
ically in the context of mapping its trajectory to that of the geodesics of a particle moving
around an analogue black hole. We considered an inhomogeneous tilt profile that is cylin-
drically symmetric, and studied the dynamics in three different approaches : (i) an effective
continuum description where the electron trajectory is taken to be the geodesic equations cor-
responding to the effective metric given by the titled Weyl Hamiltonian; (ii) the semi-classical
equations of motion using the dispersion relations given by a microscopic lattice model, and

(iii) a numeric computation using quantum-mechanical scattering states in the lattice model.

We found that the geodesic equations of the effective metric given by our axially symmetric
tilt profile also has an analogue “photon cylinder” as in actual Schwarzschild black hole, i.e.,
an unstable orbit which separates captured trajectories from scattering trajectories corre-
sponding to gravitational lensing. The semi-classical equations of motion of the continuum
model encounter difficulties when the particles plunge into the tilt center, where the trajecto-
ries have to be terminated by hand. However, the semi-classical equations of motion remain
a valid approximation if we use the lattice dispersion instead of the simple Weyl Hamiltonian.
There we found that the in-falling trajectories using the continuum model become slingshot
motion, where the particles escape again, instead of being captured. Moreover, we com-
pared the trajectories obtained using the semi-classical equations of motion with those from
a quantum-mechanical calculation. We found that as long as the wave-packets travel at a
distance from the horizon, the two approaches agree rather well. In particular, the deflection
angle of the electron lensing possesses an asymptotic scaling behavior in both approaches.
More interestingly, we found that when getting even closer to the tilt center, there appears
a region inside which violent scatterings occur. This is some phenomenon inside the "even
horizon" and is worthy of further investigation. Beyond the geodesic equation of motion, the
Berry curvature provides an additional anomalous velocity contribution to the semi-classical
equation of motion. We have also shown that while this term does not affect the in-plane
component of the trajectories, it induces a transverse shift instead, with the direction given

by the chirality of the Weyl cone, or equivalently its topological charge.
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B.1 Geodesic equation

In this appendix we shall demonstrate explicitly the mapping of a tilted Weyl node with
spatially inhomogeneous tilt to relativistic Weyl fermions in curved spacetimes [21, 56, 63,
70, 80, 93, 104, 130, 154, 155, 161, 169]. This mapping can be done at the level of the
Hamiltonian, where we write it by introducing the tetrad (also known as vielbeins), which is
defined as a set of fields that satisfy g,.(r) = ejefnab, with m,, being the flat spacetime
Minkowski metric[21, 154, 155, 161]. Roughly speaking the tetrads represent a local Lorentz
frame, using which we may define a set of local Pauli matrices and spinor covariant deriva-
tives which couple the Weyl fermion to gravity. For our purposes, however, it is sufficient to
take a simpler approach, where we shall show that the dispersion relation of a tilted Weyl
node coincides with that of a particle in a curved spacetime with a metric g,,, the Painlevé-
Gullstrand form of Schwarzschild metric. It is also known as the acoustic metric[120, 156].
Here and in the following, the metric signature is (— + ++), and the four vector is denoted

by x# = (ct,x) (c is the speed of light).

Explicitly, by a change of coordinates which we already mentioned in the main text, the

famous Schwarzschild black hole metric may be re-written as

u(r)?
>

ds® = g, dx*dx’ = — (1 -

) c?dt® — 2u(r) - drdt + dr?, (B.1.1)
which is known as the Painlevé-Gullstrand metric . The field w(r), which corresponds to the
inhomogeneous tilt of the Weyl node can be interpreted as the local free-fall velocity field
under the gravity of a black hole[120]. We may write the metric tensor g, in a matrix form,

which reads

u(r)?/c — ¢ —ux(r) —uy(r) —uz(r)

]_ — Ux O O

g== lr) e | (B.1.2)
¢ —uy(r) 0 c 0
—uz(r) 0 0 c

where the components of the matrix g is (9)u.9,, (and not the inverse metric g#*). For
a massless particles moving in this spacetime, the energy momentum relation is given by

9" k,k, = 0, where k, = (—E/c, k) is the momentum four-vector, which reads explicitly

(E—u(r) k)
c? '

0= g"k,k, = k* (B.1.3)
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Solving for the energy, we find that the solutions are precisely the dispersion relation of a

tilted Weyl cone
Eir=wu(r) k=£clkl| (B.1.4)

This then establishes the Weyl cone associated with the tilted Weyl nodal point can be
mapped to the local light-cone structure at each point in a curved spacetime [154]. For
the Schwarzschild spacetime, the velocity field w(r) reads explicitly u(r) = —CW’F in
spherical coordinates, where # is the unit vector, ry = GM/c? is the radius of the event
horizon, G denotes the universal gravitational constant and M corresponds to the mass of
a black hole. In electronic systems, the analogy is readily established by replacing the speed
of light by the Fermi velocity v, and the black hole radius is a parameter r; given by the tilt

profile, ry — ry, which marks the boundary between a type | and an overtilted type Il region.

In the main text, in contrast to the spherical Schwarzschild blakc hole, we considered tilt
profiles with axial symmetry. However, as far as the motion projected onto the plane perpen-
dicular to the axis, the motion described by the geodesic equation is identical to that given
by the semi-classical equations of tilted Weyl node, if the Berry curvature term is neglected.
Specifically, we shall demonstrate the equivalence between Hamilton's equations given by the
dispersion relation coincides with the geodesic equation, which is the equation of motion for
a particle moving under gravity. The key lies in the fact that in the Hamiltonian approach to

study a general relativistic particle, the appropriate Hamiltonian to be used is [33]

HEXH(T)} {ke(T)}) = ;9“”({X°‘(T)})ku(f)ku(ﬂ, (B.1.5)

where {x*(7)} and {k,(7)} are the canonical coordinates and momenta, and 7 is an affine
parameter, which in general is not the time coordinate. We shall justify the relativistic
Hamiltonian by first deriving the geodesic equation from it, and then establish the mapping
by showing that it also gives the equations of the tilted Weyl node. We have that the

Hamilton's equations read

dx*  OH y

F = 67 = gu' kl/, (816)
n

dk, oM 1. .

T: = —@ = —E(Gug )k,jkg, (Bl?)
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where 8,97 = . By multiplying both sides of the first equation with the metric tensor,

ax“

and using g,,9"* = 0, we obtain the relation

ax”

ku = g;u/?,

(B.1.8)

namely, the four-momenta is just the four-velocity. Taking a further derivative of the first

equation with respect to 7, we have

d?x+ dk dx* dk dx»  dx°
— v Y g )—k, = py 27V MG ) —— Gy —.
dT2 Jg dT+(xg )d’T g dT+(Ag )dTg dr
Substituting in Eq. (B.1.7), we get
d?xH 1 dx* dx°
— M oA k-k (1 i '
dr2 29 (&/g ) oKy + (akg )gl/o dr dt
We eliminate k, by using Eq. (B.1.8) and arrive at
d?xH 1 dx® dxP dx* dx°

E——T _
d’T2 g (aug )goagkﬁd d +(8>\g )gua dr d'T.

From g,,9"° = &, follows 9,g* = —g**(8y9ap)gP”, which leads to
dx® dxP dx* dx°
uy oy ua Bv
=9 g gaa(aug'ym)g g)xﬁ dr dt (akgaﬁ)g Yvo dr dt
dx® dxP dx* dx°
797 — g*(
( ugaﬁ) d d g ( )xgacr) dT d’T

dx* dxﬁ

g* ((augaﬁ) — (0a9up) — (aﬁ’g”"‘)>

dzx"‘
dr?

dx® dxP
dr dr

l\)\l—ll\)l—ll\)\»—ll\)n—l

(B.1.9)

(B.1.10)

(B.1.11a)
(B.1.11b)
(B.1.11c)
(B.1.11d)

(B.1.11e)

where o5 = 9" (0adup + 939va — Ougap)/2 are the Christoffel symbols. This is precisely

the geodesic equation [33, 160]. Acceleration in general relativity is defined in terms of the

covariant derivative V, as

a*(t) = Va =

dx® _ dx*  dx“ 5 dx* dxP
dr dr = dr \'“ '
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And we see that the geodesics, i.e. trajectories x*(7) are solutions to the geodesic equation
satisfy
dx* dx® dxP
aH(rT)=—+T ———=0. B.1.13
() dr? tlap dr dt ( )
That is geodesics are exactly those curves with with a vanishing acceleration a*(1) = 0,

which is just the weak form of general equivalence [160].

Having shown the Hamiltonian Eq. (B.1.5) does indeed give the geodesic equation, we shall
now also show that the Hamilton equations can be re-written as the semiclassical equations
of motion of the tilted Weyl node. For this we need to change the parameterization of the

dynamical variables from T to t.

In fact, besides Hamilton's equations, for Eq. (B.1.5) to describe the general dynamics
of a massless relativistic particle with the correct energy-momentum relation, one has to
Impose as an on-shell constraint that ‘H ({x’}, {k,-}) = 0, where x* and k* are solutions to
Hamilton's equations [33]. Recall the definition of the four-momentum k, = (—E/c, k),

and we may write out the relativistic Hamiltonian explicitly as

2

. E E .. 1 .
H (E, {XI}, {k,}) = 2—C2900 — ?gOIk,' + Eg”k,-kj. (8114)

In the main text it is remarked that there are two solutions of energy E({x'}, {k;}) which
satisfy this equation, and are exactly the tilted dispersion relation of the tilted Weyl node.
Upon taking the derivative of H ({x’}, {k,-}) = 0 with respect to k;, and noting that the

Hamilton's equation of the 0-component of x* reads

dt_ldxo_lﬁ”;‘-l_ OH

dr = cdr ~cok — OFE (B.1.15)
we have
OHOE OH dt OE OH
O=%Eok "ok~ drok "ok (B:1.16)
Or, using Eq. (B.1.6),
dx’ OE dt
= (B.1.17)
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From this we immediately obtain the semiclassical equations of motion

(B.1.18)

dx' dx' (dt\  OE
dt  dr \dT Ok’

Similarly, we may obtain the semi-classical equation for the momentum by taking the partial

derivative of Eq. (B.1.14) with respect to x’/, where we get

OE dt OH
Again using the Hamilton's equation, we obtain for the momenta
dk;, dk (dt\™'  OE
dt  dt (dT) Tooxi (B.1.20)

This then completes the mapping between the Weyl node to the particle in curved space-

times.
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B.2 Deflection angle

In this appendix, we shall discuss the calculation of the deflection. For this, we shall derive

the so-called trajectory equation, which expresses the angular coordinate ¢ as function of r.

First, let us check a claim that we made in the main text, where we stated that the in-
plane dynamics (6 = m/2) in the Schwarzschild spacetime with w(r) = u(r)# is the same as
that of the axially symmetric case. To show this, we first transform the metric to spherical
coordinates. This can be effected by acting on the metric matrix with the Jacobian matrix
of the coordinate transformation (x, y,z) — (rsin(0) cos(¢), rsin(6)sin(¢), rcos(0)). We

have

u(r)?/c?—=1 —u(r)/c 0 0

- 1 0 0
JTg) = “(Or)/c R (B.2.1)
0 0 0 r?sin?(9)

which defines the transformed metric g, = (JTgJ) .- Using the transformed inverse metric,

the relativistic energy-momentum relation reads

TR ]

T2\t T 2T r2kin(g)? c?

(B.2.2)

where the k;'s are the momenta in the transformed coordinates, and not the Euclidean ones.
These are of course related to the spherical coordinates components of k: k,, kg and kg.

Let us again solve for E that satisfies H = 0, which gives

Ei = kuu(r) £ cy/k2 + (K3 + k2 csc2(8)) /2. (B.2.3)

For this to agree with Eq. (B.1.4), we then need to identify k; = k, and k3 + k3 csc(6) =
r2(kZ + k3), where k. = k-7, kg = k-0, ky = k- ¢. We also used that by definition,
k2 4+ k2 + k? = k? + ki + k3, and u(r) - k = u(r)k,. We may restrict the motion onto
the xy-plane, by imposing the constraint L = L,2 = rkgZ, namely the angular momentum
points perpendicularly to the plane of motion. This then implies the momentum also lies
on the xy-plane. Note a planar motion also implies that df/dT = k,/r?> = 0, and thus k>
as well as ky vanish. By our discussion above, this leads to that the angular momentum is

ks = L., and is a conserved quantity. With these considerations, the equations of motion of
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the ¢, r coordinates read

dp _ ks

== (B.2.4)
d 2 1 k2

T;:kr (1_ U(Crz) ) +Eu££):ic\/E2—rz<c2—u(r)2). (B.2.5)

Transforming to real time by multiplying both sides of the above equations by the factor

(dt/dT)™t = (0H/OE)™' = +c/\/k?+ L2/r?, we recover the plane semi-classical equa-
tions of motion Eq. (4.3.6), except for different tilt profiles u are being used.

We may now immediately obtain the trajectory equation by dividing the two equations using

quotient rule of total derivative, which gives
do _ 4 cl,

E r2VE2 _gp,eff(r)'

This is Eq. (4.3.8) in the main text, with the mere differences being the replacement ¢ — v¢

(B.2.6)

and r — p.

Finally re-arranging the differentials, we may then calculate the deflection angle by (we

now use the notations as in the main text)

/dd) - i/ ve L dp (B.2.7)

,02\/ Ei - €p,eff(P) -

We need to determine the signs. Recall the periapsis is the point of closest approach to the

center of the tilt profile on the trajectory. Let it be at p = p,, and denote the tilt at the

periapsis as u2 = u(pp)® = VE(pt/pp

up to the periapsis, the angular component measured from the tilt center decreases due to

)2 When the particle is approaching from far away

attraction, and thus we shall the — sign. Conversely, when it shoots off leaving the periapsis,

we shall take the + sign.

The periapsis is completely determined by the impact parameters L, and E., since by defi-

nition we have

dp

il =0, B.2.8
d¢ P=pPp ( )
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which implies that

E.\2
~(5) sz - . (B2.9)

P=Pp z

and thus

E.\° 1
<L+> :?(vf-—ui). (B.2.10)

p

Substitute this into Eq. (B.2.6) and thus eliminating £ and L, the deflection angle is then
given by

N $1t+7+ep " ( /pp+ /00) VE d
T = = —
- o o ) JEOE- R POE - u0?)

05

- 2/ dp, (B.2.11)
oo /o (VB — u2)p" — p2(VZ — u(p)?)

where @ = ¢; — ¢ is the deflection angle as shown in Fig. 4.4. This Eq. (4.3.9) in our main

text. This integral can be numerically evaluated, but lacks an analytical expression. However,

for p+/pp < 1, we may perform an asymptotic expansion in p;:/p,. To leading order, we find

- 0, (12 0% — 12 2
7r+(p%2/ dp Z" _ + » (4 352) (B.2.12)
o N5 e (o)
2 2 2 2
o pp (UZP?—UPp
:7r+2/ dp” (4 ) (B.2.13)
Pp

2o (02— )"

The second term may be evaluated by changing the integration variable to the dimensionless
s = p/pp, and from the integral table we obtain a final expression for the lensing angle in

terms of the gamma function

2 3
(pzug/oods 2 _ o2 :ujﬁr(2+a) (B.2.14)
vE ) s(2-1)*? v T(1l+a) o
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B.3 Transverse shift

In this appendix, we shall give the details for calculating the transverse shift Az. As in the
main text, without loss generality we set k, = 0. Similar to the calculation of deflection
angle, we divide the equations of motion Eq. (4.3.4) and Eq. (4.3.5a), and use quotient to
obtain

(B.3.1)

We eliminate k - p and k in favor of the conserved impact parameters E, and L, by using

E.=uk-p+ vek, (B.3.2)
k? = (k-p)?+L2/p°. (B.3.3)

There are two solution, which we shall label as (k- p, k) = (k{7), k©)) with ¢ = £1. These

3
(@) 2.0 {(®) pe—
— p/pt \/ -~
9 4 ® 1.5 1 :'
— z/p, x=1
— z/pt, x =1 1.0 -
1 El
£ 05-
~
0] ———— S |&
0.0 -
—11 —0.5 -
_2 T T T T _1.0 L T T T T
0 10 20 30 0 10 20 30
t vF Kinitial t vF Kinitial

Figure B.15. Coordinates of an arbitrary lensing trajectory. Spatial coordinates are plotted in panel
(a), while panel (b) displays the two roots kég), together with k, of the trajectory. At the periapsis
(marked by a black line), k, switches between the two branches.

solutions read

\/Lg w2 vE—L2 vEi4+E2 v2 p?

i , (B.3.4)

Eiu—o

k@) = (k£”>)2 + L (B.3.5)
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The two signs of o determine which one of the solution we shall take in evaluating the shift
angle. While approaching the periapsis p,, we shall use the one with o = +1, and when
escaping, 0 = —1. see also Fig. B.15. Substituting this in Eq. (B.3.1), we then have the

integral expression of the transverse shift

G

+VFk

k(+) 5
L L By

X
AZ:—/ dp
2(OY b 2w

-)
=)
p u k;(;ﬂ ou u
~ x " <—p>@ X ;a<m—p>@
/p dp o . (B36)
k&

-))3 3 (+)
P 2 (k) U+ VE 4 2<k(+)) u+vp%

Again these integrals admit no analytic solutions. Howver, for lensed trajectories that stay
far from the tilt center, i.e., trajectories for which p;/p < 1, which implies v, u, < vg, we
may obtain an analytic expression by expanding the integrand in p;/p. To leading order, the

integral can then be approximated as

dp

. (B.3.7)
b L, vEp®\/p? —p3

00 2 1 2 2_2 2
AZ%X/ u? (1+a)p; (o pp)_
0

Changing the integration variable to dimensionless s = p/p,, we have the asymptotic value

of the shift angle as

(4w ot 2% oo gm372a (62 0)
Az~ x L Op (pp> / ds N
(1+a) (m)z al (e+3)

L, Pp Op 2 M2+ a)
Pp \/_I' (Ol + 5)
L, 21N (o)

=X

(B.3.8)

2
7/3
2
VE

valid for p:/p, < 1.
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Chapter 5

Conclusion

In the two parts of this thesis, we have explored role of geometry in the semi-classical equa-
tions of motion of electrons in crystalline solids. They are directed at two aspects: the
momentum space quantum geometric contributions to effective electron dynamics, and the

remarkable analog gravitational lensing phenomena in tilted Weyl semi-metals.

In Part I, we developed a systematic operator algebra formalism to study the quantum ge-
ometric contributions to the semi-classical equations of motion when an inhomogeneous
external electromagnetic field is applied. We demonstrated how band projection plays a
fundamental role in the emergence of such corrections, since it substantially modifies the
commutation relations and is the origin of such geometric terms. This observation high-
lights the fact that such corrections to the semi-classical equations of motion as the familiar
Berry curvature induced anomalous velocity are fundamentally multi-band effects. Given the
generality of our approach, this may prove to be useful in the study of quantum geometry
iIn other physical systems as well, and not just electronic systems. Furthermore, let us also
mention that the momentum generating operator MB(a) = (e_i“‘f)B may be viewed as the
Fourier components of the density operator §(r —7), if we take a to be a crystal momentum
and not just a parameter to be differentiated with. It is recently realized that [159], if their
commutators close to form an algebra, namely [Mz(a), Mg(b)] = f(a,b;c)Mz(c), then
the resultant algebra is necessarily of the so-called Girvin-MacDonald-Platzman(GMP) form
[50, 51]. The GMP algebra was first found in the fractional quantum Hall effect (FQHE),
where the projection is onto the lowest Landau level. It was argued that the density operators
forming a GMP algebra is a key signature of fractional Chern insulators [115, 117], systems
which have the FQHE in a topological band without magnetic field. It is then possible that
the operator formalism and operator form of quantum geometric quantities introduced in

this thesis may be of use in understanding the band structure of such novel phases of matter.
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In Part Il, we transitioned from momentum space geometry to real-space phenomena by
examining electron dynamics in in-homogeneously tilted Weyl semi-metals. Here we explored
a remarkable analogy between the semiclassical trajectories of electrons near Weyl nodes and
gravitational lensing effect of massless particles moving in curved space-times. Using both a
low-energy effective continuum description and microscopic lattice model, we studied vari-
ous aspects of the lensing effects, including the scaling behavior of deflection angles, particle
capture by the "photon cylinder", and transverse shifts due to the Berry curvature. These
findings bridge concepts from condensed matter physics and general relativity, paving a way
to the study of relativistic physics using topological semi-metals. In outlook, we envision
that such spatially-varying tilt profiles in Weyl semi-metals may be can be experimentally
realized using a magnetization texture or locally applied strain, which might lead to a field of
"tiltronics". That is by engineering different tilt profiles in topological semi-metals, we may
be able to produce devices that have a manipulatable electronic transport behavior. In fact
note how the separatrix has a similar role of a high- pass filter in electronics [67]. This then
also leads to the question of how such spatially-varying tilt profiles can be realized in the
lab. We have already mentioned the possibility of applying strain. Another, probably more
easily engineered, option is to use a magnetization texture [93]. Regardless of its origin, the
presence of such spatial in-homogeneity requires one to consider the effect of impurity and
disorder that may affect the bulk electron transport. On top of that, it is also natural to
ask whether the geometric contributions to electron dynamics in in-homogeneous external
fields studied in Part | of the thesis would also show up. We shall leave all such questions

for future research.
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